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Preface

Statistical mechanics defines the entropy of a system in terms of the probability distribution for its
microscopic configurations. We will see how thermodynamic quantities like temperature follow from this
definition and how a microscopic approach complements the approach of classical thermodynamics.

Entropy is understood nowadays as a measure of the information content of a system and is important
well beyond physics.

Recommended texts

e An amusing starting point is Statistical Physics for Babies, by Chris Ferrie.

e Thermal Physics 2nd Edition 1980, Charles Kittel and Herbert Kroehmer. It starts from a definition
of entropy in a closed system as we will do. This book emphasises examples from quantum physics.

e Statistical mechanics: entropy, order parameters, and complexity, James Sethna, 2021. An ex-
cellent book that covers more than we need. This is also a recommended text for the third year
Statistical Physics module and available as ebook from the library.

e Lectures on Statistical Mechanics 2021, Matthew Schwartz. These notes again contain more than
we need. They are currently available as a download but may be published as a book later.

e Many other books cover the content of this module. Finding one that explains the material in a
way that you find clear will be of great benefit, so you are encouraged to look around.

Acknowledgements

These notes have been developed over time by various people: Paul Goddard 2014-24, Dirk Gericke
2008-13, Pam Thomas 2005-07 and Nicholas d’Ambrumenil 1993-2004 and 2025. The typed notes date
from 2025.


https://www.youtube.com/watch?v=Eio0QthbcTI
https://go.exlibris.link/tzmlx56S
https://schwartz.scholars.harvard.edu/teaching

CONTENTS

Contents

Preface

1 Statistical Mechanics—Microstates and Entropy

1.1 Systems, Microstates and the Microcanonical Ensemble . . . . . . . ... ... .. ..
1.2 Assumptions & Measurements . . . . . . . . . ...
1.3 Entropy . . . . . .

2 Canonical Ensemble

2.1 Temperature and Boltzmann Factors . . . . . . . ... .. ... ... .
2.2 Partition Function . . . . . ...
2.3 Fluctuations and Large Systems . . . . . . . . ...
24 Summary ... e

3 Some Partition Functions
3.1 Spinand Degeneracy . . . . . . . ..

3.2 Pressure . ..o,

4 Classical Thermodynamics

4.1 Recap of Classical Thermodynamics . . . . . . . . .. . . ... ... ... .......
4.2 Thermodynamics and Microstates . . . . . . . . . ... .. ... ...
4.3 Equilibrium . . .o
4.4 An example from Classical Statistical Mechanics . . . . . . ... .. ... ... ....

5 Grand Canonical Ensemble
5.1 Chemical Potential & Boltzmann-Gibbs Factors . . . . . . . . . . . . . . . . ... ...

5.2 Density of States . . . . . . . .



CONTENTS

5.3 Quantum Statistics . . . . . ..

5.4 Many-Particle Systems . . . . . . ..

6 Beyond Simple Models

6.1 Information Entropy . . . . . . . . . .
6.2 Interacting Systems . . . . . ..
6.3 Conclusion . . . . . . e

A Probability and Combinatorics

B Lagrange Mutipliers

Index

39
41
43
45

46

49

51



Chapter 1

Statistical Mechanics—Microstates and
Entropy

Statistical mechanics is a theory that connects microscopic properties of matter to what is
observed on a macroscopic scale. It starts by defining entropy in terms of the probability
of occupation of the microscopic states available to a system and uses this to predict its
measurable properties. The definition of entropy was later ‘rediscovered’ in the context of
information theory where it was shown to measure the information content of a signal. This
led to the digital engineering that appears to run our lives nowadays—Al, the internet, and
the various engines out and about which tell us what to think, what to buy, who to meet and
how to live.

Properties of systems have to be determined by their microscopic configurations, while ther-
modynamic quantities like temperature 7', internal energy and pressure appear to make no
reference to these microscopic configurations. In thermodynamics the need for temperature
and the internal energy are introduced through the zero’th and first laws while entropy and the
definition of 1" appear as a consequence of the second law. In statistical mechanics entropy
comes first. It is defined as a measure of what we can assume about the probability of occupa-
tion of individual microscopic states of a system in equilibrium. Statistical mechanics goes on
to show how these probabilities are related to what is measured. (Statistical mechanics uses
ideas from probability theory. Appendix A summarises what we will use. We will refer to this
when we need it.)

Entropy was defined microscopically by Boltzmann in the 1870's and studied further by Gibbs.
It was extended by von Neumann and Landau to quantum systems in the 1920's. The under-
standing that entropy was actually a measure of the average information content in a system
was developed by Shannon in the late 1940's.

Thermal Equilibrium

Equilibrium thermodynamics assumes a unique normal state for any system called thermal
equilibrium. There are four so-called laws which (for a gas) relate the pressure P, temperature
T, internal energy U and entropy S for the system. The laws are empirical which means they
are justified by reference to experiment.

Statistical mechanics defines thermal equilibrium as a hypothesis about microscopic probabil-
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ities and proceeds to derive predictions for measurable quantities including P, T, U and S for
particular systems.

This module concentrates on systems in thermal equilibrium although we should note that many
things of interest are not in thermal equilibrium. Even so we can sometimes make progress in
modelling parts of such non-equilibrium systems using ideas from equilibrium thermodynamics.
The ‘further’ a system is from equilibrium, the more the behaviour of a system will depend on
details of its microscopic state and even how it got there. For example life is not an equilibrium
process. Yet we can describe well many processes in individual parts of organisms using ideas
developed in the context of thermal equilibrium.

1.1 Systems, Microstates and the Microcanonical En-

semble
We are interested in the measurable proper- T
ties of a ‘system’ which may interact with ij
its surroundings by exchanging energy, par-
ticles, volume .... The system can be any-

thing whose properties are of interest. Our
approach will be to establish what the condi-
tions are for the system to be in equilibrium
with its surroundings.

Closed Systems

The simplest case is an isolated (sometimes called closed) system whose energy and particle
number are fixed and there is no need to consider any surroundings. An example might be a
container with some gas in it. Each of the N molecules in the gas will have a position r and
velocity v. A microstate of the gas will be one in which r; and v; are known for all + = 1
to N molecules in the gas. Note that in this case (a gas governed by classical mechanics) the
quantities r; and wv; are continuous variables. The possible microstates of the closed system
will depend on the total energy F of the gas, its volume V' and, if it involves particles, their
number V.

We will introduce statistical mechanics using quantum systems as examples. This is only
because quantum systems can have discrete states labeled by quantum numbers, not because
statistical mechanics applies particularly to quantum systems. This leads to the advantage
that, when computing averages over states, only sums over discrete variables rather than
integrals over continuous variables are required. To keep things simple it is usual to work with
simple model systems whose stationary states are known.

Simple Harmonic Oscillator

We will work with model quantum mechanical systems with a set of discrete stationary states
with energies ¢,, labeled by a single quantum number n. An example used to illustrate the
ideas has energies

en = (n+1/2)hw. (1.1)

These are actually the energies of a quantised harmonic oscillator. The simplifying feature
of the oscillator is that there is only one frequency (you will see the quantum mechanical
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treatment of the oscillator in your quantum module). The spectrum (1.1) is also the spectrum
of a single mode of excitation of light in a cavity. Below is a sketch showing two different
ways of denoting the state of an oscillator with n = 2. The diagram on the left shows the full
spectrum of the levels. Normally we will just show a box containing the value of the quantum
number n.

n
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In any quantum system more complicated than the oscillator, for example an atom or molecule,
there is a spectrum of energy levels with level spacings which cannot be written in terms of
one frequency.

The constant energy fiw/2 in (1.1) is called the zero-point energy. It is fixed and not usually
important in statistical mechanics. Statistical mechanics is largely concerned with differences
in energy between different distributions of energy between levels. This allows us to choose
the energy zero to suit our calculations. We will sometimes drop this term.

A system might consist of a collection of such oscillators, in which case a microstate of the
system would need the quantum numbers of each of the oscillators to be specified. (Remember
that in a quantum system the stationary states are the solutions of the time-independent
Schrodinger equation and describe fully the state of the system or sub-system.) In the case of
a system with 4 such oscillators and total energy ' = 6Aw a microstate might be

This has total energy E' = 6hw (we have dropped the zero-point energy).

Microstate (Reminder)

Any microscopic configuration consistent with £,V and N is called a microstate. If classical
this means specifying all the classical variables defining the configuration of the system (in a
gas these would be the positions and velocities of all the particles). If the system is a quantum
system it means defining the quantum numbers and quantum amplitudes which specify its
quantum state.

Microcanonical Ensemble

The collection of all microstates with fixed F,V and N is called the microcanonical ensemble.
The number of microstates in the ensemble will be denoted by Q(E,V, N).
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As an example consider a system with three oscillators [Z\ ‘T| EC’ |
and £/ = 2hw. The microcanonical ensemble consists
of the microstates indicated to the right. Here L‘Z‘ | 2 \ 0 |

Q(E) =6. E‘ E| ‘Z\

(For this system of 3 oscillators there is no obvious con- 5
cept of volume or particle number and Q(E,V,N) — lIl [z‘ I:|

2(E)) M =@ @
7 O @

1.2 Assumptions & Measurements

Almost all experiments measuring quantities like total energy and total particle number are
consistent with the idea that a system moves ‘randomly’ between the microstates available
to it. We suppose that ‘weak perturbations’ occur which do not affect the energies of the
microstates but cause the system to explore all the states compatible with the constraints
(such as that the energy cannot change). We will come back to this idea in Chapter 6.

We normally assume that measurements of thermodynamic quantities like energy, heat capac-
ity, magnetisation, ... are not instantaneous and that it is best to think of a time-averaged
measurement.

Fundamental Assumptions

(i) All microstates compatible with the constraints are eventually visited as time passes;

(ii) All microstates of a closed system (fixed £,V and N) are equally likely to occur in
thermal equilibrium.

Note that (ii) is really a definition of ’thermal equilibrium‘ for a closed system. Its ultimate
justification is that it leads to predictions consistent with experiment.

We should note that some systems are not consistent with these assumptions. Glass is an
example. The crystalline states (quartz) of SiO, are inaccessible at low temperatures if the
system has become a glass. Fused silica (glass) will not convert to quartz at low temperatures.
In these cases the barriers allowing the system to move from one set of microstates (glass) to
others (quartz) are too high and the system remains trapped in a subset of microstates. We
then have to adapt the definition of thermal equilibrium.

Consequences
With these assumptions the time-average of an observable A, which we would expect to
measure in an experiment, is equal to an average over the states of the ensemble:

1
A = GV ) 2 2

Here v indexes the microstates in the microcanonical ensemble and A, is the value of A in
the microstate labeled by v.

In statistical mechanics this assumption is called the ergodic hypothesis and is of interest in
ergodic theory. Ergodic theory asks whether the time-average of a trajectory in a dynamical
system (roughly this is one where the microscopic laws determine the future state without the
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explicit introduction of noise or randomness) should be equal to the space-average. This means
that the details of some initial conditions (how a system starts off) should not be apparent
at long times. An analogy might be the study of the life of a tree. Instead of studying the
time-development of individual trees and averaging over time, one could study all trees in a
natural forest at a given time. We assume that the forest contains trees of all ages and in the
right proportions. This would correspond to measuring the ensemble average.

In most systems it is not possible to find the trajectories of systems exactly and some statistical
averaging is needed in theoretical treatments. This statistical averaging is where models force
the system to relax to the thermal equilibrium state but it leaves open the question of whether
treatments without such approximations would be consistent with the ergodic hypothesis. A
few dynamical systems have been proved to be ergodic.

Example

We could imagine an experiment that measured the energy in the first oscillator of the system
with three oscillators and total energy £ = 2hw described on page 3. According to the
assumptions about measurements and microstates, we should average the energy in oscillator
1, EW, over the ) states in the ensemble assuming that each microstate is equally likely to
be occupied. This gives

6
1 1 2
EW==-3"EN=—_2+0+0+1+1+0)hw=hw.
o2 B 6(+++++) 3

This is what we would intuitively expect, namely the total energy in the system (F = 2hw)
divided by the number of oscillators (here N = 3).

1.3 Entropy

We define the equilibrium entropy S of a closed system via the relation

S =kplogQ(E,V,N) (1.3)

where log is the natural logarithm. This was Boltzmann's great intuition. Essentially equi-
librium is about how little we know about a system. If we have no information about why
some microstates (microscopic configurations) are special, we must assume they are all equally
likely. Entropy is a measure of how imprecise our knowledge of the system is. The more pos-
sible states there are, ie large Q(E,V, N), the less precisely we can specify the microscopic
configuration and the higher the entropy. (Note that in information theory it is sometimes
convenient to switch to using the log to base 2.)

This definition was generalised later by Gibbs and others and is the basis for our understanding
of all equilibrium systems. We will look at systems which are in contact with their surround-
ings, so no longer closed, and find a natural definition of temperature. We will see how this
microscopic approach is consistent with the empirical laws of thermodynamics.



Chapter 2

Canonical Ensemble

Normally we are interested in systems in con-
tact with another system. The simplest is
probably a heat bath.

A heat bath is a notional system, which is
usually much larger than the system of inter-
est. The idea of being large means that any
energy exchange between the system and the
heat bath is small on the scale of the heat
bath's total energy.

2.1 Temperature and Boltzmann Factors

The heat bath and system together form a closed system with total energy we will call E.
Suppose the system is in microstate labeled by v, then

E=Eg+E,.

In equilibrium all states of a closed system, which are consistent with the constraints, are
equally likely (remember that the system of interest and the heat bath together are a closed
system, see section 1.2).

We assume that every state of the system can be combined with any state of the heat bath with
energy Fg = F — E, to give a state of the combined system and heat bath. The probability
that the system is in the state labeled by v is proportional to the number of different states
available to the bath, Qgp(F — E,,V, N).

We can use (1.3) to find Qg(E — E,,V, N) in terms of its entropy at fixed energy:

(2.1)

Py < Qp(Ep,V,N) = exp (SB(E - EV’V’N))

kg

We'll assume that the heat bath is large, so that £, < E, and assume that we can expand
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Sg in a Taylor series

Sp(E - E,.V,N) ~ Sp(E,V,N) — E, 228
OE |y
= p, X ex —&%
s
Now define
1 0Sp y
. y (22 = exp—BE,. 2.2
T = F |, x = P, X exp <kBT) exp —f (2.2)

Equation 2.2 is the definition of temperature. It followed from the definition of entropy. (From

now on we will not always emphasise which variables are being held constant and replace
9Sg 9Sg
oF lv.n 7 OF )

We have introduced the symbol 5 = 1/kgT. A term of the form is known as a
\Boltzmann factor\ .

Canonical Ensemble

For systems in thermal equilibrium with a heat bath at temperature 7" and (in the case of
gases) at fixed volume V' and particle number NN, the set of all available microstates is called
the canonical ensemble. Here are the two ensembles we have introduced:

anoe ’\A.('\) {V\U-'M“’\ MUD (G M(&l GV\S!MM‘L

The canonical ensemble is characterised by 7', V, and N while the microcanonical ensemble
is characterised by E,V, and N. The canonical ensemble is larger than the microcanonical
ensemble as the energy is not fixed and includes states with all energies'. The temperature T
has been defined as a kind of ‘equilibrium entropy exchange rate’ when ‘borrowing’ or ‘lending’
energy from or to the heat bath.

We normally work with the canonical ensemble as it can turn out to be easier to handle and
more useful than the microcanonical ensmble. This is mainly because sums tend to be simpler
in systems without constraints (working at fixed energy is a constraint). In the canonical
ensemble the temperature controls the average energy but the total energy can fluctuate.
However the two ensembles give almost indistinguishable results for large systems.

1Canonical here means something like normal. It originally meant something that was allowed or required
by ecclesiastical authority.
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2.2 Partition Function

To compute any properties in the canonical ensemble we need to normalise the probability
distribution introduced in (2.2). We write

1
Pr=7Zmv,.N)"

where the quantity Z depends on the imposed conditions: fixed volume V/, fixed particle
number N and equilibrium with a heat bath at temperature 7. The normalisation condition
is the statement the system must be in one microstate or other

Zpl,: %Zexp—BE,,: 1.

It follows that

Z(T,V,N) Ze—ﬁEv (2.3)

Z is called the ’partition function ‘ . All measurable quantities in systems in thermal equilibrium
may be calculated from it. If you know Z, you know it all!

As an example consider the average energy (E) in a system

dlog Z

We can check this
alogZ 5B, e BBy
R Z@ﬁ < E e "z E E,—— E E,p, = (E). (2.5)

Partition Function for harmonic oscillator
Consider a system which is one harmonic oscillator in equilibrium with a heat bath at temper-
ature T'. Remember that the energy levels of the oscillator given in 1.1 are E,, = (n+1/2)hw

7 = Ze—,BEn _ o Bhw/2 y o —3BMw/2,—5Mw/2 |

= e P/2 [1 4 e P 4 o7 2Bhw 4 =3B 4 }

g

geom progression with ratio e—Ahw

= eI (L = e )

= logZ = (—577”’ —log (1 — e—ﬁfw)> (2.6)

Using the formula (2.4) gives

dlog Z 0 Bhw _
BI=""es " s { y el )}
hw e Phw hw 1
:7+1—e——5m”hw:7+whw (27)

The constant energy hw/2, the zero-point energy, went into the sums at the beginning and
came back out again. Looking at the two limiting cases of high and low temperatures we find
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A » 7
<edz é_bf + R e-ﬁ

CEY

._|\1/

(i) For low temperatures Sfiw > 1. In this case e’ > 1 and
hew
(F) ~ 5 + hw e~ P

Once kT < hw, the system is effectively trapped in the ground state and has energy
hw/2.

(i) For high temperatures 8w < 1. Here e ™ =1 — Bhw + ... and /™ — 1 =~ Bhw. In
this case b by 1

Y~ —+ —=—+4 - = kpT.

Bl T g = T

Once kgT is much larger than hw the average energy in the oscillator in equilibrium at

temperature 7' is the value set by the equipartition theorem kg7

Entropy in the Canonical Ensemble
Earlier we defined the entropy in the microcanonical ensemble via (see 1.3)

S = kplogQ(E,V,N).

We used this to find a definition of temperature in equilibrium in the canonical ensemble using
the fact that the combination of the system of interest and the heat bath are a closed system.
We also used this definition and the idea that the heat bath energy was large compared to
that of the system to find a definition of the temperature of the heat bath. We should ask
whether there is a definition of the entropy for the system in the canonical ensemble (ie not
just the system and heat bath as a single closed system).

The usual definition is the Gibbs entropy formula®

S = —kp Zp,, log p,,. (2.8)

2The equipartition theorem states that on average there is kg7'/2 for all degrees of freedom (here the
kinetic and potential energy) contributing quadratically to the total energy.
3The term statistical mechanics is usually attributed to Gibbs
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Note that the p, > 0 may take any value provided the distribution is normalised.

We can check that (2.8) is consistent with (1.3). For a closed system (fixed £) all states v
are equally likely in equilibrium (this is the definition of equilibrium for a closed system) so

1
pV—Q

Q Q
1 1 1
= S =—kp g ﬁlogﬁszlogQE ﬁzkglogQ,
v=1 v=1

which is the entropy defined by Boltzmann.

We are now able to compute the entropy in equilibrium using p, = e #E /Z:
1og/\p1,
Sea=—kn > p, (—BE, —logZ) = knB> p,E, +kplogZ > p,

1

1
= ?(E) + kplog Z (2.9)

Since we already know (E) in equilibrium in terms of Z (see 2.4) we can write S, entirely in
terms of the partition function Z:
1logZ

S = T 05

+ kg log Z. (2.10)

We will come back to how S, relates to the quantities familiar from classical thermodynamics
like internal energy and pressure for systems in equilibrium in Chapter 4. Measurements of
thermodynamic quantities like these and quantities derived from them like heat capacity tend
to assume that there is a macroscopic number of particles in the system with thermodynamic
quantities given by an average over all particles.

Combining Systems

We can imagine combining systems. Label the microstates in the two systems by 1 (system
1) and v (system 2) and denote the corresponding occupation probabilities by p,, and p, and
energies by £, and E,. If we assume that the occupation of the microstates is statistically
independent, the probability of finding the system 1 in state ;1 and system 2 in state v is p, p,.
The partition function for the combined system is

Z=3"N" e BB SN N 0B = 7, 7, (2.11)
7 v w v

This is the product of the partition function for system 1 with that for system 2. We can also
compute the entropy of the combined system

S=—kg > pubvlogpupy = —ke > _ puby(logp, +logpy)
2l ld

= —kp <Zﬁy> Zp“ logp, + <Zm> Zﬁu log p,,
v o o v

— S+ 5. (2.12)
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This is the sum of the entropies of the two systems. We would expect extensive quantities to
add—if we double the size of the system (add two equal parts together for example), quantities
like the entropy or total energy should double. Our derivation made the strong assumption that
the occupation probabilities for the microstates of the two systems are statistically independent.

2.3 Fluctuations and Large Systems

m

Statistical mechanics allows us to quantify fluctuations A p( )
about equilibrium average values. An example is the

energy itself. Moving from the microcanonical to the
canonical ensemble means the energy is no longer fixed. ,ArL
The temperature (of the heat bath with which it is in Wi
equilibrium) fixes the average energy, see (2.4). It also ~ D‘E
determines the size of fluctuations about this value. In
a large system, we should expect to find a continuous
distribution of energy with p(E)dE giving the proba-
bility that the system has total energy between E and {

E+dFE. <E>

Characterising Fluctuations
We would expect the probability distribution to be centred on the average value. The natural
characterisation of the width in some variable A is the mean square deviation o%:

((64)%)
(A= (A))7) = (A7) — 2(A)(4) + (4)* = (47) — (4)". (2.13)

o

ai is called the variance of A. o4 is the root mean square or standard deviation. o4 is usually
taken as a good measure of typical fluctuations.

Energy Fluctuations in the Canonical Ensemble
We will show that for a system at temperature T’

(OE)?) = —g—g = kgT?Cy where Cy = %? (2.14)

Cy is called the heat capacity and is a measurable quantity.

The average energy is given for a system in equilibrium by (2.4)

dlog Z
(E) =) E,p,=— 35
For such a system (p, = e ?#v/Z)
oE) e PEv e PEv 07
D ey e Dy e

= S nB - s > B = — (B - (E)). (2.15)
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It is usual to write this result in terms of the heat capacity Cy (5 = 1/kgT)

HNE) dTOE) 1
98 dB AT kpp?

This tells us that the variance o in the canonical ensemble at temperature 7T is given by the
heat capacity:

CV - —k’BT2C‘/.

oy = ((E®) — (E)?) = kgT*Cy. (2.16)

Large Systems

Often one is interested in the properties of materials. These tend to be large systems. For
example 1 mole of a gas contains 6 x 10%> molecules (Avogadro’s number) and 1 mole of
copper contains 6 x 10?3 copper nuclei. Fluctuations in some quantity as a fraction of the
expected value of that quantity are normally very small.

As an example 1 gram of copper has a measured heat capacity at 25°C of 0.385J°C~*. The
typical fluctuation, sometimes called uncertainty, in energy would be

op ~ T\ kgCy = 6.87 x 10717 J. (2.17)
This is tiny—supplying this energy would increase the temperature by of order 2 x 1079 K.

Generally it is the case that, as a fraction of the average value of the energy, energy fluctuations
are not significant in large systems. The size of a system can usually be characterised by a
number N, which might be the number of degrees of freedom in the system or simply the
number of ions/atoms. The limit N — oo is called the thermodynamic limit.

We expect both the energy (F) and the heat capacity Cy to be extensive quantities, /e that
they scale linearly with the system size N. As the fluctuations should vary as /C'y the typical

size of the energy fluctuation
op vV C 1

By (E) T UN

and should become unimportant in large systems.

As an example, consider a system of N harmonic oscillators for which the occupation of the
microstates are statistically independent. Using the result (2.11) N times, the partition func-
tion will be the product Z = 7,7, --- Zy. The average energy in the system at temperature
T is given by (2.4)

95 98

where F; is the energy in oscillator 7. If all the oscillators have the same frequency, (F) and
the heat capacity Cyy = O(F)/JT will be N times their value for one oscillator. At high
temperatures kg7 > hw, (E) ~ NkgT and Cy ~ NkgT. In this case

dlogZ <~ dlogZ
1 7

i=

OF N\/NkBT_ 1
(E)y ~ NksT — /N’
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2.4 Summary

The canonical ensemble allows the transfer of energy between a system and a heat bath.
Boltzmann's definition of the entropy (see 1.3) applies to the combination of the system and
heat bath which taken together are closed. Thermal equilibrium for the closed total system
means that the equilibrium in the system of interest is controlled by the temperature with (see

2.2)
1 05y

T OF |y x
While this is defined here in terms of properties of a heat bath, it is also referred to as the
temperature of the system (in other words we do not need to retain the subscript B denoting
bath). As we will show in section 4.3 the temperature of two systems in equilibrium must be
the same not just when one is designated a heat bath, although we might need to be slightly
careful about the Taylor expansion of the entropy of the system, if the system were very small.

The result that the energy fluctuations are small means that the differences between working
with the microcanonical and canonical ensembles are not usually significant. For example, for
the case of 1 g of copper (see 2.17), the fluctuation in energy is tiny. As a result we can choose
to work with whichever ensemble makes the calculations easiest.



Chapter 3
Some Partition Functions

Statistical Mechanics works with models of systems in equilibrium other than harmonic os-
cillators! In all cases the procedure is the same: Calculate the partition function Z making
approximations if necessary and from Z find any equilibrium properties of interest.

We will look at systems with degeneracy, spin systems and systems with variable volume. The
case of variable volume will lead to a definition of pressure in thermal equilibrium.

3.1 Spin and Degeneracy

Until now we have labeled states with an index v. For example the quantum numbers of a
harmonic oscillator {nq,ns,...nx} labeled the states of a system with N harmonic oscillators.

It is common to use the energy itself as a label. However, often more than one distinct state
will have the same energy. Such states are said to be degenerate!. The number of distinct
states with energy E is called the degeneracy which we will denote by g.

An example that may be familiar is that of the hydrogen atom. Many orbitals of the H atom
are degenerate. The states are labeled by four quantum numbers n, [, m and o:

n is the principal quantum number, n =1,2, .. ;

[ is the angular momentum, [ = 0,1,2,.... Orbitals with these angular momenta are
sometimes called s ({ =0), p (I = 1), d (I = 2), f (I = 3) orbitals;
m is the z—component of the angular momentum, m = —I,—(l — 1)...1;

s is the spin, s = £1/a.

At the level of the Schrodinger equation the energy of an electron in a hydrogen atom (one
electron and one proton) depends only on the principal quantum number n. Bohr's model
predictions, which were confirmed by directly solving the Schrodinger equation, are that

R 4
E(n,l,m,s) = 3 with the Rydberg constant R = 8:(2?;2. (3.1)

!The word degeneracy is used to mean two separate things in quantum theory. We are using it to mean
different quantum states with the same energy. It also used to describe the state of matter of many fermion
systems as T' — 0.

14
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Quantum numbers Energy | Degeneracy
n |l m s | E/(—R) g
110 0 +1/2 1 2
210 0 +1/2 1/4 8
211 1,0,—1 +1/
310 0 +1/2
311 1,0,—1 +1/ 1/9 18
312 2,1,0,—1,-2 +1/
410 0 +1/2
411 1,0, -1 +1/ 1/16 30
4|2 2,1,0,—-1,-2 +1/2
413/3,2,1,0,—1,-2,3 | £1/2

Normally this is quoted assuming m, is the electron mass. The formula is improved if m, is
taken as the reduced mass of the electron-proton system. If we look at the states labeled by
their quantum numbers we can see their degeneracy in the table.

When additional effects are added to a treatment of a problem, some degeneracies can disap-
pear. In these cases we say that the degeneracy is lifted by these additional effects.

In the case of the Hydrogen atom, Dirac’s relativistic treatment lifted some of the degeneracies
(the energy of a state in Dirac’s treatment depends on the total angular momentum as well
as the principal quantum number). The Lamb shift, which was found experimentally (1947),
showed that there were further corrections to Dirac’s result. These were explained by Bethe
soon afterwards in terms of quantum fluctuations of the electromagnetic field.

Providing we take account of degeneracies, we can calculate the partition function of a system

by summing over energies
Z = Ze’ﬁEU = ZgEe”BE. (3.2)
v E

We multiply the Boltzmann factor e #F by the number of distinct states which contribute this
factor (gg) and compute Z as a sum over energy.

Example—A two-level system

EZ N ﬁ?—
Suppose an ion can exist in two states with energies F;
and FEs with degeneracies g; and g». The total number

of states is g; + ¢g». The partition function is A

Z = g1 PP 4 gye P2, E ﬁ
We calculate the average energy using (2.4) '

Odlog Z
op
log Z = log (e "1 (g1 + g267"2)) = —BE1 + log(g1 + gae™ "),

(E) =
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where A = E5 — E;. This gives

Two limiting cases we can look at are

(i) T — 0 so BA — oo. This gives

A
(E) = By + 2288

g1
The system is mainly in its ground state with energy F; with an exponentially small

probability of being excited to have energy Fj.
(i) T'— oo and so SA — 0. Now

FE FE.
g2 Azgl 1+ 92 2

<E> — E1 -+
g1+ g2 g1+ g2

This is the result one has if all states are equally likely.

Spin Systems

The states available to some ions in a crystal can sometimes be modeled by spins. lons in
crystals are complicated problems to tackle from first principles. There are many interacting
particles (electrons and nuclei) and it is not possible to compute wavefunctions for all these
particles. The many-particle systems can behave as if there were only a spin degree of freedom
at each site. Usually the spin is related to the angular momentum one would expect for such
an ion but the parameters describing the states of the ion are fitted to experiment.

If the spin S = 1/2, there are two states. One has s = 1/2 and the other s = —1/2. We will use
S for the quantum number of the spin and s for its projection along some direction, usually
taken to be the z—direction. The states for S = 1/2 are often labeled 1 (for s = 1/2) and |
(s = —1/2). In general S can be either integer (S = 1,2,...) or half-integer (S = 1/2,3/2,...).
There are 25 + 1 distinct states: s = {—=S5,—(5 = 1),...(S —1),S5}.

The 25 + 1 states of the spin can be degenerate. This degeneracy can be lifted by a magnetic
field. We will take the energies of the states in the magnetic field to be

eh
2m,

Es = —gupBs, where the Bohr magneton jp =

The quantity g is dimensionless and related to the direction of the magnetic moment associated
with the spin and can be positive (most ions) or negative (electrons). For elementary particles
its value is predicted by theory and can be measured directly.? For this example we will take
it to be 1.

The partition function for a S = 1/2 system at temperature 7" in a magnetic field is

J = Z o PEs — eﬁguBB/2 + ef,Bg,uBB/2 — 9cosh 92,:;13?.
s=+1/2 B

2As you will see in your quantum modules, spin is related to an intrinsic angular momentum. Associated
with this angular momentum is a magnetic moment—the spin acts as a mini-bar magnet—and its energy
depends on the orientation of this moment with respect to the magnetic field.
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The average value of the spin is given by

1 1 1 [ e9rBB/2ksT  o—gupB/2ksT 1 [ e9rsB/2ksT _ o—gupB/2kgT
(S) = 51?% N 5]?_% 9 ( A N 7 ) ) (@guBB/%BT + e—guBB/%BT)
1 B
— Ztanh guB
2 2kgT

As a function of magnetic field,
the average spin is fully aligned
with the magnetic field for large
|B| 2 kgT/gus, ie when the en-
ergy separation of the two states
is larger than the typical thermal —
energy kgT'. The average spin re-
verses direction as B changes sign
for |B| < kgT'/gus. (If the sign of
g changed everything would be the
same but with (S) — —(S).)

3.2 Pressure

§JSI""‘ Ey F VB
Ve 1

MO\/CJJ(-" - ' _$

ey

Imagine that there is a movable diaphragm separating the system from the heat bath so that the
system can “exchange volume” with its heat bath as well as exchange energy. The derivation
of the probability that a state is occupied is analagous to that for the energy exchange.

Suppose the system is in microstate v then
E:EB—|—E1, and VsBivB—i-Vs,

where Vs is the volume of the system. (If different microstates in the same ensemble had
different volumes, the dynamics of the diaphragm would need to taken into account. Instead
we assume that all the microstates have the same volume Vs but allow this volume to vary.)

In equilibrium all states are equally likely. The probability the system is in state v with volume
Vs is proportional to the number of states available to the bath (the argument is the same as
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used in deriving 2.1)

Pr X QB(EB>VB7N> = QB(E_ EV>VSB - VS7N>
= eXp(SB(E — EV, VSB — VS,N)/]{?B)

If we assume the E, and Vs are small on the scales of the energy and volume of the bath we
can approximate the entropy of the bath by a Taylor expansion

95k 95k
Sp(E — By, Veg — Ve, N) = Sp(E, Vep, N) — B, 228 _yy 28
( o = Vo) = Su(B.Vam N) = B, 2| =Ve 2|
E, 9Sg Vs 9Sg
) v OBy 25 O0B . 33
P “exp< ks OF |,y kg OV E,N) (33)
Now define 5 9
1 SB SB
= dP=T — . 3.4
T 0|, o WV | px (3:4)

The definition of temperature is as in (2.2). The quantity P is what we will call the pressure
in equilibrium. This gives (writing V' for V)

pv < exp—B(E, + PV) and Z(T,P,N) =) exp—fB(E, + PV). (3.5)

v

The Boltzmann factor is now exp —3(E, + PV'). The system is no longer at fixed volume but
at fixed pressure.

Isn’t Pressure Mechanical?

The result (3.4) relates the pressure to the entropy of a heat bath. However, we know that
pressure is a mechanical quantity. We can measure it whether or not the system is in equilib-
rium. Here is a microscopic definition. As with the temperature, we do not usually keep the
subscript B denoting bath in (3.4) as the pressure is also the pressure of the system.

Suppose a gas has been put in a
single microstate with energy F,,. A

? piston applies pressure P to a gas.
If the system expands by an amount
LAY ha AV = AAx (see sketch), it will do
'f work
M A PAAz = PAV.

VOh’\NL \/ We will assume that the system

stays in the microstate labeled by
v. The system must conserve en-

1 | ergy which means
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If the system were not in a single microstate but distributed across all accessible microstates
with probabilities p,, we have to write

0F,
P=_ L —. 3.7
V vy (3.7)
This is a mechanical definition of pressure and is valid for arbitrary probabilities.
4 N\

We can check that the pressure in (3.7) agrees with the pressure given by (3.4) for systems
in equilibrium. One thing we will need is that in equilibrium the temperature and pressure
are also the temperature and pressure of the system as well as of the heat bath. It turns

out that we can say

1 88 83
-9 dp=722 .
T 0E|,, - WV |y 8

where we have dropped the subscript B from the entropy. We will return to this in detail
in the next chapter but will use this result here.

We compute the derivative of the Gibbs entropy, S = —kg Y p,logp, (see 2.8), using
the equilibrium probability p, = e ?(F»+PV) /7 This gives

log p
7\

1 98 op, ( E,+ PV \ p, ap, [ E,

7 _ _logZ ) — - _

kg OV Z oV < ksT 8 ) av Z oV ( kBT)
) OE,

—_—
(E)

The terms in the first line proportional to ) dp,/0V vanish as > p, = 1 and hence
9>, pv)/0V = 0. In the second line the term involving the derivative of (E) should be
set to zero as the pressure involves the derivative of the entropy at constant energy (see
3.8). For a system in equilibrium we have

ok,

E,N

The mechanical definition of P given by (3.7) agrees with the statistical mechanical result
for a system in equilibrium from (3.4). As it should!




Chapter 4
Classical Thermodynamics

What's statistical mechanics got to do with classical thermodynamics? Classical thermody-
namics introduces a set of laws which determine how quantities relate to each other but not
how to compute these quantities. The laws are empirical (validated by reference to observa-
tion). On the other hand, statistical mechanics starts with a microscopic definition of entropy
and an assumption about thermal equilibrium. It provides a microscopic way of thinking about
things and allows us to predict properties of systems.

The connection of statistical mechanics with thermodynamics is given by identifying quantities
as follows

Classical Thermodynamics Statistical Mechanics

Internal Energy E <+— <E>:Zp,,EV

Entropy S <+— S:—kBZp,,logpy Boltzmann, Gibbs

V,N>

O0E,
P P P = Yy ——— 4.1
ressure <o ; Pv gy (4.1)

oS
T t T T=|—=—=
emperature — <8E

We will start by reviewing classical thermodynamics and how it defines thermal equilibrium.
After restating the laws of thermodynamics we will look at the various thermodynamic po-
tentials: internal energy E or U, Helmholtz free energy F', Gibbs free energy GG and enthalpy
H. (There is also the Grand Potential which we will come to in Chapter 5.) These control
the equilibrium state under different constraints. For example, we will see that a system at
constant V' and 1" will minimise F' in equilibrium.

20
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4.1 Recap of Classical Thermodynamics

Consider a system in contact with another T

system which might be its surroundings. We &mwyj
assume that there is a state of the system

which we call thermal equilibrium and which

we see in most measurements. In this state

no macroscopic properties depend on time.

This is sometimes called dynamic equilibrium

(microscopic quantities may be fluctuating but macroscopic quantities are constant). It is the
state reached when all applied forces (thermal, mechanical, electrical, .. .) have been allowed to
act until equilibrium has been reached. In statistical mechanics we started by defining thermal
equilibrium of a closed system to be the one where all microstates were equally likely to occur.

Zero’th Law
‘If two systems are in thermal equilibrium with a third system they must be in thermal equi-
librium with each other.’

This leads to the idea of a temperature which measures whether systems are in equilibrium
with each other. It does not give a unique definition.

1st Law
‘Energy is conserved. Heat is a particular form of energy.’

This leads to the notion of internal energy F
dQ = dE + dW,
where d() is the heat added to a system and dWW is the work done by the system.

This can be written dQ) = dE +dW with the symbol d used to denote changes in quantities
that are not functions of the state of the system. (Knowing an initial and final state of a
system is not enough to tell us how the change was made as we do not know separately how
much work was done and how much heat was added). We will not use this notation. You
should also be wary because sometimes the equation is written in terms of how much work is
done on the system. This leads to a change in sign in front of dWW.

2nd Law—NMore than one equivalent version
Clausius statement (1854): heat can never pass from a colder to a warmer body without some
other change, connected therewith, occurring at the same time.

Showing that the following are true from the statement above is not trivial and we will not
go into this. The second law means that there must be an additional function of state,
which we call entropy. For a closed isolated system the entropy can only increase and is
maximised in equilibrium, ie AS > 0. The thermodynamic definition of temperature satisfies
% = % v+ While in statistical mechanics this is its definition. The proof of the existence
of a uniqué measure of temperature in classical thermodynamics proceeds from the second
law. A derivation can be found in Pippard, A.B. (1957) Elements of classical thermodynamics
for advanced students of physics, Cambridge: Cambridge University Press (Chapter 4), and in

these notes by David Tong.

In classical thermodynamics we introduce the notions of


https://www.damtp.cam.ac.uk/user/tong/statphys/four.pdf
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(i) Quasistatic Changes These are changes that are made slowly enough that in any
process a system moves only through equilibrium states. Of course this is a bit of
a contradiction. We defined thermal equilibrium to be a state in which nothing is a
function of time so how can a system change? The idea is that the changes have to
happen on timescales longer than any timescale for relaxation to equilibrium.

(i) Reversible Changes A process is reversible if it is performed quasistatically and is not
accompanied by dissipative effects such as turbulence, friction or electrical resistance.
As the name suggests we can reverse the direction of a reversible change and end up
where we started without any other change to the system and its surroundings.

For reversible changes dQ) = T'dS and the second law states

TdS = dE + dW. (4.2)

The standard example to look at is that of a gas expanding/contracting against a piston held
at pressure P. Here the only work is the work done against the piston: dW = PdV. In this
case (our convention is that we take dWW to be the work done by the gas)

TdS =dE + PdV.

For general changes of state of the gas the statement of the second law becomes

TdS > dE + PdV. (4.3)

Third Law—Again more than one equivalent statement exists

Nernst (1912): The entropy change associated with any condensed system undergoing a re-
versible isothermal process approaches zero as the temperature at which it is performed ap-
proaches 0 K.

This has the consequence that a temperature of absolute zero cannot be attained.

Summary of the first three laws

Zero'th Law —— ldea of temperature
First Law —— Energy conservation, heat is a form of energy
Second Law —— Entropy and definition of temperature

Equilibrium and the Approach to Equilibrium in Thermodynamics
A gas in a closed isolated container has fixed energy (dE = 0) and fixed volume (dV = 0).
The second law states dS > 0. This is true for all isolated closed systems (not just gases).
For an isolated closed system the entropy S is maximised in equilibrium.

What about non-isolated gases? Depending on which parameters are held fixed there are
thermodynamic potentials which are minimised in equilibrium. These are

Helmholtz Free Energy — F=FE—-TS
Gibbs Free Energy — G =FE—-TS+ PV
Enthalpy — H=FE+ PV
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Helmholtz Free Energy
After taking account of the second law the definition of F'! gives for a gas (4.3)

dF = dE — TdS — SdT < —PdV — SdT. (4.4)

For a system at fixed V' and temperature 7' the Helmholtz free energy can only decrease or
remain constant, dF° < 0 and F' is minimised in equilibrium. We can see that | F' = F(V,T)
(Eq 4.4 shows that F' depends only on V' and T'). In the statistical mechanical modeling of
phase transitions [ is often the quantity we look at (we tend to study models at fixed V' and
T). We will see that it has a simple and important relation to the partition function.

Gibbs Free Energy
The definition of G gives for a gas

dG =dE —TdS — SdT' + PdV + VdP < =S5dT + VdP.
For a gas at fixed 7" and P, dG < 0 and G is minimised in equilibrium. We have |G = G(P,T).

Enthalpy
The definition of H gives for a gas

dH =dE + PdV +VdP <TdS + VdP.

Strictly one could say that, for systems at fixed entropy and pressure, H is minimised in
equilibrium. Working at fixed S and P is unusual. Enthalpy is mostly used to quantify the heat
TAS given out in reactions (changes of state) occurring at constant pressure, AH = TAS.

We think of the thermodynamic potentials F,G and H as something like potential energy
in a mechanical system. They determine where the thermodynamic equilibrium lies. We will
concentrate on F'.

4.2 Thermodynamics and Microstates

What is the connection between our assumptions about microstates, ie the definition of thermal
equilibrium (see page 4), and the definition of entropy and the laws in classical thermodynam-
ics? We will see that the assumptions of statistical mechanics are entirely consistent with
the laws of thermodynamics. We will look in particular at the second law and at systems in
equilibrium with each other. We will also look at the importance of statistical mechanics for
computing the equilibrium properties of matter.

Closed Systems
For an isolated closed system the second law gives

ds >0, (4.5)

with S maximised in equilibrium. Statistical Mechanics gives (see 2.8)

Q
S=—ks Y plogp, Y p =1,
v v=1

1Sometimes the Helmholtz free energy is denoted by A for Arbeit meaning work. Helmholtz showed that
A A bounded the amount of work that can be extracted from a system.
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where N is the total number of microstates. We will show that this is maximised in equilibrium.

The normal way to find a maximum of a function subject to a constraint (the sum on p, is
constrained to be 1) uses a Lagrange multiplier. We will not use this approach but will mention
it in relation to the free energy minimisation (see below). The constraint on the sum over the
2 values of p, means that only (€2 — 1) of these are independent. We write pg = 1— Zf}:—ll Dy
so that dpq/0p; = —1. Maximising S with respect to the (2 — 1) independent p; gives

-1

~ N

oS 0 v log p, 0
0= = —kp (2, b logp,) = —kglogp; — kg — (kg logpa + ki) Pa
op; Op; Ip;

= logp; =logpa, pi=pa.
This means all microstates are equally likely in equilibrium and hence p; = 1/, which was the
starting assumption of statistical mechanics (see page 4).

Systems at Fixed 7" and V
At fixed T" and V' the second law says (4.4)

dF < —PdV — SdT =0, (4.6)
and in equilibrium F'is minimised.

Statistical mechanics gives

Q
F:<E>—TS:Zpl,E,,—i-kBTZpylogpy, Zpyzl-
v v v=1

We should ask whether the statistical mechanical expression is minimised in equilibrium at
fixed T and V. (Fixing V' means not looking at any volume-dependence of the E,.) Solving
for the constraint by setting po =1 — Zf};ll Py, and hence Opq /dp; = —1, gives

OF B
0=S" = B+ kgTlogp; + knT + (Eo + ksT log po + kpT) L2
Ip; Op;
= (E; — Eq) — kgT log <&> = p; oc e PE (4.7)
Pa

The free energy is minimised if the probability of occupation of a microstate is proportional
to the Boltzmann factor. This is what we found when defining temperature in the canonical
ensemble (2.2). We see that minimising the expression for F' in statistical mechanics fixes
the thermal equilibrium state for systems at fixed V' and T'. The same result is derived in
Appendix B using a Lagrange multiplier.

Partition Function and F
We can derive a useful relation between F' and the partition function. Recall that (2.2, 2.3)

efﬁEV
with Z = Z e PEY,
14

Py =

Using kg = 1/T

log pv

A

. 1 =
S=—ksd p,[-BE, —logZ] = = > p,B, +kalog Z Y p,

1
= f<E> + kglogZ, or (E) —TS = —kgTlogZ.
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Normally this result is quoted in the form

F = —kgT log Z. (4.8)

While we will not spend much time on this equation, computing the equilibrium properties of
a system means finding its partition function and using (4.8). This is easier said than done
as to find the partition function requires knowing the energies of all microstates. These are
almost always difficult to compute. The field of equilibrium statistical mechanics is largely
concerned with approximations used to estimate the partition function and with an analysis of
the excitations which dominate at the temperatures of interest. The questions that are studied
can relate to transitions between different phases of a system.

4.3 Equilibrium

So far our discussion has dealt with systems that are in equilibrium with a heat bath. We
defined the temperature and pressure in relation to a heat and volume bath (see 2.2 and 3.4)

0Sp

1—8513 and P=T —

T OF

V,N E,N

The reference to the entropy of the bath may seem unusual and pedantic as we regularly refer
to the temperature and pressure of a system. We can show that in equilibrium

0Ss| 05 05 oS

@m0 d 728 122
OF |, OE|,y o0 " OV |y OV

V,N E.N

where S is the entropy of the system. In other words, we do not need to keep the subscript
B. More generally we can show that the conditions for equilibrium for any two systems (not
just the case where one is a heat bath) are

T1 = T2 and P1 = PQ. (49)

Consider two systems in equilibrium. The total system
is closed so

E:E1+E2 & V:‘/1+‘/2 !

For each subdivision of the system the total entropy
is S = kglogQ(E,V) with Q the total number of
possible microstates of the system. We assume that each microstate of system 1 can be
combined with each microstate of system 2 which means?

Q= Ql(Elv ‘/1) X QQ(E27 ‘/2)

Then
S = kplog Qi (E1, Vi) + kplog Qa(Es, Vo) = S1(Ey, Vi) + Sa(Ea, Va).

2Strictly we should include a sum over all possible E1. The fluctuations of the E; about their equilibrium
values are assumed to be so small we can neglect them, see Section 2.3.
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If we allow the partitions in energy and volume to vary so that the two systems can exchange
energy and volume we will have

05, 95, 05, 05,

AS = AR + LAV + AR, + A,
(08 0S, 98, 05,
_(8_E_8_E>AE1+(8V av)mfl’

where we have used AEy = —AFE, and AV, = —AV].

Equilibrium occurs for the partition when the total entropy is maximised (entropy is maximised
in a closed system in equilibrium, see 4.5) and hence AS = 0. Since AE; and AV] are
independent variables this means

851 852 851 052 (4.1)

— = & —=— = Ti=T7 & P=Ph.

OE ~ OF v oV L b
This is the zero'th law of thermodynamics of course. However, it also shows that the tempera-
ture and pressure of a system can be considered properties of the system itself (not something
that must refer to a heat bath).

4.4 An example from Classical Statistical Mechanics

Boltzmann and others ‘worked out’ most of what we call statistical mechanics before quantum
theory. Classical systems can appear more cumbersome to handle as many systems do not have
a discrete set of microstates. The parameters characterising these states vary continuously and
the sums of the parameters identifying these states can involve integrals.

For a classical fluid or gas the states v are not quantised and
B, = K(p")+U(r"Y),

where K (p") is the kinetic energy of the N particles in the system. K(p”) is taken to be a
function of the the N momenta denoted by p". U(r") denotes the potential energy of the
N particles which is assumed to depend only on the positions of the particles. Since the p®
can take any values and the 7 take values only inside the system, we write

Z = const/ drN/de exp—(3(K +U), where using Cartesian coordinates
v

N N 00 [e's) 00
/drN = H/d:l?i/dyi/dzi & /de = H/ dpxi/ dpyi/ dps;.-
i=1 i=1Y "> —o© -0

The integrals over the spatial variables are over the volume V' of the system. The constant
covers normalisation over the number of distinct states and involves two subtleties which we
will come back to later.

Because K depends only on the momenta and U only on the positions of the particles, Z can

be written
Z = const/ drNe=PU) /dp —BE®"), (4.10)
v
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The integral over the momenta can be computed as follows

standard integral
7\

e ™~

/ dpxie—ﬁpii/Qm/ dpyie—ﬁpii&m/ deie—,BpZi/Qm

[e.e] o —00

=

/ dp oK @) _

1

-
Il

(2mm ksT)? x (2rmksT)? x (2mm kT)"?

—.

=1
= (2rm kgT)*M/?,

where we have used [* dze=*" = (m/a)'/2. This gives

Z = const (2tm kBT)3N/2/ drNe U™, (4.11)
v

The integrals over the 7V can't be done in general. One simple limit occurs when the effects
of interactions between particles become small, as they do at low densities. If we set U = 0,

we obtain _ _
Integrate to give v

N N
/ drNe U V=0 T / dz; / dy; / dz1=V",
v i=1

= 7 = const VY (2rm kpT)3N/2.

Using (4.8) gives

3N
F =—kgTNlogV — TkBTlog(%rm kgT) — kT log(constant). (4.12)

Using (4.6) for the case of reversible changes (dF = —PdV — SdT)

OF|  NkgT

P=- FY . v O PV = NkgT the ideal gas law, and (4.13)
F Nk
S =— or _ 3Vks + Nkg log (V(mekBT)?’/Q) + kg log(constant). (4.14)
aT |,y 2

We have obtained the result of the kinetic theory of gases . We should have expected this as,
if there are no interactions between particles in a gas, it will behave as an ideal gas.

There is a little bit more to the story. The result (4.12) is not quite right as the free energy
is not extensive. If we doubled the size of the system (N — 2N, V' — 2V') we would expect
a thermodynamic quantity like the free energy to double. But it does not appear to:

3(2N)

F(2N,2V) = —2N kT log 2V — =3

kgT log(2mm kgT') — kgT log(constant).

Neither the first nor the last term are twice what they were before. This is related to the
’Gibbs paradox.‘ Gibbs realised that the calculation of Z did not take account of the indistin-
guishability of the particles®. Any configuration (71, 7,..., 7, ..., P1,P2,---,Di,--.) iS not
different from one with permuted particle labels, eg (72, 71,..., 7 ..., D2, D1, -, Diy---)-

3The actual paradox was that the entropy of a closed system could be reduced by partitioning it.
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There are N! ways of assigning the N labels to the N particles. Any permutation of labels
does not change the microstate of the system. The formula needs to be divided by N! (the
number of permutations of the N labels). The correct result for the partition function is

vV if u=0

1 (2rmkgT\*?" N
7 = i <7W2—2B) / drNe PV (4.15)
. 1%

Here h is Planck’s constant which we will come back to. First let's compute the free energy
of the ideal gas (U = 0) using (4.8) and Stirling’s approximation log N! ~ Nlog N — N:

N 2mm kT
F ~ —NkgTlog (%) . %kBTlog (7”2—23

lo eK + lo —QkaBT e
S\“N S\ a2

The result (4.16) is now extensive as it is proportional to the number of particles and is a
function of the intensive variable N/V which is the number density of the gas.

> — NkgT

= —NkgT (4.16)

Comment on A

The factor of h in (4.15) comes from quantum theory. We will not derive it here. However we
can see that a factor proportional to h is necessary. The partition function, > e PEv | should
be dimensionless (we should not take the log of a function with dimensions). The expression
(4.10) involves an integral over 3V space and 3N momentum variables (the [ [, dr;dp;). Each
factor dr;dp; adds an angular momentum cubed to the total dimensions. The natural unit for
angular momentum is i and dividing Z by h*Y makes Z dimensionless.

The partition function of the ideal gas is sometimes written

1 1 / N
NIXN |,

where A\ = /h?/2mmkgT is called the thermal de Broglie wavelength. At low enough
temperatures, it becomes longer than the interparticle separation, in which case a quantum
treatment becomes necessary. Quantum theory also resolves an issue with the entropy. Eq. 4.14
gives S — —oo as T' — 0. The quantum theory correctly forces S — 0 as 7" — 0 (3rd law of
thermodynamics).



Chapter 5

Grand Canonical Ensemble
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We can be interested in a system which can exchange L
particles as well as energy with other systems. We will
start by calling the second system the reservoir. As we

saw in Section 4.3 what we need is that the energy, and heet f( Ffl’\-""“

EXO’A&'\S‘Q

here also the number of particles exchanged, are small
enough that we can use a Taylor expansion to compute
the entropy changes associated with these transfers.

Two important results we will derive are the

(i) Fermi-Dirac and
(ii) Bose-Einstein distributions

for the average occupancy of a single quantum level

involving fermions (i) and bosons (ii). ] Ne SCPVOE 's cyng

5.1 Chemical Potential & Boltzmann-Gibbs Factors

The derivation of the equilibrium probability of occupation of microstates follows that given in
section 2.1 which led to the definition of temperature, and in 3.2 which led to a definition of
pressure. How entropy depends on particle number will lead to the definition of what we call
the chemical potential.

The reservoir and the system taken together are closed (see sketch) with total energy E and
particle number N. Suppose the system is in microstate v then

E=Egx+E, N=Nz+N,.

In thermal equilibrium all microstates of the closed total system (see section 1.2) are equally
likely. Each microstate of the system can be combined with all microstates of the reservoir
with energy EFg = E — F,, and particle number Ng = N — N,,. The probability the system
is in microstate v is therefore proportional to the number of different states available to the

29
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reservoir with this energy and particle number Qg (Eg, Ng,V):

Sr(E—E,,N—N,,V)
kg '

p,,ocQ(E—E,,,N—N,,,V)zexp(

We have used Boltzmann's definition of the entropy in equilibrium S = kglog (see 1.3).
Assuming E, and N, are small on the scale of £ and N and we can write
0SR 0SR
- Ny )
OF ON

Sg(E — E,,N = N,, V)~ Sg(E,N,V) — E,

[ E, 0Sg N,,@SR}
Py XEXp |—— =5 — — = | -

kg OE kg ON
We have kept the subscript R (for reservoir) to make the connection with section 2.1 clear.
However, for any two systems in equilibrium the derivatives of the entropy apply to the system
as discussed in 4.3. We can therefore drop this subscript and identify
1 08 oS .
T ap M7 _Tﬁ_N' This gives p, oc e AEv =Ny, (5.1)

Here (stating explicitly which quantities are held constant in the derivative)

08 : : :
p=-=T N is called the chemical potential
EV

and has the dimensions of energy. It is a property of the system so that there is no need to
include the subsript R on Sg, by a similar argument to that relating to the definition of 7" and
P in Section 4.3. The argument means that, when two systems are in equilibrium and can
exchange particles, their chemical potentials have to be equal. The chemical potential was
introduced first by Gibbs (1873) to treat the classical thermodynamics of systems which were
able to exchange particles (or reagents). The chemical potential is important in a large range
of cases including aqueous solutions, electrons in solids and quarks interacting with gluons.

The factor e #Fv—1Nv) s called the Gibbs or Boltzmann-Gibbs factor. The probabilities are
written

1

=2 v

e BN where  Z(T,V, ) = Z e PBy—uly) (5.2)

The set of microstates of the system, which now allows energy and particle number to fluctuate,
is called the ’Grand Canonical Ensemble‘ .

Classical Thermodynamics
If particles can be added to a system this provides an additional route to changing the internal
energy of the system. The second law becomes (see 4.2)

Reversible: dE =TdS — dW + pudN, General: TdS > dE + dW — udN.

We are using the convention that dW is the work done by the system. We define the grand
potential (also called the Landau free energy)
b =F—-TS —uN
dbg =dE —TdS — SdT — pdN — Ndu < —dW — SdT — Ndu
< —=S8dT — PdV — Ndu  using dW = PdV for a gas.
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We deduce that equilibrium in a system held at constant temperature (d7° = 0), volume
(dV = 0) and chemical potential (di = 0) minimises the grand potential ®¢.

If we look at the definition of S (see 2.8), we can derive the relation between ®¢ and Z (see
4.4).

S=—ks» pylogp,

logpu

= ks Y _p,[-BE, + BuN, —log Z] =

(E) — (N
T

= Og = (E) — TS — u(N) = —kpTlog Z (5.3)

This is the generalisation of 4.8 to the grand canonical ensemble.

+ kZB 10g Z

5.1.1 Summary

Equation 5.3 illustrates again the importance of log Z in equilibrium statistical mechanics.
Here are formulas relating to the number of particles and its variance. They mirror those for
the average energy (2.4) and its variance (2.16).

pv
—N—
1 110 10logZ
N) = o B(Ev—uNy) N, = ——— —B(Ev—pNy) — 4

5 8u ZZ Py Nu—%z—iZem“NV>NV:<N2>—<N>2=0%- (5.5)

The variance 0% should be extensive. It measures how many more particles are added or
removed on average by increasing the chemical potential. This should grow with the size of
the system. Typical fluctuations in N which are characterised by oy will therefore grow as

(N) and, in a macroscopic system, should be small on the scale of the total number of
particles.

Thermodynamic Limit

The limit N — oo at fixed density N/V is referred to as the |thermodynamic Iimit.‘ In most
systems fluctuations in quantities like the number of particles N and the energy F (see 2.16)
tend to zero as a proportion of N or E. In the thermodynamic limit, fixing ©« and T effectively
fixes the total number of particles or energy. It is common to work with the quantities x and
T while treating N and E as fixed. It is not true to say that fluctuations are unimportant (the
variances of these quantities like the heat capacity in the case of F are macroscopic quantities
and measurable) but that the average fluctuation is vanishingly small as a proportion of the
total particle number or energy in the system.

There are systems where the thermodynamic limit needs careful definition. These include sys-
tems where shape can become important. This happens in systems with non-zero magnetisa-
tion or polarisation (these will be dicussed in the second half of this module). In self-gravitating
systems there is actually no thermodynamic limit at all. This is because the gravitational po-
tential energy grows more quickly than the total mass.

The Ensembles
If you compare (5.2) with (2.3) and (3.5), you should see a pattern. When there is exchange
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between systems of a quantity like energy, volume and particle number, the partition function
changes its dependence £ — T, V. — P and N — u. The quantities T, P and p appear
in the Boltzmann factors and are related to derivatives of the entropy with respect to the
quantities conserved in the microcanonical ensemble £,V and N respectively.

(eronice]

{\I\ i (/D (o vv;ul
e =

‘ Sys lew

The quantities temperature, pressure and chemical potential are part of classical thermodynam-
ics. Their importance had been deduced from their relation to people’s intuitive understanding
of heat and the discoveries of thermodynamics. However, within the framework of equilib-
rium statistical mechanics, they follow from Boltzmann's definitions of the entropy 1.3 and of
thermal equilibrium (see page 4).

5.2 Density of States

In large (effectively infinite) systems we expect a continuum of possible energy states!. We
write that between E and E + dE the system has g(F)dFE states. Instead of labelling states
individually by v we label the states by their energy. The partition function (3.2) becomes

7 = /dEg(E) e PE. (5.6)

We use the word state to denote an energy level into which particles can be put. When we look at the
relevant statistical mechanics we will refer to them as levels to avoid confusion with microstates which include
information about the occupancy of the level.
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Here g(FE) is referred to as the |density of states| .

As an example consider the allowed states for waves described by Schrodinger's equation
for (spinless) particles with mass m in a 1D potential well of length L. Take the potential
V =00 for 0 < 2 and > L. The solutions are the waves (we do not need to worry about
normalisation if we only want to count allowed states)

R2k?
2m
The allowed values of the wavenumber (the k) are evenly spaced along the wavenumber axis

z [ImE \
()

\

by, x sinkp,z, k,=nnw/L and E, =

(5.7)

7 R E
N
L L

The number of states with energy less than E with wavenumber kg is

L L (2mE\"?
N(E)=kg— = — .
() Pr T on ( h? )
We have taken the length kg along the k axis and divided by the spacing of the allowed states.
We are assuming that L is large so that the spacing between allowed wavenumbers is small.
(Small means that the difference in energies of the states is small compared with any other
energies such as kg7 for a system at temperature 7.)

The number of states with energy between F and E + dF is

CdAN(E) . L1 /2m\'? 1
gwME_TE_ML¥§Cﬁ) gz F

L [2m\'? 1
jﬂ@:%(ﬁJ B

We can do the same calculation for solutions to Schrodinger in a 2D box. If the box is
rectangular L, x L,, the allowed states are
h2(k2 + k2
Umn X sink,rsink,y, ky, = m,kn _ T and E,,, = (m——i_”)
) Lx Ly )
The allowed values of k = (k;,,, k,,) lie on a grid in the space of wavevectors k:

A k‘.’t

2m

s
hebly v

l\L ﬁ"jr’ . % y Ry

o _.L.__T—‘f . v
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The area in the space of wavevectors for one allowed state (shaded in green in the sketch
above) is

The number of states with energy less than E (the states in the shaded region in the sketch
on the right) is

l
1 A 2mE |
N(E) = ~alkp|? [ (r2/A) = =222 k . [ImE\ L
il
This is the area of the shaded quadrant divided by the area e
per allowed wavevector A;. As in the 1D case we are as- /
suming that the system is large and the spacing in energy / k
between levels is small. // N
/
The number of states with energy between F and E + dFE is
dN(E) Am
E)dE = E=——dFE.
g(E)d T

We will not derive it here but a similar argument gives the density of states for particles in a
3D box. The results together are

1D g(E)=£<2m)l/2 :

or \ h2 )  EL2
Am

2D g(E) = 72
V. [(2m 3/2

5.3 Quantum Statistics

The Grand Canonical Ensemble allows us to derive two important formulae for the average
occupation of a quantum level by fermions and bosons. Quantum theory tells us that there
are two types of particles.

Fermions These have spin S = 1/2,3/2,.... No two identical fermions can occupy the same
quantum level (je they cannot have the same quantum numbers). This is known as the
Pauli exclusion principle. Examples of fermions are electrons and neutrinos which have
S = 1/2. Composite particles like protons, neutrons and 3He atoms?, can behave as
fermions on energy scales less than needed to probe their internal structure.

Bosons These have integer spin S = 0,1,... . There is no restriction on bosons occupying
the same quantum levels. Examples include photons, gluons W and Z bosons (S = 1).
Composite particles like *He atoms with spin S = 0 can behave as bosons.

2The ®He atom is a bound state of 5 S = 1/2 particles: 2 protons, 1 neutron and 2 electrons with total
spin S = 1/2.
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A - 1 X
We will look first at the case of fermions. V[l)l ul) v S "E \

Consider the system to be a single quantum k‘Zf/L

level in equilibrium with a heat and particle %
reservoir. Normally we can think of the rest of £ T\lkl

a large sy.stem to be the reservoir. An exam- o™ N-2 wmode

ple of a single quantum level for an electron L_j! > 5
would be a single orbital of a hydrogen atom 0 L ¢

with quantum numbers n, [, m and s (see

Section 3.1). Another might be a single quantum level in the box of length L with infinite
potential walls at z = 0 and x = L in one dimension, ¢(z) ~ sinkz, k = nw/L, which
we considered in 5.7. The sketch above shows the n = 2 mode. Since we are dealing with
fermions, this system of 1 quantum level has only two microstates which we call v = 0 (empty)
and v = 1 (occupied) and show schematically below?.

~e~,:5 J=0 Adi V=]

1

ﬁo:O,Na:'O E"ﬁ) Nl"

N

RY

Then
1

Z(T,p) =Y exp—B(E, — uN,) = 1 + ¢ /EH)

v=0

(N)=> Nyp, = Nipy =

1+ e—B(E_H) ’

The average occupation of a single quantum level, (N), is usually denoted by n(F,u) or
f(E, ) and called the |Fermi-Dirac distribution| (FD):

1
n(E, p) = FED 1 (5.9)
This distribution is a function of the variable (E — 1) /kgT" A
o n Mé@—r
Pe 1 s large n —0 E
kgT I
E—p
_ B(E—p)
T <-1 e small n—1 7
E=yu BB =1 n =13 E
7
When T' — 0 the FD distribution sharpens to a step (shown }&

in black in the sketch).

3Here different microstates refer to the same quantum level with different occupations.
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Bosons
For bosons there is no restriction on the occupancy of a single quantum level. If the single
quantum level is in equilibrium with a heat and particle reservoir we have (see 5.2)

Z(T,n) = Zefﬁ(Eu*MNu) =14 e BE-w L ~BRE=2p) | 4 ~NB(E-p) 4

v

B 1
o 1 — e BE—W’
where we have used the formula for the sum of a geometric progression 1+r+r?... =1/(1-r)

with 7 = e #(F=1)_ We can find the average occupancy of the single quantum level for bosons
using 5.4
e~ B(E—p)

1810gZ 10 1
El_e_ﬂE #)ﬁ

B Ou  Bou

This is the ’Bose—Einstein distribution‘ and written

n(T,p) = (N) = [~ log(1 — e #E=1)] =

1

Notes

(i) The Bose-Einstein distribution for the average occupation of a single quantum level
(5.10) differs from the Fermi-Dirac distribution (5.9) only by a sign in the denominator:

1 1
NBE = =~ US Nnrp = —eB(E—;L) n 1

eB(E_N) — ]_
(ii) For the average occupancy to be positive and finite in a system of many quantum levels
for bosons we need ;1 < E for all quantum levels. The case 1 — Fyy is related to what

is called Bose-Einstein condensation (we will come back to this).

5.4 Many-Particle Systems

Systems can have many quantum levels and many particles. Cases of interest involving fermions
include materials (the fermions are electrons), white dwarf stars (electrons) and neutron stars.
In the case of the neutron star it is a less good model to think of the neutrons as point-like
particles. At the pressures involved in a neutron star, the neutrons can be ‘squashed’ and their
internal structure becomes important. Nuclei are another example of a many-fermion system.
Here there are protons and neutrons (both fermions) held together by the strong force.

A model of many-fermion systems treats each individual quantum level for a single fermion as a
system in equilibrium with the other quantum levels. The other quantum levels act as a reservoir
and we don't need to refer explicitly to an external reservoir. The ground state is modeled
by the state in which the quantum levels with E' < 1 are occupied (n = 1) and the levels
with energies above the chemical potential are unoccupied. This is illustrated in Figure 5.1.
Although this model is simplistic, as it does not take explicit account of the interactions between
the individual particles, it is remarkably good and is the basis for understanding metals and
white dwarf stars. It can be adapted to explain aspects of nuclear isotopes.
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Figure 5.1: Model of a many-fermion S = 1/2 system. The levels are labeled by their energy
and the spin state of the fermion (1 or |). In the ground state (lh pane) the levels with the
lowest energies (E < ) are occupied and higher energy levels are empty. Excitations (rh
pane) will empty some single-particle levels with £ < u and occupy single-particle levels with
E > pu.

In many-fermion systems the chemical potential at 7' = 0 is usually called the ’ Fermi Energy EF. ‘

The chemical potential for a closed system is fixed by the total number of particles (we are
treating individual quantum levels as systems and the other levels as the reservoir):

N =Y n(Bw) [ dE9(E)nlE. ).

In the final expression we have labeled the levels by their energy and included the density of
states g(F) (see 5.6). We are assuming implicitly that we are in the thermodynamic limit
where fluctuations are small and we will not distinguish between (N) and N or (E) and E.

We do not want to get into a demarcation dispute with other modules so will not look at
many examples of fermion systems (these will be covered in quantum modules in more detail).
However, we can compute the total number of particles in an electron gas in a box of volume
V' and their average energy at 7' = 0. The density of states is actually twice that given in
(5.8) as each wave state can accommodate a spin 1 and a spin | fermion. We denote the
Fermi-Dirac distribution (5.9) by ngp, i by Ex and introduce the number density p = N/V.

=«

—_—N—
N => gpnep(E, Ep) = V/ aE (ﬁ) E'*npn (E, Er) (5.11)
E 0
V/EFdEE1/2 20VE, = Bpe (g )
o 2 o3
Bt =Y g Enpp(E, Ep) = aV/ dE E3/? = gaVEF/ : (5.12)
E 0

The average energy per particle is Eiot/N = 3Er/5. The Fermi energy E is fixed by the
number density p and is therefore an intensive quantity.

Free Bose Gas
Trying to take over the previous calculation to a system of bosons leads to an interesting
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contradiction and is what led to the prediction in 1925 by Einstein (crediting a contribution
from Bose) of a new state of matter now called a Bose-Einstein condensate. It was first
observed experimentally in 1995 by Cornell and Wiemann in a system of 3’Rb atoms.

If we compute (V) as we did for fermions in 5.11, but using the Bose-Einstein distribution
ngpg given in 5.10, we find (for spin-0 bosons) in a cubic box (V = L3)

© o1 f2m\*? L,
N=> gonge(E,p) =V i B \2) T gen 1
E

w (2mL2kpT\*? [ 2172 3
:Z(W) /0 dxm (we have used x = BE, V = L°).

The problem is that, when " — 0 (5 — o0), the integrand goes to zero for all © < 0. The
case p > 0 is unphysical as there will be a singularity in the integrand at x = [Su and the
integral will diverge (we mentioned that 1 cannot be greater than the lowest available energy
in note (ii) on page 36). With 1 = 0 the integral gives a constant and limits the maximum
number of particles that can be in the system at any non-zero T' to

omL2ksT\*? [ 1/2 omL2kpT\ >
NmaX(T) = Z (m—B) / dl’ v = 261E (m—B) .
0

4 h2m2 e? —1 4 h2m2

known integral

Einstein explained that, if the temperature drops to a value for which Ny, (T) < N (N is
the number of particles in the system), there must be a macroscopic occupation of the lowest
energy level. We missed this by assuming a density of states and ignoring the discrete nature
of the energy spectrum. The condition N = Ny,.«(T..) defines a transition temperature T¢. If
T < T¢, then (N — Npax(T')) particles in ‘condense’ into the lowest energy state while the
remaining Np.x(T') particles behave as a gas of free bosons. This result also ensures that the
entropy of the ideal gas goes to zero as T' — 0 and is not negative as suggested by 4.14.

It was thought for a time that the Bose-Einstein condensate described the superfluid state
found in “He which had been discovered in 1937. However, this state is strongly affected by
the interactions between the atoms and the theory of the Bose-Einstein condensate outlined
here needs significant development to describe the superfluid state of *He correctly.


https://www.nobelprize.org/uploads/2018/06/advanced-physicsprize2001-1.pdf

Chapter 6

Beyond Simple Models

There must be more than systems of non-interacting particles (the ideal gas) or collections of
independent quantum harmonic oscillators in equilibrium! The issues we will mention here are:

(i) The entropy of a closed system increases until the system reaches equilibrium. Where
in the microscopic theory does this come from and how fast does a system approach
equilibrium? We will mention the idea of detailed balance and Boltzmann's ‘H-theorem’.

(ii) The relation to information theory. Shannon developed what is now called information
theory. He found a measure of information content, which bounded the number of bits
needed to encode a signal. This is closely related to what we have been considering.

(iii) How to model interaction effects.

The Arrow of Time
When Humpty Dumpty had a great fall:

All the king's horses and all the king's men
Couldn't put Humpty together again*

When asked why, some Warwick students
suggested:

They couldn't find all the pieces
What do you expect if you use horses?

The second answer seems unkind to the A
horses—they look as if they want to do their {

best. The general idea is that time only goes

forward and things can't be undone. There is a relentless drive towards equilibrium. How this
relates to microscopic theories of particles (classical or quantum) is an important foundational
question in the business.

Hllustration by H. Willebeck Le Mair, from A. Moffat Our Old Nursery Rhymes, Augener, London 1911

39
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We write that the rate of change of the probability, that a microstate is occupied, is given by

in from v out to v

dpl/ rz Tw/pu’ - Z Tu 'vPy -

Now we assume the ’Principle of Detailed Balance‘ which states that equilibrium configura-

tions satisfy ‘T,,l,/pff} = Tl,/,,piq‘ . Here the transition rates 7T,,, depend on the microstates v

and v/ but not on the p,. Detailed balance ensures that there is no time-dependence of any
of the probabilities for the occupation of any microstates in equilibrium.

In the microcanonical ensemble p¢? = p°! (see section 1.2) so that detailed balance implies
T,, =T, for all states in the microcanonical ensemble. Then

de Z Tw/ D — pz/ (61)

For a two-microstate system, if p; > po, then p; decreases as a function of time while, if
p1 < p2, p1 will increase. The system will be driven towards the equilibrium case where
p1 = p2. This argument can be generalised to the case with an arbitrary number of states.

Boltzmann's H-theorem considers the quantity
—> " pu(t) log, p,(t). (6.2)

H has the same form as the Gibbs entropy (2.8) but without the factor of k5. We will keep the
subscript e on the log temporarily to emphasise that this is the natural log. We will contrast
this with the information entropy we discuss later. It is called H for historical reasons even
though it's essentially the entropy (H is what Boltzmann called it). If we compute the rate of
change of H we find using the assumption of detailed balance that

& pu=0
dH d d
- _ pV pV — — / ;7 —
it 0P ) = 2 Z Ty (pur — 1) loge pu (1)

= - Z Tw/ Py — Pv loge by (t)

v,/

The last line follows as v and v/ are dummy (summed-over) variables and we have switched
them round. Adding these two expressions and dividing by two gives

dH 1

= 3" T (0 = 1) (log. (1) — log pur(t)) 2 0. (63)
v,/ 26

This is known as Boltzmann's H-theorem. We interpret it as saying that the entropy of a

closed system increases to its maximum in equilibrium (when 4 = 0).

The H-theorem is a result of assuming detailed balance. Newton's laws (or quantum theory)
tell us how particles come out of collisions. The system comes in in one microstate and comes
out in another. Newton's laws allow the system to run backwards in time, ie we could reverse
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the outgoing velocities and treat them as the incoming velocities. The system would trace out
the incoming states but running backwards in time. Assuming detailed balance means that
this cannot happen. The system comes out of collisions, or interactions with boundaries, in
a distribution of microstates which are characterised by probabilities. Information about the
exact state of the system, and about previously occupied microstates, is lost in collisions. This
is called the assumption of ’ molecular chaos. ‘ It is at this point that the arrow of time is set.
We can only go forwards and entropy must increase. How fast equilibrium is reached is fixed
by how often collisions or interactions occur and how fast information is lost in such collisions.
This is an area of great interest. Some systems lose information more slowly than others (see
this video for example).

6.1 Information Entropy

Entropy has become an important concept in the study of signal processing. In 1948 Shannon
published his proof of the information coding theorem. He defined the information content of

an outcome to be ]
h; = logy —, h is measured in bits.

Note that the word bit should not be confused with the idea of a bit as part of a binary
sequence. The word outcome labeled here by ¢ has replaced the word microstate from statistical
mechanics, which we labeled by v. An example might be the next letter in a text (see below).

This suggests that small values of p; mean more information. Why is this sensible? Perhaps
the following example may help understand why rare outcomes carry more information. If you
are struggling to solve a crossword puzzle, you hope the letters from words you already have
will help find solutions to clues for words that share these letters. Your heart probably sinks if
the letter is ‘e’ or ‘a’ as far too many words contain these letters. If the letter is a ‘j’ or V',
you get more help because far fewer of these letters appear in English words.

If h; measures the information in an outcome the average information of all outcomes in an
ensemble of possible outcomes is

1
H = Zpi log, o H is also measured in bits. (6.4)

This is the quantity that Shannon wanted to call the uncertainty of the ensemble. He said

“My greatest concern was what to call it. | thought of calling it ‘information’, but the word was
overly used, so | decided to call it ‘uncertainty’. When | discussed it with John von Neumann,
he had a better idea. Von Neumann told me, 'You should call it entropy, for two reasons.
In the first place your uncertainty function has been used in statistical mechanics under that
name, so it already has a name. In the second place, and more important, no one really knows
what entropy really is, so in a debate you will always have the advantage.”.

Of course he had to call it the information entropy as it is defined in the same way as Boltz-
mann's H function (6.2).

2Quotation from Mclrvine, Edward C. and Tribus, Myron (1971). Energy and Information Scientific Amer-
ican 225(3): 179-190


https://www.youtube.com/watch?v=p08_KlTKP50
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The information coding theorem that Shannon proved is that H is the minimum number of
bits needed to encode the data associated with the possible outcomes. For example, to encode
the outcomes of a single coin toss of a fair coin,

1 1 1
szpilogzg=§log22+§10g22:1 as log,2=1.

We need only 1 bit, which we knew before starting (1 for H and 0 for T would do it). Another
example relates to data compression.

My source for the following discussion is Information Theory, Inference and Learning Algorithms
by David MacKay. The table (below) shows the probability distribution for the letters and a
space in English (taken from a manual for Linux). If we compute the information entropy
of the letter outcomes (including the space) we obtain 4.1 bits. Note this is less than we
would obtain if we assumed all the letters were equally likely, which would be 4.5 bits. As the
letters are incorporated into words, there is less randomness than the choice of letters suggest.
Combinations of letters contain information about the missing letters. Shannon estimated that
only 2.62 bits were necessary to encode English text. Currently encoding is mostly done using
ASCII (American Standard Code for Information Interchange). This encodes all the symbols
using 7-bits but is actually an 8-bit code as information is transmitted as bytes (1 byte = 8 bits).

Compression is about reducing redundancy in sig- | B | a | Li
P _ g Y IN SIg- 13 0057510 j 00006 |19 s 0.0567
nals. Lossless compression uses whatever it canto 2 b 00128 |11 k 0.0084 |20 t 0.0706
reduce the number of bits needed to be transmitted 3 ¢ 0.0263 | 12 | 0.0335 |21 u 0.0334
or stored by getting as close to the Shannon limit 4 d 88;?2 13 m 88232 ;g v 88(1)5153

: s . 5 e 0. 4 n .05 w 0.

as p.055|b|e. The I|m|t gives the minimum nlfmb_er 6 f 00173115 o 00689 |24 x 0.0073
of bits needed but is not an algorithm for doing it. - g 00133|16 p 0019225 y 0.0164
Th < also | . hich i lated 8 h 0.0313 |17 g 0.0008 | 26 z 0.0007
ere I1s also lossy compression which Is relatea to 9 i 00599 |18 r 00508 |27 - 01928

how to extract a clean signal from one containing
noise. If the probability of regenerating an individual binary bit is 1 — ¢, with 1 > ¢ > 0, how
accurately can one reproduce a sequence of N bits. The theorem Shannon proved is that, for
a signal using N independent identically distributed random variables (the bits), you can get
away with almost any J (even ones which are not tiny) provided you make N large enough. An
amusing imagined discussion with Shannon of how long to make the block size NN is available
here (see page 27).

You might be asking whether the form for the entropy introduced by Gibbs and later Shannon
is unique. Shannon proved that it is. He showed that it is the only function satisfying the
following three requirements which we would expect of an entropy

1. It is unaffected by adding an outcome/microstate with p; = 0;
2. It is maximised when the p; are the same;
3. It is additive if systems with uncorrelated probabilities are combined.

In the context of thermodynamics the 3rd result is the idea that we expect the entropy to
be an extensive quantity, so that a system that is twice as large has twice the entropy. As
we mentioned in the context of the thermodynamic limit (see page 31) we need to careful
about assuming extensivity for all systems. The question of extensivity is explored further in
an example on Euler’s relations on the examples sheet. A discussion of these properties can
be found in Jim Sethna's book. The lecture notes Statistical Mechanics by Matthew Schwartz


https://www.inference.org.uk/itprnn/book.pdf
https://www.inference.org.uk/itprnn/book.pdf#page=27
https://sethna.lassp.cornell.edu/StatMech/EntropyOrderParametersComplexity20.pdf#page=136
https://schwartz.scholars.harvard.edu/sites/g/files/omnuum7046/files/schwartz/files/physics_181_lectures.pdf#page=85
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are also good on this topic. Shannon's original paper is archived in different places. At the
time of writing it can be found here.

6.2 Interacting Systems

The ideal gas law (4.13) PV = NkgT describes a gas in which there are no interactions
between particles (we set U(r"¥) = 0 in 4.11). In real gases interaction effects are important.
For example, gases will change state to become liquids or solids at low enough temperatures
and/or high enough densities and this is the result of interaction effects.

Progress on treating interactions usually means making approximations. The most common
of these is called mean-field theory. Interactions, which involve a two-body interaction, can be
replaced by a one-body interaction:

1
Ur) = 5 Zu(ri,rj) — Zuav(ri).
i#j i
The factor of 1/2 is needed to ensure that each interaction is counted only once. The potential
Uay (7;) is computed by averaging over the positions of the other particles®. Each particle now
sees an average potential of the others and no longer sees the other particles individually.

In many gases the interaction between molecules is modeled well by potentials like a Lennard-

Jones potential
(ri, ) no ) (Y (6.5)
u(ry, r;) = u — - — . .
SR AN [ri — 7]

At short distances the interaction is strongly repulsive while at larger separations it is attractive.
For the case of a gas the effects of the potential are well-captured by two parameters. We
say that particles cannot come close together. This is modeled by an excluded volume V' —
(V — Nl;) where b > 0 describes the effect of the strong short range repulsion and N is
the total number of particles. Each particle also feels an attraction to other nearby particles.
Providing the interaction scales to zero quickly with distance (and 1/r° is quick), the average
potential energy will be proportional to the strength of the interaction multiplied by the number
of particles with which a particle interacts strongly. This number is estimated by the volume
Vo , in which the interaction is large, multiplied by the density of particles N/V:

Uy = —uo%g = —Ezg, with @ > 0. (6.6)
The effects of the interaction have been parametrised by @ and b. While these can be estimated
from the original potential (6.5), their values are often taken from experiment.

We put u,, into the expression for the partition function (4.11) and take account of the
excluded volume effect V' — (V' — Nb) when computing the integrals over space. This gives

Z = const (2rm kBT)3N/2/ drNe—BUE")
v
. i N
= const’(2rm kgT)*N/? ((V — bN)eBa(N/V)> . (6.7)

3The simplest mean-field approximation assumes that particles are evenly distributed so that w., (r;) =
J d3r pou(r;,r), with py the particle number density.


https://web.archive.org/web/20090216231139/http://plan9.bell-labs.com//cm//ms//what//shannonday//shannon1948.pdf

CHAPTER 6. BEYOND SIMPLE MODELS 44

Using F' = —kgT'log Z, we obtain

. 3N N

F ~ —kgTNlog(V —bN) — TkBTlog(Zﬂm kgT) — N&V — kg log(const’)
OF NkgT  _N?

- — N ———= — (—-
WVlry V-Nb V?

The ideal gas equations are usually written in terms of quantities involving moles rather than

individual particles. We write N = nA where A is Avogadro’s number and n is the number
of moles, and we introduce a = A%G and b = Ab. This gives (aN? = an?, bN = bn)

P = (6.8)

VQ

(P + a”—Z) (V —nb) = nAkpT or <P + %) (v —b) = RT, (6.9)

where the molar volume v = V/n. R is the ideal gas constant.

Equation 6.9 is called the ’van der Waals equation ‘ . In the limit of low density 1/v = n/V —
0 it becomes the ideal gas law 4.13. The factor v — b describes the excluded volume effect.
The drop in pressure a/v? comes from the thermal energy doing work against the attractive
forces between particles and not just contributing to the particles’ kinetic energy as in the ideal
gas case. (Remember that pressure comes from particles banging into the walls - the faster
they move the greater the pressure.)

The van der Waals gas provides a model 20
of the condensation of a gas into a liquid.
The compressibility of the system described 1.5
by (6.9), B = —vdP/0v, can become nega-
tive. A negative B implies instability—if de- o 19
creasing the volume leads to a lower pressure
the system will collapse. This instability is 05
associated with the system finding another :
phase, in this case the liquid phase. Working S

. 0.0 "
from (6.8) we find 05 1 5 10

oP RT 2a

- - _- _ == Isotherms for the vdW gas. P and v are in units of

ov (U — b)2 v3 their values at the critical point P. and v.. The dotted
line shows the region of negative compressibility. The
system finds an equilibrium pressure P, between liquid
(low v) and vapour (high v) phases.

X critical point

Finding points where —0P/0v = 0 means
solving a cubic equation for v. At high tem-
peratures there are no solutions with v > b
and the system is a gas. At lower temperatures there are two solutions to this equation at Py,
and Py, (see diagram). At a critical temperature T, there is only one value where —0P/0v = 0.
The isotherm at T' = T, separates the part of the P, v space, where the system is always a
gas, from the region in which there is coexistence of both phases. We will not pursue this
further here. It and other models are the basis for the analysis of phase transitions generally,
which is a major area in the study of statistical mechanics.

The vdW model is a mean-field theory. We have modeled the two-body interaction between
molecules by an average one-body potential. This should be a good model when the interaction
effects are weak compared to thermal effects as happens at low densities and high temperatures.
The model explains why gases cool when they expand and heat up when compressed. When a
gas expands it does work against the attractive forces between molecules and this is described
by the volume dependence of u,, in (6.6).
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6.3 Conclusion

That's all for this module. We have concentrated on the importance of Boltzmann's and
Gibbs’ formulas for the entropy. Applications of these ideas will be covered in later modules.
The module Statistical Physics develops many of the concepts covered here including models
of phase transitions, the van der Waals gas and configurations of large organic molecules in
which entropic effects are dominant over energetics. It introduces some modeling of random
fluctuations. The time-dependence of systems not in equilibrium and the role of collisions are
studied in Kinetic Theory. Applications include modeling of random fluctuations in diffusion
processes, which are behind conduction of heat and electricity, and movements in financial
markets. The importance of the Fermi-Dirac distribution, and quantum statistics in general,
are explored in Quantum Mechanics and its Applications, Condensed Matter Physics (CMPI),
CMPII and Advanced Quantum Theory .


https://warwick.ac.uk/px3a7
https://warwick.ac.uk/px449
https://warwick.ac.uk/px262
https://warwick.ac.uk/px385
https://warwick.ac.uk/px446
https://warwick.ac.uk/px453

Appendix A

Probability and Combinatorics

Probability theory often refers to random variables. We will take a random variable to be
one that is numerical and associated with a measurement. Its value in each measurement is
determined by chance. For example a coin toss can lead to a Head (H) or a Tail (T). The coin
toss could be described by the random variable x, with x =1 for H and x = —1 for T. A die
might have numbers 1 to 6 on its faces and these would be the natural allowed values of the
random variable.

Random variables are characterised by probabilities for outcomes. Examples include the coin
toss or the result of throwing a cubic die. In the case of the die we would denote by p; for
i = 1,6 the probability that the random variable associated with the result of the the throw
of the die is equal to i. After a throw the die must show one face or another so that

6
Zpi =1 where p; >0. (A1)

=1
This is referred to as normalisation.

We can also have continuous random variables. For example, the random variable = might be
the height of people aged over 18. In such cases we might ask what is the probability that
the measured value lies between two values. f; P(z)dz gives the probability that the value of
the random variable lies between a and b. The quantity P(x)dx is dimensionless which means
P(z) has the inverse dimensions of .

Mean and Variance
When characterising the results of measurements, commonly used averages are the mean p
and variance 02. These are defined for discrete random variables via

p=(z) = sz% and o = sz‘ (2 — ()" = (&%) — (2)*. (A.2)

Here we are using the angle brackets () to denote the average. For example, we can compute
the average of some function of x:

(@) = S pif (@),

46
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For a random variable that is continuously distributed with probability density P(x) the corre-
sponding definitions are

w=(x)= /dx P(z)r and 0% = /da: P(z) (z — (z))* = (2%) — (z)2. (A.3)

4 N\
Name Confusions

The strict definition of a random variable is that it is the function that maps outcomes,
eg Head or Tail in a coin toss, to numbers (we chose 1 and -1). It is a function and
actually neither random nor a variable. However, we will assume that the random events
are the random variables and not worry too much about being precise about language.
The language of classifications has been confusing people for a long time and not just in
probability theory. Alice had a famous exchange with the White Knight when he insisted
on distinguishing between a song, its name, what the song is called and what the song's
name is called! )

-

Combinatorics
It is important to know something about combinatorics.

An example question might be how many ways are there to seat n people on N + n chairs.
The answer is (N + n)!/N!. We can see this as follows. If we imagine there are N + n
people in N + n chairs, there are (N + n)! ways of ordering them: (/N + n) choices for first
selection, (N 4+ n — 1) for the second and then all the way down to 1 choice for the last
selection. Now N of these selections relate to non-people or empty chairs. For each allocation
we can interchange any of the non-people and get the same distribution of the n real people
on the chairs. Since there are N'! ways of doing this, we have to reduce the (N + n)! different
orderings by the factor N! giving the final result (N + n)!/N!.

As entropy is related to log €2, where ) is the number of distinct states (see 1.3), we will need
the log of the number associated with the different ways of arranging things. We therefore
quote a widely used approximation namely Stirling's formula (log here means natural log)

log Nl =~ Nlog N — N. (A.4)

The formula is usually used with just these two terms. Higher order corrections are known
with the first being a term +log(v/27N). A rough and ready derivation writes
N N
log N! = Zlogj %/ dr logx = Nlog N — N + 1.
=1 !

This gets the first two terms (the ones we need) right. One has to work harder to get the
constant and higher order terms.

The allocation of people to chairs is similar to that of energy quanta among oscillators. If
we have () quanta to allocate to NV oscillators, the entropy will be related to the number of
distinct ways of allocating these quanta to the oscillators. We think of there being (Q+ N —1)
objects. N — 1 objects will be boundaries between different oscillators with the remaining @)
objects being the energy quanta. For example if there were 3 oscillators there would be 2
boundaries. Energy quanta to the left of the first boundary would be taken to be the energy


https://www.alice-in-wonderland.net/resources/chapters-script/through-the-looking-glass/chapter-8/
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in the first oscillator. Quanta between the first and second boundaries would be in oscillator
two and quanta to the right of the second boundary would be in the third oscillator. This is
illustrated for three different allocations of four quanta in the three oscillators in the sketch
below.

: whe , .
(,3/--43 1c';;bu|lg\rwg —> (N-% lqOUJVL}f\-U)/ (Q“'N-N OLJJCLh

Exempla g 10 sk :
,2 bowwdﬁm
-7

lk '

. | 4 .
_2_+f~'+_ __1__:0# 7 ___~4‘_0Jro
21 202 400

The problem is now similar to the people and chairs problem with (QQ + N — 1) chairs and
() people. There is one added difference. Unlike the people we cannot distinguish between
the energy quanta. There are Q! ways of arranging () quanta which are all equivalent. The
result for the number of distinct ways of allocating the quanta to the oscillators is (QQ + N —
D!/(N —1)!IQ!. These different arrangements would be the microstates of the system. The
equilibrium entropy would be given by (using Stirling's formula)

izlogQ%(Q—i—N—l)log(Q+N—1)—(N—l)log(N—l)—QlogQ

ke
=Q(log(Q+ N —1) —log @) + (N — 1) (log(Q + N — 1) — log(N — 1))

— Olog {H(Nc; 1)} 4 (N = 1)log {1+ (Nci 1)]




Appendix B
Lagrange Mutipliers

We sometimes need to minimise or maximise functions subject to constraints. Examples in
statistical mechanics include the free energy as a function of the probabilities of occupation of
microstates in a system at constant volume and temperature. The constraint is that the sum
over all probabilities must be one.

A

Figure B.1: A surface g(z,y,z) = constant (in blue) and a tangent plane to this surface at
the point A. The gradient vector Vg at A is perpendicular to the tangent plane. If we are
seeking stationary points of another function f(z,y, z) subject to a constraint that g(x,y, 2)
is constant, we need to find points at which V f is parallel to Vg. These are the points at
which the variation of f in the tangent plane of g is zero.

The method of undetermined Lagrange multipliers provides a helpful technology. To illustrate
the method consider a function of three variables, f(z,y, z), for which we would like to find the
stationary points subject to the constraint g(x,y, z) = constant. The set of points satisfying
this constraint is a surface indicated in blue in the figure. For changes in (x,y, z) at the point

A we have
dg =Vg-dr =|Vg||dr|cosb,

where 6 is the angle between Vg and dr. If 6 = 7/2, g remains constant.

49
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We need to consider variations in f at the point A for changes in position which lie in the
tangent plane to the surface g = constant. If f is to have a stationary point at A for variations
constrained to lie in the tangent plane to the surface of constant g, f can only vary in the
direction perpendicular to this plane. V f must therefore be parallel to Vg:

Vf=AVg or V(f—Xg) =0.

We look for points satisfying V(f — Ag) = 0. The quantity \ is called a Lagrange multiplier.
It is the constant of proportionality between V f and Vg. (It is sometimes called undetermined
because we are only requiring that the two gradients are parallel.)

As an example, we can repeat the calculation showing that miminising the free energy for a
system at fixed 7" and V' leads to the correct Boltzmann factors. In section 4.2 we did this by
solving for the constraint. If there are {2 states in total, the constraint Zy p, = 1 means that
there are only €2 — 1 independent variables. We wrote pq in terms of the other 2 — 1 values
py. The function f becomes the Free energy F' and the function g the constraint on the sum
of the probabilities. Using a Lagrange multiplier gives (here the variables are the p,,)

F=(B)-TS

ap S pEy + kT Zpy log py —A Zpy
H 14

= EM+kBTlong+kBT— A

£ —1 or p, xe PBu

= logp, = T

which is the Boltzmann factor. This what we obtained in (4.7) when we solved the constraint
explicitly (we wrote pq in terms of the other (2 — 1) variables).
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