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Introduction:  it all started with the electron…

• 1947: small devia/ons from predic/ons in hydrogen and deuterium hyperfine structure; 
Kusch & Foley propose explana/on with  g = 2.00229 ± 0.00008

• 1948: Schwinger calculates the famous radia/ve correc/on: 

       ➠  g = 2 (1+a), with the anomaly

 
 This explained the discrepancy and was a crucial step
 in the development of perturba/ve QFT and QED               ``If you can’t join ‘em, beat ‘em“

• In terms of an effec/ve Lagrangian, the anomaly is from the Pauli term:

         Note: This is a dimension 5 operator and NOT part of the fundamental (QED) Lagrangian, 
       but occurs through radia@ve correc@ons and is calculable in (Standard Model) theory:

a =
g � 2

2
=

↵

2⇡
⇡ 0.001161

1
aSMµ = aQED

µ + aweak
µ + ahadronicµ

�Lamm
e↵ = �Qe

4m
a  ̄L�

µ⌫ RFµ⌫ + (L $ R)



ae vs. aμ :  why we want to study the muon

• ae
EXP more than 2000 ,mes more precise than aμ

EXP, but for e- loop contribu,ons 
come from very small photon virtuali,es, whereas muon `tests’ higher scales

• dimensional analysis: sensi,vity to NP (at high scale ΛNP):  

à μ wins by                                    for NP,      ae `determines’ α, tests QED & low scales
 [Note: 𝜏 too short-lived for storage-rings]

ae= 1 159 652 180.73 (0.28) 10-12  [0.24ppb]    aμ= 116 592 089(63) 10-11  [0.54ppm]
 Hanneke et al., PRL 100(2008)120801    @ Harvard        Bennet et al., PRD 73(2006)072003    @ BNL   
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ae current status (exp @ Northwestern):  PRL 130 (2023) 7, 071801
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Measurement of the Electron Magnetic Moment

X. Fan,1, 2, ⇤ T. G. Myers,2 B. A. D. Sukra,2 and G. Gabrielse2, †

1
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

2
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(Dated: September 28, 2022)

The electron magnetic moment in Bohr magnetons, �µ/µB = 1.001 159 652 180 59 (13) [0.13 ppt],
is consistent with a 2008 measurement and is 2.2 times more precise. The most precisely measured
property of an elementary particle agrees with the most precise prediction of the Standard Model
(SM) to 1 part in 1012, the most precise confrontation of all theory and experiment. The SM test
will improve further when discrepant measurements of the fine structure constant ↵ are resolved,
since the prediction is a function of ↵. The magnetic moment measurement and SM theory together
predict ↵�1 = 137.035 999 166 (15) [0.11 ppb]

The quest to find physics beyond the Standard Model
of Particle Physics (BSM) is well motivated because the
SM is incomplete. No CP violation mechanism is large
enough to keep matter and antimatter produced in the
Big Bang [1] from annihilating as the universe cooled [2],
dark matter [3, 4] has not been identified, and dark en-
ergy [5, 6] and inflation [7, 8] have no SM explanation.
Great BSM sensitivity is a↵orded by the most precise pre-
diction of the SM, the electron magnetic moment in Bohr
magnetons, �µ/µB = g/2. SM sectors involved include
the Dirac prediction [9], QED (quantum electrodynamics
[10–17]) with muon and tauon contributions [18], along
with hadronic [19–21] and weak interaction contributions
[22–25]. BSM particles and electron substructure could
make the measurement and prediction di↵er (like quark
substructure shifts the proton moment).
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FIG. 1. This Northwestern measurement (red) and our 2008
Harvard measurement (blue) [26]. SM predictions (solid and
open black points for slightly di↵ering C10 [27, 28]) are func-
tions of discrepant ↵ measurements [29, 30]. A ppt is 10�12.

The most precise determination of an elementary par-
ticle property, carried out blind of any prior measurement
or prediction, gives µ/µB 2.2 times more precisely, to 1.3
parts in 1013 (Fig. 1). Measured in a new apparatus, it
is consistent with the value that stood for 14 years [26].
In the most precise confrontation of theory and measure-
ment, the SM prediction agrees to 1 part in 1012. The
measurement precision allows a much better SM test if
discrepant measurements of the fine structure constant
↵ [29, 30] are resolved, given that the SM prediction of
µ/µB is a function of ↵.

The one-electron quantum cyclotron utilized is essen-
tially a single electron suspended in a magnetic field
B = Bẑ and cooled to its lowest quantum states [31].

The magnetic moment operator for a spin-1/2 electron,

µ = �g

2
µB

S

~/2 , (1)

is proportional to its spin S normalized to its spin eigen-
value ~/2. For electron charge �e and mass m, dimen-
sional analysis gives a Bohr magneton, µB = e~/(2m),
as its approximate magnitude. The energy levels are

E = h⌫sms + h⌫c(n+ 1
2 ), (2)

with h = 2⇡~, ms = ±1/2 and n = 0, 1, .... The cyclotron
frequency is ⌫c = eB/(2⇡m), the spin frequency is ⌫s =
(g/2)⌫c, and the anomaly frequency is ⌫a ⌘ ⌫s � ⌫c. The
electron serves as its own magnetometer insofar as

� µ

µB
=

g

2
= 1 +

⌫a
⌫c

(3)

is independent of B, which cancels out in ⌫a/⌫c.
A stable magnetic field is nonetheless critical for ⌫a and

⌫c not measured simultaneously. Field drift reduced by a
factor of 4 to 2⇥10�9/day [32] makes possible round-the-
clock measurements, improved statistical precision, and
a better investigation of uncertainties. The apparatus in
Fig. 2a achieves this by supporting a 50 mK electron trap
on a 4.2 K superconducting, self-shielding solenoid [33],
with a mixing chamber flexibly hanging from the rest of
a dilution refrigerator [34]. (Independently suspending
a trap and a normal rigid fridge makes B drift with lab
pressure and temperature as the electron moves in the
slight gradient of the solenoid field [35].) The He and N2

pressures in the cryostats are also regulated.
An electron in the field Bẑ is trapped by adding an

electrostatic quadrupole potential V / z2 � ⇢2/2, with
⇢ = xx̂ + yŷ [36]. Cylindrical Penning trap electrodes
[37, 38] (Fig. 2b) are shaped so that properly biasing
produces such a potential. A centered electron then oscil-
lates nearly harmonically along ẑ at the axial frequency
⌫̄z ⇡ 114 MHz. For B = 5.3 T, the trap-modified cy-
clotron and anomaly frequencies are ⌫̄c ⇡ 149 GHz and
⌫̄a ⇡ 173 MHz, while ⌫s is unchanged. A circular mag-
netron motion at ⌫̄m = 43 kHz is cooled by axial side-
band cooling [36, 39] and not discussed further. Figure 2c
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is independent of B, which cancels out in ⌫a/⌫c.
A stable magnetic field is nonetheless critical for ⌫a and

⌫c not measured simultaneously. Field drift reduced by a
factor of 4 to 2⇥10�9/day [32] makes possible round-the-
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a better investigation of uncertainties. The apparatus in
Fig. 2a achieves this by supporting a 50 mK electron trap
on a 4.2 K superconducting, self-shielding solenoid [33],
with a mixing chamber flexibly hanging from the rest of
a dilution refrigerator [34]. (Independently suspending
a trap and a normal rigid fridge makes B drift with lab
pressure and temperature as the electron moves in the
slight gradient of the solenoid field [35].) The He and N2

pressures in the cryostats are also regulated.
An electron in the field Bẑ is trapped by adding an

electrostatic quadrupole potential V / z2 � ⇢2/2, with
⇢ = xx̂ + yŷ [36]. Cylindrical Penning trap electrodes
[37, 38] (Fig. 2b) are shaped so that properly biasing
produces such a potential. A centered electron then oscil-
lates nearly harmonically along ẑ at the axial frequency
⌫̄z ⇡ 114 MHz. For B = 5.3 T, the trap-modified cy-
clotron and anomaly frequencies are ⌫̄c ⇡ 149 GHz and
⌫̄a ⇡ 173 MHz, while ⌫s is unchanged. A circular mag-
netron motion at ⌫̄m = 43 kHz is cooled by axial side-
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TABLE I. Largest uncertainties for g/2.

Source Uncertainty⇥1013

statistical 0.29
cyclotron broadening 0.94
cavity correction 0.90

nuclear paramagnetism 0.12
anomaly power shift 0.10
magnetic field drift 0.09

total 1.3

(This is a 3100 times higher precision than achieved with
muon moments [51]). Figure 1 shows the good agreement
of this 2022 measurement at Northwestern with our 2008
measurement at Harvard [26] and an uncertainty that is
improved by a factor of 2.2. Because similar measure-
ment methods were used, we do not recommend averag-
ing the two measurements because similar methods may
produce correlated uncertainties that are di�cult to de-
termine. Table I lists uncertainty contributions to the
final result, with correlations taken into account. The
statistical uncertainty is from the fits that extract f̄c and
⌫̄a. The two dominant uncertainties have been discussed
– cyclotron broadening and cavity shifts (treated as corre-
lated for nearby fields). The measured temperature vari-
ations of the silver electrodes determines the uncertainty
from their nuclear paramagnetism. The anomaly power
shift uncertainty comes from the measured frequency de-
pendence on drive strength. The field drift uncertainty
is from the fit to the slowly drifting field.

Several SM sectors together predict

g

2
= 1 +C2

⇣↵
⇡

⌘
+ C4

⇣↵
⇡

⌘2
+ C6

⇣↵
⇡

⌘3
+ C8

⇣↵
⇡

⌘4

+ C10

⇣↵
⇡

⌘5
+ ...+ aµ⌧ + ahadronic + aweak. (7)

The Dirac prediction [9] is first on the right. QED pro-
vides the asymptotic series in powers of the fine struc-
ture constant ↵, and the muon and tauon contribution
aµ⌧ [27]. The constants C2 [10], C4 [11, 12], C6 [13, 14]
and C8 [15] are calculated exactly, but require measured
lepton mass ratios as input [18]. The measurements are
so precise that a numerically calculated tenth order C10

[16, 17] is required and tested. A second evaluation of
C10 [28] di↵ers slightly for reasons not yet understood
and the open points in Figs. 1 and 5 use this alterna-
tive. Hadronic and weak interaction contributions are
ahadronic [19–21] and aweak [22–25]. The exact C8 and
the numerical C10 are remarkable advances that reduce
the calculation uncertainty well below the uncertainties
reported for the measured µ/µB and ↵.

The most precise ↵ measurements [29, 30], needed for
the SM prediction of g/2 from Eq. (7), disagree by 5.5 �,
nearly ten times our measurement uncertainty (Fig. 1).
Until the discrepancy is resolved, the best that can be
said is that the predicted and measured µ/µB agree to

about �(g/2) = 0.7 ⇥ 10�12, half of the ↵ discrepancy.
A generic chiral symmetry model [52] then suggests that
the electron radius is less than Re =

p
|�(g/2)|~/(mc) =

3.2⇥10�19 m, and that the mass of possible electron con-
stituents must exceedm⇤ = m/

p
|�(g/2)| = 620 GeV/c2.

If the ↵ discrepancy and uncertainty would be re-
duced so �(g/2) equals our µ/µB measurement uncer-
tainty, then Re reduces to 1.4⇥10�19 m and m⇤ increases
to 1.4 TeV/c2. A further reduction of �(g/2) by only a
factor of 2.3 would bring us to the level of the current
discrepancy between the calculated and measured muon
magnetic moments [51, 53], presuming that it is due to
BSM physics that is smaller for the electron by a factor
of the square of the ratio of the two masses.
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FIG. 5. SM prediction of ↵ using µ/µB from this Northwest-
ern measurement (red), and from our 2008 Harvard measure-
ment (blue), with solid and open points for slightly di↵ering
C10 [27, 28]. The ↵ measurements (black) made with Cs at
Berkeley [29] and Rb in Paris [30]. A ppb is 10�9.

The fine structure constant ↵ is the fundamental mea-
sure of the strength of the electromagnetic interaction
in the low energy limit. For the SI system of units,
↵ = e2/(4⇡✏0~c) is a measure of the vacuum permittivity
✏0, given that and e, ~ and the speed of light c are now
defined [54]. Our measured µ/µB and the SM give

↵�1 = 137.035 999 166 (02) (15) [0.014 ppb] [0.11 ppb],

= 137.035 999 166 (15) [0.11 ppb], (8)

with theoretical and experimental uncertainties in the
first and second brackets. Figure 5 compares to the ↵
measurements (black) that disagree with each other by
5.5 �. Our value di↵ers by 2.1 standard deviations from
the Paris Rb determination of ↵ [30] and by 3.9 standard
deviations from the Berkeley Cs determination [29]. The
C10 in [28] would change only “66” to “59” in Eq. (8).
For the future, a measurement is underway to realize

the new precision with a positron, to improve the test
the fundamental CPT symmetry invariance of the SM
by a factor of 40 [55]. Much larger improvements in the
precision of µ/µB now seem feasible given the demonstra-
tion of more stable apparatus, improved statistics, and
better understood uncertainties. Detectors being tested,
more harmonic and lower loss trap cavities, and detector
backaction circumvention methods [56, 57] should enable
much more precise measurements to come.
In conclusion, an electron magnetic moment measure-

ment is carried out blind to previous measurements and

SM theory predic/on depends on 
α, but measurements with Cs and 
Rb disagree by 5.4σ :

⟵ Transla/on to derived value of α

[arXiv:2209.13084]



Muon g-2 Theory Ini8a8ve est. 2017 h"ps://muon-gm2-theory.illinois.edu

``… map out strategies for obtaining the best theore0cal predic0ons for these hadronic correc0ons
in advance of the experimental result.’’

1

Theory Overview: 
First results from the Muon g-2 

experiment at Fermilab

The Muon g-2 Theory Initiative

Special Joint Experimental and 
Theoretical Physics Seminar 

Fermilab, 07 April 2021

4

• Organised 9 int. workshops in 2017-2023, last plenary workshop 4-8.9.2023 in Bern

• White Paper posted 10 June 2020 (132 authors, from 82 institutions, in 21 countries)

``The anomalous magnetic moment of the muon in the Standard Model’’
   [T. Aoyama et al., arXiv:2006.04822,  Phys. Rept. 887 (2020) 1-166 > 1000 cites]

Group photo from the Bern workshop in September 2023



SM predic8on from Theory Ini8a8ve  vs.  Experiment

➤  SM uncertainty dominated by 
 hadronic contribuRons, 
 now with  δ HVP > δ HLbL 

A. El-Khadra JETP 07 April 2021

Muon g-2: SM contributions

!8

aµ = aµ(QED) + aµ(Weak) + aµ(Hadronic)

<latexit sha1_base64="CR0ze3yngUacBYw37OS95g8rOLM=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIFaHMSEU3QvECXbZgL9CWciZN29AkMyQZoQx9JTe+ibjpQhG3voTpZWFbD4T8fP85JOf3Q860cd2xk1hb39jcSm6ndnb39g/Sh0dVHUSK0AoJeKDqPmjKmaQVwwyn9VBRED6nNX9wP/Frz1RpFsgnMwxpS0BPsi4jYCxqp4vQbooI3+LZnY2bSuDy48PoHF8ssBqFwQosQkcFkhFrtNMZN+dOC68Kby4yaF6ldvqt2QlIJKg0hIPWDc8NTSsGZRjhdJRqRpqGQAbQow0rJQiqW/F04xE+s6SDu4GyRxo8pX8nYhBaD4VvOwWYvl72JvA/rxGZ7k0rZjKMDJVk9lA34tgEeBIf7jBFieFDK4AoZv+KSR8UEGNDTtkQvOWVV0X1Muflc1flfKZwN48jiU7QKcoiD12jAiqiEqoggl7QO/pAn86rM3a+nO9Za8KZzxyjhXJ+fgFxqabE</latexit>

Hadronic…

α2

…Light-by-Light (HLbL)

aEW
µ = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="h19OLW6lqQS/KfK0kDqVsJ1iWoA=">AAACGHicbVDLSgMxFM34rPVVdekmWIQKOk60vhZCUQSXFewDOm3JpJk2NJkZkoxQhn6GG3/FjQtF3Hbn35g+Ftp64MLhnHu59x4v4kxpx/m25uYXFpeWUyvp1bX1jc3M1nZZhbEktERCHsqqhxXlLKAlzTSn1UhSLDxOK173duhXnqhULAwedS+idYHbAfMZwdpIzcwxbroibiSuFPCu0ofXEJ2d2ufuYQ7ZzgFMQ1czQRVETiM5QqjfzGQd2xkBzhI0IVkwQbGZGbitkMSCBppwrFQNOZGuJ1hqRjjtp91Y0QiTLm7TmqEBNtvqyeixPtw3Sgv6oTQVaDhSf08kWCjVE57pFFh31LQ3FP/zarH2L+sJC6JY04CMF/kxhzqEw5Rgi0lKNO8Zgolk5lZIOlhiok2WaRMCmn55lpRPbJS3rx7y2cLNJI4U2AV7IAcQuAAFcA+KoAQIeAav4B18WC/Wm/VpfY1b56zJzA74A2vwA9vIm+g=</latexit>

6845 (40) × 10−11

92 (18) × 10−11

…Vacuum Polarization (HVP)

+…

+…

aQED
µ (↵(Cs)) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="jslMJiAKjL0WKnE49hRQIicInxE="></latexit>

+…

+…
QED

Weak

α3

0.01 ppm

0.001 ppm

0.34 ppm

0.15 ppm

[0.6%]

[20%]

5

➥

White Paper [T. Aoyama et al., Phys. Rept. 887 (2020) 1-166]  

0.37 ppm

Measurement of the PosiRve Muon 
Anomalous MagneRc Moment to 0.46 ppm
 [Phys. Rev. Le-. 126 (2021) 14, 141801]

… to 0.20 ppm [PRL 131 (2023) 16, 161802]

aµ = aQED
µ + aweak

µ + ahadronicµ + aNP?
µ

!!  No official 
TI predicRons:



aμ
hadronic : non-perturbaCve, the limiCng factor of the SM predicCon    

• Q:  What’s in the hadronic  (Vacuum Polarisa0on  &  Light-by-Light sca<ering)  blobs?

      A:  Anything `hadronic’ the virtual photons couple to, i.e. quarks + gluons + photons

 But:  low q2 photons dominate loop integral(s)  ➠  cannot calculate blobs with perturba@on theory

• Two very different (model independent) strategies:

1. use wealth of hadronic data, `data-driven dispersive methods’:

§ data combina@on from many experiments, radia0ve correc0ons required

2. simulate the strong interac@on (+photons) w. discre@sed Euclidean space-@me, `laFce QCD’:

§ finite size, finite labce spacing, ar@facts from labce ac@ons, QCD + QED needed

§ numerical Monte Carlo methods require large computer resources

  6

A. El-Khadra JETP 07 April 2021

Muon g-2: Hadronic Corrections

!9

hadronic structure (inside bubbles) governed by the strong 
interactions (Quantum Chromodynamics - QCD) 
Difficult to calculate directly!  
cannot use perturbation theory (as for QED, EW)  
effects depend on the (virtual) photon momenta  

contribution to !  is obtained by integrating over all possible virtual photon 
momenta.                         

aμ

q2

q1
2

q2
2

q3
2



aμ
HVP :  Basic principles of dispersive data-driven method   

• Total hadronic cross sec@on σhad from  > 100 data sets for  e+e- ➞ hadrons  in  > 35 final states

• Uncertainty of aμ
HVP predic@on from sta@s@cal & systema@c uncertain@es of input data

• pQCD only at large s,  no modelling of σhad(s),  direct data integra@on

One-loop diagram with hadronic blob =

  integral over q2 of virtual photon, 1 HVP inser@on

Causality  ➠  analy@city  ➠  dispersion integral: 
 obtain HVP from its imaginary part only

 
Unitarity  ➠  Op@cal Theorem:

 imaginary part (`cut diagram’) = 
            sum over |cut  diagram|2 , i.e.
    ∝ sum over all total hadronic cross sec@ons

✂

q2

7

♣



aμ
HVP :  Higher orders & power counCng; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
        i.e.  real + virtual correc,ons in σhad(s)

• LO:  6931(40) 

• NLO:  - 98.3(7) 

 from three classes of graphs:
    - 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]

    (photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,
          see also F Jegerlehner]
 from five classes of graphs:
     8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥  good convergence,
         itera@ons of hadronic blobs  _very_  small

➠  `double-bubbles’ very small 8



HVP disp.: cross sec8on (in terms of R-ra8o) input
a
had,VP
µ : data analysis

Hadronic cross section input

Alex Keshavarzi (g � 2)µ 4th May 2018 13 / 45

a
had,LOVP

µ =
↵
2

3⇡2

Z 1

sth

ds
s

R(s)K(s), where R(s) =
�
0

had,�(s)

4⇡↵2/3s

 0.1

 1

 10

 100

 1000

 10000

 1  10  100

R
(s

)

√s [GeV]

ρ/ω

φ

J/ψ

ψ(2s)

Υ(1s−6s)

Non-perturbative

(Experimental data,
isopsin, ChPT...)
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Must build full hadronic cross section/R-ratio...
9



HVP:  Recent (of >25 years) experiments providing input σhad(s) data   

A. El-Khadra Wine & Cheese, 18 June 2020

Experimental Inputs to HVP

!19

08.02.2018 HVP_2018 6 

 e+e-  facilities involved in HVP measurement  

KLOE SND CMD-3 

HVP measurements 

BaBar 

BNL-821 

BELLE-II 

BES-III 

KEDR 

S. Serednyakov (for SND) @ HVP KEK workshop

FNAL E989

J-PARC g-2/EDM 
E-34

• Different methods: `Direct Scan’ (tunable e+e- beams) & 
      `Radia0ve Return’ (Ini@al State Radia@on scan at fixed cm energy) ➚
• Over last decades detailed studies of radia0ve correc0ons & Monte Carlo Generators for σhad(s)
 ➤  RadioMonteCarLow Working Group report: Eur. Phys. J. C66 (2010) 585-686
 ➤  full NLO radia@ve correc@ons in ISR MC Phokhara:  Campanario et al, PRD 100(2019)7,076004

10
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HVP dispersive: cross sec8on compila8on

11

How to get the most precise σ0
had?  Use of e+e- ➞ hadrons (+𝛾) data:

• Low energies: sum ∼35 exclusive channels, 2π, 3π, 4π, 5π, 6π, KK, KKπ, KKππ, ηπ, …,   
       [now very limited use of iso-spin rela/ons for missing channels]

• Above √s ∼1.8 GeV: use of inclusive data or pQCD (away from flavour thresholds), 
       supplemented by narrow resonances (J/Ψ, Υ)

• Challenge of data combinaQon (locally in √s, with error inflaQon if tensions):
 - many experiments, different energy ranges and bins,
      - staQsQcal + systemaQc errors from many different sources, use of correlaQons

    ➤  Significant differences between DHMZ and KNT in use of correlated errors: 
    - KNT allow non-local correla@ons to influence mean values, 
    - DHMZ restrict this but retain correla@ons for errors, also es@mate cross channel corrs.
   
• σ0

had means the `bare’ cross sec/on, i.e. excluding `running coupling’ (VP) effects, 
 but including Final State (𝛾) Radia/on:  

    ☛  data need radia/ve correc/ons, compila/ons es/mate addi/onal uncertainty,

    e.g. in KNT:  δaμ
had, VP = 2.1×10-11 ,  and  δaμ

had, FSR = 7.0×10-11



Rad. Corrs.: HVP for running α(q2). Undressing

• Dyson summation of Real part of one-particle irreducible blobs Π into the effective, real

running coupling αQED:

Π =
q

γ∗

Full photon propagator ∼ 1 + Π + Π · Π + Π · Π · Π + . . .

! α(q2) =
α

1− ReΠ(q2)
= α /

(

1−∆αlep(q
2)−∆αhad(q

2)
)

• The Real part of the VP, ReΠ, is obtained from the Imaginary part, which via the Optical

Theorem is directly related to the cross section, ImΠ ∼ σ(e+e− → hadrons):

∆α(5)
had(q

2) = −
q2

4π2α
P

∫ ∞

m2
π

σ0
had(s) ds

s− q2
, σhad(s) =

σ0
had(s)

|1− Π|2

[→ σ0 requires ‘undressing’, e.g. via ·(α/α(s))2 ! iteration needed]

• Observable cross sections σhad contain the |full photon propagator|2, i.e. |infinite sum|2.
→ To include the subleading Imaginary part, use dressing factor 1

|1−Π|2
.

12



Rad. Corrs.: Final State 𝛾 Radia8on

• Real + virtual ,  must be included in σ0
had as part of the (hadronic) dynamics

• In measured cross sec/ons, virtual and som/collinear photons are always included,

• but some events with hard real radia/on are cut-off by experimental analyses
         (through event selec/on/classifica/on, cuts, acceptances):

 --  limited phase space for hard radia@on at low energies in scan mode

 --  no problem if 𝛾 missed but the event counted, but 

 --  possibly important effect in radia@ve return (ISR) mode, depending on energy

• Experiments account for this and add (back missed) FSR in their data analyses
--  using MC generators with correc0ons based on scalar QED for 𝛑s and Ks 

      (checked to work ok at low energies when hadronic substructure hardly resolved)

 --  for analyses based on Radia@ve Return (in par@cular for the 2𝞹 channel), 

  ISR and FSR are an integral part of the MCs used (EVA, Phokhara)

 --  possible limita0ons for accuracy discussed at Strong2020 WorkStop/ThinkStart, 

  work planned for higher order correc0ons & MC implementa0on
13



HVP disp:  Landscape of σhad(s) data.  Most important 𝛑+𝛑- channel 
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π0γ
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ηπ+π−
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ωπ0

ηγ
All other states

(π+π−π0π0π0)no η
ωηπ0

ηω
π+π−π+π−π+π−

(π+π−π0π0π0π0)no η

• hadronic channels for 
energies below 2 GeV

• dominance of 2𝛑

[KNT18, PRD97, 114025]

• CombinaRon of >30 data sets, >1000 points, 
contribuRng >70% of total HVP

• Precise measurements from 6 independent 
experiments with different systemaRcs and 
different radiaRve correcRons

• Data sets from RadiaRve Return dominate,
 unBl now… 

[KNT19, PRD101, 014029] 

𝛑+𝛑- :

14



aμ
HVP : 𝛑+𝛑- channel  KLOE vs. Babar puzzle, enlarged WP error 

• Tension between different sets, especially between the most precise 4 sets from BaBar and KLOE

• Infla@on of error with local 𝛘2
min accounts for tensions, leading to a ∼14% error infla0on

• Important role of correla0ons; their treatment in the data combina@on is crucial and can lead to
        significant differences between different combina@on methods (KNT vs. DHMZ)

• Differences in data and methods accounted for in WP merging procedure,

 leading to enlarged error for aμ
HVP

15

[Plots from KNT19]



aμ
HVP : 𝛑+𝛑- channel  KLOE vs. Babar puzzle, enlarged WP error 

• Tension between different sets, especially between the most precise 4 sets from BaBar and KLOE

• Infla@on of error with local 𝛘2
min accounts for tensions, leading to a ∼14% error infla0on

• Important role of correla0ons; their treatment in the data combina@on is crucial and can lead to
        significant differences between different combina@on methods (KNT vs. DHMZ)

• Differences in data and methods accounted for in WP merging procedure,

 leading to enlarged error for aμ
HVP.  Procedure not well suited to cover CMD-3

16

[Plot from KNT19 (updated by Alex Keshavarzi)]

Data tensions: then and now

40

• SND 2% measurement also new since TI 
White Paper and agrees with older data.

• New 2% measurements in the pipeline 
from KLOE, BaBar, BESIII and Belle-II 
(timescale is realistically 1-3 years).



HVP: 𝛑+𝛑- channel

• Tension between data sets from KLOE, BaBar, CMD-2, SND and BESIII in the 𝛒-𝛚 interference region

• Note that some differences, possibly due to binning effects, are washed out in the dispersion 

integral for aμ
2𝞹 

     Figure from KLOE (+KT) combina@on paper JHEP 03(2018)173
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HVP: 𝛑+𝛑- channel

• Combina@on of same three KLOE data sets by DHMZ (lev) and KNT (right), leading to

• different results, depending on use of long-range correla0ons through systema@c errors;

 --  DHMZ: restricted to error es@mate, but not used to determine combina@on mean values 
 --  KNT: full use of correlated errors in fit, allowing change of mean values within errors

18
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Figure 32: The normalized di↵erence of the three KLOE measurements (KLOE-2008, KLOE-2010, and KLOE-2012) of the ⇡+⇡�

cross section with the combination of the three from DHMZ (left) and KNT (right, adapted from Ref. [82]).

ison of these methods is given in Fig. 32, which shows the normalized di↵erence of the three KLOE measurements
of the ⇡+⇡� cross section with each combination. For DHMZ, the higher-energy data points do not influence the
lower-energy data region only covered by KLOE10 and the fit mean values in this region are described only by those
KLOE10 data. In the KNT case, the covariances from the energy-independent normalization uncertainties mean that
the precision of the higher-energy KLOE08/KLOE12 data is propagated to the lower-energy region through the win-
dow allowed by those correlations. For the complete ⇡+⇡� combination, the KNT analysis is therefore restricted
by the correlations of these three precise and highly correlated measurements, consequently favoring a lower result-
ing ⇡+⇡� cross section than in the DHMZ analysis. Overall, this results in a smaller value for aHVP, LO

µ [⇡⇡] in KNT
than in DHMZ (specifically DHMZ19’). It should be noted that in Ref. [82], the KNT data combination was com-
pared with the Best Unbiased Linear Estimator (BLUE) approach [277], where all uncertainties and covariances were
propagated via MC pseudo-experiments to the BLUE values. This yielded results that were consistent with those
from KNT. It is known that the BLUE method is equivalent to the minimization of the uncertainty of the output of
a weighted average, cf. Gauss–Markov theorem (see, for example, Ref. [278]). It is also interesting to note that the
central values of the integrals of the KLOE combination from DHMZ and KNT in the dominant ⇢-region are similar
at aHVP, LO

µ [⇡⇡]
���
[0.6,0.9] GeV = 366.5(2.8) ⇥ 10�10 (DHMZ) and aHVP, LO

µ [⇡⇡]
���
[0.6,0.9] GeV = 366.9(2.1) ⇥ 10�10 (KNT),

although the KNT combination yields a smaller uncertainty.
Next, we turn to the comparison to FJ17. The number quoted in Table 4 refers to the result from Sec. 2.3.3 using

e+e� data alone, with input from ⌧ data increasing the value by 0.8 ⇥ 10�10. In comparison to KNT19 and DHMZ19
two main e↵ects can be identified: first, the contributions from ! and � are fit using Breit–Wigner functions with
parameters from the PDG [259], the ⇢ using a Gounaris–Sakurai parameterization, instead of a direct integration
of the data. Second, the data from di↵erent experiments are combined by taking weighted averages of integrals in
overlapping regions instead of a locally weighted average. In combination, these e↵ects increase the HVP integral by
2.2⇥10�10 [220]. Including ⌧ data and adapting the low-energy result from Ref. [243] below 0.63 GeV, the best value
given in Sec. 2.3.3 and Ref. [220] becomes 689.5(3.3) ⇥ 10�10, so accounting, in addition, for these two e↵ects the
central value would move closer to DHMZ19 and KNT19.

Finally, in Ref. [238] the low-energy channels ⇡+⇡�, ⇡0�, ⌘�, ⇡+⇡�⇡0, K+K�, KLKS are fit in an HLS model below
1.05 GeV, while for the energy region above as well as the non-HLS channels below the results from Refs. [27, 220]
are applied. By far the biggest numerical e↵ect compared to DHMZ19 and KNT19 arises because the BABAR data for
the ⇡+⇡� channel are not included in the fit, which amounts to about 3.5⇥10�10 [279]. The remainder of the di↵erence
originates largely from the non-HLS channels, e.g., the di↵erence between KNT19 and BDJ19 in the energy region
[1.05, 2] GeV is 2.0 ⇥ 10�10 [271, 279].
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HVP: 𝛑+𝛑- channel  [DHMZ, Eur. Phys. J. C 80(2020)3, 241]

• In addi/on they employ a fit, based on analy/city + unitarity + crossing symmetery, 
similar to Colangelo et al. and Ananthanarayan+Caprini+Das, leading to stronger 
constraints/lower errors at low energies

• For 2𝛑, based on difference between result for aμ
ππ  w/out KLOE and BaBar, sizeable 

addi/onal systema/c error is applied and mean value adjusted

                                                                    arXiv:1908.00921 Figure 5:                                  arXiv:1908.00921 Figure 6:  
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HVP: Kaon channels  [KNT18, PRD97, 114025]

Results Results from individual channels

KK̄ channels [KNT18: arXiv:1802.02995]

Alex Keshavarzi (g � 2)µ 4th May 2018 33 / 45
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HVP: 𝛔had inclusive region [KNT18]
Results Results from individual channels

Inclusive

) New KEDR inclusive R data [Phys.Lett. B770 (2017) 174-181, Phys.Lett. B753 (2016) 533-541] and
BaBar Rb data [Phys. Rev. Lett. 102 (2009) 012001.].

=) Choose to adopt entirely data driven estimate from threshold to 11.2 GeV

a
Inclusive

µ = 43.67± 0.17stat ± 0.48sys ± 0.01vp ± 0.44fsr= 43.67± 0.67tot

Alex Keshavarzi (g � 2)µ 4th May 2018 35 / 45
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HVP: White Paper comparison

A. El-Khadra Wine & Cheese, 18 June 2020 !26

BDJ19 DHMZ19 FJ17 KNT19
aHVP, LO
µ ⇥ 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 4: Full evaluations of aHVP, LO
µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [235]. The uncertainty in DHMZ19 includes an

additional systematic uncertainty to account for the tension between KLOE and BABAR.

DHMZ19 KNT19 Di↵erence

⇡+⇡� 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
⇡+⇡�⇡0 46.21(0.40)(1.10)(0.86) 46.63(94) �0.42
⇡+⇡�⇡+⇡� 13.68(0.03)(0.27)(0.14) 13.99(19) �0.31
⇡+⇡�⇡0⇡0 18.03(0.06)(0.48)(0.26) 18.15(74) �0.12

K+K� 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KS KL 12.82(0.06)(0.18)(0.15) 13.04(19) �0.22
⇡0� 4.41(0.06)(0.04)(0.07) 4.58(10) �0.17

Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46

[1.8, 3.7] GeV (without cc̄) 33.45(71) 34.45(56) �1.00
J/ ,  (2S ) 7.76(12) 7.84(19) �0.08

[3.7,1) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1) (0.7)DV+QCD 692.8(2.4) 1.2

Table 5: Selected exclusive-mode contributions to aHVP, LO
µ from DHMZ19 and KNT19, for the energy range  1.8 GeV, in units of 10�10. Where

three (or more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic,
which is correlated with at least one other channel. For the ⇡+⇡� channel, the uncertainty accounting for the tension between BABAR and KLOE
(amounting to 2.76 ⇥ 10�10) is included in the channel-specific systematic.

2.3.5. Comparison of dispersive HVP evaluations
The di↵erent evaluations described in the previous sections all rely on data for e+e� ! hadrons, but di↵er in

the treatment of the data as well as the assumptions made on the functional form of the cross section. In short,
the evaluations from Sec. 2.3.1 (DHMZ19) and Sec. 2.3.2 (KNT19) directly use the bare cross section, the one
from Sec. 2.3.3 (FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation
from Sec. 2.3.3 (BDJ19) relies on a hidden-local-symmetry (HLS) model. For certain channels, most notably 2⇡ and
3⇡, constraints from analyticity and unitarity define a global fit function or optimal bounds that can be used in the
dispersion integral to integrate the data, see Sec. 2.3.4 (ACD18 and CHS18 for 2⇡). In this section, we compare the
di↵erent evaluations and comment on possible origins of the most notable di↵erences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19
and KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual
channels, see Table 5, shows significant di↵erences, most notably in the 2⇡ channel, which di↵ers at the level of
the final uncertainty. For the 3⇡ channel, both analyses are now in good agreement, between each other as well as
with a fit using analyticity and unitarity constraints [5], which produces 46.2(8) ⇥ 10�10, see Eq. (2.30). Previous
tensions could be traced back to di↵erent interpolating functions [5, 268, 269]: since the data is relatively scarce
o↵-peak in the ! region (and similarly, to a lesser extent, for the �), while the cross section is still sizable, a linear
interpolation overestimates the integral. Both DHMZ19 and KNT19 analyses include evaluations of the threshold
region of the 2⇡ channel, either using ChPT or dispersive fits, as well as, going back to Ref. [208], estimates for the
threshold regions of ⇡0� and 3⇡ below the lowest data points, based on the chiral anomaly for the normalization and !
dominance for the energy dependence (following Ref. [270] for ⇡0� and Refs. [271, 272] for 3⇡). The corresponding
estimates, 0.12(1) ⇥ 10�10 for ⇡0� and 0.01 ⇥ 10�10 for 3⇡, agree well with recent dispersive analyses, which lead
to 0.13 ⇥ 10�10 [273] and 0.02 ⇥ 10�10 [5], respectively.17 Finally, a di↵erence of about 1.0 ⇥ 10�10 arises from the
energy region [1.8, 3.7] GeV depending on whether data (KNT19) or pQCD (DHMZ19) is used. Summing up these

17Since the 3⇡ threshold contribution is very small, it does not matter for aµ that in this case ! dominance from Refs. [271, 272] noticeably
underestimates the cross section.
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Hadronic vacuum polarization

Detailed comparisons by-channel and energy range between 
direct integration results: 

+ evaluations using unitarity & analyticity constraints for !  and !  channels 
    [CHS 2018, HHKS 2019]

ππ πππ
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aμ
HVP : > 20 years of data based predic8ons,  `pies’

23

• Stability and consolida0on over 
two decades thanks to more and 
bewer data input and improved 
compila@on procedures

• Compare with merged DHMZ & 
KNT WP20 value:

 
aμ

had, LO VP(WP20) = 693.1(4.0)×10-10

Pie diagrams for KNT compila/on:

• error s@ll dominated by the two pion channel

• significant contribu@on to error from addi@onal  
uncertainty from radia0ve correc0ons

• Is all this invalidated by the recent CMD-3 data?



New CMD-3 𝛑+𝛑- data vs. other experiments

24

Slides from Fedor Ignatov’s TI talk 27.3.2023 arXiv:2302.08834



Theory Ini?a?ve:  Sep. 2023 workshop at Bern

25

2 Fits to CMD-3

More tensions: CMD-3
! F. Ignatov et al. (CMD-3), 2302.08834 [hep-ex]

475 480 485 490 495 500 505 510 515 520

1010 ⇥ a⇡⇡µ |1GeV

combination

CMD-3
SND20

BESIII
KLOE00

BaBar
CMD-2
SND06

BMWc - 197.7

10

Peter Stoffer: studies of Colangelo et al. with analyQcity&unitarity based fits: 
          (no combinaQon w. CMD-3 yet)



Theory Ini?a?ve:  Sep. 2023 workshop at Bern

26

Conclusions 

M.Davier, report CMD-3 discussions, Bern Sept 4 2023 25

• Difficult exercise: sophisticated analyses are not easy to penetrate without access to the data

• However we got documented answers on detailed questions covering the important aspects of the 
analysis

• It is fair to say that no major issue significantly impacting the results has been identified

• The strength of the analysis lies in (1) the large statistics accumulated giving the possibility to perform 
systematic tests with high precision, (2) improved performance of the CMD-3 detector, and (3) the fact 
that two independent methods were used for channel separation

• Still several points remained unclear to us and /or not enough convincing with the information available

• Possible effects on the results from these minor issues need to be quantified with respect to the 
claimed accuracy

• Need guidance from CMD-2/3 on how to handle their data

Michel Davier’s summary report of the `49 QuesQons to CMD-3’ (all answered by Fedor):
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(up, down, strange and charm), in a lattice formulation that takes  
into account all dynamical effects. We also consider the tiny contribu-
tions of the bottom and top quarks, as discussed in Supplementary  
Information.

We compute aµ
LO HVP�  in the so-called time–momentum representa-

tion8, which relies on the following two-point function with zero 
three-momentum in Euclidean time t:

∫∑G t
e
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3 x

where Jµ is the quark electromagnetic current, with uγ u= −
J

e µ
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µ  
d γ d s γ s cγ c− +µ µ µ

1
3

1
3

2
3 . u, d, s and c are the up, down, strange and charm 

quark fields, respectively, and the angle brackets stand for the 
QCD + QED expectation value to order e2. It is convenient to decompose 
G(t) into light, strange, charm and disconnected components, which 
have very different statistical and systematic uncertainties. Integrating 
the one-photon-irreducible part of the two-point function (equa-
tion (1)), G1γI, yields the LO-HVP contribution to the magnetic moment 
of the muon8–11:
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and where ω r r r r r r( ) = [ + 2 − ( + 4) ] / ( + 4)2 , α is the fine-structure 
constant in the Thomson limit and mµ is the muon mass. Because we 
consider only the LO-HVP contribution, for brevity we drop the super-
script and multiply the result by 1010, that is, aµ stands for �a × 10µ

LO HVP 10 
in the following.

The subpercent precision that we are aiming for represents a huge 
challenge for lattice QCD. To reach that goal, we must address four 
critical issues: scale determination; noise reduction; QED and strong–
isospin symmetry breaking; and infinite-volume and continuum extrap-
olations. We discuss these one by one.

The first issue is scale determination. The quantity aµ depends 
on the muon mass. When computing equation (2) on the lattice, mµ 
must be converted into lattice units, amµ, where a is the lattice spac-
ing. A relative error of the lattice spacing propagates into about a 
twice-as-large relative error on aµ, so that a must be determined with a 
precision of few parts per thousand. We use the mass of the Ω baryon, 
MΩ = 1,672.45(29) MeV, from ref. 1 to set the lattice spacing, where the 
uncertainty in the parentheses denotes one standard deviation. We 
also use a scale based on the gradient flow from ref. 12, denoted as w0, 
to define an isospin decomposition of our observables. Although w0 
can be determined with sub-per-thousand precision on the lattice, it 
is inaccessible experimentally. In this work we determine the physical 
value of w0 by including QED and strong–isospin symmetry-breaking 
effects: w0 = 0.17236(29)stat(63)syst(70)tot fm, where the first error is 
statistical, the second is systematic and the third is the total error. 
In total, we reach a relative accuracy of 4‰, which is better than the 
error of the previous best determination13, the value of which agrees 
with ours. There the pion decay constant was used as experimental 

Strong–isospin breaking

Connected light Connected strange Connected charm Disconnected

633.7(2.1)stat(4.2)syst 53.393(89)stat(68)syst –13.36(1.18)stat(1.36)syst

0.11(4)tot

Bottom; higher-order;
perturbative

Other

Finite-size effects

Disconnected

–4.67(54)stat(69)syst

aP
LO-HVP (×1010) = 707.5(2.3)stat(5.0)syst(5.5)tot

QED isospin breaking: valence 

Isospin-symmetric

Connected Disconnected

Connected Disconnected

Connected

DisconnectedConnected

–0.55(15)stat(10)syst

–0.040(33)stat(21)syst

0.011(24)stat(14)syst
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–0.0093(86)stat(95)syst
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QED isospin breaking: sea

QED isospin breaking: mixed

Isospin-symmetric

Isospin-breaking

18.7(2.5)tot

0.0(0.1)tot

14.6(0)stat(1)syst

Fig. 1 | Contributions to aµ, including examples of the corresponding 
Feynman diagrams. Solid lines are quarks and curly lines are photons. Gluons 
are not shown explicitly, and internal quark loops are shown only if they are 
attached to photons. Dots represent coordinates in position space, boxes 
denote the mass insertion relevant for strong–isospin symmetry breaking.  
The numbers give our result for each contribution; they correspond to our 

‘reference’ system size defined by Lref = 6.272 fm spatial and Tref = 9.408 fm 
temporal lattice extents. We also explicitly compute the finite-size corrections 
that must be added to these results, which are given separately in the lower 
right panel. The first error is the statistical and the second is the systematic 
uncertainty, except for the contributions for which only a single, total error is 
given. Central values are medians; errors are s.e.m.

• First latce predic/on 
with errors matching 
the data-driven 
approach

• Current-current  
correlators, summed 
over all distances and 
integrated over /me 
(TMR)

• Using a L∼6fm latce 
(11fm for finite size 
correc/ons)

• Physical quark masses

• Strong + QED isospin 
breaking correc/ons
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Muon g-2: experiment vs theory

aSMµ = aQED

µ + aWeak

µ + aHVP

µ + aHLbL

µ = 116591810 (43)⇥ 10�11
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ.  
Our aµ,win

light  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 
and ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ.  
Our aµ,win

light  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 
and ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ
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−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.

1. Tanabashi, M. et al. Review of particle physics. Phys. Rev. D 98, 030001 (2018).
2. Bennett, G. W. et al. Final report of the muon E821 anomalous magnetic moment 

measurement at BNL. Phys. Rev. D 73, 072003 (2006).
3. Davier, M., Hoecker, A., Malaescu, B. & Zhang, Z. A new evaluation of the hadronic 

vacuum polarisation contributions to the muon anomalous magnetic moment and to 
α m( )Z

2 . Eur. Phys. J. C 80, 241 (2020); erratum 80, 410 (2020).
4. Keshavarzi, A., Nomura, D. & Teubner, T. g − 2 of charged leptons, α M( )Z

2 , and the hyperfine 
splitting of muonium. Phys. Rev. D 101, 014029 (2020).

5. Colangelo, G., Hoferichter, M. & Stoffer, P. Two-pion contribution to hadronic vacuum 
polarization. J. High Energy Phys. 2019, 006 (2019).

6. Hoferichter, M., Hoid, B. L. & Kubis, B. Three-pion contribution to hadronic vacuum 
polarization. J. High Energy Phys. 2019, 137 (2019).

7. Aoyama, T. et al. The anomalous magnetic moment of the muon in the Standard Model. 
Phys. Rep. 887, 1–166 (2020).

8. Bernecker, D. & Meyer, H. B. Vector correlators in lattice QCD: methods and applications. 
Eur. Phys. J. A 47, 148 (2011).

9. Lautrup, B. E., Peterman, A. & de Rafael, E. Recent developments in the comparison 
between theory and experiments in quantum electrodynamics. Phys. Rep. 3, 193–259 
(1972).

10. de Rafael, E. Hadronic contributions to the muon g−2 and low-energy QCD. Phys. Lett. B 
322, 239–246 (1994).

11. Blum, T. Lattice calculation of the lowest order hadronic contribution to the muon 
anomalous magnetic moment. Phys. Rev. Lett. 91, 052001 (2003).

12. Borsanyi, S. et al. High-precision scale setting in lattice QCD. J. High Energy Phys. 2012, 
010 (2012).

13. Dowdall, R. J., Davies, C. T. H., Lepage, G. P. & McNeile, C. Vus from π and K decay 
constants in full lattice QCD with physical u, d, s and c quarks. Phys. Rev. D 88, 074504 
(2013).

14. Borsanyi, S. et al. Hadronic vacuum polarization contribution to the anomalous magnetic 
moments of leptons from first principles. Phys. Rev. Lett. 121, 022002 (2018).

 198

 200

 202

 204

 206

 208

 210

 212

 214

R
-r

at
io

/la
tt

ic
e

B
lu

m
 e

t a
l.19

Au
bi

n 
et

 a
l.20

Th
is

 w
or

k

(a
lig

ht
   

) is
o

0.000 0.005 0.010 0.015 0.020
a2 (fm2)

SRHO improvement

No improvement

P
,w

in

Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
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ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
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spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.
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Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

3.7 σ tension between BMW calculation and data-driven evaluation 
(KNT) for intermediate window !   
Need to quantify the differences between data-driven evaluations 
and the BMW results for the various energy/distance scales

aW
μ

[Borsanyi et al, arXiv:2002.12347, 2021 Nature]BMW20 [Borsanyi et al, arXiv:2002.12347, 2021 Nature]

BMW20:  large systemaRcs from conBnuum limit,
         large taste-breaking correcRons (`SRHO’)

Ø upper right panel: limit and uncertainty esRmaRon

Ø lower right panel: limit for central `window’ compared
 to other lakce and data-driven results (3.7σ tension) 
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• Use windows in Euclidean time to consider the different time 
regions separately.  
 
Short Distance (SD)      !  
Intermediate (W)          !  
Long Distance (LD)       !  
  
                            

• Compute each window separately (in continuum, infinite volume 
limits,…) and combine 

t : 0 → t0
t : t0 → t1
t : t1 → ∞

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

aµ = aSDµ + aWµ + aLDµ

<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

Windows in Euclidean time
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Introduction HVP to (g � 2)µ HLbL to (g � 2)µ Conclusions

The BMW result Borsanyi et al. Nature 2021

Weight functions for window quantities
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Fig.: G. Colangelo, PWA12/ATHOS7 2021

Correspondence to kernels for comparison with (/me-like) dispersive approach:
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Lattice HVP: Euclidean time windows

38

Intermediate window (not noisy on Lattice)

Short distance window 
(noisy on Lattice, small 

contribution)

No lattice evaluation for long distance window yet 
(noisy on lattice, largest contribution)

Muon g-2 Theory Initiative working tirelessly to better 
results and scrutinise differences…

Current laace predic,ons for `middle’ and Short Distance  Euclidean Windows:

➤  `Consolida/on of discrepancy’ with data-driven results in middle window



Theory Ini?a?ve:  Sep. 2023 workshop at Bern

32A. El-Khadra Bern TI workshop, 4-8 Sep 2023

WP update: proposed timeline

3

Goal
Obtain the best possible prediction for  before the Fermilab g-2 experiment releases their final 
measurement (based on runs 4,5,6) in 2025. 

aμ

Considerations

Writing a WP is a major undertaking, we should make sure it’s worth the effort.  
➠ Timing of WP update informed by availability of new results & information 
 
Summarize the status of SM predictions 
➠ Include everything in update to enable detailed comparisons between the different 
approaches (e.g. lattice/dispersive) for HVP & HLbL and related quantities

➠ Aim WP update for late 2024

Aida El-Khadra:  TI outlook and plans: 



Pathways to solving the (HVP) puzzles

33

• No easy way out!  Signs for Beyond the Standard Model physics?

• BSM at high scales?  Many explana,ons for `4.2σ’ puzzle, few seem natural,
  NP smoking guns in the flavour sector weakened

• BSM `faking’ low σhad?  Possible but not probable 
     [DiLuzio, Masiero, Paradisi, Passera, Phys.Le2.B 829 (2022) 137037]

 .. a new Z’ [Coyle, Wagner, 2305.02354] 
 … or even new hadronic states  (like sexa-quarks [Farrar, 2206.13460]) ?

• Situa,on now very complicated due to emerged la:ce & CMD-3 puzzles

• More & more precise data are needed (and coming) to clarify data puzzle:
 BaBar,  CMD-3,  SND,  BES III,  Belle II, and KLOE

• To avoid any possible bias, blinded analyses are now the standard, for both 
experiments (g-2 and σhad) and laace, and also the next KNT+W compila,on

• The third way: MUonE



KLOE 2𝛑, RC & MC ac8vi8es have started

34

• Challenges and opportuni/es to get a clearer understanding of the puzzles from data,

 to re-establish a stable SM predic/on of g-2  [and the running QED coupling, 𝛂(MZ
2)]

• New Liverpool+ effort to analyse the full sta/s/cs KLOE 2𝛑 data (integrated L ~ 1.7 h-1): 

Ø  Leverhulme Interna@onal Professor G. Venanzoni has created sizeable team of  exp+Th+MC
 in Liverpool and with external collaborators

• Goal: sub-percent accuracy for e+e- → 𝞹+𝞹-,
   and improvement of a factor of ~2 on the total uncertainty  => ΔaμHLO ≲ 0.4%

• This will require significant involvement from theore/cal groups

Ø improvement of MC(s) to bewer describe ISR and FSR (PHOKHARA,…)

Ø main aim is NNLO for ISR and improvement of/consistent FF treatment for FSR 

Ø other MC groups have agreed to also concentrate on e+e- → 𝞹+𝞹-, μ+μ-, e+e-

 (Babayaga, Sherpa, McMule, KKMC)

Ø ongoing ac@vity: 5th WorkStop/ThinkStart: Radia@ve correc@ons and MC tools for Strong 2020 



KLOE 2𝛑 analyses
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Large Angle:

2 pion (muon) tracks at 50° < θπ,μ < 130° 

Small angle photon selecCon:

θmiss < 15°; θmiss > 165°
 
- high sta/s/cs for ISR events
- low FSR contribu/on
- easy to suppress φ→ π+π-π0background 
- photon momentum from kinema/cs: 

p⃗γ = p⃗miss = −(p⃗+ + p⃗−)
- threshold region not accessible



KLOE 2𝛑 results
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KLOE05
Small Angle analysis of 140 pb-1 @ mφ

KLOE Coll. Phys. Le2. B 606 (2005)

KLOE08
Small Angle analysis of 240 pb-1 @ mφ

KLOE Coll. Phys. Le2. B 670 (2009)

KLOE10
Large angle analysis of 250 pb-1 @ 1 GeV

KLOE Coll. Phys. Le2. B 700 (2011)

KLOE12
KLOE08 with normalisa@on to e+e- → μ+μ-

KLOE Coll. Phys. Le2. B 720 (2013)

CombinaQon of three sets  JHEP 1803 (2018) 173:

 aμππ [0.1 < s < 0.95 GeV2] = (489.8 ± 1.7stat ± 4.8sys) × 10-10

 



KLOE 2𝛑 uncertain8es
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We aim to improve:

possible 
corrs. to naïve 
ISR-FSR 
factoriza[on for 
radiator func[on

↖

←



WorkStop/ThinkStart: WorkStop Nr 5  (Adrian Signer’s intro)

38

A. Signer, Jun 2023 – p.4/16

WorkStop Nr 5

• idea: make a next step in

Radiative corrections and Monte Carlo tools for
low-energy hadronic cross sections in e+ e� collisions

• inspired by [0912.0749]

• consolidate and implement the progress since 2010

→ the mo/va/on for this is clear from the theory perspec/ve



Strong2020 WorkStop Zurich, June 2023

39

Fedor Ignatov’s talk on MC generators:      ☞  Need to study FF models



Strong2020 WorkStop Zurich, June 2023
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Fedor Ignatov’s talk on MC generators:      ☞  Need to study FF models



Strong2020 WorkStop Zurich, June 2023
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Workstop/Thinkstart outcome for WP4

Phokhara

⇡+⇡��, µ+µ�� [NLO]

BabaYaga@NLO

e+e�, µ+µ�, �� [NLO+PS]

MCGPJ

⇡+⇡�, e+e�, µ+µ� [NLO+SF]

BHWIDE

e+e� [NLO+EEX]

KKMC

µ+µ� [NLO+CEEX]

+
McMule

e
+
e
�
, µ

+
µ
� [NNLO]

Sherpa

e
+
e
�
, µ

+
µ
� [NLO+EEX]

+
McMule

�� [NNLO]

⇡
+
⇡
�
�, µ

+
µ
�
� [ISR NNLO]

Sherpa

⇡
+
⇡
� [NLO+EEX]

BabaYaga@NLO

µ
+
µ
�
�

⇡
+
⇡
�
,⇡

+
⇡
�
� [NLO+PS]

5th WorkStop/ThinkStart WP4 15 / 16

Carlo Carloni Calame & Marek Schoenherr:

--  (C)EEX: (Coherent) Exclusive ExponenRaRon, based on YFS exponenRaRon, coherent is on amplitude level
--  Sherpa also working to include photon splikng in exponenRaRon, see Lois Flower’s talk



Outlook / Conclusions
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• The s/ll unresolved muon g-2 discrepancy has triggered a lot of experimental & 
theory ac/vi/es, including experiments, the Muon g-2 Theory Ini/a/ve & lalce

• Much progress has been made for HLbL (disp. & latce), previously the bo�leneck 

• For HVP dispersive, the TI published a conservaQve consensus (WP20)

 -- no WP update since 2020 yet, current discrepancies not understood

 ➤  the resolu/on of the puzzles in the crucial 2π channel requires further new data

 --  expected/puzzling new σhad data for 2π  and other channels from

     BaBar,  CMD-3,  SND,  BES III,  Belle II, and KLOE (Liverpool analysis has started)

 ➤  if  new precise data agree, the aμ
2π puzzle may go away and the error down

 -- but further theory effort (NNLO+ rad. corrs. & MCs) will be crucial

 ➤  this may solve the lalce puzzle too.  Longer term, 3rd way: MUonE

✤   There is a lot to do in Exp, Theory, RCs & MCs beyond/before the HL LHC …      



Extras



Why HVP:  g-2 exp vs theory - sensi?vity chart 

Plot from Fred Jegerlehner

aµ = aQED
µ + aweak

µ + ahadronicµ + aNP?
µ

44

Hartmut	Wittig

Theory	confronts	experiment

6

aµ in units 10−11

10−3 10−1 101 103 105 107 109

FNAL BNL CERN ICERN IICERN III
2017 2004 196119681976

LO

4th

QED 6th

8th

10th

hadronic VP LO

NLO

NNLO

hadronic LbL

weak LO

HO

New Physics ?

SM prediction

???

SM predictions
SM uncertainty

δHVP

δHLbL

FNAL	
E989

Plot	by	
Fred	Jegerlehner

➤ Need to control
       the hadronic
       contribu/ons



aμ
HVP :  short detour into  double-bubbles 
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• What if the blob in       is a `double-bubble’ ?

• Purely leptonic graphs (lem diagram below) are part of four-loop QED correc/ons 

• But possibly enhanced contribu/ons from mixed hadronic-leptonic double bubble 
graphs (right diagram above) are not included in the hadronic NNLO HVP 
correc/ons quoted above

• Our recent work has es/mated these remaining NNLO contribu/ons to aμ to be 
 below 1 × 10-11 and hence not cri/cal at the level of the experimental accuracy

        M Hoferichter + TT,  Phys. Rev. Le-. 128 (2022) 11, 112002

!1

!2

π±

!



Rad. Corrs.: HVP for running α(q2). Undressing

• ∆α(q2) in the time-like: HLMNT compared to Fred Jegerlehner’s new routines

√s (GeV)

Δ
α

ha
d(5

) (s
)/α

solid (red): HMNT
dotted (blue): J09

-2

-1

0

1

2

3

4

10 -1 1 10 10 2

→ with new version big differences (with 2003 version) gone

− smaller differences remain and reflect different choices, smoothing etc.

For demonstraQon 
only, results >10 
years old!

Different groups use 
their own HVP 
rou@nes:

  - Fred Jegerlehner,
  - DHMZ, 
  - KNT, 
  - Novosibirsk 
      (Fedor Ignatov) 
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Rad Corrs: HVP for running α(q2). Accuracy

• Typical accuracy δ
(

∆α(5)
had(s)

)

Error of VP in the timelike regime at low and higher energies (HLMNT compilation):

 0

 0.1
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→ Below one per-mille (and typically ∼ 5 · 10−4), apart from Narrow Resonances

where the bubble summation is not well justified.

Enough in the long term? Need for more work in resonance regions.
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Rad Corrs: ISR. Scan vs ISR method. Phokhara

• ISR is always there, also for `direct scan’ measurements, well understood theore/cally 
 and rou/nely taken into account in the experimental analyses
 (deconvolu@on of measured hadrons (+𝛾) cross sec@on to get the cross sec@on w/out ISR)

• In `RadiaQve Return’ analyses, ISR emission defines already the lowest order process, 
 hence higher orders, including FSR, are crucial

• The origin of addi/onal photons can not be determined on an event-by-even basis

• Making use of high luminosi/es at meson factories, large event numbers can s/ll be 
achieved with the ISR method, despite the parametric 𝛂/𝛑 suppression

• Different variants: w. or w/out 𝛾 detec@on (large/small angle), luminosity from Bhabha or 𝛍+𝛍-

•  Crucial Monte Carlo generator: Phokhara
n now with complete NLO correc@ons for e+e- ➞ 𝛍+𝛍-𝛄, 𝛑+𝛑-𝛄
n but was not available for the earlier KLOE & BaBar analyses 
n further studies needed to clarify the role of these (and other) higher order correc@ons 
 for the data obtained via ISR studies

48



Rad. Corrs.: inclusive Final State 𝛾 Radia8on in sQED

• `Schwinger’ formula for inclusive (r+v) FSR: 

  [`hard’ real radia/on (above a cutoff) is finite and easy to calculate as part of 𝛈(s)]
 

• Example 2𝞹:  inclusive correc/on compared to cross sec/on in the 𝛒 peak region
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HVP: 𝛑+𝛑- channel. Error infla8on in KNT

• Infla@on of error with local 𝛘2
min accounts for tensions, leading to a ∼14% error infla@on,

  with overlay of 2𝛑 cross sec@on fit (blue markers) and global 𝛘2
min (dash-dowed line) 
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HVP: Φ in different final states  K+K-, Ks
0KL

0, π+π-π0

➤ Direct data integra,on automa,cally accounts for all hadronic dynamics,
 no resonance fits/parametrisa,ons or es,mates of mixing effects needed. 
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HVP: New/updated data sets since KNT19

• pi+pi-pi0, BESIII (2019), arXiv:1912.11208
• pi+pi- [covariance matrix erratum], BESIII (2020), Phys.Le�.B 812 (2021) 135982 (erratum)
• K+K-pi0, SND (2020), Eur.Phys.J.C 80 (2020) 12, 1139
• etapi0gamma (res. only), SND (2020), Eur.Phys.J.C 80 (2020) 11, 1008
• pi+pi-, SND (2020), JHEP 01 (2021) 113
• etaomega ➝ pi0gamma, SND (2020), Eur.Phys.J.C 80 (2020) 11, 1008
• pi+pi-pi0, SND (2020), Eur.Phys.J.C 80 (2020) 10, 993
• pi+pi-pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112003
• pi+pi-2pi0omega, BaBar (2021), Phys. Rev. D 103, 092001
• etaetagamma, SND (2021), Eur.Phys.J.C 82 (2022) 2, 168
• etaomega, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi0eta, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• omegaetapi0, BaBar (2021), Phys. Rev. D 103, 092001
• pi+pi-4pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi0pi0eta, BaBar (2021), Phys.Rev.D 103 (2021) 9, 092001
• pi+pi-3pi0eta, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• 2pi+2pi-3pi0, BaBar (2021), Phys. Rev. D 103, 092001
• omega3pi0, BaBar (2021), Phys.Rev.D 104 (2021) 11, 112004
• pi+pi-pi+pi-eta, BaBar (2021), Phys. Rev. D 103, 092001
• inclusive, BESIII (2021), Phys.Rev.Le�. 128 (2022) 6, 062004
• … 52



HVP: New/updated data sets since KNT19

• No new full KNT update at this stage yet,  preliminary es9mates show no big surprises

• KNT analysis framework blinded in autumn 2022 (see Alex’s talk at TI mee/ng in Edinburgh) 

• pi+pi-, inclusion of BESIII (2020 erratum)    &    SND (2020):

          

           (not yet full staRsRcs, systemaRcs?)

   aμ
2𝞹 [0.305 … 1.937 GeV] (KNT19) = (503.46 ± 1.91) × 10-10  ➟  (503.88 ± 1.79) × 10-10 (prel.)

• inclusive, inclusion of BESIII (2021):

       aμ
incl. [1.937 … 11.2 GeV] (KNT19) = 

  (43.55 ± 0.67) × 10-10  ➟ 
   (43.16 ± 0.59) × 10-10 (prel.)
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Figure 16. The relative di↵erence between the e+e� ! ⇡+⇡� cross sections measured by SND [26]
and CMD-2 [28] at VEPP-2M and the fit to the SND data at VEPP-2000. The error bars take into
account both statistic and systematical errors of VEPP-2M data. The shaded area corresponds to
the quadratic sum of the systematic and statistical errors of the SND at VEPP-2000.

Measurement aµ(⇡⇡)⇥ 1010

This work 409.79 ± 1.44 ± 3.87

SND06 406.47 ± 1.74 ± 5.28

BaBar 413.58 ± 2.04 ± 2.29

KLOE 403.39 ± 0.72 ± 2.50

Table 4. The contribution to the anomalous magnetic moment of the muon aµ(⇡⇡, 525MeV p
s  883MeV)⇥ 1010 derived from the SND and [26, 32, 50] data. The covariance matrix is used

to calculate the statistical uncertainty for [32, 50].

conclude that the discrepancy can be partially explained by di↵erence between the fitting

models.

The di↵erences between aµ(⇡⇡, 525MeV 
p
s  883MeV) ⇥ 1010 obtained in this

work and those derived from [26, 32] do not exceed one standard deviation, and there is a

discrepancy between KLOE [29–31] and SND results (table 4).

5 Conclusion

The cross section of the process e+e� ! ⇡+⇡� has been measured in the SND experiment

at the VEPP-2000 collider in the energy region 525 <
p
s < 883 MeV. The systematic

error of the measurement is 0.8% at
p
s > 600 MeV and 0.9–1.2 % at

p
s < 600 MeV.

– 19 –
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HVP: White Paper merging procedure

Conserva,ve merging procedure developed during 2019 Seaqle TI workshop:

• Accounts for the different results obtained by different groups based on the same or
      similar experimental input

• Includes correla/ons and their different treatment as much as possible

• Allows to give one recommended (merged) result, which is conserva/ve w.r.t.
       the underlying (and possibly underes/mated) systema/c uncertain/es

• Note: Merging leads to a bigger error es/mate compared to individual evalua/ons;
  error `corridor’ defined by embracing choices goes far beyond 𝛘2

min infla/on

➠   aμ
HVP, LO = 693.1 (4.0) × 10-10   is the result used in the WP `SM2020’ value

• This result does not include latce, but in 2020 was compa/ble with published full results, 
 apart from the BMW predic/on: 
             aμ

HVP, LO (BMW) = 707.5 (5.5) × 10-10 [Nature 2021]   ⤳ 1.5/2.1 σ tension w. exp/WP20

        Many efforts are ongoing to understand this new puzzle! 
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TABLE II. Summary of the contributions to ahad;LOVP
μ and Δαð5ÞhadðM2

ZÞ calculated in this analysis. The first column indicates the
hadronic final state or individual contribution, the second column gives the respective energy range of the contribution, the third column
states the determined value of ahad;LOVP

μ , the fourth column states the determined value of Δαð5ÞhadðM2
ZÞ, and the last column indicates any

new data that have been included since [9]. The last row describes the total contribution obtained from the sum of the individual final
states, with the uncertainties added in quadrature.

Channel Energy range [GeV] ahad;LOVP
μ × 1010 Δαð5ÞhadðM2

ZÞ × 104 New data

Chiral perturbation theory (ChPT) threshold contributions
π0γ mπ ≤

ffiffiffi
s

p
≤ 0.600 0.12# 0.01 0.00# 0.00 $ $ $

πþπ− 2mπ ≤
ffiffiffi
s

p
≤ 0.305 0.87# 0.02 0.01# 0.00 $ $ $

πþπ−π0 3mπ ≤
ffiffiffi
s

p
≤ 0.660 0.01# 0.00 0.00# 0.00 $ $ $

ηγ mη ≤
ffiffiffi
s

p
≤ 0.660 0.00# 0.00 0.00# 0.00 $ $ $

Data based channels (
ffiffiffi
s

p
≤ 1.937 GeV)

π0γ 0.600 ≤
ffiffiffi
s

p
≤ 1.350 4.46# 0.10 0.36# 0.01 [65]

πþπ− 0.305 ≤
ffiffiffi
s

p
≤ 1.937 502.97# 1.97 34.26# 0.12 [34,35]

πþπ−π0 0.660 ≤
ffiffiffi
s

p
≤ 1.937 47.79# 0.89 4.77# 0.08 [36]

πþπ−πþπ− 0.613 ≤
ffiffiffi
s

p
≤ 1.937 14.87# 0.20 4.02# 0.05 [40,42]

πþπ−π0π0 0.850 ≤
ffiffiffi
s

p
≤ 1.937 19.39# 0.78 5.00# 0.20 [44]

ð2πþ2π−π0Þnoη 1.013 ≤
ffiffiffi
s

p
≤ 1.937 0.99# 0.09 0.33# 0.03 $ $ $

3πþ3π− 1.313 ≤
ffiffiffi
s

p
≤ 1.937 0.23# 0.01 0.09# 0.01 [66]

ð2πþ2π−2π0Þnoηω 1.322 ≤
ffiffiffi
s

p
≤ 1.937 1.35# 0.17 0.51# 0.06 $ $ $

KþK− 0.988 ≤
ffiffiffi
s

p
≤ 1.937 23.03# 0.22 3.37# 0.03 [45,46,49]

K0
SK

0
L 1.004 ≤

ffiffiffi
s

p
≤ 1.937 13.04# 0.19 1.77# 0.03 [50,51]

KKπ 1.260 ≤
ffiffiffi
s

p
≤ 1.937 2.71# 0.12 0.89# 0.04 [53,54]

KK2π 1.350 ≤
ffiffiffi
s

p
≤ 1.937 1.93# 0.08 0.75# 0.03 [50,53,55]

ηγ 0.660 ≤
ffiffiffi
s

p
≤ 1.760 0.70# 0.02 0.09# 0.00 [67]

ηπþπ− 1.091 ≤
ffiffiffi
s

p
≤ 1.937 1.29# 0.06 0.39# 0.02 [68,69]

ðηπþπ−π0Þnoω 1.333 ≤
ffiffiffi
s

p
≤ 1.937 0.60# 0.15 0.21# 0.05 [70]

η2πþ2π− 1.338 ≤
ffiffiffi
s

p
≤ 1.937 0.08# 0.01 0.03# 0.00 $ $ $

ηω 1.333 ≤
ffiffiffi
s

p
≤ 1.937 0.31# 0.03 0.10# 0.01 [70,71]

ωð→ π0γÞπ0 0.920 ≤
ffiffiffi
s

p
≤ 1.937 0.88# 0.02 0.19# 0.00 [72,73]

ηϕ 1.569 ≤
ffiffiffi
s

p
≤ 1.937 0.42# 0.03 0.15# 0.01 $ $ $

ϕ → unaccounted 0.988 ≤
ffiffiffi
s

p
≤ 1.029 0.04# 0.04 0.01# 0.01 $ $ $

ηωπ0 1.550 ≤
ffiffiffi
s

p
≤ 1.937 0.35# 0.09 0.14# 0.04 [74]

ηð→ nppÞKK̄noϕ→KK̄ 1.569 ≤
ffiffiffi
s

p
≤ 1.937 0.01# 0.02 0.00# 0.01 [53,75]

pp̄ 1.890 ≤
ffiffiffi
s

p
≤ 1.937 0.03# 0.00 0.01# 0.00 [76]

nn̄ 1.912 ≤
ffiffiffi
s

p
≤ 1.937 0.03# 0.01 0.01# 0.00 [77]

Estimated contributions (
ffiffiffi
s

p
≤ 1.937 GeV)

ðπþπ−3π0Þnoη 1.013 ≤
ffiffiffi
s

p
≤ 1.937 0.50# 0.04 0.16# 0.01 $ $ $

ðπþπ−4π0Þnoη 1.313 ≤
ffiffiffi
s

p
≤ 1.937 0.21# 0.21 0.08# 0.08 $ $ $

KK3π 1.569 ≤
ffiffiffi
s

p
≤ 1.937 0.03# 0.02 0.02# 0.01 $ $ $

ωð→ nppÞ2π 1.285 ≤
ffiffiffi
s

p
≤ 1.937 0.10# 0.02 0.03# 0.01 $ $ $

ωð→ nppÞ3π 1.322 ≤
ffiffiffi
s

p
≤ 1.937 0.17# 0.03 0.06# 0.01 $ $ $

ωð→ nppÞKK 1.569 ≤
ffiffiffi
s

p
≤ 1.937 0.00# 0.00 0.00# 0.00 $ $ $

ηπþπ−2π0 1.338 ≤
ffiffiffi
s

p
≤ 1.937 0.08# 0.04 0.03# 0.02 $ $ $

Other contributions (
ffiffiffi
s

p
> 1.937 GeV)

Inclusive channel 1.937 ≤
ffiffiffi
s

p
≤ 11.199 43.67# 0.67 82.82# 1.05 [56,62,63]

J=ψ $ $ $ 6.26# 0.19 7.07# 0.22 $ $ $
ψ 0 $ $ $ 1.58# 0.04 2.51# 0.06 $ $ $
ϒð1S − 4SÞ $ $ $ 0.09# 0.00 1.06# 0.02 $ $ $
pQCD 11.199 ≤

ffiffiffi
s

p
≤ ∞ 2.07# 0.00 124.79# 0.10 $ $ $

Total mπ ≤
ffiffiffi
s

p
≤ ∞ 693.26# 2.46 276.11# 1.11 $ $ $

KESHAVARZI, NOMURA, and TEUBNER PHYS. REV. D 97, 114025 (2018)

114025-16

Table from KNT18,
  PRD 97(2018)114025

Update: KNT19
  LO+NLO HVP for 
ae,𝝻,𝛕 & hyperfine splikng 
                    of muonium

    PRD101(2020)014029

Breakdown of HVP 
contribu,ons in 
∼35 hadronic 
channels 

From 2-11 GeV, use 
of inclusive data, 
pQCD only beyond 
11 GeV
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New CMD-3 𝛑+𝛑- puzzle for aμ
HVP
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Slides from Fedor Ignatov’s TI talk 27.3.2023 arXiv:2302.08834



aμ (SM): White Paper h�ps://doi.org/10.1016/j.physrep.2020.07.006

White Paper [T. Aoyama et al, arXiv:2006.04822], 132 authors, 82 ins@tu@ons, 21 countries 

A. El-Khadra Wine & Cheese, 18 June 2020

Summary Table

!56

Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]

QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33, 34]
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) Refs. [35, 36]
HVP (e+e�, LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) Refs. [2–8, 18–24, 31–36]
Di↵erence: �aµ := aexp

µ � aSM
µ Sec. 8 Eq. (8.14) 279(76)

Table 1: Summary of the contributions to aSM
µ . After the experimental number from E821, the first block gives the main results for the hadronic

contributions from Secs. 2 to 5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The
second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e� data,
and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at di↵erent
orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental Refs. [37–
89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds on
crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].

0. Executive Summary

The current tension between the experimental and the theoretical values of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is
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interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
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actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
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of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
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57w.r.t. BNL only

https://doi.org/10.1016/j.physrep.2020.07.006


aμ
HVP : `Window Fever’
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The RBC/UKQCD22 result in context

Colangelo et al. 2022/Lat
RBC/UKQCD 2022

ETMC 2022
Mainz 2022

ChiQCD 2022 OV/HISQ
ChiQCD 2022 OV/DWF

Aubin et al. 2022
ETMC 2021

LM 2020
BMW 2020 v1

Aubin et al. 2019
RBC/UKQCD 2018

195 200 205 210 215
aµ, ud, conn, isospin, W-0.4-1.0-0.15 × 1010

I 3.9� tension of RBC/UKQCD22 with Colangelo et al.
22/Lattice

I More on RBC/UKQCD18 on next slide

17 / 24

Plot from C Lehner’s talk at the TI Edinburgh workshop 5-9.9.’22

• 3.9𝛔 tension betw. RBC/UKQCD 2022 and data-driven
 [Colangelo, El-Khadra, Hoferichter, Keshavarzi, Lehner, Stoffer, Teubner (22)]

• also new FNAL/HPQCD/MILC result: 206.1(1.0)  [arXiv:2301.08274]

• Agreement of different latce results, check of universality betw. latce methods

corrected for `ud, conn, isospin’

Another ∼4𝛔 puzzle:

• Latce QCD `easiest’ in 
the middle window

• Comparison not direct, 
but heavier quark and 
iso-spin breaking 
contribu/ons unlikely 
to change much 

• So why is there such a 
large disagreement w. 
the data?



aμ
HVP : Window Fever, where to go from here
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• Shorter term: further window studies, with short- and long-distance windows 
needed to beqer understand the emerged discrepancy

• Longer term: full aμ with high precision from other laace collabora,ons

• For now there is a big puzzle

• Could σhad  (w/out CMD-3) be so wrong?        ➞ future indep. check via MUonE @CERN

 -  If cross sec/ons would shim up at energies above ∼1-2 GeV, this would change 
       Δα(MZ

2) and the SM EW precision fits would be in trouble
     [Crivellin, Hoferichter, Manzari, Montull (‘20) / Keshavarzi, Marciano, Passera, Sirlin (‘20) / Malaescu, Schot (‘20)] 

 -  Most important 𝛑+𝛑- channel constrained by analy/city and unitarity, but CMD-3

 -  First detailed comparisons of latce with data-driven window evalua/ons show 
             that to reconcile data-driven with latce ∼40% of the shim must come from above 

    1 GeV for any reasonable cross sec/on shims (so not only 𝛑+𝛑- would need change)
   [Colangelo at LabceNET workshop in Benasque 11-17.9.’22]



Theory Ini?a?ve:  Sep. 2023 workshop at Bern
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2

Theory Initiative:  
CMD-3 seminar (virtual): 27 March 2023 at 8:00am US CDT 
2nd CMD-3 discussion meeting 
8/9/2023: Status of Muon g-2 Theory in SM

Run 4
Run 5

Result from 
Runs 2&3

20
21

20
22

20
23

Final result  
from E989  

?

J-PARC E34FNAL E989

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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Muon g-2 TI 
WP published 

Run 6

20
25

WP

20
24

TI workshops:   
Jun 2021 @ KEK (virtual)          Sep 2022 @ Higgscentre 
Sep 2023 @ Bern                     Sep 2024 @ KEK or KMI

WP update 

Aida El-Khadra:  TI outlook and plans: 



WorkStop/ThinkStart: history & papers  (Adrian Signer’s intro)
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A. Signer, Jun 2023 – p.3/16

previous WorkStops

UZH 13–16 Sep 2016 [1705.01827] UZH 4–7 Feb 2019 [2004.13663]

Florence 4–6 Nov 2019 [2012.02567] Durham 3–5 Aug 2022

N3LO kick-o↵ WorkStop/ThinkStart

https://conference.ippp.dur.ac.

uk/event/1104/



WorkStop/ThinkStart: WorkStop Nr 5  (Adrian Signer’s intro)
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Zurich ThinkStart: diagram classificaCon ISR  (P. Stoffer’s WP3 summary)
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5 Relevant improvements to e+e� ! hadrons?

ISR experiments: LO

⇥
�

pure QED

⇥
�

contributing only to charge asymmetry

⇥
o

suppressed by cuts?
PHOKHARA: sQED + resonance approximations
dispersive approach by Colangelo et al.

17

5 Relevant improvements to e+e� ! hadrons?

ISR experiments: NLO (omitting pure QED corrections to LO)

⇥

⇥

9
>>>=

>>>;

PHOKHARA: sQED + resonance approximations
dispersive approach by Colangelo et al.

⇥

⇥

9
>=

>;
contained in PHOKHARA
pure FSR: sufficiently suppressed by experimental cuts?

⇥

⇥

⇥

9
>>>>>>>>=

>>>>>>>>;

???
PHOKHARA: sQED, multiplied by form factors outside loop
ISR–FSR interference
potential red flag identified during WorkStop

17

[From: 5th WorkStop/ThinkStart: RadiaRve correcRons and MC tools 
     for Strong 2020, Zurich, 5-9 June 2023]



Zurich ThinkStart: diagram classificaCon scan (P. Stoffer’s WP3 summary)
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5 Relevant improvements to e+e� ! hadrons?

Direct scan experiments: LO

⇥
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5 Relevant improvements to e+e� ! hadrons?

Direct scan experiments: NLO

⇥

⇥

9
>>=

>>;
pure QED

⇥

⇥

9
>=

>;
included in generators in terms of sQED
dispersive approach by Colangelo et al.

⇥

⇥

9
>>=

>>;

contributes only to asymmetry;

only pole terms:
! Ignatov, Lee (2022)
! Colangelo, Hoferichter, Monnard, Ruiz de Elvira (2022)
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aμ
HLbL : Hadronic Light-by-Light: Dispersive approach

Calculating a
had,VP
µ The set-up

Aside: dispersive HLbL

For HVP ) ) Im⇧had(s) =
⇣ s
4⇡↵

⌘
�had(s)

For HLbL ) ⇧µ⌫�� = ⇧pole
µ⌫��

+ ⇧box
µ⌫�� + ⇧̄µ⌫�� + ...

For HLbL ) ⇧µ⌫�� = ⇧⇡
0�pole

µ⌫��
+ ⇧⇡�box

µ⌫��
+ ⇧̄µ⌫�� + ...

) Dominated by pole (pseudoscalar exchange) contributions

⇧pole
µ⌫��

= =

) Sum all possible diagrams to get aHLbL
µ

Alex Keshavarzi (UoL) a
had, VP
µ update 25th July 2017 10 / 37

⇡0,⌘,⌘0

• See also review by Danilkin+Redmer+Vanderhaeghen using dispersive techniques es@mates
       (8.7 ±  1.3) × 10-10   [Prog. Part. Nucl. Phys. 107 (2019) 20]

• With new results & progress, L-by-L now more reliably predicted
65



aμ
HLbL :  WP Status/Summary of Hadronic Light-by-Light contribuCons    

• data-driven dispersive & labce results have confirmed the earlier model-based predic@ons

• uncertainty be<er under control and at 0.15ppm already sub-leading compared to HVP

• labce predic@ons now compe@@ve, good prospects for further error reduc@on needed for final 

expected FNAL g-2 precision

hadronic models + pQCD 

labce QCD + QED (aver WP)

labce QCD + QED

data-driven

TI White Paper 2020 value:

    aμ
HLbL = 92 (18) × 10-11 ✓

66

Hadronic light-by-light scattering: status

0 20 40 60 80 100 120 140 160

a
µ

HLbL
× 10

11

WP20

WP20 data-driven

RBC/UKQCD19

Glasgow consensus (09)

N/JN09

J17

 + charm-loop

dispersive

Mainz21 (uds) + 22 (c)
not used in WP20

RBC/UKQCD23
 + charm-loop Lattice QCD Mainz 2021, 2022:

a
HLbL
µ [uds] = 107(15)⇥ 10�11

a
HLbL
µ [c] = 2.8(5)⇥ 10�11

New result RBC/UKQCD 2023:

a
HLbL
µ [uds] = 122(15)⇥10�11

Good agreement between lattice QCD and phenomenology at ' 20 ⇥ 10�11

Need another factor of 2 for final Fermilab precision

M. Hoferichter (Institute for Theoretical Physics) Overview g � 2 Jun 07, 2023 27



aμ
HVP :  Hadronic tau decay data

67

• Historically, hadronic tau decay data, e.g.           , were used to improve 
precision of e+e- based evalua/ons

• However, with the increased precision of the e+e- data there is now limited merit in 
this (there are some conflic/ng evalua/ons, DHMZ have dropped it)

• The required iso-spin breaking correc/ons re-introduce a model-dependence and 
connected systema/c uncertainty (there is, e.g., no  𝜌–ω  mixing in 𝜏 decays)

• Quote from the WP, where this approach is discussed in detail:

"Concluding this part, it appears that, at the required precision to match the e+e− data, the 
present understanding of the IB corrections to τ data is unfortunately not yet at a level 
allowing their use for the HVP dispersion integrals. It remains a possibility, however, that 
the alternate lattice approach, discussed in Sec. 3.4.2, may provide a solution to this 
problem.”

• New contribu@on to the discussion by Masjuan, Miranda, Roig: arXiv:2305.20005
 ` 𝜏 data-driven evalua@on of Euclidean windows for the hadronic vacuum polariza@on’

⌧� ! ⇡0⇡�⌫⌧



aμ
HVP :  Hadronic tau decay data

68

Conclusions

Windows very powerful quantities: intermediate window aW
µ

hadronic · -decays can shed light on tension lattice vs e+e≠

· data very competitive on intermediate window
historic tension w/ ee data and in IB · e�ects
preliminary analysis Aleph < 0.5% accuracy on aW

µ

(old) LQCD IB e�ects precision O(1.5) · 10≠10
[MB Edinburgh ’22]

new EuroHPC allocation, blinding

Work in progress to finalize full formalism [MB et al, in prep]

W-regularization and short-distance corrections
(re-)calculation of initial state rad.cor.
initial-final rad.cor: proof for analytic continuation
numerical calculation of final state IB corrections

relevant also for QED correction to HVP

Thanks for your attention

12 / 12

Mala Bruno:  Summary slide from TI talk on tau (Sep. 2023, Bern)


