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¼}½ ºF®J¡P¯¾�<¬°·�¹$´�®J®³¦¨§`©³��¬s f��¡P·³� ²³��²

¿pÀ ¬°Ás .§�¦�Â Ãe·� W¦¨¡�¹H¥³µc u��¡P· Â

¿pÀ ¬°Ás .§�¦pÄ « À §�¦Uº^¡�§�¯¾§Lµc {¦
��µ^«)¦¨¬°·��\Á&¡J¦Å ÇÆ*¦¨¡PÁJ§�¦Å u��§L� È
��ÉËÊ ÌpZ\Tcb¨Q�Y�TcÍ TWqfS[b¨R qÏÎsÐ}TWqfSÑd>Rª_ N Y�Í¾R V`dÇÉ<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ò

��ÉËÊ`ÉËÊ ÎPÍ TWqfS[bÅR q<mL_\VÓÌpZ\Tcb
Q�msÍ&ÔHY�_BV O qfS[R aLR Sg-ÕÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ò
��ÉËÊ`É¾� Ö`m[o1Yji�k×R TWVLTcQ�ms_L_WØ.Ù�bÚms_{ÛÏms_\V�ÖcYsbwTc_{ÛÇÜ O Qh,`Tcb�É9É<ÉhÉ<É9É9É<É9É<É �
��ÉËÊ`É¾Ý N TWTc,`TWqcrcÞ�ß&TcÍ S.R Tcb�mL_\VÓÌpZ\Y�Q>dàY�_^Î�ÐHTWqfS�É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �
��ÉËÊ`É Ò á#�s�LÍ¾R q{m{S[R Y�_{dpms_\V�Ù�R v O bÚT<Yji7âÏTcbÅR SãÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ä
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��É¾� ÌpZ\Tcb¨Q�Y�TcÍ TWqfS[b¨R qÏß�bwY��`TcbeS[R Tfd7ms_\V�å5R�_\TfS[R qÏÔ}Y�Tuæ�qjR Tc_\S�d�É9É<É9É<ÉhÉ<É9É9É<É9É<É ç
��É¾Ý ÔlZ\Tfd�SUTcbËØ
Ì;Z\TcÍ�Í O _{vcØ.å O ,cYjØ�è5bÚTWTc_Wo­Y³Y³V�ÙjYLb¨Q�mLÍ�R dWQ É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É é

¿pÀ ¬°Ás .§�¦pÈ »����u¡&¦¨¹J§�¦¨§L¹ê¬°·�¹×ë�§s�[¡&�uµ`¡PÁ���µ ¼}½ �[ .§�º^� Â&Â
Ý�ÉËÊ â�TfdàYcdàqWY��LR q N -\d�SUTcQ;d$É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ê{�

Ý�ÉËÊ`ÉËÊ Ô­ZBmjbÚmBqfSUTcbÅR d�S[R qXÖcTc_{v`SuZ N q{msÍ Tfd É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ê{Ý
Ý�ÉËÊ`É¾� knT{mLrÇÖcY³q{mLÍ�R d.m\S.R Y�_×É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ÊW�
Ý�ÉËÊ`É¾Ý Ô}Y�_\V O qfS.R aLR Sg-�mL_\VìÔHY�_BV O qfS�mL_\qWT�É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ê{ä

Ý�É¾� á#_\VLTcbedàY�_íâ�Y³VLTcÍsYji7ÖcY�q{msÍ¾R d.m{S[R Y�_nÉ<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ê{é
Ý�É¾��ÉËÊ á#_BVLTcbedàY�_�âÏTfS�mLÍ Ø.îM_{d O Í m{SUYLbtÌlbÚms_{dfR S[R Y�_ É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ê{é
Ý�É¾��É¾� ï<_\TuØà�BmjbÚmsQ>TfSUTcb N q{msÍ¾Rª_{vÇÌpZBTWYLbË-ðÉ<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ��Ê

¿pÀ ¬°Ás .§�¦^ñ ¿ ¡PºFÁJ¥s [¬s u��¡P·�¡�¢ ¿ ¡ À §�¦¨§�·s �«)¦¨¬°·��\Á&¡J¦Å òÆ)¦¨¡PÁ&§&¦g f��§s�n�e·óë�§L�[¡&�uµ`¡PÁ���µ
¼}½ �[ .§�º^� Ä�ñ
ÒJÉËÊ Î�Í m{d�S[R q N q{m\S�SUTcbÅRª_{vJô7Ö`mL_\V�m O TcbeØ.õ­ö{S�S[R�r[Tcb�á#�L�jbwYLmBqcZXms_\V�å O ,`YìÙjYLb¨Q O Í m÷É9É<É �c�
ÒJÉ¾� ø�TWq O bwdfR aBTXè5bÚTWTc_Lù±d9Ù O _\qfS.R Y�_íâÏTfSuZ\Y³V�É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �`ú

ÒJÉ¾��ÉËÊ øPTWq O bedfR Y�_ÓÙjYLb¨Q O Í m\S[R Y�_�É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �`ä
ÒJÉ¾��É¾� û�Tc_\dfR Sg-ÏYji N SUm\SUTfd;mL_\V�û7ÉªÔ­ÉPÔ}Y�_\V O qfS.R aLR Sg-�É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �`é

ÒJÉ¾Ý N TcQ9R Ø�Rª_WüH_`R SUTXÖjT{mBV`dpÉ<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ý`�
ÒJÉ¾Ý�ÉËÊ N TcÍ iÚØ.ÎP_\Tcbwvc-ÏV O T9SÑYXSuZ\T�ÖcT{m\VLd�É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ý`�
ÒJÉ¾Ý�É¾� Ê`û N TcQ9R Ø�Rª_WüH_`R SUTXÖjT{mBV`d É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ý`Ý
ÒJÉ¾Ý�É¾Ý N TcQhR Ø�Rª_WüP_LR SUTÏÖcT{mBV`d7opR S[Z9üP_`R SÑTÏÔ­bwYcd�d N TWqfS[R Y�_ýÉ<É9É<ÉhÉ<É9É9É<É9É<É ÝjÒ

ÒJÉ Ò Ù�R�_`R SÑTuØ N R ÛWT N q{mLÍ�R�_{vþÉ<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ýc�

¿pÀ ¬°Ás .§�¦7ÿ ¿ ¡ À §�¦¨§�·s h«)¦¨¬°·��{ÁJ¡J¦g X·³§L¬³¦   À §êë ÃM« ¬� 
T = 0

È �
�&ÉËÊ û R dàYLbÚVLTcb�ÌlbÚms_{dfR S[R Y�_hm\S

E = 0.5 t
ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É Ý`é
R a



�&ÉËÊ`ÉËÊ û R dàYLbwVsTcb*û�Tc�`Tc_\VLTc_\qWT�YjilSuZ\T�û�Tc_{dfR Sg-ÏYji N S�m\SÑTfd É9É<ÉhÉ<É9É9É<É9É<É Òs�
�&É¾� îM_�� O Tc_\qWThYji­S[ZBTÇâ�TfS�msÍ�Í¾R q�ÖcT{mBV`d É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Òs�
�&É¾Ý Î�_BTcbevc-ÏÌlbÚms_{dfR S[R Y�_�É<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Ò`Ò

�&É¾Ý�ÉËÊ ÎP_\Tcbwvc-�û�Tc�`Tc_\VLTc_\qWT�YjilSuZ\TÇû�Tc_\dfR Sg-�Yji N SUm\SUTfd
É<É9É<ÉhÉ<É9É9É<É9É<É Ò`Ò
�&É¾Ý�É¾� N q{msÍ¾Rª_{vìõ}TcZBm{aLR Y O b�Yji­S[Z\TÏÔ}Y�_\V O qfSUms_\qWT É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Òsú
�&É¾Ý�É¾Ý ÔtmsÍ q O Í m{S[R Y�_9Yji­S[ZBTÇû7ÉªÔ­ÉPÔ}Y�_\V O qfS.R aLR Sg- É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Òsä

¿pÀ ¬°Ás .§�¦�� ¿ ¡ À §�¦¨§�·s h« À §�¦Uº^¡P§�¯¾§Lµc W¦���µÇ«)¦Å¬°·��\ÁJ¡&¦Å �·�§L¬³¦   À §êëòÃª« ¬� 
T 6= 0

ÿJÄ
ú�ÉËÊ ÖjY{o5Ø#ms_\V��5R v&ZhÌHTcQh�`TcbÚm\S O bÚT�Î	�³�BmL_\dfR Y�_{d"ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �LÝ
ú�É¾� Ü O Q�TcbÅR q{msÍJÔtmsÍ q O Í m{S[R Y�_{d É<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �cÒ

ú�É¾��ÉËÊ Ì;Z\Tcb¨Q�Y�TcÍ TWqfS[bÅR q�ß�bwY��`TcbeS[R TfdíÜ�T{mjb;S[Z\TFá#_BVLTcbedàY�_
â�î±Ì á­d�d O Q9R�_\vnm
ß&Y{o­TcbeØàÍ m[o ÙBYsb¨QóigYsb

σ(E)
É9É<É9É<É9É9É<ÉhÉ<É9É<É9É<É9É<É9ÉhÉ<É9É<É �`�

ú�É¾��É¾� Ì;Z\Tcb¨Q�Y�TcÍ TWqfS[bÅR q�ß�bwY��`TcbeS[R Tfd>R�_9SuZ\T
�*R v&ZÏÌPTcQ��`TcbÚm{S O bwT�Ö�RªQ9R SnÉ<É9É<É �Lä

¿pÀ ¬°Ás .§�¦�� Ãe·³µ`¡ À §�¦¨§�·s h«)¦¨¬°·��{ÁJ¡J¦g  �PÂ
ä�ÉËÊ û R d�dfR��jm{S[R Y�_hms_\VFÔ}Y O �LÍ�R�_{v�SUYÇms_ÓÎP_WaLRªbwY�_LQ>Tc_\S@É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ú�Ê
ä�É¾� îM_\qWY�Z\TcbwTc_{S7ÌlbÚms_{dW�`YLbeS�Rª_ÇÊ`û�ÔlZjm`Rª_{d É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ú`�

ä�É¾��ÉËÊ Ö`ms_\Vsm O TcbËØ.õ­ö{SÑS[R�r.Tcb ÙBYsb¨Q�msÍ¾R dWQ É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ú`�
ä�É¾��É¾� å O ,`YìÙjYLb¨Q�mLÍ�R dWQóms_\V�øtè*Ù°â É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É úc�
ä�É¾��É¾Ý øPTfd O Í S�d iÅYLblms_Ïï<bwVLTcbwTWVìÔlZBmLR�_ É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ú`ä

¿pÀ ¬°Ás .§�¦ � ¼ ¥JºFº^¬³¦ ½ ¬J·�¹
�X¥s {¯±¡P¡H¶ �PÂ

´�ÁJÁJ§�·³¹���²�´ �>¥J®J¡�� ¿ ¡P·�¹H¥³µc u��©³��  ½ �e·$Æt¡&�W�¾ f��¡P·��)¬��W��� ��ñ

´�ÁJÁJ§�·³¹���²�� �­§Lµ³¥J¦¨�f��¡P·$£�¡&¦UºF¥J¯�� � �
õ�ÉËÊ û�Tc_{dfR Sg-�Yji N S�m{SUTfd É<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ä`ç

a



õ�É¾� û7ÉªÔ­ÉPÔ}Y�_\V O qfS[R asR Sg- É<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ä`é

aLR
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��ÉËÊ  
m"!#Ì;Z\T N TWTc,`TWqcr9TuÐHTWqfSfÉ# �,"!#Ì;Z\T�ß&TcÍ S[R TcbtTuÐ}TWqfSfÉ$ ÅdàqcZBTcQ�m\S.R q%!÷É<É9É9É<É9É<É ú
��É¾� î i ∇T 6= 0

Þ³SuZ\ThZ\T{m{S5q O b¨bwTc_{S5VLTc_\dfR Sg-
jq
opR�Í�ÍBTuaBTc_{S O msÍ�Í -XÍ T{m\V�SUY�ms_<mBqWq O Q O Ø

Í m\S.R Y�_�Yji�TcÍ TWqfSubwY�_{d>m\S#S[Z\ThqWY�Í V�Tc_\V�ms_\VímÏVLTc�LÍ TfS[R Y�_�m\S SuZ\T�ZBYcS#Tc_BV�Yji­SuZ\T
qWY�_\V O qfSUYLb
É)ÌpZ\TÇbwTfd O Í S[R�_\vÏq O b
bwTc_{S7VLTc_{dfR Sg- −je

R d7Y��L�`YcdàTWVÇSUYXSuZ`R d��jbwY�qWTfd�d{É é

Ý�ÉËÊ Ì°-��`R q{msÍ�VLTc_\dfR Sg-ÏYji­d�S�m{SUTfd7Yji�mÏÝ�û×á#_\VLTcbedàY�_ÓQ>Y³VLTcÍ�ÉÏÉ9É<É9É<ÉhÉ<É9É9É<É9É<É �`�
Ý�É¾� ÌpZ\T

β
ØÅi O _\qfS[R Y�_

β(g)
a\d

ln g
 ÅdàqcZ\TcQ�m\S.R q%!uÉ#É9É9É<É9É<É9É<ÉhÉ<É9É<É9É9É<É9É<É �`�

ÒJÉËÊ îMÍ�Í O d�S[bÚm\S[R Y�_<YjilSuZ\T<V�R ÐHTcbÚTc_\qWTX,`TfSgo­TWTc_��BØ ms_\VÇÒcØ¨SUTcb¨Q9Rª_BmsÍsqWY�_\V O qfS�ms_\qWT`É É<É �`ú
ÒJÉ¾� N qcZ\TcQ>T9Yji­SuZ\TXbwTWq O bedfR aBTÏè5bwTWTc_Lù±d#i O _\qfS[R Y�_ÓQ>TfSuZ\Y³VÏigYsblmÏÝ�û dU-\d�SÑTcQÏÉ$É9É<É �`é

�&ÉËÊ á}aBTcbÚm\vLT<V�RªQ>Tc_{dfR Y�_LÍ Tfd�d*qWY�_BV O qfS�mL_\qWT<a\d V&R dàYLbÚVLTcb}d�S[bÚTc_{v`S[Z�iÅYLb}V�R ÐHTcbwTc_\S5dU-\dUØ
SÑTcQódfR ÛWTfdpm{S

E = 0.5 t
É É<É9É<É9É<ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É Òs�

�&É¾� Ì°-��`R q{msÍ&V�R�Q�Tc_{dfR Y�_LÍ Tfd�d;qWY�_\V O qfSUms_\qWT�a\d>V&R dàYLbÚVLTcb�d�SubwTc_{v`SuZ�igYsblV�R ÐHTcbÚTc_{S7dU-\dUØ
SÑTcQódfR ÛWTfdpm{S

E = 0.5 t
É É<É9É<É9É<ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É ÒJÊ

�&É¾Ý á}aBTcbÚm\vLT ms_\V�Sg-��`R q{msÍ)qWY�_\V O qfSUms_\qWT
mWigSÑTcb9qWYsb¨bwTWqfS[R Y�_{díSUY dàq{mLÍ�R�_{v�mjbwTnd O ,WØ
S[bÚmBqfSUTWV^mL_BV��LÍ YcS�SUTWVÏa\d

L/ξ
SUYXdWZ\YWo÷dfR�_{v&Í TuØà�BmjbÚmsQ>TfSUTcbtdàq{msÍ¾R�_\v�m\S

E = 0.5 t
É Òs�

�&É Ò û�Tc_{dfR Sg->YjiHd�S�m{SUTfdla\d5V�R dàYsbwVLTcbJd�SubwTc_{v`SuZ#iÅYLb°V�R ÐHTcbÚTc_{S�dU-Bd�SÑTcQ�dfR ÛWTfd­m\S
E = 0.5 t

É<ÒsÝ
aLR�R



�&É±� N -\d�SÑTcQ dfR ÛWT�VLTc�`Tc_\VLTc_\qWT9YjilS[ZBT�Sg-s�`R q{msÍsqWY�_\V O qfSUms_\qWT�iÅYLbtü&�jTWV^Tc_\Tcbevc-
E =

−5.0 t
ÉìÉ<É9É<É9É<ÉhÉ<É9É9É<É9É<É9É<ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É Ò`Ò

�&É¾ú û�Tc_{dfR Sg-�YjiPd�S�m{SUTfd5Yjitm>qcÍ T{mL_>dU-\d�SUTcQ÷ms_\VÏm�V�R dàYLbwVsTcbwTWV9dU-\d�SUTcQ�o;R SuZ
W = 12

mL_\V
L = 21

É$ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É9É<É9É<É9É<É9ÉhÉ<É9É<É ÒL�
�&É¾ä û�Tc_{dfR Sg-^Yji*d�S�m\SÑTfd;a\d�Tc_BTcbevc-�igYsb

W = 12 t
Y�,{SUmLR�_BTWV�iÑbwY�Q SuZ\Tíøtè*Ù�â ms_\V

mLÍ dàYìiUbwY�Q V�R m\vLY�_BmsÍ¾R dfR�_{v�S[Z\Tíá#_\VsTcbedàY�_��lmsQ9RªÍ SUY�_`R ms_sÉ�ÌpZ\TÓdU-\d�SUTcQãdfR ÛWTìRª_
,cYcSuZhq{m\dàTfd#o�m\d

L = 21
ÉnÉ<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É9É<É9É<É9É<É9ÉhÉ<É9É<É Òsú

�&É¾ç û�Tc_{dfR Sg-ÇYji*d�S�m{SUTfdpaBd>Tc_\Tcbevc-�iÅYLb�V�R ÐHTcbÚTc_{SpdU-\d�SUTcQódfR ÛWTfd�ms_\V
W = 12 t

q{msÍ Ø
q O Í m\SÑTWVÇopR SuZ9SuZ\T�ø�è*Ù°â�É�É<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É Òsä

�&É¾é N -\d�SÑTcQ dfR ÛWTÓVLTc�`Tc_\VsTc_\qWTìYji>SuZ\T�ÒcØà�`Y³R�_{S�qWY�_\V O qfS�mL_BqWT�mWajTcbÚm{vLTfd 〈g4〉
mL_\V

〈ln g4〉
iÅYLb

W = 12 t
ms_\V�ÙjTcb¨Q9R�Tc_\Tcbev�R Tfd7mjbÚT<v�R aBTc_^R�_9SuZ\TXÍ TfvLTc_\VJÉ"É<ÉhÉ<É �L�

�&ÉËÊ{�óÖjY³q{msÍ¾R d.m\S[R Y�_�Í Tc_{v`S[Z a\d�Tc_\Tcbwvc- Y�,{S�mLR�_\TWV@iÑbÚY�Q m÷Í¾Rª_\T{mjb<ü�SíSÑY 〈ln g4〉 =

−L/ξ + const.
É<É9É<É9É9É<ÉhÉ<É9É<É9É<É9É<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É �&Ê

�&ÉËÊ`Ê@ÔHY�_\V O qfS.R aLR Sg-
σ
a\d*Tc_BTcbevc-9qWY�Qh� O SUTWVhiÑbwY�Q 〈g4〉/L

Þ³m�Í�R�_\T{mjb°ü³SlopR S[Z 〈g4〉 =

σL + const.
mL_BV�mhdàq{mLÍ�R�_{vÏiÅYLb¨QÏÉ É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �&Ê

ú�ÉËÊ ÌpZ\T<SUTcQh�`TcbÚm\S O bwT�VLTc�`Tc_\VLTc_\qWTÏYji­S[Z\T<qcZBTcQ9R q{msÍ°�`YcSUTc_{S[R msÍ`igYsbtdàTuaBTcbÚmsÍ�ÙjTcb¨QhR
Tc_\Tcbev�R Tfd{É^ÌpZ\TÇV&R d�S�mL_\qWTÏiUbwY�Q SuZ\TFQ�Y�,`R�Í�R Sg-^TWV`vLT

EF − Ec
R d<v�R aBTc_FRª_ÇSuZ\T

Í TfvLTc_\VJÉ^É<É9É<É9É<É9É<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É �Lä
ú�É¾� ÌpZ\T<SUTcQh�`TcbÚm\S O bwT�VLTc�`Tc_\VLTc_\qWT�YjilSuZ\T9V°É±q`É&qWY�_\V O qfS[R aLR Sg-fÉnÉ9É<ÉhÉ<É9É9É<É9É<É �Lç
ú�É¾Ý ÌpZ\T<SUTcQh�`TcbÚm\S O bwT�VLTc�`Tc_\VLTc_\qWT�YjilSuZ\T<SuZ\Tcb¨Q�Y��`YWo�Tcb
ÉpÉ9É<É9É<ÉhÉ<É9É9É<É9É<É �Lç
ú�É Ò ÌpZ\T<SUTcQh�`TcbÚm\S O bwT�VLTc�`Tc_\VLTc_\qWT�YjilSuZ\T<SuZ\Tcb¨Q�mLÍ�qWY�_\V O qfS[R aLR Sg-fÉ�ÉhÉ<É9É9É<É9É<É �Lé
ú�É±� ÌpZ\T<SUTcQh�`TcbÚm\S O bwT�VLTc�`Tc_\VLTc_\qWT�YjilSuZ\TÇÖcYsbwTc_{Û�_ O Q�,`Tcb
É*É<É9É<ÉhÉ<É9É9É<É9É<É �Lé
ú�É¾ú ÌpZ\Tcb¨Q�Y��`YWo�Tcb

S
a\dpm9V�RªQ>Tc_{dfR Y�_LÍ Tfd�d)SÑTcQ��`TcbÚm{S O bwTÏ�Bmjb3mLQ�TfSÑTcb

kBT/t
dWZBYWo5Ø

R�_{vFZ`R v&ZWØ¨SUTcQh�`TcbÚm\S O bÚT<VLTuaLR m\S[R Y�_{d{É É9É<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ú`�

ä�ÉËÊ îMÍ�Í O d�S[bÚm\S[R Y�_<YjilSuZ\TXQ�Y�VLTcÍ°�BbwY��`YcdàTWV�,.-íû#ù¾á#Q�m\SÑY�TfS7msÍ�É É9É<ÉhÉ<É9É9É<É9É<É ú`Ý
asR�R�R



ä�É¾� Ì°o�YjØ¨SUTcb¨Q9Rª_BmLÍlqWY�_\V O qfS�ms_\qWT
g2
a\dÇTc_BTcbevc-�qWY�Q�� O SUTWVêiUbwY�Q SuZ\TêÖ`mL_\V�m O TcbeØ

õ­ö{S�S[R�r[Tcb}igYsb¨Q�msÍ¾R dWQþmL_\VÓSuZ\T�øtè*Ù�âÓÉíÉ<É9É<ÉhÉ9É<É9É<É9É<É9É<ÉhÉ<É9É9É<É9É<É ú`ä
ä�É¾Ý ÙBY O beØ¨SÑTcb¨QhR�_BmsÍ[qWY�_BV O qfS�mL_\qWT

g4
a\dtTc_\Tcbwvc-fÉ Ù�R�Í�Í TWV#dU-sQ�,`Y�Í dlR�_\V&R q{m\SÑT7Ö`ms_\Vsm O TcbËØ

õ­ö{S�S[R�r[Tcb�q{mLÍ q O Í m\S[R Y�_{dpms_\V^Y��`Tc_hdU-�Qh,`Y�Í d7VLTc_\YcSUTÇø�è*Ù°â bwTfd O Í S�d{É�É9É9É<É9É<É ú`ç
ä�É Ò ÙBY O beØ¨SÑTcb¨QhR�_BmsÍ\qWY�_\V O qfSUms_\qWT

g4
aBd

1/γ
m\S

E = 0
mL_BV

L = 30
É#õ­Í O T d(' O mjbwTfd

R�_\V�R q{m{SUT�Ö`mL_BVsm O TcbËØ.õ­ö{SÑS.Rªr.Tcb�Vsm\S�mÏms_\V�bwTWV^qjRªbwqcÍ Tfd#VLTc_\YcSUTÇø�è*Ù°â bwTfd O Í S�d{É É ú`é
ä�É±� ÙBY O beØ¨SÑTcb¨QhR�_BmsÍJqWY�_\V O qfSUms_\qWT

g4
a\dhÍ Tc_{v`S[Z

L
Yji5SuZ\ThdU-Bd�SÑTcQÏÉ;ÌpZBT9ajmsÍ O Tfd�Yji

γ
O dàTWVÓmjbÚT<dWZ\YWo>_^Rª_9S[ZBTXÍ TfvLTc_\VJÉ)É<É9É<É9É<É9ÉhÉ<É9É<É9É<É9É<É9É<ÉhÉ9É<É9É<É ä`�

R �



�
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�&ÉËÊ õ}Tfd�Shü�SÏTfd�S[R�Q�m{SUTfdXYji�SuZ\TìqcbÅR S.R q{mLÍtT.�³�cY�_BTc_{SÇmL_\VòSuZ\TFqcbÅR S[R q{msÍtV�R dàYLbwVLTcb;igYsb
,cYcSuZ�m{aBTcbÚm\vLTfd;Yji

g4
m\S

E = 0.5 t
É9ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É Ý`é

�&É¾� õ}Tfd�Shü�SÏTfd�S[R�Q�m{SUTfdXYji�SuZ\TìqcbÅR S.R q{mLÍtT.�³�cY�_BTc_{SÇmL_\VòSuZ\TFqcbÅR S[R q{msÍtV�R dàYLbwVLTcb;igYsb
,cYcSuZ�m{aBTcbÚm\vLTfd;Yji

g4
m\S

W = 12 t
É<ÉhÉ<É9É<É9É9É<É9É<ÉhÉ<É9É<É9É<É9É9É<ÉhÉ<É Òsä
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átSÓüHbed�S[ÞÏî)o­Y O Í VþÍ�R�r.T�SUYòSuZBms_Lr Qp- d O �cTcbeaLR dàYsbÇû#b
É�ø98�Q�Tcb<igYsb�Z`R díd O �s�cYsbeS�S[ZLbÚY O v&Z\Y O S
Qp-$S[R�Q�T ZBTcbwTòR�_nknmjbeopR qcrcÞX, O SímLÍ dàY ,jm\qcr
R�_
Ô­Z\TcQh_LR SÑÛcÉ î7mLQ msÍ dàY Q O qcZ Y�,LÍ¾R vLTWV
igYsb
SuZ\TÓTc_BqWY O bÚm\vLTcQ>Tc_{SXYjihß�bÚYjiUÉ N qcZLbwTjRª,cTcb)o;Z\Y�d O �s�cYsbeSUTWV Q>TÓS[ZLbÚY O v&Z\Y O SÓQp-êÍ m\d�S�-fT{mjbwdÓRª_
Ô­Z\TcQh_`R S�Û`É N �`TWqjR msÍHS[ZjmL_Lrfd�vLYìSUY$Qp-FqWY�Í�Í T{m{v O TÓms_\V
Z\Y O dàTuØàQ�m\SUTìÔ­ZLbÅR dWÞ�o;ZBYìo5m{d�msÍ o5m[-\d
Í¾R d�SÑTc_LR�_{víSUY�Q;-�R VLT{m{d9ms_\V�V�R Vê_BYcS�Z\TfdfR SUm\SUTXSÑYíSUTcÍ�Í}Q�TÏo;Z\Tc_nî°o5m\d9o;bwY�_\vJÉìÙ O beS[ZBTcb¨Q>YsbwTcÞ
îPo�Y O Í V Í¾R�r[T�SUYíSuZBmL_srFQp-Çi¨mLQhR�Í -&:5Qp-^iÅm\S[ZBTcb¨Þ5Qp- O _\qcÍ TÇms_\V Qp-�m O _{S�opR S[Z\Y O S;o;ZBY�Q SuZ\T
d�S�m[-ÏmL,jbwYLmBVÇo�TcbwT�_BYcS>�`Ycd�dfR�,sÍ T<mL_BV�îMÍ Y�_jm<o;ZBYXo�m\d>msÍ o5m[-\d7aBTcbe-Ó�Bm\S.R Tc_{S5o;R SuZÇQ>T`É7Ù�Rª_BmsÍ�Í -fÞtî
ms�L�BbÚTWqjR m\SÑT�SuZ\T7ZBYcdW�`R S�mLÍ�R Sg-)Yji�SuZ\T ÔHTc_\S[bwT�igYsb N qjR Tc_{S[R ü&q Ô}Y�Qh� O S[R�_\v&ÞLR�_>�BmjbeS[R q O Í mjbsYjiHÔlZsbÅR d�S[R�_\TcÞ
âXm{SÑS ms_\Vìè5bwY�r`É
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ÌpZBT5TcÍ TWqfSubwY�_`R q#�BbwY��`TcbeS[R TfdtYji&V�R dàYLbwVLTcbÚTWVpdU-\d�SUTcQ;dtm\SPSuZ\T�á#_\VsTcbedàY�_>Q�TfSUmsÍ Ø�Rª_{d O Í m{SUYLbcSubÚmL_\dfR S[R Y�_
 .â�î±ÌA!;ZBm{aBT�,`TWTc_hSuZ\T�d O ,CB�TWqfS#Yji*Rª_{SUTc_{dàT�d�S O Vc-9iÅYLbtdàTuaBTcb3mLÍ³VLTWq{m\VsTfd{É5ÌpZ\Tcb
Q>Y³TcÍ TWqfSubÅR q��BbÚY��WØ
TcbeS[R Tfd<m{S�SuZ\TFâÓî±Ì;ÞHd O qcZÓm\d�SuZ\Tcb¨Q�Y��`YWo�Tcb ms_\VìSuZ\Tcb¨Q�mLÍJqWY�_\V O qfS.R aLR Sg-fÞ*ZBYWo�TuaBTcb¨Þ#ZBm{aBTí,`TWTc_
bwTcÍ m{S[R aBTcÍ -^_\Tfv&Í TWqfSÑTWVJÉ>]tdfRª_{vÇSuZ\T�bwTWq O bwdfR aBTÏè5bwTWTc_sù±d7i O _\qfS.R Y�_^Q�TfS[Z\Y³VD àø�è*Ù°â
!)o�Thq{msÍ q O Í m{SUT
SuZ\TÇmWajTcbÚm{vLTÇms_\V�S[Z\TXSg-��`R q{msÍ°qWY�_\V O qfSUms_\qWT�iÅYLb*S[Z\TXq{m\dàT�Yji qWY�Q��LÍ TfSUTcÍ -^qWY�Z\TcbÚTc_{S>SubÚms_{dW�`YLbeS
Yji)q O ,LR qXÝ�û V�R dàYLbwVsTcbwTWV�dU-\d�SÑTcQ>d7opR S[ZXdàTcQ9R Ø�R�_WüH_`R SÑT�Q�TfSUmsÍ�Í�R q�Í T{m\VLd�m\S�S�m\qcZBTWVìm{S<,`YcSuZXTc_BV`d{É
k�TìR�_WajTfd�S.R vsm{SUTXS[ZBTíR�_�� O Tc_\qWT�Yji7S[ZBTFÍ T{mBV`dhY�_�S[ZBTÇTc_\Tcbevc-ìV&bÅR aBTc_�â�î±Ì>ÉHk�TXüH_\V�SuZBm{S�SuZ\T
_ O Q�TcbÅR q{msÍPbwTfd O Í SÑd;mjbwT�qWY�_{dfR d�SUTc_{S)opR SuZhSuZ\ThY�_BTuØà�BmjbÚmsQ>TfSUTcbldàq{msÍ¾Rª_{v�SuZ\TWYLbË-fÞlR�_Ó�BmjbeS[R q O Í mjb¨ÞJo�T
üH_\VíS[Zjm{S>m\S

T = 0
SuZ\T�V°É±q`ÉPqWY�_BV O qfS[R aLR Sg-^qcÍ YcdàT9SUYÓS[Z\TÓQ>Y�,LR�Í¾R Sg-XTWVLvLT^R dpo�TcÍ�ÍJVLTfdàqcb¨R�,`TWV�,.-

SuZ\T��cY{o­TcbeØàÍ m[o>ÉÓÙ�R�_BmsÍ�Í -uÞPo�TÏd�S O V`-ÇS[Z\TXq{m\dàT�Yji;R�_\qWY�Z\TcbÚTc_{S;SubÚms_{dW�`YLbeS>ms_\VFqWY�Q��BmjbwTí_ O Q�TcbËØ
R q{msÍHbwTfd O Í S�d�Y�,{SUmLR�_BTWVíiÑbÚY�Q SuZ\Tíø�è*Ù°â ms_\Vìms_^mL�s�BbwYLmBqcZ�,jm{dàTWVFY�_�SuZ\TíÖ`mL_\V�m O TcbeØ.õ­ö{S�S[R�r[Tcb
iÅYLb¨Q�mLÍ�R dWQ�É
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a
Í m{SÑS.R qWT�dW�Bm\qjRª_{v

d
dW�Bm\S[R msÍsV�R�Q�Tc_{dfR Y�_

L
dU-\d�SUTcQþdfR ÛfTcÞ}Í Tc_{v`SuZ

M
dU-\d�SUTcQþdfR ÛfTcÞ�o;R V`SuZ

N
_ O Qh,`Tcb�YjildfR SUTfdWÞ³d�SubÅRª�{d Ysb�dWÍ�R qWTfd

T
SUTcQh�`TcbÚm\S O bwT

kB
õ}Y�Í S�ÛcQ�mL_L_sù±dpqWY�_{d�SUms_{S

E TcÍ TWqfS[bÅR q>ü�TcÍ V
Lij

rjRª_\TfS.R q�qWY�Tuæ�qjR Tc_{SÑd

σ
VJÉ±q`É°qWY�_\V O qfS[R aLR Sg-J URª_9S[b3mL_{dW�`YsbeS V&R�bwTWqfS[R Y�_"!

S
SuZ\Tcb¨Q�Y��cY{o­Tcb$ N TWTc,`TWqcr9qWY�Tuæ�qjR Tc_{S(!

κ
SuZ\Tcb¨Q�mLÍsqWY�_BV O qfS[R aLR Sg-

L0
ÖcYsbwTc_{ÛÇ_ O Qh,`Tcb

g
qWY�_\V O qfSUms_\qWT^R�_

Ω−1 Þ°mLÍ dàY
g2
mL_\V

g4
igYsb��BØ ms_\VÇÒcØ¨SUTcb¨QhR�_BmsÍsqWY�_\V O qfSUms_\qWT

g
V�RªQ>Tc_{dfR Y�_LÍ Tfd�d#qWY�_\V O qfSUms_\qWTcÞ}mLÍ dàY

g2
ms_\V

g4
iÅYLb��BØ)ms_\V^ÒcØ¨SÑTcb¨QhR�_BmsÍsqWY�_\V O qfSUms_\qWT

H �­mLQhR�Í SÑY�_`R±mL_ÇR�_hms_Ïms,{d�S[b3m\qfS)aBTWqfSUYLb�dW�jm\qWT
G è5bwTWTc_sù±d7i O _\qfS.R Y�_�R�_ÏmL_XmL,{d�SubÚmBqfS5aBTWqfSUYLb�dW�BmBqWT

Hij
Q�m{SubÅR ��TcÍ TcQ>Tc_\S Yji H R�_^�cYcdfR S.R Y�_�,Bm\dfR d

G±
ij

Q�m{SubÅR ��TcÍ TcQ>Tc_\S Yji G±
Rª_Ç�`YcdfR S[R Y�_�,Bm\dfR d

�sR �



Hmn
d O ,WØàQ�m\S[b¨R �ÏYji

Hij

G±
ij

d O ,WØàQ�m\S[b¨R �
Gij

Σ±
dàTcÍ iÚØ
Tc_BTcbevc-�V O T9SÑYXSuZ\TXÍ T{mBV`d

`
Q�T{mL_hiÑbwTWTÏ�Bm\SuZ

`Φ
�sZBm{dàTuØàbÚTcÍ m��cm{S[R Y�_ÓÍ Tc_{v`SuZ

µ
qcZ\TcQhR q{msÍ°�`YcSUTc_{S.R±mLÍ

Π
ß&TcÍ S.R TcbtqWY�Tuæ�qjR Tc_{S

ρ
VLTc_\dfR Sg-ÏYji­d�S�m{SUTfdK àû*ï N !

z±
qWY�Q��LÍ T.�XTc_\Tcbevc-

λ
VLT^õ­bwYcv&Í¾R T;o5m{aBTÇÍ Tc_{v`S[Z

γ
RªQ�m\v�R�_BmjbË-Ó�BmjbeS7YjilSuZ\T<qWY�Q��LÍ T.�ÏTc_BTcbevc-

z

ν
O _LR aBTcbed.msÍ�qcb¨R S[R q{msÍLT.���`Y�_\Tc_{S

W
V�R dàYLbwVsTcbtd�S[bÚTc_{v`S[Z

Wc
qcb¨R S[R q{msÍLV�R dàYsbwVLTcb

E
Tc_\Tcbwvc-

Ec
Q�Y�,`R�Í�R Sg-hTWV`vLT

ξ
Í Y�q{msÍ¾R d.m{S[R Y�_XÍ Tc_\v`S[Z

F dàq{msÍ¾Rª_{vXi O _\qfS.R Y�_

�L�



M NPORQTS
UWV X

Y ��� � � 5 �G0 � � � �

ÌlbÚmBV�R S[R Y�_BmsÍ�Í -uÞ�qWY�_\VLTc_\dàTWVFQ�m\S�SUTcbl�LZW-\dfR qfd�Zjm{d)igY³q O dàTWV�Y�_<SuZ\ThR�_WaBTfd�S[R vsm\S[R Y�_�Yji*�`TcbËigTWqfS)qcbË-\dUØ
S�mLÍ d{É
�lYWo�TuaBTcb¨Þ�bwT{msÍ�Q�m\SÑTcb¨R msÍ d O d O mLÍ�Í -ìqWY�_{S�m`Rª_nR�Qh� O bÅR S[R TfdWÞ­V�R dWÍ Y³q{m{S[R Y�_{d�YLbpYcSuZ\Tcb7VLTuigTWqfSÑdWÞ
o;Z`R qcZ�V&R d�SUYLbeS­SuZ\T;qcbË-Bd�SUmsÍ�É î i}S[Z\T>VLTuaLR±m{S[R Y�_{d5iÑbwY�Q÷SuZ\T9�`TcbËiÅTWqfS�qcbË-\d�S�mLÍ�Í¾R�_BT)d�Sub O qfS O bwT�mjbwT9Í mjbevLT
Tc_\Y O v&ZsÞ5Y�_\TÇdW�`T{msrud�YjiKZ&[ \^]%_`Z	a�_ba�Zc\ed"\Lfba�gh\WÉ�îM_�bwTWqWTc_{S�-WT{mjbedÏd O qcZÓdU-Bd�SÑTcQ>d�ZBmWajT�mjbwY O dàTWV
_\TuoóR�_{SUTcbwTfd�SpRª_9SuZ\T�ü&TcÍ VÇYji#gia(\^]L\^j�]Lk<[lj�k<m^d"\^[lj(\WÉ�ÌpZ`R d#o�m\d;V&b¨R aBTc_Ç,[-XS[Z\T<Y�,\dàTcbËajm\S.R Y�_hSuZBm{S
SubÚmL_\dW�cYsbeSXq{mL_ò,cTFqWY�Q��LÍ TfSUTcÍ -�qWY�ZBTcbwTc_{S�R�_ìdU-Bd�SÑTcQ>dXYjiXQ�mBqcbwYcdàqWY��`R qídfR ÛWTFmL_BV$SuZ\TcbwTuiÅYLbwT�m
' O ms_{S O Q�Q>TWqcZBms_`R q{msÍ�VsTfdàqcbÅR��{S[R Y�_ÇR d�R�_\TuasR S�mL,LÍ T`É

ÌpZ\T�á#_\VLTcbedàY�_ÓQ>Y³VLTcÍ9neÊpo)R d#opR VLTcÍ - O dàTWVÓSÑY�Rª_WaBTfd�S[R vsm\SÑT�SuZ\T��LZBTc_\Y�Q>Tc_\Y�_�Yji7Í Y³q{msÍ¾R Ø
d.m\S.R Y�_�R�_hV&R dàYLbÚVLTcbwTWVFQ�m{SUTcbÅR msÍ d7ms_\V^SubÚms_{dW�`YLbeS>�BbÚY��cTcbwS.R Tfd�R�_ÇQ�TfdàYcdàqWY��`R q�VLTuaLR qWTfd<R�_hvLTc_\TcbÚmsÍ�É
Î³dW�`TWqjR msÍ�Í -XSuZ\T�Y³qWq O b¨bÚTc_\qWTXYji)mq' O ms_{S O Q �LZjm{dàTÏSubÚmL_\dfR S[R Y�_�VJbÅR aBTc_F,[-^V�R dàYLbwVLTcbliUbwY�Q mL_íRª_WØ
d O Í m{S[R�_{v��LZBm\dàTcÞHo;Z\TcbÚTXmsÍ�Í�d�S�m{SUTfd�mjbÚTÓÍ Y�q{msÍ¾R dàTWV&ÞPSÑYímFQ�TfSUmsÍ�Í�R q��LZjm{dàT�opR S[Z�T.�BSUTc_\VLTWVFd�S�m\SÑTfdWÞ
ZBm\dFÍ T{mBVêSUYêT.�BSÑTc_\dfR aBTìms_BmsÍ -\S[R q{msÍ�ms_\V�_ O Q>TcbÅR q{mLÍ*R�_WaBTfd�S[R vsm\S[R Y�_{dXYji�SuZ\TFqcbÅR S.R q{mLÍ��jbwY��`TcbeS[R Tfd
Yji#S[Z`R d�Q�TfSUmsÍ Ø�Rª_{d O Í m{SUYLb­SubÚmL_\dfR S[R Y�_r .â�î±ÌA!sn��³Þ.Ýto�Éíõ O S>o;Z`RªÍ T�TcÍ TWqfS[bwY�_LR qÓ�BbwY��`TcbeS[R Tfd9Yji#V�R dàYsbËØ
VLTcbwTWV�dU-\d�SUTcQ;dhm\S<S[ZBT�â�î±Ì ZBm{aBT�,`TWTc_ÓSuZ\TÇd O ,eBÑTWqfS�Yji<Rª_{SUTc_{dàT�d�S O Vc-�igYsb)dàTuaBTcb3mLÍHVLTWq{mBVLTfdWÞ
SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR q��BbwY��`TcbeS[R TfdWÞ�d O qcZ9m{d SuZ\Tcb¨Q>Y��`Y{o­Tcbtms_\VXS[ZBTcb¨Q�msÍjqWY�_BV O qfS[R aLR Sg-uÞHZ\Y{o­TuaBTcb
ÞtZBm{aBT
_\YcS�,`TWTc_�R�_WaBTfd�S[R vsm\SUTWV�SUYFSuZ\TÇd.msQ>TÓT.�BSÑTc_\SuÉê]�d O mLÍ�Í -fÞ�SuZ\TÓq{mLÍ q O Í m\S.R Y�_ÓYjipSuZ\TfdàTì�jbwY��`TcbeS[R Tfd
mLR�Q;d�m{S;TjR S[ZBTcb�SuZ\TÏVLTWTc�LÍ -FRª_{d O Í m{S[R�_{vÓYLb5VLTWTc�LÍ -FQ>TfS�mLÍ�Í¾R qÇbwTfv�R�Q�T`É;ÌpZBTÇRª_WaBTfd�S[R vsm\S.R Y�_�Yji*SuZ\T
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,`TcZBm{aLR Y O blqcÍ YcdàT�SUYXS[Z\TÇâ�î±Ì�Y�_hS[Z\T<YcSuZ\Tcb5ZjmL_\V�bwTcÍ¾R Tfd7Y�_hqWTcbeS�m`Rª_�m{d�d O Qh�{S[R Y�_{d#d O qcZÏm{d7SuZ\T
Y�_\TuØà�Bmjb3mLQ�TfSÑTcb�dàq{mLÍ�R�_{vFZW-��cYcSuZ\TfdfR dKn¾Ò&Þ��"o�É

ÌpZ`R d7dàq{mLÍ�R�_{vXSuZ\TWYLbË-��LÍ m[-Bd>mhqcb O qjR msÍ°bwY�Í TÏR�_ O _BVLTcbed�S�mL_\V&R�_{vÓS[Z\TÇâ�î±ÌPn�úto�É7î S>R d�,Bm\dàTWV
Y�_Óms_Óms_{d.m{SÑÛ�R�_{SUTcb¨�`Y�Í m\S[R�_{v�,`TfSgo­TWTc_�Q>TfS�mLÍ�Í¾R q�ms_\VnR�_\d O Í m\S.Rª_{vnbwTfv�R�Q�Tfdun�äto�É N Y�iÅmjb¨Þ�dàq{mLÍ�R�_{v
ZBm\d�,cTWTc_9VsTcQ>Y�_{d�SubÚm\SÑTWVÏSUYÏms_�m\d�SÑY�_`R dWZ`R�_\v�VLTfv&bwTWT<Yji­m\qWq O b3m\qu-^,[-Ç_ O Q�TcbÅR q{msÍ`d�S O V�R Tfd#Yji�SuZ\T
á#_\VLTcbwdàY�_�Q>Y³VLTcÍ<n�çto�Év�lYWo�TuaBTcb¨ÞtQ�Ycd�S�d�S O V&R Tfd5iÅY³q O dàTWVXY�_<dàq{mLÍ�R�_{vÏYji�S[ZBThÍ Y�q{msÍ¾R d.m{S[R Y�_�Í Tc_{v`SuZ
ms_\V9SuZ\TpqWY�_\V O qfSUms_\qWT�m{SlSuZ\T7V�R dàYsbwVLTcbËØ
VJbÅR aBTc_Xâ�î±Ì×R�_;S[Z\T asR qjR�_LR Sg->YjiHS[ZBT<,Bms_\VhqWTc_{SubwTwn�ç%x�Ê{�to�É
îM_nYLbwVLTcb�SUY q{msÍ q O Í m{SUTìSuZ\T�SÑTcQ��cTcb3m{S O bwT ,cTcZjmWaLR Y O b<Yji9S[ZBTìSuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR qn�BbwY��`TcbeS[R TfdÓY�_\T
Q>YsbwTWYjaBTcbP_\TWTWV`dlS[ZBT*T.���LÍ�R qjR SPTc_\Tcbwvc-7VsTc�cTc_BVLTc_\qWT#Yji&S[Z\T)VJÉ±q`ÉjqWY�_\V O qfS[R aLR Sg-#qcÍ YcdàT5SUY7SuZ\T*Tc_\Tcbwvc-
SubÚmL_\dfR S[R Y�_yn¾�"o�Éêá­d�d O QhR�_{vêmn�`YWo�TcbËØàÍ m[o igYsb¨Q�igYsb7S[ZBTÓVJÉ±q`É­qWY�_\V O qfS.R aLR Sg-fÞ m\dÓR S�R d�T.���`TWqfSUTWV
iUbwY�Q SuZ\TFY�_\TuØà�BmjbÚmsQ>TfSUTcb;dàq{msÍ¾Rª_{vnS[ZBTWYLbË-fÞAz7R�Í�Í m{vLY�_\ÛWmsÍ YnTfSXmLÍªÉvn¾�"ohZBm{aBT O dàTWV$S[Z\T�Ô­Z\Tfd�SUTcbËØ
ÌpZBTcÍ�Í O _{vcØ.å O ,`YjØ�è5bwTWTc_{o­Y³Y�V iÅYLb¨Q�mLÍ�R dWQãSÑYnq{msÍ q O Í m{SUT�S[ZBTÓSUTcQh�`TcbÚm\S O bwTíVLTc�`Tc_\VLTc_\qWT�Yji>SuZ\T
SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR q��jbwY��`TcbeS[R TfdF_ O Q�TcbÅR q{msÍ�Í -fÉ×Ì;Z\Tu-�dWZBYWo�TWVòSuZBm\SXmsÍ�Í�S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q{' O ms_{S[R S[R Tfd
iÅY�Í�Í Y{o@dfR�_\v&Í TuØà�BmjbÚmsQ>TfSUTcb}dàq{msÍ¾R�_\vFÍ m[o*dWÞ}, O S)iÅY O _\V�mL_ O _L�LZ{-\dfR q{msÍ�Vc-�_BmLQhR q9T.�³�cY�_BTc_{S|neÊ`Êpo�É

îM_ SuZ`R d�SuZ\TfdfR d�o­T)opRªÍ�ÍBR�_WaBTfd�S[R vsm\SUT�o;Z\TfSuZ\Tcb&SuZ\T#m{d�d O Q��{S[R Y�_{d)Q�mBVLTpRª_>�jbwTuaLR Y O d­d�S O V�R Tfd
q{ms_�,`TFbwTWqWYjajTcbwTWV$Rª_�_ O Q>TcbÅR q{mLÍPq{mLÍ q O Í m\S.R Y�_{dWÞlms_\V R�_ì�jmjbeS.R q O Í mjb>R i#SuZ\TÇTc_\Tcbevc-FVLTc�`Tc_\VLTc_BqWT
Yji�SuZ\T<VJÉ±q`É&qWY�_BV O qfS[R aLR Sg-9igY�Í�Í Y{o*dpm��`YWo�TcbËØàÍ m[o�É*ÌpZBTcbwTuigYsbwT�o�T�opR�Í�Í O dàT�S[ZBTXbwTWq O bedfR aBT�è5bwTWTc_Lù±d
i O _\qfS[R Y�_ìQ�TfS[Z\Y³V}neÊ{�³ÞWÊ{Ýto)SUYFq{msÍ q O Í m{SUTÏS[Z\T�qWY�_BV O qfS�mL_\qWTÓYji#mÓV�R dàYsbwVLTcbwTWV�dU-\d�SUTcQ igYsb�ü&�cTWV
V�R dàYLbwVLTcb}d�SubwTc_{v`SuZhm\S

T = 0
É�á#�L�LÍ -LR�_\v�S[Z\T>üH_`R SUT�dfR ÛWT>dàq{mLÍ�R�_{v�mL_jmLÍ -\dfR d o�T�opR�Í�ÍcqWY�Q�� O SUT�S[ZBT

qcbÅR S.R q{mLÍLT.���`Y�_\Tc_\S7ms_\VÓS[ZBTXQ>Y�,`RªÍ¾R Sg-hTWVLvLThm{S SuZ\T<Tc_\Tcbevc-ÏS[bÚms_{dfR S.R Y�_sÉ
Ù�R�_BmsÍ�Í -uÞ­Rª_ÇYLbwVsTcb�SÑY�d�S O Vc-ìZ\Y{o VLTuaLR±m{S[R Y�_\d;iUbwY�Q SuZ\TXY�_\TuØà�BmjbÚmsQ>TfSUTcb5dàq{msÍ¾R�_\vÓSuZ\TWYLbe-

q{ms_�,`TÇq{m O dàTWV ,[-n�LZW-\dfR q{mLÍ��BbwY³qWTfd�dàTfd�o�T�opRªÍ�Í&iÅY�q O d9Y�_ìR�_BqWY�Z\TcbwTc_{S�SubÚmL_\dW�cYsbeSfÉ^ÌpZBTcbwTuigYsbwTcÞ
o�T;o;R�Í�ÍjdWZ\Y{oþZ\YWo@VLTc�sZBm{dfRª_{ví�BbÚY�qWTfd�dàTfd#q{mL_X,`T�Q>Y³VLTcÍ�Í TWV9opR S[ZLR�_<mL_hms�L�jbwYLm\qcZ^,Bm{dàTWVXY�_<SuZ\T
Ö`mL_BVsm O TcbËØ.õ­ö{SÑS.Rªr.Tcb�iÅYLb
Q�msÍ¾R dWQ~nwÊfÒ&Þ[ÊW�"o�É#átS�Í m{d�SuÞ�o­T9opR�Í�ÍsqWY�Qh�jmjbwTÇ_ O Q>TcbÅR q{mLÍ�bwTfd O Í SÑd igYsb�SuZ\T
qWY�_\V O qfSUms_\qWT<Y�,{S�m`Rª_\TWV�iÑbÚY�Q SuZ`R d mL�L�jbwYLmBqcZ9SUYhq{msÍ q O Í m{S[R Y�_{d O dfR�_\vhSuZ\Thå O ,`YhiÅYLb
Q O Í mpiÅYLbHSuZ\T
d.msQ>T�dàTfS O �sÉ
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ÌlbÚms_{dW�`YLbeS��BbÚY��cTcbwS.R Tfd#VsTfdàqcbÅR�,`T�S[ZBT9mL,`RªÍ¾R Sg-hYji�m^Q�m\SÑTcb¨R msÍ`SÑYXSubÚms_{dW�`YLbeS Tc_\Tcbevc-fÞ�Tc_{SubwY��[-uÞ�Z\T{m{S
YLb5TcÍ TWqfS[b¨R qÏqcZBmjbevLT`ÉÏÌ°o�Y�i¨mLQhR�Í¾R±mjblT.�`mLQ��LÍ Tfd9mjbwTÏSuZ\TXTcÍ TWqfSubÅR qXmL_BVFS[ZBT�SuZ\Tcb¨Q�mLÍJqWY�_BV O qfS[R aLR Sg-
R�_�q{m{dàTÓYjipTcÍ TWqfSubÅR q�qcZBmjbwvLT�ms_\V
Z\T{m\S<S[bÚms_{dW�`YLbwS[Þ bwTfdW�`TWqfS.R aBTcÍ -WÉnî i<,cYcSuZ^SubÚms_{dW�`YLbeS<Sg-��cTfdÏmjbwT
�jbwTfdàTc_{SuÞ&_\TuoòTuÐ}TWqfS�d­q{mL_<,`T#Y�,{dàTcbËajTWVJÉ­á#_\V9m{d�m<bÚTfd O Í S�f`m	a�_bgs]�a��la�j%fb_b[ljtSubÚmL_\dW�cYsbeS*�jbwY��`TcbeS[R TfdWÞ
d O qcZhm\d#S[Z\Tcb
Q>Y��`YWo�Tcb�ms_\VXS[ZBTÏß&TcÍ S.R TcbPqWY³Tuæ�qjR Tc_{S>ZBmWajTX,cTWTc_9VsTuüP_\TWV°É*ÌpZBThRª_WaBTfd�S[R vsm\S.R Y�_�Yji
SubÚmL_\dW�cYsbeSX�BbÚY��cTcbwS.R TfdXR d�_\YcS<Y�_LÍ -�R�Q��`YLbeS�mL_\S;iÅYLb)S[Z\T O _\VLTcbed�S�ms_\V�R�_\v�Yji#S[ZBTF�LZW-\dfR qfdÇ,`TcZ`R�_BV
SuZ\TfdàT�S[bÚms_{dW�`YLbwSp�BbÚY�qWTfd�dàTfdWÞH, O S;R d7mLÍ dàY^bÚTcÍ Tuajms_{S5iÅYLb}SUTWqcZL_\Y�Í Ycv�R q{msÍ�ms�L�LÍ¾R q{m{S[R Y�_\d TfdW�`TWqjR msÍ�Í -�Rª_
Q>Y³VLTcb¨_^Q9R qcbÚY�TcÍ TWqfS[bwY�_LR qfd{É

îM_�SuZ`R d�Ô­ZBms�{SUTcb�SuZ\T<Sgo�Y�Q�Ycd�S;RªQh�`YLbeS�ms_{S)SuZ\Tcb¨Q�Y�TcÍ TWqfS[b¨R q�TuÐHTWqfSÑd#iÅYLb�SuZ`R d#o­Ysb¨rcÞ�SuZ\T
N TWTc,`TWqcr�ms_\V^SuZ\TÇß&TcÍ S.R TcbtTuÐHTWqfSuÞ&opRªÍ�ÍJ,`T9T.�³�LÍ mLR�_\TWVíms_\V^SuZ\T�bÚTfdW�cTWqfS[R ajT�S[bÚms_{dW�`YLbwS��jbwY��`TcbeS[R Tfd
opRªÍ�Í*,`T$R�_{SubwY³V O qWTWVJÉ õP- O dfRª_{v@rjR�_BTfS.R qFS[b3mL_{dW�`YsbeSXS[Z\TWYsbË- mLÍ�Í�SubÚms_{dW�`YLbeSq' O mL_\S.R S.R Tfd�opR�Í�Í*,`T
T.���jbwTfd�dàTWVnRª_�SÑTcb¨Q>d�Yji S[ZBTJ��[l�	a%fb[ljsj�]�aL�sj�[�a���f�\WÉ^Ù�Rª_BmsÍ�Í -XopR S[Z�SuZ\TÓÔ­Z\Tfd�SÑTcbeØ
ÌpZ\TcÍ�Í O _{vcØ.å O ,`YjØ
è5bwTWTc_Wo�Y³Y�V� UÔHÌ>å�è�!�igYsb¨Q�msÍ¾R dWQhÞtm�Q>TfSuZ\Y�V�Yji q{msÍ q O Í m{S[R�_{vFSuZ\TfdàT�qWY³TuæXqjR Tc_{SÑdhmL_\V�S[Z O dhmLÍ�Í
SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR qh�jbwY��`TcbeS[R Tfd opR�Í�ÍJ,`T�v�R aBTc_�É
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îM_{S[R�Q�m{SUTcÍ -ÓqWY�_s_\TWqfSÑTWV�o;R SuZÓSubÚms_{dW�`YLbeS�Q�TWqcZBmL_LR dWQ;dÏmL_\V
�jbwY��`TcbeS[R Tfd�R dhSuZ\T�' O Tfd�S.R Y�_�YjipSuZ\T
Sg-s�`T;Yji�q{mjb
bÅR TcbedpR�_WaBY�Í aBTWVJÉ�k�Z`RªÍ TpqcZBmjbwvLT9R d)mLÍ�Q>Ycd�SldàY�Í TcÍ -�q{mjb¨bÅR TWV^,[-9TcÍ TWqfSubwY�_{d*Ysb�ZBY�Í TfdWÞPZ\T{m{S
q{ms_#msÍ dàY�,`T­SubÚmL_\dW�cYsbeSUTWV9,[-��LZBY�_\Y�_{dWÞ&Q�m\v&_\Y�_{d�YLb�YcSuZ\Tcb�' O m\dfR Øà�BmjbeS[R qcÍ Tfd{Étá#Í SuZ\Y O v&Z)S[ZBT7Í m\S�SUTcb
q{ms_>qWY�_{d�S[R S O SUTpmpdfR v&_`R ü&q{mL_\SlqWY�_{SubÅRª, O S[R Y�_pSUY<SuZ\T�,`TcZBmWasR Y O bPYjiPSubÚms_{dW�`YLbeS �BbÚY��cTcbwS.R TfdWÞLd O qcZ�m\d
SuZ\T��LZ\Y�_\Y�_WØ
VJbÚm{v�SÑY�SuZ\Tcb¨Q�Y��cY{o­Tcb
ÞLo�Tpm{d�d O Q�T>R�_7SuZ\T igY�Í�Í Y{opR�_{v�SuZBm{S�S[ZBT#SÑTcQ��cTcb3m{S O bwT;R d#Í Y{o
Tc_\Y O v&Z�SUY�_\Tfv&Í TWqfS7SuZ\TfdàTÏTuÐHTWqfSÑd{ÉhÎ&���`TcbÅRªQ>Tc_{S�mLÍ�Í -fÞ�bÚTfdW�cTWqfS[R ajTÇQ>T{m\d O bwTcQ�Tc_{SÑd>mjbwTÏS[ZBTcbwTuigYsbwT
O d O msÍ�Í -�VLY�_\TÇ,cTcÍ YWo

1K
neÊ{úto�É

�=�������  �¡ G°�³z`|[KM� yl�£¢�DFEHG}|p¤êy ¡$¥ ~5�£¢�¦H�³zcK¨§}K�zu�
î i*SuZ\TcbwTXmjbwT�Q>Y�,`RªÍ T�qcZBmjbevLT�q{mjb¨bÅR Tcbed<mWajmLR�Í mL,sÍ TcÞHS[ZBT^�jbwTfdàTc_\qWT�Yji ms_ÇT.�BSUTcb¨_BmsÍJTcÍ TWqfSubÅR q9ü�TcÍ V E
opRªÍ�Í�bwTfd O Í S)Rª_9mL_9TcÍ TWqfS[bÅR q;q O b
bwTc_{S5SuZLbwY O v&Z<SuZ\T>d.mLQ��LÍ T`É#ÙjYLb�m<d O æXqjR Tc_{SuÍ -<dWQ�msÍ�ÍcTcÍ TWqfSubÅR qpü�TcÍ V
E S[Z\TÏTcÍ TWqfSubÅR qhq O b¨bÚTc_{S;VLTc_{dfR Sg-

je
R d>V�RªbwTWqfS[Í -��jbwY��`YLbwS.R Y�_BmLÍ°SÑY^S[Z\T�ü&TcÍ V&ÞPo;ZLR qcZ�R d>d O ,{d O Q�TWV

R�_D©$m	g�ª \«��¬"­lÞ
je(r) = σ E(r) .

 
��ÉËÊ%!
ÌpZBT;SUTc_{dàYLb

σ

R d*SuZ\Tsa���a�j%f`_b[�j®Z&¯°jL¯±j�]²�	Z�³�j%f`[°´p[°f�d�Þ³o;Z`R qcZ9VLTfdàqcbÅR�,`Tfd)S[Z\T�bwTfdW�`Y�_{dàTcÞ�RªÉ±T`ÉlSuZ\T��&YWo
Yji}q{mjb¨bÅR TcbwdWÞ`SÑY�SuZ\T7T.�BSUTcb¨_BmsÍ{ü&TcÍ VJÉ î S�SuZ\TcbwTuiÅYLbÚT<bwTp�&TWqfS�d­SuZ\TpmL,LR�Í¾R Sg-;YjiPSuZ\T�Q�m{SUTcbÅR msÍWSUY<qWY�_\V O qfS
TcÍ TWqfSubÅR q�q O b¨bwTc_{SfÉ7îM_9SuZ\T9q{m\dàT<Yji�ms_ÇR dàYcS[bwY��LR q�Q�m\SÑTcbÅR±mLÍ�Þ&T`É vJÉ³opR SuZ�mhdfR�Qh�sÍ TuØ
q O ,`R q�dU-sQhQ�TfS[bË-fÞ
ms_\V�R�_�mL,\dàTc_\qWTXYji)míQ�m\v&_\TfS[R q<ü&TcÍ V�SuZ\ThqWY�_BV O qfS[R aLR Sg-ÇSÑTc_{dàYsb#,cTWqWY�Q�Tfdh�jbwY��`YLbeS[R Y�_jmLÍ�SUY^SuZ\T
O _`R S)SUTc_{dàYsb

(σ)ij = σδij
É

îM_òm dfR�QhR�Í mjb>o5m[-×mòqWY�_{d�S�mL_{S�SUTcQh�`TcbÚm\S O bÚT�v&b3m\V�R Tc_{S ∇T
Í T{m\VLdFSÑY×m¶µ[S[Z\Tcb
Q�msÍ·��Y{oKµnYji

q{mjb¨bÅR Tcbed�ms_\VíSuZ O d�SÑY�mXSuZ\Tcb¨Q�msÍ&q O b¨bwTc_\S;VLTc_{dfR Sg-
jq
ÉÏî i5SuZ\Thv&b3m\V�R Tc_{S<R d;dWQ�msÍ�Í�Þ�ÙjY O bÅR Tcb
ù±d�Í m[o

bwTcÍ m{SUTfd
jq
SÑY ∇T

nwÊ{äto
Þ
jq = −κ∇T ,
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o;Z\TcbÚT

κ
R dlSuZ\Tif`m	a�_bgi¬"�&j�]²�	Z�³�j%f`[°´p[°f�d�ÞLo>Z`R qcZ�qcZBmjbÚmBqfSÑTcbÅR dàTfd�S[ZBT;mL,LR�Í¾R Sg-pSÑY<qWY�_BV O qfS7Z\T{m\SuÉ­Ì;Z\T

qcZBms_{vLTÇYji�Z\T{m{S
dQ

Rª_ÇdàY�Q>T�dWQ�msÍ�Í�ü��jTWVêbÚTfv�R Y�_^Yji S[Z\TÏdàY�Í�R V&ÞHo;ZBTcbwTXS[ZBTXSÑTcQ��cTcb3m{S O bwTÏq{mL_
Ò



,`T�m\d�d O Q�TWV�SUYÇ,`T�qWY�_{d�S�mL_{SuÞPR d£B O d�S
T
S[R�Q>Tfd)S[ZBT>qcZBms_{vLT�Yji�Tc_{SubwY��[- S Þ dQ = TdS Év�lTc_\qWT

SuZ\TpSuZ\Tcb¨Q�mLÍcq O b¨bwTc_\S­VsTc_{dfR Sg-XR d7bÚTcÍ m\SÑTWV�SÑY9S[Z\T>Tc_{SubwY��.-9q O b
bwTc_{S5VLTc_{dfR Sg-�Rª_;SuZ\T7iÅY�Í�Í YWopRª_{v<o5m[-uÞ

jq = T jS .
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ÜlYcS.R qWT�S[ZBm\S S[Z`R d�R d�_\YFÍ Y�_{vLTcb}ajmsÍ¾R VíR i­Y�_\T<vLY³Tfd�,`Tu-WY�_\VÓS[Z\TÇÍ¾R�_BT{mjbtS[ZBTWYLbË-cneÊ{äto�É
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îM_pSuZ\T#q{m{dàT7Yji}mL_>TcÍ TWqfSubÅR q®¬"�&Z�m7SuZ\Tcb¨Q�mLÍBq O b¨bwTc_{SuÞLSuZ\T��LZ\Tc_\Y�Q�Tc_\Y�Í Ycv�R q{mLÍ�Í m[oòYji�k×R TWVLTcQ�mL_s_
ms_\VnÙsbÚms_{ÛÏd�SUm\SUTfdpS[Zjm{S#iÅYLb Q>TfS�mLÍ d7S[ZBTi' O YcS[R Tc_\SpYji

κ
ms_\V

σ
R d;V�RªbwTWqfS[Í -Ó�jbwY��`YLbeS[R Y�_jmLÍ�SUYÇSuZ\T

SUTcQh�`TcbÚm\S O bÚT
T
É�Ì;Z\T��jbwY��`YLbeS[R Y�_jmLÍ�R Sg-�qWY�_{d�S�ms_{S;R d#S[Z\T9dàYjØ
q{mLÍ�Í TWVrÂ�]%_ba��%Ãq��³�gsÄ�a�_

L0 =
e2

k2
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κ

σT
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o;Z\TcbÚT
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R d7SuZ\T<TcÍ TWqfS[bwY�_�qcZBmjbevLThms_\V
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R d<õ}Y�Í S�ÛcQ�ms_L_Lù±dpqWY�_\d�SUms_{SfÉ7ÙBYsb)Q�TfSUmsÍ dWÞPR S)SUmsr.Tfd7SuZ\T

O _`R aBTcbed.msÍLajmsÍ O T
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neÊ{ä³Þ[Ê{çto�É
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ÜlYWo;ÞHR iHSuZ\T�qjR�bwq O R S R d Y��cTc_Ë 

je = 0
![Þ�S[ZBT9Z\T{m\S*q O b¨bÚTc_{S*VLTc_{dfR Sg-

jq
opRªÍ�ÍcTuaBTc_{S O msÍ�Í -�Í T{m\VÏSUY�ms_

mBqWq O Q O Í m{S[R Y�_#Yji°TcÍ TWqfSubwY�_{d­m{S}SuZ\T qWY�Í V�Tc_\V9ms_\V<m7VLTc�LÍ TfS.R Y�_#m\S}S[ZBT;Z\YcStTc_BV<YjiJS[Z\T)qWY�_\V O qfSUYLb�É
Ô}Y�_{dàT�' O Tc_{SuÍ -fÞ�SuZ`R d�dàTfSÑd O ��m�f`m	a�_bgi]�a���a�j%f`_b[ljuÌ�a���Z E Þto;Z`R qcZ�Y��L�`YcdàTfd<S[ZBTXS[Z\Tcb
Q�msÍ<��Y{o Yji
SuZ\TXTcÍ TWqfSubwY�_{dË ÅdàTWTíÙ�R vJÉ}��É¾�	!uÉXÌpZ`R d>dàYjØ
q{msÍ�Í TWV ¼ §L§�®J§Lµ�¶F§²Í­§Lµc  o5m{d9V&R dàqWYjaBTcbwTWVêR�_ìÊ{ç`��Êí,[-
SuZ\TX�LZW-\dfR qjR d�S ÌpZ\Y�Q�m{d®Î\Y�ZBmL_s_ N TWTc,`TWqcr`ÉpÙjYLbldWQ�msÍ�Í ∇T

Y�_\T9Y�,\SUmLR�_{d#iÅYLb�S[Z\T<ü�TcÍ V&Þ

E = S ∇T ,
 
��É±�&!

o;Z`R qcZÏVsTuüP_\Tfd�SuZ\TJf`m	a�_bgs]Lk9]²­»a�_A ¨YLb=Ï9a�a�ÄÐa�j��qj�]�aL�ij�[la���fÑ!
S
É<îM_hvLTc_\Tcb3mLÍ�SuZ\T9SuZ\Tcb¨Q�Y��cY{o­Tcb

R d7V O T9SUYXSgo­YÓV�R Ð}TcbwTc_{S#TuÐHTWqfSÑd{ô­SuZ\T9V�R Ð O dfR Y�_hYji­S[Z\ThTcÍ TWqfSubwY�_{dpmL_BV^SuZ\T<dàYjØ
q{msÍ�Í TWV�µB�LZ\Y�_\Y�_{Ø
V&bÚm\v9µrnwÊ{éto�ÉnÜ�YcS[R qWT�SuZBm\SÏR�_^dàY�Q�TÇq{m\dàTfd9S[ZBTcbwTFQ�m[-ìmsÍ dàYê,`T^m}µBQ�m\v&_\Y�_WØ
VJbÚm{v9µ�neÊ{étoÑÉ�Ì;Z\T
�LZ\Y�_BY�_WØ
V&bÚm\vòbÚTfd�S�d O �`Y�_�m�Q�Y�Q>Tc_{S O QýSubÚms_{dUiÅTcb­iÑbwY�Q S[ZBTí�LZ\Y�_\Y�_{d�SÑYíSuZ\TÇTcÍ TWqfS[bÚY�_{d9m{d�m
bwTfd O Í S}Yji�qWY�Í�Í�R dfR Y�_\d{É�îM_�Q�TfSUmsÍ d�S[Z\T)V�R Ð O dfR aBT

S
R d}iÅY O _\V�SUY9,`T>�BbÚY��cYsbeS[R Y�_BmsÍWSÑY −T

nwÊ{äto
Þco;Z\TcbwT
�



SuZ\T dfR v&_�R d­VLTfSUTcb¨Q9Rª_\TWVX,.->S[Z\T#qcZBmjbwvLTpYji°SuZ\T S[Z\Tcb
Q�msÍ{qWY�_\V O qfSUYLbedWÞso;Z`R qcZ;mjbwT7TcÍ TWqfSubwY�_{d)R�_7SuZ\T
q{m\dàT7Yji�Q>TfS�msÍ d{É*îM_7dàTcQhR qWY�_\V O qfSÑYsbed�SuZ\T#V�R Ð O dfR ajT)SuZ\Tcb¨Q�Y��`YWo�TcbJdWZ\YWo)d)mpV�R ÐHTcbÚTc_{S*,`TcZBm{aLR Y O b
É
�lTcbwT

S
V�R aBTcbevLTfd<iÅYLb

T → 0
opR SuZ

1/T
É^Ì;Z\T�dfR v&_ÓYji

S
Rª_\V�R q{m{SUTfd�o;Z\TfSuZ\Tcb S[Z\T�q O b¨bwTc_{SÏR d

q{mjb¨bÅR TWVF�jbwTWVLY�Q9Rª_Bms_{S[Í -Ó,[-�ZBY�Í Tfd7YLblTcÍ TWqfSubwY�_{d|neÊ{éto�É

ÒÔÓpÕ»Öt×Ø×.Ùp×ØÚ.Û·×`Ü&×ØÚeÝ Ò�Ù.Õ�Þ"×.ß Ý`à ×.á�×eÜ&×CÚeÝ
Ù�R v O bwTp��ÉËÊ`ô$ 
m"!lÌ;Z\T N TWTc,`TWqcrpTuÐHTWqfSfÉ�Ì;Z\T7V�R ÐHTcbwTc_BqWT7Yji�SuZ\T#SÑTcQ��`TcbÚm{S O bwTfd Rª_pS[ZBT)Sgo�Y�Q�TfSUmsÍ d
-LR TcÍ V`dpm�V�R Ð}TcbwTc_\qWT�R�_hS[Z\T�SuZ\Tcb¨Q�Y��`YWo�Tcb�mL_BVìZ\Tc_\qWT�m<aBY�Í SUm\vLT�q{mL_Ó,`TXQ>T{m\d O bwTWVJÉ�ÌHY�Y�,{S�m`Rª_
SuZ\T;SuZ\Tcb¨Q�Y��`YWo�TcbHYjilY�_\ThQ�TfSUmsÍcY�_LÍ -fÞ�S[Z\T�YcSuZ\Tcb�Q�TfSUmsÍ�ZBm\d)SUYÇ,`T>d O �`TcbwqWY�_\V O qfS[R�_\v{neÊ{ätoÑÉ# �,"!
ÌpZBT�ß&TcÍ S[R TcbtTuÐ}TWqfSuÉ7û#bÅR aLR�_\v�mÏq O b
bwTc_{S>R�_�m^,`R�Q�TfSUmsÍ�Í�R q�qjR�bwq O R S;Í T{m\VLd7SÑY�m�S[ZBTcb¨Q�msÍsq O b¨bÚTc_{SuÉ

ÌpZ\T Æt§�¯± u��§�¦l§	Íl§Lµc  R d�SuZ\T;qWY O _{SÑTcb
�BmjbeS5YjitSuZ\T N TWTc,`TWqcr;TuÐ}TWqfSuÉ#î i�mL_�TcÍ TWqfSubÅR q7q O b¨bwTc_{S
R dXV&bÅR aBTc_ìSubwY O v&Z�m$,`R�Q�TfSUmsÍ�Í�R q^qjRªbwq O R S�m{SXm O _LR iÅYLb¨Q SUTcQh�`TcbÚm\S O bwTcÞ�SuZ\TcbwT�opRªÍ�Í­,`Tím bwTcÍ T{m{dàT
Yji9Z\T{m\S�m\S9Y�_\TÓYji>S[Z\ThB O _\qfS[R Y�_{d�mL_BVnms,{dàYsb¨�{S[R Y�_ìm{ShS[Z\TÓYcS[ZBTcb#Y�_BTâ ÅdàTWT�Ù�R vJÉ���ÉËÊ%!uÉ�Ì;Z`R d
q{ms_Ó,`T O _\VLTcbed�SUY�Y³V^iÑbwY�Q SuZ\T�i¨m\qfSuÞ°SuZBm\S�R�_Ïms_XTcÍ TWqfSubÅR q9qjRªbwq O R S#m\S7qWY�_{d�SUms_{S7SUTcQh�`TcbÚm\S O bwThms_
TcÍ TWqfSubÅR q;q O b¨bÚTc_{SpR d#mBqWqWY�Qh�Bms_`R TWVF,.-Xm<SuZ\Tcb¨Q�msÍ`q O b¨bwTc_\S

jq
Þ³o;Z`R qcZ�R d V�R�bwTWqfSuÍ -��jbwY��`YLbeS[R Y�_jmLÍLSUY

SuZ\T<TcÍ TWqfSubÅR q�q O b
bwTc_{S
je
nwÊ{äto
Þ

jq = Πje .
 
��É¾ú	!

ÌpZBT^Q�m{SUTcbÅR msÍsdW�`TWqjR ü�q�qWY�_{d�SUms_{S
Π
R d>q{msÍ�Í TWV�ã£a��¨f`[�a�_�j�]�aL�sj�[�a���f
Þ�o;Z`R qcZ�R d>qWY�_L_\TWqfSUTWVíSUYÇSuZ\T

SuZ\Tcb¨Q>Y��`Y{o­Tcb
S
,.-XS[ZBTXbwTcÍ m\S.R Y�_

Π = TS ,
 
��É¾ä	!

o;Z`R qcZXo�m\d�üPbwd�S;VLTWV O qWTWV ,.-�ÖcYsbwV$å�TcÍ aLR�_Çms_\VFq{ms_ì,`T^bÅR vLYLbwY O dWÍ -ÇVLTcbÅR aBTWV O dfR�_\v�SuZ\TÓrjR�_\TfS[R q
qWY³TuæXqjR Tc_{S�di ¨quiUÉ N TWqfS.R Y�_Ï��É¾�	!uÉ#ÌpZBTXÔHY�Q�,`R�_jm{S[R Y�_ÏYji7ÎÐ' O m{S[R Y�_{di 
��É¾ú	!pms_\Vâ 
��É¾ä	!;mL_BV O dfRª_{v

ú



SuZ\T<bwTcÍ m{S[R Y�_pYjiHS[ZBT7S[ZBTcb¨Q�msÍBq O b
bwTc_{S­VLTc_{dfR Sg-
jq
SUY�S[Z\T;Tc_{S[bÚY��.-�q O b¨bwTc_{S�VLTc_\dfR Sg-

js
 
��É¾Ý	!lv�R aBTfd

jq = T js = Πje = TSje =⇒ js = Sje .
 
��É¾ç	!

ÌpZ O dWÞ�SuZ\T^S[Z\Tcb
Q>Y��`YWo�Tcb;R d$B O d�S�S[ZBTÇTc_{SubwY��.-ê�`Tcb O _`R S9qcZBmjbwvLTÇSubÚmL_\dW�cYsbeSUTWV ,[-FS[Z\T^TcÍ TWqfSubÅR q
�&YWo1Yjilq{mjb¨bÅR Tcbed{É

ÌpZBTcbwT
R d�-WTfSíms_\YcSuZ\TcbhSuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR q�TuÐ}TWqfS[ÞX_BmsQ>TcÍ - SuZ\T « À ¡Pº^�[¡P·ó§	Íl§Lµc  Éä�lTcbwTnSuZ\T
qcZBms_{vLTíYji9Z\T{m\S.Rª_{v R dÇbwTcÍ m{SUTWV�SUY$�jbwTfdàTc_\qWTíYji>mFTcÍ TWqfS[b¨R q�q O b¨bÚTc_{S�ms_\Vêm�ü&�cTWVnSÑTcQ��cTcb3m{S O bwT
v&bÚmBV�R Tc_\S7R�_9mXZ\Y�Q�YcvLTc_\TWY O dpqWY�_\V O qfSÑYsb
É5Ì;Z\T>qcZjmL_{vLTXb3m{SUT<R d)qWY�Qh�sÍ TfSUTcÍ -9VLTfSUTcb¨Q9Rª_\TWV^,[-hSuZ\T
ajmsÍ O TfdpYji

σ
Þ
κ
ms_\V

S
igYsb�m�v�R aBTc_9SUTcQh�`TcbÚm\S O bwT�v&bÚmBV�R Tc_\S#ms_\V^TcÍ TWqfS[b¨R q�q O b¨bwTc_\S VLTc_\dfR Sg-{nwÊ{äto
Þ

dq

dt
=

1

σ
j2e +

dκ

dT
(∇)2 − T

dS

dT
(∇) · je .

�=�����°å æJç�ç�¡ KM��yPzcKª~5�PI�yl�£¢è¾*K¨é=¦�|UG ~}�íx×G}|[K�z
ÌpZBTìSUTWqcZL_\Y�Í Ycv�R q{mLÍ)R�Q��`YLbeS�mL_BqWTìYji9S[ZBT$ß&TcÍ S[R Tcb;TuÐ}TWqfSíÍ¾R TfdíR�_�S[Z\T$�cYcd�dfRª,`R�Í�R Sg-ìSUY O dàT$R S�igYsb
µ[SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR q^qWY³Y�Í¾R�_\v9µjÉ ÌpZBTíd.mLQ��LÍ TÓSÑY
,`TíqWY�Y�Í TWV
R dí�LÍ m\qWTWV m\S�Y�_BTFYji>SuZ\T|B O _\qfS.R Y�_{d
ms_\V�m�Í mjbevLTíZ\T{m\SÏ,jm{SuZ�R dX�LÍ mBqWTWV�m\S�S[Z\T^YcS[Z\Tcb±B O _\qfS.R Y�_sÉ^Ì;Z\Tc_�m�q O b
bwTc_{SÏR d9V&b¨R aBTc_�R�_ÇSuZ\T
qjR�bÚq O R S�Rª_íd O qcZ�mío5m[-nS[ZBm\S9SuZ\TnZ\T{m\S9iUbwY�Q SuZ\T�d.mLQ��LÍ T�R d�ms,{dàYLb¨,`TWV ms_\VêSubÚms_{dUiÅTcb¨bwTWVòR�_{SUY
SuZ\TíZ\T{m\S�,Bm\SuZsÉ NPO qcZÇSuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR q�qWY³Y�Í¾Rª_{vídU-\d�SUTcQ;d<mjbwT O dàTWVFiÅYLb5T.�`mLQ��LÍ TXSUYFqWY�Y�Í�Z\T{m{S
dàTc_{dfR S.R aBTÇTcÍ TWqfSubwY�_`R qÇqWY�Qh�`Y�_\Tc_\S�d�d O qcZìm{dÏqWY�Qh� O SUTcb#qcZ`R��{dXmL_BV�SUYìd�S�ms,`R�Í�R dàTXSuZ\T^Y��`TcbÚm\S.Rª_{v
SUTcQh�`TcbÚm\S O bÚTpYjitdàY�Q>T�ÔlÔ�û$VLTfSUTWqfSÑYsbedpRª_�V�R v�R S�mLÍjq{mLQ�TcbÚm\d«n��`�to�É­Ì;Z\T N TWTc,`TWqcr>TuÐ}TWqfS5mLÍ dàYÇZBm\d
m�,jbwYLmBVìbÚms_{vLT�Yji­ms�L�LÍ�R q{m\S.R Y�_{d{É#ÙBYsb�T.�cmsQh�LÍ T�S[Z\Tcb
Q>Y³qWY O �LÍ TfdWÞ³o;ZLR qcZhmjbwTX,Bm\dfR q{msÍ�Í -�B O _\qfS.R Y�_{d
Yji;Sgo�YêV�R d�dfRªQ9RªÍ mjb;Q�TfSUmsÍ dWÞ5mjbwT�o;R VLTcÍ - O dàTWVnigYsb#SÑTcQ��cTcb3m{S O bwTÓdàTc_{dfR�_\vJÉ�õ O ShSuZ\TcbwTímjbwTìmsÍ dàY
SuZ\Tcb¨Q>YjØ¨vLTc_BTcbÚm{SUYLbwdWÞso;ZLR qcZ O dàT9ZBT{m{S�dàY O bÚqWTfd*SUY9vLTc_\TcbÚm\SUTpd O æ�qjR Tc_{S5TcÍ TWqfS[b¨R qpq O b
bwTc_{S�SUYhV&bÅR aBT
TcÍ TWqfSubwY�_`R q�VLTuaLR qWTfd{É NPO qcZhdU-\d�SUTcQ;d�ZBm{aBT�,`TWTc_ O dàTWVXiÅYLb5Rª_{d�S�mL_\qWTÏRª_9dW�BmBqWTX�BbÚY�,cTfdsn��`�to�É

ÌpZ\TpTuæ�qjR Tc_Bqu-�YjitmpSuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR q)VsTuaLR qWTpVsTc�cTc_BV`d*Y�,WaLR Y O dWÍ -�Y�_;SuZ\T#S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q
�jbwY��`TcbeS.R Tfd

σ
Þ
κ
mL_BV

S
ÉÓÌPY�m\qcZ`R TuaBTìZLR v&ZÇajY�Í S�m{vLTfd9SuZ\TFQ�m{SUTcbÅR±mLÍtQ O d�SÏZBmWajTÓm�Í mjbevLTÇS[Z\TcbeØ

Q>Y��`Y{o­Tcb
S
ÉpîM_�YsbwVLTcb�SÑYíbwTWV O qWT9SuZ\Tcb¨Q�mLÍ�_\Y³R dàTÏR S;ZBm\dpSUYíZBmWajT�mÓZ`R v&ZÏTcÍ TWqfSubÅR q�qWY�_\V O qfS.R aLR Sg-

ä



σ
mL_BVÏmhÍ Y{oòSuZ\Tcb¨Q�msÍ\qWY�_\V O qfS.R aLR Sg-

κ
SUY<VLTWqcbwT{m\dàT7SuZ\Tcb¨Q�mLÍLÍ Ycd�dàTfd{É�ÌHYw' O mL_{S[R i3-;SuZ\TpTuæ�qjR Tc_\qu-

Yji5m9SuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR q9Q�m{SUTcbÅR msÍ O d O msÍ�Í -hSuZ\TËZ	[�gsa��%\^[�]²�&��a(\�\hÌ�ê±³�_`a|]	ëÈgsa�_b[¨f
ZT

R d O dàTWVJÞ�o;Z`R qcZ
R d7VLTuüH_\TWVím{d#iÅY�Í�Í YWo*d|n���Êpo�Þ

ZT =
TS2σ

κ
=

e2

k2
B

S2

L0
.

 
��É¾é	!
ÌpZBT
' O ms_{S.R Sg-

Z
R dXrc_\YWo;_Fm\d<S[Z\TÏü�v O bwT^Yji>Q>Tcb¨R SfÉ�á Z`R v&Z\Tcb�ajmsÍ O TÇYji

ZT
-LR TcÍ V`dhm�,cTfSÑSUTcb

�`TcbËiÅYLb¨Q�mL_\qWT9m\d;m�S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q�Q�m\SUTcbÅR msÍ�É

�
�`� � �p2>=�� AÏ2>0Ú2#���}=s�g� �ê=BAuì92>=%�}�Ú2 � 6h8;:îí@�Ñ8p2��}�g� ?nA�2$ï �#�32>8��J�

îM_<d O Q�Q�mjbË-fÞ�S[Z\Tcb
Q>Y³TcÍ TWqfSubÅR qh�BbwY��`TcbeS[R Tfd VLTfdàqcbÅRª,cT�SuZ\T�bwTfdW�`Y�_{dàT�Yjilm<dU-\d�SUTcQ1SUYhSuZ\TÏ�BbÚTfdàTc_\qWT
YjihmL_êT.�BSUTcb¨_BmsÍ­TcÍ TWqfSubÅR q�ü&TcÍ V E ¬��	Zêm�SÑTcQ��cTcb3m{S O bwTFv&b3m\V�R Tc_{S ∇T

É û�Tc�`Tc_\VLTc_\qWTfdFYji<S[ZBT
bwTfd O Í S.Rª_{v�TcÍ TWqfS[b¨R q>ms_\VXSuZ\Tcb¨Q�mLÍ`q O b¨bÚTc_{S�d#Y�_<SuZ\T�TcÍ TWqfSubÅR q#ü&TcÍ VÇms_\VXSuZ\T>SÑTcQ��cTcb3m{S O bwT>v&bÚmBV�R Tc_{S
O ��SÑYíÍ�R�_\T{mjb�YsbwVLTcb�mjbÚTqn��`�to

je =
1

|e|

(

|e|L11E − L12
∇T

T

)

,
 
��ÉËÊ{�	!

jq =
1

|e|

(

|e|L21E − L22
∇T

T

)

.
 
��ÉËÊ`Ê%!

ÌpZLR d5VLTuüH_\Tfd S[Z\T«' O ms_{S[R S[R Tfd
Lij (i, j = 1, 2)

o>Z`R qcZ<mjbwT;q{msÍ�Í TWVq��[��&a%fb[lj�j�]�aL�sj�[�a���fÔ\WÉ Ü�Y{o;ÞJmLÍ�Í
SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR q��BbÚY��cTcbwS.R Tfd>q{ms_F,cTÏT.���jbwTfd�dàTWV�R�_XSUTcb¨Q;d�Yji5S[ZBT

Lij
ÉX]tdfR�_\víï�ZsQhù±dÏÍ m[oè 
��ÉËÊ%!

R�_ÓÎ�' O m{S[R Y�_J 
��ÉËÊ{�	!)iÅYLb
T = const.

Þ°Y�_BT<Y�,{SUmLR�_\d�R�QhQ�TWV�R m\SUTcÍ -

σ = L11 .
 
��ÉËÊ{�	!

]5�`Y�_�qWY�Q�,`R�_LR�_{v×ÙjY O bÅR Tcb
ù±dFÍ m[oð 
��É¾�	!Xms_\V Î�' O m{S[R Y�_� 
��ÉËÊ`Ê%! O _\VLTcb>S[ZBTFqWY�_\V�R S[R Y�_ìYji�ÛWTcbwY
TcÍ TWqfSubÅR q�q O b¨bwTc_{SuÞ&S[ZBT�S[Z\Tcb
Q�msÍ�qWY�_\V O qfS.R aLR Sg-ÓR�_<SUTcb¨Q;d7Yji­S[Z\TXrjRª_\TfS.R q�qWY�Tuæ�qjR Tc_{SÑd<,`TWqWY�Q>Tfd

κ =
L22L11 − L21L12

|e|2TL11
.

 
��ÉËÊ{Ý	!
N R�QhR�Í mjb¨Í -fÞ O dfR�_{v�SuZ\T�d.msQ>T<qWY�_\V&R S[R Y�_LÞtÎÐ' O m\S[R Y�_� 
��ÉËÊ{�	!*-sR TcÍ VLd#igYsbtS[ZBT�S[Z\Tcb
Q>Y��`YWo�Tcb¨Þ

S =
L12

|e|TL11
.

 
��ÉËÊfÒ�!

ç



 

ñ T 

jq 

-je E 

òôóôõ ö óø÷�ù

Ù�R v O bwT7��É¾��ô*î i ∇T 6= 0
Þ`S[Z\T>Z\T{m\S�q O b
bwTc_{S�VsTc_{dfR Sg-

jq
opRªÍ�ÍWTuaBTc_{S O msÍ�Í -9Í T{mBV�SÑY�mL_;mBqWq O Q O Í m\S.R Y�_

Yji°TcÍ TWqfSubwY�_{dlm{S}SuZ\T*qWY�Í V>Tc_BV�ms_\V<m#VLTc�LÍ TfS.R Y�_#m\S}SuZ\TpZ\YcStTc_BV�YjiJSuZ\T)qWY�_\V O qfSUYLb
É­Ì;Z\TpbwTfd O Í S[R�_{v
q O b¨bÚTc_{S VsTc_{dfR Sg- −je

R d7Y��L�`YcdàTWVÇSUYÏS[Z`R d<�BbÚY�qWTfd�d{É

Ù�bwY�Q SuZ\T9VLTuüH_`R S.R Y�_hYjilSuZ\T�ÖcYLbÚTc_{Û�_ O Q�,cTcb$ 
��É Ò�!;R S)igY�Í�Í Y{o*d#S[ZBm\S

L0 =
e2

k2
B

κ

σT
=

L22L11 − L21L12

(kBTL11)2
.

 
��ÉËÊW�&!
á�VsV�R S[R Y�_BmsÍ�Í -uÞ�R�_�S[Z\T�mL,{dàTc_BqWT�Yji*mÓQ�m\v&_\TfS[R q�ü&TcÍ V&Þ�S[ZBT�ï�_{d.m\vLTcb bwTcÍ m\S.R Y�_9d�S�m{SUTfd7S[Zjm{S

L21 =

L12
n��`�to�É
â�YsbwTWYjaBTcb¨Þ°,.-pdàTfSÑS.Rª_{v

T = const.
Rª_<Î�' O m{S[R Y�_\d$ 
��ÉËÊ{�	!lms_\V
 
��ÉËÊ`Ê%!�Y�_\T#q{mL_pq{msÍ q O Í m\SÑT

SuZ\T�ß&TcÍ S[R TcbtqWY³TuæXqjR Tc_{S)opR SuZ9SuZ\T<VLTuüH_`R S[R Y�_q 
��É¾ú	![Þ

Π =
L12

|e|L11
= TS .

 
��ÉËÊ{ú	!
ÌpZLR d�bwTfd O Í S;�jbwYjaBTfdpSuZ\TÇå�TcÍ aLRª_ÇbwTcÍ m\S[R Y�_
 
��É¾ä	!uÉ

�
�`ú ?
�p2 �9�J2;=Lû � �;2;0�0eü98�ý®ûÈíTü|þ9A®û9ÿ@=\2 2�8���A�AÏ:��pA�=�� 6<0
�3���

Ù�bwY�Q N TWqfS.R Y�_���É¾�ÇR S)R d*Y�,{aLR Y O dWÞ�SuZBm\SlSuZ\T�rjR�_\TfS[R q7qWY³TuæXqjR Tc_{SÑd
Lij

mjbwT>S[Z\Thr.Tu-<SÑY�q{mLÍ q O Í m\S[R�_{v
SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR q*SubÚms_{dW�`YLbeS �BbÚY��cTcbwS.R Tfd{É­ï<_\T7q{mL_>iÅYLb°T.�cmsQh�sÍ T7qWY�Qh� O SÑTpS[Z\T;qWY�Tuæ�qjR Tc_{SÑd

Lij
Rª_

SuZ\T�qWY�_{SÑT.�jS)Yji�SuZ\TÏbwTcÍ m��cm\S.R Y�_WØ¨S[R�Q>T�mL�s�BbwY��sR�Q�m{S[R Y�_JneÊ{äto
Þ³o;Z`R qcZ�R dWÞPZ\YWo�TuaBTcb¨Þ�bÚm{SuZ\Tcb O _\d.m{S[R dUØ
i3-LR�_{vXdfRª_\qWT�S[Z\T�T.���sÍ¾R qjR S�iÅYLb¨QþYjilS[Z\TÏbwTcÍ m^�`m{S[R Y�_WØ¨S[R�Q�T

τ(E, T )
R d YjigSUTc_ O _Lrc_\YWo>_sÉ)Ì;Z\TcbwTuiÅYLbwT

m^Q9R qcbÚYcdàqWY��`R q<ms�L�BbÚYLm\qcZÏo�Y O Í V�,cTX�jbwTuiÅTcb¨bwTWVJÉ
á�o�TcÍ�Í Ø
Tfd�SUms,LÍ�R dWZ\TWV>iÅYLb¨Q�mLÍ�R dWQ R d­V O T SÑYXå O ,`Yun��`ÝtoPmL_BVÏè5bwTWTc_Wo�Y�Y³Vqn��jÒ�oJo>Z\Y�VLTcbÅR ajTWV

ms_�T.���jbwTfd�dfR Y�_>iÅYLb�S[ZBT;VJÉ±q`É³qWY�_\V O qfS[R asR Sg-�opR SuZ`R�_ÏÍ¾Rª_\T{mjb�bÚTfdW�cY�_\dàTpSuZ\TWYLbË-WÉ�ÌpZBTjR�b�bÚTfd O Í SÑd5q{mL_X,`T
é



d O Q�Q�mjbÅR dàTWV�R�_9SuZ\T�iÅY�Í�Í Y{opR�_\vXo�m[-fÞ

σ(T,EF) =

∞
∫

−∞

σ(E)

[

−∂f(E,µ, T )

∂E

]

dE ,
 
��ÉËÊ{ä	!

o;Z\TcbÚT
µ(T )

R d#S[ZBT9qcZ\TcQ9R q{mLÍ°�cYcSUTc_{S[R msÍ�ms_\V
f(E,µ, T )

R d#SuZ\T�ÙjTcb¨Q9R�i O _BqfS.R Y�_

f(E,µ, T ) =
1

exp
(

E−µ
kBT

)

+ 1
.

 
��ÉËÊ{ç	!

ÙjYLb�SuZ\T9Tc_BTcbevc-ÏVLTc�`Tc_\VsTc_\qWThYji­S[ZBT<qWY�_\V O qfS[R aLR Sg-
σ(E)

S[Z\Tu-XY�,{S�m`Rª_\TWV

σ(E) = 2π
∑

m,n

∣

∣

∣
〈m|ĵe|n〉

∣

∣

∣

2
δ(E − En)δ(E − Em) .

 
��ÉËÊ{é	!

�lTcbwT
ĵe
R d5SuZ\T�TcÍ TWqfSubÅR q;q O b¨bwTc_{S)Y��cTcb3m{SUYLb¨Þ&ms_\V |n〉 ms_\V En

mjbÚT;SuZ\T�TjR vLTc_{d�S�m{SUTfd)ms_\V�TjR vLTc_BTc_WØ
Tcbev�R TfdWÞ�bwTfdW�`TWqfS[R aBTcÍ -uÞPYji­SuZ\TJ�lmsQ9RªÍ SUY�_`R ms_ O _\VLTcb�qWY�_{dfR VsTcbÚm{S[R Y�_�É7á�VLV�R S.R Y�_BmsÍ�Í -Få O ,cY�Þ��PY�r[YcSUm
ms_\VìÜ­mLr[mCB.R msQ�m�n��c�"otdWZ\YWo�TWV�SuZBm\S*SuZ\ThrjRª_\TfS.R q>qWY³Tuæ�qjR Tc_{SÑd

Lij
igYsbPdU-Bd�SÑTcQ>dpR�_�SuZ\Tcb¨Q�mLÍLT�' O R Ø

Í¾Rª,Bb¨R O QómjbÚT�S[Z\Thq O b¨bwTc_{S�Ø
q O b¨bÚTc_{S qWYsb¨bwTcÍ m{S[R Y�_<i O _\qfS[R Y�_\dwn��`úto

Lij ∝ 〈ji jj〉 (i, j = 1, 2) ,
 
��É¾�`�	!

opR S[Z
j1 = je

ms_\V
j2 = jq

VLTc_\YcS[R�_\v SuZ\T�TcÍ TWqfS[bÅR qFq O b¨bwTc_\S^mL_\V
SuZ\Tcb¨Q�mLÍlq O b¨bwTc_{SÇVsTc_{dfR Sg-fÞ
bwTfdW�`TWqfS[R aBTcÍ -fÉ­á­d�d O QhR�_{vXTcÍ m\d�S.R qpdàq{m\S�SUTcbÅRª_{vÏYji)R�_\VsTc�cTc_BVLTc_{S#TcÍ TWqfSubwY�_{d�,.-�d�SUm\S.R q<RªQh� O b¨R S[R Tfd)Ysb
,[-�Í m{SÑS.R qWT>aLR�,jbÚm\S.R Y�_{dpY�_\Thq{ms_�Y�,\SUmLR�_�S[Z\TÇrBRª_\TfS[R q�qWY�Tuæ�qjR Tc_\S�d7iUbwY�QýÎÐ' O m{S[R Y�_J 
��É¾�`�	!�,[-ÏSuZ\T
Ô­Z\Tfd�SÑTcbeØ
ÌpZ\TcÍ�Í O _{vcØ.å O ,`YjØ�è5bwTWTc_Wo�Y�Y³V^igYsb¨Q O Í m{S[R Y�_qnwÊ{ç³ÞÑ�`Ý³ÞÑ�jÒ�o�Þ&o;Z`R qcZ9-LR TcÍ V`d7SuZ\T<T.���jbwTfd�dfR Y�_

Lij(T ) = (−1)i+j

∞
∫

−∞

A(E)[E − µ(T )](i+j−2)

[

−∂f(E,µ, T )

∂E

]

dE , (i, j = 1, 2) ,

 
��É¾��Ê%!
o;Z\TcbÚT

A(E)
qWY�_{S�mLR�_{d)msÍ�ÍjSuZ\T7dU-\d�SUTcQpØ¨dW�`TWqjR ü&q iÅT{m{S O bwTfd)ms_\V

µ(T )
R d*S[Z\T;qcZ\TcQ9R q{mLÍ³�`YcSÑTc_{S[R msÍ�É

N R�_BqWT;o�T�rc_\Y{o�iÑbÚY�Q Î�' O m{S[R Y�_� 
��ÉËÊ{�	!)S[ZBm\S
L11 = σ

o­T<q{ms_�R VsTc_{S.R iÚ-
A(E) = L11(T = 0)

opR S[Z9SuZ\T<Tc_\Tcbwvc-ÏVLTc�`Tc_\VLTc_\SpVJÉ±q`ÉJqWY�_\V O qfS.R aLR Sg-
σ(E)

É

Ê{�
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ÌlbÚmBV�R S[R Y�_BmsÍ�Í -uÞ5qWY�_BVLTc_{dàTWV×Q�m{SÑSÑTcb��LZW-BdfR qfd�ZBm{dí,`TWTc_íiÅY�q O dàTWVnY�_FSuZ\T�R�_WajTfd�S.R vsm{S[R Y�_íYjih�`TcbËØ
iÅTWqfShqcbË-\d�S�mLÍ d{É �lYWo�TuaBTcb¨Þ�bwT{msÍ�Q�m\SÑTcb¨R msÍ d O d O mLÍ�Í -ìqWY�_{S�m`Rª_nR�Qh� O bÅR S[R TfdWÞ­V�R dWÍ Y³q{m{S[R Y�_{d�YLbpYcSuZ\Tcb
VLTuiÅTWqfS�dWÞ³o;ZLR qcZhV�R d�SÑYsbeS5SuZ\T<qcbË-\d�S�msÍ�É#î i�SuZ\T<VLTuaLR±m{S[R Y�_{d iUbwY�Q1SuZ\TÏ�cTcbeigTWqfS qcbË-\d�S�mLÍ�Í¾R�_BT;d�Sub O qfS O bwT
mjbwTíÍ mjbevLT�Tc_\Y O v&ZLÞlY�_\TíQ�m[-ímLÍ dàYÓdW�`T{msr�Yji«Z	[ \^]%_bZ	a�_`a�Z�\ed"\Lf`a�g«\WÉÏï<_\T�Yji)SuZ\T�Q>Ycd�S>d�S[b¨R�rjR�_{v
iÅT{m{S O bwTfdpYji­d O qcZhdU-Bd�SÑTcQ>d�R d#S[ZBT9Y�qWq O b¨bwTc_\qWT9Yji#Í Y³q{msÍ¾R dàTWVÏo5m{aBT<i O _\qfS[R Y�_{d;ms_\VÓS[ZBTcbwTuigYsbwT<SuZ\T
�`Ycd�dfR�,`RªÍ¾R Sg-�Yji)mÏajms_`R dWZLR�_{v�qWY�_\V O qfS[R aLR Sg-XigYsb

T → 0
o;R SuZ\Y O S;ms_XTc_BTcbevc-ÇvsmL�Çm\d9Rª_Ó,Bms_\VcØàÍ�R�r.T

R�_\d O Í m\SÑYsbed{É N Rª_\qWT<SuZ\T��`R Y�_\TWTcbÅRª_{v�o�YLb¨rhYji7ß&É k@É°á#_BVLTcbedàY�_ÇRª_ÓÊ{éc�LçrnwÊpo
ÞJo;ZBTcbwTÇZ\ThT.���LÍ mLR�_BTWV
SuZ`R d<,`TcZBm{aLR Y O b¨Þ�SuZ\T9á#_BVLTcbedàY�_�Q>Y³VLTcÍ°ZBm\dh,`TWqWY�Q�ThmÓ�BmjbÚmBV�R v&Q iÅYLb�V&R dàYLbÚVLTcbwTWVÓdU-\d�SÑTcQ>d;mL_BV
m\S�SubÚmBqfSÑTWV$m Í YcSÏYjihR�_\SÑTcbwTfd�SfÉ÷Ù O bwS[Z\Tcb
Q>YLbÚTcÞ;R S�R d�YjigSÑTc_ O dàTWV×R�_$_ O Q>TcbÅR q{mLÍ�q{msÍ q O Í m\S.R Y�_{dÏYji
SubÚmL_\dW�cYsbeS��BbwY��`TcbeS[R Tfdpms_\V�o�T<o;R�Í�Í O dàTÏR S7m{d;mhd�SUmjbwS.Rª_{ví�cY³Rª_{S)igYsb�Y O b�q{msÍ q O Í m{S[R Y�_\d;m{d#o�TcÍ�ÍªÉ

ÌpZBT;Y�,{dàTcbËacm{S[R Y�_�S[Zjm{SliÅYLbPd O æXqjR Tc_{SuÍ -�Í YWo×SUTcQh�`TcbÚm\S O bÚTfd�S[Z\T;S[b3mL_{dW�`YsbeS R�_;dWQ�mLÍ�Í�ÞJ, O S7Q�mBqcbwYjØ
dàqWY��`R q9VLTuaLR qWTfd>YLb�d.mLQ��LÍ Tfd�R d;qWY�Qh�sÍ TfSUTcÍ -�qWY�Z\TcbÚTc_{S;mL_BV^SuZ\TcbwTuiÅYLbwThS[ZBTfdàT<dU-\d�SUTcQ;d<Q�m[-XdWZ\Y{o
' O ms_{S O Q TuÐHTWqfSÑd9d O qcZím{dÓÍ Y³q{mLÍ�R d.m\S.R Y�_LÞ�ZBm\dÇÍ T{mBV�SÑYFSuZ\TÇVsTuüP_`R S.R Y�_ÓYji|gia(\^]L\^j�]Lkô[�jw\ed"\Lf`a�g«\
 giUbwY�Q è5bwTWTcrcgia(\^]L\	� QhR VLV&Í T%!uÉFâ�YsbwTWYjaBTcb¨Þ�S[Z\T^T.���`TcbÅR�Q�Tc_{SUmsÍ°ms_\VìSUTWqcZL_\Y�Í Ycv�R q{msÍ��jbwYcv&bwTfd�d

Ê`Ê



Q�msr.Tfd�R S;�`Ycd�dfR�,LÍ T�SÑYÏi¨mL,jbÅR q{m{SUT9mL_BVìQ�ms_`Rª� O Í m\SUT�S[Z\TfdàT<VsTuaLR qWTfd#opR S[ZÇR�_\qcbwT{m\dfR�_\vF�BbwTWqjR dfR Y�_sÉ

îM_ S[Z`R d�Ô­ZBmL�\SÑTcb�o­T*opRªÍ�Í\�jbwTfdàTc_{Slm�,BbÅR TuiHR�_{SubwY³V O qfS[R Y�_*SUYpSuZ\T5ajm{d�SHü&TcÍ V�Yji}Q>TfdàYcdàqWY��`R q�dU-\d�SUTcQ;d{É
Î³dW�`TWqjR msÍ�Í -9SuZ\T�bÚY�Í T�Yji5qcZBmjbÚmBqfSÑTcbÅR d�S.R qÏÍ Tc_{v`SuZhdàq{msÍ Tfd iÅYLb�TcÍ TWqfS[bÚY�_`R q�SubÚmL_\dW�cYsbeS opR�Í�Í&,`T��`Y³R�_{SUTWV
Y O SfÉ>Ù&R�_BmsÍ�Í -uÞJSuZ\T9á#_BVLTcbedàY�_^Q�Y�VsTcÍ�Yji7Í Y³q{mLÍ�R d.m\S.R Y�_�opR�Í�Í°,`T<T.���LÍ m`Rª_\TWV�ms_\VÓS[ZBT9qWY�_{dàT�' O Tc_BqWTfd
Yji­S[Z\T<Y�_BTuØà�BmjbÚmsQ>TfSUTcb�dàq{msÍ¾R�_\v�S[Z\TWYsbË-ho;R�Í�Í°,cT<V&R dàq O d�dàTWVJÉ

ú
��� 
 2)�PA��P�5Asìh�3� ��C#�½�J2h� �

îM_;dàY�Í�R V<d�S�m\SÑT��LZ{-\dfR qfd*Y�_BT�R d O d O mLÍ�Í -;i¨mBqWTWV<opR S[Z>dU-\d�SÑTcQ>d�Yji­Q�m\qcbÚYcdàqWY��`R q7dfR ÛWTcÞ`o;Z`R qcZ>T.��Z`Rª,`R S
qcÍ m\d�dfR q{msÍ},`TcZBm{aLR Y O b d O qcZím{d�ï<ZLQhù±dXÍ m[oóigYsb*SuZ\T�qWY�_\V O qfSUms_\qWTímL_\V�q{mL_ O d O msÍ�Í -�,`TXS[bÚT{m{SUTWV
opR S[ZXqcÍ m\d�dfR q{msÍ�SuZ\TWYsbÅR Tfd{É�ï�_ÏS[Z\TÏYcSuZ\Tcb)ZjmL_\VJÞ}S[Z\TcbÚTÏmjbwTÏVLTuaLR qWTfd>Yji;QhR qcbwYcdàqWY��LR q<dfR ÛfTcÞ°o;Z`R qcZ
qWY�_{dfR d�S9Yji�Y�_LÍ -ìmFigTuo m\SUY�Q;d�Ysb<Q>Y�Í TWq O Í Tfd{É NPO qcZìdU-Bd�SÑTcQ>dÏmjbwT�vLYjaBTcb¨_BTWV×,.-�S[Z\T�Í m[o*dÏYji
' O ms_{S O QãQ>TWqcZBms_`R qfd{É®�lTcbwT9SuZ\T�o5mWajTuØàÍ¾R�r[TÇ_Bm\S O bwT9Yji�S[ZBT9TcÍ TWqfSubwY�_{d<�LÍ m[-\d>ms_^RªQh�`YLbwSUms_{S�bwY�Í T
ms_\V�R d�bwTfdW�`Y�_{dfR�,sÍ T7iÅYLb­Q�mL_W-�Rª_{SUTcbwTfd�S.Rª_{v^�sZ\Tc_\Y�Q>Tc_jm9d O qcZhm\d#V�R dàqcbwTfSUTpdW�`TWqfSubÚm9ms_\V�R�_\SÑTcbËiÅTcbËØ
Tc_\qWTí�Bm\SÑSÑTcb¨_\d{ÉÇÔ}Y�_{dàT�' O Tc_\S[Í -uÞ�S[Z\T
' O Tfd�S.R Y�_ÓmjbÅR dàTfd�m\S;o>Z`R qcZÇdfR ÛWThSuZ\T�qcÍ m\d�dfR q{msÍJVLTfdàqcbÅRª�{S[R Y�_
,jbwT{mLrfdÏVLYWo;_ìms_\V�' O ms_{S O Q �LZ\Tc_\Y�Q�Tc_Bmn,`TWqWY�Q>TF�jbwY�QhR�_\Tc_{SfÉnî S>S O b¨_\dhY O S�S[Zjm{ShmÓdU-\d�SUTcQ
dWZ\Y{o*dFqcÍ m\d�dfR q{msÍ ,`TcZBm{aLR Y O bXR iÇR S�d�V�R�Q�Tc_{dfR Y�_\d�mjbwT
Q O qcZ×Í mjbevLTcb<SuZBms_$T{m\qcZ$YjiÏS[Z\T�iÅY�Í�Í Y{o5Ø
R�_\v�qcZBmjb3m\qfSUTcbÅR d�S[R q^Í Tc_{v`SuZXdàq{mLÍ TfdWÞÈ àÊ%!;SuZ\T�VsTÓõ­bwYcv&Í�R T9o�m{aBT�Í Tc_{v`SuZc ⇔ rjRª_\TfS.R qhTc_\Tcbwvc-�![Þ· 
�	!
SuZ\TXQ>T{ms_<iUbwTWTX�Bm\S[ZJ ⇔ Q>Y�Q>Tc_\S O Q;ØàbwTcÍ m��cm\S.R Y�_"![ÞJmL_BVD 
Ý	!)SuZ\TX�LZBm\dàTuØàbwTcÍ m��cm\S.R Y�_^Í Tc_{v`S[Z� ⇔
�LZBm\dàTuØàbwTcÍ m^�cm\S[R Y�_"!uÉÓÜ�YcS[R qWT�S[Zjm{S>S[Z`R d�Í Tc_{v`SuZ�dàq{mLÍ TÇR dhRª_{S.RªQ�m\SÑTcÍ -ÏqWY�_L_BTWqfSÑTWVìopR SuZXS[Z\T�o5mWajTuØ
Í¾Rªr.TF_Bm\S O bwT�YjipS[Z\TÓTcÍ TWqfSubwY�_{dWÞ _BmsQ>TcÍ -íSuZ\Tì�LZjm{dàT�YjipS[ZBT�o5mWaBTuØÅi O _\qfS[R Y�_�É�Ì;Z`R d O _\T.���`TWqfSÑTWV
dfR ÛWTÇVsTc�cTc_BVLTc_\qWT�ZBm\dÓÍ T{m\V�SÑYìS[Z\T�VLTuüH_`R S[R Y�_íYji7S[ZBTÇdàYjØ
q{msÍ�Í TWV gia(\^]L\^j�]Lkô[�ji\ed"\Lf`a�g«\fÞ�o;Z`R qcZ
mjbwT^dU-\d�SÑTcQ>d<Yji�Q�m\qcbÚYcdàqWY��`R qXdfR ÛfTì, O S�o;Z\YcdàT��BbwY��`TcbeS[R Tfd<dWZBYWoè' O ms_{S O QãTuÐ}TWqfSÑdWÞ5RªÉ±T`É^S[ZBTu-
mjbwT�dU-\d�SUTcQ;d«ÄÐa%fb­»a�a���S[Z\TÏQhR qcbwYcdàqWY��`R q�ms_\VFQ�m\qcbÚYcdàqWY��`R q�bwTfv�R�Q�T`É#îM_9YLbwVLTcb�SÑY�bwT{msÍ¾R dàTpd O qcZ�m
,`TcZBm{aLR Y O b
Þ³Y�_\T�Yji}S[ZBT;qcZBmjbÚmBqfSUTcbÅR d�S[R q�Í Tc_{v`S[Z\d;ZBm\d5SUYÇ,`TWqWY�Q>T<Í mjbevLT;qWY�Q��BmjbwTWVÏSUY<S[ZBT;YcSuZ\Tcbed{É
ÌpZLR d9o;R�Í�Íl,`TÓV&R dàq O d�dàTWV R�_íSuZ\T�_BT.�BS N TWqfS[R Y�_sÉ
îM_ìmídàTc_{dàT�Q>TfdàYcdàqWY��`R qÇdU-\d�SUTcQ;d�mjbÚT}µBbÚT{mLÍ�Í -
Í¾Rªr.ThmÓÍ mjbwvLTÇQ>Y�Í TWq O Í T&µ
n��`äto
Þ�, O S;mLÍ dàY�dWZ\Y{o _\Tuo ms_\V�R�_{SUTcbwTfd�S[R�_{vF�LZBTc_\Y�Q>Tc_BmìÍ¾Rªr.Tq³��	[ ´pa�_Ô\p¬��
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��������7ms_\VJ��]�j^¬"�l[ \p¬	fb[l]²�LÞco;Z`R qcZ>o;R�Í�Í�,`T;V�R dàq O d�dàTWV�Rª_hÔ­ZBms�{SÑTcbHÝ�É¾��É
á�VsV�R S[R Y�_BmsÍ�Í -;SuZ\TfdàT7dU-\d�SUTcQ;d*mjbwT O d O msÍ�Í ->qWY O �LÍ TWV�SUYXQ O qcZ�Í mjbevLTcb°dU-\d�SUTcQ;dWÞco>Z`R qcZ<mLÍ dàY�bwTfd O Í S�d
R�_hdfR v&_`R ü�q{ms_{S�_\Tuoó,`TcZBm{aLR Y O b� ¨qui�É ÔlZBms�{SUTcb�ä	!uÉ

Å=������� ¥ EPyt|Ñy}�³z{G}|[KªIBzcKM� ¸ G}�±étz`E �5��y ¡ GJI
ÌpZBT ¹J§��7¦¨¡�¤H¯���§�¸p¬s©�§í¯¾§�·s¤&  À

λ
R d*qWY�_s_\TWqfSÑTWV�opR SuZ�S[Z\T�rjR�_\TfS[R q>Tc_\Tcbevc-hYji�mÇ�BmjbeS[R qcÍ T�mL_BV�R d

VLTuüH_\TWVím{d
λ =

2π

k
,
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o;Z\TcbÚT

k
R d�S[Z\Tpo�m{aBT�_ O Q�,cTcb�É ÙjYLbtm>iUbwTWTpTcÍ TWqfS[bwY�_

k =
√

2meE
o;R SuZ

E
,`TjR�_{v9SuZ\Ti �rBRª_\TfS[R q%!

Tc_\Tcbevc-�mL_BV
me

R d#S[Z\TÇQ�m\d�d#Yji­SuZ\T<TcÍ TWqfSubwY�_sÉ

ÌpZ\T º^§s¬J·X¢�¦¨§L§�Á³¬s  À
`
Y�_;SuZ\T7YcSuZ\TcbtZBms_\V^R d#bwTcÍ m\SUTWV�SÑY�SuZ\T7qcZBms_{vLT;YjiHSuZ\T�Q>Y�Q�Tc_WØ

S O QóYji5mL_ÏTcÍ TWqfSubwY�_�Q>YjasR�_{vÇSuZLbwY O v&ZhSuZ\T�d.mLQ��LÍ T
n��`çto�É5ÌpZLR d7qcZBms_{vLT�R d#q{m O dàTWV�,.-�qWY�Í�Í�R dfR Y�_\d
opR S[Z�R�Qh� O bÅR S[R TfdWÞ��sZ\Y�_\Y�_{dWÞ5YcSuZ\Tcb)TcÍ TWqfS[bÚY�_{dhYLb#VLTuiÅTWqfS�dÇR�_^vLTc_BTcbÚmLÍ�Þ�o>Z`R qcZFmjbwTFRª_\TuaLR SUms,LÍ T�Rª_
ms_W-�bwT{msÍJdU-\d�SUTcQ�ÉÏÌpZBT�S[R�Q�T�,cTuiÅYLbÚTXS[Z\TÓRª_`R S[R msÍ}Q>Y�Q�Tc_{S O QýYji)SuZ\T�TcÍ TWqfSubwY�_íR d�VsTfd�S[bwY{-fTWV$R d
SuZ\T<dàYjØ
q{msÍ�Í TWVDgi]²gia���fe³�g��e_ba���¬��	¬	fb[l]²��fb[lgia

τm
É)ÌpZ\T<V�R d�SUms_\qWT�o>Z`R qcZXmL_ÏTcÍ TWqfSubwY�_hq{ms_hSubÚmWajTcÍ

V O b¨R�_{vÇSuZ\T�S[R�Q�T
τm

mL_\V�Z\Tc_\qWThS[Z\TXQ�T{mL_9iÑbwTWTX�jm{SuZÇR d v�R aBTc_^,[-

` = vtτm .
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�lTcbwT
vt = ~kt/m

R d>SuZ\TXSg-s�LR q{msÍ&aBTcÍ Y³qjR Sg-WÉ�õ}TWq{m O dàTXSuZ\TÏSubÚmL_\dW�cYsbeS�m\ShÍ YWo SUTcQh�`TcbÚm\S O bwTfd�R d
VLY�QhR�_Bm\SÑTWVí,[-�TcÍ TWqfS[bwY�_\d)qcÍ YcdàT>SUY�ÙjTcb¨QhRLd O bËi¨m\qWTcÞ

vt
R d)YjigSÑTc_�bÚTc�LÍ mBqWTWVí,.-�S[Z\TÏÙjTcb¨Q9R`aBTcÍ Y�qjR Sg-

vF
É7Ô}Y�Qh�BmjbÅRª_{vÇSuZ\TXQ>T{ms_9iUbwTWT��jm{SuZ

`
opR SuZ9SuZ\T9qcZBmjb3m\qfSUTcbÅR d�S[R q<V&R�Q>Tc_\dfR Y�_

L
Yji­SuZ\T<d.msQh�sÍ T

Y�_\T�q{mL_9V&R d�S[R�_{v O R dWZh,`TfSgo�TWTc_qZ	[��£³�\^[ ´pa ms_\VcÄ²¬����l[ \Lf`[�j�SubÚmL_\dW�cYsbeSuÞ³qcZBmjb3m\qfSUTcbÅR dàTWV�,[-
l � L

ms_\V
l ≥ L

Þ*bÚTfdW�cTWqfS[R ajTcÍ -�n��`çtoÑÉ�îM_ÓS[ZBTXigYsb¨Q>Tcb)q{m{dàT^S[Z\T^TcÍ TWqfSubwY�_�Q�YcS.R Y�_^qWY�_{dfR d�S�Yjipm�dàTcbÅR Tfd<Yji
dWZ\YsbeS;SubÚmCB�TWqfSUYLb¨R Tfd�R�_FbÚms_\VLY�QýV&R�bwTWqfS[R Y�_{dWÞPo;ZBTcbwT{m{dXRª_�S[ZBTÓÍ m{SÑSUTcb­q{m\dàTÏS[ZBTÓQ�Y�Q>Tc_{S O Q VLY³Tfd
_\YcS�qcZBms_{vLT;o;Z`R�Í T7SuZ\TpTcÍ TWqfSubwY�_<R d7Q>YjaLRª_{v9SuZLbwY O v&Z�SuZ\TpdU-\d�SUTcQ�É�á�VLV&R S[R Y�_BmsÍ�Í -�Y�_\ThQ9R v&Z\S­msÍ dàY
VLTuüH_\T�m���³"¬�\^[ �eÄ	¬"�l��[ \Lf`[�j SubÚmL_\dW�cYsbeS;bÚTfv�R�Q>TcÞHR i�iÅYLb�T.�`mLQ��LÍ TÏRª_���û

l � Lx
ms_\V

l ≥ Ly
É
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ÌpZ\T;S[Z`RªbwVhqcZjmjbÚm\qfSUTcbÅR d�S.R q<Í Tc_{v`SuZ;dàq{msÍ T<R d5SuZ\T Á À ¬��u§��u¦Å§&¯±¬�²s¬� u��¡P·ì¯¾§�·s¤&  À
lΦ
ÞLo>Z`R qcZ�R d

m�qWY�_{dàT�' O Tc_BqWT;YjiHS[Z\Tv' O mL_\S O Q Q�TWqcZBmL_LR q{msÍBVLTfdàqcbÅRª�{S[R Y�_;YjiHS[ZBT7TcÍ TWqfSubwY�_{d*ms_\V9SuZ\TjR�b�qWY O �LÍ¾Rª_{v
SUY^SuZ\TÏTc_WaLR�bÚY�_LQ>Tc_{Ssn��`äto�Éhï�_BT�q{ms_^mLÍ dàYÓVsTuüP_\T�m�k<m²¬�\^a��e_ba���¬��	¬	fb[l]²�rf`[�gsa

τΦ
ÞPo;Z`R qcZíR d�B O d�S

SuZ\ThS[R�Q�TÇ,`TuiÅYLbwTÏSuZ\TÇRª_`R S[R msÍP�LZBm\dàTÏYji)S[Z\T�o5mWajTÏi O _BqfS.R Y�_ÓR d>qcZBms_{vLTWVJÉÓî S7S O b¨_{d�Y O S;SuZBm\S7igYsb
d�S�m{S[R q�R�Q�� O bÅR S.R Tfd

τΦ −→ ∞ ,

,`TWq{m O dàTpRª_)SuZ`R dlq{m{dàT*S[ZBT;�LZjm{dàTuØàbwTcÍ m{S[R Y�_\dWZ`R���,`TfSgo­TWTc_pV�R ÐHTcbÚTc_{S��Bm\S[Z{d)R dtü&�jTWVX,[-7S[ZBTpRªQh� O b¨R Sg-
V�R d�S[bÅRª, O S[R Y�_Dn��`çtoÑÉíÔHY�_\S[bÚmjbe-ÓSUYíS[Z`R d9Vc-s_BmsQ9R qXdàq{m{SÑSUTcbwTcbedWÞ5Í�R�r.T��LZ\Y�_BY�_{dWÞ�YLb7RªQh� O b¨R S[R Tfd>opR SuZ
ms_�R�_{SUTcb¨_BmsÍLVLTfv&bwTWT<Yji�iÑbÚTWTWVLY�QhÞJVLYí_BYcS;Í T{mBVXSUY�d�S�m\S.R q9Rª_{SÑTcbeigTcbwTc_BqWTun��`çtolmL_BV�S[ZBTcbwTuigYsbwT

τΦ
R d

üH_`R SUT`É#î S5S O b¨_{d#Y O S5SuZBm{S
τΦ < ∞ ZBY�Í V`d>R�_�vLTc_\TcbÚmsÍ`iÅYLbHdU-\d�SUTcQ;d�opR S[Z9mX,jbwY�r.Tc_hS.RªQ>T9bÚTuaBTcbed.msÍ

dU-sQ�Q>TfSubË-�n��`éto�É
ÙBYsb&S[Z\T VLTuüH_`R S[R Y�_#YjiJSuZ\T;�sZBm{dàTuØàbÚTcÍ m��cm{S[R Y�_�Í Tc_{v`S[Z

`Φ
Y�_\T>ZBm\d�SUY;V�R d�S.Rª_{v O R dWZ;,`TfSgo­TWTc_

,BmsÍ�Í�R d�S[R q�ms_\VìV&R Ð O dfR aBT�bwTfv�RªQ>T`É�î i
τΦ ≤ τm

Þ}S[Z\TíQ�Y�Q>Tc_{S O QýVsY�TfdX_\YcS�qcZBms_{vLTÇV O b¨R�_{vFSuZ\T
S[R�Q>T

τΦ
mL_BV�SuZ\TcbwTuiÅYLbÚT

`Φ
Q�m[-ê,`T^VsTuüP_\TWVêm\d

`Φ = vtτΦ
ÉêÙjYLb

τΦ � τm
Þ­Y�_íS[ZBT^YcSuZ\Tcb

ZBms_\V&Þ�SuZ\T9Q�YcS.R Y�_�,`TWqWY�Q>Tfd;_\Y�_WØà,BmsÍ�Í�R d�S[R q;ms_\VÏS[ZBT;V�R d�SUms_\qWTpSubÚm{aBTcÍ�Í TWVÇ,[-9S[ZBT;TcÍ TWqfSubwY�_�V O bÅRª_{v
SuZ\TpS[R�Q�T

τΦ
R d�v�R aBTc_X,[-�SuZ\ThbwY�YcS#Q�T{mL_�d(' O mjbÚT>V�R d�SUms_\qWT>Yjitm�bÚmL_BVLY�Q Q>YjaBTcQ�Tc_{S�n��`çto�É�Ì;Z`R d

Í T{mBV`d7SUYXS[ZBT�igY�Í�Í YWo;R�_{vÇT.���jbwTfd�dfR Y�_�n��`çto

`Φ =
√

DτΦ .
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�lTcbwT<SuZ\T<qWY�_{d�S�mL_{S
D
VsTc_\YcSÑTfd;S[Z\TËZ&[��£³�\^[�]²�qj�]�aL�sj�[�a���f�É

ÌpZ\T��LZBm\dàTuØàbwTcÍ m��cm\S.R Y�_FS.RªQ>T
τΦ

S O b¨_{dÏY O S9SUY$,`T^d�SubwY�_{v&Í -�SUTcQh�`TcbÚm\S O bwT^VsTc�cTc_BVLTc_{S
ms_\VFRª_ÇQ�ms_W-Ïq{m\dàTfdpY�_hq{ms_9o;b¨R SUT
n��`äto

τΦ ∝ T−p (p > 0) .
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ÌpZBT�T.�³�cY�_BTc_{S
p
ms_\VêSuZ\TFqWY�_{d�S�mL_\S�Yji��jbwY��`YLbwS.R Y�_BmLÍ�R Sg-�mjbwTíVLTfSUTcb¨QhR�_\TWV ,[-�SuZ\T�bwTfdW�`TWqfS.R aBT

dàq{m\S�SUTcbÅR�_\vì�BbÚY�qWTfd�d{É9ÙjYLb5TcÍ TWqfS[bÚY�_WØ
TcÍ TWqfSubwY�_hdàq{m\SÑSÑTcbÅRª_{v�iÅYLb­T.�cmsQh�LÍ T
p = 2

ms_\VÓigYsblTcÍ TWqfS[bwY�_{Ø
�LZ\Y�_BY�_�R�_{SUTcbÚmBqfS.R Y�_

p = 3
O _\VLTcb�dàY�Q�TpÍ¾RªQ9R SUm\S.R Y�_{d·n��`éto�É)Ô}Y�_{dàT�' O Tc_{SuÍ -fÞsm\S�Í YWoêSUTcQh�`TcbÚm\S O bwTfd
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TcÍ TWqfSubwY�_WØ
TcÍ TWqfS[bÚY�_$R�_\SÑTcbÚmBqfS[R Y�_{d^mjbwTòQ>YsbwTnRªQh�`YLbeS�ms_{SÏigYsb>VLTc�LZjm{dfRª_{vòSuZBms_�TcÍ TWqfS[bÚY�_WØà�LZ\Y�_\Y�_
dàq{m\S�SUTcbÅR�_\vJÉ

Å=�����?� º�GJy�Æ ¸ ~���y ¡ KMIByPzcKM~��
ÌpZBT7i¨m\qfS�SuZBm\S�S[Z\T>TcÍ TWqfSubwY�_`R qpSubÚmL_\dW�cYsbeS R�_ÏQ>TfdàYcdàqWY��`R q7dU-\d�SUTcQ;dpQhR v&Z{S#,`T;qWY�ZBTcbwTc_{S*YjaBTcbHSuZ\T
o;Z\Y�Í T�d.mLQ��LÍ TÏQ�mLr.Tfd�R S;_\TWqWTfd�d.mjbe-hSÑY O dàT9m<i O Í�Í	' O mL_\S O Q�Q>TWqcZjmL_`R q{mLÍ�VLTfdàqcbÅR��\S.R Y�_LÞ�o;Z`R qcZ�R d
�jbwYjaLR VsTWV9iÅYLbPT.�cmLQ��LÍ T9,.-�S[ZBT9å O ,`YjØ�è5bwTWTc_{o­Y³Y�VÏiÅYLb
Q O Í mw 
��ÉËÊ{é	!uÉ7ÙjYLb}mL_jmLÍ -\S.R q{mLÍjq{mLÍ q O Í m\S[R Y�_{d
R S�R d9qWY�_{aBTc_`R Tc_\S<SÑYêbÚTuo;bÅR SUTìÎÐ' O m\S[R Y�_â 
��ÉËÊ{é	!XR�_ÓSÑTcb¨Q>d9YjiK¬"Z�´p¬"�	j�a�Z�¬��	Zy_ba%fb¬L_bZ	a�Z��»_ba�a��Èª \
ë ³��	j%f`[�]²�%\ G−

ms_\V G+ Þ­bwTfdW�`TWqfS[R aBTcÍ -fÉÏîM_XS[ZBT^Í�R�Q9R S kF ` � 1
ÞlRªÉ±T`ÉhR�_ÏS[ZBTÏq{m\dàTÏYji5S[Z\T�ÙjTcb¨Q9R

o5mWaBT Í Tc_{v`SuZ
λF = 2π/kF

,`TjR�_\v÷Q O qcZêdWQ�msÍ�Í Tcb;SuZBms_$S[ZBT Q�T{mL_niUbwTWTò�Bm{SuZ
`
Þ;SuZ\T�V°É±q`É

qWY�_\V O qfS.R aLR Sg-�m\S
T = 0

Rª_\qcÍ O V&R�_{v�m�iÅmBqfSÑYsb5Yji Sgo�Y�iÅYLb�SuZ\TXdW�`R�_ÇVsTfv&bwTWT�Yji*iUbwTWTWVLY�Q R d>SuZ\Tc_
v�R ajTc_^,[-{n��`éto

σ(E) =
~e2

πΩ

(

~

m

)2
∑

kxk′

x

kxk′
x〈k|G+|k′〉〈k′|G−|k〉 .
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�lTcbwT

m
R d9SuZ\T^TcÍ TWqfS[bwY�_�Q�m\d�d�ms_\V

Ω
R d9SuZ\T
z­Y�Í O Q�T^YjipSuZ\TÇdU-\d�SUTcQ O _\VLTcb7qWY�_{dfR VLTcbÚm\S.R Y�_sÉ

ÌpZBT�' O ms_{S[R Sg-
i~〈k|G+(E)|k′〉 q{ms_�,`T�Rª_{SÑTcb
�BbwTfSUTWVXm{d5SuZ\T�k�_b]²Ä²¬�Ä	[l��[¨f�dË¬�g«k<�l[¨fC³�Z	a A(k′ → k)

SuZBm{Spms_ÏTcÍ TWqfS[bÚY�_<opR SuZÓÎP_\Tcbwvc-
E
R d7dàq{m\S�SUTcbwTWVXiUbwY�Qód�SUm\SÑT

k′
SÑY

k
n��`éto�É#á­d�d O Q9Rª_{víR dàYcSubwY��[-

SuZ\T<qWY�_\V O qfS[R asR Sg-ÓQ�m[-�SuZ\TcbwTuiÅYLbwTX,`T�o>bÅR SÑSÑTc_hm\d

σ(E) =
e2

π~

(

~

m

)2 1

3Ω

∑

kk′

k · k′ |A(k → k′)|2 ,
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ms_\V9R d}qWY�_{dàT�' O Tc_{SuÍ -pms_ m{aBTcbÚm\vLT*Yji
k·k′

YjaBTcb�mLÍ�Íàdàq{m{SÑSUTcbÅR�_{v<�jbwY³qWTfd�dàTfdHopR SuZpRª_`R S[R msÍWQ>Y�Q�Tc_{S O Q
k
mL_BVíüP_jmLÍ�Q>Y�Q>Tc_\S O Q

k′
É NPO qcZímì�jbwY³qWTfd�dÏQ�m[-ÓqWY�_{dfR d�S>Yji)dàTuajTcbÚmLÍtR�_\V�R aLR V O mLÍ°dàq{m{SÑSÑTcb¨R�_{v

TuaBTc_{SÑd#opR S[ZÇ�jbwY�,Bms,`RªÍ¾R Sg-�mLQ��LÍ¾R S O VLTfd
Ai
É5ÌpZBT�SÑYcS�mLÍ°�BbwY�,jmL,`RªÍ¾R Sg- |A(k → k′)|2 R d#SuZ O d

|A(k → k′)|2 =

∣

∣

∣

∣

∣

∑

i

Ai

∣

∣

∣

∣

∣

2

=
∑

ij

AiA
∗
j .
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ÌpZBT*acmLÍ O Tfd�Yji°S[ZBT;Rª_\V�R aLR V O mLÍ\msQh�LÍ�R S O VLTfd
Ai
mjbwT#VLTfSUTcb¨Q9Rª_\TWVÏ,.-;SuZ\T7mBqfS O msÍcR�Q�� O bÅR Sg-pqWY�_Wü³v O Ø

bÚm\S.R Y�_LÞ�ms_\V�S[Z\TcbÚTuigYsbwT#SÑTcb
Q;dlopR SuZ
i 6= j

mjbwTpq{ms_\qWTcÍ�Í TWVhY O S­Y�_>SUmsrjR�_{v<SuZ\Tpm{aBTcbÚm\vLT 〈|A|2〉 É­á­d
m�üHbed�S*ms�L�BbÚY^�sRªQ�m\S.R Y�_9Y�_LÍ -<SUTcb¨Q;d*opR SuZ

i = j
opR�Í�ÍBd O bËaLR ajT`ÉlÌ;Z`R d>,Bm\dfR q{msÍ�Í -�v�R ajTfd)SuZ\T�qcÍ m\d�dfR q{msÍ
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Í¾RªQ9R S[Þ 〈|A|2〉 ≈ |〈A〉|2 ÞJdfRª_\qWT9msÍ�ÍsSuZ\TXRª_{SUTcbËigTcbÚTc_\qWT<SUTcb¨Q;d AiA
∗
j

mjbwT�QhR d�dfRª_{vJÉ)ï�_BT9q{mL_ÏdWZ\Y{o
SuZBm{S>R�_hS[Z`R d7q{m{dàT�ÎÐ' O m\S[R Y�_� 
Ý�É±�&!#v�R aBTfd7SuZ\T�dàTcQ9R qcÍ m\d�dfR q{msÍ&õ}Y�Í SÑÛjQ�mL_s_WØ.û#b O VLT<igYsb¨Q O Í mqn��`éto

σBD =
ne2τ

m
,
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n
R d9S[ZBTÇTcÍ TWqfSubwY�_íVLTc_{dfR Sg-ìms_\V

τ
,`TjR�_{v�S[Z\T�Í¾R igTfS[R�Q�TÏYji;m�Q�Y�Q>Tc_{S O Q�d�SUm\SÑT! \ÉFÌ;Z\T

Í m\SÑSÑTcb7Q�m[-�,`TXv�R aBTc_�,.-Fmì�Bmjb3mLÍ�Í TcÍ°qWY�Q�,`R�_Bm\S[R Y�_^Yji#S[ZBTí�LZBm\dàTFbwTcÍ m��cm\S.R Y�_�S.RªQ>T
τΦ

ms_\VìSuZ\T
Q>Y�Q�Tc_{S O QpØàbwTcÍ m^�`m{S[R Y�_<S[R�Q�T

τm
n��`çto
Þ

1

τ
=

1

τΦ
+

1

τm
.

 
Ý�É¾é	!
ÌpZBT�SÑTcb¨Q>d opR SuZ

i = j
mjbwTcÞtZ\Y{o­TuajTcb¨Þ�_\YcS#SuZ\T<Y�_LÍ -ÏqWY�_{SubÅR�, O S.R Y�_<SÑY 〈|A|2〉 É;î i�SuZ\T<dàT�' O Tc_BqWT

Yji�dàq{m\S�SUTcbÅRª_{v�TuaBTc_\S�d {j} R d T.�cm\qfSuÍ -<SuZ\T>S.RªQ>T9bÚTuaBTcbedàT�YjitS[Z\YcdàThR�_ {i} Þ&SuZ\T;üP_`R±mLÍ&Q�Y�Q>Tc_{S O Q
opRªÍ�Íl,cT −k

Rª_{d�SUT{m\VnYji
k
É �lTc_\qWTcÞ5d O qcZFmêbwTuaBTcbedàTWV�dàT�' O Tc_BqWT�VsTfdàqcbÅR�,`Tfd�mn,jm\qcrfdàq{m\S�SUTcbÅR�_\v

�jbwY�qWTfd�dXo;R SuZ�m$Q�Y�Q>Tc_{S O Q S[bÚms_{dUiÅTcbpYji
2kF

É×ÌpZ\Tn�jbwY³V O qfS
k · k′

opR�Í�Í5,`Tn_\Tfvsm{S[R ajT�mL_BV
SuZ\TcbwTuiÅYLbwTXbwTWV O qWTfdpSuZ\T9VJÉ±q`ÉJqWY�_BV O qfS[R aLR Sg-ÏqWY�Qh�jmjbwTWVÇSUYXS[ZBT�ajmLÍ O T

σBD
Épî i­Y�_\T9qWY�_{dfR VLTcbed7SuZ\T

�jbwY�,Bms,`R�Í�R Sg-ÏYji ,`TjR�_{v�dàq{m\S�SUTcbwTWVF,jm\qcrXRª_{SÑYXSuZ\T�d�S�m{SUT
k
ÞJY�_\T�üH_\V`din��`çto

|A(k → k)|2 = |A(k → k′) + AR(k′ → k)|2 ,
 
Ý�ÉËÊ{�	!

o;Z\TcbÚT
AR

R d7S[ZBThmLQ��LÍ¾R S O VLT<Yji�S[Z\T9S.RªQ>TXbwTuaBTcbwdàTWVì�jbwY�qWTfd�d{É�îM_Ïms,{dàTc_\qWT�Yji*m^Q�m{v&_BTfS.R q�ü�TcÍ V
A = AR

n��`çto�mL_\V�Z\Tc_\qWT

|A(k → k)|2 = 4|A(k → k′)|2  
Ý�ÉËÊ`Ê%!
R�_\d�SÑT{mBVÇYji

|A|2 + |AR|2 = 2|A(k → k′)|2  
Ý�ÉËÊ{�	!
R�_�SuZ\TÓqcÍ m{d�dfR q{mLÍHq{m\dàT`É�Ì;Z\Tyµp' O mL_\S O Q �BbwY�,jmL,`RªÍ¾R Sg-ÐµÇigYsb T.�cmBqfS^,jm\qcrfdàq{m\S�SUTcbÅR�_\v$R d�S[ZBTcbwTuigYsbwT
Tc_LZBms_\qWTWVFqWY�Q��BmjbwTWV�SÑYÇS[Z\T�qcÍ m\d�dfR q{msÍ°�jbwY�,Bms,`R�Í�R Sg-fÞ°o>Z`R qcZ�Í T{mBV`d;SUY^m"��³�¬"��fC³�g j�]t_b_ba�j%f`[�]²�hSUY
SuZ\T>qWY�_BV O qfS[R aLR Sg-fÉ5Ì;Z`R d;R d)S[Z\T>dàYjØ
q{msÍ�Í TWVr­øa^¬"�Ë��]�j^¬���[ \p¬	f`[�]²�wj�]t_b_ba�j%f`[�]²�sÉ7î S5q{ms_�,`T;dWZ\Y{o;_<SuZBm{S
iÅYLb

d = 3
mL_\V

`Φ � L
SuZ\T�üHbed�S)YsbwVLTcblqWYLb¨bwTWqfS[R Y�_^Í T{mBV`d7SÑYrn�äto

σ(L) = σ0 −
e2

~π3

(

1

`
− 1

L

)

,
 
Ý�ÉËÊ{Ý	!

#%$ ÝvÝ'&�á)(%*,+-&�ÝvÝ/. Ó�Ý102+�á$à *3+.Ýeá�+-4pà Ú�*�ÚØÓ�ÝÑÝ ×.ál×.á5*®Ý'.pà *«à *«à 6�×�(�Ýbà ÚØÓ�ß�Ý7+ËÝ/. ×wÚ/+tß ß à *`à +-(|Ý`à98�×�:�;�+�á·Ó<(pà *3+ ÝCá5+!4pà Ú*�ÚØÓ�ÝÑÝ ×.ál×.á5*>=?.%+A@½×'B × áC=!+!( ×1. Ó%*±Ý3+�à9( Ú.ß &D6�×ÈÚ/+�á?á¨×CÚeÝ`à +-(=Ý�×.áE8F*£Ý3+AÝ'. ×�Ú/+-(D6�& ÚeÝ`à Bpà Ý)G1H I�JDKC:
Ê{ú



o;Z\TcbÚT
L
R d*S[Z\T>Sg-s�`R q{mLÍcdfR ÛfT>YjitS[ZBT;dU-\d�SUTcQ�É ÜlYcS.R qWTpSuZBm{SpR�_�S[Z\T�q{m\dàT

` � `Φ < L
Þ�RªÉ±T`É�o;Z\Tc_

�LZBm\dàT9,jbwT{msrjR�_{vÇ�jbwY³qWTfd�dàTfd*VLY�QhR�_Bm\SÑTpms_\V�S[ZBT<�LZBm\dàTuØàbwTcÍ m��cm\S.R Y�_�Í Tc_{v`SuZ<R d�SuZ\T<bwTcÍ Tuajms_{S#Í Tc_{v`SuZ
dàq{msÍ TcÞJY�_\T<vLTfSÑd|n�äto

σ(T ) = σ0 +
e2

~π3

1

`Φ(T )
= σ0 +

e2

~π3

1

A
T p/2 ,

 
Ý�ÉËÊfÒ�!
o;Z\TcbÚT<Î�' O m{S[R Y�_\dv 
Ý�É¾Ý	!­mL_\Vq 
Ý�É Ò�!�o­TcbwT O dàTWVJÉ­ÌpZ\T7qWY�_\V O qfS.R aLR Sg-;opR�Í�ÍWS[Z\TcbÚTuigYsbwT#VLTWqcbwT{m\dàT opR SuZ
VLTWqcbwT{m\dfR�_\vÇSÑTcQ��`TcbÚm{S O bwTcÞ³o;ZLR qcZÇR d�_\YcS T.�³�cTWqfSUTWV�iÅYLb*Q>TfS�mLÍ dKn�ä³ÞÑ�`äto�É

Å=�����?Å ¥ ~��»¢=¦}�³zcKl§}Kªz[�
yl�£¢ ¥ ~5�£¢�¦H�³z{yl�}��G
á�i O beSuZ\Tcb°qWY�_{dàT�' O Tc_\qWT;YjiHS[ZBTv' O ms_{S O QóQ�TWqcZBmL_LR q{msÍ{iÅYLb¨Q O Í m\S.R Y�_LÞ�R�_h�BmjbeS[R q O Í mjb°YjiPSuZ\T o5mWajTuØ
Í¾Rªr.TÏ_Bm\S O bÚT<Yji�SuZ\T<TcÍ TWqfSubwY�_{dWÞPR d SuZ\T�iÅmBqfS*SuZBm\S)SuZ\TXÍ Y�q{msÍLqcZBmjbÚmBqfSÑTcb�Yji5ï<ZLQhù±d�Í m[oP 
��ÉËÊ%!;R d�_\Y
Í Y�_\vLTcb}ajmsÍ¾R V°É7îM_{d�SÑT{mBVÇY�_\TÇZBm{d;SÑY O dàT9mhvLTc_\TcbÚmsÍ¾R d.m{S[R Y�_qn��`éto
Þ&o;Z`R qcZ^ZBm\dpSuZ\T�iÅYLb¨Q

je(r) =

∫

d3r′σ(r, r′)E(r′) ,
 
Ý�ÉËÊW�&!

ms_\VÏR d)_\Y�_LÍ Y³q{msÍfY�_;m7dàq{mLÍ T*Yji°YLbÚVLTcb
`Φ
n��`éto�Élá�i O bwS[Z\Tcb�qWY�Qh�sÍ¾R q{m\S[R Y�_7mjbÅR dàTfd),cTWq{m O dàT)S[ZBT;Í Y�q{msÍ

TcÍ TWqfSubÅR q#ü�TcÍ V E(r)
R�_�ÎÐ' O m\S.R Y�_u 
Ý�ÉËÊW�&!)VLTc�`Tc_\VLd Y�_�SuZ\Th�jbwTWqjR dàTh�`YcdfR S[R Y�_�YjitS[ZBT9RªQh� O b¨R S[R Tfd#R�_

SuZ\T�d.mLQ��LÍ T9ms_\V�Q9R v&Z\S*SuZ\TcbwTuiÅYLbwT�dWZ\Y{o÷d�SubwY�_{v�dW�jm{S[R msÍ�� O qfS O m\S[R Y�_{d{É
îM_hT.���`TcbÅR�Q�Tc_{SÑdWÞ�Z\Y{o­TuajTcb¨Þ

σ(r, r′)
R d�_\YcS#V�R�bÚTWqfS[Í -9mBqWqWTfd�dfR�,sÍ T<mL_BV O d O msÍ�Í -9S[Z\T®ê½�l]²Ä²¬"�

qWY�_\V O qfSUms_\qWT
g
Þ�o;Z`R qcZ�R d#m��jbwY��`TcbeSg-hYji�SuZ\T>o;Z\Y�Í T�d.msQh�LÍ TcÞ°R d;Q�T{m{d O bÚTWVJÉ NPO qcZhT.���`TcbÅRªQ>Tc_{SÑd

mjbwT<YjigSÑTc_��`TcbËiÅYLb
Q>TWV�R�_Ïm�Q O Í S[R��jbwY�,`T>vLTWY�Q�TfS[be-uÞ�o;ZBTcbwT�S[ZBT>d.msQh�sÍ T�R d#qWY�_L_\TWqfSUTWVÇSUYÏdàTuaBTcbÚmsÍ
�`TcbËiÅTWqfS7Q>TfS�mLÍ�Í¾R q�Í T{m\VLd*v O R V�R�_{vÏSuZ\T;TcÍ TWqfS[bwY�_\d*SUY9SuZ\T;dàq{m\SÑSÑTcbÅRª_{vÇbwTfv�R Y�_un��`äto�É�ÌpZ`R dpR d)mLÍ dàY9SuZ\T
dàTfS O �<o�T<opRªÍ�Í O dàT�iÅYLblY O b�q{msÍ q O Í m{S[R Y�_{d7Yji­S[b3mL_{dW�`YsbeS>�jbwY��`TcbeS[R TfdK ¨qui�É N TWqfS.R Y�_9Ò�!uÉ

á­d�d O Q9Rª_{vìd O qcZím�Q O Í S.Rª�BbwY�,`TXvLTWY�Q�TfS[bË-íY�_\T^q{ms_íTfd�SUms,LÍ¾R dWZÓmíqWY�_L_\TWqfS[R Y�_�,`TfSgo­TWTc_
SuZ\TìqWY�_\V O qfSUms_\qWT�ms_\VòS[ZBTê_\Y�_LÍ Y�q{msÍ�qWY�_\V O qfS.R aLR Sg-fÞ o;Z`R qcZnmsÍ dàYndàY�Í aBTfdXS[Z\T$�BbwY�,sÍ TcQ Yji�SuZ\T
d�SubwY�_{v&Í -J� O qfS O m\S[R�_{v�TcÍ TWqfSubÅR qÏü&TcÍ VJÉnÙjYLb B = 0

ms_\V ,`TWq{m O dàT^Yjipq O b
bwTc_{S9qWY�_{dàTcbËacm{S[R Y�_�S[ZBT
_\Y�_LÍ Y�q{msÍ�qWY�_BV O qfS[R aLR Sg-ÏY�,`Tu-\dwn��`éto

∇σ(r, r′) = ∇′σ(r, r′) = 0 .
 
Ý�ÉËÊ{ú	!

Ê{ä



ÌpZBThÍ Y�q{msÍ`TcÍ TWqfSubÅR q#ü&TcÍ V E(r)
q{ms_�,`T;Y�,{S�mLR�_\TWVÏiUbwY�Q�S[ZBT>TcÍ TWqfS[bwYcd�S�m\S.R q<�`YcSÑTc_{S[R msÍ

V (r)
Rª_�SuZ\T

d.msQh�LÍ T;asR m
E(r) = −∇V (r) .

 
Ý�ÉËÊ{ä	!
î ipSuZ\TÇd.msQh�LÍ TFR d9d O b¨bwY O _\VLTWV ,[-�mL_�R�_\d O Í m\SÑYsb¨Þ#_\Y�q O b¨bwTc_{S9q{ms_c�&YWoýY O Shm\S<S[ZBTìRª_{d O Í m\S[R�_{v
,`Y O _\Vsmjb¨R Tfd^ms_\VêSuZ\T�_\YLb¨Q�mLÍ�qWY�Qh�`Y�_\Tc_{SÏYji

σ(r, r′)
Q O d�S9ajmL_LR dWZsÉ ßJmjbeS.R±mLÍ­Rª_{SUTfv&bÚm{S[R Y�_FYji

ÎÐ' O m\S.R Y�_� 
Ý�ÉËÊW�&!�Í T{m\VLd7SÑY

je(r) = −
∫

L MON/P%Q dS′σ(r, r′)V (r′) ,
 
Ý�ÉËÊ{ç	!

o;Z\TcbÚT�S[Z\ThR�_\SÑTfv&bÚm\S[R Y�_ÏR d�bwTfd�SubÅR qfSUTWVhSUY�S[Z\T�d O beiÅmBqWT>YjilS[ZBT�Í T{m\VLd{ÉA�lTc_\qWT�SuZ\T�q O b¨bwTc_\S)VLTc_{dfR Sg-
VLTc�`Tc_\V`dÏY�_LÍ -FY�_�S[Z\Tì�cYcSUTc_{S[R msÍÈ[l�^SuZ\TìÍ T{m\V`dÏmL_\Vò_\YcS<Y�_�S[Z\T��BbÚTWqjR dàTXü&TcÍ V$R�_^SuZ\T^d.mLQ��LÍ T`É
ÌpZBTcbwTuigYsbwTcÞ

V (r)
q{ms_ ,`TnbwTc�sÍ mBqWTWV×,.- ¬"��d
�`YcSÑTc_\S.R±mLÍ

V ′(r)
ZjmWaLRª_{v$SuZ\Tíd.msQ>TFm{dU-�Qh�{SUYcS.R q

ajmsÍ O TfdÏRª_ÇS[ZBTÓÍ T{m\VLd<m\d�S[ZBT�YLbÅR v�R�_BmsÍ}�`YcSÑTc_{S[R msÍøn��`éto�ÉXá�qWY�_WaBTc_LR Tc_{S<qcZ\Y³R qWThiÅYLb
V ′

o­Y O Í V$,`T
iÅYLb�T.�cmsQh�sÍ T9mÓÍ Y³q{mLÍ�Í -�Í¾Rª_\T{mjb}i O _\qfS[R Y�_LÞJo;Z`R qcZ^bwTfd O Í SÑd�R�_�m�qWY�_{d�S�mL_\S#TcÍ TWqfS[b¨R q;ü�TcÍ VJÉ

î i SuZ\TcbwT^mjbÚT
n = 1, . . . , NL

Í T{m\V`d�o;R SuZìbwTfdW�`TWqfS.R aBTí�`YcSÑTc_\S.R±mLÍ d
Vn

m\SÑSUmBqcZ\TWV�SÑYíSuZ\T
d.msQh�LÍ T>SuZ\TXRª_{SUTfv&bÚmLÍJR�_^ÎÐ' O m\S[R Y�_q 
Ý�ÉËÊ{ç	!�,`TWqWY�Q�Tfd

je(r) = −
NL
∑

n=1

Vn

∫

Sn

dS′σ(r, r′) .
 
Ý�ÉËÊ{é	!

îM_{SUTfv&bÚm\S.R Y�_hYjaBTcbtSuZ\T9qcbwYcd�d#dàTWqfS[R Y�_hYji Í T{mBV
m
üH_BmLÍ�Í -hv�R aBTfd7SuZ\T<q O b¨bwTc_\S

Im = −
NL
∑

n=1

Vn

∫

Sm

dS

∫

Sn

dS′σ(r, r′) =

NL
∑

n=1

gmnVn
 
Ý�É¾�`�	!

R�_êSUTcb¨Q>díYjiÏS[ZBT �cYcSUTc_{S[R msÍ d
Vn

mL_BV�SuZ\T j�]²�	Z�³�j%fb¬��	j�a�j�]�aL�ij�[la���f�\
gmn

É ÖcY³q{mLÍ)q O b¨bwTc_{S
qWY�_{dàTcbËacm{S[R Y�_LÞ ∇je = 0

ÞtR�Qh�sÍ¾R TfdKn��`éto
∑

m

Im = 0 ∀Vn =⇒
∑

m

gmn = 0 .
 
Ý�É¾��Ê%!

ÙjYLb�SuZ\T O d O mLÍ³q{m{dàT<Yji5mX�BØà�BbÚY�,cT9vLTWY�Q>TfSubË-�Y�_\T<vLTfSÑd#S[ZBT�iÅmsQ9RªÍ¾R±mjbHT.�³�BbwTfd�dfR Y�_

I = g(V2 − V1) =
1

R
4V .

 
Ý�É¾�`�	!
Ê{ç



ï�_BT<q{mL_XmLÍ dàY�Y�,{SUmLR�_hS[Z\TËgi¬"j�_`]L\^j�]Lk<[�jpqWY�_\V O qfS.R aLR Sg-
σ
igYsb�mhdU-\d�SÑTcQóYjildfR ÛfT

Md−1 × L

g =
I

4V
=

jW d−1

EL
= σ

Md−1

L
.

 
Ý�É¾�`Ý	!
ÌpZBT�qWY�_\V O qfS�mL_BqWTÓqWY³TuæXqjR Tc_{SÑd

gmn
q{mL_�,cTíbÚTcÍ m\SÑTWVFSUYr' O ms_{S O Q Q>TWqcZBms_`R q{msÍ°SubÚms_{dWQ9R d�dfR Y�_

�jbwY�,Bms,`R�Í�R S[R Tfd�n��`çtoÑÉ NPO qcZìmnbwTcÍ m{S[R Y�_�R d9v�R aBTc_n,.-FSuZ\T�Ö`ms_\Vsm O TcbËØ.õ­ö{SÑS[R�r.Tcb#iÅYLb¨Q�mLÍ�R dWQ�Þ}o;Z`R qcZ
opRªÍ�ÍJ,`T<V�R dàq O d�dàTWVíR�_ N TWqfS[R Y�_�ÒJÉËÊ`É

ú
�`� /þ8;:<2>=B�PAX8 
 AÏ:92;0ÏASRUT;AÏ��690
�Ú�P6v�}�3AÏ8

Å=�?����� æ �»¢�Gt|ÑIj~��óx×GJz{y ¡ ¼�Vg�HI&¦ ¡ yPz{~�|9D9|Uyl�PIsK�zcKM~��
ÌpZBT7á#_\VLTcbedàY�_9Q�Y�VsTcÍ	neÊcÞÚ�to�R d�o;R VLTcÍ - O dàTWV<SUYhRª_WaBTfd�S[R vsm\SÑT)SuZ\T��LZ\Tc_\Y�Q�Tc_\Y�_>YjilÍ Y³q{mLÍ�R d.m\S.R Y�_;Rª_
V�R dàYLbwVLTcbÚTWVìQ�m\SUTcbÅR msÍ d{É î SpR d�,jm{dàTWV O �`Y�_ÏmhS.R v&Z{S;,`Rª_\V�Rª_{vD�lmsQ9RªÍ SUY�_`R ms_XR�_hdfR SUT�bÚTc�BbwTfdàTc_\SUm\S.R Y�_

H =
∑

i

εi|i〉〈i| +
∑

i6=j

tij |i〉〈j| ,
 
Ý�É¾�jÒ�!

o;Z\TcbÚT |i〉 R dÓmòÍ Y³q{mLÍ�R ÛWTWVêd�S�m{SUT�m\SÏdfR SÑT i
ms_\V

tij
mjbwTìSuZ\TêZBY��L�`R�_\v �Bmjb3mLQ�TfSÑTcb¨Þ o;ZLR qcZêmjbwT

O d O msÍ�Í -^bwTfd�SubÅR qfSUTWVXSUYF_\T{mjbwTfd�S�_\TjR v&ZL,`Y O bed{É*Ì;Z\T9Y�_WØ¨dfR SÑTX�`YcSUTc_{S[R msÍ d
εi
mjbwT�b3mL_\VsY�Q _ O Qh,`TcbedWÞ

qcZ\YcdàTc_Fm\qWqWYsbwV�Rª_{v�SUYFdàY�Q>T^V�R d�SubÅR�, O S.R Y�_
P (ε)

o;R SuZ^ÛWTcbwY$Q�T{mL_ímL_BVìajmjb¨R ms_\qWT
s2 É�îM_Ço;Zjm{S

iÅY�Í�Í Y{o*d o­T9SUmsr.T
P (ε)

SÑYí,`T9m^,cY��XV�R d�S[b¨R�, O S[R Y�_<YjaBTcb�S[ZBTÏR�_{SUTcbËajmsÍ
[−W/2,W/2]

ÞJo;Z\TcbÚT
W

VLTfSUTcb¨Q9Rª_\Tfd�SuZ\T7d�SubwTc_{v`SuZ;Yji}S[Z\T;V�R dàYsbwVLTcbtRª_pSuZ\T7dU-\d�SUTcQ�É�ï#SuZ\Tcb°V�R d�S[b¨R�, O S[R Y�_\d ZjmWaBT�mLÍ dàYX,`TWTc_
qWY�_{dfR VLTcbwTWVân��³ÞÑÝ³ÞÑÝ`�toÑÉ

ÙBYsb7d�S[bwY�_\v�Tc_\Y O v&ZìV&R dàYLbÚVLTcb¨Þ
W > Wc(0)

Þ mLÍ�Í�d�S�m{SUTfd�mjbwT�T.���`Y�_\Tc_{S[R msÍ�Í -�Í Y�q{msÍ¾R ÛWTWV
ms_\V�S[Z\T�bwTfdW�`TWqfS[R aBTÇo�m{aBTÓi O _\qfS.R Y�_

Ψ(r)
R dÇ�jbwY��`YLbeS[R Y�_BmsÍ}SUY

exp(−|r − r0|/ξ)
É�ÌpZ O dWÞ

Ψ
R dÓqWY�_WüP_BTWV SÑY
m
bwTfv�R Y�_nYji9dàY�Q>TíüH_`R SÑT�dfR ÛWTcÞ o;Z`R qcZ Q�m[- ,`T�VLTfdàqcbÅR�,`TWV ,.-êSuZ\TìdàYjØ
q{msÍ�Í TWV
Í Y³q{msÍ¾R d.m\S[R Y�_FÍ Tc_\v`S[Z

ξ
ÉêîM_�SuZ`R dÇÍ mL_\v O m{vLT�T.�BSUTc_\VLTWV�d�S�m{SUTfd�mjbwTÓqcZBmjbÚmBqfSÑTcbÅR dàTWV
,.-

ξ −→ ∞ É
ÌpZBT�Í Y�q{msÍ¾R d.m{S[R Y�_�Í Tc_{v`SuZ�R dÏms_�mBVLV�R S[R Y�_jmLÍtqcZBmjb3m\qfSUTcbÅR d�S[R q�Í Tc_{v`SuZídàq{mLÍ T`ÉòÔHY�Q��BmjbÅR�_\v

ξ
o;R SuZ

SuZ\TÏdfR ÛWT
L
Yji S[Z\TÏdU-\d�SUTcQ Y�_\TXq{mL_ÓV�R d�S[R�_{v O R dWZ�,cTfSgo�TWTc_J\Lf`_b]²�^ê�ms_\V ­øa^¬"�c��]�j^¬���[ \p¬	f`[�]²�LÞ°igYsb

ξ � L
ms_\V

L < ξ
Þ³bwTfdW�`TWqfS[R aBTcÍ -fÉ)Ü�YcS[R qWT*S[ZBm\SHiÅYLb�üP_`R SÑT;�LZBm\dàTuØàbwTcÍ m��cm\S.R Y�_�Í Tc_{v`SuZ)SuZ\T)TuÐHTWqfS[R aBT

dU-\d�SUTcQþdfR ÛWT�R dpVsTfSÑTcb¨QhR�_\TWVí,[-
`Φ
É

Ê{é



î S>S O b¨_{d�Y O S>SuZBm\S�S[Z\T�ajmLÍ O TÇYji#S[ZBTÇqcbÅR S[R q{msÍJV�R dàYLbwVLTcb)d�S[bÚTc_{v`S[Z
Wc

VLTc�`Tc_\V`dÏY�_^SuZ\T
V�R d�S[bÅRª, O S[R Y�_>i O _\qfS.R Y�_

P (ε)
ms_\V�SuZ\T�V�R�Q�Tc_{dfR Y�_

d
YjilS[ZBT>dU-Bd�SÑTcQÏÉ îM_hms,{dàTc_\qWT<Yji�m�Q�m{v&_\TfS[R q

ü&TcÍ V<mL_BV�igYsb
d < 3

mLÍ�Íud�S�m\SÑTfd­mjbwT�Í Y³q{mLÍ�R ÛWTWVXWjÞ�RªÉ±T`É
Wc = 0

n�ú³ÞÚäto�É ÙBYsbJdU-\d�SUTcQ;d�opR SuZ
d = 3

S[Z\T
ajmsÍ O T�Yji

Wc
m\VLV&R S[R Y�_BmsÍ�Í -�VLTc�`Tc_\V`d#Y�_�S[ZBThÙjTcb¨Q9RLTc_\Tcbevc-

E
mL_BV�SuZ\T>q O bËaBT

Wc(E)
dàTc�BmjbÚm\SUTfd

Í Y³q{msÍ¾R ÛWTWV�d�S�m{SUTfdWÞ
W > Wc(E)

Þ`iÅYLb¨Q@T.�jSÑTc_\VsTWV<d�SUm\SUTfdWÞ
W < Wc(E)

ÞJRª_#S[Z\T��LZjm{dàT7V�R±m{v&b3mLQÏÉ
î i R�_{d�SUT{m\VÓYji

E
SuZ\T9V�R dàYLbwVLTcb�d�S[bÚTc_{v`S[Z^R d#ü��jTWV&Þ�S[Z\TcbÚT�opR�Í�ÍJ,`ThmXqcbÅR S.R q{mLÍJÎP_\Tcbevc-

Ec(W )
ms_\V

d�S�m{SUTfd�opR S[Z |E| < Ec
mjbÚT>T.�BSUTc_\VLTWVÇms_\VÏSuZ\YcdàT7opR S[Z |E| > Ec

Í Y³q{mLÍ�R ÛWTWVJÉlÌpZ\T>dàTc�BmjbÚm\S.R Y�_�Yji
Í Y³q{msÍ¾R ÛWTWV^ms_\V�T.�BSUTc_\VLTWV�d�SUm\SUTfd�R d�R�Í�Í O d�SubÚm\SÑTWV�Rª_^Ù�R vJÉ�Ý�ÉËÊcÞ&o;ZLR qcZÏdWZ\YWo*d�m�dàqcZ\TcQ�m\S.R q9VLTc_{dfR Sg-
Yji­d�SUm\SÑTfdpYji5mXÝ�û�á#_\VLTcbwdàY�_ÓQ�Y�VLTcÍªÉ7îM_ÏmBVLV�R S.R Y�_hSUYXS[Z\TÇ,BmL_BVÓTWV`vLTfd>Yji5ms_�YsbwVLTcbwTWVÓdU-\d�SUTcQhÞ
SuZ\T^Q�Y�,`R�Í�R Sg-XTWV`vLTfd ±|Ec|

mjbÚThdWZ\Y{o;_sÉ N R�_BqWT<iÅYLb
T = 0

Í Y�q{msÍ¾R ÛfTWV^d�SUm\SUTfd;q{mL_s_\YcS>q{mjb¨be-Çms_W-

Energy [t]

de
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-Ec Ec

σ(E)∼|E-Ec|
ν

Ù�R v O bwT;Ý�ÉËÊ`ôlÌ�-s�`R q{msÍcVLTc_{dfR Sg-�YjiPd�S�m\SÑTfd�Yji�m>Ý�û á#_\VLTcbedàY�_ÏQ>Y³VLTcÍ�É�ÌpZ\Tpd�SUm\SÑTfd#Rª_pSuZ\T7qWY�Í Y O bÚTWV
bwTfv�R Y�_{d;mjbwTÇÍ Y�q{msÍ¾R ÛWTWVÇmL_\V�T.�BSUTc_\VLTWV�YcS[ZBTcbËopR dàT`É)ÌpZ\TÇQ>Y�,`RªÍ¾R Sg-hTWVLvLTfd>mjbwTXRª_\V�R q{m\SUTWVÓm\S ±Ec

É
á#Í dàYÏdWZ\Y{o;_ÓR d#S[ZBTX�cY{o­TcbeØàÍ m[o ,cTcZjmWaLR Y O b�Yji

σ(E)
mBqWqWYLbÚV�R�_{v^SÑYFÎÐ' O m\S[R Y�_� 
Ý�É¾�`ç	!uÉ

TcÍ TWqfSubÅR q�q O b
bwTc_{SuÞ}S[Z\TÏdU-\d�SUTcQ dWZ\Y{o*dXR�_{d O Í m\S.Rª_{v�,`TcZBm{aLR Y O b¨Þ�RMÉ±T`É<S[ZBTÏTcÍ TWqfS[b¨R qÏqWY�_\V O qfS[R aLR Sg-
σ

ajms_`R dWZBTfd<igYsb |E| > Ec
YLb

W > Wc
Éíï7S[Z\TcbeopR dàTXSuZ\T�dU-\d�SUTcQ R d�Q>TfS�mLÍ�Í¾R q`É�ÌpZ\TcbwTuiÅYLbÚTcÞ�SuZ\T

SubÚmL_\dfR S[R Y�_�m\S�SuZ\T;qcbÅR S.R q{mLÍ��`Y³R�_{S#R d*q{mLÍ�Í TWVÏmËZ	[ \^]t_bZ	a�_�Z	_b[ ´pa��Ëgia%fb¬"�Y�e[��%\L³���¬²f`]%_�fb_�¬��%\^[°fb[l]²�Z
>["\O]?�
YLb�á#_\VLTcbedàY�_íâÓî±Ì>É
^ ÖLÝCá°à ÚeÝeß G_*/4p×ØÓ�Û à9(%`!=�Ý/.pà *Èà *�+!(�ß G=Ýeá)& ×·à 0

H
Ù^× ß +!(%`�*±Ý3+AÝ'. ×baÐÓc&%*7*`à Ó<(ed·á�Ý/.%+�`�+-( ÓLßgfg(%*�×D8�Ù�ß ×eH hci/KC:
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Å=�?���?� j �HGÐ¼ ç y}|Uy�¤êG&z{Gt|��5��y ¡ K3�±é÷DFEHGJ~�|U�
îM_�vLTc_\TcbÚmsÍ�Þ�R S#R d)T.�BS[bÚTcQ>TcÍ -�qWY�Qh�LÍ�R q{m\SÑTWV�SUYhY�,{S�m`Rª_9mL_BmsÍ -BS.R q{mLÍ³bwTfd O Í S�d*YjitSubÚms_{dW�`YLbeS7�jbwY��`TcbeS[R Tfd
iÅYLb�SuZ\T9á#_BVLTcbedàY�_�Q>Y³VLTcÍ³Yji7Í Y�q{msÍ¾R d.m{S[R Y�_sÉ7ÙjYLb�T.�cmsQh�sÍ TcÞ�Y�_sÍ -^Rª_hSuZ\T9q{m\dàThYji

d = 1
bÅR vLYLbwY O d

�jbwY�Yjigd7Yji�d�SubwY�_{víÍ Y³q{mLÍ�R d.m\S.R Y�_;iÅYLb�msÍ�ÍLTc_BTcbev�R Tfd7mL_BVÇV�R dàYsbwVLTcbtd�SubwTc_{v`SuZ{d�ZBm{aBTX,`TWTc_9v�R aBTc_qn�Ý`�to�É
âÏYLbwTWYjajTcb¨ÞLSuZ\T#T.���LÍ¾R qjR S�Tc_BTcbevc-�ms_\V9V�R dàYLbwVLTcb�VLTc�`Tc_\VLTc_\qWTpYjiPS[ZBT>Í Y�q{msÍ¾R d.m{S[R Y�_�Í Tc_\v`S[Z<ZBm\d#,`TWTc_
VLTcbÅR aBTWVyn�Ý`Ý³Þ�ÝjÒ�o�ÉXÙBYsb�S[Z\TÏ��û÷ms_\VìÝ�û q{m{dàTÓ_\YÓd O qcZXvLTc_\TcbÚmsÍ}�BbwY³Yjigd>T.�sR d�SuÉ�ï�_LÍ -�bwTWqWTc_\S[Í -Çm
�`TcbeS O b¨,Bm\S.R aBT�mL_jmLÍ -\S.R q{mLÍJq{msÍ q O Í m\S.R Y�_XYji S[ZBTÓÍ Y�q{msÍ¾R d.m{S[R Y�_ÓÍ Tc_{v`SuZíR�_^��û ZBm\dX,`TWTc_Çv�R aBTc_Dn�Ýc�"o�É
ÌpZBTcbwTuigYsbwTcÞ°_ O Q>TcbÅR q{mLÍjqWY�Qh� O SUm\S.R Y�_{d*mjbwT#ajTcbË-hRªQh�`YLbeS�ms_{S�iÅYLb�S[ZBT�R�_WaBTfd�S[R vsm\S[R Y�_;Yji5â�î±ÌÁn��³ÞÅÝto�É
ÌpZBT ]²�	a��ÑkÐ¬L_�¬�gia%f`a�_u\^j^¬���[l�^êPfbm&a�]%_°d�Þ9Y�_ S[Z\T YcS[Z\Tcb^ZBmL_BV&ÞXR dn,Bm\dàTWV@Y�_ mL_
T.�BS[b3mL�`Y�Í m\S[R Y�_
,`TfSgo­TWTc_^S[Z\T�Q�TfSUmsÍ�Í�R qhms_\VíSuZ\TÓR�_{d O Í m{S[R�_\v�bwTfv�RªQ>T�Rª_XS[Z\TXá#_\VsTcbedàY�_FQ>Y³VLTcÍ»n�ú³Þàäto�É<ÌpZBTÓr[Tu-{Ø
�`Y³R�_{S^R dÏS[ZBTFVLTuüP_LR S[R Y�_ìYji>SuZ\TídàYjØ
q{msÍ�Í TWV

β
ØÅi O _\qfS[R Y�_�m{dXSuZ\TnÍ YcvsmjbÅR S[ZsQ9R q�VLTcbÅR ajm\S.R aBTíYji>SuZ\T

V�RªQ>Tc_{dfR Y�_LÍ Tfd�d#qWY�_\V O qfS�ms_\qWT
g
Þ

β =
d ln g

d lnL
,

 
Ý�É¾�c�&!
iÅYLbpm

d
Ø
V�RªQ>Tc_{dfR Y�_BmLÍ­ZW-��cTcbÚq O ,`T�YjipdfR ÛWT

L
É�ÌpZBTì,Bm\dfR qím{d�d O Qh�{S[R Y�_íYjipS[ZBTÓY�_\TuØà�jmjbÚmLQ�TfSÑTcb

dàq{msÍ¾R�_\vhSuZ\TWYLbË-�R d5SuZBm{S
β
VLTc�`Tc_\VLd#Y�_sÍ -9Y�_

g
mL_\V�_\YcS)T.���LÍ¾R qjR SuÍ -�Y�_<S[Z\T>dU-\d�SUTcQ dfR ÛWTcÞ³V�R dàYLbwVsTcb

d�SubwTc_{v`SuZ>YLb­ÙjTcb¨Q9R`Tc_\Tcbevc-WÉ7û�TWTc�hRª_;SuZ\T9Q�TfSUmsÍ�Í�R q�bwTfv�RªQ>T
g
,`TcZBm{aBTfd#m\qWqWYsbwV�R�_\v�SUY�ï�ZsQhù±d7Í m[o

 
Ý�É¾�`Ý	!7ms_\VìZBTc_\qWT
g(L) ∝ Ld−2 =⇒ β(g) −→ d − 2 ,

 
Ý�É¾�`ú	!
o;Z`RªÍ TÏRª_9S[ZBTÏR�_{d O Í m{S[R�_\v�bÚTfv�R�Q>T

g(L) ∝ exp(−L/ξ) =⇒ β(g) −→ ln g +
qWY�_{d�SuÉ

.
 
Ý�É¾�`ä	!

ÜlYcS.R qWT>SuZBm\S*SuZ`R d>R�Q��LÍ¾R Tfd*SuZ\T�iÅY�Í�Í Y{opR�_\vÓ,`TcZBm{aLR Y O b}igYsb
g
R�_<SuZ\T�S[ZBTcb¨Q>Y³Vc-s_BmsQ9R qÏÍ¾R�QhR S

L −→
∞ ô

Q>TfS�mLÍ�Í¾R q`ô
g −→ ∞ ,

R�_{d O Í m\S.Rª_{vJô
g −→ 0 .

á­d�d O QhR�_{vêmìdWQ�Y�YcSuZêQ>Y�_BYcSÑY�_`R q{mLÍ�Í -êRª_\qcbwT{m\dfR�_{v�i O _\qfS[R Y�_
β(g)

Y�_\T�Y�,{SUmLR�_\dÏSuZ\T�iÅY�Í�Í YWopRª_{v
�`R qfS O bÚT{n�äto
Þ}o;Z`R qcZFR d�dàqcZ\TcQ�m{S[R q{msÍ�Í -�dWZ\YWo;_�R�_ìÙ�R vJÉ}Ý�É¾��É�ï<_LÍ -�iÅYLb

β > 0
SuZ\T�qWY�_\V O qfSUms_\qWT

R�_BqcbwT{m{dàTfd�opR S[ZnRª_\qcbwT{m\dfR�_{v�dU-\d�SUTcQ dfR ÛWT`ÉêÌpZ\TcbÚTuigYsbwTcÞ
β > 0

R�_\V&R q{m\SÑTfd�Q>TfS�mLÍ�Í¾R qF,`TcZBmWasR Y O b¨Þ
��Ê



o;Z`RªÍ T9igYsb
β < 0

SuZ\T�qWY�_BV O qfS�mL_\qWT�VsTWqcbwT{m{dàTfd>opR S[ZÓR�_\qcbÚT{m{dfRª_{v
L
Þ°o>Z`R qcZÇVLTc_BYcSÑTfd�R�_{d O Í m\S.Rª_{v

,`TcZBm{aLR Y O b�É÷ÙjYLb
d = 1

Þ
β
R dÇmsÍ o5m[-\dì_\Tfvsm\S.R aBTFmL_BV�Z\Tc_\qWT�mLÍ�Í}d�SUm\SÑTfd�mjbwTnÍ Y�q{msÍ¾R ÛfTWV
Rª_FS[ZBT

SuZ\Tcb¨Q>Y³Vc-s_jmLQhR qFÍ�R�Q9R SuÉíï�_ÓS[Z\TÓYcS[ZBTcb>ZBms_\V�iÅYLb
d = 3

SuZ\TÇi O _BqfS.R Y�_
β
ZBm{dXm�ÛWTcbwY�Þ�o>Z`R qcZ

qWYLb
bwTfdW�`Y�_\V`dÏSÑY�S[Z\T�â�î±Ì;Étá�S<S[Z`R dÇ�`Y³R�_{S
g
,`TWqWY�Q>Tfd^R�_\VLTc�`Tc_\VsTc_{ShYjipSuZ\T^dU-Bd�SÑTcQ�dfR ÛWTr ¨qui�É

N TWqfS[R Y�_�ÒJÉ Ò�!uÉ îM_�SuZ\T9Q�mjbev�R�_BmsÍcq{m{dàT
d = 2

SuZ\T>Y�_\TuØà�BmjbÚmsQ>TfSUTcbHdàq{mLÍ�R�_{v9SuZ\TWYsbË-9q{mL_L_BYcS5VLTWqjR VLT
R i­mLÍ�Í`d�SUm\SÑTfd7mjbwT<TuaBTc_\S O msÍ�Í -^Í Y³q{msÍ¾R ÛWTWV^R�_<SuZ\T�SuZ\Tcb¨Q>Y³Vc-s_jmLQhR q�Í¾R�QhR SfÉ*ÙjYLb�S[Z\T�Rª_{SÑTcbÚTfd�S.Rª_{vÏq{m\dàT

Ù�R v O bwTíÝ�É¾��ôÇÌpZ\T
β
ØÅi O _\qfS[R Y�_

β(g)
a\d

ln g
 ÅdàqcZBTcQ�m\S.R q%!uÉ�Ì;Z\T^ÛWTcbwYnYji

β(g)
R�_BV�R q{m\SÑTfd�S[ZBT

â�î±Ì;É
Yji)SuZ\TFâ�î±Ì÷igYsb

d = 3
R S7o5m{d�iÅY O _\VìS[ZBm\S;SuZ\T�,`TcZBm{aLR Y O b)Yji

σ
R d�v�R aBTc_F,[-ímì�`YWo�Tcb;Í m[oóm\S

SuZ\T<qcbÅR S[R q{msÍ&�`Y³R�_{SKn��to
Þ

σ(E) =







σ0

∣

∣

∣
1 − E

Ec

∣

∣

∣

ν
|E| < Ec

0, |E| > Ec

 
Ý�É¾�`ç	!

opR S[Z
ν
,`TjRª_{v�SuZ\T O _`R aBTcbed.msÍLqcbÅR S[R q{msÍBT.���`Y�_\Tc_\S YjitSuZ\T��LZBm\dàT>SubÚms_{dfR S[R Y�_�mL_BV

σ0
R d)mhqWY�_{d�S�mL_{SfÉ

ÌpZBThacmLÍ O TXYji
ν
ZBm{d�,`TWTc_ÇqWY�Q�� O SUTWVê_ O Q�TcbÅR q{msÍ�Í -�iUbwY�Q ajmjbÅR Y O d�Q>TfSuZ\Y³V`dËn��to)mL_BVío�m\dhmsÍ dàY

�`�



VLTcbÅR aBTWV iUbwY�Q�T.���`TcbÅRªQ>Tc_{SÑd�n�Ý`úto�É Ì;Z\T bwTfd O Í S�d�bÚms_{vLT�iUbwY�Q
1
SUY

1.6
Þ�VsTc�cTc_BV�R�_{v Y�_$S[ZBT

V�R d�S[bÅRª, O S[R Y�_
P (ε)

O dàTWV^ms_\V^SuZ\T<qWY�Q�� O S�m{S[R Y�_BmsÍ°Q�TfS[ZBY�VDn�Ýto O dàTWVJÉ
â�YsbwTWYjaBTcb¨Þ�k�Tfv&_BTcb«n�Ý`äto)o�m\d�ms,LÍ TXSUYídWZ\YWo S[Zjm{S�iÅYLbp_\Y�_{Ø�R�_{SUTcbÚmBqfS.Rª_{vìTcÍ TWqfSubwY�_{d<SuZ\T

VJÉ±q`ÉJqWY�_BV O qfS[R aLR Sg-
σ
Y�,`Tu-\d>mhvLTc_\TcbÚmsÍsdàq{msÍ¾R�_\vXigYsb¨Q qcÍ YcdàT�SUYXSuZ\TÇâ�î±ÌpÞ

σ(ε, ω) = b2−d σ(b1/νε, bzω) .
 
Ý�É¾�`é	!

�lTcbwT
ε
VLTc_\YcSUTfd<SuZ\TXV�R�Q�Tc_{dfR Y�_LÍ Tfd�d�V&R d�S�mL_\qWT�iUbwY�Q SuZ\TXqcbÅR S[R q{msÍ}�`Y³R�_{SuÞ

ω
R d9ms_^T.�BSUTcb¨_BmsÍt�Bm{Ø

bÚmsQ>TfSUTcb7d O qcZ�m\d�SuZ\TíiUbwT�' O Tc_\qu-êYLb;S[Z\TìSÑTcQ��cTcb3m{S O bwTcÞ
b
R d�m�dàq{msÍ¾Rª_{v �BmjbÚmsQ>TfSUTcb�ms_\V

z
R d

SuZ\T^Vc-�_BmLQhR q{msÍtT.���`Y�_\Tc_{SfÉ ÙjYLb�_\Y�_WØ�Rª_{SUTcbÚm\qfS[R�_\v�TcÍ TWqfS[bwY�_\d
z = d

n�Ý`çto�É�á­d�d O Q9R�_\v�mÓüP_LR SUT
qWY�_\V O qfS.R aLR Sg-�igYsb

ω = 0
ms_\V

t > 0
Þso;Z\TcbwT

ε =
∣

∣

∣
1 − E

Ec

∣

∣

∣

Þ³Y�_\T;Y�,{S�mLR�_{d­iUbwY�QóÎÐ' O m{S[R Y�_u 
Ý�É¾�`é	!

σ(ε, 0) ∝ εν(d−2).

k×R SuZ
d = 3

S[Z`R d#v�R aBTfd<ÎÐ' O m\S.R Y�_� 
Ý�É¾�`ç	!uÉ

�`Ý
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ÌpZBT�q{msÍ q O Í m{S[R Y�_ÏYji5S[b3mL_{dW�`YsbeS<�BbÚY��cTcbwS.R Tfd�msÍ o5m[-\d;o5m\d<mXqWTc_\S[bÚmsÍH�`Y³R�_{SpYji*qWY�_\VsTc_{dàTWVnQ�m\S�SUTcb
�LZW-BdfR qfd{É�ÙjYLb SuZ\TíR�_{aBTfd�S.R vsm{S[R Y�_ÇYji�Í Y³q{msÍ¾R d.m\S[R Y�_íR�_ÓV�R dàYsbwVLTcbwTWV�dU-\d�SÑTcQ>dWÞ�qWY�Z\TcbwTc_\S�SubÚms_{dW�`YLbeS
R d�YjipQ>Ycd�S�R�_\SÑTcbwTfd�SfÉhÙjYLb­SuZ`R d�q{m{dàT�SuZ\TcbwT�mjbÚT�Sgo�Y^iÑbwT�' O Tc_{SuÍ - O dàTWVFmL�s�BbwYLmBqcZ\Tfd<SUY^q{msÍ q O Í m{SUT
SuZ\T�qWY�_\V O qfS�mL_BqWThYLbtqWY�_BV O qfS[R aLR Sg-�Yji)Q�TfdàYcdàqWY��`R q>dU-\d�SUTcQ;d{É5ï�_\T<ms�L�jbwYLm\qcZ�o5m{d<�jbwY��`YcdàTWVF,[-
Ö`mL_BVsm O TcbAn�Ý`é³Þ�Òs�to­ms_\V�i O beSuZ\TcbtVLTuajTcÍ Y��`TWV�msQ>Y�_\v`d�S)YcSuZ\Tcbed<,[-�õ­ö{SÑS.Rªr.Tcb
É�Ì;Z\T�dàTWqWY�_\V^Y�_BTXR d
,Bm\dàTWVFY�_XS[Z\T�å O ,cY�Í¾Rª_\T{mjb#bwTfdW�`Y�_{dàT<iÅYLb
Q�msÍ¾R dWQ�Þ&o;Z`R qcZ�qWY�_L_\TWqfSÑdÏ_BY�_\T�' O RªÍ¾R�,jbÅR O Qã�BbwY³qWTfd�dàTfd
SUYu� O qfS O m\S.R Y�_{d<Rª_hT�' O RªÍ¾R�,jbÅR O Q�É�ÌHY³Vsm[-ÓR S;R d o­TcÍ�Í�Tfd�S�mL,LÍ�R dWZ\TWVÇS[ZBm\S�,`YcS[ZÇQ�TfS[ZBY�V`d;mjbÚT9T�' O R a{Ø
msÍ Tc_{S>R�_hq{m\dàT<Yji�qWY�Z\TcbwTc_{S#SubÚmL_\dW�cYsbeSfÉ

îM_9S[ZLR d#qcZBmL�\SÑTcb}o�T�opRªÍ�Í³R�_\S[bwY³V O qWT�SuZ\TÏbwTWq O bwdfR aBT�è5bwTWTc_Lù±d#i O _\qfS[R Y�_�Q�TfS[ZBY�Vc àø�è*Ù°â
!
iÅYLb�SuZ\T9q{m\dàThYji5qWY�Q��LÍ TfSUTcÍ -�qWY�ZBTcbwTc_{S7SubÚmL_\dW�cYsbeSuÞ&o;Z`R qcZhüH_BmsÍ�Í -�-LR TcÍ V`d9bwTWq O bedfR Y�_<iÅYLb
Q O Í l÷igYsb
SuZ\ThVLTc_\dfR Sg-�Yji5d�SUm\SÑTfd�mL_\VÓSuZ\ThqWY�_\V O qfSUms_\qWT`É;k�T9opR�Í�Í�msÍ dàY�dWZBYWo Z\YWo1SUYFRª_\qWYLb¨�`YsbÚm{SUT9dàTcQhR Ø
R�_{üP_`R SÑTXÍ T{m\VLd�R�_<SuZ\TÇø�è*Ù°â�É&átS�Í m\d�S[Þ�üH_`R SUT�dfR ÛWT�dàq{msÍ¾R�_\v{ àÙ N&N !7mL_jmLÍ -\dfR d#opRªÍ�Í&,`T9T.���sÍ mLR�_\TWVJÉ
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îM_<SuZ\T<VLTcbÅR ajm{S[R Y�_<YjilS[Z\T�å O ,`YÏigYsb¨Q O Í m�SuZ\T�q O b¨bwTc_\S;R d)SubwT{m\SÑTWVÇm\dpm�bwTfdW�`Y�_{dàT�Yji�SuZ\T�dU-\d�SUTcQ
SUYÇmL_q ¨T.�jSÑTcb¨_jmLÍ ! TcÍ TWqfSubÅR q>ü&TcÍ V&Þ�o;ZLR qcZhdWZBY O Í VF,`T�d O æ�qjR Tc_\S[Í -9dWQ�msÍ�Í`SUY�Tc_{d O bwT�d�S�m[-LR�_\víR�_9SuZ\T
Í¾Rª_\T{mjb�bwTfdW�`Y�_{dàT�bwTfv�R�Q�Tân��`ú³Þf�`éto�ÉêÌpZ\TíY�,{S�mLR�_\TWVêVJÉ±q`ÉlqWY�_\V O qfS.R aLR Sg-

σ
R dÏqWY�_L_\TWqfSUTWVêSÑY�SuZ\T

Tc_\Tcbevc-FmL,\dàYLb¨�{S[R Y�_^iÑbÚY�Q S[ZBTÏü�TcÍ V�n��`äto�Ér�lYWo�TuaBTcb¨Þ5ms_ìR dàY�Í m\SÑTWV�üH_`R SUTXdU-\d�SUTcQhÞHo;ZLR qcZ�Zjm{d�m
V�R dàqcbwTfSÑTÏdW�`TWqfSub O QhÞ�q{mL_L_BYcS<ms,{dàYsb¨,�Tc_BTcbevc-^iUbwY�Q SuZ`R d9TcÍ TWqfS[bÚYjØàQ�m\v&_\TfS.R q�ü�TcÍ V�n��`äto#ms_\V

σ
R d

ÛWTcbwY&É
îM_íYsbwVLTcb7SUY�Y�,{S�mLR�_ìmíüH_`R SUT
σ
S[ZBT^dU-\d�SUTcQ Q O d�S�,`T�qWY O �LÍ TWV�SUYnmnÍ mjbevLT�Z\T{m\SÇ,Bm\S[ZsÞ

o;Z`R qcZ�Í T{mBV`d#TuaBTc_{S O mLÍ�Í -<SUYÏm�üH_`R SÑT;opR VLS[Z<Yji�SuZ\T�Tc_\Tcbevc-ÇÍ TuajTcÍ d® ¨qui�É N TWqfS[R Y�_9ä�ÉËÊ%!uÉ7õ}TWq{m O dàT�m
VLTfS�m`RªÍ TWV^Q9R qcbÚYcdàqWY��`R q7VLTfdàqcb¨R��{S[R Y�_hR d5V�R æXq O Í S­SÑY9Y�,\SUmLR�_ O d O msÍ�Í ->SuZ\T9Í TuaBTcÍ�,jbwYLmBVLTc_`Rª_{v^R d7Q>Y³VcØ
TcÍ�Í TWVF,[-ÓRª_{S[bÚY�V O qjR�_{v^m�dWQ�msÍ�Í�RªQ�m\v�R�_Bmjbe-^�BmjbeS

γ
SUYXSuZ\T9Tc_\Tcbevc-WÉ á
üP_`R SÑT<V°É±q`É°qWY�_\V O qfS.R aLR Sg-ÓR d

SuZ\Tc_�Y�,{S�mLR�_\TWVÇigYsb
γ
,`TjR�_{vFÍ mjbevLTcbtSuZBms_hSuZ\TÏR�_{SUTcbËØàÍ TuaBTcÍLdW�BmBqjR�_{vDn��`äto�É

ÙBYsb Ö`ms_\Vsm O Tcb�SuZ`R d)o5m[-�Yji�µuqjRªbwq O QpajTc_{S.Rª_{v9µ�SuZ\TX�jbwY�,LÍ TcQ>dpq{m O dàTWVì,[-ÏSuZ\T�üH_`R SUTc_\Tfd�d
Yji*SuZ\T�dU-\d�SÑTcQóo5m{dX_\YcSpd.m\S[R dUi3-LR�_{vJÉs��TXqWY�_{dfR VLTcbwTWVFmíQ�Y�VLTcÍ³o;ZBTcbwTÏS[Z\T�d.msQh�LÍ Tq ¨V�R dàYLbwVLTcbÚTWV
bwTfv�R Y�_"!*R d5qWY�_L_BTWqfSÑTWV�S[ZsbwY O v&Z9R VLT{msÍ{opRªbwTfdv �Í T{mBV`d.!�SUY�dàY�Q>T7TcÍ TWqfSubwY�_9bÚTfdàTcbËaBY³R�bwd�o;R SuZ;V�R Ð}TcbwTc_{S
qcZ\TcQhR q{msÍl�`YcSUTc_{S[R msÍ dJn�Ý`é%x�ÒJÊpo�ÉnÌpZ`R dhdàTfS O �nbwTfd O Í S�d^R�_ìmFq O b¨bÚTc_{SÇ,`TjR�_{vnV&bÅR aBTc_FSuZLbwY O v&ZFSuZ\T
d.msQh�LÍ T�,[-�SuZ\T��`YcSÑTc_{S[R msÍtV&bwY��sÞ5o;Z`R qcZFaBTcbË-òQ O qcZ$bÚTfdàTcQh,LÍ Tfd�SuZ\TíT.���`TcbÅR�Q�Tc_{S�mLÍ}dfR S O m\S[R Y�_sÉ
âÏYLbwTWYjajTcb¨Þ�R�_#SuZ`R d)�cY³Rª_{S�YjiJasR Tuo$SuZ\T*SubÚms_{dW�`YLbeS*,cTWqWY�Q�Tfd­mpdàq{m{SÑSUTcbÅR�_{v��BbÚY�,LÍ TcQÏôtSuZ\T>R�_\qWY�QhR�_{v
TcÍ TWqfSubwY�_{dÏmjbwT^TcÍ m{d�S[R q{msÍ�Í -Çdàq{m{SÑSÑTcbÚTWV$,[-íSuZ\TFb3mL_\VsY�Q RªQh� O bÅR S[R TfdÏR�_ÓS[ZBTÇd.msQh�LÍ Tc 
m{S�Í T{m{d�S>igYsb
`Φ � L

!uÉíÖ`mL_BVsm O Tcb*iÅY O _\V�S[ZBm\S�S[Z\T�qWY�_BV O qfS�mL_\qWTÓq{mL_�,cT�Y�,\SUmLR�_\TWVìiÑbÚY�Q S[ZBTí�BbwY�,jmL,`RªÍ¾R Sg-
Yji7S[ZBTÇTcÍ TWqfSubwY�_{d9SubÚm{aBTcÍ�Í�R�_{vFSuZLbwY O v&ZÓSuZ\T�d.msQh�LÍ T`ÉÓÌ;Z`R d{fb_�¬��%\^gs[ \�\^[�]²�qk�_b]²Ä²¬�Ä	[l��[¨f�d

T
q{ms_�Rª_

S O b¨_n,`TÓq{msÍ q O Í m{SUTWVò,.-ìdàY�Í aLR�_{v�S[ZBT N qcZLb�8�V�Rª_{vLTcb7T�' O m\S.R Y�_sÉnátS�üHbed�SuÞ ZBYWo�TuaBTcb¨Þ*SuZ\TcbwT^o�TcbwT
Sgo�Y^ajTcbedfR Y�_{d�Yji*SuZ\T�Öcms_\Vsm O Tcb­iÅYLb¨Q O Í msÞPo;Z`R qcZÇq{m O dàTWVídàY�Q�ThV�R dàq O d�dfR Y�_\d�ms,cY O S7o;Z`R qcZÇY�_\T
SUY O dàT
n��`äto�ÉpÖ`m\SÑTcb�S[Z\T�dfR S O m{S[R Y�_�o5m{d>qcÍ mjbÅR ü�TWV^m\d�R S)S O b¨_\TWV^Y O S SuZBm\S Y�_BT9Yji�SuZ\T�iÅYLb¨Q O Í l�Þ

g4 =
e2

π~
g4 =

e2

π~

T

1 − T
,

 ÅÒJÉËÊ%!
bwTuiÅTcb¨bwTWVêSUYêSuZ\TìqWY�_\V O qfSUms_\qWT�Yji�SuZ\TFd.msQh�sÍ T�R SÑdàTcÍ iUÞ)m\dFR S�o�Y O Í V ,`TnQ>T{m\d O bwTWV×Rª_�m�iÅY O bËØ
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SUTcb¨Q9Rª_BmLÍ&Q�T{m{d O bwTcQ>Tc_{Sh UR�_BqcÍ O V�Rª_{v�dW�`Rª_hVLTfvLTc_\TcbÚmBqu-�!uÉ ÌpZ\T<YcSuZ\Tcb}iÅYLb
Q O Í mLÞ

g2 =
e2

π~
g2 =

e2

π~
T ,

 ÅÒJÉ¾�	!
v�R ajTfd<S[Z\T^qWY�_\V O qfS�mL_BqWT�YjipmÓSgo­YjØ¨SUTcb¨QhR�_BmsÍ�Q�T{m{d O bwTcQ>Tc_{SuÞto>Z`R qcZ�R�_\qcÍ O VLTfd�m^üH_`R SUTÇqWY�_{S�m\qfS
bwTfdfR d�SUms_\qWTXV O TXSUY�S[Z\TíÍ T{m\VLdËn��`äto�ÉXÌpZ\T�V�R ÐHTcbÚTc_{Spo5m[-\dhYji�Q>T{m\d O bÅRª_{víS[Z\T�qWY�_BV O qfS�mL_\qWTÓmjbwT
R�Í�Í O d�SubÚm\SÑTWVÓRª_^Ù�R vJÉ�ÒJÉËÊ`É
ï#aBTcb*SuZ\TX-WT{mjbed�S[Z\TcbÚTíZBmWajTì,`TWTc_�Q�mL_{-ÓvLTc_\TcbÚmsÍ¾R d.m{S[R Y�_\d�Yji7SuZ\TìÖ`ms_\Vsm O Tcb#ms�L�jbwYLmBqcZyn��`äto
Þ
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µL 

µR 

µ1 

µ2 eU 

Ù�R v O bwTìÒJÉËÊ`ô
îMÍ�Í O d�SubÚm{S[R Y�_ìYji9SuZ\TìV&R Ð}TcbwTc_\qWT$,`TfSgo�TWTc_$�BØXms_\V
ÒcØ¨SÑTcb¨QhR�_BmsÍ�qWY�_BV O qfS�mL_\qWT`É îM_
mê�BØ¨SUTcb¨Q9Rª_BmLÍ)Q>T{m\d O bwTcQ�Tc_{S

g2
R dÇq{msÍ q O Í m\SÑTWV iÑbÚY�Q SuZ\Tìq O b
bwTc_{S

I
mL_\VòSuZ\TFaBY�Í SUm\vLT

U =
(µL − µR)/e

É îM_êmêigY O bËØ¨SÑTcb
Q9R�_jmLÍ�mjb¨bÚms_{vLTcQ>Tc_\S^SuZ\T �`YcSUTc_{S[R msÍ­V&R Ð}TcbwTc_\qWT R d�bÚTWV O qWTWV SUY
µ1 − µ2

V O T9SÑYXSuZ\T<qWY�_{S�m\qfS�bwTfdfR d�SUms_\qWT`É

iÅYLb­T.�cmLQ��LÍ T�SUYÇSuZ\TÇQ O Í S[R qcZBms_L_\TcÍ�q{m\dàT9iÅYLb Í T{mBV`dpo;R SuZXm�üH_`R SUT<o;R V`SuZLÞ�R�_\qcÍ O dfR Y�_XYji7R�_\TcÍ m{d�S[R q
�jbwY�qWTfd�dàTfdJ ¨quiUÉ N TWqfS.R Y�_íä	!hmL_\V�SuZ\T�' O mL_\S O Q �lmsÍ�ÍHTuÐHTWqfSfÉìÌ;Z\TcbwTìZjmWaBTímsÍ dàY$,`TWTc_�ajmjbÅR Y O d
m\S�SUTcQh�{SÑd­YjiHVLTcb¨R aLRª_{v�S[Z\T<Ö`ms_\Vsm O Tcb�igYsb¨Q O Í m#iUbwY�Q1Q9R qcbwYcdàqWY��`R q#ms�L�jbwYLmBqcZ\Tfd ms_\VXRª_9�BmjbeS[R q O Í mjb
R S*o�m\d<�jbwYjaBTc_ÏS[ZBm\S S[Z\TË �Q O Í S[R qcZjmL_L_BTcÍ !>Ö`mL_\V�m O Tcb�iÅYLb¨Q O Í mhq{mL_Ó,cTWT<VsTcbÅR aBTWV�iÑbwY�Q S[Z\T�å O ,`Y
Í¾Rª_\T{mjb5bwTfdW�`Y�_{dàT�iÅYLb
Q�msÍ¾R dWQ �jbwYjaLR VLTWV^SuZBm\S)SuZ\TXÍ T{m\V`d;mjbÚT<SUmsr.Tc_^R�_{SUYÇm\qWqWY O _{S|n±Òs�to�É

m �`� w 2#�vü<=j���Cx 2 ÿ@=j2)2�8ZyÅ�z�iü98;���}�3AX8 
 2��t�;AÏ:

á#_�ms�L�jbwYLm\qcZnSUYnq{mLÍ q O Í m\SÑTíSuZ\TFVJÉ±q`É*qWY�_\V O qfS[R aLR Sg-�Y�_LÍ -�v�R ajTc_ìS[ZBTFá#_\VLTcbedàY�_�S.R v&Z{S
Øà,LR�_\V�Rª_{v
�­mLQhR�Í SUY�_`R±mL_
 
Ý�É¾�jÒ�!ìR d^SuZ\TòbwTWq O bedfR aBT è5bwTWTc_Lù±d�i O _\qfS.R Y�_ Q>TfSuZ\Y�V¶neÊ{�³ÞLÊ{Ýto�Þpo;Z`R qcZ�-LR TcÍ V`dím

�`ú



bwTWq O bwdfR Y�_;dàqcZBTcQ>T7iÅYLbPSuZ\T;VJÉ±q`É�qWY�_\V O qfS[R asR Sg-�SÑTc_{dàYsb�d�S�mjbeS[R�_{v9iÑbwY�Q÷SuZ\Thå O ,`YjØ�è5bwTWTc_Wo�Y�Y³VÏigYsbËØ
Q O Í m�É âÏYLbÚTWYjaBTcb¨Þ`SuZ`R d Q>TfSuZ\Y³V9mLÍ�Í YWo)d�SUY�qWY�Qh� O SUT S[ZBT VsTc_{dfR Sg-;Yji°d�S�m\SÑTfd�mL_BV<S[ZBT>Í Y�q{msÍ¾R Û{m{S[R Y�_
Í Tc_\v`S[ZsÉ

å$�?����� �;G°�±¦l|ÑIsKª~�� ¾t~�|p¤ ¦ ¡ y�zcKM~��
á vLTc_\TcbÚmsÍsS[R v&Z\S
Øà,`Rª_\V�Rª_{vD�lmsQ9RªÍ SUY�_`R ms_9q{ms_^,`T�o;bÅR S�SUTc_hm\d

H =
∑

ij

Hij|i〉〈j| ,
 ÅÒJÉ¾Ý	!

o;Z\TcbÚT |i〉 mjbwTÓÍ Y³q{mLÍ�R ÛWTWV^o�m{aBTuØÅi O _\qfS[R Y�_{d9m\S9�`Y³R�_{SÑd>Y�_^ms_Çmjb¨,`R SubÚmjbË-^V&R�Q>Tc_\dfR Y�_BmsÍHÍ m\S�S[R qWThms_\V
H R dpZ\Tcb
Q9R S[R ms_sÉlÌpZ\T;dfR�_{v&Í T��BmjbeS[R qcÍ T<è5bwTWTc_Lù±d*i O _\qfS.R Y�_ G±(z)

R d5VLTuüH_\TWVí,[-�SuZ\ThbwTcÍ m\S.R Y�_in±ÒsÝto

(z± −H)G± = { ,
 ÅÒJÉ Ò�!

o;Z\TcbÚT
z = E ± ıγ

R d�q{mLÍ�Í TWVíqWY�Qh�LÍ T.�^Tc_\Tcbevc-Óms_\VFSuZ\ThdfR v&_�Yji*S[ZBThdWQ�mLÍ�Í°RªQ�m\v�R�_BmjbË-F�BmjbwS
γ

V�R d�S.Rª_{v O R dWZBTfd),`TfSgo�TWTc_�mBVcajms_\qWTWVÏms_\V^bwTfSUmjbÚVLTWV�è5bwTWTc_sù±d�i O _\qfS[R Y�_\dWÞ G−(E− ı0)
ms_\V G+(E+

ı0)
ÞlbwTfdW�`TWqfS[R aBTcÍ -{n±ÒsÝto�ÉhÎ�' O R ajmsÍ Tc_\S[Í -uÞ G±

q{ms_í,cTÇbwTc�BbÚTfdàTc_{SÑTWV�Rª_�SuZ\TÇ,jm{dfR d;Yji�S[Z\T9i O _\qfS.R Y�_{d
{|i〉} É;]tdfRª_{vFÎÐ' O m\S.R Y�_� ÅÒJÉ¾Ý	!7ms_\VD ÅÒJÉ Ò�!7Y�_\T9Y�,{S�m`Rª_{d

(z±δij − Hij)G
±
ij = δij ,

 ÅÒJÉ±�&!
o;Z\TcbÚT

G±
ij

R d;S[Z\T^Q�m\S[b¨R �XTcÍ TcQ>Tc_{S 〈i|G±|j〉 É�Ü�YcS[R qWThS[Zjm{S#iÅYLb�míZ\Tcb¨QhR S[R ms_J�­mLQhR�Í SÑY�_`R±mL_�S[ZBT
mBVcajms_\qWTWVêè5bwTWTc_sù±d>i O _\qfS[R Y�_�R d>SuZ\T�Z\Tcb¨QhR S[R ms_ÏqWY�_eB O vsm\SUT�Yji*S[ZBT^bwTfS�mjbwVLTWVêè5bwTWTc_Lù±d�i O _\qfS.R Y�_LÞ
RªÉ±T`É

G−
ij = (G+

ji)
∗
É

î i H qWY�_{SUmLR�_\d�Y�_LÍ -×_\T{mjbwTfd�S�Øà_\TjR v&ZL,`Y O b�ZBY��L�`R�_\v&ÞhÍ¾Rªr.TêRª_�SuZ\T�á#_\VLTcbedàY�_ Q�Y�VLTcÍ�Yji
Í Y³q{msÍ¾R d.m\S[R Y�_LÞ�Î�' O m{S[R Y�_  ÅÒJÉ±�&!�q{ms_ò,`TFdfRªQh�LÍ�R ü&TWV O dfRª_{vòm
,LÍ Y�qcrnQ�m\SubÅR �ò_BYcSUm\S.R Y�_sÉ�ÌpZ`R díR d
T�' O R ajmsÍ Tc_{S�SUY$qWY�_{dfR VLTcb>SuZ\TFdU-Bd�SÑTcQ m{d�,cTjRª_{v@, O R�Í S O �êYji<dWÍ¾R qWTfdÇYLb�d�S[b¨R��{dXiÅYLb�Ý�ûýYLb<��û#Þ
bwTfdW�`TWqfS[R aBTcÍ -uÞ�mLÍ Y�_{v�Y�_BTìÍ m\SÑS.R qWT�V�R�bwTWqfS[R Y�_�É�îM_^o;ZBm\S<iÅY�Í�Í Y{o*dhmsÍ�Í£' O ms_{S.R S.R Tfd<o;bÅR S�SUTc_ìRª_ ®J¡P¯¾¹
µ`¬°Á��� .¬J¯¾� mjbÚT Q�m{SubÅR qWTfdím\qfS[R�_\v@Rª_�SuZ\T�d O ,{dW�BmBqWTêYjihd O qcZ mêdWÍ¾R qWT�YLb�d�SubÅR��  É ÌpZBTòÖÐ� N Yji
# ;D+�á|I-}�Ó<(D6	h!}�Ý'. ×/*�×vÓpál×�8�Ó(Ýeá à ÚØ×/*_+�0r*bà ~Ø×

M × M
Óc(D6

M
2
× M

2
=±ál×/*/4p×ØÚeÝbà B ×.ß GA=?@�. ×.ál×

M
à *�Ý'. ×ß Ó�Ý�×.álÓ�ß�*`à ~Ø×AÒÔÚ'07:F;Là `�:c��: IpÕ/:
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ÎÐ' O m\S.R Y�_� ÅÒJÉ±�&!>R d#S[Z\Tc_hv�R aBTc_Xm{d

















É É É É É É É É É
0 0 · · ·

0 −Hii−1 (z±I−Hii) −Hii+1 0 · · ·
· · · 0 −Hi+1i (z±I−Hi+1i+1) −Hi+1i+2 0

· · · 0 0

É É É É É É É É É

















×























É É É ÉÉÉ É É É
· · · G±

i−1j · · ·
· · · G±

ij · · ·
· · · G±
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 ÅÒJÉ¾ú	!

Ù�bwY�Q SuZ\T�Í m{d�S T�' O m\S.R Y�_�Y�_\T<q{ms_�T{m\dfR�Í -hdàTWT�S[Zjm{S�ÎÐ' O m\S.R Y�_q ÅÒJÉ±�&!>R d7T�' O R ajmsÍ Tc_{S#SUY

(z±I−Hii)G
±
ij −Hii−1G

±
i−1j −Hii+1G

±
i+1j = Iδij .

 ÅÒJÉ¾ä	!

]tdfRª_{v�S[Z\T�Z\Tcb
Q9R S[R qjR Sg-ÏYji H o­T�VLTuüH_\TXSuZ\T�Z\Y��L�`Rª_{vêQ�m\SubÅR �
ti ≡ Hi,i+1

 
ms_\VêZ\Tc_\qWT
t
†
i =

Hi,i−1
!lqWY�_L_\TWqfS[R�_{vhS[Z\T

i
SuZ�ms_\VhS[Z\T

(i+1)
d�S­dWÍ�R qWT`É*ÜlYWo>Þso�TpqWY�_{dfR VLTcb�mBVLV�R�_\vÏms_>m\VsV�R S[R Y�_BmsÍ

dWÍ¾R qWThSUYFm�dU-\d�SUTcQ qWY�_{dfR d�S.Rª_{v�Yji
N
dWÍ¾R qWTfd{É9ÌpZBT{�­msQ9R�Í SÑY�_LR ms_ÇYji)SuZ`R dÏÍ mjbevLTcb�dU-Bd�SÑTcQ q{ms_ì,`T

o;bÅR S�SUTc_hm\d#igY�Í�Í YWo)dwneÊ{Ýto

H(N+1) −→ Hij + (tN + t
†
N) + HN+1N+1 (i, j ≤ N).

 ÅÒJÉ¾ç	!

ÌpZBT�üHbed�SÓms_\V×SuZ\T
Í m\d�SÇSUTcb¨Q;d�VLTfdàqcbÅRª,cT�SuZ\T O _\qWY O �LÍ TWV
N
Ø¨dWÍ¾R qWT�mL_BV×S[ZBT

1
Ø¨dWÍ�R qWT�dU-\d�SUTcQ�É

]tdfRª_{v
tN

m\d ms_
µ\Rª_{SUTcbÚm\qfS[R Y�_Ðµ S[ZBT<è5bwTWTc_Lù±d)i O _\qfS[R Y�_
G(N+1) YjitS[ZBT;qWY O �LÍ TWVhdU-Bd�SÑTcQ�q{mL_X,`T

q{msÍ q O Í m{SUTWVXaLR±m^ûl-\dàY�_sù±d;T�' O m\S.R Y�_JneÊ{Ý³Þ�ÒsÝto
Þ

G
(N+1)
ij = G

(N)
ij + G

(N)
iN tNG

(N+1)
Nj (i, j ≤ N).

 ÅÒJÉ¾é	!
�`ç



îM_Ç�BmjbwS.R q O Í mjb

G
(N+1)
N+1N+1 =

[

z±I−HN+1N+1 − t
†
NG

(N)
NNtN

]−1  ÅÒJÉËÊ{�`m�!
G

(N+1)
ij = G

(N)
ij + G

(N)
iN tNG

(N+1)
N+1N+1t

†
NG

(N)
Nj (i, j ≤ N)

 ÅÒJÉËÊ{�³,"!
G

(N+1)
iN+1 = G

(N)
iN tNG

(N+1)
N+1N+1 (i ≤ N)

 ÅÒJÉËÊ{�cq%!
G

(N+1)
N+1j = G

(N+1)
N+1N+1t

†
NG

(N)
Nj (j ≤ N) .

 ÅÒJÉËÊ{�cV�!

k×R S[Z;ÎÐ' O m{S[R Y�_h ÅÒJÉËÊ{�	!PSuZ\T7è5bwTWTc_sù±d}i O _\qfS.R Y�_)q{ms_>,`T5Y�,\SUmLR�_\TWV9R SUTcbÚm\S.R aBTcÍ -WÉtá�VsV�R S[R Y�_BmsÍ�Í -uÞjSuZ\TcbwT

 

HN HN+1 tN N+1 

N 

M 

M 

Ù�R v O bwT�ÒJÉ¾��ô N qcZ\TcQ>T�Yji�SuZ\TÏbwTWq O bedfR aBThè5bwTWTc_Lù±d i O _\qfS.R Y�_XQ>TfSuZ\Y�V�iÅYLb�m9Ý�û
dU-\d�SUTcQ�ÉlÌpZBT�_BTuo
è5bwTWTc_Lù±d)i O _\qfS[R Y�_

G(N+1) q{ms_�,`T>q{msÍ q O Í m\SÑTWVÏiUbwY�Q�S[ZBT>Y�Í V{�­msQ9R�Í SÑY�_LR ms_ HN
Þ�S[ZBTh_\Tuo�dWÍ�R qWT

�­mLQhR�Í SUY�_`R±mL_
HN+1

ms_\VÇSuZ\T<qWY O �sÍ¾R�_\v
tN
É

mjbwT>Sgo­YÓrjR�_\VLd*Yji5,`Y O _\VsmjbË-hqWY�_BV�R S[R Y�_{d5o;Z`R qcZXQ O d�S#,cT>qWY�_{dfR VsTcbwTWVJô�m\qcbÚYcd�d)T{mBqcZ�dWÍ�R qWTpms_\V�m{S
SuZ\TÏ,cTfv�Rª_L_`Rª_{vXms_\V�SuZ\T�Tc_\V�Yji�SuZ\T�d�S�m\qcr`É­ÌpZ\T>üHbed�S7rjR�_\V�VsY�TfdW_Lù±S;�BbwTfdàTc_\S ms_W-�V�R æXq O Í Sg-�mL_BV
O d O msÍ�Í -pü��jTWVhYsbt�`TcbÅR Y³V�R q>,`Y O _\Vsmjbe-�qWY�_\V&R S[R Y�_{d5mjbwTpTcQ��LÍ Y{-fTWV°É�ÌpZ\T#dàTWqWY�_\VÇrBRª_\V9Yji­,`Y O _\VsmjbË-
qWY�_\V�R S.R Y�_{d�R d7qWY�_L_BTWqfSÑTWVÓSÑYÏdàY�Q�T�d O ,{SuÍ TfS[R Tfd)o;Z`R qcZXmjbwThmBVLV&bwTfd�dàTWVìR�_ N TWqfS[R Y�_hÒJÉ¾Ý�É

å$�?���?� � G}�PIsK�zu�ò~t�X�­z{yPz{GJI�y��»¢ �â��¥q�#¥ ~��£¢�¦}�³zcKl§}Kªz[�
å5_BYWopRª_{v SuZ\Tnè5bwTWTc_sù±dXi O _BqfS.R Y�_�Yji9mìdU-\d�SUTcQ Y�_\T�q{mL_nq{mLÍ q O Í m\SUTímsÍ�Í)�BbÚY��cTcbwS.R Tfd�bÚTcÍ m\SÑTWVêSUY
G±
ÉÏâÏYsbwTWYjaBTcb¨Þ O dfRª_{v�ÎÐ' O m{S[R Y�_XÒJÉËÊ{��R S�R d��`Ycd�dfR�,LÍ T<SÑY�VLTfSUTcb¨Q9Rª_\T9SuZ\TcQ opR S[ZLR�_�míbwTWq O bedfR Y�_

dàqcZ\TcQ�T`ÉìÌpZ\TÓVLTc_{dfR Sg-íYjipd�S�m{SUTfdWÞtiÅYLb#T.�cmsQh�LÍ TcÞ R�_�SÑTcb¨Q>dhYji7S[ZBTFè5bwTWTc_Lù±d�i O _\qfS[R Y�_�R d9v�R aBTc_
�`é



,[-{n±ÒsÝto

ρ(E) = − 1

πΩ
ImTrG+ = − 1

πNM2
Im

N
∑

i=1

TrG+
ii .

 ÅÒJÉËÊ`Ê%!
îM_ N TWqfS[R Y�_�Ý�ÉËÊ`É¾�ÓR S5o5m{d�mLÍ�bwT{m\V`-^Q>Tc_{S[R Y�_BTWV�S[Zjm{S S[ZBT<VJÉ±q`É&qWY�_\V O qfS[R asR Sg-Ïq{ms_Ç,`T<T.���jbwTfd�dàTWVFRª_
SUTcb¨Q;d;Yji;è5bwTWTc_Lù±d>i O _BqfS.R Y�_{d{É>Ì;Z\TÏT.���BbÚTfd�dfR Y�_ÏigYsb

σ
R�_FÎÐ' O m\S[R Y�_c 
Ý�É±�&!>q{mL_í,`T9o>bÅR SÑSÑTc_ÓR�_Çm

Q>YsbwT<qWY�_WaBTc_LR Tc_{S o5m[-uÞ

σ =
2e2

~

πΩm2
Tr

[

p ImG+ p ImG+
]

.
 ÅÒJÉËÊ{�	!

]tdfRª_{v�SuZ\TXbwTcÍ m\S[R Y�_
p = ım

~
[H, x]

Y�_BThq{ms_^bwTuo;b¨R SUT�Î�' O m{S[R Y�_J ÅÒJÉËÊ{�	!>R�_^�cYcdfR S.R Y�_�bwTc�jbwTfdàTc_{S�mWØ
S[R Y�_

σ =
e24

hNM2
Tr







γ2
N

∑

i,j

G+
i j xj G

−
ji xi − ı

γ

2

N
∑

i

(G+
i i −G−

i i) x2
i







,
 ÅÒJÉËÊ{Ý	!

o;Z\TcbÚT
xi
R d#SuZ\T��`YcdfR S[R Y�_<Yji­S[Z\T

i
SuZhdWÍ�R qWT`É

N SUmjbeS[R�_\vÇiUbwY�QóSuZ\TfdàT�bÚTcÍ m\S.R Y�_{d>ms_\V O dfR�_{v� ÅÒJÉËÊ{�	!7Y�_\TÏq{mL_XVLTcbÅR aBTÇbÚTWq O bedfR Y�_�iÅYLb¨Q O Í l
SUY�q{msÍ q O Í m{SUT^SuZ\T��BbÚY��cTcbwS.R Tfd9iÅYLb S[Z\T

(N + 1)
Ø¨dWÍ�R qWT^dU-\d�SÑTcQÏÉ�Ì;Z\T�bÚTfd O Í SÑd�mjbwT�T.���jbwTfd�dàTWV
R�_

SUTcb¨Q;d7Yji­S[Z\T�iÅY�Í�Í YWopRª_{vÇm O �sR�Í�R mjbË-�Q�m\S[bÅR qWTfd

RN = G+
NN ,

 ÅÒJÉËÊfÒsm�!

BN = γt
†
N





N
∑

ij

G
+(N)
Nj xj(2γG

−(N)
ji − ıIδij)xiG

+(N)
iN



 tN ,
 ÅÒJÉËÊfÒ&,�!

C+
N = γt

†
N

[

N
∑

i=1

G
+(N)
Ni xiG

−(N)
iN

]

tN = (C+
N )† ,

 ÅÒJÉËÊfÒLq%!

C−
N = γt

†
N

[

N
∑

i=1

G
−(N)
Ni xiG

+(N)
iN

]

tN = (C−
N )† ,

 ÅÒJÉËÊfÒLV�!

FN = t
†
N

[

N
∑

i=1

G
+(N)
Ni G

+(N)
iN

]

tN .
 ÅÒJÉËÊfÒLT%!

ÌpZBT<VLTcbÅR acm{S[R Y�_9q{ms_^,`T�dfR�Q��LÍ¾R ü�TWV�m\d�d O Q9Rª_{vXS[ZBTX_\Tuo@dWÍ¾R qWT�SÑY�,`T9m{S
xN+1 = 0

É�ÌpZ`R d�Í T{mBV`dWÞ
Z\Y{o­TuaBTcb
Þ*SUY�qWYLb
bwTWqfS.R Y�_{d9iÅYLb SuZ\T�Q�m{SubÅR qWTfd

BN
ms_\V

C±
N

,`TWq{m O dàT^SuZ\TÓYLbÅR v�R�_íYji
xi
ZBm\dhSUY

Ý`�



,`TÇdWZ`R i3SUTWVFSUYFSuZ\Tì�`YcdfR S[R Y�_ÓYji#SuZ\TÓq O b¨bwTc_{S<dWÍ�R qWT�Rª_ÓT{mBqcZ�R SÑTcbÚm\S[R Y�_^d�SUTc�sÉíÌpZBT�d O ,{d�S[R S O S[R Y�_
xi → xi − 1

Í T{m\VLd7SÑYXSuZ\T�iÅY�Í�Í Y{opR�_\vÇqWYLb¨bwTWqfS[R Y�_\dWÞ

B′
N = BN + ıC+

N + ıC−
N +

1

2
t
†
N (RN −R

†
N )tN ,

 ÅÒJÉËÊW�Lm�!

C′±
N = C±

N − ı
1

2
t
†
N (RN −R

†
N )tN .

 ÅÒJÉËÊW��,�!

�lTcbwT�o�T O dàTWVÇSuZ\TÏR VLTc_{S[R Sg-

γ
N

∑

i=1

G+
NiG

−
iN = ı

1

2
(G+

NN −G−
NN ) = ı

1

2
(RN −R

†
N ) = −ImRN .

 ÅÒJÉËÊ{ú	!

ÌpZBTÏVsTcbÅR ajm\S[R Y�_ÇYji*SuZ\T�bwTWq O bedfR Y�_FbwTcÍ m\S[R Y�_{dhR d�v�R aBTc_íRª_Çá#�L�`Tc_\V�R �nõ­Þ­R S#-LR TcÍ V`d�SuZ\T�igY�Í�Í YWo;R�_{v
T.���jbwTfd�dfR Y�_\d

s(N+1)
ρ = s(N)

ρ + Tr {RN+1(FN + I)} ,
 ÅÒJÉËÊ{ä`m"!

s(N+1)
σ = s(N)

σ + Tr {Re (BNRN+1) + C+
NR

†
N+1C

−
NRN+1} ,

 ÅÒJÉËÊ{ä³,�!
RN+1 =

[

z±I−HN+1N+1 − t
†
NRNtN

]−1
,

 ÅÒJÉËÊ{äcq%!
BN+1 = t

†
N+1RN+1

[

BN + 2C+
NR

†
N+1C

−
N

]

RN+1tN+1 ,
 ÅÒJÉËÊ{äcV�!

C+
N+1 = t

†
N+1RN+1C

+
NR

†
N+1tN+1 ,

 ÅÒJÉËÊ{äcT%!
C−

N+1 = t
†
N+1R

†
N+1C

−
NRN+1tN+1 ,

 ÅÒJÉËÊ{äBi.!
FN+1 = t

†
N+1RN+1(FN + I)RN+1tN+1 .

 ÅÒJÉËÊ{äjvÐ!

ÌpZBT<VLTc_{dfR Sg-XYjild�S�m\SÑTfdpms_\VÇSuZ\T<VJÉ±q`ÉJqWY�_BV O qfS[R aLR Sg-XmjbwT<SuZ\Tc_�v�R aBTc_�m\d#iÅY�Í�Í Y{o*dWÞ

ρ(N+1)(E) = − 1

π(N + 1)M 2
s(N+1)
ρ ,

 ÅÒJÉËÊ{ç	!

σ(N+1)(E) =
e2

h

4

(N + 1)M 2
s(N+1)
σ .

 ÅÒJÉËÊ{é	!

î SÏR d�msÍ dàY$�cYcd�dfRª,LÍ TXSUYìq{msÍ q O Í m{SUTÇSuZ\T�Í Y³q{mLÍ�R d.m\S.R Y�_FÍ Tc_{v`SuZ
ξ(E)

Þlo;Z`R qcZ�R dhqWY�_L_\TWqfSUTWV�SÑY�S[ZBT
Q�m\SubÅR �

G+
1N+1

Þ
1

ξ(E)
= − lim

γ→0
lim

N→∞

1

2N
ln

∣

∣TrG+
1N(E)

∣

∣

2
.

 ÅÒJÉ¾�`�	!

Ý�Ê



ÌpZBTXbwTWq O bedfR Y�_ÇbwTcÍ m\S[R Y�_�iÅYLb
ξ(N+1)(E)

R d

1

ξ(N+1)(E)
= − 1

N + 1
s
(N+1)
ξ ,

 ÅÒJÉ¾��Ê{m�!

s
(N+1)
ξ = s

(N)
ξ + ln

∣

∣

∣TrG
(N+1)+
N+1N+1

∣

∣

∣ .
 ÅÒJÉ¾��Êc,�!

m �`ú �Ï2«� �?û���8,��8<���J2�T;2 6;:<�

á#Í SuZ\Y O v&ZhS[Z\T�RªQ�m\v�R�_BmjbË-Ç�jmjbeS
γ
YjilS[ZBT<qWY�Qh�LÍ T.��Tc_\Tcbevc-

z
q{ms_^,`T�R�_{SUTcb¨�jbwTfSUTWVÇm{dpms_�R�_WajTcbedàT

Í¾R igTfS[R�Q�T� ÅdàTWT N TWqfS[R Y�_>ä	![ÞsY�_BT#o­Y O Í VÇb3m{SuZ\Tcb}Í¾Rªr.T SÑY�dàTfS
γ = 0

É­ÌpZ`R d R d�Y�_LÍ -;ajmLÍ�R V9m{i3SUTcb&S�mLrjR�_\v
SuZ\TpSuZ\Tcb¨Q�Y�Vc-�_BmLQhR qhÍ¾R�QhR SuÞ³RªÉ±T`É`iÅYLb}ms_hRª_WüP_LR SUTpdU-\d�SUTcQWnwÊ{Ýto�É�ÌpZ`R dp�jbwY�qWTWV O bwT�TuaBTc_{S O mLÍ�Í -XÍ T{mBV`d
SUYhm�VLTfdàqcbÅR��\S.R Y�_>YjitTcÍ m\d�S.R q#dàq{m{SÑSUTcbÅR�_{vJÉ îM_>YsbwVLTcbPSÑYÇQ�msr.TpSuZ\T7dU-\d�SUTcQ TuÐ}TWqfS[R aBTcÍ -hR�_{üP_`R SÑTcÞ�Y�_\T
m\S�S�m\qcZBTfd dàTcQhR Ø�Rª_WüP_LR SUTcÞ�Q�TfSUmsÍ�Í�R q<Í T{m\V`d#SUY�,cYcSuZ9Tc_\V`d7YjilS[Z\T�dU-\d�SUTcQ�É#î S�o5m\d7dWZ\YWo;_Jn±Ò`Ò�o�SuZBm{S
R�_hS[Z`R d q{m\dàT<SuZ\T�iÅYLb¨Q�mLÍ�R dWQ�v�R aBTc_ÏmL,`YjaBT O dfR�_{v�SuZ\T�å O ,cYjØ�è5bÚTWTc_Wo­Y³Y³VÇiÅYLb¨Q O Í mÇR d#T�' O R ajmsÍ Tc_{S
SUYFS[ZBT�Ö`mL_BVsm O TcbËØ.õ­ö{SÑS.Rªr.Tcb igYsb¨Q O Í m{S[R Y�_�É��lTcbwT�o�T^opR�Í�Í°dWZ\Y{oãZBYWo S[ZBTFÍ T{mBV`d�q{ms_�,cTìR�_\qWYsbËØ
�`YLbÚm\SUTWV�R�_{SUYÇSuZ\TÓbwTWq O bedfR Y�_ÏdàqcZBTcQ>T9v�R aBTc_^ms,cYjajT`É;knT9o;R�Í�ÍJmsÍ dàY�bwTuaLR TuoþT.���jbwTfd�dfR Y�_{d;iÅYLb­SuZ\T
è5bwTWTc_Lù±d;i O _\qfS.R Y�_ÏYji7� O bwTcÍ -ìÊ`û1Í T{m\V`d�mL_BV�Í T{m\VLd7opR SuZ�m�üP_`R SÑThqcbwYcd�dpdàTWqfS[R Y�_sÉ7Ì;Z\T�Rª_�� O Tc_\qWT
Yji­S[Z\TXÍ T{m\VLdpY�_hSubÚmL_\dW�cYsbeS;�jbwY��`TcbeS[R Tfd#opRªÍ�Í&,`T9V�R dàq O d�dàTWVíRª_ N TWqfS.R Y�_h�&É¾��É

Ü�YcS[R qWT>S[Zjm{Sp,`TWq{m O dàT�Yjilm\S�S�m\qcZLR�_{vÏS[ZBThÍ T{m\V`d SUY9SuZ\T�V�R dàYsbwVLTcbwTWV�bwTfv�R Y�_�SuZ\T�bwTWq O bedfR Y�_
dàqcZ\TcQ�TÏTuajTc_{S O mLÍ�Í -^v�R aBTfd>SuZ\TXSubÚms_{dW�`YLbeS9�jbwY��`TcbeS[R Tfd<Yji*SuZ\T � ½ �. [§�º"ÁJ¯M¥��F¯±§s¬�¹J� Þ­RªÉ±T`ÉÇR�_�SuZ\T
dàTc_{dàTíYji9mFSgo�YjØ¨SÑTcb¨QhR�_BmsÍ*Q�T{m{d O bwTcQ>Tc_{SfÉ Ì;Z\TFVJÉ±q`É�qWY�_\V O qfS.R aLR Sg-nY�,{S�m`Rª_\TWVniUbwY�Q�ÎÐ' O m\S.R Y�_
 ÅÒJÉËÊ{é	!^iÅYLbhm dU-\d�SÑTcQ o;R SuZ×Í T{mBV`d�R d�S[Z\TcbÚTuigYsbwT�d�S[bÅR qfS[Í -�dW�`T{msrjR�_{v ·�¡�  SuZ\TnqWY�_\V O qfS.R aLR Sg-òYji
SuZ\T�V&R dàYLbÚVLTcbwTWVnbwTfv�R Y�_sÉ�î S7dWZ\Y O Í VnbÚm{SuZ\Tcb#,`T O _\VLTcbed�SUY�Y³VFm{d�SuZ\TÏSgo­YjØ¨SUTcb¨Q9Rª_BmsÍJqWY�_\V O qfS�mL_BqWT
Q O Í S[R��LÍ�R TWV�,.-
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å$�?Å���� �5G ¡ �C¼   �HG}|Cé�� ¢�¦HG z{~ z`EPG ¸ G°y£¢�I
ÌpZBTÏTuÐ}TWqfSÑd�Yji S[ZBTÓÍ T{m\VLd�q{ms_ì,`TXVLTfdàqcbÅRª,cTWV�Rª_^mL_ÓTcÍ Tfvsms_{Spo5m[- O dfRª_{víS[ZBTÓ_BYcSUm\S.R Y�_ÇYji)dàTcÍ iÚØ
Tc_\Tcbev�R Tfd{É7î S)q{ms_Ç,`T�dWZ\YWo>_Jn��`çto�SuZBm\S*SuZ\TÏè5bwTWTc_Lù±d#i O _\qfS[R Y�_9Yji5m�üH_`R SÑT�dU-\d�SUTcQþqWY�_L_\TWqfSUTWVÇSUY

Ý`�



NL
Í T{mBV`d�R d v�R aBTc_^,[-

(

Eδij − H0
ij − Σ+

ij

)

G+
ij = δij ,

 ÅÒJÉ¾�`�	!
o;Z\TcbÚT

H0
ij

R dtSuZ\T®�­msQ9R�Í SÑY�_>Q�m\S[b¨R � YjiJSuZ\T7R dàY�Í m\SÑTWVpdU-\d�SÑTcQ�Þ\o>Z`R qcZ>R d}iÅYLb³T.�cmsQh�LÍ T)m#V�R dàYLbwVLTcbÚTWV
dU-\d�SUTcQ VLTfdàqcb¨R�,`TWV�,[-êS[Z\T�á#_\VLTcbedàY�_ �lmsQ9RªÍ SUY�_`R ms_� 
Ý�É¾�jÒ�!uÉ1Ì;Z\TêQ�m\SubÅR �

Σ+
ij

R dÇq{msÍ�Í TWV$SuZ\T
dàTcÍ i3Ø
Tc_\Tcbevc-�V O TíSÑY�SuZ\T�R�_{SUTcbÚmBqfS.R Y�_FYji;S[ZBTídU-\d�SÑTcQ�opR S[ZFSuZ\T�Í T{mBV`d{É î i>V�R Ð}TcbwTc_{SÓÍ T{mBV`d�mjbwT
R�_BVLTc�`Tc_\VLTc_{S7SuZ\TjR�btTuÐ}TWqfSÑd7mjbÚThm\VsV�R S[R aBTcÞHRMÉ±T`É

Σ+ =

NL
∑

i=1

Σ+
i =

NL
∑

i=1

tG0t
† ,

 ÅÒJÉ¾�`Ý	!
o;Z\TcbÚT

G0

R d�S[ZBT�è5bwTWTc_Lù±d�i O _\qfS[R Y�_�Yji<m�dàTcQ9R Ø�R�_WüH_`R SÑT�Q>TfS�msÍ�Í¾R qÇo;R�bwT`ÉþîM_nm�Sgo­Y SÑTcb¨QhR�_BmsÍ
qWY�_Wü�v O bÚm\S.R Y�_LÞ�o;Z\TcbwT^S[Z\TìÍ T{mBV`dhmjbwT«B O d�S�qWY O �LÍ TWV�SUYíSuZ\TXüHbed�S�ms_\V�S[ZBTFÍ m\d�S>dWÍ�R qWTcÞ}SuZ\T�dàTcÍ iÚØ
Tc_\Tcbevc-hV O T�SÑY�S[ZBThÍ T{m\V`d#TuÐ}TWqfS�d#Y�_LÍ -<SuZ\Thè5bwTWTc_Lù±d i O _\qfS.R Y�_{d#Yji�S[ZBTfdàT;Sgo�YÏdWÍ¾R qWTfd{ÉlÌpZBTcbwTuigYsbwTcÞ

G+
ii =

[

EI−Hii −Σ+
]−1

(i = 1, N) .
 ÅÒJÉ¾�jÒ�!

ÌpZ\TíQ�Ycd�S9R�Q��`YLbeS�mL_\S;TuÐHTWqfS�Yji SuZ\TÏdàTcÍ i3Ø
Tc_\Tcbevc-�R d�S[ZBm\S9R S�msÍ�bwT{mBVc-��jbwYjaLR VLTfdhm^dWQ�msÍ�Í
R�Q�m{v�Rª_BmjbË-nSÑTcb
Q Rª_òÎÐ' O m\S.R Y�_  ÅÒJÉ¾�`�	![Þ#o;Z`R qcZ Q�mLr.TfdÓS[ZBTFdàY�Q>Tuo;Zjm{SÓmjbwS.R ü�qjR±mLÍlqcZ\Y³R qWT�Yji

γ
O _L_BTWqWTfd�d.mjbË-fÉ@ß�ZW-BdfR q{msÍ�Í -fÞ­S[ZLR d�R d�qWY�_L_\TWqfSUTWVêSUYìSuZ\T^iÅmBqfS9SuZBm{S9TcÍ m{d�S[R qÇdàq{m{SÑSÑTcb¨R�_{vò�BbwY³qWTfd�dàTfd
q{ms_L_\YcS�Í T{mBVìSUYìms_�T�' O R�Í¾Rª,Bb3m{S[R Y�_^Yji7SuZ\TÇTcÍ TWqfS[bwY�_\dWÞto;Z`R qcZìR d�_\TWqWTfd�d.mjbË-íSÑYFY�,{S�mLR�_�m�d�SUT{mBVc-
d�S�m{SUTFq O b¨bwTc_\SuÉþîM_òÎ�' O m{S[R Y�_  ÅÒJÉ±�&!ÏSuZ`R dÏo5m{dÓSUmsr.Tc_$Rª_{SUY$m\qWqWY O _\S�,[-êqcZ\Y�YcdfRª_{v m�üP_LR SUT

γ
É

�lYWo�TuaBTcb¨Þ�Rª_ÏSuZ\TÏq{m{dàTÏYji)qWY�Q��LÍ TfSUTcÍ -�qWY�Z\TcbwTc_{S>S[b3mL_{dW�`YsbeSpY�_\T O d O msÍ�Í -Çm\d�d O Q�Tfd�msÍ�ÍPR�_\TcÍ m{d�S[R q
�jbwY�qWTfd�dàTfd*SÑY�Y�qWq O b�R�_>dàY�Q>T>TcÍ TWqfSubwY�_hbwTfdàTcbeaBY³R�bed)qWY�_L_\TWqfSUTWV�SUY9SuZ\T7d.msQh�sÍ T9,[-<S[ZBT9Í T{mBV`d®n��`éto�É
ÌpZBTXR�Q�m{v�Rª_BmjbË-Ó�jmjbeS7Yji

Σ+ VLTfSUTcb¨QhR�_\Tfd7SuZ\TJµuTfdàq{ms�`T�bÚm\SÑT&µ<m\S)o;Z`R qcZXTcÍ TWqfSubwY�_{dpq{ms_hvLTfS7Y O S
Yji)SuZ\TXd.msQh�LÍ ThSuZLbwY O v&ZÇS[ZBTíÍ T{mBV`d9mL_\V�TuaBTc_{S O msÍ�Í -ìbÚT{m\qcZÇSuZ\TíbwTfdàTcbeaBY³R�bedËn��`çto�ÉÏÌpZBTcbwTuigYsbwTcÞ�R S
msÍ�bwT{mBVc-�VsTfSÑTcb¨QhR�_\Tfd<SuZ\TFb3m{SUTÇYjipTcÍ TWqfSubwY�_{d�,`TjR�_\vêR�_\TcÍ m{d�S[R q{msÍ�Í -�dàq{m{SÑSÑTcbÚTWV�ms_\V�ms_�mBVLV�R S.R Y�_BmsÍ
R�Q�m{v�Rª_BmjbË-hSUTcb¨Q R d O _L_\TWqWTfd�d.mjbË-WÉ

å$�?Å��?� �F� �5G»¤
K�¼\K3���7��K�z{G ¸ GJy»¢�I
î SÇbwTcQ�m`Rª_{dhSUY�VLTcbÅR ajT�ms_ìT.���jbwTfd�dfR Y�_íiÅYLb7SuZ\TÓdàTcÍ i3Ø
Tc_\Tcbevc-ìYji�mFdàTcQhR Ø�Rª_WüP_LR SUTFÍ T{mBVJÉ N S�mjbeS.Rª_{v
�`Y³R�_{S­R d�SuZ\T#T.���Bms_{dfR Y�_pYjiJSuZ\T>è5bwTWTc_Lù±d�i O _\qfS[R Y�_�R�_#SUTcb¨Q;d�YjiHm7qWY�Qh�LÍ TfSÑT)dàTfStYji�TjR vLTc_Wi O _\qfS.R Y�_{d

Ý`Ý



φα(r) = 〈r|α〉 n±ÒsÝto�Þ

〈r|G+|r′〉 = G+(r, r′;E) =
∑

α

φα(r)φ∗
α(r′)

E − Eα + ıδ
(δ > 0) ,

 ÅÒJÉ¾�c�&!

o;Z\TcbÚT
H0φα(r) = Eαφα(r) .

 ÅÒJÉ¾�`ú	!
ÙjYLbJm�� O bwTcÍ -�Ê`ûFopR�bwT)Yji}Í Tc_{v`SuZ

L = (N−1)a
Þjo;Z`R qcZ#qWY�_{dfR d�S�dtYji

N
dfR SUTfdWÞ{SuZ\T*TjR vLTc_Wi O _\qfS.R Y�_{d

mjbwT�rc_\Y{o;_ÏSÑYí,`T

φk(r) =
1√
2L

[exp(ıkx) − exp(−ıkx)] ,
 ÅÒJÉ¾�`ä`m�!

Ek = 2t cos(ka) .
 ÅÒJÉ¾�`ä³,�!

]5�`Y�_�SUmsrjR�_{v S[Z\T Í¾RªQ9R S
N → ∞  go;Z`R�Í T$r.TWTc�LR�_{v

L
ü��jTWV�![Þ;S[Z\Tìo�m{aBT�aBTWqfSUYLbed

k
igYsb¨Q�m

qWY�_{S[R�_ OsO Q ms_\VÇSuZ\T�d O Q R�_^ÎÐ' O m\S[R Y�_q ÅÒJÉ¾�c�&!#q{ms_^,`TÏbwTc�LÍ m\qWTWV�,.-�mL_ÇR�_{SUTfv&bÚmsÍ�É�ÌpZBTÏè5bwTWTc_Lù±d
i O _\qfS[R Y�_�msÍ Y�_{v^S[Z\T<TWVLvLT9YjilSuZ\T�opRªbwTÏR d#SuZ\Tc_Jn��`çto

G1D
0 (1, 1;E) =

1

ta

[

χ ± (χ2 − 1)1/2
]

,
 ÅÒJÉ¾�`ç	!

o;Z\TcbÚT
χ ≡ (E + ıδ + 2t)/2t

ms_\VÇSuZ\T�dfR v&_ÇR d7qcZ\YcdàTc_hd O qcZhSuZBm{S ∣

∣χ ± (χ2 − 1)1/2
∣

∣ < 1
É

å$�?Å��?Å �5G»¤
K�¼BKÚ���7��Kªz{G ¸ GJy»¢�I{¹FK�z`E��7��K�z{G ¥ |U~tIjI���G°�³zcKM~��
ÙjYLb°m opRªbwT*opR SuZpm üP_LR SUT)qcbwYcd�d�dàTWqfS.R Y�_ Yji�dfR ÛWT

M×M
Ysb&m#üP_`R SÑT*opR V`S[Z

M
SuZ\T TjR vLTc_Wi O _\qfS[R Y�_\d

mjbwT<dàTc�jmjbÚmL,sÍ TcÞ°T`É vJÉ Rª_9S[ZBT�igYsb¨Q>Tcbtq{m\dàT

Ψ = φx
α ϕy

β ζz
ν .

 ÅÒJÉ¾�`é	!
Ô}Y�_{dàT�' O Tc_{SuÍ -fÞJSuZ\T9TjR vLTc_\Tc_\Tcbevc-

E
R�_hÝ�û1R døB O d�S m�d O Q Yji­SuZ\T�bwTfdW�`TWqfS[R aBT�TjR vLTc_{ajmLÍ O TfdWÞ

E = Eα + Eβ + Eν = 2t [cos(kαa) + cos(kβa) + cos(kνa)] .
 ÅÒJÉ¾Ý`�	!

û�Tc�`Tc_\V�Rª_{v^Y�_hSuZ\TX,`Y O _\V�mjbË-XqWY�_BV�R S[R Y�_{d;mBqcbwYcd�d7T{mBqcZhdWÍ¾R qWTcÞ
kβ

mL_\V
kν
SUmsr.T9V&R dàqcbwTfSUT>ajmLÍ O Tfd

Y�_LÍ -fÉ­ÌpZBTcbwTuigYsbwTcÞ
kα
o;R�Í�Í\msÍ dàYÏ,`T#V�R dàqcbÚTfSÑT*igYsb�m#ü��jTWV�Tc_\Tcbevc-WÉ�ÌpZ\T�_ O Q�,`Tcb°Yji��`Ycd�dfR�,sÍ T*ajmLÍ O Tfd

ÝjÒ



iÅYLb
kα
VLTfSUTcb¨Q9Rª_\Tfd�S[ZBT<_ O Q�,cTcb�Yji­�jbwY��Bm\vsm\S.Rª_{v�qcZBms_L_\TcÍ d)m\S�m>v�R aBTc_>Tc_\Tcbwvc-fÉ�Ì;Z`R d5TuaBTc_\S O msÍ�Í -

Í T{mBV`dÇSUYnSuZ\TìqWY�_\V O qfSUms_\qWT�' O ms_{S.R d.m{S[R Y�_ R�_�m�Sgo�Y$SUTcb¨Q9Rª_BmsÍ5Q>T{m\d O bwTcQ�Tc_{S[Þ�,`TWq{m O dàTìT{mBqcZ
qcZBms_L_\TcÍ�ZBm\d m�qWY�_\V O qfSUms_\qWT�Yji

e2/h
ms_\V�S[ZBT7SÑYcS�msÍBqWY�_\V O qfSUms_\qWT�R d*m>d O Q�Yji�mLÍ�Í\SuZ\TpqcZBms_L_\TcÍ

qWY�_{SubÅR�, O S.R Y�_{dwn��`çto�É NPO ,{d�S[R S O S.Rª_{v�SuZ\TfdàT<TjR vLTc_Wi O _\qfS[R Y�_\d�R�_^ÎÐ' O m\S[R Y�_� ÅÒJÉ¾�c�&!pmL_\V��`TcbËiÅYLb¨QhR�_{v
SuZ\T�d O QhQ�m{S[R Y�_XRª_WaBY�Í aLR�_{v

φx
α

o�ThmjbwT�Í Tui3S*opR SuZ9Sgo�Y^mBVLV�R S[R Y�_jmLÍ�d O QhQ�m{S[R Y�_{dWÞ

G0(q,q′;E) =
∑

β

∑

ν

ϕy
β(qy)ϕ

y∗
β (q′y)ζ

z
ν (qz)ζ

z∗
ν (q′z)G

1D
0 (1, 1;E − Eβ − Eν).

 ÅÒJÉ¾Ý�Ê%!

�lTcbwT
q
mL_BV

q′
VLTc_\YcSUT�SuZ\Tí�`YcdfR S[R Y�_ÇYji#dfR SUTfd9mLÍ Y�_{vFS[ZBTÇTWV`vLTÇYji#S[ZBTÏopR�bwTcÞ5RªÉ±T`ÉlR�_^S[Z\TXdWÍ�R qWT

qWY�_L_\TWqfSUTWV�SÑYìS[Z\T^d.mLQ��LÍ T`ÉíÌ;Z\TÇTjR vLTc_{i O _BqfS.R Y�_{d
ϕy

β

Þ
ζz
ν

mL_\V�SuZ\TFbwTfdW�`TWqfS[R aBT^TjR vLTc_\Tc_\Tcbwv�R Tfd
Eβ
Þ

Eν
q{ms_ò,`T�Y�,\SUmLR�_\TWV ms_BmLÍ -\S[R q{msÍ�Í -�igYsbhZBmjbwVòo5mLÍ�Í­ms_\V÷�`TcbÅR Y³V�R qn,cY O _\VsmjbË-$qWY�_\V�R S.R Y�_{d{É

ÌpZ O dWÞ�S[Z\T�d O Qþq{mL_Ç,`T�T{m\dfR�Í -9TuajmsÍ O m{SUTWV�SUYÏY�,\SUmLR�_<SuZ\TÏè5bwTWTc_Lù±d i O _\qfS[R Y�_9YjilS[Z\T>opRªbwTcÞ³o;Z`R qcZ
R d;S[Z\Tc_ O dàTWVìm\d9Rª_`R S[R msÍLacmLÍ O T9iÅYLb

RN
R�_íÎÐ' O m\S.R Y�_{ds ÅÒJÉËÊ{ä	!uÉ�á�VsV�R S[R Y�_BmsÍ�Í -uÞ}ms_\YcS[ZBTcb Í T{m\V�ZBm\d

SUYn,cTÇm\SÑSUmBqcZ\TWV�m\S>SuZ\T�Tc_\V�Yji SuZ\TXd�S�m\qcr`ÉíÙjYLb*SuZ`R dÏ� O b¨�`YcdàT�SuZ\TíÍ T{mBVnR d�SubwT{m\SÑTWVìm\dhmÇdWÍ�R qWT
opR S[Z9SuZ\T
�­mLQhR�Í SÑY�_`R±mL_

HN+1N+1 = G−1
0

É

m � m �X�Ñ8<�Ô�J2=ûô�Ó�7��2 �X�56<0
�Ñ8�ý

áó�BbwY�,sÍ TcQýY�_\TÓR d�msÍ o5m[-\d�iÅmBqWTWVíopR S[ZÏo;ZBTc_ O dfR�_\v�_ O Q>TcbÅR q{mLÍ}Q�TfS[Z\Y³V`d�R�_WajTfd�S.R vsm{S[R�_{v��LZBm\dàT
SubÚmL_\dfR S[R Y�_{dWÞ*R d9SuZ\T^iÅmBqfS<S[Zjm{S�iÅYLb)üP_LR SUTÇdU-\d�SUTcQ;d9SuZ\TcbwTÓq{mL_n,`Tì_BY�dfRª_{v O Í mjb¨R S[R TfdXR�_BV O qWTWV ,[-
m�S[b3mL_{dfR S.R Y�_�ms_\V SuZ\TìV&R aBTcbevLTc_BqWTfd�mjbwT�msÍ o5m[-\d�bwY O _\VsTWV
YjÐèn±ÒL�"o�É ÙjYLbeS O _Bm\SUTcÍ -fÞpS[ZBTê�LZBm\dàT
SubÚmL_\dfR S[R Y�_�q{mL_^d�S.RªÍ�ÍH,`T�d�S O V�R TWV O dfRª_{v�üP_`R SÑTuØ¨dfR ÛWThdàq{msÍ¾Rª_{vJÉJ�lTcbwTÏo�Tí,Bb¨R Tp�³-�bwTuaLR Tuo S[ZBTÓQ�m`Rª_
bwTfd O Í S�d;SUmsrjR�_{vÓS[Z\TÏV�RªQ>Tc_{dfR Y�_LÍ Tfd�dpqWY�_\V O qfSUms_\qWT

g
Yji)m�q O ,`R qhd.msQh�sÍ ThYji5dfR ÛWT

L × L × L
m{d

ms_ÏT.�cmsQh�sÍ T`É<ÜlYcS.R qWT<S[Zjm{S7SuZ\T<d.msQ>TÇR VLT{m\d;q{ms_XmsÍ dàYF,`TÏmL�L�sÍ¾R TWVÓSUY�S[ZBTÇbwTWV O qWTWV�Í Y�q{msÍ¾R d.m{S[R Y�_
Í Tc_\v`S[Z

ξ/L
É

Ü�T{mjbPS[ZBThâ�î±Ì$Y�_\TpT.���`TWqfSÑd5SuZ\T igY�Í�Í Y{opR�_{v9Y�_BTuØà�BmjbÚmsQ>TfSUTcb�dàq{msÍ¾Rª_{v�Í m[oòigYsbJS[ZBTpV�R�Q�Tc_WØ
dfR Y�_sÍ Tfd�d#qWY�_\V O qfS�mL_BqWTJn�Ý`ä³Þ�ÒL�"o

g(L, ε, b) = F
(

L

b
, χ(ε)b1/ν , φ(ε)b−y

)

,

Ýc�



o;Z\TcbÚT
b
R d­S[Z\Tpdàq{mLÍ T*i¨mBqfSÑYsb}R�_pSuZ\T�bwTc_BYLb¨Q�mLÍ�R d.m\S.R Y�_7v&bwY O �LÞ

χ
R d5m�bwTcÍ TuajmL_\S�dàq{msÍ¾Rª_{v�ajmjbÅR ms,LÍ TcÞ

φ
R d;mÇR�b
bwTcÍ Tuajms_{S dàq{mLÍ�R�_{vXacmjbÅR ms,LÍ TcÞ

ν > 0
R d SuZ\T9qcb¨R S[R q{msÍLT.���`Y�_\Tc_{S;ms_\V

y > 0
R d#S[ZBTXR�b¨bÚTcÍ Tuajms_{S

dàq{msÍ¾R�_\vhT.���`Y�_\Tc_{SfÉ5ÌpZBT<R�b
bwTcÍ Tuajms_{S­dàq{msÍ¾R�_\v<ajmjbÅR±mL,LÍ T>msÍ�Í YWo*d O d*SUY<S�mLr.T�mBqWqWY O _{S*Yji·j�]%_`_ba�j%fb[l]²�%\
f`]�\^j^¬"�l[��^ê�V O TpSUY�S[Z\T7üP_`R SÑT#dfR ÛWT7YjiPSuZ\T7d.msQh�LÍ T`É�Ì;Z\T<�Bmjb3mLQ�TfSÑTcb

ε = |E−Ec|/Ec
Q>T{m\d O bwTfd

SuZ\T�V�R d�S�ms_\qWT�iÑbwY�QýS[Z\TÏSuZ\TíQ>Y�,LR�Í¾R Sg-ÇTWV`vLT
Ec
ÉXÌ;Z\T�qcZ\Y³R qWT<W

b = L
Í T{mBV`d<SUY�S[Z\TXd�S�ms_\VsmjbwV

dàq{msÍ¾R�_\v�iÅYLb
Q
g(L, ε) = F (L1/νχ(ε), L−yφ(ε))

 ÅÒJÉ¾Ý`�	!
opR S[Z

F
,cTjRª_{vÇbwTcÍ m{SUTWV<SUY F É#ÙBYsb E qcÍ YcdàT#SUY

Ec
o­T>T.���Bms_\V

F
m\d*m>Ì}m[-sÍ YLbPdàTcbÅR Tfd O ��SUY<YLbwVLTcb

nI
ms_\VíY�,{S�m`Rª_�mÏdàTcb¨R Tfd;Yji­i O _\qfS[R Y�_{d

Fn
É9Î&m\qcZÏi O _\qfS[R Y�_

Fn
R dpS[ZBTc_XT.�³�BmL_BVLTWV O �ÏSÑYÓYLbwVsTcb

nR
Þ

g(L, ε) =

nI
∑

n=0

φnL−nyFn(χL1/ν) ,
 ÅÒJÉ¾Ý`Ý`m�!

Fn(χL1/ν) =

nR
∑

m=0

anmχmLm/ν .
 ÅÒJÉ¾Ý`Ý³,�!

á�VLV�R S.R Y�_BmsÍ�Í -
χ
ms_\V

φ
mjbwTXT.���Bms_\VLTWVêRª_XSÑTcb¨Q>d>Yji S[Z\T�dWQ�msÍ�ÍH�Bmjb3mLQ�TfSÑTcb

ε
O �ÇSUY�YLbwVLTcb

mRms_\V
mI
Þ}bwTfdW�`TWqfS[R aBTcÍ -fÉ­Ì;Z`R d<�jbwY³qWTWV O bwT<v�R aBTfd

χ(ε) =

mR
∑

n=1

bnεn, φ(ε) =

mI
∑

n=0

cnεn .
 ÅÒJÉ¾ÝjÒ�!

Ù�bwY�Q ÎÐ' O m\S.R Y�_| ÅÒJÉ¾Ý`�	!­mL_BV
 ÅÒJÉ¾Ý`Ý	!�Y�_;q{mL_7dàTWT SuZBm\StüH_`R SUT*dU-Bd�SÑTcQ×dfR ÛfT>bwTfd O Í S�d*R�_;mpdU-\d�SÑTcQ�m{S[R q
dWZ`R i3SHYji

g
opR S[Z

L
ÞBo;Z\TcbwT*S[ZBT*V�RªbwTWqfS.R Y�_*YjiJSuZ\T�dWZ`R i3SHVLTc�`Tc_\V`d­Y�_)SuZ\T7,`Y O _BVsmjbË-;qWY�_\V�R S.R Y�_{d�n±ÒL�"oÑÉ

Ô}Y�_{dàT�' O Tc_{SuÍ -fÞ&SuZ\T�q O bËaBTfd
g(L, ε)

VLY�_\YcSpRª_{SÑTcbwdàTWqfS)m{S*S[Z\T�qcbÅR S.R q{mLÍ��`Y³R�_\S
ε = 0

iÅYLb}V�R Ð}TcbwTc_{S
dU-\d�SUTcQþdfR ÛWTfd{É­ÌpZBT<SÑTcb
Q

F0
Y�_hS[Z\ThYcS[Z\Tcb*ZBmL_BVÇdWZ\Y{o*dpSuZ\T9T.���`TWqfSUTWVì,`TcZBm{aLR Y O b�É

]tdfR�_\vêm$Í T{m\d�S9d(' O mjbÚT�ü³SÏYji>SuZ\T�_ O Q>Tcb¨R q{msÍtVsm{S�m�SÑY ÎÐ' O m\S.R Y�_{dc ÅÒJÉ¾Ý`Ý	!XmL_BV  ÅÒJÉ¾ÝjÒ�!
msÍ�Í Y{o*dtSUYpT.�BSubÚmBqfS}S[Z\T*qcbÅR S[R q{msÍ\�Bmjb3mLQ�TfSÑTcbed

ν
mL_BV

Ec
Étk×R SuZ*SuZ\T­ü�S�S[R�_{vh�BbwY³qWTWV O bÚT)Y�_\T)q{mL_pmsÍ dàY

Y�,{S�m`Rª_#S[Z\T*üH_`R SUTuØ¨dfR ÛWT*qWYsb¨bwTWqfS[R Y�_{d�ms_\V�d O ,{SubÚmBqfS}S[Z\TcQ iUbwY�Q SuZ\T)V�m{S�m#SUY;dWZ\Y{o$S[ZBT ms_{S[R qjR��jm{SUTWV
dàq{msÍ¾R�_\v�,`TcZBm{aLR Y O b
É­ÌpZ`R d)rjR�_BV<YjiJüP_LR SUTuØ¨dfR ÛWT*dàq{msÍ¾Rª_{v<mL_BmsÍ -BdfR d ZBm{d#,`TWTc_pd O qWqWTfd�dUi O Í�Í -pmL�L�sÍ¾R TWV�SUY
^>� . ×|Ó<4<4 Ópá¨×D(�ÝAÚD.%+Là ÚØ×S+�0

b
à *�*ÑÝeá à ÚeÝCß G�*/4^×CÓLÛ(à9(%`ËÚ/+-(<( ×ØÚeÝ ×>6sÝ3+iÝ/. ×wà Ý�×.álÓ�Ý`à +-(�+�0�Ý/. ×��	×�(%+�áE8�ÓLß à *�Ó�Ý`à +-(a9á5+!&<4,H ���DKC:

Ý`ú



_ O Q�TcbÅR q{msÍfq{mLÍ q O Í m\S.R Y�_{d�Yji&SuZ\TpÍ Y�q{msÍ¾R d.m{S[R Y�_7Í Tc_{v`S[Z7ms_\V�S[Z\T)qWY�_\V O qfS�ms_\qWT)opR SuZ`R�_)S[ZBT*á#_\VLTcbwdàY�_
Q>Y³VLTcÍ½n�Ý³ÞÑéto�É
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M NPORQTS
UWV �

� � � � � ����� ) � * � � � � � � � � * � �R� �

� Y ) *��
T = 0

ÌpZBTXÛfTcbÚYíSÑTcQ��cTcb3m{S O bwT�Í¾RªQ9R S<R d O d O msÍ�Í -ÓTcQh�LÍ YW-WTWVêRª_ÇS[ZBTWYLbwTfS[R q{msÍ}R�_{aBTfd�S.R vsm{S[R Y�_\d�Yji S[ZBTÇá#_WØ
VLTcbedàY�_ìâ�î±Ì;É�îM_�Q�Ycd�S7q{m{dàTfd>S[Z\TÏY�_\TuØà�Bmjb3mLQ�TfSÑTcb�dàq{msÍ¾Rª_{vÇSuZ\TWYLbË-FR dpSuZ\Tc_ O dàTWV�SÑYÓY�,{SUmLR�_XSuZ\T
qcbÅR S.R q{mLÍP�BmjbÚmsQ>TfSUTcbed{É�ÌpZ\TcbÚTÏmjbwTÏdàY�Q�T�V�R dàq O d�dfR Y�_\d7o;Z\TfSuZ\Tcb�SuZ`R d�dàq{mLÍ�R�_{vÓS[ZBTWYLbË-FR d;vLTc_\TcbÚmsÍ�Í -
ms�L�LÍ¾R q{mL,sÍ TKn�é³Þ
Ê{�to�É N Y>i¨mjb¨ÞsY�_\TuØà�jmjbÚmLQ�TfSÑTcb°dàq{mLÍ�R�_{vÏZBm\d7,cTWTc_>VLTcQ>Y�_{d�SubÚm\SÑTWV�SUY<mL_�m{d�SUY�_`R dWZLR�_{v
VLTfv&bwTWTÓ,[-í_ O Q>TcbÅR q{mLÍ³d�S O V�R Tfd>Yji5S[Z\T�á#_\VLTcbedàY�_íQ�Y�VLTcÍ£n�çto�Éi��Y{o­TuaBTcb
Þ�Q>Ycd�S#d�S O V�R Tfd7iÅY³q O dàTWV
Y�_Ïdàq{mLÍ�R�_{v^Yji5SuZ\T^Í Y³q{mLÍ�R d.m\S.R Y�_�Í Tc_{v`SuZXms_\V�SuZ\ThqWY�_\V O qfSUms_\qWT�m\S7S[Z\T�V�R dàYsbwVLTcbËØ
VJbÅR aBTc_Fâ�î±ÌþRª_
SuZ\T�aLR qjRª_`R Sg-ÏYjilSuZ\TX,Bms_\V�qWTc_{S[bÚT
n�ç%x�Ê{�to�É

��TcbwT�o�T�opR�Í�Í5mLÍ dàY��jbwTfdàTc_{SÓq{msÍ q O Í m\S.R Y�_{d�Yji�S[Z\TnqWY�_\V O qfSUms_\qWT$ms_\V×SuZ\T�VLTc_{dfR Sg- Yji
d�S�m{SUTfd5qcÍ YcdàT7SUY

E = 0
o;Z`R qcZ�mjbÚT9Rª_�mBqWqWYLbwVsms_\qWT>opR S[Z>S[Z\Thrc_\YWo;_XbwTfd O Í SÑd{ÉtknT7opRªÍ�ÍjmsÍ dàY9dWZ\YWo

bwTfd O Í S�d#iÅYLb�mXV�R dàYLbwVLTcblSubÚmL_\dfR S[R Y�_hY O SÑdfR VsT<S[ZBTÇ,Bms_\VFqWTc_{SubwT�ms_\V�R�_WajTfd�S.R vsm{SUT<SuZ\T�Rª_�� O Tc_\qWT�Yji
SuZ\TXQ>TfS�mLÍ�Í¾R qhÍ T{m\V`d{É�á�S>Í m{d�S*o­T<igY³q O dpY�_hSuZ\T<Tc_\Tcbwvc-�SubÚmL_\dfR S[R Y�_�iÅYLb}ü��jTWV^V&R dàYLbÚVLTcbtd�SubwTc_{v`SuZsÉ

Ý`ç



� ��� � �3��A�=c:<2>= � =j698p���Ô�}�3AÏ8 6��
E = 0.5 t

îM_)YsbwVLTcb³SÑYpSÑTfd�SHY O bP_ O Q>Tcb¨R qfd�ms_\V;SUY<ZBm{aBT*dàY�Q>T7bwTuiÅTcbwTc_\qWTp�cY³Rª_{SPigYsb�Y O b°R�_WajTfd�S.R vsm{S[R Y�_{dtYji&SuZ\T
R�_L� O Tc_BqWT9Yji�SuZ\TÏÍ T{mBV`d o­T<igY�Í�Í YWoþøPTuiUÉ»n�étolmL_BV�S[ZBTcbwTuigYsbwT�ü��

E = 0.5 t
R�_<SuZ\T>aLR qjRª_`R Sg-hYjilS[Z\T

,Bms_\VíqWTc_{SubwT`É)k�T�msÍ dàY�RªQh�`YcdàTXZBmjbwVÓo5mLÍ�Í�,`Y O _BVsmjbË-ÇqWY�_\V�R S.R Y�_{d<R�_�S[ZBT9SubÚmL_\dUaBTcbedàT9V�RªbwTWqfS[R Y�_sÉ
ÙjYLb�T{mBqcZ;qWY�Q�,`R�_Bm\S[R Y�_pYjiPV&R dàYLbÚVLTcb&d�S[bÚTc_{v`S[Z

W
mL_\VhdU-\d�SUTcQ×dfR ÛWT

L
o­T7vLTc_BTcbÚm{SUT7mL_>Tc_{dàTcQh,LÍ T

Yji
10000

d.msQh�LÍ Tfd{ÉìÌpZBTÇdU-\d�SUTcQ;d O _\VLTcb�R�_WajTfd�S.R vsm{S[R Y�_ímjbwTÓq O ,cTfdÏYjipdfR ÛWT
L × L × L

mL_\V
L = 4, 6, 8, 10, 12

mL_BV
14
ÉíÙBYsb*T{m\qcZÓd.mLQ��LÍ Tho�TÇq{mLÍ q O Í m\SUT�SuZ\T�VLTc_\dfR Sg-^Yji)d�S�m\SÑTfd

ρ(E,L)
ms_\V<SuZ\T7V�R�Q�Tc_{dfR Y�_sÍ Tfd�d�Sgo�YjØ¨SUTcb¨Q9Rª_BmLÍBqWY�_\V O qfS�mL_BqWT

g2
O dfR�_{v�SuZ\T�øtè*Ù°â T.���sÍ mLR�_\TWVXRª_ N TWqfS.R Y�_

ÒJÉ¾��É#ÌHY�vLTfS#S[Z\T�V�R�Q�Tc_{dfR Y�_sÍ Tfd�d7qWY�_\V O qfS�ms_\qWT
g4
Yji�SuZ\T9V�R dàYLbwVLTcbÚTWV�bwTfv�R Y�_�Y�_LÍ -uÞ�o�TÇZBm{aBT9SUY

d O ,{SubÚmBqfS)SuZ\T<qWY�_{S�mBqfS�bÚTfdfR d�S�mL_\qWT�V O T<SÑYXSuZ\TXÍ T{m\V`d{É�Ì;Z`R d#v�R aBTfd
1

g4
=

1

g2
− 1

N
.

 ¨�&ÉËÊ%!
�lTcbwT

N = N(E)
R d�S[ZBTì_ O Q�,`Tcb#Yji9�jbwY��Bm\vsm\S.Rª_{v�qcZjmL_L_BTcÍ dÇm{S<SuZ\T�ÙBTcb¨QhRtTc_\Tcbevc-

E
n±Òsúto�É

Ù�Rª_BmLÍ�Í -ío�TFqWY�Qh� O SUT�S[ZBTím{aBTcbÚm\vLTêû*ï N 〈ρ(E,L)〉 Þ SuZ\TFmWaBTcb3m{vLTFqWY�_\V O qfSUms_\qWT 〈g4(E,L)〉
ms_\VÇSuZ\T<Sg-s�LR q{msÍ�qWY�_\V O qfSUms_\qWT 〈ln g4(E,L)〉 É

ÌpZ\T�bÚTfd O Í SÑd*iÅYLb�S[Z\T<V&R Ð}TcbwTc_{S#qWY�_\V O qfS�mL_BqWT�m{aBTcbÚm\vLTfd>mjbwT<dWZ\Y{o;_ÇRª_^Ù�R vJÉ&�&ÉËÊ9mL_\V��&É¾�
SUYcvLTfS[Z\Tcb³opR S[Z�bwTfdW�`TWqfS[R aBT5ü³SÑdlSÑY>S[ZBT*d�S�mL_BVsmjbwV�dàq{msÍ¾R�_\v;iÅYLb¨Q1ÎÐ' O m\S[R Y�_| ÅÒJÉ¾Ý`�	!uÉ­ÌpZ\T T.���Bms_{dfR Y�_
�BmjbÚmsQ>TfSUTcbedpms_\V�SuZ\TXbwTfd O Í S�d*igYsb}S[Z\T<qcb¨R S[R q{msÍcT.�³�cY�_BTc_{S#ms_\V�SuZ\T<qcbÅR S.R q{mLÍ`V�R dàYLbwVsTcb�mjbwT�v�R aBTc_XRª_
Ì}mL,sÍ Tp�&ÉËÊ`É�îM_hÙ�R vJÉL�&É¾Ý�o�TpdWZ\Y{oòSuZ\T7d.msQ>T7Vsm\SUm�m\d7R�_�Ù�R vJÉL�&ÉËÊ>mL_\VÏ�&É¾�9m{i3SUTcbJSuZ\T7qWYLb
bwTWqfS.R Y�_{d

m{aBTcbÚm\vLT
Wmin/t Wmax/t nR nI mR ν Wc/t y

〈g4〉 15.0 18.0 2 0 2 1.55 ± 0.11 16.47 ± 0.06
x

〈ln g4〉 15.0 18.0 3 1 1 1.55 ± 0.18 16.8 ± 0.3 0.8 ± 1.0

Ì}mL,sÍ T��&ÉËÊ`ôXõ}Tfd�Spü�S�Tfd�S[R�Q�m{SUTfd>Yji S[ZBT�qcbÅR S[R q{msÍ&T.���`Y�_\Tc_{S9mL_BVìSuZ\TXqcbÅR S[R q{msÍJV�R dàYsbwVLTcb­iÅYLbp,`YcSuZ
m{aBTcbÚm\vLTfd�Yji

g4
O dfRª_{v ÎÐ'JÉ« ÅÒJÉ¾Ý`�	!uÉ Ì;Z\TìdU-Bd�SÑTcQ dfR ÛWTfd O dàTWV o�TcbwT

L = 8, 10, 12, 14
ms_\V

L = 4, 6, 8, 10, 12, 14
iÅYLb 〈g〉 mL_\V 〈ln g〉 Þ�bwTfdW�`TWqfS[R aBTcÍ -fÉ�ÙBYsb5T{m\qcZ�qWY�Q�,`R�_Bm\S[R Y�_�Yji*V�R dàYsbwVLTcbd�SubwTc_{v`SuZ

W
ms_\VÓdU-\d�SÑTcQ dfR ÛWT

L
o�T<vLTc_\TcbÚm\SÑT�mL_ÏTc_{dàTcQh,LÍ T<Yji

10000
d.msQh�LÍ Tfd{É

SUY9dàq{msÍ¾R�_\v^ZBm{aBTÏ,`TWTc_<d O ,{SubÚm\qfSUTWVÓR�_\V&R q{m\S.Rª_{vhSuZBm\S5S[ZBT;Vsm\SUmÇ�`Y³R�_{SÑd5iÅYLbHV�R Ð}TcbwTc_{S�dU-Bd�SÑTcQ�dfR ÛWTfd
i¨mLÍ�Í�Y�_�m�qWY�QhQ�Y�_�q O bËaBT�o;R SuZìSgo­Y@,Bb3mL_\qcZBTfdÓm{díR SÇR dXT.�³�cTWqfSUTWVêiUbwY�Q S[Z\TFY�_BTuØà�BmjbÚmsQ>TfSUTcb

Ý`é



15 15.5 16 16.5 17 17.5 18
W/t

0.4

0.6

0.8

1

< 
g 4 >

L = 4
L = 6
L = 8
L = 10
L = 12
L = 14

Ù�R v O bwT9�&ÉËÊ`ô á}aBTcb3m{vLT�V�R�Q�Tc_{dfR Y�_LÍ Tfd�d7qWY�_\V O qfS�mL_BqWThaBd;V�R dàYsbwVLTcb�d�S[bwTc_\v`S[ZhigYsb
E = 0.5 t

É N -\dUØ
SUTcQ dfR ÛWTfdÇmjbwTFv�R aBTc_êR�_�S[Z\TnÍ TfvLTc_\VJÉ1ÎPb¨bwYsb9,BmjbedÓY�,{SUmLR�_BTWVniÑbÚY�Q Tc_{dàTcQh,sÍ Tìm{aBTcbÚm\vLT`É�á#Í dàY
dWZ\Y{o;_XmjbÚT�ü³SÑd7SÑYFÎÐ'JÉø ÅÒJÉ¾Ý`�	!)igYsb

L = 8, 10, 12
ms_\V

14
É

dàq{msÍ¾R�_\v�S[Z\TWYsbË-WÉ Ì;Z\T�bwTfd O Í SÑd)iÅYLb�S[ZBT9qWY�_\V O qfS�ms_\qWTÏm{aBTcbÚm\vLTfd�ms_\V�mLÍ dàY�S[ZBT9qcbÅR S[R q{msÍcajmsÍ O Tfd�mjbwT
R�_hvLY�Y³V^m\v&bwTWTcQ>Tc_{S)opR S[Z^øPTui�É»n�éto­ms_\VÇSubÚms_{dUiÅTcbËØàQ�m\S[b¨R �hq{mLÍ q O Í m\S[R Y�_{dwn�ç³ÞUéto�É

� ������� � KªIj~�|�¢�Gt| � G ç G}�»¢�G}�H��G ~}�9z`EHG � G}�PIsK�zu� ~}���­z{yPz{GJI
ÌpZBT<øtè*Ù°â Tc_Bms,LÍ Tfd O d­SÑY<qWY�Q�� O SUT#S[ZBT<û*ï N YjiHS[Z\T7V&R dàYLbÚVLTcbwTWV<dU-\d�SUTcQ�É Ù�R vJÉ��&É Ò<dWZ\Y{o*d5SuZ\T
m{aBTcbÚm\vLT9û*ï N iÅYLb�V�R Ð}TcbwTc_{SldU-\d�SUTcQ�dfR ÛWTfd{É�Ì;Z\T9û*ï N dWZ\Y O Í V^,`T�R�_\VLTc�`Tc_\VsTc_{S5Yji

L
É$�lYWo�TuaBTcb¨Þ

Y�_\Tìq{ms_�dàTWTìS[ZBm\SÏS[Z\TcbÚTìmjbwTFd�S[R�Í�Í}dàY�Q�T{� O qfS O m\S[R Y�_{dF�jbwTfdàTc_{SfÉ@Ì;Z\TfdàTFq{mL_ò,`TêbwTWV O qWTWV ,[-
O dfRª_{v$Í mjbwvLTcb5dU-\d�SUTcQýdfR ÛWTfd9ms_\V$Rª_\qcbwT{m\dfR�_{vFSuZ\TF_ O Qh,`Tcb)Yji#d.msQh�LÍ Tfd{ÉÇÌpZ\TíbÚTWV O qfS[R Y�_ÓYji7SuZ\T
û*ï N o;R SuZXR�_\qcbwT{m\dfR�_\vXV&R dàYLbÚVLTcbtd�SubwTc_{v`SuZ9q{mL_Ó,cT O _\VLTcbed�SUY�Y³VÏiUbwY�QómhdfR�Qh�sÍ T�mjbev O Q>Tc_\SuÉ5Ì;Z\T
û*ï N R dpVLTuüH_\TWVFm{d>S[ZBT�_ O Q�,cTcblYji�d�SUm\SÑTfd 4N

Rª_�ms_ÏTc_\Tcbwvc-�Rª_{SUTcbËajmsÍ 4E
V�R asR VLTWV�,.- 4E

É
î i#S[Z\T^VLTc_{dfR Sg-FYji#d�SUm\SÑTfd

ρc
R d9qWY�_\d�SUms_{S�igYsb msÍ�Í°Tc_BTcbev�R Tfd�R S�d�ajmsÍ O TFR d<v�R aBTc_�,[-

ρc = N/B
Þ

o;Z\TcbÚT
B
R d*S[Z\Th,Bms_\VcopR V`S[Z�ÉpîM_>SuZ\T>á#_\VLTcbedàY�_XQ>Y³VLTcÍBopR SuZ�m�,cY��<V&R d�SubÅR�, O S.R Y�_piÅYLbPS[Z\T>Y�_WØ¨dfR SUT

Òs�



15 15.5 16 16.5 17 17.5 18
W/t

-2.5
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-1.5

-1

-0.5

0

< 
ln

 g
4 >

L = 4
L = 6
L = 8
L = 10
L = 12
L = 14

Ù�R v O bwT �&É¾��ôtÌ�-s�`R q{msÍ{V�RªQ>Tc_{dfR Y�_LÍ Tfd�dtqWY�_\V O qfSUms_\qWT a\dlV�R dàYsbwVLTcb�d�SubwTc_{v`SuZ*iÅYLb
E = 0.5 t

É N -Bd�SÑTcQ
dfR ÛWTfd)mjbÚT;v�R aBTc_hRª_>SuZ\ThÍ TfvLTc_\VJÉ7ÎPb¨bÚYLbl,Bmjbed#Y�,{SUmLR�_BTWVhiUbwY�Q�Tc_{dàTcQh,sÍ T>m{aBTcbÚm\vLT`É�ÌpZBTpdàY�Í¾R VÇÍ�R�_\Tfd
mjbwT�ü�SÑd SUYFÎÐ'JÉ» ÅÒJÉ¾Ý`�	!fÉ

Tc_\Tcbev�R Tfd#S[Z\TX,jmL_\V`opR V`SuZÇRª_\qcbwT{m\dàTfd�Í¾R�_BT{mjbHopR SuZ<S[ZBT�V&R dàYLbÚVLTcbtd�SubwTc_{v`SuZ
W

ms_\V�SuZ\TXbwTfdW�`TWqfS.R aBT
,Bms_\VÇTWV`vLT�R d)q{msÍ�Í TWVFÖ�R i3dWZ`R S�Û<,jmL_\V^TWV`vLT`É�á#Í SuZ\Y O v&Z<SuZ\TXû*ï N R�_�SuZ\T�á#_\VLTcbedàY�_�Q�Y�VLTcÍ³R d>_\YcS
qWY�_{d�S�mL_\S[Þ}Y�_\TXq{ms_^m{d�d O Q�T9SuZBm\S7igYsb�Tc_\Tcbev�R Tfd�R�_ÏSuZ\T9asR qjR�_LR Sg-ÇYji5S[ZBTÓ,jmL_\VFqWTc_\S[bwT�SuZ\T�T.�`m\qfS
dWZBms�`T9Yji�SuZ\T<S�m`RªÍ d>R d�_\YcS>R�Q��cYsbeS�mL_{SfÉ�ÌpZBTcbwTuigYsbwTcÞ�o�T�ZBm{aBT

ρc(W ) =
N

B + αW
,

 ¨�&É¾�	!

o;Z`R qcZhdWZ\Y{o*d;m�VLTWqcbwT{m\dàT9Yji�SuZ\T�û*ï N o;R SuZ
W

,`TWq{m O dàT�S[ZBT�SÑYcS�mLÍ°_ O Qh,`Tcb�Yjild�SUm\SUTfd>R d ü&�jTWV
iÅYLb;mFv�R aBTc_ìdU-\d�SUTcQãdfR ÛWT`É Ì;Z\T��BmjbÚmsQ>TfSUTcb

α
msÍ�Í YWo*d�igYsbpVLTuaLR±m{S[R Y�_{d�V O TíSÑY�SuZ\T�_ O Q>Tcb¨R q{msÍ

vLTc_\TcbÚm\S[R Y�_�Yji5S[ZBT^bÚms_\VLY�Q Y�_{Ø¨dfR SUThTc_\Tcbev�R Tfd{É>Ì;Z\TfdàTÏVLTuaLR m\S[R Y�_{d�Y�qWq O b
Þ�,`TWq{m O dàTÓR S�R d�Z`R v&ZLÍ -
O _LÍ�R�r.TcÍ -hSUY�Y�,{SUmLR�_�T.�cm\qfSuÍ -ÏS[ZBT�ajmLÍ O Tfd ±W/2

iÑbwY�Q d O qcZÏm^bÚms_\VLY�Q�_ O Qh,`TcbtvLTc_BTcbÚm{SUYLb�É
ÒJÊ



0 2 4 6 8
ln L/ξ
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L = 8
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0 2 4 6 8 10
ln L/ξ

-2.5

-2

-1.5

-1

-0.5

< 
ln

 g
4 >

   
(c

or
re

ct
ed

)

L = 4
L = 6
L = 8
L = 10
L = 12
L = 14

Ù�R v O bwT��&É¾Ý�ô N msQ>T�Vsm\SUmÏm{d�Rª_ÇÙ�R v`d{É��&ÉËÊ9ms_\VÇ�&É¾��m{i3SUTcb}qWYLb¨bwTWqfS[R Y�_\d SUYÏdàq{mLÍ�R�_{vÇmjbwT�d O ,{S[b3m\qfSUTWV
ms_\V��LÍ YcSÑSUTWV aBd

L/ξ
SÑYòdWZ\Y{o dfR�_{v&Í TuØà�BmjbÚmsQ>TfSUTcb�dàq{mLÍ�R�_{vJÉãû R Ð}TcbwTc_{SÇqWY�Í Y O bed�R�_\V&R q{m\SÑT�S[ZBT

dU-\d�SUTcQþdfR ÛWTfd#v�R ajTc_ÇR�_<SuZ\T�Í TfvLTc_\VJÉ

� �`� � 8��cüp2�8;��2 AXR��t�p2 
 2$�J6<0
0��3��T;2 6;:<�

á­d<Q>Tc_\S.R Y�_\TWVíR�_hS[Z\T�R�_{SubwY³V O qfS[R Y�_�Q>Ycd�S�_ O Q�TcbÅR q{msÍLd�S O V�R TfdpYjilSuZ\T<qWY�_\V O qfSUms_\qWTÓZBmWajT�,`TWTc_
iÅY�q O dàTWV�Y�_ÏS[Z\ThV�R dàYsbwVLTcblS[bÚms_{dfR S.R Y�_�R�_�S[Z\T9aLR qjRª_`R Sg-XYji�S[Z\T^,Bms_\VíqWTc_{S[bÚT`É|��Y{o­TuaBTcb
ÞPSuZ\T�Y�_\TuØ
�BmjbÚmsQ>TfSUTcb�dàq{msÍ¾R�_\v�SuZ\TWYsbË-^dWZ\Y O Í Vn,`TÏajmLÍ�R V�iÅYLb*ms_W-ÓTc_\Tcbwvc-ìR�_{dfR VLT�S[Z\Tí,jmL_\V°ÉÏÌ;Z\TcbwTuiÅYLbwT�o�T
dàTfS

E = −5.0 t
ms_\V�q{mLÍ q O Í m\SÑTÏSuZ\T�qWY�_\V O qfSUms_\qWTÓm{aBTcbÚm\vLTfd�m\dX,cTuiÅYLbÚT`É�ÌpZ\TíbwTfd O Í SÑd;iÅYLb5SuZ\T

Sg-s�`R q{mLÍ�qWY�_\V O qfSUms_\qWT�mjbwT9dWZBYWo;_�R�_�Ù�R vJÉ��&É±�LmsÉ NPO b
�BbÅR dfR�_{v&Í -uÞ�S[ZBTcbwT�R d<_\Y^TuaLR VLTc_\qWTÏYji�dàq{mLÍ�R�_{v
,`TcZBm{aLR Y O b�É;ÌpZBThYLbÚVLTcb�YjipQ�m\v&_`R S O VLTÇR d>msÍ dàYFQ O qcZXdWQ�msÍ�Í TcbtS[ZjmL_�R�_�S[ZBT�q{m\dàThYji

E = 0.5 t
Þ

msÍ SuZ\Y O v&Z�Y�_BT9T.���`TWqfS�d7SuZ\T<qcbÅR S.R q{mLÍLqWY�_BV O qfS�mL_\qWT�SUYÓ,`T O _`R aBTcbwd.mLÍªÉ
ÌpZ\T�YsbÅR v�Rª_^Yji)SuZ`R dXbwTWV O qfS.R Y�_^q{ms_ì,`T O _\VLTcbed�SUY³Y�VíiUbwY�Q Ù&R vJÉ}�&É¾ú³Þ}o;ZLR qcZÇdWZ\Y{o*d9SuZ\T

VLTc_{dfR Sg-�Yji7d�S�m{SUTfd9Yji;mÓV&R dàYLbÚVLTcbwTWVnmL_\Vnm�qcÍ T{ms_ÓdU-Bd�SÑTcQ d O qcZ�m\d�R�_ÓS[ZBTFQ>TfS�mLÍ�Í¾R qÓÍ T{m\VLd{É^á­d
âXm\q`å5R�_L_BY�_�msÍ�bwT{mBVc-X�`Y³R�_{SUTWVhY O S Rª_hZ`R dp�Bms�cTcbPY�_>SuZ\T9ø�è*Ù°â nwÊ{Ýto
Þ³m�V�R ÐHTcbÚTc_\qWT<,`TfSgo­TWTc_�SuZ\T
û*ï N Rª_�SuZ\TÏÍ T{mBV`dpms_\VíR�_�SuZ\T�V�R dàYsbwVLTcbwTWVìbwTfv�R Y�_XQ�m[-ÓÍ T{mBVXSÑY�i¨mLÍ dàT9bwTfd O Í S�d)iÅYLbHS[ZBT>SubÚms_{dW�`YLbeS
�jbwY��`TcbeS.R Tfd{É7ß O S)SUYÇmL_ÏT.�BSubwTcQ>TcÞHR i�SuZ\TcbwT9mjbwT�_BY�d�SUm\SUTfd7m{ajmLR�Í mL,LÍ T9m{S7mÏqWTcbeS�m`Rª_hTc_\Tcbevc-ÓR�_9SuZ\T
Í T{mBV`dWÞPT`É vJÉ#igYsb |E| ≥ 6 t

Þ�S[Z\TcbÚT<opRªÍ�Í°,`T^_\Y^SubÚms_{dW�`YLbeS�bwTfvsmjbÚV&Í Tfd�d;Yji5SuZ\TÓû*ï N ms_\V�S[ZBThqWY�_WØ
V O qfS�ms_\qWT�R�_7SuZ\T#V�R dàYLbwVLTcbÚTWV<dU-\d�SUTcQ@m{S�S[ZBm\S�Tc_BTcbevc-fÉ�Ì;Z\T�û*ï N Yji�SuZ\T�Í m\SÑSÑTcb�dU-\d�SUTcQ1,`TWqWY�Q>Tfd
msÍ o5m[-\d^,jbwYLmBVLTc_\TWV
,.-íSuZ\TÇV�R dàYLbwVLTcb�É^ÌpZBTcbwTuigYsbwT�R S�R dX_\YcSX�`Ycd�dfR�,sÍ TÏSÑYêR�_WaBTfd�S[R vsm\SUT�SubÚms_{dW�`YLbeS

Òs�
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W/t
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ρ(
E)

L=4
L=6
L=8
L=10
L=12
L=14

Ù�R v O bwT �&É ÒJô*û�Tc_{dfR Sg-#Yji°d�S�m\SÑTfd}aBdlV�R dàYLbwVsTcb³d�SubwTc_{v`SuZ)igYsb
E = 0.5 t

mL_BV
L = 4, 6, 8, 10, 12, 14

É
ÎPb¨bwYsb�,Bmjbed7Y�,{S�m`Rª_\TWVXiUbwY�Q1Tc_{dàTcQh,LÍ T<mWaBTcb3m{vLT`É5Ì;Z\T�Vsm\dWZ\TWVFÍ¾Rª_\T>dWZ\YWo*d;m<ü³S)SÑY�ÎÐ'JÉ£ ¨�&É¾�	!5igYsb
L = 6

SUY�R�Í�Í O d�SubÚm\SÑT;S[ZBTXbwTWV O qfS[R Y�_ÏYji
ρ
opR SuZ�R�_BqcbwT{m{dfRª_{v�V�R dàYsbwVLTcb�d�S[bwTc_\v`S[ZsÉ

�jbwY��`TcbeS.R Tfd)m\S5Tc_\Tcbev�R Tfd Y O SÑdfR VLT;S[Z\T>YLbwVsTcbwTWV�,BmL_BV O dfR�_{v�S[ZBTpd�S�mL_\V�mjbwV N -\d�SÑTcQ��ÏÖcT{m\V`d dàTfS O �sÉ
á�VsV�R S[R Y�_BmsÍ�Í -uÞsigYsb�Tc_\Tcbwv�R Tfd

3 t / |E| < 6 t
S[ZBT9û*ï N Yji}SuZ\TpqcÍ T{mL_�dU-\d�SUTcQþR d�dWQ�mLÍ�Í Tcb&SuZBms_>SuZ\T

V�R dàYLbwVLTcb;,BbwYLmBVLTc_\TWV û*ï N É}ÌpZ\TXSubÚms_{dW�`YLbeS��BbwY��`TcbeS[R TfdWÞ�S[ZBm\S�qcb O qjR msÍ�Í -^VLTc�`Tc_\V�Y�_ÓS[ZBTFû*ï N Þ
mjbwT�qWY�_{dàT�' O Tc_{SuÍ -FbwTWV O qWTWVJÉ7ÌpZBTÇ�jbwY�,LÍ TcQ>d;q{ms_Ó,`T9YjaBTcbÚqWY�Q>TÇ,[-�dWZ`R igS[R�_{v�SuZ\T9Tc_\Tcbwvc-�Yji�SuZ\T
V�R dàYLbwVLTcbÚTWVÓbÚTfv�R Y�_>o;Z`R�Í T9r.TWTc�LR�_{vÏS[ZBT�ÙjTcb¨Q9RLTc_\Tcbwvc-ÏRª_>SuZ\ThÍ T{mBV`dpRª_>SuZ\T�Í T{mBVcØà,Bms_\V�qWTc_{SubwTw ¨Ysb
aLR qWTÏaBTcbed.m�!uÉ�Ì;Z`R dÏR d�T�' O R ajmsÍ Tc_{S�SÑYìms�L�LÍ -LR�_\v�mÇvsm\SÑTÏajY�Í S�m{vLTÏSUYíS[Z\TXV�R dàYLbwVsTcbwTWVêbwTfv�R Y�_ÓmL_BV
dUo�TWTc�`R�_{v�R S�� m�SÑTWqcZs_`R ' O T9dfR�QhR�Í mjbPSUY�â�ï N Ù°Î³Ì T.���`TcbÅR�Q�Tc_{SÑd{É5ÌpZ\TÇbwTfd O Í SÑd igYsb�SuZ\T<Sg-s�LR q{msÍ
qWY�_\V O qfSUms_\qWT O dfR�_{víSuZ`R dÏQ>TfSuZ\Y³VìmjbwTXdWZ\YWo>_ìR�_ìÙ&R vJÉH�&É±�&ÉXï<_\T�q{ms_ÇdàTWTÏdàY�Q>TÓR�_\V&R q{m\S.R Y�_XYji
dàq{msÍ¾R�_\v×,cTcZjmWaLR Y O b�ms_\V mLÍ dàYnS[ZBTìYLbwVsTcb�YjiXQ�m\v&_`R S O VLTêR dXiÅY O _\V$SUY×,`TìqWY�Q��BmjbÚms,LÍ TFSUYêSuZ\T
E = 0.5 t

q{m{dàT`É7á#_BYcS[Z\Tcb �`Ycd�dfR�,`RªÍ¾R Sg-hYji)mWaBY³R V�R�_\v^SuZ\TÇû*ï N Q9R dWQ�m\SÑqcZ�R d;qcZ\Y³YcdfR�_{v�m�Í mjbevLTcb
Z\Y��L�LR�_{vì�jmjbÚmLQ�TfSÑTcb*R�_9SuZ\TXÍ T{m\V`dwn¾Òsäto
Þ&o;Z`R qcZ^bwTfd O Í SÑd;Rª_�mÓÍ mjbevLTcb5,jmL_\V`opR V`SuZsÉ

ÒsÝ
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W/t
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0

< 
ln

 g
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L = 7
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Ò�Ù.Õ9ÝEG<4pà ÚØÓ�ß�Ú/+-(D6�& ÚeÝ�Ó<( ÚØ×�=<@»à Ý/.��e×�( ×.á5`�Ge*/.pà 0lÝA�
Ù�R v O bwT��&É±�&ô N -\d�SUTcQ dfR ÛWT�VLTc�`Tc_\VLTc_\qWTFYji;SuZ\TÓSg-s�`R q{mLÍ�qWY�_BV O qfS�mL_\qWT�iÅYLb ü��jTWV$Tc_\Tcbwvc-

E =
−5.0 t

É ÌpZBT�Í TfvLTc_\V×_\T.�jS�SUY�S[Z\T��LÍ YcS�dXdWZ\Y{o*d�SuZ\T�dU-\d�SÑTcQ dfR ÛWTfdÓRª_WaBY�Í aBTWVJÉ
ÌpZ\TnÍ Tui3S��LÍ YcS
o5m{d<q{msÍ q O Í m{SUTWV O dfR�_{v�SuZ\T^Q�TfSUmsÍ�Í�R qXÍ T{m\V`dqµfm\d>SuZ\Tu-ÓmjbwT&µBÞlRªÉ±T`É�SuZ\TÓ,BmL_BVFqWTc_{S[bÚT�Yji*SuZ\TÓÍ T{mBV`d
qWY³R�_BqjR VLTfd�o;R SuZ;SuZ\T<,Bms_\VXqWTc_{SubwT<Rª_;SuZ\TpV�R dàYLbwVLTcbÚTWV^bwTfv�R Y�_sÉ#îM_;SuZ\T<bÅR v&Z{S#�LÍ YcS­SuZ\T<,Bms_\VXqWTc_{SubwT
Yji­S[Z\TXÍ T{m\VLd#o�m\duµ[dWZ`R i3SUTWV9µ>SUYXS[Z\TXbÚTfdW�cTWqfS[R ajTÏÙjTcb¨QhR³Tc_\Tcbevc-WÉ

� �`ú ��8p2>=tý�C � =B698;�����}�ÚAX8

å5_BYWopRª_{vìSuZ\TXV�R æ�q O Í S[R Tfd�R�_{aBY�Í aLRª_{víS[ZBTíQ>TfS�mLÍ�Í¾R qÇÍ T{mBV`d9mL_\V O dfR�_\v�SuZ\TDµ[dWZ`R i3S[R�_{v�SUTWqcZL_`R ' O T&µ
o�T�dàTfS7SuZ\TÏV�R dàYsbwVLTcb­d�SubwTc_{v`SuZ�SUY

W = 12 t
ms_\V�R�Qh�`YcdàT^ZBmjbwV�o5mLÍ�Í},cY O _\VsmjbË-ÓqWY�_BV�R S[R Y�_{dhR�_

SuZ\T�SubÚmL_\dUaBTcbedàT�V�RªbwTWqfS.R Y�_ân�éto�É�á#_BmsÍ YcvLY O dhSÑYFSuZ\TÇV&R dàYLbÚVLTcb*SubÚms_{dfR S[R Y�_Çq{m\dàTXo�TÇvLTc_\TcbÚm\SUTXigYsb
T{mBqcZ;qWY�Qh,`Rª_Bm\S.R Y�_pYjilÙjTcb¨Q9RBTc_BTcbevc-�ms_\V<dU-\d�SUTcQ×dfR ÛWT7ms_;Tc_{dàTcQh,sÍ T#Yji

10000
d.msQh�LÍ Tfd$ ¨T.�jqWTc�\S

iÅYLb
L = 19

ms_\V
L = 21

Þto;Z\TcbwT
4000

mL_BV
2000

o­TcbÚTXvLTc_\TcbÚm\SÑTWV�!9mL_\V�T.�cmLQhR�_\TXSuZ\TXdfR ÛfTuØ
VLTc�`Tc_\VLTc_BqWThYji­S[Z\T�mWaBTcb3m{vLThms_\V^S[Z\T�Sg-��`R q{msÍ�qWY�_\V O qfSUms_\qWTcÞ 〈g4〉

ms_\V 〈ln g4〉
Þ}bÚTfdW�cTWqfS[R ajTcÍ -WÉ

� �?Å����   �PGt|Cét� � G ç G}�»¢�G}�}��G$~}�hz`EPG � G}�HIsK�z[�ò~}�X��z{yPz{GJI
õ}TuiÅYLbwT>Í Y³Y�rjR�_{v<m{S�S[Z\T)dàq{msÍ¾R�_\vh,`TcZBm{aLR Y O bJYji�S[Z\T qWY�_\V O qfSUms_\qWT#o�T�ZBmWajT)SUY�Q�msr.T d O bwT)S[ZBm\StSuZ\T
µ[dWZ`R i3S[R�_{vXSUTWqcZL_`R ' O T&µ�Rª_\VLTWTWVÇv�R aBTfd7SuZ\TXbÅR v&Z\S>û*ï N Y O S�dfR VLT�S[ZBT<YLbwVLTcbÚTWVì,Bms_\VJÉ)á�VLV�R S.R Y�_BmsÍ�Í -fÞ
o�T�ZBm{aBT9SUYXqcZ\TWqcr<S[ZBThmWajTcbÚm{vLT^û*ï N iÅYLb5,`TjR�_\víR�_\VLTc�`Tc_\VsTc_{SpYjilSuZ\T�dU-\d�SUTcQpØ¨dfR ÛWT`É

îM_^Ù�R vJÉ��&É¾äho�T�dWZ\YWo÷S[Z\TXû*ï N Y�,\SUmLR�_\TWV�iÑbwY�Q ø�è*Ù°â q{mLÍ q O Í m\S[R Y�_{d7mL_BVXiÑbÚY�Q V�R m\vLYjØ
Ò`Ò
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E/t

0
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ρ(
E)

W = 0 exact
W = 12 diag

Ù�R v O bwT9�&É¾ú�ôpû�Tc_\dfR Sg-ÏYji­d�S�m{SUTfd7Yji�mÏqcÍ T{ms_hdU-Bd�SÑTcQ~ gi O Í�ÍJ,LÍ mBqcr�Í¾Rª_\T%!#ms_\VÓmÏV�R dàYLbwVLTcbÚTWVÇdU-\d�SUTcQ
opR S[Z

W = 12
mL_\V

L = 21
Þ�Y�,{S�mLR�_\TWV�iÑbÚY�Q V�R±m{vLY�_BmsÍ¾R dfR�_{vòÎ�'°É= 
Ý�É¾�jÒ�!uÉíÌpZ\TÓVsm\dWZ\TWV Í�R�_\Tfd

R�_BV�R q{m\SÑT�SuZ\TX,Bms_\V�TWV`vLTfdpYji­S[Z\T<YsbwVLTcbwTWVÓdU-\d�SUTcQ�É

_BmsÍ¾R dfR�_{v�S[ZBT á#_BVLTcbedàY�_i�­mLQhR�Í SÑY�_`R±mL_�É)îM_7SuZ\T�Í m\S�SUTcb&q{m{dàT)o�T7vLTc_\TcbÚm\SUTWV
30
qWY�_Wü³v O bÚm{S[R Y�_\d*mL_\V

V�R±m{vLY�_BmsÍ¾R dàTWVFSuZ\TíbwTfdW�`TWqfS.R aBTc�lmsQ9RªÍ SUY�_`R ms_{d O dfR�_\v$Öjá7ß`á5Ô­å)ÉtÌpZBTFû*ï N R d<Y�,{S�m`Rª_\TWVFiUbwY�Q m
_\Ysb¨Q�msÍ¾R dàTWVFZ`R d�SUYcv&bÚmsQ Yji5mLÍ�ÍsTjR vLTc_WacmLÍ O Tfd{É;îM_�msÍ�Í�q{m{dàTfd

W = 12 t
mL_\V

L = 21
É)ÌpZ\TÇø�è*Ù°â

q{msÍ q O Í m{S[R Y�_{d7m\v&bwTWT�aBTcbË-<o�TcÍ�Í`o;R SuZ9V�R m\vLY�_BmsÍ¾R d.m\S[R Y�_XbwTfd O Í S�dWÞ&mLÍ S[ZBY O v&Z<S[ZBTcbwT<mjbwT�Ø*m{S>Í T{m\d�S�igYsb
SuZ\TÏ_ O Qh,`TcbtYji�qWY�_{ü³v O b3m{S[R Y�_{d O dàTWVÏØ­d�S[R�Í�Í�, O Qh�{d��jbwTfdàTc_{S)o;Z`R qcZhmjbwTXbwTcÍ¾R qfd)Yji�SuZ\T>üH_`R SUTc_\Tfd�d
Yji*SuZ\T�d.mLQ��LÍ T`É�á#Í dàYÓdWZ\Y{o;_FR d�mXdWQ>Y³YcSuZ\TWVnû*ï N Y�,{SUmLR�_BTWV�iÑbwY�Q SuZ\TÏV�R m\vLY�_BmsÍ¾R d.m{S[R Y�_XVsm\SUm
O dfRª_{v�mFõ}TfÛjR Tcb�dW�LÍ�R�_\T`É7k�TÏq{mLÍ q O Í m\SÑTWV�SuZ\T�m{aBTcbÚm\vLTíû*ï N igYsblV�R ÐHTcbÚTc_{S7dU-\d�SUTcQódfR ÛfTfdWÞ°o;Z`R qcZ
R d�dWZ\Y{o;_ìRª_ìÙ�R vJÉH�&É¾ç�É�ï�_\TXq{ms_ÇdàTWTÏS[ZBm\SpiÅYLb7Í mjbevLT�Tc_\Tcbev�R Tfd�S[Z\Tíû*ï N R d>dU-Bd�SÑTcQ dfR ÛfTÓRª_\VLTuØ
�`Tc_\VLTc_{SfÉ#Ô­Í YcdàT�SUYXS[Z\TX,jmL_\V�TWV`vLT<SuZ\TcbwT9mjbÚT<d�S.RªÍ�Í"� O qfS O m{S[R Y�_{d<�jbwTfdàTc_{S�,`TWq{m O dàT9VLTWTc�^R�_9SuZ\T
S�m`RªÍ d­Y�_LÍ -<m7iÅTuo d�S�m{SUTfd�T.�sR d�S­mL_\VhS[ZBTcbwTuigYsbwT�Q�ms_W-�d.mLQ��LÍ Tfd5mjbwT<_BTWqWTfd�d.mjbË->SUY�Y�,{SUmLR�_�mpdWQ�Y�YcSuZ
û*ï N É

ÒL�
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Smoothed
Diagonalisation
RGFM

Ù�R v O bwTF�&É¾ä�ô$û�Tc_{dfR Sg-�Yji�d�SUm\SÑTfdÏa\dÇTc_BTcbevc-�iÅYLb
W = 12 t

Y�,{S�mLR�_\TWV$iÑbwY�Q S[Z\Têø�è*Ù°â ms_\V
msÍ dàYÓiÑbÚY�QýV�R m\vLY�_BmsÍ¾R dfR�_{vFSuZ\T�á#_\VLTcbwdàY�_��­mLQhR�Í SUY�_`R±mL_sÉXÌ;Z\TXdU-\d�SUTcQ dfR ÛWTÓR�_ì,`YcSuZ^q{m\dàTfd�o�m\d
L = 21

É

� �?Å��?� �*��y ¡ KÚ�£é���G}EHy±§}Kª~=¦�|9~}��z`EPG ¥ ~5�£¢�¦H�³z{yl�}��G

ÌpZBT�dfR ÛWTuØ
VLTc�`Tc_\VLTc_BqWTÓYji7SuZ\T^m{aBTcbÚm\vLT�ms_\V�S[Z\TÇSg-s�`R q{msÍHqWY�_\V O qfS�mL_BqWT�R d<dWZ\YWo>_�Rª_�Ù�R vJÉt�&É¾é�É
k�T<üP_\V^S[Zjm{S iÅYLb

E/t ≤ −8.2
SuZ\T<Sg-��`R q{msÍ�qWY�_\V O qfSUms_\qWT^R d��jbwY��`YLbeS[R Y�_BmsÍ³SÑYXSuZ\T�dU-\d�SUTcQ dfR ÛfT

L
ms_\V�S[ZBTÇqWY�_{d�S�mL_{S<Yji<�jbwY��`YLbeS[R Y�_BmsÍ¾R Sg-�R d�_\Tfvsm{S[R ajT`ÉÓÌ;Z`R d9qWYsb¨bwTfdW�`Y�_\V`d9SUY�ms_�T.�³�cY�_BTc_{S.R±mLÍ

VLTWq{m[-hYjitSuZ\T�qWY�_\V O qfS�mL_BqWT;o;R SuZ�Rª_\qcbwT{m\dfR�_{v
L
ms_\VÓR d)qcZBmjbÚmBqfSÑTcbÅR d�S.R q7iÅYLb�[��%\L³²��¬	fb[l�^êÓ,`TcZBm{aLR Y O b

 ¨qui�É N TWqfS[R Y�_nÝ�É¾��É¾�	!uÉ âÏYLbÚTWYjaBTcb¨Þ�R ShigY�Í�Í Y{o*d�iUbwY�Q ÎÐ' O m\S[R Y�_� 
Ý�É¾�`ä	!�S[Zjm{SXSuZ\TìqWY�_{d�S�mL_\SXYji
�jbwY��`YLbeS[R Y�_BmsÍ¾R Sg- R dÇS[ZBTêÍ Y³q{mLÍ�R d.m\S.R Y�_êÍ Tc_{v`SuZ

ξ
É k�TìüP_\VòSuZBm{S

ξ
V�R aBTcbevLTfdím{SXdàY�Q>TFTc_BTcbevc-uÞ

o;Z`R qcZÇRª_\V�R q{m\SUTfd7mÓ�LZjm{dàT<SubÚms_{dfR S[R Y�_�É�Ì;Z\T9Tc_\Tcbevc-XVLTc�`Tc_\VLTc_\qWT�Yji
ξ
R d#dWZ\Y{o;_ÓR�_^Ù�R vJÉ&�&ÉËÊ{��É

ÙBYsb
E/t

,`TjR�_{vnÍ mjbwvLTcb5S[ZjmL_ −8.05
Þ 〈g4〉

R dÏ�jbwY��`YLbeS[R Y�_BmsÍ°SUY
L
ÉXÌpZLR dÏR�_\V&R q{m\SÑTfd�SuZ\T

gia%fb¬�����[ljÓbÚTfv�R�Q>Tìms_\VòS[ZBTFdWÍ Y��`TíYji 〈g4〉
a\d

L
R dFbÚTcÍ m\SÑTWVêSUYnSuZ\TìVJÉ±q`É)qWY�_\V O qfS[R aLR Sg-fÉ knT

ü�S>SuZ\T�Vsm\SUmìR�_�SuZ\TíbwTfdW�`TWqfS[R aBT�bwTfv�RªQ>Tfd�SUYÓSuZ\TXd�S�mL_BVsmjbwVìdàq{msÍ¾Rª_{v�igYsb¨Q  ÅÒJÉ¾Ý`�	!uÉ�Ì;Z\TíbwTfd O Í S�d
iÅYLb7SuZ\TíqcbÅR S[R q{msÍ}T.���`Y�_\Tc_{S�mL_\V$S[Z\T�Q�Y�,`R�Í�R Sg-FTWV`vLTìmjbwTív�R ajTc_nR�_ìÌ}mL,sÍ Tí�&É¾��É Ì;Z\TíY�,{SUmLR�_BTWV

Òsú
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Ù�R v O bwT7�&É¾ç�ô*û�Tc_\dfR Sg->YjiPd�SUm\SÑTfd�a\d�Tc_\Tcbevc-;igYsb°V�R Ð}TcbwTc_{S�dU-\d�SÑTcQ×dfR ÛWTfd�ms_\V
W = 12 t

q{msÍ q O Í m\SÑTWV
opR S[Z9SuZ\T�ø�è*Ù°â�É

m{aBTcbÚm\vLT
Emin/t Emax/t nR mR ν Ec/t

〈g4〉 −8.2 −7.4 3 2 1.60 ± 0.18 −8.14 ± 0.02
〈ln g4〉 −8.8 −7.85 3 2 1.58 ± 0.06 −8.185 ± 0.012

Ì}mL,sÍ T1�&É¾��ô õ}Tfd�S$ü�SòTfd�S[R�Q�m{SUTfd Yji�SuZ\T1qcbÅR S[R q{msÍ<T.���`Y�_\Tc_{S�ms_\V SuZ\T Q>Y�,`RªÍ¾R Sg- TWV`vLT÷igYsb
,`YcS[Z@m{aBTcbÚm\vLTfd$Yji

g4
O dfR�_{v ÎÐ'JÉË ÅÒJÉ¾Ý`�	!uÉ!ÌpZ\T
dU-\d�SUTcQ dfR ÛWTfd O dàTWV�o�TcbwT R�_1,`YcS[Z�q{m\dàTfd

L = 11, 13, 15, 17, 19, 21
É

ajmsÍ O Tfd iÅYLb�,`YcSuZ9Sg-s�`Tfd7Yji­m{aBTcbÚm\vLTfdWÞ 〈g4〉
ms_\V 〈ln g4〉

Þ°mjbwT<qWY�_{dfR d�SÑTc_{SfÉ­ÌpZ\T<m{aBTcbÚm\vLT�ajmsÍ O T�Yji
ν = 1.59 ± 0.18

R d>Rª_�mBqWqWYLbwVsms_\qWThopR SuZÇbwTfd O Í SÑd)iÅYLb�qWY�_\V O qfS�mL_BqWThdàq{msÍ¾Rª_{vÇm{S
E/t = 0.5

mL_BV
SubÚmL_\dUigTcbËØàQ�m{SubÅR �9q{msÍ q O Í m\S.R Y�_{d|n�ç³ÞÑéto�É

� �?Å��?Å ¥ y ¡ �±¦ ¡ yPzcKª~�� ~}�9z`EHG �â��¥q�#¥ ~��£¢�¦}�³zcKl§}Kªz[�
îM_hYsbwVLTcb�SUY�q{msÍ q O Í m{SUT�S[Z\T�SUTcQh�`TcbÚm\S O bwT<VLTc�`Tc_\VLTc_BqWThYji­S[Z\T�SuZ\Tcb¨Q�Y�TcÍ TWqfS[b¨R q��BbwY��`TcbeS[R Tfd O dfRª_{v
SuZ\TFÔ}Ì;å�è@iÅYLb
Q�msÍ¾R dWQ�ÞHo­T�_\TWTWV�SUYìY�,{S�m`Rª_ÓSuZ\TÇVJÉ±q`ÉlqWY�_\V O qfS.R aLR Sg-�iÑbÚY�Q 〈g4(E,L)〉 É$Ù�bwY�Q

Òsä



ÎÐ' O m\S.R Y�_� 
Ý�É¾�`Ý	!#Y�_BT9T.���`TWqfS�d7SuZ\TXQ�m\qcbwYcdàqWY��LR q<qWY�_\V O qfS.R aLR Sg-ÏSÑYí,`T<SuZ\TXbÚm\S.R YXYji 〈g4(E,L)〉
ms_\V

L
É­Ì;Z\TcbwTpmjbwTcÞ�Z\YWo�TuaBTcb¨Þ�dàTuaBTcbÚmsÍBqWY�Q��LÍ¾R q{m{S[R Y�_\d{É*Ù�Rªbed�S[Þsm\d7R Sto5m{d5dWZBYWo;_�R�_ N TWqfS[R Y�_�Ý�ÉËÊ`É¾�

SuZ\TFQ>TWqcZjmL_`R dWQ�Yji#o�T{mLr�Í Y³q{mLÍ�R d.m\S.R Y�_Xv�R aBTfdÇb¨R dàTXSUYìqWYLb¨bÚTWqfS.R Y�_{d9SUYFS[ZBT^qcÍ m\d�dfR q{msÍt,`TcZBm{aLR Y O b
iÅYLb

g � 1
É N TWqWY�_\VJÞ#R SÏR d�m��jbÅR YsbÅR�_\YcS�rc_\YWo>_�R i9Î�' O m{S[R Y�_� 
Ý�É¾�`Ý	!9d�S.RªÍ�ÍtZ\Y�Í V`d�Rª_ÓSuZ\T^qcb¨R S[R Ø

q{msÍBbwTfv�RªQ>T`Étá#_BV;SuZ`R�bÚV&ÞBSuZ\T5T.�³�BmL_\dfR Y�_K ÅÒJÉ¾Ý`Ý	!}VLY³Tfd5_\YcSH-sR TcÍ V�m>,cTcZjmWaLR Y O b�Yji�SuZ\T5igYsb¨Q
g ∝ εν É

îM_^YLbwVsTcb5SÑYíqcZ\TWqcr�Y O b)Vsm{S�mÇigYsb*qWY�_{dfR d�SUTc_\qWT�opR S[Z�SuZ\TÇms_{S.R qjR��Bm\SUTWVn�cY{o­TcbeØàÍ m[o iÅYLb
Q
iÅYLbtSuZ\T<qWY�_\V O qfS.R aLR Sg-

σ(E)
R�_9SuZ\T<qcbÅR S.R q{mLÍ�bwTfv�RªQ>TcÞ³o�Thm{d�d O Q>T�SuZ\T�igY�Í�Í Y{opR�_{vXdàq{msÍ¾Rª_{vFÍ m[o�iÅYLb

SuZ\T<qWY�_\V O qfS�ms_\qWTcÞ
〈g4〉 = f(χνL) ,

 ¨�&É¾Ý	!
o;Z`R qcZ�bwTfd O Í S�d�iUbwY�Q�dàTfSÑS.Rª_{v  

b = χ−ν R�_�ÎÐ' O m\S.R Y�_Ë ÅÒJÉ Ò�!uÉ�ÌpZ\T�dàq{msÍ¾R�_\v9i O _\qfS[R Y�_ f
R d>bwTcÍ m\SUTWV

SUY<S[ZBT7vLTc_\TcbÚmsÍBdàq{msÍ¾Rª_{v�iÅYLb¨Q F É#û O T;SÑY9S[Z\T9Í mjbevLTpTcb
bwYLb�,Bmjbed)Yji 〈g4〉
m\SlSuZ\Thâ�î±Ì;Þco­Th_\Tfv&Í TWqfS

SuZ\TpRªb¨bwTcÍ TuajmL_\S}dàq{mLÍ�R�_{v9�jmjbÚmLQ�TfSÑTcb�ÉA�lYWo�TuaBTcb¨Þ O dfR�_{v�Y�_LÍ -#dU-Bd�SÑTcQ
dfR ÛWTfd
L ≥ 11

SuZ\T qWYLb¨bwTWqfS[R Y�_\d
SUY9dàq{msÍ¾R�_\vÏmjbwT�T.���`TWqfSÑTWVXSUYÇ,`T;dWQ�msÍ�Í�ÉlÌpZBTc_>o�T�T.���Bms_\V

f
m\d m<Ì}m[-sÍ YLb}dàTcbÅR Tfd O ��SUYhYLbÚVLTcb

nRms_\V
χ
R�_pSUTcb¨Q;d�YjiHS[ZBT#dWQ�msÍ�ÍL�Bmjb3mLQ�TfSÑTcb

ε = (Ec−E)/Ec
O �;SUY<YLbwVsTcb

mR
ÉlÌpZ`R d7�BbÚY�qWTWV O bwT

v�R ajTfd
f(χνL) =

nR
∑

m=0

am (χνL)m
mL_BV

χ(ε) =

mR
∑

n=1

bnεn .
 ¨�&É Ò�!

ÌpZBTh,`Tfd�S�ü�S5SUY�Y O btV�m{S�mÏR d#VLTfSUTcb¨Q9Rª_\TWV�,.-ÇQhR�_`RªQ9R dfR�_{v<SuZ\T
χ2 d�SUm\S.R d�S.R q`É*]�dfR�_{v nR = 3

mL_\V
mR = 2

o�T5Y�,{S�mLR�_5iÅYLbsS[Z\T�qcb¨R S[R q{msÍ�ajmsÍ O TfdWÞ
ν = 1.58±0.18

mL_BV
Ec/t = −8.12±0.03

É�ÌpZBTfdàT
ajmsÍ O Tfd�mjbwThqWY�_\dfR d�SUTc_{S opR SuZ�Y O b �jbwTuaLR Y O d;ü�S�d{É#Ì;Z\T

m = 1
SUTcb¨Q

a1χ
ν R�_ f

qWYLb¨bÚTfdW�cY�_BV`d;SUY
SuZ\T;qWY�_\V O qfS.R aLR Sg-<qcÍ YcdàTpSÑYhS[Z\TÏâ�î±Ì;É`ÌHYhTfd�S[R�Q�m{SUT#S[ZBT®' O msÍ¾R Sg-�Yji}SuZ`R d;�BbwY³qWTWV O bÚTpo�T;q{msÍ q O Í m{SUT
SuZ\T^qWY�_\V O qfS.R aLR Sg-�iUbwY�Q SuZ\T^dWÍ Y��`T�Yji>m�Í¾Rª_\T{mjb5ü�S<SÑY 〈g4〉

SuZLbwY O v&Z\Y O S9SuZ\TìQ�TfSUmsÍ�Í�R q�bwTfv�RªQ>TcÞ
ms_\V�mLÍ dàY�iÑbÚY�Q SuZ\T9b3m{S[R Y 〈g4〉/L

É­ÌpZBThbwTfd O Í S[R�_{v9qWY�_\V O qfS.R aLR S[R Tfd mjbwT;dWZBYWo;_ÏR�_XÙ�R vJÉs�&ÉËÊ`Ê`É�ÌpZBT
�`YWo�TcbËØàÍ m[o1iÅYLb
Q R d<R�_XvLY³Y�Vím\v&bwTWTcQ>Tc_{S#o;R SuZ�SuZ\TÏqWY�_\V O qfS[R aLR Sg-ÇY�,{SUmLR�_BTWV^iUbwY�Q SuZ\TÇÍ�R�_\T{mjb�ü³S
SUY 〈g4〉 = σL + const.

igYsb
E ≤ −7 t

ÉíîM_ÇSuZ`R dXbÚms_{vLT�R ShR d<mLÍ dàYFqWY�_{dfR d�SUTc_{S7o;R SuZÇS[ZBTíbÚm{S[R Y
Yji 〈g4〉

mL_\V
L
igYsb�SuZ\T�Í mjbwvLTfd�S dU-Bd�SÑTcQ qWY�Qh� O SUTWV� 

L = 21
!uÉ�û�TuasR m\S.R Y�_{d;Y³qWq O btiÅYLblTc_\Tcbev�R Tfd

qcÍ YcdàThSÑY^S[ZBTÓâ�î±Ì÷ms_\V�iÅYLb
E > −7 t

ÉhîM_XSuZ\Thqcb¨R S[R q{msÍ°bwTfv�RªQ>T9Y�_\TÏq{ms_�mjbwv O TÏS[ZBm\S#iÅYLb�üP_`R SÑT
# ÚO03:�02+<+ Ý/(%+.Ý ×_+!(�4 Ó%`^×_h��

Òsç



dU-\d�SUTcQ;d�SuZ\T;qWY�_BV O qfS�mL_\qWT>opRªÍ�ÍcmLÍ o�m[-\d�,`T<Í mjbevLTcb�SuZBms_>ÛWTcbwYÇR�_�S[ZBT<R�_\d O Í m\S.Rª_{vÇbwTfv�RªQ>T�,`TWq{m O dàT
SuZ\TFÍ Y³q{msÍ¾R d.m\S[R Y�_íÍ Tc_{v`SuZ�,`TWqWY�Q�TfdhTuaBTc_{S O msÍ�Í -�Í mjbevLTcb)S[ZjmL_�S[ZBT�dU-\d�SUTcQýdfR ÛWT`ÉÓÌpZ\TÇV&R Ð}TcbwTc_\qWT
,`TfSgo­TWTc_ÏSuZ\T�bÚm\S.R Y 〈4g〉/L ms_\V

σ
iUbwY�QóS[Z\TXÍ�R�_\T{mjbtü³S�R d��jbwY�,Bms,LÍ -�V O T9SÑYXo�T{msr�Í Y³q{mLÍ�R d.m\S.R Y�_sÉ

�lYWo�TuaBTcb¨ÞPS[Z`R d#dWZ\Y O Í Vì,cTÏRª_WaBTfd�S[R vsm\SÑTWV�i O bwS[Z\Tcb�É

Òsé
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Ù�R v O bwT#�&É¾é�ô N -Bd�SÑTcQ×dfR ÛfT#VLTc�`Tc_\VsTc_\qWTpYji�SuZ\T ÒcØà�`Y³R�_{SlqWY�_\V O qfS�ms_\qWT;m{aBTcbÚm\vLTfd 〈g4〉
mL_BV 〈ln g4〉iÅYLb

W = 12 t
mL_BV ÙjTcb¨Q9R­Tc_\Tcbev�R TfdÓmjbwTFv�R aBTc_$Rª_�SuZ\TêÍ TfvLTc_BVJÉóÎPb¨bÚYLb9,Bmjbwd^Y�,{S�m`Rª_\TWV$iUbwY�Q

Tc_{dàTcQ�,LÍ TFm{aBTcbÚm\vLT`É
Ì;Z\TFVsm\dWZ\TWV×Í�R�_\Tfd�R�_BV�R q{m\SÑT�SuZ\TÓü³SÓbwTfd O Í S�dÏSÑY ÎÐ'JÉ# ¨�&É¾Ý	!Xms_\Vòm$Í¾Rª_\T{mjb
i O _\qfS[R Y�_9SUY 〈g〉 ms_\V 〈ln g4〉

Þ}bwTfdW�`TWqfS[R aBTcÍ -fÉ

�L�
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Ec from <g4>
Ec from <ln g4>

Ù�R v O bwT7�&ÉËÊ{��ô#ÖcY�q{msÍ¾R d.m{S[R Y�_�Í Tc_\v`S[Z7aBd5Tc_\Tcbevc-�Y�,\SUmLR�_\TWV9iÑbÚY�Q m9Í�R�_\T{mjbJü³SlSÑY 〈ln g4〉 = −L/ξ+
const.
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<g4>= σ L + c
a1 χν
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Ù�R v O bwT��&ÉËÊ`Ê`ô
ÔHY�_\V O qfS.R aLR Sg-
σ
aBd�Tc_\Tcbwvc-êqWY�Q�� O SUTWVòiÑbwY�Q 〈g4〉/L

 
�
![Þ;m Í¾Rª_\T{mjb>ü³SXopR S[Z

〈g4〉 = σL + const.
 • !<ms_\VnmÇdàq{msÍ¾Rª_{v�m\qWqWYsbwV�Rª_{v�SUYêÎÐ'JÉ· ¨�&É¾Ý	!Ë ÅdàY�Í�R VnÍ�R�_\T%!uÉÇÌ;Z\TÇVsm\dWZ\TWVÍ¾Rª_\TÏR�_BV�R q{m\SÑTfd

Ec/t = −8.12
É>ÎPb¨bwYsb*,Bmjbwd;Yji 〈g4〉/L

bwTc�jbwTfdàTc_{S#SuZ\T9Tcb¨bÚYLbËØ
Yji3ØàQ>T{ms_�Y�,{S�mLR�_\TWV
iUbwY�Qóms_�Tc_{dàTcQ�,LÍ T9m{aBTcbÚm\vLT`É

�&Ê
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T 6= 0

å5_BYWopRª_{vnS[Z\T�T.���LÍ�R qjR S>iÅYLb
QãYji>S[Z\TÓVJÉ±q`ÉlqWY�_\V O qfS[R aLR Sg-uÞ)Y�_\TÓq{ms_ìq{msÍ q O Í m{SUTÇSuZ\TÓSÑTcQ��cTcb3m{S O bwT
VLTc�`Tc_\VLTc_BqWT7Yji

σ
ms_\V<YcSuZ\Tcb�S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q�' O ms_{S.R S.R TfdtopR S[ZLR�_#S[ZBT*SuZ\T>ÔHÌ>å�èÓiÅYLb¨Q�mLÍ�R dWQ×m{d)R S

o5m{d�dWZ\YWo;_>R�_ N TWqfS.R Y�_ ��É¾Ý�É ]tdfRª_{v7S[ZBT*mL_\S.R qjR��Bm\SÑTWVh�`YWo�TcbËØàÍ m[o  
Ý�É¾�`ç	!PiÅYLb�S[ZBT5VJÉ±q`É\qWY�_BV O qfS[R aLR Sg-
R�_íSuZ\TÓS[Z\Tcb
Q>Y³Vc-s_BmsQ9R q�Í�R�Q9R S�ms_\V$m\d�d O Q9Rª_{vêmídWQ>Y³YcS[ZíVLTc_{dfR Sg-�Yjipd�SUm\SUTfdÇR SÇR d^�`Ycd�dfRª,LÍ T�SUY
VLTcbÅR aBT�T.���jbwTfd�dfR Y�_\d�igYsb�S[Z\TXSuZ\Tcb¨Q�Y�TcÍ TWqfS[b¨R qu' O ms_{S.R S.R Tfd9m{S�Í YWo mL_\V Z`R v&Z^SÑTcQ��cTcb3m{S O bwTfd�iUbwY�Q
�`TcbeS O b¨,Bm\S.R aBT�Q>TfSuZ\Y³V`d{n��"o�Éyz7R�Í�Í m\vLY�_{Û{mLÍ Y�TfSÏmLÍªÉAn��"o9ZBmWajT O dàTWVnS[ZBT�Ô}Ì;å�è1iÅYLb¨Q�mLÍ�R dWQ mL_BV
SuZ\TÇm{d�d O Qh�{S[R Y�_{dXQ�m\VLTÓmL,`YjaBT�SUYíq{mLÍ q O Í m\SUTXS[Z\TXSUTcQh�`TcbÚm\S O bwT�VLTc�`Tc_\VLTc_BqWT^Yji

σ
Þ
S
Þ
κ
ms_\V

L0
_ O Q>TcbÅR q{mLÍ�Í -XigYsb*mìb3mL_{vLT�Yji

T = 0, . . . , 120K
É�ÌpZ\Tu-^o­TcbwTÇmsÍ dàYFms,LÍ TÏSUY�dWZ\YWo S[ZBm\S�msÍ�Í

SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR qv' O ms_{S.R S.R Tfd�iÅY�Í�Í Y{oòdfRª_{v&Í TuØà�Bmjb3mLQ�TfSÑTcb�dàq{mLÍ�R�_{vÇÍ m[o*dWÞP, O S­-LR TcÍ V�Rª_{vÏms_ O _L�LZW-\dfR q{mLÍ
Vc-s_jmLQhR q{msÍtT.���`Y�_\Tc_{S�n±Ò&ÞjÊ`Êpo�É
��TcbwT^o�T^o;R�Í�ÍPv�R ajTÓmn,jbÅR Tui>d O QhQ�mjbË-íYjipSuZ\T�Q�mLR�_�bwTfd O Í S�dhYji
SuZ\TfdàT<T.���Bms_{dfR Y�_\d;mL_\V O dfR�_\vÏSuZ\T�d.msQ>TÏ_ O Q�TcbÅR q{msÍJQ�TfS[Z\Y³VÏo�T�opR�Í�Í`dWZ\YWo÷S[ZBT�VsTc�cTc_BVLTc_\qWThYji
SuZ\T#S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q*S[b3mL_{dW�`YsbeS*�jbwY��`TcbeS[R Tfd­Y�_>mwZ&[�gia��t\^[�]²�	�la(\�\�SUTcQh�`TcbÚm\S O bwT;�jmjbÚmLQ�TfSÑTcb
Þ`o;Z`R qcZ
msÍ�Í Y{o*d O d�SUY�qWY�Q��BmjbwT7SuZ\T�bwTfd O Í SÑd*Rª_\VLTc�`Tc_\VLTc_{SuÍ ->iÑbÚY�Q×S[Z\T O _`R SlYjiHTc_\Tcbwvc-fÉ�Ì;Z`R d)R d R�Q��`YLbeS�mL_\S
iÅYLb�S[bÚT{m{S[R�_{v>S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q5S[bÚms_{dW�`YLbwS�R�_pmsQ>YLb
�LZ\Y O d5msÍ�Í Y{-\dlms_\VXRª_ VsY��cTWV�dàTcQhR qWY�_\V O qfSÑYsbed­Y�_
ms_;T�' O msÍWiÅY�YcS[R�_{vJÉ îM_7SuZ\T)igYsb¨Q>TcbJq{m\dàT

t ≈ 1eV
Þ`o;Z\TcbÚT{m{d­iÅYLb&SuZ\T�Í m\S�SUTcbHQ�m\SÑTcb¨R msÍ d

t ≈ 1meV
É

�L�



�
��� TpA�� û÷6h8;: ���ÑýX� � 2h�6ì92>=B6v�øü<=j24�h4hì>698p���ÚAX8p�

ÙjYLb
T = 0

SuZ\T5VLTcbÅR ajm\S.R aBT5Yji�S[Z\T>ÙBTcb
Q9R.i O _\qfS[R Y�_
(−∂f/∂E)

,`TWqWY�Q�Tfd�m>û RªbÚmBquØ
VLTcÍ S�m*i O _BqfS.R Y�_
m\S

E = EF
ms_\VÏS[Z\T9rBRª_\TfS[R qpqWY³TuæXqjR Tc_{SÑd)mjbwTpdàY�Í TcÍ -�VLTfSÑTcb
Q9R�_BTWVÇ,[-�SuZ\TjRªbJajmsÍ O Tfd#m{S�SuZ\T9ÙjTcb¨QhR

Tc_\Tcbevc-WÉn]5�`Y�_��jmjbeS.R±mLÍ�R�_\SÑTfv&bÚm\S[R Y�_ÇSuZ\TíRª_{SÑTfv&b3mLÍ�R�_�ÎÐ' O m{S[R Y�_� 
��É¾��Ê%!<q{ms_�,`TXo;b¨R SÑSÑTc_FRª_^SuZ\T
vLTc_\TcbÚmsÍLiÅYLb
Q neÊ{äto

∞
∫

−∞

dE H(E) f(E,µ, T ) ,
 
ú�ÉËÊ%!

o;Z\TcbÚT
f
R d�SuZ\T�ÙBTcb¨QhRBi O _\qfS[R Y�_<ms_\V

H(E)
R dp_\Y�_WØ¨dfRª_{v O Í mjbHms_\V�_\YcS#bÚms�`R V&Í ->acmjbË-LR�_\vJÉ7ÙBYsblÍ YWo

SUTcQh�`TcbÚm\S O bÚTfd�S[Z\T<R�_{SUTfv&bÚmsÍ\opRªÍ�ÍL,`ThQ�mLR�_LÍ ->VLTfSUTcb¨Q9Rª_\TWVÇ,[-<S[Z\T7igYsb¨Q÷Yji
H(E)

_\T{mjbPSuZ\T9ÙjTcb¨Q9R
Tc_\Tcbevc-

EF
ms_\V

H(E)
q{ms_�,`T�bwTc�LÍ mBqWTWV
,.-nR S�dhÌ}m[-sÍ YLb7T.���Bms_{dfR Y�_Fms,`Y O S

E = EF
ÉòÙsbÚY�Q

SuZ`R d��jbwY³qWTWV O bwTcÞlo;Z`R qcZìR d�rj_BYWo;_ìm\d9S[ZBT N Y�QhQ�TcbËigTcÍ VìT.���Bms_{dfR Y�_�neÊ{äto�ÞlY�_\TÓq{mL_íY�,{S�m`Rª_^SuZ\T
üHbed�S;_\Y�_{Ø¨ÛfTcbÚYÇSUTcQh�`TcbÚm\S O bÚT�qWYsb¨bwTWqfS[R Y�_{d{É7îM_�YLbwVLTcb�SÑYXvLTfS�bwTfd O Í S�d>R�_BVLTc�`Tc_\VLTc_{SpYji­S[ZBT9m\qfS O msÍ
Tc_\Tcbevc- O _LR SuÞpT`É vJÉ Rª_\VLTc�`Tc_\VLTc_{SÓYji9S[Z\TòZ\Y��L�LR�_{v÷�BmjbÚmsQ>TfSUTcbÏR�_�S[Z\T�S[ZBT�á#_\VsTcbedàY�_ Q>Y³VLTcÍ
 
Ý�É¾�jÒ�![Þ&o�T9VLTuüH_\T�m�V�RªQ>Tc_{dfR Y�_LÍ Tfd�d#Tc_\Tcbevc-

ε
ms_\VÇSUTcQh�`TcbÚm\S O bwT

Θ
Þ&d O qcZ9SuZBm\S

E = εt
mL_\V

kBT = Θt ,
 
ú�É¾�	!

o;Z\TcbÚT
t
R d;SuZ\T O _`R SpYji)Tc_BTcbevc-fÉXîM_XSuZ\T^Q�TfSUmsÍ�Í�R qXbwTfv�RªQ>ThS[Z\T N Y�QhQ�TcbËiÅTcÍ V^T.�³�BmL_\dfR Y�_XiÅYLb#Í Y{o

SUTcQh�`TcbÚm\S O bÚTfdWÞ�RMÉ±T`É
Θ � |εc − εF|

Þ}Í T{m\VLd7SÑY

σ(εF,Θ) = σ(εF) +
π2

6
Θ2 d2σ(ε)

dε2

∣

∣

∣

∣

ε=εF

,
 
ú�É¾Ý	!

S(εF,Θ) = −kB

|e|
π2Θ

3σ(εF)

dσ(ε)

dε

∣

∣

∣

∣

ε=εF

,
 
ú�É Ò�!

κ(εF,Θ) =
π2kBΘt

3e2

{

σ(εF) − π2Θ2

3σ(εF)

[

dσ(ε)

dε

]2

ε=εF

}

,
 
ú�É±�&!

L0(εF,Θ) =
π2

3

{

1 − π2Θ2

3[σ(εF)]2

[

dσ(ε)

dε

]2

ε=εF

}

.
 
ú�É¾ú	!

á�VsV�R S[R Y�_BmsÍ�Í -uÞ�iUbwY�QýÎÐ' O m{S[R Y�_{di 
Ý�É¾�`ç	!7mL_BVD 
ú�É Ò�!#Y�_\T<q{ms_�VsTWV O qWT

S(εF,Θ) = −kB

|e|
νπ2Θ

3(εF − εc)
.

 
ú�É¾ä	!

�LÝ



ÌpZLR d�Í¾R�_BT{mjb}SÑTcQ��cTcb3m{S O bwT�VLTc�`Tc_\VLTc_BqWT9Yji
S
Rª_�SuZ\TXQ�TfSUmsÍ�Í�R q9bÚTfv�R�Q>ThR d�rc_\YWo>_Ïm\d�[J]&fCf%ª \«��¬"­�É

ï�_�SuZ\TFYcSuZ\TcbhZjmL_\V
m{S�Z`R v&Z�SUTcQh�`TcbÚm\S O bÚTfd�ms_\VòqcÍ YcdàTíSUYnS[Z\TòâÓî±Ì;Þ­S[ZBm\SÓR d |εc −
µ(T )| � Θ

ÞJY�_\T9q{ms_�T.�³�BmL_BV^SuZ\T�ÙjTcb¨Q9R�i O _BqfS.R Y�_sÉ�ÌpZ`R d üP_BmsÍ�Í -h-LR TcÍ V`d|n±Òsçto

σ(εF,Θ) =
σ0νΘν

|εc|ν
[

Iν − (ν − 1)Iν−1
εc − εF

Θ

]

,
 
ú�É¾ç	!

o;Z\TcbÚT
I1 = ln 2

Þ
Iν = (1 − 21−ν)Γ(ν)ζ(ν)

opR SuZ
Γ(ν)

mL_\V
ζ(ν)

SuZ\T O d O mLÍHè�msQhQ�mÇms_\V
ø�R TcQ�ms_L_9ÛWTfS�mhi O _BqfS.R Y�_{d{É7]tdfRª_{vXS[Z\T�d.msQ>TX�jbwY³qWTWV O bwT9igYsbtSuZ\T�S[ZBTcb¨Q>Y��`YWo�Tcb�Y�_BT<vLTfS�d

S(εF,Θ) = −kB

|e|

[

ν + 1

ν

Iν+1

Iν
+

εc − εF

Θ

]

.
 
ú�É¾é	!

ÌpZ O d<S[ZBT�S[ZBTcb¨Q>Y��`YWo�Tcb m\S�S[Z\Tìâ�î±Ì R dX,Bm{dfR q{mLÍ�Í -Óm�qWY�_{d�S�mL_\S[Þ}o>Z\YcdàTXajmsÍ O TFR d�ü&�cTWV$,[-�SuZ\T
qcbÅR S.R q{mLÍLT.���`Y�_\Tc_\SuÉ

ÌpZ\TíZ`R v&Z�SÑTcQ��`TcbÚm{S O bwTÏT.���Bms_{dfR Y�_{d�igYsb
κ
mL_BV

L0
TuaBTc_{S O msÍ�Í -ìÍ T{mBVíSÑY�SuZ\T�igY�Í�Í YWo;R�_{v

T.���jbwTfd�dfR Y�_\dWÞ

κ(εF,Θ) =
kBσ0t

e2

Θν+1

|εc|ν
{

(ν + 2)

[

Iν+2 − (ν + 1)Iν+1
εc − εF

Θ

]

− (ν + 1)2

ν

[

Iν+1 − νIν+1
εc−εF

Θ

]2

Iν − (ν − 1)Iν−1

εc − εF

Θ

}

,
 
ú�ÉËÊ{�	!

L0(εF,Θ) =
ν + 2

ν

Iν+2 − (ν + 1)Iν+1
εc−εF

Θ

Iν − (ν − 1)Iν−1
εc−εF

Θ

−
[

ν + 1

ν

Iν+1 − νIν
εc−εF

Θ

Iν − (ν − 1)Iν−1
εc−εF

Θ

]2

.

 
ú�ÉËÊ`Ê%!
átSXSuZ\T â�î±Ì SuZ\TêZLR v&Z�SUTcQh�`TcbÚm\S O bwTFT.���Bms_{dfR Y�_{dÇiÅYLb

σ, S, κ
ms_\V

L0
qWYsb¨bwTfdW�`Y�_\VòSÑYêT.�`m\qfS

q{msÍ q O Í m{S[R Y�_{d ü��sR�_\v
µ(Θ) = εc

m{S)üH_`R SUT
Θ
mL_BVÇSuZ\Tc_hS�mLrjRª_{v�S[ZBTXÍ¾R�QhR S

Θ → 0
n±Ò�o�É

�
�`� ¡ üw� 2>=s�g��6<0Ç?n6<0g�vü<0Ú6��}�ÚAX8p�

îM_ N TWqfS.R Y�_��&É¾Ý�É¾Ý$R S�o5m{dÏdWZ\YWo>_�SuZBm\S<S[ZBT�_ O Q>TcbÅR q{mLÍlbwTfd O Í S�d<iÅYLb SuZ\T^qWY�_\V O qfS.R aLR Sg-ê_\T{mjb#SuZ\T
â�î±Ì mjbÚTÓqWY�_{dfR d�SÑTc_\S�opR SuZÓSuZ\T��`YWo�TcbËØàÍ m[o iÅYLb¨Qãv�R aBTc_n,.- ÎÐ' O m\S[R Y�_y 
Ý�É¾�`ç	!fÉFknT�ZjmWaBTFmsÍ dàY

�cÒ



dàTWTc_^SuZBm\S>SuZ\TFû*ï N T.��Z`R�,LR SÑdhmÇdWQ�Y�YcSuZÇVLTc�`Tc_\VLTc_\qWT�Y�_ÇSuZ\TÇTc_\Tcbwvc-fÉ�ÙBYsb*SuZ\TF� O bÚTí�cY{o­TcbeØ
Í m[oþq{m\dàT|z7RªÍ�Í m\vLY�_{Û{msÍ YÇTfS;msÍ�É�n¾�"o7ZBmWajT O dàTWV^SuZ\T^ÔHÌ>å�èòigYsb¨Q�msÍ¾R dWQ SUYì_ O Q>TcbÅR q{mLÍ�Í -�qWY�Qh� O SUT
SuZ\ThrjRª_\TfS.R q;qWY³TuæXqjR Tc_{SÑd ms_\VXS[Z O d)SuZ\T>S[ZBTcb¨Q>Y³TcÍ TWqfSubÅR q9�BbwY��`TcbeS[R Tfd*igYsbHS[Z\T;o;Z\Y�Í T�SÑTcQ��cTcb3m{S O bwT
bÚms_{vLT`É Ì;Z\Tu-FiÅY O _\VêvLY³Y�Vêm\v&bwTWTcQ>Tc_\S�Yji;SuZ\T�_ O Q�TcbÅR q{msÍtVsm\SUm�mL_\V$S[Z\TíT.���jmL_{dfR Y�_{d�R�_FSuZ\T
bwTfdW�`TWqfS[R aBT^Í YWoóms_\VnZ`R v&Z�SÑTcQ��`TcbÚm{S O bwT^bwTfv�R�Q�Tfd{É�Ù�bwY�Q Ù�R vJÉ��&ÉËÊ`ÊXY�_\TXT.���`TWqfSÑdh' O mLÍ�R S�m{S[R ajTcÍ -
SuZ\T9d.msQ>T�,`TcZBm{aLR Y O b O dfR�_{v^S[Z\T�qWY�_\V O qfS[R asR Sg-ÇY�,{S�m`Rª_\TWVÇiUbwY�Q S[ZBThqWY�_\V O qfSUms_\qWTXq{mLÍ q O Í m\S[R Y�_{d{É
ÌpZBTcbwT>mjbwT>Sgo�YÏqWY�Q��LÍ¾R q{m{S[R Y�_\dWÞ`üPbwd�S[Þ³S[ZBT;qWY�_\V O qfSUms_\qWT�dWZ\Y{o*d>Í mjbevLTv� O qfS O m\S.R Y�_{d qcÍ YcdàTpSUY9SuZ\T
â�î±ÌpÞso;Z`R qcZ�Q�mLr[TfdpR S5V&R æ�q O Í S5SUYhTuacmLÍ O m{SUT�S[ZBT9Rª_{SÑTfv&b3mLÍ³R�_XÎÐ' O m\S.R Y�_
 
��É¾��Ê%!fÉ­á#_\VXdàTWqWY�_\V&ÞPR i
SuZ\T�_ O Q>Tcb¨R q{msÍtbwTfd O Í S�d<mjbwT�R�_\SÑTcb¨�`Y�Í m{SUTWV O dfR�_{v�iÅYLb*T.�`mLQ��LÍ TXq O ,`R qXdW�LÍ¾Rª_\TfdWÞHS[ZBTXSÑTcQ��cTcb3m{S O bwT
,`TcZBm{aLR Y O blYjilSuZ\T�SuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR qh�jbwY��`TcbeS[R Tfd�Rª_9S[ZBTXÍ¾R�QhR S

T → 0
o;R�Í�Í°_\YcS>,`T9VsTfSÑTcb¨QhR�_\TWVì,.-

SuZ\T�qcbÅR S[R q{msÍ&T.���`Y�_\Tc_{S
ν
, O SÏ,.-�S[ZBTÏYsbwVLTcb*Yji#SuZ\TÓR�_{SUTcb¨�`Y�Í m\S.R Y�_í�cY�Í -s_\Y�QhR msÍ�ÞtT`É vJÉ

ν ≈ 3
R�_

q{m\dàT<Yji�mÏq O ,`R q�dW�LÍ¾Rª_\T`É
ÌpZ\T�üHbed�SF�BbÚY�,LÍ TcQ QhR v&Z{SF,`T�YjaBTcbwqWY�Q>T
,[- q{mLÍ q O Í m\S[R�_{v÷Q>YsbwT�d.msQh�sÍ TfdWÞ#o;Z`R qcZ R dWÞ

Z\Y{o­TuaBTcb
Þ­qWY�Q�� O S�m{S[R Y�_jmLÍ�Í -^T.���`Tc_{dfR aBT^ms_\VìSuZ\TcbwTuiÅYLbwT�Y O S�Yji#S[ZBTXdàqWY��cT�Yji#SuZ`R d�o�YLb¨r`ÉíÔ}Y�_WØ
dàT�' O Tc_\S[Í -uÞlo�T�bwTfd�SubÅR qfS�Y O b#V�R dàq O d�dfR Y�_^YjipSuZ\TìR�_�� O Tc_\qWT�YjipVLTuaLR m\S[R Y�_{d<iUbwY�Q�S[ZBTì�`YWo�TcbËØàÍ m[o
,`TcZBm{aLR Y O blSUYXS[Z\TÇZ`R v&ZWØ¨SUTcQh�`TcbÚm\S O bwT�bwTfv�RªQ>T`ÉpîM_�S[ZLR dpq{m\dàT�o­T�q{mL_ O dàT<SuZ\T9Y�,{S�mLR�_\TWV��cY{o­TcbeØ
Í m[oP ¨quiUÉ­�&É¾Ý�É¾Ý	!*iÅYLbtTc_\Tcbev�R Tfd7qcÍ YcdàT�SÑY�SuZ\TÇâ�î±Ì¶ 

E/t ≤ −7.8
!uÉ ï#SuZ\TcbËopR dàTpo�TÏR�_{SUTcb¨�`Y�Í m\SUT

σ
Y�,{S�m`Rª_\TWV�iUbwY�QþSuZ\TX_ O Q>TcbÅR q{mLÍ³Vsm{S�m O dfR�_{v^mÓ�`Y�Í -�_\Y�Q9R±mLÍsYji�YLbÚVLTcb

3
É

¢=�?����� DìEPGt|.¤ê~­G ¡ G��³z`|.KË�ÁÉ�|U~ ç G}|ÑzcKªG°I
ÀhGJy}|hz`EHG æ �£¢�G}|UIB~5�óx£VeD æ IjI&¦�¤
KÚ�£é y
É)~9¹ÏG}|e¼ ¡ y<¹ ¾}~�|.¤ ��~�|

σ(E)

átStüPbed�Sto­T#q{msÍ q O Í m{SUT*SuZ\T SUTcQh�`TcbÚm\S O bÚTp,`TcZBm{aLR Y O bJYjiPS[ZBT*SuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR q7�jbwY��`TcbeS.R Tfd­m\d�d O QhR�_{v
m�� O bÚT��`YWo�TcbËØàÍ m[o igYsb¨Q�igYsb)SuZ\T^V°É±q`É�qWY�_\V O qfS.R aLR Sg-WÉFknT O dàT

W = 12 t
ms_\V�S[Z\T^iÅY�Í�Í Y{opR�_\v

ajmsÍ O Tfd#iÅYLb�S[Z\ThqcbÅR S[R q{msÍLT.���`Y�_\Tc_{Spms_\VÇSuZ\T�Q�Y�,`R�Í�R Sg-9TWV`vLTcÞ

ν = 1.6
mL_\V

Ec = −7.8 t .

�`�



¿pÀ §�º���µ`¬°¯�Æt¡� .§�·s f��¬°¯

îM_9YLbÚVLTcb}SÑYÏTuajmsÍ O m\SUT>SuZ\ThR�_{SUTfv&bÚmsÍ�R�_�ÎÐ' O m\S.R Y�_
 
��É¾��Ê%!*S[Z\T�T.���sÍ¾R qjR S�SÑTcQ��`TcbÚm{S O bwT�VLTc�`Tc_\VLTc_BqWT
Yji�SuZ\T7qcZ\TcQhR q{msÍ`�`YcSÑTc_{S[R msÍ

µ
R d _\TWTWVLTWVJÉ7î Slq{mL_h,cT7VsTfSÑTcb¨QhR�_\TWV�dàTcÍ iÚØ
qWY�_\dfR d�SUTc_{S[Í -)iUbwY�Q×SuZ\T iÅY�Í Ø

Í Y{opR�_\vXqWY�_\dfR VLTcbÚm\S[R Y�_{d{É­ÌpZBT�_ O Qh,`TcbtVLTc_{dfR Sg-<igYsb­_\Y�_WØ�R�_\SÑTcbÚmBqfS[R�_{vXdU-\d�SUTcQþq{mL_�,`T�q{msÍ q O Í m{SUTWV
iUbwY�QþSuZ\T<VLTc_{dfR Sg-ÏYji­d�SUm\SÑTfd

ρ(E)
O dfR�_\v

n(µ,Θ) =

∞
∫

−∞

ρ(ε) f(ε, µ,Θ) t dε .
 
ú�ÉËÊ{�	!

ÌpZLR dpmLÍ�Í Y{o*d O d7SUY�qWY�Qh� O SUT
n(εF)

iÅYLb
µ(Θ = 0) = εF

aLR±m

n(εF) =

εF
∫

−∞

ρ(ε) t dε .
 
ú�ÉËÊ{Ý	!

N R�_BqWT;SuZ\T�_ O Qh,`TcbHVLTc_{dfR Sg-9dWZ\Y O Í V�,`TpSuZ\T>d.mLQ�T7iÅYLbtms_W-
Θ
Þ�SuZ\T;SÑTcQ��cTcb3m{S O bwT>VLTc�`Tc_\VLTc_\qWT<Yji

µ
q{mL_Ó,`T<Y�,{SUmLR�_BTWV�iUbwY�QþSuZ\T<qWY�_\V�R S.R Y�_ |n(εF, 0) − n(µ,Θ)| = 0

É
ÙBYsblSuZ\T�q{mLÍ q O Í m\S.R Y�_{d<Rª_hSuZ`R dpdàTWqfS[R Y�_�S[ZBThVLTc_{dfR Sg-XYji5d�S�m\SÑTfd

ρ(ε)
o5m{d�Y�,{S�m`Rª_\TWV^iÑbwY�Q

V�R±m{vLY�_BmsÍ¾R dfR�_{v�S[ZBTÓá#_\VsTcbedàY�_}�lmsQ9RªÍ SUY�_`R ms_� 
Ý�É¾�jÒ�!<iÅYLbpmìÝ�û q O ,`R qÓdU-\d�SUTcQ�Yji>dfR ÛWT
L = 21 ¨qui�É N TWqfS[R Y�_ì�&É¾Ý�ÉËÊ%!uÉ×Ì;Z\TFY�,{S�m`Rª_\TWV�û*ï N o�m\dÇSuZ\Tc_ìdWQ>Y³YcSuZ\TWV ,.-�ü³SÑS[R�_{vnSuZ\TFVsm\SUm�SÑY$m

õ}TfÛjR TcbËØ¨dW�sÍ¾R�_BT`É5ÌpZ\TÇbwTfd O Í S[R�_\vÏSUTcQh�`TcbÚm\S O bwTX,`TcZBm{aLR Y O b­Yji
µ
R d7dWZ\YWo>_^Rª_ÓÙ�R vJÉ)ú�ÉËÊ�iÅYLbtdàTuajTcbÚmLÍ

ÙjTcb¨Q9R�Tc_BTcbev�R Tfd{É�Ì;Z\T�SÑTcQ��cTcb3m{S O bwTÏ,`TcZBm{aLR Y O b5R d dfR�Q9RªÍ mjb�igYsb­R�_{d O Í m\S.Rª_{v&Þ&qcbÅR S[R q{msÍLmL_\VìQ>TfS�mLÍ�Í¾R q
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«­§�ºFÁJ§�¦¨¬� W¥J¦¨§�»>§�ÁJ§�·�¹J§&·�µ`§í¡�¢7« À §�¦Uº^¡P§�¯¾§Lµc W¦���µFÆ)¦Å¡PÁJ§�¦Å u��§L�

å5_BYWopRª_{v9SuZ\T#T.���LÍ¾R qjR StSUTcQh�`TcbÚm\S O bwT VLTc�`Tc_\VLTc_\qWT>Yji
µ
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SuZ\TÇT.���Bms_{dfR Y�_{dÏmjbwTìR�_ÓvLY�Y³V�m\v&bwTWTcQ>Tc_\S>o;R SuZ^SuZ\TF_ O Q�TcbÅR q{msÍ�q{msÍ q O Í m\S.R Y�_{d�igYsb
EF

qcÍ YcdàTXSUY
�Lú



A A A A
A

A
A

A
A

A
A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

0.002 0.004 0.006 0.008 0.01 0.012 0.014
kB T/t

0

0.1

0.2

0.3

0.4

0.5

0.6

(E
F - 

µ)
/t 

 1
0-3

-0.01
-0.05
-0.001
0.0
0.001
0.01
0.01A

Ù�R v O bwT�ú�ÉËÊ`ô�ÌpZ\TFSUTcQh�`TcbÚm\S O bwTFVLTc�`Tc_\VLTc_BqWT�Yji�SuZ\TìqcZ\TcQhR q{msÍ*�`YcSÑTc_\S.R±mLÍ�igYsb;dàTuaBTcbÚmsÍ)ÙjTcb¨QhR
Tc_\Tcbev�R Tfd{É�ÌpZ\T<V&R d�S�mL_\qWT�iUbwY�QóS[Z\TXQ�Y�,`R�Í�R Sg-9TWV`vLT

EF − Ec
R d#v�R ajTc_�R�_9SuZ\TXÍ TfvLTc_\VJÉ

Ec
É�Ì;Z\TÏT.���LÍ¾R qjR S#SUTcQh�`TcbÚm\S O bÚT^,`TcZBm{aLR Y O b­igYsb�msÍ�Í�SuZ\Tcb¨Q�Y�TcÍ TWqfS[bÅR qX�BbÚY��cTcbwS.R TfdhR d>V�R dàq O d�dàTWVìRª_

VLTfS�m`RªÍ&R�_Óø�Tui�É»n±Òsçto�É
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K�z
ÌpZBT�VsTuaLR m\S.R Y�_9Yji

σ
iÑbÚY�Q1S[Z\TX�`Y{o­TcbËØàÍ m[o@iÅYLb¨Q�iÅYLbtTc_BTcbev�R Tfd opR S[Z

EF −Ec > 0.3 t
VLY³Tfd�_\YcS

dfR v&_LR ü&q{mL_{SuÍ -FRª_�� O Tc_\qWTXSuZ\T�Z`R v&ZÇSUTcQh�`TcbÚm\S O bwTÓ,cTcZjmWaLR Y O b*Yji S[Z\TXSuZ\Tcb¨Q�Y�TcÍ TWqfS[b¨R qÇ�jbwY��`TcbeS[R Tfd{É
ÌpZLR dÓR d�VsTcQ>Y�_{d�SubÚm\SÑTWV
Rª_$Ù�R vJÉ­ú�É¾ú�ÉêknTÓdWZBYWoýSuZ\T�bwTfd O Í S�dhigYsb SuZ\T�SuZ\Tcb¨Q>Y��`Y{o­TcbpSUYcvLTfSuZ\Tcb
opR S[Z<SuZ\TXÍ Y{o5Ø)ms_\VìZ`R v&ZWØ¨SUTcQh�`TcbÚm\S O bÚT�T.�³�BmL_\dfR Y�_{dw 
ú�É Ò�!#ms_\Vâ 
ú�É¾é	![Þ}bwTfdW�`TWqfS.R aBTcÍ -WÉ7û�TuaLR m\S[R Y�_{d
iUbwY�QãS[Z\T�� O bÚT��`YWo�TcbËØàÍ m[o bwTfd O Í Shm\qWq O Q O Í m\SUT�ms,`YjaBT

kBT/t ≈ 0.5
ÉnátS9SuZ`R d�SÑTcQ��`TcbÚm{S O bwT

SuZ\T�R�_{SUTfv&bÚms_\V R�_êÎÐ' O m\S[R Y�_� 
��É¾��Ê%!ÓZBm\dÇmLÍ�bwT{mBVc-�mFdfR v&_`R ü&q{ms_{ShqWY�_{SubÅR�, O S.R Y�_íiÑbÚY�Q S[Z\T�� O bwT
_ O Q�TcbÅR q{msÍHVsm{S�m�É$Ü�TuajTcbeS[ZBTcÍ Tfd�dWÞlS[Z\TÓVLTuaLR±m{S[R Y�_{d�Yji

S
iUbwY�QýSuZ\T^T.�³�BmL_\dfR Y�_{d�mjbwTÇdWQ�mLÍ�Í�TuaBTc_

iÅYLb#Z`R v&ZBTcb�SUTcQh�`TcbÚm\S O bwTfd{É;Ì;Z`R d<Rª_\V�R q{m{SUTfd�m�qWTcbwSUmLR�_�bwY�, O d�Su_\Tfd�d�Yji5S[ZBT^bwTfd O Í SÑd O dfR�_\v�mí� O bwT
�`YWo�TcbËØàÍ m[o�É
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SUTcQh�`TcbÚm\S O bÚTìT.���Bms_{dfR Y�_  
ú�É¾ç	!WÉþÌpZ\T�Vsm\dWZ\TWV�Í¾Rª_\TfdFR�_BV�R q{m\SÑT
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SuZ\T�Q>Y�,`RªÍ¾R Sg-ÇTWV`vLT
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R d>v�R aBTc_FRª_�S[Z\T�Í TfvLTc_\VJÉ�Ù O Í�ÍtÍ¾Rª_\Tfd<mjbwTXY�,{SUmLR�_BTWVíiÑbÚY�QýmìZ`R v&ZWØ

SUTcQh�`TcbÚm\S O bÚTìT.���Bms_{dfR Y�_  
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R d>v�R aBTc_FRª_�S[Z\T�Í TfvLTc_\VJÉ�Ù O Í�ÍtÍ¾Rª_\Tfd<mjbwTXY�,{SUmLR�_BTWVíiÑbÚY�QýmìZ`R v&ZWØ
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S
O dfR�_{vÇSuZ\T N Y�Q�Q>TcbËiÅTcÍ V^T.���Bms_{dfR Y�_{ 
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R d<Í mjbevLTcb�SuZBms_hSuZ\T<dU-\d�SUTcQ dfR ÛfT
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o�T>dWZBYWo Z\Y{oþR�_BTcÍ m\d�S.R q7dàq{m{SÑSUTcbÅR�_{vXq{ms_�,cT�Rª_{S[bÚY�V O qWTWV�SUY�S[Z\TXÖ`ms_\Vsm O TcbËØ.õ­ö{SÑS.Rªr.TcbHiÅYLb¨Q�mLÍ�R dWQhÞ
o;Z`R qcZímsÍ�Í YWo*dhSÑY�d�S O V`-�R�_BqWY�Z\TcbwTc_{S<SubÚms_{dW�`YLbeSfÉÓk�TÓmsÍ dàYêR�_WaBTfd�S[R vsm\SUTíR i#S[ZBTÇd.msQ>T^ms�L�jbwYLm\qcZ
q{ms_�,`T O dàTWV�SÑY O _\VLTcbwd�SUms_\V�R i5SuZ\T^�BmjbÚmsQ>TfSUTcb

γ
Rª_�SuZ\T�å O ,`Y^igYsb¨Q�msÍ¾R dWQóq{ms_�,`TÓbwTcÍ m\SUTWV^SUY
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áþqWY�Q��LÍ TfSUTìQhR qcbwYcdàqWY��`R q�VLTfdàqcbÅRª�{S.R Y�_ÓYji�R�_BTcÍ m\d�S.R qXdàq{m{SÑSÑTcb¨R�_{vnR d�R�_ÓvLTc_\TcbÚmsÍHqWY�Q��LÍ¾R q{m{SUTWVìSUY
Y�,{S�m`Rª_LÞl,cTWq{m O dàTÏdàq{m\S�SUTcbÅR�_\vì�BbÚY�qWTfd�dàTfd�Í¾R�r[ThTcÍ TWqfSubwY�_WØ
TcÍ TWqfS[bÚY�_Xms_\VFTcÍ TWqfSubwY�_WØà�sZ\Y�_\Y�_íR�_\SÑTcbÚmBquØ
S[R Y�_{d>ZBmWajT>SUYÓ,cT�qWY�_{dfR VLTcbwTWV�T.���LÍ�R qjR S[Í -fÉláòV&R Ð}TcbwTc_{S)ms_\VíbÚm\S[ZBTcbPvLTc_BTcbÚmLÍLVsTfdàqcbÅR��{S[R Y�_�R d>,Bm\dàTWV
Y�_�qWY O �LÍ�R�_{v�S[ZBT9dU-\d�SUTcQóSUYím�bwTfdàTcbËaBY³Rªb�opR S[ZXYcSuZ\TcblVsTfv&bwTWTfd�Yji�iUbwTWTWVLY�Q n��`étoÑÉ�î i*Y�_\T�SuZ`R�_Lrfd
Yji)SuZ\TXdU-\d�SUTcQým\dÏ,`TjRª_{vìqWY O �LÍ TWVFSÑY�SuZ\TíbwTfdàTcbËajY³R�b­S[ZsbwY O v&Z^dàY�Q�T�Í T{mBV`dWÞ}S[ZBTc_ÇS[ZBT�qWY O �LÍ¾Rª_{v
q{ms_Ó,`ThqcZjmjbÚm\qfSUTcbÅR dàTWV�,[-�mÏdàTcÍ iÚØ
Tc_BTcbevc-

Σ+  ¨quiUÉ N TWqfS[R Y�_hÒJÉ¾Ý	![Þ�o;Z`R qcZ^R d�R�_�vLTc_\TcbÚmsÍP_BYcS<Z\TcbËØ
Q9R S.R±mL_Jn��`çto�É7ÌpZBThTjR vLTc_{ajmLÍ O Tfd>Yji�SuZ\ThTuÐ}TWqfS[R aBTq�­msQ9R�Í SÑY�_LR ms_ Heff = H + Σ+ mjbwThS[ZBTcbwTuigYsbwT
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qWY�Qh�sÍ T.��Þ
ε′α = εα −4α − (ı

γα

2
) .

 
ä�ÉËÊ%!
�lTcbwT

εα
R d}SuZ\T5TjR vLTc_WajmsÍ O T)Yji�SuZ\T��­msQ9R�Í SÑY�_LR ms_ H Þ 4α

ms_\V
γα
mjbÚT#R�_\V O qWTWVÏ,.-#S[ZBT5dàTcÍ i3Ø
Tc_\Tcbevc-WÉ

ÌpZBT�S.RªQ>T�VLTc�`Tc_\VLTc_\qWT�YjilSuZ\T9TjR vLTc_{d�S�m{SUT<m{d�dàY³qjR m\SÑTWV�opR SuZ
εα

R d SuZ\Tc_�v�R aBTc_Ó,.-

Ψα ∝ exp [−ı(εα −4α)t/~] exp [−γαt/~] .
 
ä�É¾�	!

ÌpZBTÏm{aBTcbÚm\vLThS[R�Q�T
 ¨YLb#Í�R iÅTfS.RªQ>T%!#ms_XTcÍ TWqfS[bÚY�_ÓbwTcQ�m`Rª_{d9Rª_�SuZ\T�d�SUm\SUT
Ψα

R d;qWY�_L_\TWqfSUTWVFSUYÇSuZ\T
R�Q�m{v�Rª_BmjbË-9�BmjbwS�Yji�SuZ\T#TjR vLTc_BTc_\Tcbevc-
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Þco;Z`R qcZ9R�_7S O b¨_�R d<B O d�StSuZ\T�bÚm\SÑT7m\Sto;Z`R qcZ;TcÍ TWqfSubwY�_{d­q{ms_

Tfdàq{ms�cT;iUbwY�Q SuZ\T>dU-\d�SUTcQ n��`çto�É7îM_�S[Z`R d5dàTc_{dàT>S[ZBT;qWY O �LÍ�R�_{vXYji�SuZ\T>dU-\d�SÑTcQ÷SUY�ms_9Tc_WaLR�bÚY�_LQ>Tc_{S
Í T{mBV`d<SUYFV�R d�dfRª�Bm\S.R Y�_LÞ�, O SX_\YcS[R qWTXSuZBm\S>SuZ\Tí_Bm\S O bwTÇYji#S[Z\T�V&R d�dfR��jm{S[R Y�_FQ�TWqcZBmL_LR dWQ VsY�Tfd�_\YcS
Tc_{SUTcbsSuZ\TfdàT5vLTc_BTcbÚmLÍfqWY�_{dfR VLTcbÚm\S.R Y�_{d�m\S}msÍ�Í�Þ\dàY7SuZ`R d�ZBm{d�SÑY9,cT7R�_\qcÍ O VLTWV>dàTc�BmjbÚm\SÑTcÍ -uÞ`T`É vJÉ{SuZLbwY O v&Z
m^�BbwY��`Tcb)Q>Y³VLTcÍ�Í�R�_{v�Yji�SuZ\T�bÚTfdàTcbËaBY³R�bwd{É

§ �`� � 8;�5AÏ�;2;=j2>8v� � =j698p��ì9A�=%� ��8 ��� ? �p6<�Ñ8p�

N S�mjbeS.Rª_{v�opR S[Z�S[ZBT<dàTfS O �hv�R ajTc_Ó,[-íÖ`ms_\Vsm O Tcb¨Þ­õ­ö{SÑS.Rªr.Tcb�neÊfÒ�oligY O _\V^SuZBm\SpmL_W-ÇmBVLV�R S[R Y�_jmLÍPÍ T{mBV
qWY O �LÍ TWVFSUYÓSuZ\TÏd.msQh�LÍ TXms_\VìqWY�_s_\TWqfSÑTWV�SÑYFms_ÇTcÍ TWqfSubwY�_FbwTfdàTcbËajY³R�b�q{mL_ÓVLTfdàqcbÅR�,`T�ms_FR�_\TcÍ m{d�S[R q
dàq{m\S�SUTcbwTcb
É�îM_$Z`R dí�BbwY��`Ycd.msÍ�SuZ\TFTcÍ TWqfSubwY�_êbwTfdàTcbeaBY³R�b#opRªÍ�Í�ms,{dàYLb
,�ms_W- Rª_eBÑTWqfSÑTWV$TcÍ TWqfS[bÚY�_�mL_BV
R�Q�Q>TWV�R±m{SUTcÍ -;TcQhR S�ms�	at­ìTcÍ TWqfS[bÚY�_popR S[Z>mÏb3mL_\VsY�Qó�LZjm{dàT`É�Ì;Z`R d7�jbwY³qWTfd�d�-LR TcÍ V`d*m;o­TcÍ�ÍjVsTuüP_\TWV
�LZBm\dàTuØàbwTcÍ m^�cm\S[R Y�_^Í Tc_{v`SuZsÉ

¨ �?����� ¸ y��»¢�y�¦HG}|e¼©�«ªPzWzcKÑÆsGt|
¾t~�|p¤êy ¡ KªI�¤
û#ù¾á#Q�m\SUYpmL_\V�ßJm{d�S�m[o*dWrjR"nwÊW�"o°R�_BqWYLb¨�`YLb3m{SUTWV<Rª_\TcÍ m\d�S.R q�dàq{m\SÑSÑTcbÅRª_{v�R�_\SÑY SuZ\TpÖ`mL_BVsm O TcbLiÅYLb¨Q�mLÍ�R dWQ
O dfRª_{vFS[ZBTF�BbÚY��cYcd.msÍ�Yji9õ­ö{SÑS[R�r.Tcb
ÉFîM_ÓS[ZBTjR�b7Q>Y³VLTcÍ�Þ}o;Z`R qcZìR d<dWZBYWo;_�R�_�Ù&R vJÉtä�ÉËÊcÞlS[Z\Tu-�qcZ\YcdàT
SuZ\T�Y�_{Ø¨dfR SUThTc_\Tcbev�R Tfd

El
Rª_�SuZ\TXm\VsV�R S[R Y�_BmsÍHÍ T{mBV`d�SÑYÓqWY³R�_\qjR VLT9o;R SuZÏSuZ\TÓÙBTcb¨QhR°Tc_\Tcbevc-ÇYji*SuZ\T

dU-\d�SUTcQóms_\V^SuZ\TXZ\Y��s�`R�_{v��BmjbÚmsQ>TfSUTcb}iÅYLb5Z\Y��s�`R�_{v^iÑbÚY�QþS[ZBT<dfR SUTfd;Rª_{SUYXS[Z\TÇÍ T{mBV`d7SÑYí,`T
γ
É;îM_

SuZ`R d#q{m{dàT<m\S�S�mBqcZ`R�_{vXSuZ\TÏÍ T{mBV`d�R d#T�' O R ajmLÍ Tc_{S*SUY�m\VsV�R�_{v^ms_�RªQ�m\v�R�_BmjbË-��`YcSUTc_{S.R±mLÍ −ıγ
SUYXT{m\qcZ

Y�_WØ¨dfR SÑT9Tc_BTcbevc-cnwÊW�"o�É#á�VLV�R S.R Y�_BmsÍ�Í -fÞPmÏqWY�_\V&R S[R Y�_XYji�q O b¨bwTc_{S7qWY�_{dàTcbËacm{S[R Y�_�ZBm\dpSÑYì,cThd.m{S[R dUü&TWV
ú`�



R�_FYsbwVLTcb7SUY�v O mjb3mL_{SUTWTíSuZBm{SÓ_\YnT.�BSubÚmFTcÍ TWqfSubwY�_{d�mjbwTíVLTfd�SubwYW-WTWV$YsbpqcbwT{m{SUTWV
R�_íSuZ\T�TcÍ TWqfSubwY�_
bwTfdàTcbËajY³R�bed
neÊfÒ&Þ{ÊW�"o�É�á#_ìR�_\TcÍ m{d�S[R q�dàq{m{SÑSUTcbÅR�_{víS[R�Q�T

τin
q{ms_^SuZ\Tc_ì,`TíbwTcÍ m{SUTWVFSUY�S[Z\T�µuTfdàq{mL�`T

bÚm\SÑT&µ
γ
d O qcZ9SuZBm{S

τin = ~/(2γ)
neÊW��ÞÑ�`çto�É;ÙjY�Í�Í YWopRª_{v�øPTuiUÉ»neÊW�"o�S[Z\T<q O b¨bwTc_{S

Ii
SuZLbwY O v&ZÓÍ T{mBV

Ù�R v O bwT9ä�ÉËÊ`ôpîMÍ�Í O d�SubÚm\S.R Y�_�Yji­SuZ\TXQ>Y³VLTcÍJ�jbwY��`YcdàTWVì,[-íû#ù¾á#Q�m{SUY�TfS msÍ�É»nwÊW�"o�É

i
R d7v�R aBTc_�Rª_9SÑTcb
Q;d7YjilSuZ\TË �Í Y�q{msÍ !)qcZ\TcQhR q{msÍ°�`YcSÑTc_\S.R±mLÍ d

µi
ms_\VÇSuZ\T<SubÚms_{dWQ9R d�dfR Y�_X�BbÚY�,BmL,LR�Í¾R Sg-

Ti j
iUbwY�Q Í T{m\V

j
SÑY

i
Þ

Ii =

N+1
∑

j=0

(µj − µi)Ti j .
 
ä�É¾Ý	!

î i5SuZ\TcbwT�R d9_\Y�_\TfSpq O b¨bÚTc_{Sv�&YWopRª_{vím\S;T{mBqcZíÍ T{mBV^SUYÇSuZ\TÓbwTfdàTcbËaBY³RªbedpSuZ\Thq O b
bwTc_{SpSuZLbwY O v&ZXSuZ\T
d.msQh�LÍ ThR d#v�R aBTc_Ó,.-

IR =

N+1
∑

j=0

(µj − µR)TR j = (µL − µR)TR L +

N
∑

j=1

(µj − µR)TR j .
 
ä�É Ò�!

ÌpZBT�qcZ\TcQ9R q{mLÍ��cYcSUTc_{S[R msÍ d
µi
mjbwTXü��jTWV$,[-�SuZ\T�qWY�_\V&R S[R Y�_ÓYji�_\Yê_BTfS�q O b
bwTc_{SuÞto;Z`R qcZÓq{ms_�,`T

VLTcbÅR aBTWV�iUbwY�QýÎÐ' O m{S[R Y�_J 
ä�É¾Ý	!hneÊW�"o
Þ

(1−Ri i)(µi −µR)−
N

∑

j=1
(j 6=i)

(µj −µi)Ti j − (µL −µR)Ti L = 0 ∀i = 1, 2, . . . , N .
 
ä�É±�&!

ú`Ý



ÌpZBTXbwTp��TWqfS[R Y�_�qWY�Tuæ�qjR Tc_{SÑd
Ri i

mjbwT<v�R ajTc_^,[-Ïq O b¨bÚTc_{S qWY�_\dàTcbËajm\S.R Y�_LÞ

Ri i = 1 −
N+1
∑

j=0
(j 6=i)

Tj i .
 
ä�É¾ú	!

ÌpZLR d�Í T{mBV`d7SUYÇmL_ÏT.���BbÚTfd�dfR Y�_<iÅYLb�VsTfSÑTcb¨QhR�_`Rª_{v
µi

µi − µR =









N
∑

j=1
(j 6=i)

W−1
i j Tj L









(µL − µR) ∀i = 1, 2, . . . , N ,
 
ä�É¾ä	!

opR S[Z

Wi j =







1 − Ri i , i = j

−Ti j , i 6= j
.

 
ä�É¾ç	!
ÌpZBT�S[bÚms_{dWQhR d�dfR Y�_X�jbwY�,Bms,`R�Í�R S[R Tfd7q{ms_^,`TXbwTcÍ m\SUTWV�SÑYXSuZ\TXbwTfS�mjbwVLTWVìè5bwTWTc_Lù±d7i O _\qfS[R Y�_ G+(E)

Þ

TR L = v2
x|G+

R L|2 ,

Ti L = 2γvx|G+
i L|2 , TR i = 2γvx|G+

R i|2 ,

Ti j = 4γ2|G+
i j|2 ∀i = 1, 2, . . . , N ,

 
ä�É¾é	!
o;Z\TcbÚT

vx = ∂E(k)/∂k = 2t sin(ka)
R d>�jbwY��`YLbeS[R Y�_jmLÍ`SUYÏS[Z\TXÙjTcb¨Q9RsTc_BTcbevc-

vF = vxa/~
ÉpîM_

ms_BmLÍ Ycvc-�SÑY�SuZ\TÓÖcms_\Vsm O TcbliÅYLb¨Q O Í mJ ÅÒJÉ¾�	!uÞ�S[Z\ThSgo­YjØ¨SUTcb¨QhR�_BmsÍ³qWY�_BV O qfS�mL_\qWTXq{ms_Ó,`T�T.���BbÚTfd�dàTWV
R�_hSÑTcb¨Q>d7Yji�SuZ\T<SubÚmL_\dWQ9R d�dfR Y�_X�BbwY�,jmL,`RªÍ¾R S.R TfdWÞ

g2 =
2e2

h
g2 =

2e2

h



TR L +
N

∑

i,j=1

TR iW
−1
i j Tj L



 .
 
ä�ÉËÊ{�	!

ÌpZLR d�R�Q��LÍ¾R TfdÓSuZBm\SÓSuZ\TêTuÐ}TWqfS.R aBTnS[b3mL_{dWQhR d�dfR Y�_
�jbwY�,Bms,`RªÍ¾R Sg- qWY�_{dfR d�SÑdíYjiÏSuZ\T×�jbwY�,Bms,`R�Í�R Sg-òYji
qWY�Z\TcbwTc_\S�S O _s_\TcÍ�Í�R�_{v mL_\V
YjiÇ�jbwY�,Bms,`R�Í�R S[R TfdíR�_BqcÍ O V�Rª_{v@�sZBm{dàT bÚms_\VLY�Q9R d.m{S[R Y�_\dÓm{SXSuZ\T$Í m{SUTcbÚmsÍ
bwTfdàTcbËajY³R�bed{É#Ù�Rª_BmLÍ�Í -fÞ&S[ZBT�igY O beØ¨SÑTcb¨QhR�_BmsÍsqWY�_\V O qfSUms_\qWT�q{mL_Ó,cT<Y�,\SUmLR�_\TWVÇiÑbÚY�QýÎÐ' O m\S.R Y�_� ÅÒJÉËÊ%!uÞ

g4 =
2e2

h
g4 =

2e2

h

g2

1 − g2
.

 
ä�ÉËÊ`Ê%!
ÙjYLb;ms_�YsbwVLTcbwTWVêqcZBmLR�_ìms_�T.�³�BbwTfd�dfR Y�_�igYsb)SuZ\TÓÒcØ¨SÑTcb¨QhR�_BmsÍ�qWY�_BV O qfS�mL_\qWT

g4
R�_�SÑTcb
Q;dhYjipSuZ\T

R�_BTcÍ m\d�S.R q#dàq{m{SÑSÑTcb¨R�_{vÇÍ Tc_{v`SuZ� 
Lin = avx/γ

q{ms_X,`Tpq{mLÍ q O Í m\SUTWVÏms_BmsÍ -\S[R q{msÍ�Í - O ��SUY9qWYLb¨bÚTWqfS.R Y�_{d
#­¬ *Aà Ý·à *=Ó�Ý�Ý/.pà *®*ÑÝ�Ó%`^×X(%+ ÝAÛ�(%+%@F(hà 0£Ý'.pà *Aß ×D(%`.Ý/.®à *·×>¯�& Ó�ß�Ý3+®Ý/. ×X4<. Ó%*�×'°bál×.ß Ó>±.Ó(Ýbà +!(hß ×�(%`.Ý'.

`Φ
=²@½×�@»à�ß ß6�×�(%+ Ý�×�Ý'. ×=à9( ×.ß Ó%*ÑÝbà Ú�*�ÚCÓ(Ý�Ý�×.á°à9(%`®ß ×�(%`.Ý'._@øà Ý/.

Lin

:
újÒ



Yji�YLbwVLTcb
a/Lin

nwÊW�"o
Þ
g4 =

2e2

h

2Lin

L
=

2e2

h

a

L

vx

γ
.

 
ä�ÉËÊ{�	!
ÌpZLR d�R d#SuZ\TÇû#b O VsT�igYsb¨Q O Í m<iÅYLb*,BmLÍ�Í¾R d�S.R q;SubÚms_{dW�`YLbeS« 

` � L
!#mL_\V

Lin < L
É

î SXR d�m��jbÅR YsbÅR�_\YcS9qcÍ T{mjb)o;Z\TfSuZ\Tcb#SuZ\TÓqcZBY³R qWT^Yji>m�dfR SÑTFR�_\VLTc�`Tc_\VsTc_{S
γ
R dÇ�LZ{-\dfR q{msÍ�Í -

�LÍ m O dfRª,LÍ TXm\d>SuZ\T�Z\Y��L�`Rª_{vêbÚm\SÑTÏYji;�BmjbwS.R qcÍ Tfd�dàq{m{SÑSÑTcbÚTWV�Rª_{SUY^SuZ\T�bwTfdàTcbËaBY³Rªb­dWZ\Y O Í VíVLTc�`Tc_\V�Y�_
SuZ\TÓm{ajmLR�Í ms,LÍ T^mL_BV�SuZ\TÇiÑbwTWTÇd�SUm\SÑTfd^,cYcSuZFm{S<Y�_\TÓdfR SUTÇmL_BV Rª_ÓSuZ\T�bwTfdàTcbËaBY³Rªb
ÉíÌpZ`R d�ZBm{dÓ,`TWTc_
S�mLr.Tc_ÏRª_{SÑYÏm\qWqWY O _{SpRª_XøPTuigd{É½n±Òsé³ÞÅ�L�to
Þ³o;Z\TcbÚT>SuZ\T�bwTfdàTcbËaBY³Rªbed�o�TcbwT�Z\T{m{S;,Bm{SuZ{d#Yji5R�_BVLTc�`Tc_\VLTc_{S
ZBmjb¨Q�Y�_`R qhYcdàqjR�Í�Í m{SUYLbwd#ms_\VÓmhdfR SUT�dW�`TWqjR ü&q�dàq{m{SÑSÑTcb¨R�_{vXS[R�Q>T

τj
o5m\d;q{mLÍ q O Í m\SUTWVJÉ

¨ �?���?� ³ ¦���~W¾}~�|p¤ny ¡ KªI�¤ y��»¢ ��´J¾7x
îM_ N TWqfS.R Y�_Çä�ÉËÊ^R S#o�m\d�dWZ\YWo>_ÇS[Zjm{SpSuZ\T^R�Q�m{v�Rª_BmjbË-F�BmjbeS�Yji*S[ZBT�qWY�Q��LÍ T.�ÓTc_\Tcbwvc-

γ
�sÍ m[-\d�SuZ\T

bwY�Í TpYji�mL_ÏR�_{aBTcbedàT<Í�R iÅTfS.RªQ>T#V O T;SÑYXRª_\TcÍ m\d�S[R q#dàq{m\S�SUTcbÅR�_\vJÉ�Ì;Z\T;T.���jbwTfd�dfR Y�_s ÅÒJÉËÊ{�	!�igYsb°SuZ\Thå O ,`Y
qWY�_\V O qfSUms_\qWTcÞ#Z\YWo�TuaBTcb¨Þ­o5m\dhVLTcbÅR aBTWV�m\d�d O QhR�_{vìqWY�Z\TcbÚTc_{S�S[bÚms_{dW�`YLbwS�Y�_LÍ -fÉ�îM_ÇSuZ`R d9q{m\dàT�SuZ\T
o5mWaBTpi O _\qfS.R Y�_>T.�BSUTc_\V`d)YjaBTcb°SuZ\T#o;ZBY�Í T7d.msQh�LÍ TpmL_BVhSuZ\T7q O b¨bÚTc_{S�VLTc_{dfR Sg-�R d5qWY�_{d�S�ms_{SuÉ­Ì;Z\TcbwTuØ
iÅYLbwTcÞ³Y�_\T>q{ms_�dW�Bm{S[R msÍ�Í -�m{aBTcbÚm\vLT;SuZ\T9_BY�_WØàÍ Y³q{mLÍcqWY�_\V O qfS.R aLR Sg-

σ(r, r′)
SUY<vLTfS�SuZ\T<Q�mBqcbwYcdàqWY��`R q

qWY�_\V O qfS.R aLR Sg-
σ
Þ)o>Z`R qcZòbwTcÍ m\SÑTfd�SuZ\TFdW�jm{S[R msÍ�Í -�mWajTcbÚm{vLTWV
q O b¨bÚTc_{SXSÑYêSuZ\TFdW�jm{S[R msÍ�Í -�mWaBTcb3m{vLTWV

ü&TcÍ VDn��`étoÑÉ
îM_ÇS[ZBThiÅY�Í�Í YWopRª_{v�o­T�qWY�_\dfR VLTcb*m�Ê`û�qcZBm`Rª_^qWY�_{dfR d�S.Rª_{v�Yji

N + 1
dfR SÑTfd�mL_\V�mìÍ Tc_{v`S[Z

L = Na
opR SuZ

a
,`TjR�_\vêS[Z\TnÍ m{SÑS[R qWTÓdW�Bm\qjRª_{vJÉ�Î&���LÍ¾R qjR SuÍ -nR�_BqcÍ O V�Rª_{vnS[ZBTídàTcÍ i3Ø
Tc_\Tcbevc-�Yji�S[Z\T

mBVLV�R S[R Y�_jmLÍ�Í T{mBV`d#o­TÇZBmWajTXR�_9SUTcb¨Q>d#Yji­SuZ\TX�`YcdfR S[R Y�_9Y��`TcbÚm\SÑYsb= ¨quiUÉ�á#�s�cTc_BV�R ��á�!

σ = −e28

hL
Tr

{

x (ImZ+)G−x (ImZ+)G+ +
ı

2
x

[

(ImZ+)G− − (ImZ+)G+
]

x
}

 
ä�ÉËÊ{Ý	!
opR S[Z

Z+ = (E + ıγ) { −Σ+ É�ÌpZ\T�dàTcÍ iÚØ
Tc_BTcbevc- Σ+ V O T�SUY�SuZ\TXÍ T{m\V`dpm\S;,`YcSuZ9Tc_\V`d�R d#v�R aBTc_
,[-{neÊW�"o

Σ+ =

(

E

2
− ı

vx

2

)

(|1〉〈1| + |N〉〈N |) ,
 
ä�ÉËÊfÒ�!

o;Z\TcbÚT{m{d�SuZ\ThdàTcÍ iÚØ
Tc_BTcbevc-XV O TÏSÑYÓS[ZBTÏmBVLV�R S.R Y�_BmLÍHÍ T{m\V`d>v�R aBTfd·B O d�S7SuZ\TÇRªQ�m\v�R�_Bmjbe-í�jmjbeS;Yji*SuZ\T
úc�



qWY�Qh�sÍ T.�ÏTc_\Tcbwvc-{neÊW�"o�É*ÌpZ\T<SubÚmBqWTÏR�_
 
ä�ÉËÊ{Ý	!#q{ms_^,`T9TuacmLÍ O m{SUTWVFRª_�m^�cYcdfR S.R Y�_�,Bm\dfR d#SÑYÏ-sR TcÍ V

σ = −e24

hL















N+1
∑

i,j=0
(i<j)

(xi − xj)
2 (γ − ImΣ+)i i G

−
i j (γ − ImΣ+)j j G

+
ji















.
 
ä�ÉËÊW�&!

]tdfRª_{vc 
ä�É¾é	!#Y�_\T9q{ms_^bÚTuo;bÅR SUT�S[ZBTXÍ m\d�S)T�' O m\S[R Y�_ÇRª_9SUTcb¨Q;d7Yji­S[bÚms_{dWQhR d�dfR Y�_X�jbwY�,Bms,`R�Í�R S[R Tfd

σ = − e2

hL















N
∑

i,j=1
(i<j)

(xi − xj)
2 Ti j + (xN+1 − x1)

2 TR L

+
N

∑

i=1

(xi − x1)
2 Ti L +

N
∑

i=1

(xN+1 − xi)
2 TR i

}

.
 
ä�ÉËÊ{ú	!

á­d�d O QhR�_{vÇm�qWY�_{d�SUms_{S7TcÍ TWqfSubÅR q;ü&TcÍ V E YjaBTcb�SuZ\T�o;Z\Y�Í T<d.msQh�LÍ TcÞ

E =
U

L
=

µL − µR

xN+1 − x1
=

µi − µj

xi − xj
,

 
ä�ÉËÊ{ä	!
Y�_\T9q{ms_hd O ,{d�S.R S O SÑT

(xi − xj)
,.-

xi − xj =
µi − µj

E .
 
ä�ÉËÊ{ç	!

îM_>YsbwVLTcb�SÑY�vLTfSlS[ZBTpq O b¨bwTc_\SlSuZLbwY O v&Z;SuZ\T7d.msQh�LÍ TcÞco­ThZBmWajTpSUYXQ O Í S.Rª�LÍ -hÎÐ' O m\S[R Y�_i 
ä�ÉËÊ{ú	!lopR SuZ
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iÅYLb¨Q O Í mBT�iÅYLb�qWY�Qh� O S.Rª_{v;SuZ\T qWY�_\V O qfS�mL_BqWTcÞLS[ZBT*VLTc_{dfR Sg-pYjiJd�SUm\SÑTfdlmL_\V�SuZ\TpÍ Y�q{msÍ¾R d.m{S[R Y�_;Í Tc_{v`SuZsÉ
k�TpdWZ\YWo�TWV^ZBYWo dàTcQ9R Ø�Rª_WüH_`R SUT�Í T{mBV`d5q{mL_�,`T�R�_\qWYsb¨�`YLbÚm\SÑTWVÇR�_{SUY�SuZ\T#iÅYLb¨Q�mLÍ�R dWQ O dfRª_{v<S[ZBT7qWY�_WØ
qWTc�{S#YjildàTcÍ iÚØ
Tc_BTcbevc-fÉ;Ù�R�_BmsÍ�Í -uÞ�o�T9T.���sÍ mLR�_\TWV^S[Z\T�R VLT{m�Yji�üH_`R SÑT�dfR ÛfT�dàq{msÍ¾Rª_{vJÉ

îM_<ÔlZjmL�{SUTcb���o�TpVLTcQ�Y�_{d�SubÚm{SUTWV�Z\Y{oòSuZ\T7V�R ÐHTcbwTc_BqWT�R�_7SuZ\TpVLTc_{dfR Sg->Yji�d�S�m\SÑTfd#,`TfSgo­TWTc_
SuZ\T<V�R dàYsbwVLTcbwTWVíbÚTfv�R Y�_�ms_\V�SuZ\TXQ>TfS�msÍ�Í¾R q9Í T{m\V`d�ZBm\d;m<dfR v&_`R ü&q{ms_{SpRª_�� O Tc_\qWT9Y�_9SuZ\TÏbwTfd O Í S�d)igYsb
SuZ\T)TcÍ TWqfS[bÚY�_`R q;�BbwY��`TcbeS[R Tfd­m{StTc_BTcbev�R Tfd­Y O SÑdfR VLT*S[Z\T>,Bms_\V<qWTc_{SubwT`ÉlÌpZ`R d*�`YcdàTfdlm�,LR vh�jbwY�,LÍ TcQ igYsb
SuZ\T�R�_WajTfd�S.R vsm{S[R Y�_7Yji�SuZ\T7Tc_\Tcbwvc-;S[b3mL_{dfR S.R Y�_sÉ}knT#dWZ\YWo�TWV�S[ZBm\S*,[->dWZLR igS.Rª_{v>SuZ\T#Tc_\Tcbevc-ÏÍ TuaBTcÍ d*Rª_
SuZ\T#V�R dàYsbwVLTcbwTWVXbwTfv�R Y�_7S[ZBT>QhR dWQ�m{SUqcZ q{ms_<,`T�bwTWV O qWTWVJÉ7îM_#SuZ`R d­q{m\dàT)SuZ\T7m{aBTcbÚm\vLT7qWY�_\V O qfS�mL_BqWT
ms_\VXS[ZBT>Sg-��`R q{msÍLqWY�_\V O qfS�ms_\qWT�o�TcbwT>igY O _BVXSÑYÓ,`T>qWY�_{dfR d�SÑTc_\S�opR SuZ�S[ZBT>Y�_\TuØà�jmjbÚmLQ�TfSÑTcb�dàq{mLÍ�R�_{v
SuZ\TWYLbË-òm\SÇSuZ\T�Tc_\Tcbevc-$SubÚmL_\dfR S[R Y�_sÉ ]tdfR�_\v$üH_`R SUT�dfR ÛWTìdàq{msÍ¾R�_\v
ms_BmLÍ -\dfR d�YjihSuZ\T�dU-Bd�SÑTcQ dfR ÛWT
ms_\VnTc_\Tcbevc-ìVLTc�`Tc_\VLTc_\qWTíYji9,`YcSuZ�qWY�_\V O qfSUms_\qWTìm{aBTcbÚm\vLTfd9o�TÓY�,\SUmLR�_\TWVêms_ìmWaBTcb3m{vLT�qcbÅR S[R q{msÍ
T.���`Y�_\Tc_{S

ν = 1.59 ± 0.18
Þ}o;Z`R qcZFR dhR�_ÇmBqWqWYLbwVsms_\qWTXo;R SuZ�bÚTfd O Í SÑdpiÅYLb5qWY�_\V O qfSUms_\qWT�dàq{msÍ¾Rª_{v

m\S
E/t = 0.5

ms_\V�S[bÚms_{dUiÅTcbËØàQ�m\SubÅR �Ïq{msÍ q O Í m\S.R Y�_{din�ç³Þ�éto�Éw�lYWo�TuaBTcb¨Þ�mXSuZ\YsbwY O v&Z�R�_WajTfd�S.R vsm{S[R Y�_
Yji)SuZ\T^R�_�� O Tc_\qWT�Yji S[ZBTÓÍ T{m\VLdhR d>d�S[R�Í�Í�Í m\qcrjR�_\vJÉÇî S7o�Y O Í V�msÍ dàY�,`TÓR�_{SUTcbwTfd�S[R�_{vÓSÑY�dàTWT^R i*SuZ\TfdàT
TuÐ}TWqfS�d7q{ms_^,`T�bwTcÍ m{SUTWVXSÑYXd�S O V�R TfdpYji Ê`û1Q O Í S[R qcZjmL_L_BTcÍLdU-\d�SUTcQ;d opR SuZ�RªQh� O b¨R S[R Tfd«n��&Êpo�É

k�T;q{msÍ q O Í m\SÑTWVhS[Z\T>VJÉ±q`ÉLqWY�_\V O qfS.R aLR Sg-�iUbwY�Q@SuZ\TpdU-Bd�SÑTcQ dfR ÛWT7VLTc�`Tc_\VLTc_\qWT�Yji}S[ZBT;mWajTcbËØ
m\vLT qWY�_BV O qfS�mL_\qWT>mL_\V�iÅY O _\V�R StqWY�_{dfR d�SÑTc_{StopR SuZpm<�`YWo�TcbËØàÍ m[oòigYsb¨Q@m\StS[ZBT�â�î±Ì>É\ÌpZLR dld�S[bwY�_\v&Í -
d O �L�`YsbeS�d��jbwTuaLR Y O dhms_BmLÍ -\S[R q{msÍPms_\V$_ O Q>TcbÅR q{mLÍ°q{msÍ q O Í m\S.R Y�_{d<Yji)SuZ\Tcb¨Q>Y³TcÍ TWqfSubÅR q^�jbwY��`TcbeS[R TfdXbwTuØ
aLR Tuo­TWV�R�_XÔ­ZBms�{SÑTcb­ú�É

ä`�



Ù�R�_BmsÍ�Í -uÞ�R�_hÔlZjmL�{SUTcb}ä�o�T<R�_{aBTfd�S.R vsm{SUTWV9SuZ\T>q{m{dàT>YjilRª_\qWY�Z\TcbwTc_\S�S[bÚms_{dW�`YLbwSuÉ­ÌpZBTcbwTuigYsbwTcÞ
o�T O dàTWVÇmL_hms�L�jbwYLm\qcZÓ,Bm\dàTWV�Y�_<S[Z\TÏÖ`mL_BVsm O TcbËØ.õ­ö{SÑS.Rªr.Tcb}iÅYLb¨Q�mLÍ�R dWQ�o;R SuZ<mBVLV�R S.R Y�_BmsÍLTcÍ TWqfSubwY�_
bwTfdàTcbËajY³R�bedÏqWY O �LÍ TWV�SUY�SuZ\TÓdU-\d�SUTcQ�É�k�T�qWY�Qh�BmjbwTWV _ O Q>TcbÅR q{mLÍ�bÚTfd O Í SÑdhYji;SuZ\T�qWY�_\V O qfS�mL_BqWT
Yji)míÊ`û@qcÍ T{mL_�opRªbwT<SUY^q{msÍ q O Í m{S[R Y�_{d>Y�,{SUmLR�_BTWV^iUbwY�QóS[Z\TÓå O ,`Y^igYsb¨Q O Í mhigYsb�SuZ\Thd.mLQ�T9dàTfS O �sÉ
î S7S O b¨_\TWVíY O S7SuZBm\S9,`YcS[Z�Q>TfSuZ\Y³V`d�mjbwTÓ_\YcS;T�' O R ajmsÍ Tc_\SuÉpk�Z\TfS[ZBTcblSuZ\Tu-ÇVLTfdàqcbÅRª,`ThqWY�Qh�sÍ TfSUTcÍ -
V�R ÐHTcbwTc_\S��LZ{-\dfR q{msÍ�dfR S O m{S[R Y�_{d9Ysb;bwTuiÅTcb5SUYìV�R ÐHTcbwTc_\S�bwTfv�RªQ>Tfd9Yji7SuZ\T�d.msQ>Tí�jbwY�qWTfd�dÇR d<d�S[R�Í�Í&SUY
,`T<dWZ\Y{o;_sÉ�Ù O bwS[Z\Tcb)R�_{aBTfd�S.R vsm{S[R Y�_�YjilSuZ`R d�' O Tfd�S.R Y�_9o�Y O Í V�_\YcS#Y�_LÍ -�,`T�ajmsÍ O ms,LÍ T9igYsbtSuZ\T9q{msÍ Ø
q O Í m{S[R Y�_hYji R�_BqWY�Z\TcbwTc_{S#SubÚmL_\dW�cYsbeSuÞ}, O SpmLÍ dàYÏigYsb�mÏVLTWTc�`Tcb O _BVLTcbed�S�mL_\V&R�_{v�YjilSuZ\TXbwTcÍ m{S[R Y�_{dWZLR��
,`TfSgo­TWTc_ÏSuZ\T�Ö`mL_\V�m O TcbeØ.õ­ö{S�S[R�r[TcbtiÅYLb¨Q�mLÍ�R dWQ ms_\VÇSuZ\TÇå O ,`YXigYsb¨Q O Í m�É

îM_;d O Q�Q�mjbË-fÞ`o�T7iÅY O _\V9SuZBm\S�SuZ\T7Y�_\TuØà�jmjbÚmLQ�TfSÑTcbPdàq{msÍ¾R�_\v�SuZ\TWYsbË-�m\S�SuZ\TpTc_BTcbevc->SubÚms_{dfR Ø
S[R Y�_pq{ms_h,`T d O �L�`YLbeSUTWVÇ,[-�_ O Q>TcbÅR q{mLÍBq{mLÍ q O Í m\S.R Y�_{d{Élï O btbwTfd O Í SÑd­mjbwT#SuZ\TcbwTuiÅYLbÚT��BbwY�QhR dfRª_{v�opR SuZ
bwTfvsmjbwVXSUY�m�i O Í�Í -X_ O Q�TcbÅR q{msÍ`q{mLÍ q O Í m\S.R Y�_�Yji�S[Z\Tcb
Q>Y³TcÍ TWqfSubÅR q��jbwY��`TcbeS[R Tfd#Yji�V�R dàYsbwVLTcbwTWVÏdU-\d�SUTcQ;d
opR S[Z\Y O S>Q�mLrjR�_\vXi O bwS[Z\Tcblm{d�d O Q��{S[R Y�_{d{É

ä`Ý
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¾ � +Õ�À¿�� � �G5 � 0 � � H � �âF � � � �Õ� � � � � �

Á * � � �

N Y�Q>T<VsTuüP_`R S.R Y�_{d;ms_\V O dàTui O Í�bwTcÍ m\S.R Y�_{d{ô
(

z± { −H− Σ±
)

G± ≡
(

Z± −H
)

G± = {  ¨á7ÉËÊ%!
ÌpZLR d�Í T{mBV`d7SUY

HG± = Z±G± − { ms_\V G±H = G±Z± − {  ¨á7É¾�	!
ImG+ = −ImZ+ G+G− =

1

2ı
(G+ − G−)

 ¨á7É¾Ý	!
ÌpZBT<VJÉ±q`ÉJqWY�_\V O qfS.R aLR Sg-ÓR�_9SuZ\TXÍ¾Rª_\T{mjb5bwTfdW�`Y�_{dàTXbÚTfv�R�Q>T�R d v�R aBTc_^,[-�SuZ\TÇå O ,`YXiÅYLb¨Q O Í mq ÅÒJÉËÊ{�	!

σ =
2e2

~

πLm2
Tr

[

p ImG+ p ImG+
]  ¨á7É Ò�!

= − 2e2
~

4πLm2
Tr

[

p (G+ − G−) p (G+ − G−)
]

= − 2e2
~

4πLm2
Tr

[

pG+ pG+ + pG− pG− − pG− pG+ − pG+ pG−
]  ¨á7É±�&!

]tdfRª_{v
p = m

~
ı[H, x]

-LR TcÍ V`d

TrpG± pG± = −m2

~2
Tr { xHG±xHG± + HxG±HxG± −HxG±xHG± − xHG±HxG±

}

= −m2

~2
Tr { xHG±xHG± + xG±HxG±H− 2xG±HG±H

}  ¨á7É¾ú	!
äjÒ



= −m2

~2
Tr { x(Z±G± − { )x(Z±G± − { ) + x(G±Z± − { )x(G±Z± − { )

− 2xG±x
(

Z±(G±Z± − { ) −H
)}

= −m2

~2
Tr { xZ±G±xZ±G± − xZ±G±x + x2 − x2Z±G±

+xG±Z±xG±Z± − xG±Z±x + x2 − x2G±Z±

− 2xG±xZ±G±Z± + 2xG±xZ± + 2xG±xH
}

= −m2

~2
Tr { x2 − x2Z±G± − x2G±Z± + 2xG±xH

}  ¨á7É¾ä	!

TrpG− pG+ = −m2

~2
Tr { (xHG− −HxG−)(xHG+ −HxG+)

}

= −m2

~2
Tr { xHG−xHG+ + HxG−HxG+ − xHG−HxG+ −HxG−xHG+

}

= −m2

~2
Tr { xHG−xHG+ + xG−HxG+H− xG+xHG−H− xG−xHG+H

}

 ¨á7É¾ç	!

TrpG− pG+ = −m2

~2
Tr { x(Z−G− − { )x(Z+G+ − { ) + x(G−Z− − { )x(G+Z+ − { )

−xG−x
(

Z+(G+Z+ − { ) −H
)

− xG+x
(

Z−(G−Z− − { ) −H
)}

= −m2

~2
Tr { xZ−G−xZ+G+ − xZ−G−x + x2 − x2Z+G+

+xG−Z−xG+Z+ − xG−Z−x + x2 − x2G+Z+

−xG−xZ+G+Z+ + xG−xZ+ + xG−xH

− xG+xZ−G−Z− + xG+xZ− + xG+xH
}

= −m2

~2
Tr { (xZ−G−xZ+G+ − xG+xZ−G−Z−)

+(xG−Z−xG+Z+ − xG−xZ+G+Z+)

−xZ−G−x − x2Z+G+ − xG−Z−x − x2G+Z+

+ xG−xZ+ + xG−xH + xG+xZ− + xG+xH + 2x2
}

äc�



= −m2

~2
Tr { xZ−G−x(Z+ − Z−)G+ + xG−(Z− − Z+)xG+Z+

−xZ−G−x − x2Z+G+ − xG−Z−x − x2G+Z+

+ xG−xZ+ + xG−xH + xG+xZ− + xG+xH + 2x2
}

= −m2

~2
Tr { x(Z− − Z+)G−x(Z+ − Z−)G+

−xZ−G−x − x2Z+G+ − xG−Z−x − x2G+Z+

+ xG−xZ+ + xG−xH + xG+xZ− + xG+xH + 2x2
}  ¨á7É¾é	!

Tr
{

pG+pG+ + pG−pG− − pG−pG+ − pG+pG−
}

= −m2

~2
Tr

{

−2x(Z− − Z+)G−x(Z+ − Z−)G+ + 2x(Z− − Z+)G−x + 2x(Z+ − Z−)G+x
}

= −m2

~2
Tr

{

−8x(ImZ+)G−x(ImZ+)G+ + 4ıx
[

(ImZ+)G+ − (ImZ+)G−
]

x
}

 ¨á7ÉËÊ{�	!
ÌpZLR d üP_jmLÍ�Í -hv�R aBTfd

σ = −8 e2

hL
Tr

{

x(ImZ+)G−x(ImZ+)G+ +
ı

2
x

[

(ImZ+)G− − (ImZ+)G+
]

x
}  ¨á7ÉËÊ`Ê%!

ÌlbÚms_{dUigYsb¨Q�m\S[R Y�_hYji
Z+ SUYí�`YcdfR S[R Y�_�,Bm\dfR d -LR TcÍ V`d

(ImZ+)ij = γδij − Σ
(2)
ii δij

o;R SuZ
Σ

(2)
ii = ΣLδi1 + ΣRδiN

 ¨á7ÉËÊ{�	!
ÜlYWo÷o­T9TuacmLÍ O m{SUT<SuZ\T�SubÚm\qWTX,[-ÏqWY�_\dfR VLTcbÅRª_{v�d�S�m{SUTfd�R�_9SuZ\T9V�R dàYLbwVsTcbwTWVFbwTfv�R Y�_LÞ

Tr
{

x(ImZ+)G−x(ImZ+)G+
}

=
N+1
∑

i,j,α,β,µ,ν=0

〈i|x|α〉〈α|(ImZ+)|β〉〈β|G−|µ〉〈µ|x|ν〉〈ν|(ImZ+)|j〉〈j|G+|i〉

=

N+1
∑

i,j,β,µ=0

xi(ImZ+)iβG−
βµxµ(ImZ+)µjG+

ji

=

N+1
∑

i,j=0
(i<j)

xi(γ − Σ(2))iiG
−
ijxj(γ − Σ(2))jjG

+
ji

 ¨á7ÉËÊ{Ý	!
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Tr
{ ı

2
x(ImZ+)G−x

}

=
N+1
∑

i,j,α,β=0

ı

2
〈i|x|α〉〈α|(ImZ+)|β〉〈β|G−|j〉〈j|x|i〉 =

N+1
∑

i=0

ı

2
xi(γ − Σ(2))iiG

−
iixi

 ¨á7ÉËÊfÒ�!
ÌpZBT<qWY�_\V O qfS[R aLR Sg-^Rª_Ç�`YcdfR S[R Y�_�,Bm\dfR d�R d7qWY�_{dàT�' O Tc_{SuÍ -Xv�R aBTc_Ç,[-

σ = −8 e2

hL







N+1
∑

i,j=0

xi(γ − Σ(2))iiG
−
ijxj(γ − Σ(2))jjG

+
ji −

N+1
∑

i=0

xi(γ − Σ(2))iiG
+
iiG

−
iixi





 ¨á7ÉËÊW�&!
ÌpZBTXÍ m\d�S)T.���jbwTfd�dfR Y�_Ïq{mL_Ó,`TXbwTWq{m{d�S>R�_\SÑY�m�dW�Bm\S.R±mLÍ�Í -XR�_WacmjbÅR ms_{S igYsb¨QhÞ

σ =
4 e2

hL

N+1
∑

i,j=0

(xi − xj)(γ − Σ(2))iiG
−
ij(γ − Σ(2))jjG

+
ji

=
4 e2

hL

N+1
∑

i,j=0

{

(xi − xj)
2γ2G−

ijG
+
ji + (xi − xj)

2Σ
(2)
ii G−

ijΣ
(2)
jj G+

ji

−(xi − xj)
2γG−

ijΣ
(2)
jj G+

ji − (xi − xj)
2Σ

(2)
ii G−

ijγG+
ji

}

=
4 e2

hL















N
∑

i,j=1
(i<j)

(xi − xj)
2γ2G−

i jG
+
j i + (x0 − xN+1)

2ΣLG−
1 N+1ΣRG+

N+1 1

−
N

∑

i=1

(xi − xN+1)
2γG−

i N+1ΣRG+
N+1 i −

N
∑

j=1

(x1 − xj)
2ΣLG−

1 jγG+
j 0







 ¨á7ÉËÊ{ú	!
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Ã � 0 � � � � � � ��� �y7 � ,�Ä

q �(� � 2�8p�����LC ASR �s�J6v�J2 �

ÌpZBT<VLTc_{dfR Sg-XYjild�S�m\SÑTfd�R d7VLTuüH_\TWVím{d

ρ(N)(E) = − 1

πNM2
Im

{

N
∑

i=1

TrG
+(N)
ii

}

= − 1

πNM2
Im s(N)

ρ .
 àõ�ÉËÊ%!

á�VsV�R�_{v�mL_Xm\VLV&R S[R Y�_BmsÍsdWÍ�R qWT�bwTfd O Í SÑd�R�_9SuZ\T�iÅY�Í�Í YWopRª_{vÇT.���jbwTfd�dfR Y�_LÞ

s(N+1) = Im

N+1
∑

i=1

TrG
+(N+1)
ii

= Im
N

∑

i=1

{

Tr
[

G
+(N)
ii + G

+(N)
iN tNG

+(N+1)
N+1N+1t

†
NG

+(N)
Ni

]}

+ ImTrG
+(N+1)
N+1N+1

= Im
N

∑

i=1

TrG
+(N)
ii + ImTrG

+(N+1)
N+1N+1 + ImTr

N
∑

i=1

t
†
NG

+(N)
Ni G

+(N)
iN tNG

+(N+1)
N+1N+1

= s(N)
ρ + ImTr

{

G
(+N+1)
N+1N+1

[

I + t
†
N

N
∑

i=1

G
+(N)
Ni G

+(N)
iN tN

]}

= s(N)
ρ + ImTr

{

G
+(N+1)
N+1N+1 [I + FN]

}

.
 àõ�É¾�	!

îM_9SuZ\T�Í m{d�S T�' O m\S.R Y�_<o­T^ZBm{aBT O dàTWV^S[Z\T9m O �sRªÍ¾R±mjbË-^Q�m\SubÅR �

FN = t
†
N

N
∑

i=1

[

G
+(N)
Ni G

+(N)
iN

]

tN .
 àõ�É¾Ý	!
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ÌpZBTXbwTWq O bedfR Y�_ÇbwTcÍ m\S[R Y�_�iÅYLbtSuZ`R d�' O mL_\S.R Sg-^R d

FN+1 = t
†
N+1

N+1
∑

i=1

[

G
+(N+1)
N+1i G

+(N+1)
iN+1

]

tN+1

= t
†
N+1

N
∑

i=1

[

G
+(N+1)
N+1i G

+(N+1)
iN+1 + G

+(N+1)
N+1N+1G

+(N+1)
N+1N+1

]

tN+1

= t
†
N+1

N
∑

i=1

[

G
+(N+1)
N+1N+1t

†
NG

+(N)
Ni G

+(N)
iN tNG

+(N+1)
N+1N+1 + G

+(N+1)
N+1N+1G

+(N+1)
N+1N+1

]

tN+1

= t
†
N+1G

+(N+1)
N+1N+1 [FN + I]G

+(N+1)
N+1N+1tN+1
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σ(N) =
e24

hNM2
Tr







γ2
N

∑

i,j

G
+(N)
i j xj G

−(N)
ji xi − ı

γ

2

N
∑

i

(G
+(N)
i i −G

−(N)
i i ) x2

i







=
e24

hNM2
s(N)
σ
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s(N+1)
σ = Tr







γ2
N+1
∑

i,j

G
+(N+1)
i j xj G

−(N+1)
ji xi − ı

γ

2

N+1
∑

i

(G
+(N+1)
i i −G

−(N+1)
i i ) x2

i







= Tr







γ2
N+1
∑

i,j

[

G
+(N)
i j + G

+(N)
i N tNG

+(N+1)
N+1 N+1t

†
NG

+(N)
N j

]

xj×

[

G
−(N)
j i + G

−(N)
j N tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i

]

xi

− ıγ
1

2

N+1
∑

i

[

G
+(N)
i i + G

+(N)
i N tNG

+(N+1)
N+1 N+1t

†
NG

+(N)
N i

−G
−(N)
i i −G

−(N)
i N tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i

]

x2
i

}
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a+
ij = G

+(N)
i N tNG

+(N+1)
N+1 N+1t

†
NG

+(N)
N j .
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xN+1 = 0

mL_BVhS�mLr[T>mBqWqWY O _{S
iÅYLbtSuZ`R dpm{i3SUTcbËo5mjbwV`d{É NPO ,{d�S.R S O S.Rª_{vXigYsb

a+
ij

SuZ\Tc_hv�R aBTfd

s(N+1)
σ = Tr







γ2
N+1
∑

i,j

[

G
+(N)
i j xjG

−(N)
j i xi + G

+(N)
i j xja

−
ji xi + a+

ij xjG
−(N)
j i xi

+a+
ijxja

−
jixi

]

− ıγ
1

2

[

N
∑

i

(

G
+(N)
i i −G

−(N)
i i

)

x2
i +

(

a+
i i − a−

i i

)

x2
i + (. . .) x2

N+1

]}

= Tr







γ2
N

∑

i,j

[

G
+(N)
i j xjG

−(N)
j i xi + G

+(N)
i j xja

−
ji xi + a+

ij xjG
−(N)
j i xi

+a+
ijxja

−
jixi

]

− ıγ
1

2

[

N
∑

i

(

G
+(N)
i i −G

−(N)
i i

)

x2
i +

(

a+
i i − a−

i i

)

x2
i

]}

= s(N)
σ + Tr







γ2
N

∑

i,j

[

G
+(N)
i j xjG

−(N)
jN tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i xi

+ G
+(N)
i N tNG

+(N+1)
N+1 N+1t

†
NG

+(N)
N j xjG

−(N)
j i xi

+G
+(N)
i N tNG

+(N+1)
N+1 N+1t

†
NG

+(N)
N j xjG

−(N)
j N tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i xi

]

−ıγ
1

2

N
∑

i

[

G
+(N)
i N tNG

+(N+1)
N+1 N+1t

†
NG

+(N)
N i −G

−(N)
i N tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i

]

x2
i

}

= s(N)
σ + Tr







Re



γt
†
N

N
∑

i,j

(

2γG
+(N)
Nj xjG

−(N)
ji xiG

+(N)
iN

−ıδijG
+(N)
Nj G

+(N)
iN xjxi

)

tNG
+(N+1)
N+1N+1

]

+ γt
†
N

[

N
∑

i=1

G
+(N)
Ni xiG

−(N)
iN

]

tN ×

(

G
−(N+1)
N+1N+1

)

γt
†
N

[

N
∑

i=1

G
−(N)
Ni xiG

+(N)
iN

]

tNG
+(N+1)
N+1N+1

}

= s(N)
σ + Tr

{

Re
(

BNG
+(N+1)
N+1N+1

)

+ C+
NG

−(N+1)
N+1N+1C

−
NG

+(N+1)
N+1N+1
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BN = γt
†
N





N
∑

ij

G
+(N)
Nj xj(2γG

−(N)
ji − ıIδij)xiG

+(N)
iN



 tN ,
 àõ�É¾ç	!

ç`�



C+
N = γt

†
N

[

N
∑

i=1

G
+(N)
Ni xiG

−(N)
iN

]

tN = (C+
N )† ,
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C−
N = γt

†
N

[

N
∑

i=1

G
−(N)
Ni xiG

+(N)
iN

]

tN = (C−
N )† .
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C+
N+1 = γt

†
N+1

[

N+1
∑

i=1

G
+(N+1)
N+1i xiG

−(N+1)
iN+1

]

tN+1

= γt
†
N+1

[

N
∑

i=1

G
+(N+1)
N+1N+1t

†
NG

+(N)
N i xiG

−(N)
iN tNG

−(N+1)
N+1N+1

]

tN+1

+ (. . .) xN+1

C+
N+1 = t

†
N+1G

(N+1)
N+1N+1C

+
NG

−(N+1)
N+1N+1tN+1
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N+1 = t
†
N+1G

−(N+1)
N+1N+1C

−
NG

+(N+1)
N+1N+1tN+1
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BN+1 = γt
†
N+1





N+1
∑

ij

G
+(N+1)
N+1j xj

(

2γG
−(N+1)
ji − ıIδij

)

xiG
+(N+1)
iN+1



 tN+1

= γt
†
N+1







N+1
∑

ij

G
+(N+1)
N+1N+1t

†
NG

+(N)
N j xj

[

2γ
(

G
−(N)
ji + G

−(N)
j N tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i

)

−ıIδij ]xiG
−(N)
iN tNG

−(N+1)
N+1N+1

}

tN+1

= γt
†
N+1G

+(N+1)
N+1N+1t

†
N







N
∑

ij

G
+(N)
N j xj

(

2γG
−(N)
ji − ıIδij

)

xiG
+(N)
iN

+G
+(N)
N j xjG

−(N)
j N tNG

−(N+1)
N+1 N+1t

†
NG

−(N)
N i xiG

+(N)
iN

}

tNG
+(N+1)
N+1N+1tN+1

= t
†
N+1G

+(N+1)
N+1N+1

{

BN + 2γ2t
†
N

[

N
∑

i=1

G
+(N)
Ni xiG

−(N)
iN

]

tN×

(

G
+(N+1)
N+1N+1

)

t
†
N

[

N
∑

i=1

G
−(N)
Ni xiG

+(N)
iN

]

tN

}

G
+(N+1)
N+1N+1tN+1

= t
†
N+1G

+(N+1)
N+1N+1

[

BN + 2C+
NG

−(N+1)
N+1N+1C

−
N

]

G
+(N+1)
N+1N+1tN+1
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