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Statistical Mechanics Problems

These problems are not for credit. You will get most from them by trying to solve them
yourself before looking at answers. They are listed in roughly the order the relevant material
is covered in lectures. I will add answers as the module progresses, typically a week after we
have covered the material in lectures.
** indicates questions which are extensions of material covered in lectures.

1. Combinatorics
How many different ways are there to arrange the letters in “mechanics”?
How many different ways are there to arrange the letters in “statistical”?
(Appendix A helpful covers the aspects of combinatorics relevant to these questions.)

2. Microstates

(a) Give all the states for 3 quantised harmonic oscillators with E = 3ℏω and E = 4ℏω.
Here E is the total energy ignoring the zero-point term.

(b) We showed in the lectures that there were 6 states for 3 oscillators with E = 2ℏω
(negelecting the zero-point energy). Show that this result and your results for E = 3ℏω
and E = 4ℏω are consistent with the number of states Ω being given by

Ω =
(Q+N − 1)!

Q!(N − 1)!
where Q =

E

ℏω

and N is the number of oscillators.

3. Stirling’s Formula
Stirling’s formula for logM ! is

logM ! ≈ M logM −M.

Use this to show that the entropy of N oscillators in thermal equilibrium containing Q quanta
of energy is given approximately by

S = kB

[
Q log

(
1 +

N − 1

Q

)
+ (N − 1) log

(
1 +

Q

(N − 1)

)]
.

You should assume formula for Ω given in question 2.

4. The meaning of never
It has been said that a room full of monkeys typing at random would eventually reproduce
the works of Shakespeare. Estimate how long it would take for forty monkeys to type the line

To be, or not to be - that is the question;

There is an interesting discussion about this line here.
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5. System and Heat Bath
Consider the system of 3 oscillators in question 2. Suppose we were to identify the first
oscillator as our system and the other two oscillators as our (albeit very small) ‘heat bath’.
Label the probability of occupation of a microstate of the system (oscillator 1) with ν quanta
of ℏω by pν . Show that for the case Q = 3, N = 3

p0 = 4/10, p1 = 3/10, p2 = 2/10, p3 = 1/10, pν>3 = 0.

Check that in each case the answer is proportional to the number of different states of the
‘heat bath’ containing Q−ν quanta of ℏω. Find the corresponding results for the case Q = 4
and N = 3.

6. Temperature of a heat bath
Any large system could act as a heat bath. A system of N harmonic oscillators with E = Qℏω
(ignoring the zero-point energy) might be an example. Use the result of Question 3 and

1

T
=

∂S

∂E
=

1

ℏω
∂S

∂Q
to show that kBT =

ℏω

log
(
1 + N−1

Q

) .
Show that in the classical limit Q/N ≫ 1 this is approximated by

kBT ≈ Q

N − 1
ℏω.

You should use that, for |x| ≪ 1, log(1 + x) ≈ x.

7. Energy Fluctuations

(a) Estimate the size of a typical energy fluctuation of 1 kg of water at 300K. Take the
specific heat of water at 300K to be 4200 JK−1 kg−1.

(b) Estimate the change in entropy when 1 kg of water in thermal equilibrium at 300K is
heated by 1K. You should use

∂S

∂E

∣∣∣∣
V,N

=
1

T
, ∆S ≈ ∂S

∂E
∆E.

(c) Working from S = kB log Ω, estimate the factor by which the number of microstates
increases when the temperature of the 1 kg of water rises from 300K to 301K.

8. Boltzmann Distributions

(a) Energy is often expressed in temperature units. Boltzmann’s constant kB is the conver-
sion factor between Joules and Kelvin. What is room temperature expressed in millielec-
tronvolts?
Charge on electron: e = 1.6× 10−19C, Boltzmann’s constant kB = 1.38× 10−23 JK−1.

(b) A system has two states with energies E1 = 0 and E2. Find the probabilities p1 and p2
that states 1 and 2 are occupied when the average energy in the system is i) 0.1E2 and
ii) 0.4E2 and iii) ⟨E⟩ = 0.5E2.

(c) Assuming the system is in contact with a heat bath, find the temperatures for the three
cases in part b).
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(d) For the two-level system of parts b) and c) what is the corresponding temperature if
⟨E⟩ = 0.6E2? Any comment?

9. A 2-level system
A small system has two energy levels and is in equilibrium with a heat bath at temperature T .
The lower level has energy E1 = 0 and degeneracy g1 and the upper level has energy E2 = ∆
and degeneracy g2.

(a) Compute its partition function.

(b) Show that the mean energy in the system and its heat capacity are given by

⟨E⟩ = ∆(
g1
g2

)
e∆/kBT + 1

and CV =
∂⟨E⟩
∂T

=
e∆/kBT[(

g1
g2

)
e∆/kBT + 1

]2 g1g2 ∆2

kBT 2
.

(c) Show that in the limit kBT ≫ ∆, the heat capacity becomes

CV ≈ kB
1[

g1
g2

+ 1
]2 g1g2

(
∆

kBT

)2

.

(d) The Cr3+ ions in chromium methylamine alum (CH3NH3·Cr[SO4]2·12H2O) have two
energy levels which are both doubly-degenerate (g1 = g2 = 2). Between 0.4K and
1K the heat capacity per Cr3+ ion is well approximated by CV = kB(T0/T )

2 where
T0 = 0.14K. Using the formula from part (c), deduce the energy separation between
the two levels.

10. Spin-1, a 3-level system
We looked at a spin-1/2 system in the lectures. Sometimes the states of magnetic ions in
materials can be modeled by larger spins. (These spins are models of the lowest lying states
of multiple electron states not new fundamental particles!) For the case of S = 1 ions there
are three states, those with s = 1, 0,−1. In a magnetic field the energy of the states is

Es = −gµBB s.

Here µB is Bohr’s magneton. Take g to be 1.

(a) Show that the partition function and the expected value of s are given by

Z = 1 + 2 cosh
µBB

kBT
and ⟨s⟩ =

2 sinh µBB
kBT

1 + 2 cosh µBB
kBT

.

(b) The susceptibility of a spin system1, χ, is defined as

χ =
∂⟨s⟩
∂B

.

It measures the response (induced change in ⟨s⟩) to changes in magnetic field. Derive
an expression for χ and show that in the limit B → 0

χ =
2

3

µB

kBT
.

1The idea of the name susceptibility is to measure how susceptible (likely to change) some quantity is (here
the average value of the spin) when ’pushed’ by an applied field (here B). The most common susceptibilities
are magnetic susceptibility ∂m

∂B and the dielectric equivalent ∂p
∂E . Here m and p are the magnetisation and

electric polarisation of the system. These will be mentioned in the second half of this module.
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11. A rotating molecule
The rotational excitations of an asymmetric diatomic molecule, such as NO or CO, have
energies

ϵR =
ℏ2R(R + 1)

2I
.

R is a quantum number which takes integer values between zero and infinity. I is the moment
of inertia.

Each state labeled by R is (2R + 1)-fold degenerate.

(a) Show that the partition function for the system at temperature T , Z =
∑

ν e
−βEν where

β = 1/kBT , can be written

Z =
∞∑

R=0

(2R + 1) exp

[
−−ℏ2R(R + 1)

2IkBT

]
.

Find an expression for logZ valid in the limit kBT ≪ ℏ2/2I.
(b) By treating the sum over R as an integral, find an approximate expression for Z valid for

high temperatures and hence find the average rotation energy ⟨Er⟩ and heat capacity
CV .

(c) Do the results for ⟨Er⟩ and CV in part (b) agree with classical results (classical results
means energy kBT for each degree of freedom).

12. Relation of Statistical Mechanics to Thermodynamics
For infinitesimal changes of a gas moving between equilibrium states (quasistatic changes)
the laws of classical thermodynamics are equivalent to the statement

dE = TdS − PdV.

We will show that this is consistent with the definitions of statistical mechanics:

S = −kB
∑
ν

pν log pν , E =
∑
ν

pνEν and P = −
∑
ν

pν
∂Eν

∂V
.

(a) Show that for infinitesimal changes of the equilibrium probabilities pν

dS =
1

T

∑
ν

Eνdpν .

(Use
∑

ν dpν = 0 and pν = e−Eν/kBT/Z .)

(b) With result of part (a), show that

dE =
∑
ν

pνdEν + TdS.

(c) If in a quasistatic change the gas expands by an amount dV , write

dEν =
∂Eν

∂V
dV

and show that the pressure P is as given at the start of the question:

P = T
∂S

∂V

∣∣∣∣
E

.
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13. Thermodynamic Potentials
In the lectures we stated the second law for a system in the grand canonical ensemble

TdS ≥ dE + PdV − µdN.

The corresponding result for the enthalpy is

dH = dE + PdV + V dP ≤ TdS + V dP + µdN.

This implies that H = H(S, P,N) in equilibrium (the ≤ becomes = for equilibrium states).

Find the corresponding results for F = E − TS and G = E − TS + PV .

14. Euler Relations (**)
We have perhaps rather glibly asserted that quantities like internal energy and entropy are
extensive quantities (they grow linearly with system size). Requiring functions to be extensive
is a strong constraint. What we want is for a function to satisfy

f(cx) = cf(x), choosing c = 2 would mean doubling the quantity x.

(a) Differentiate the relation above with respect to c to show

f ′(cx)

f(x)
=

1

x
. Now choose c = 1 and show that f(x) = αx,

with α a constant. The relation must be true for all c meaning we are free to choose
c = 1. This result is due to Euler and is called Euler’s homogeneous function theorem.

(b) You should have found in question 13 that the second law implies G = G(T, P,N).
Here N is the only extensive variable. Convince yourself that Euler’s theorem from part
a) implies

G = αN, where α = α(T, P ) =
∂G

∂N

∣∣∣∣
T,P

.

Look up the definition of the chemical potential and deduce that G = µN .

(c) What happens when more than one variable is extensive? For example, the second law
implies S = S(E, V,N) which means S is a function of 3 extensive variables. Now
we need to find a function f(cx, cy, cz) = cf(x, y, z). Differentiating with respect to c
gives:

x
∂f

∂(cx)
+ y

∂f

∂(cy)
+ z

∂f

∂(cz)
= f(x, y, z).

Choosing c = 1 and f = S, identify x, y and z with E, V and N and the various
derivatives of S with thermodynamic quantities. Show that this leads to

E = TS − PV + µN.

The name refers to Euler who established the conditions on what we call extensive
functions (part a). Euler lived in the 18th century before thermodynamics was invented
but his name is attached to this relation as it is a consequence of his result. The Euler
relations have to be used carefully as quantities you might expect to be extensive are
not always extensive. This is related to the existence or otherwise of the thermodynamic
limit which is discussed in the lecture notes.
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(d) Use a similar argument to that from part (b) to show that

F = −PV + µN and H = TS + µN.

(You will need the results from the previous question that F = F (T, V,N) and H =
H(S, P,N).)

15. The Maxwell-Boltzmann Distribution
In the ideal gas, the probability of a particle having momentum p = (px, py, pz) is proportional
to a Boltzmann factor

f(p) ∝ e−(p2x+p2y+p2z)/2mkBT .

(In an ideal gas there are no interactions between particles and so the distribution function is
independent of position. Note that we are using f as our symbol. In classical physics this is
usually called a distribution function. Using f avoids confusion between p standing for both
probability and for the magnitude of the momentum p = |p|.)

(a) Show that normalising the distribution gives the probability of finding a particle within
d3p = dpxdpydpz about p as

f(p)d3p =
e−(p2x+p2y+p2z)/2mkBT

(2πmkBT )3/2
d3p.

You should assume that
∫∞
−∞ dx e−αx2

= (π/α)1/2.

(b) By changing variables to spherical polars, dpxdpydpz → p2 sin θpdθpdϕpdp where p =
|p| = mv, show that the probability the particle has speed v is

f(v)dv =

(
2

π

)1/2(
m

kBT

)3/2

v2 e−mv2/2kBTdv.

This is called the Maxwell-Boltzmann distribution.

(c) Show that the most probable speed is vp =
√
2kBT/m.

(d) The root mean square speed, given by v2rms = ⟨v2⟩, can be calculated from the Maxwell-
Boltzmann distribution by doing integrals. However we can obtain the answer directly
by appealing to the equipartition theorem (this relates the average kinetic energy to the
temperature). Remind yourself of the theorem and use it to find vrms.

(e) Sketch f(v/vp).

16. The Fermi-Dirac distribution

If f(E − µ, T ) =
1

eβ(E−µ) + 1
show that 1− f(E − µ) = f(−(E − µ)), β =

1

kBT
.

17. Entropy of fermions
To calculate the entropy of a many fermion system, we can think of each quantum level i
as a separate system and add the contributions of these separate systems. We want to show
that this leads to

S = −kB
∑
i

fi log fi + (1− fi) log(1− fi).

Use the label i to denote the quantum level. There are two microstates for this one quantum
level for fermions. These would be empty and occupied. Now use Gibbs’ definition of the
entropy.
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18. A system containing N identical non-interacting fermions has 2N distinct states, 2N/3
with zero energy, 2N/3 with energy ϵ and 2N/3 with energy 2ϵ.

Write
N =

∑
ν

f(Eν , µ),

where f(Eν , µ) is the Fermi-Dirac distribution and find a condition for µ. Show that this is
solved for all T by µ = ϵ. Show that the total energy of the system is

2

3
N

[
ϵ

2
+

2ϵ

eβϵ + 1

]
.

19. The arrow of time
Molecular chaos is the name given to the randomisation of degrees of freedom in collisions
between particles or with boundaries. It can also be interpreted as loss of information about
the exact state of the system. What is usually going on is that information is transferred to
degrees of freedom that are not being tracked as part of the system. List some of the degrees
of freedom that these might be for the case of collisions with walls or between particles.

20. van der Waals Gas (**)
Write the vdW equation given in the notes in the form

P =
RT

v − b
− a

v2
.

The figure shows three isotherms, one
with T > Tc where P is a monoton-
ically decreasing function of v, one
with T = Tc (shown in blue) which
has a point of inflection at what is
called the critical point, and one with
T < Tc which has a local minimum
and maximum at Ps1 and Ps2. P , T
and v have been scaled by their values
at the critical point.

critical point

Ps1

Ps2
Peq

0.5 1 5 10
0.0

0.5

1.0

1.5

2.0

v

P

The dotted line in the figure shows the locus of points over all T < Tc at which ∂P/∂v = 0
and is called the spinodal curve. Inside this curve the gas would be unstable (a small decrease
in volume would decrease the pressure as ∂P/∂v > 0, and the volume would continue to
decrease).

For the isotherms with T < Tc, the figure might suggest that any pressure between Ps1 and
Ps2 would be possible. But this is not the case. The system has to be in equilibrium with
itself. Some of the gas will be liquid (the low v/vc solution) and some will be vapour (the high
v/vc solution). These two components will only be in equilibrium at one particular pressure
Peq shown by the horizontal dashed line, which we need to determine.

(a) What would happen in a system with ∂P/∂v > 0 if the volume increased slightly?

(b) Find the critical point values Tc, Pc and vc in terms of a and b. You should use the
results that at the critical point

∂P

∂v
= 0 and

∂2P

∂2v
= 0
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to find Tc and vc. (The second condition is the requirement that the critical point is
a point of inflection of the function P (v, Tc).) Insert the values for vc and Tc into the
vdW equation to find Pc.

(c) Which of the thermodynamic potentials (E,F,G or H) determines the equilibrium pres-
sure. (Remember we are considering the temperature and pressure to be fixed.)

(d) How would you go about calculating the thermodynamic potential you have identified in
your previous answer. Don’t attempt to do the calculation.

21. Landau Free Energy
Landau argued that the free energy close to a second order phase transition at T = Tc should
be well approximated for the case of a ferromagnet by

F (m,T ) = a(T − Tc)m
2 + bm4.

Here a and b are positive constants and m is the magnetisation.

(a) Sketch F against m for a temperature T > Tc and for a temperature T < Tc.

(b) By minimising F with respect to m at constant T , find the equilibrium magnetisation.
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