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Magnetic excitation spectrum of LuFe2 O4 measured with inelastic neutron scattering
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We report neutron inelastic-scattering measurements and analysis of the spectrum of magnons propagating
within the Fe2 O4 bilayers of LuFe2 O4 . The observed spectrum is consistent with six magnetic modes and a single
prominent gap, which is compatible with a single bilayer magnetic unit cell containing six spins. We model the
magnon dispersion by linear spin-wave theory and find very good agreement with the domain-averaged spectrum
of a spin-charge bilayer superstructure comprising one Fe3+ -rich monolayer and one Fe2+ -rich monolayer. These
findings indicate the existence of polar bilayers in LuFe2 O4 . We also discuss a model of charge-segregated
nonpolar bilayer order which we argue is not consistent with our data but which we cannot exclude definitively.
Weak scattering observed below the magnon gap suggests that a fraction of the bilayers contain other combinations
of charged monolayers not included in the model. Refined values for the dominant exchange interactions are
reported.
DOI: 10.1103/PhysRevB.91.035103

PACS number(s): 78.70.Nx, 75.30.Ds, 75.10.Dg, 75.85.+t

I. INTRODUCTION

LuFe2 O4 is a complex and controversial material exhibiting
a variety of behaviors and ordering phenomena [1,2]. Recent
interest in LuFe2 O4 stems from a proposal that it exhibits a
novel type of ferroelectricity driven by charge ordering (CO) of
Fe2+ and Fe3+ oxidation states (“electronic ferroelectricity”)
which also couples to magnetic order [3]. In addition, LuFe2 O4
was reported to have a giant dielectric response which strongly
couples to an applied magnetic field [4]. Subsequent studies,
however, showed that the large dielectric constant could be
explained through nonintrinsic effects [5–7]. Furthermore,
the pattern of charge order originally proposed to explain
electronic ferroelectricity in LuFe2 O4 has recently been called
into question [7,8]. Alternative charge segregation [8] and
antipolar [9] CO models have been proposed.
The goal of the present study was to interrogate the ordered
ground state of LuFe2 O4 through its magnetic dynamics.
In magnetically ordered systems the spectrum of magnetic
excitations, or magnons, depends on the nature of the magnetic
order and on the exchange interactions that stabilize it. In
LuFe2 O4 these properties will in turn depend on the CO
state. Inelastic neutron-scattering measurements on a powder
sample of LuFe2 O4 revealed a magnon gap of approximately
8 meV [10]. The measurements presented here explore the full
spectrum of one-magnon excitations throughout the Brillouin
zone.
The room-temperature crystal structure of LuFe2 O4 , shown
in Fig. 1, is described by the rhombohedral space group
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R 3̄m [11]. The lattice parameters in the hexagonal setting are a = b = 3.44 Å, c = 25.3 Å with interaxis angles
α = β = 90◦ , γ = 120◦ . The structure can be considered as
a stacking of Fe2 O4 bilayers along the c axis, each bilayer
consisting of two monolayers on which the Fe atoms form
a triangular lattice. There are three bilayers per unit cell.
The complex ordering phenomena exhibited by LuFe2 O4 arise
because in the ideal structure all Fe sites are equivalent with
average valence Fe2.5+ . However, already at room temperature
there is near-perfect charge disproportionation into Fe2+ and
Fe3+ [3,8,12–14]. The distribution of equal amounts of Fe2+
and Fe3+ on the triangular layers creates frustration which
influences the CO and magnetic order.
Charge order of Fe2+ and Fe3+ is detectable in LuFe2 O4
below ∼500 K. The CO is initially quasi-two-dimensional
(2D), but develops into three-dimensional (3D) long-range order on cooling below about 320 K [15]. The charge ordering is
identified by superstructure peaks in diffraction measurements
with in-plane wave vectors very close to qCO = (1/3,1/3)
and equivalent positions—here and elsewhere in this paper
all wave vectors are expressed in reciprocal-lattice
units of
√
the hexagonal lattice, for which a ∗ = b∗ = 2/ 3 × 2π/a (see
Fig. 2). In reality, a small shift (δ,δ), where δ ∼ 0.003, away
from the commensurate superstructure positions is observed,
which is most likely caused by regular discommensurations
or antiphase boundaries in the ideal commensurate charge
order [2]. Our neutron spectroscopy measurements are not
sensitive to this small shift and we shall neglect it hereafter.
One way to overcome the charge frustration on the triangular layers and reproduce the observed qCO is through the formation of Fe2+ -rich monolayers (with 2:1 ratio of Fe2+ : Fe3+ ,
designated here an A layer) and Fe3+ -rich monolayers (1:2
ionic ratio, B layer) in equal proportions [3,15]. The CO in
an A layer is a honeycomb network of Fe2+ with Fe3+ at the
center of each Fe2+ hexagon, while the B layer has just the
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FIG. 1. (Color online) The crystal structure of LuFe2 O4 , space
group R 3̄m. Lu, Fe, and O atoms are depicted as yellow, blue,
and red spheres respectively. The grey bonds indicate the triangular
coordination of Fe atoms in the monolayers. These are stacked to form
bilayers, which are in turn separated by LuO2 layers. The R-centred
hexagonal unit cell is shown.

opposite arrangement of Fe2+ and Fe3+ . Figure 3(a) shows
a projection down the c axis of a bilayer made from an A
and a B layer. The CO of each monolayer
√ (and√the resulting
bilayer) is described by an enlarged 3 × 3 supercell
(SC), shown by the grey diamond in Fig. 3(a). Such an AB
bilayer has a net electric dipole moment, which prompted the
original proposal for electronic ferroelectricity in LuFe2 O4 [3].
The AB bilayer model was found to be consistent with ab
initio calculations [16,17], and diffraction data was initially
interpreted in terms of an antiferroelectric bilayer stacking
(AB-BA) with defects in the form of ferroelectric short-range
correlations (AB-AB) between neighboring bilayers [17].
Later, however, a full crystal structure refinement was carried
out against single-crystal x-ray-diffraction data recorded at
210 K, and a model emerged with an AA-BB stacking
corresponding to alternately charged bilayers [8].
LuFe2 O4 orders magnetically below TN ≈ 240 K [18,19].
The Fe2+ (3d 6 ) and Fe3+ (3d 5 ) ions both carry an ordered
magnetic moment governed largely by their spin states of S =
2 and S = 5/2, respectively. The sizes of the ordered moments
are estimated to be 4.8μB (Fe2+ ) and 5μB (Fe3+ ) [13].
The Fe2+ moment is greater than the spin-only value of

FIG. 2. (Color online) (a) Reciprocal lattice and Wigner-Seitz
cells of the charge- and magnetically ordered superstructure of
LuFe2 O4 . The direction of the reciprocal-lattice vectors for the
crystallographic unit cell (a∗ and b∗ ) and supercell (a∗SC and b∗SC )
are shown as dashed and solid grey arrows, respectively. The
high-symmetry points of the Brillouin zone are labeled. (b) Neutrondiffraction pattern in the (H,K,0) plane of sample 1 measured at
a temperature of 10 K on IN20. The a∗ and b∗ reciprocal-lattice
vectors (black arrows) are shown together with the reciprocal-lattice
grid (dashed lines). Magnetic peaks are visible at the qm = (1/3,1/3)
reduced wave vector and equivalent positions.

4μB because it has a significant orbital component due to
the combined effects of spin-orbit coupling and the trigonal
bipyramidal crystal field [13,20], which causes the moment to
have an easy axis along the c axis [18]. The orbital moment is
almost fully quenched in Fe3+ leading to isotropic magnetism,
but magnetic coupling to the Ising-like Fe2+ effective spins
causes the ordered moments on all Fe sites to point either
parallel or antiparallel to the c axis.
The spin structure on the triangular layers has been
investigated by Mössbauer spectroscopy [12], neutron diffraction [18,19,21], x-ray spectroscopy [13,20], and x-ray resonant
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FIG. 4. (Color online) Proposals for the charge- and magnetically ordered bilayer superstructures in LuFe2 O4 . (a) The AB bilayer
proposed in Ref. [13]. (b) The AA-BB bilayers proposed in Ref. [21].
Blue (red) spheres denote the Fe2+ (Fe3+ ) ions. Arrows denote the
ordered magnetic moments. Grey lines show the Fe2+ -Fe2+ bonds on
the A layer and the Fe3+ -Fe3+ bonds on the B layer. This highlights
the honeycomb structure formed by the majority ions on each layer.
The minority ion is found in the middle of each hexagon.
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FIG. 3. (Color online) (a) Projection down the c axis of a chargeordered AB bilayer. The lattice vectors a and b and superlattice
vectors aSC and bSC are shown as black arrows. The ions in the
Fe2+ -rich A monolayers (filled circles) and Fe3+ -rich B monolayers
(open squares) are projected on top of one another. Oxygen atoms
2+
have been omitted for clarity.√
Blue and
√ red symbols denote Fe and
Fe3+ ions, respectively. The 3 × 3 CO supercell is depicted by
the grey diamond. (b) Spin structure of a ferromagnetically coupled
AB bilayer (see main text). The spins point along the c axis, either
into (cross) or out of (dot) the page. The five exchange pathways
considered in the minimal spin-wave model are labeled.

magnetic scattering [21]. The measurements show that the
monolayers are ferrimagnetic (fM) with a ↑↑↓ configuration,
and that the in-plane magnetic ordering wave vector of
LuFe2 O4 is the same as that of the individual monolayers
and is qm = qCO = (1/3,1/3). The magnetic superstructure
in LuFe2 O4 is illustrated in Fig. 2(b), which displays the
neutron-diffraction intensity in the (H,K,0) plane recorded

at 10 K. The range of the magnetic correlations along the
c axis appears to be sample dependent, with quasi-2D order
observed in some samples [18], but full 3D order observed at
temperatures just below TN in others [19,21].
The weight of evidence suggests the following spin arrangements on the A and B layers: (i) on the A layer, the
majority Fe2+ spins are all parallel to one another forming a
ferromagnetic honeycomb net, and the minority Fe3+ spins are
all aligned in the opposite direction; (ii) on the B layer, the
majority Fe3+ spins form an antiferromagnetic honeycomb net
with each spin antiparallel to its nearest Fe3+ neighbor, while
the minority Fe2+ spins are all parallel to one another creating
the fM moment.
Given the monolayer spin structures just described, there
are several possibilities for the bilayer spin structure [2].
Magnetization data show that the fM moments on adjacent
monolayers in a bilayer must be parallel to one another
to account for the observed saturated moment of 2.9μB
per LuFe2 O4 formula unit [18], although a refinement of
the magnetic structure against neutron powder diffraction
suggested a temperature-dependent phase mixture of parallel
(ferromagnetic, FM bilayer) and antiparallel (antiferromagnetic, AFM bilayer) monolayer moments [10]. Analysis of
x-ray spectroscopy data based on an AB bilayer indicated that
all Fe2+ spins in the bilayer are parallel to one another [13,20].
This arrangement is shown in projection in Fig. 3(b), and
depicted in three dimensions in Fig. 4(a). The AA-BB bilayer
model proposed in Ref. [21] has the magnetic structure shown
in Fig. 4(b). If one simply considers the size and orientation
of the moments then the AA-BB model has almost the same
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magnetic structure as an AB-BA model, since the ordered
moments on Fe2+ and Fe3+ are almost the same. However,
the single-ion magnetic anisotropy and two-ion magnetic
couplings depend strongly on the Fe valence states, so the two
models will have different magnon spectra, as discussed below.
The weak interbilayer coupling leads to antiparallel stacking
of adjacent fM bilayers, but there is evidence for considerable
(sample-dependent) disorder in the stacking along the c axis,
which is likely the reason why quasi-2D magnetic order and
spin-glass behavior is often observed [10,21–23].
In this work we performed inelastic neutron-scattering
(INS) measurements of the complete magnon spectrum of
LuFe2 O4 . The observed spectrum is consistent with six distinct
magnetic modes, which suggests that the majority of the
sample has the AB-type bilayer magnetic ordering. The
data allow the possibility of a small proportion of AA and
BB bilayers. A minimal spin-wave model comprising five
exchange interactions and single-ion anisotropy is shown
to give a very good description of the observed magnon
dispersion.
II. EXPERIMENTAL DETAILS

Two single-crystal samples, prepared in Oxford and Warwick (denoted samples 1 and 2), were grown via the same
basic procedure. High purity (>99.999%) Lu2 O3 and Fe2 O3
powders were mixed in the stoichiometric ratio of LuFe2 O4 .
This mixture was sintered at 1200 ◦ C for 12 h under a flowing
CO/CO2 atmosphere (in a 25/75% ratio for sample 1, 17/83%
for sample 2). The mixture was reground and heat treated a
second time at 1200 ◦ C for 24 h in an Ar atmosphere. The
powder was subsequently pressed into a rod (8 mm diameter,
100 mm length) and sintered for 12 h at 1200 ◦ C for sample 1
and 1250 ◦ C for sample 2 in a CO/CO2 atmosphere (sample
1: 30/70%; sample 2: 17/83%). The crystal growth was performed with optical floating-zone furnaces (Crystal Systems
Inc.) in a flowing CO/CO2 atmosphere (sample 1: 5/95%;
sample 2: 17/83%). Feed and seed rods counter-rotated in this
setup at 30 rpm, with the growth proceeding at 1–2 mm/h
and 0.5–1 mm/h for sample 1 and 2 respectively. The initial
growth was performed with polycrystalline seed rods, but
subsequent growths used a cleaved single crystal as a seed. The
growths of LuFe2 O4 typically yielded multigrain samples. The
two high-quality single-grain crystals used here were cleaved
from such growths. The masses of the crystals were 0.35 g
(sample 1) and 2.47 g (sample 2). X-ray and neutron Laue
diffraction confirmed that no secondary grains remained in
either sample. Magnetization measurements were performed
with a superconducting quantum interference device (SQUID)
magnetometer (Quantum Design).
The neutron triple-axis spectrometers (TAS) IN20 and IN8
at the ILL, Grenoble, were used to measure the in-plane
diffraction pattern and low-energy excitations of sample 1. On
both instruments the crystal was aligned with (H,K,0) as the
horizontal scattering plane. The IN8 measurement employed
double-focussing Si (111) and double-focussing Cu (200)
monochromators, in combination with a double-focussing pyrolytic graphite (002) analyzer, to measure neutrons scattered
with fixed final wave vectors of either kf = 2.662 or 4.1 Å−1 .
Measurements were made at a temperature of 1.5 K using a

standard helium cryostat. We used the FlatCone multiplexed
secondary spectrometer with lifting capability on IN8 and
IN20 to measure scattering in the (H,K,L) plane for fixed
L values in the range 0  L  2. Again, double-focussing Si
(111) monochromators were used. An array of Si (111) analyzers selected neutrons with final wave vector kf = 3.0 Å−1 .
Data were collected on FlatCone at 10 K.
The larger mass of sample 2 allowed the use of time-offlight (TOF) spectroscopy to survey the excitation spectrum
across a wide range of energy E and wave vector Q =
(H × 2π/a,K × 2π/a,L × 2π/c). The measurements were
made on the MAPS spectrometer at the ISIS Facility, UK.
The crystal was aligned with the c axis parallel to the incident
neutron wave vector ki . In this configuration, the L component
of Q varies strongly with E. However, scans parallel to (0,0,L)
made on crystal 1 did not reveal any measurable dispersion of
the lowest measurable magnetic excitation, which confirms
that the interbilayer coupling is very weak in LuFe2 O4 —see
inset in Fig. 6(b). Hence, the measured intensity corresponds
to the single-bilayer spectrum and can be described by the 2D
wave vector Q = (H,K). The variation in intensity with L
due to the bilayer magnetic structure factor, the magnetic form
factor, and the orientation factor [see Eq. (1)], was included
in the model simulations. Preliminary high-flux measurements
were made using incident energies of Ei = 60, 80, 120, 150,
and 200 meV to identify the total bandwidth of the spectrum.
The energy resolution broadening as defined by the full width
at half maximum (FWHM) at E = 0 meV was approximately
6% of Ei . This broadening decreases with increasing E.
Higher resolution configurations were used to repeat the
measurements with Ei = 60 and 80 meV, where the FWHM
was reduced to approximately 4% of Ei at E = 0 meV. The
sample was mounted in a closed-cycle refrigerator, and data
were recorded at a temperature of approximately 7 K.
The intensity of magnetic scattering is described by the
partial differential cross section, which is expressed in the
dipole approximation as [24]



kf γ r0 2
∂ 2σ
=
|f (Q)|2
(δαβ − Q̂α Q̂β )S αβ (Q,E).
∂ ∂E
ki 2
αβ
(1)
In this equation, ki and kf are the incident and final neutron
wave vectors, (γ r0 /2)2 = 72.8 mb, f (Q) is the magnetic
form factor (assumed the same for Fe2+ and Fe3+ ), and
(δαβ − Q̂α Q̂β ) is the orientation factor which contains Q̂α =
Qα /Q, the α component of the unit vector parallel to Q. We
have neglected the Debye-Waller factor, which is close to unity
at low temperatures.
The scattering function S αβ (Q,E) describes magnetic
correlations between the α and β components of the magnetic
moments (α,β = x,y,z in Cartesian coordinates). If the spin
z
operator Stot
representing the total z component of spin
commutes with the spin Hamiltonian then the terms in
Eq. (1) with α = β do not contribute to the scattering cross
section [25]. This applies for the Hamiltonian considered here,
Eq. (3). When the orbital angular momentum is quenched,

S αα (Q,E) = gα2
| j |S α (Q)|0 |2 δ[E − Ej (Q)],
(2)
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where gα is a diagonal component of the g-factor tensor, S α (Q)
is a component of the spin dynamical structure factor, |0 is
the magnon vacuum state, and |j is an excited magnon state
with energy Ej .
The measured scattering intensity was corrected for the factor of kf /ki in Eq. (1), and for time-independent backgrounds.
Measurements were performed on a standard vanadium sample
to allow correction for the counting efficiencies of individual
detectors and to convert intensities to an absolute scale.

coupling, and so are not expected to depend on whether the
magnetic order is 3D or 2D.
B. Magnetic excitation spectrum

Figure 6 provides an overview of the magnon spectrum
of LuFe2 O4 . Figure 6(a) shows the spectrum measured by
TOF neutron scattering from sample 2 along the (H,H )

A. Magnetic characterization

140

Figure 5 shows the field-cooled (FC) and zero-field-cooled
(ZFC) susceptibilities of sample 2, measured with a field of
1000 Oe parallel to the c axis. The data for sample 1 are
qualitatively similar. The general features of the susceptibility
curves resemble those reported in numerous other LuFe2 O4
publications [18,21,22,26–29]. The sharp rise in susceptibility
at TN ≈ 240 K is caused by the ferrimagnetic ordering
transition, and a second transition is observed at TL ≈ 170 K.
The latter is reported to be associated with a monoclinic
distortion which is accompanied by changes in the magnetic
structure [19,30].
Previous studies have shown that the magnetic properties
of LuFe2 O4 are dependent on the precise oxygen content
of the samples. The FC and ZFC susceptibilities in Fig. 5
are consistent with those reported for LuFe2 O4 with a slight
oxygen excess [31]. Similar data are shown in Refs. [18,22]
which report quasi-2D—but not 3D—magnetic order. The
susceptibility of a nominally stoichiometric crystal which
exhibits 3D magnetic order between TL and TN is reported
in Ref. [19]. Excess oxygen is likely to modify the weak
interbilayer magnetic coupling and reduce the degree of order
in the out-of-plane direction. The magnetic excitations in the
energy range probed here are not sensitive to interbilayer
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FIG. 5. (Color online) Susceptibility of sample 2 measured with
a magnetic field of H = 1000 Oe applied parallel to the c axis. The
green (blue) points denote the ZFC (FC) data. The inset shows the
derivative of inverse ZFC susceptibility plotted against temperature
and highlights the 3D charge ordering transition at ∼320 K.

FIG. 6. (Color online) Inelastic neutron scattering from
LuFe2 O4 . (a) Overview of MAPS measurements on sample 2 as a
function of wave vector along the (H,H ) direction. The different
panels contain data recorded with incident energies Ei = 60,
80, 120, 150, and 200 meV (labeled). The intensity has been
scaled independently in each panel for clarity. (b) Energy scans
centered at fixed wave vectors = (1/3, 1/3,0) (blue circles) and
K = (0, 2/3,0) (red squares) measured on IN8. Both scans were
measured with fixed kf = 2.662 Å−1 . In this experimental setup,
1000 monitor corresponds to a counting time of 50–100 s depending
on E. Statistical errors are smaller than the marker size. Data from
the K point provide an estimate of the nonmagnetic background at
low energies. The horizontal bar represents the energy resolution
(FWHM) estimated from a simulation of the energy scan [32].
The inset shows the variation of the magnon intensity along the
(−1/3, 2/3,L) direction at E = 10 meV measured on IN8 using
FlatCone. No significant variation of intensity can be seen indicating
that the bilayer spectrum is 2D in nature.
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IV. ANALYSIS AND DISCUSSION
A. Magnetic ground state

As outlined earlier, the two most likely models for the
charge and magnetic structures in LuFe2 O4 have bilayers
formed from A and B monolayers in the sequence either ABBA or AA-BB, with parallel alignment of the fM monolayers
in the bilayers. There are several equivalent domains of both
these types of bilayer order (see the Appendix), and at a general
wave vector the magnon energies from each domain will be
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direction—see Fig. 2(a). The intensity map is a composite
of data recorded with several different energies. The data
extend up to 170 meV, but no features could be observed
above 60 meV. Below 60 meV, a series of magnon bands
can be seen. The modes appear broader than expected from
the instrumental resolution and overlap at various points in
the spectrum. A significant structure factor modulation in
the intensity is evident from the asymmetry of the intensity
on either side of the = (1/3, 1/3) supercell zone center
position, most noticeably in the modes below 40 meV at the
equivalent supercell zone-boundary positions M = (1/6, 1/6)
and (1/2, 1/2).
Figure 6(b) shows an energy scan at the = (1/3, 1/3,0)
zone center measured on sample 1 with the IN8 TAS. In this
low-energy part of the spectrum there is a peak centered at
9.4 meV, corresponding to the minimum in the dispersion of
the lowest energy magnon mode. After taking into account
the experimental resolution this peak is consistent with the
Ising gap of ∼8 meV reported in a powdered LuFe2 O4 sample [10]. However, some magnetic intensity above background
can also be seen below the gap. This low-energy signal
cannot be explained by the tail of the (1/3,1/3,0) magnetic
Bragg peak, which does not extend above 3 meV. We shall
discuss the possible origin of this below-gap scattering in
Sec. IV.
Measurements of the magnon spectrum along the →
M → K → path in reciprocal space [see Fig. 2(a)] are
displayed in more detail in Fig. 7(a). Four modes can be
resolved clearly in this color intensity map. Evidence for a
further two modes is found from a more quantitative analysis
of the full spectrum, as described below.
Figure 8 shows energy cuts at the M, M , and M wave
vector positions in the Brillouin zone (BZ). These positions
are located at midpoints along the sides of the 2D zone
boundary—see Fig. 2(a)—and are symmetry inequivalent
(they are not connected by reciprocal-lattice vectors of the
magnetic superlattice). Hence, the modes at each inequivalent zone-boundary midpoint can have different energies.
Additionally, structure factor effects can create significant
variations between the intensities at the different positions.
Both of these effects can be seen to some extent in the energy
cuts in Fig. 8. There are intensity differences between modes
that are common to all the cuts, such as those near 30 and
50 meV, as well as small but resolvable differences in the mode
energies as determined from fits to a series of Lorentzian peak
functions (shown as solid red lines). When data along all wave
vector paths are examined, we find evidence for a maximum
of six modes in the spectrum, as can be seen in Fig. 8.

(1/3,1/3)

Wave Vector
FIG. 7. (Color online) Observed and simulated magnon spectra
of LuFe2 O4 . (a) Spectrum along the → M → K → path in
reciprocal space. The data are for sample 2, and were measured
on the MAPS spectrometer with Ei = 60 meV (lower part) and
Ei = 80 meV (upper part). Intensities are in absolute units of
mb sr−1 meV−1 f.u.−1 , where f.u. stands for “formula unit” of
LuFe2 O4 . (b) The simulated spectrum from the spin-wave model
with best-fit parameters (see main text). The prefactors contained in
Eq. (1) together with gα = 2 in Eq. (2) have been included, so that
the intensity is in the same absolute units as the data in (a).

slightly different. However, at the special symmetry points
and K in the BZ [see Fig. 2(a)] the magnon bands from each
domain are all degenerate as all points and all K points are
linked by the ordering wave vector qm = (1/3,1/3). Inspection
of the magnon spectrum across the entire BZ, but especially
at the K points where the modes are better resolved than at ,
shows evidence for only six modes. This indicates that a bilayer
magnetic unit cell containing six spins describes the majority
of the sample, which is consistent with the AB-bilayer model
shown in Figs. 3(b) and 4(a).
The AA-BB bilayer model depicted in Fig. 4(b) has two
distinct bilayer magnetic structures (AA and BB) containing
six spins each, and so the spectrum will in general contain 12
magnetic modes at the domain degenerate and K points,
and 36 modes at a general wave vector. There are, however,
two circumstances in which the AA-BB model could have a
magnetic spectrum that is difficult to distinguish from the AB
model. The first is in the limit of zero interlayer coupling within
the bilayers, since both models would then be equivalent to a
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FIG. 8. (Color online) Energy cuts at the (a) M = (1/6,1/6),
(b) M = (1/6,2/3), and (c) M = (2/3,1/6) positions. The black
points are experimental data from sample 2 measured on the MAPS
spectrometer with Ei = 80 meV. All intensities are in absolute units
of mb sr−1 meV−1 f.u.−1 . The solid blue lines show the results of the
semiglobal fit (see main text). The red lines show the best fits to each
individual energy cut. The blue (red) vertical dashed (dot-dashed)
lines show the fitted positions of the peaks using the two types of fit.

system with equal numbers of isolated A and B monolayers.1
However, our analysis of the magnon spectrum, presented
later, rules out this possibility since the interlayer coupling
in the bilayer is found to be comparable to the in-layer
couplings. The second possibility is that the two sets of six
magnon bands arising from individual AA and BB bilayers
in an AA-BB structure could be accidentally degenerate, or
nearly so. Although we cannot rule this out conclusively, it is
highly improbable since the magnetic anisotropy and exchange
interactions within AA and BB layers are expected to be very
different owing to the different 3d orbital occupancies in the
two types of bilayer. For example, magnons in a BB-bilayer
comprising two Fe3+ -rich monolayers are expected to have a
significantly smaller gap than those in an Fe2+ -rich AA bilayer
because Fe3+ has much less single-ion anisotropy than Fe2+ .
These considerations lead us to conclude that a majority
AA-BB ordering is not compatible with our data. However, a

1
An individual A or B monolayer has a magnetic unit cell containing
three spins, giving three magnon bands. The magnon spectrum of a
system of uncoupled A and B monolayers would therefore contain a
total of six bands.

minority of AA-BB order could provide an explanation for the
weak magnetic intensity observed below 8 meV—Fig. 6(b).
The mixed phase state proposed in Ref. [10] with roughly
equal numbers of FM and AFM bilayers would also lead to
more than six bands, and so is also not compatible with our
measured spectrum. Additionally, Ref. [10] reports magnetic
susceptibility data with peaks at both ∼240 and ∼250 K, which
is attributed to sequential FM and AFM ordering of different
bilayers. As we do not observe these features such a phase
mixed state is unlikely in our sample.
The discrepancy between the AB bilayer model that seems
to account for the magnon spectrum and the AA-BB model
deduced from diffraction data [8,21] is puzzling. However, we
note that the latter model was derived from data collected at
210 K, whereas our neutron inelastic-scattering measurements
were performed at low temperatures. It is possible that the
magnetic structure changes between these two very different
temperature regimes. Indeed, Christianson et al. reported
significant changes in the magnetic diffraction peak intensities
on cooling through the TL transition [19]. This observation
could provide a reconciliation between the two models.
Another possibility is that small differences in oxygen content
could lead to different magnetic structures within the bilayers.
We shall proceed, therefore, on the assumption that the
in-plane magnetic order in our samples is the FM-coupled ABbilayer order proposed in Refs. [13,20]. This model predicts six
magnetic modes for a single domain, consistent with our data,
and is also consistent with the similarity between the measured
susceptibility of sample 2 (Fig. 5) and the sample used in
Ref. [13]. The AB bilayer charge and magnetic structure is
depicted in Fig. 3(b). The charge-spin supercell breaks the
local 3̄m symmetry characteristic of the crystallographic unit
cell, leading to six domains. The effect of multiple domains
has been accounted for in the analysis of the spectrum, as
described below and in the Appendix.

B. Spin-wave model

We develop a linear spin-wave model (SWM) to describe
the magnetic spectrum. The SWM is derived from a Heisenberg Hamiltonian with uniaxial anisotropy,
H=


i,j

Jij Si · Sj −



 2
Di Siz ,

(3)

i

where Jij are the exchange parameters, and Di are single-ion
anisotropy terms defined separately for Fe2+ and Fe3+ ions.
The first summation is over all pairs of spins, with each pair
counted once, denoted by i,j . Figure 3(b) specifies the exchange interactions used in the model. The different electronic
structures of Fe2+ and Fe3+ mean that the superexchange
pathways between each ion will be distinct. Therefore, the
exchange parameters represent the Fe2+ –Fe3+ coupling within
each monolayer (JA1 and JB1 ), the Fe2+ -Fe2+ coupling on
the Fe2+ -rich monolayer (JA2 ), the Fe3+ -Fe3+ coupling on
the Fe3+ -rich monolayers (JB2 ), and a single intermonolayer
exchange (JAB ). This defines a minimal model which includes
only nearest-neighbor (NN) interactions within and between
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(a)

60

Energy (meV)

the monolayers.2 The exchange interactions are expected to
be short range since LuFe2 O4 is an insulator. This assumption
is supported by the DFT calculations of Xiang et al. [33]
in which next-nearest-neighbor interactions were found to be
negligible. The separate single-ion anisotropy terms describe
the Ising-like anisotropy in LuFe2 O4 , while allowing the
strength of the anisotropy to be different for the Fe2+ and
Fe3+ ions.
During the analysis, the proposed Hamiltonian was checked
to ensure that it gave the assumed magnetic ground state.
This was done via a mean-field calculation, based on the
simplification of the Hamiltonian in Eq. (3) to the Ising limit:

Jij Siz Sjz .
(4)
HIsing =

40
20
0

i,j

(b)

With six Fe ions in the magnetic unit cell, 26 = 64 Ising
spin states exist. For a given set of Jij , the ground-state spin
structure is the one which minimizes HIsing .
By considering all the exchange pathways defined in
Fig. 3(b), the ground-state Ising spin structure can be identified
for any given values of Jij . Performing this calculation for
a variety of exchange parameters reveals the accepted spin
structure as the lowest energy ordering. Therefore, the chosen
Hamiltonian is consistent with the proposed magnetic order for
suitable choices of Jij when there is strong c axis anisotropy.
C. Analysis of the magnon dispersion

We extracted the magnon dispersion by fitting a series of
Lorentzian peaks to energy cuts (E cuts) at positions across
the BZ. A linear background was included in all fits. To
extract the mode energies from E cuts we initially performed
a “semiglobal” fit. By this we mean that a single set of mode
energies and widths were fitted to all E cuts at equivalent
or approximately equivalent points in the BZ. For example,
the M, M , and M points are not equivalent for the bilayer
magnetic structure but are equivalent for the magnetic structure
of the individual A and B monolayers, since the magnon
spectrum of the monolayers has sixfold symmetry in reciprocal
space (see the Appendix). Therefore, when the interlayer
coupling is weak the energies of the modes at M, M , and
M are approximately the same. The amplitudes of the peaks
were allowed to vary separately in each line cut since the
structure factors are different at inequivalent positions. In a
second iteration, we fitted each individual E cut separately,
and did not constrain the energies at approximately equivalent
Q positions to be equal. Examples of both types of fits are
shown in Fig. 8.
The semiglobal fit made it possible to obtain the energies
of six modes with small experimental uncertainties across
much of the BZ. Figure 9(a) shows the fitted dispersion
relations along the high-symmetry path → M → K → .
Fitted points from both the Ei = 60- and 80-meV spectra are
included. There is good agreement between the Ei = 60- and

2
When considering the full symmetry of the supercell, there are a
total of 15 inequivalent NN superexchange pathways [33]. However,
when the different oxygen environments of each Fe site are assumed
to be equivalent this contracts to the five defined here.

Energy (meV)

60
40
20
0

Γ

M
K
Wave Vector

Γ

FIG. 9. (Color online) Measured and refined magnon dispersion
relation of LuFe2 O4 . (a) Blue filled diamond (open circle) data points
show mode energies found from semiglobal fits to the Ei = 60-meV
(80-meV) neutron spectra. The semiglobal fitting method (see text)
means that observed dispersion relations are an average over the paths
→ M → K → , → M → K → , and → M → K →
. (b) The fitted dispersions arising from all domains expected in the
magnetic unit cell depicted in Fig. 3(b). Each of the six magnetic
domains has a set of six bands, which are shown with different
colored lines. The intensity-weighted domain average of each mode
(Appendix) is plotted as a solid black line in both panels.

80-meV points below 30 meV. However, at higher energies
around the
position there are small discrepancies which
introduce some uncertainty in the dispersion in this region.
A numerical implementation of linear spin-wave theory [34]
was used to refine the dispersion of the minimal model against
the data. To accommodate for the effect of the coexisting
magnetic domains, the calculated dispersion used in the fit
was a weighted average over the six domains with weighting
proportional to the calculated intensities; see the Appendix.
A systematic search was performed to find the best-fit
model. Each of the J parameters was first coarsely varied
between −5 and 5 meV in 2.5-meV steps, giving an array
of 55 starting parameter sets. Then, they were varied more
finely between 0 and 5 meV in 0.5-meV steps giving 115
starting parameter sets. The fine grid was limited to AFM
interactions (J  0) because most interactions are predicted
to be AFM [13,18,33].
The search was guided by the mean-field model defined
by Eq. (4). The mean-field energies of all distinct Ising spin
arrangements were calculated for each parameter set. Starting
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TABLE I. Exchange and anisotropy parameters for LuFe2 O4 .
Refined parameters from the best and second best fits to the magnon
dispersion are listed together with their χ 2 goodness-of-fit values.
The exchange parameters are defined in Fig. 3(b). The errors on the
fitted parameters are the standard deviations found from the fitting
procedure. The results of ab initio density functional theory (DFT)
calculations from Ref. [33] are presented alongside for comparison.
The DFT values quoted in the table are an average of the NN
parameters that become equivalent in the minimal model used in
our study.
Parameter
JA1
JA2
JB1
JB2
JAB
DFe2+
DFe3+
χ2

Best fit

2nd Best fit

DFT [33]

1.185(4)
0.935(8)
0.868(5)
3.407(8)
−1.098(8)
5.53(2)
0.60(1)
6.49

1.184(5)
1.356(6)
−0.08(6)
3.405(8)
−1.05(1)
6.02(2)
0.84(2)
6.55

4.0
2.75
1.87
7.3
0.9

parameters which energetically favor a ground-state spin
structure other than that depicted in Fig. 3(b) were discarded.
The remainder formed a list of 201 and 5329 sets of starting
parameters for the coarse and fine grids, respectively. The
starting values of the anisotropy parameters were set to 3 meV
for both the Fe2+ and Fe3+ ions, even though Fe2+ has a much
greater single-ion anisotropy than Fe3+ . This was to avoid any
unintentional bias in the fitting, and to check that the fit could
distinguish the Fe2+ and Fe3+ sites on its own.
Fits were then performed using all remaining sets of starting
parameters. In a few places several extracted mode energies
are in close proximity, such as at 15 < E < 40 meV around
the position—see Fig. 9(a). In these cases two calculated
modes were refined against a single data point. Each data
point was weighted
by the inverse square root of its error

(i.e., wj = 1/ δEj is the weight of the j th data point). This
fitting produced ∼40 distinct converged solutions. In the final
step, these converged solutions were used to provide starting
parameters for fits to the dispersion data extracted from E cuts
at individual Q positions, which in contrast to the semiglobal fit
does not assume inequivalent points in the BZ to be equivalent
(but does include domain averaging).
The dispersion relations from the best fit, i.e., that with the
lowest χ 2 value, are shown in Fig. 9, and the fitted parameters
are listed in Table I. This solution was found to be stable, in the
sense that it was consistently found when the data were refitted
using starting parameters randomly shifted a small amount
away from the converged values. The dispersion relations
calculated from the best fit are compared in Fig. 9(a) with
the data obtained from the semiglobal fits. The agreement is
seen to be very good.
To evaluate the influence of the magnetic domains, we
show in Fig. 9(b) the dispersion relations calculated separately
for each of the magnetic domains. Equivalent modes from
different domains are shown in the same color. The inversion
symmetry of reciprocal space means that the six magnetic
domains result in three distinct magnon dispersions. Each
dispersion has six modes, giving 18 distinct modes in total.

At the
and K points the set of mode energies for each
domain are the same by symmetry. Elsewhere, equivalent
modes are split by up to 5 meV, though usually much less
than that. Also shown in Fig. 9(b) are the domain-averaged
dispersion relations used in the refinement of the SWM.
We obtained these by averaging the energies of equivalent
modes from different domains assuming an equal population of
domains and using the calculated magnon scattering intensities
as weighting factors. Figure 9(b) shows that to within the
energy resolution of our measurement, typically 3–4 meV, the
equivalent modes from different domains cannot be resolved
over much of the spectrum. This explains why only six modes
can be seen in the experimental data, and justifies the use of
the semiglobal fitting method.
The second-best converged solution is characterized by a
χ 2 value (χ 2 = 6.55) only slightly larger than that of the
best fit (χ 2 = 6.49). For comparison, the fitted parameters
for the second-best fit are also listed in Table I. Although
some parameters are very similar to those of the best-fit
solution, others are not, most noticeably JA2 and JB1 . These
parameters lead to a dispersion that fails to reproduce the
accurately measured dispersion of the lowest energy mode
around the BZ center. Therefore, although the values of χ 2
for the best and second-best fits are not very different, a
more sophisticated weighting scheme which better reflected
the experimental precision of the low-energy data near would
differentiate these fits more clearly. Other converged solutions
have significantly higher χ 2 values (8.30) in addition to
noticeably worse qualitative agreement with the measured
dispersion.
The best-fit solution provides a very good description
of the measured dispersion of LuFe2 O4 . Furthermore, the
converged parameters successfully recover the expected strong
and weak anisotropies of the Fe2+ and Fe3+ ions, respectively.
The exchange parameters are found to be principally AFM,
as expected from previous studies [13,18,33]. We note in
particular the antiferromagnetic intermonolayer coupling JAB ,
whose magnitude is comparable to the in-layer couplings.
A comparison of our fitted parameters to the equivalent
parameters found from ab initio calculations [33] reveals
differences in magnitude but many qualitative similarities. This
comparison is presented in Table I, which lists the results of
Ref. [33]. To enable this comparison, the full set of 15 NN
exchange parameters considered in Ref. [33] were grouped
into those with approximately equivalent paths and averaged
to obtain the reduced set of five parameters used in our minimal
SWM. Both ab initio and SWM parameters show that JB2 is
the strongest and JA1 is the next-strongest interaction.
D. Simulated spectrum

Figure 7(b) shows the magnon spectrum for the best-fit
model calculated from Eqs. (1) and (2). The calculation is
a simulation of the intensity map in Fig. 7(a) and takes
into account the variation of Q with E intrinsic to the TOF
neutron-scattering spectra. The energy δ-function in Eq. (1)
is replaced by a Gaussian with an energy-dependent width to
simulate the spectrometer resolution, and the g tensor is taken
to be isotropic with diagonal elements equal to 2 to put the
intensities approximately on an absolute scale. We have not
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included the effects of neutron absorption and self-shielding,
which we estimate will reduce the intensities by about 15–20%
depending on E. The intensity was calculated for all six
magnetic domains and averaged to arrive at the presented
spectrum.
Overall, the simulation reproduces the intensity variation in
the data very well. In particular, we do not see additional modes
that are not described by the model. If there are more modes
in the spectrum then they are too weak to detect. Conversely,
all modes shown by the simulation are also visible in the
data, although we note that the mode that disperses between
40 and 50 meV is very weak in the vicinity of the M point
in Fig. 7(a). This mode is more intense at the approximately
equivalent M and M positions—see Figs. 8(b) and 8(c)—
which is how we were able to determine its dispersion shown
in Fig. 9 accurately.
The simulation highlights two other features worth mentioning. First, there is a discrepancy in the energy widths of the
magnon resonances. The measured widths are systematically
broader than the experimental resolution. This is partly
explained by the domain splitting of the modes, but additional
broadening could also arise from in-plane defects in the
magnetic order. Such additional broadening might account
for discrepancies in intensity between the measured and
simulated low intensity modes dispersing around 30 meV.
Second, there is an ambiguity about whether the highest and
next-highest magnon bands cross near . To the naked eye,
the intensity map in Fig. 7(a) would suggest no band crossing,
whereas our best-fit model does have a crossing; Fig. 7(b). The
magnon energies extracted from fits to the measured spectra
do not provide a conclusive dispersion of the bands in this
region—see Fig. 9. We did find fits in which these bands do
not cross, but these fits gave a poorer description of other
parts of the spectrum. Since our fitting procedure was rather
exhaustive we are confident that any remaining discrepancies
of this nature cannot be resolved within the constraints of our
minimal model.
We emphasize that the model we have used here is
based on a spin-only Hamiltonian with a minimum set
of NN exchange interactions. Inclusion of the full set of
distinct NN exchange paths or more distant neighbors might
improve the model but would be impractical to fit given the
large number of parameters and the long computation times
associated with numerically implemented spin-wave theory.
We have neglected effects due to spin-orbit coupling other
than the Ising-like single-ion anisotropy. The introduction of
an anisotopic g factor, for example, would have some influence
on the intensities of the modes. We have also neglected phonon
scattering in the experimental data. This is reasonable because
at the small Q values of our data the strong magnon scattering
from the large Fe moments is expected to be much greater than
the phonon scattering. It is possible, however, that some of the
discrepancies around 35 meV found in our fits to data near the
point are due to optic phonons.
V. CONCLUSIONS

In this work we have developed a simple spin model
of LuFe2 O4 through a comprehensive analysis of inelastic
neutron-scattering spectra measured throughout the 2D Bril-

louin zone. Our results are consistent with a predominant spinand charge-ordered state of LuFe2 O4 at low temperatures
consisting of polar bilayers built from one Fe2+ -rich and
one Fe3+ -rich monolayer, with a parallel alignment of the
ferrimagnetic moments on each monolayer. This is in agreement with most but not all previous experimental results. In
particular, we have argued that the model of AA-BB bilayers
proposed to explain diffraction data recorded at 210 K [21]
is not consistent with our data, but as we have not explored
the AA-BB model exhaustively we are not able to rule it out
definitively.
Our study demonstrates how measurements of excitation
spectra can provide stringent constraints on the nature of
the ground state in magnetic systems, and provides an
important basis for the analysis of future experiments on
LuFe2 O4 designed to probe the precise bilayer stacking and to
discriminate ferroelectric and antiferroelectric ordering at low
temperatures.
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APPENDIX: DOMAINS IN MAGNETICALLY
ORDERED AB BILAYERS

The spin and charge order of an AB bilayer shown in Fig. 3
breaks the threefold rotational and mirror symmetry that the
bilayer has in the absence of spin and charge order. Assuming
a purely 2D magnetic order, we then expect six equivalent
domains of the ordered phase. Since reciprocal space has inversion symmetry, the six domains result in three distinct dispersion relations, each dispersion relation being found in two domains. Therefore, in a multidomain sample the magnon spectrum measured along → M will be a superposition of the
spectra from the → M, → M , and → M directions.
The magnetic order on the individual A and B monolayers
has six- and threefold rotational symmetry, respectively.
Therefore, if the monolayers were uncoupled (i.e., JAB =
0), the magnon dispersion for both A and B monolayers
would have sixfold rotational symmetry, and positions like
M, M , and M would be equivalent. Estimates of the
intermonolayer exchange JAB suggest that it is small [33],
and so the domain splitting of the dispersion relations for
the bilayer is also expected to be small. The inequivalent
directions in reciprocal space which are related through the
broken-symmetry operations of the monolayers can therefore
be considered as approximately equivalent, as far as the
magnon bands are concerned. This is supported by the data:
no more than six modes are observed at any position in
the BZ, but approximately equivalent wave-vector positions
show slight shifts (∼1–2 meV) in the energies of the modes,
most noticeably at the M, M , and M positions as shown
in Fig. 8. It should be noted that the variation of intensity
due to the structure factor may also give rise to apparent
shifts in peak positions when two or more peaks are close
in energy. Peak shifts due to different mode energies or
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different structure factors at approximately equivalent wave
vectors cannot be distinguished. To accommodate for both
these potential effects, an intensity-weighted domain-averaged
dispersion was used to compare with the measured spectrum.
The results of such an averaging are illustrated in Fig. 9(b),

where the dispersion relations for all the individual domains
are plotted for the best-fit solution. The modes from different
domains contributing to a single weighted average are plotted
in the same color. The weighted domain average is plotted as
a black line for each mode.
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