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Chapter 1

Quantum Theory of Fields

Fourier transform the momentum operator,

F [p̂f ] =
1√
2π

∫ ∞

−∞
dx

(
−i

d
dx f

)
e−ipx

=
−i√
2π

{[
fe−ipx

]∞
−∞

+ i

∫
dx pfe−ipx

}
=

1√
2π

∫
dx pfe−ipx

= pF [f ] ,

with a function that gracefully fades into
oblivion at infinities.

1.1 Prelude: Harmonic Oscillator in Quantum
Mechanics

We use the quantum harmonic oscillator as the initial test case for methods em-
ployed in Quantum Field Theory (QFT).

In the position space, we have the position and momentum operators,

x̂ = x, p̂ = −i ddx ,

respectively, which gives us the commutation relation,

[x̂, p̂] = i.

Aside
Momentum-space operators are the Fourier transforms of those in position space
(see epigraph). Had we mapped the x-space operators to the p-space operators
with the following Fourier transform:

F [f ] = A

∫
dx f(x)eipx,

where A is an arbitrary constant, the x-space momentum operator would have

5



6 CHAPTER 1. QUANTUM THEORY OF FIELDS

been

p̂ = i
d
dx ,

and therefore we would have the commutation relation [x̂, p̂] = −i instead.

The Hamiltonian of a harmonic oscillator is given by

Ĥ =
p̂2

2m
+

1

2
mω2x̂2.

Background

x

U(x)

0

Expand an arbitrary potential U(x)
around its local minimum, say (0, 0),

U(x) =
1

2
U ′′(0)x2 +

1

6
U (3)(0)x3 + . . . .

Take the leading term and get the force,

mẍ = −dU
dx = −U ′′(0)x.

The equation of the displacement is

ẍ+
U ′′(0)

m
x = 0.

If x1 and x2 are its solution, x = x1 + x2 is also its solution. This is the
(linear) superposition property. Would superposition still hold had we taken
the subleading term, 1

6U
(3)(0)x3, as well?

One quick way to obtain a solution is to assume that it has the form x =
A exp{iωt}. Without actually solving it, we have

−ω2 +
U ′′(0)

m
= 0,

which gives us

U(x) =
1

2
mω2x2.

An oscillatory solution, instead of a runaway one, requires that U ′′(0) > 0—
namely, the ball is in the valley, not on the hilltop, or, in fancy words, the
potential is bounded from below.
So when we talk about harmonic oscillators, what we mean is that we check
the stable point of a system and see what happens if we perturb it, that is,
to touch it without touching it (x → 0). This whole course is only about the
physics in this linear regime!

Define the ladder operators â and â† as linear combinations of x̂ and p̂:

â =
1√
2

(√
mω x̂+

i√
mω

p̂

)
, (1.1)

â† =
1√
2

(√
mω x̂− i√

mω
p̂

)
. (1.2)
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We have the commutation relation, [
â, â†

]
= 1.

The Hamiltonian can then be rewritten in terms of â and â†:

Ĥ =
1

2

(
â†â+ ââ†

)
ω =

(
â†â+

1

2

)
ω.

This leads to the following observations.
First, [

Ĥ, â†
]
= ωâ†. (1.3)

Recall that in the Heisenberg picture, an operator Ô evolves with time as (starting
from t = 0)

Ô(t) = eiĤtÔ(0)e−iĤt,

and, therefore,

d Ô
dt = i

[
Ĥ, Ô

]
. (1.4)

Just a reminder that, a time-evolving state, |Ψ⟩ at t = 0, in the Schrödinger
picture is

|t⟩S ≡ e−iĤt |Ψ⟩ .

The matrix element of the operator is physical and independent of the picture:〈
Ψ
∣∣∣ Ô(t) ∣∣∣Ψ〉 =

〈
Ψ
∣∣∣ e+iĤtÔ(0)e−iĤt

∣∣∣Ψ〉 =
S

〈
t
∣∣∣ Ô(0) ∣∣∣ t〉

S
.

We will mostly be working in the Heisenberg picture in this course.
From Eqs. (1.3) and (1.4), we arrive at the time evolution of â†,

â†(t) = eiωtâ†(0). (1.5)

Similarly, we have [
Ĥ, â

]
= −ωâ,

â = e−iωtâ(0). (1.6)

The seemingly time-dependent phases, e±iωt, actually mean that the system is time-
translation invariant, i.e., time-independent.

Second, the energy eigenstate of the harmonic oscillator at level n is |n⟩ with
eigenvalue En,

Ĥ |n⟩ = En |n⟩ .

Therefore,

Ĥ
(
â† |n⟩

)
= (En + ω)

(
â† |n⟩

)
= En+1

(
â† |n⟩

)
,

That is

â† |n⟩ = |n+ 1⟩ ,
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up to a normalisation factor. Similarly,

â |n⟩ = |n− 1⟩ ,

which lowers the energy level of the system; however, this cannot continue forever,
as it will eventually hit the ground state, which means

â |0⟩ = 0.

As a result, we have the zero-point energy of the system,〈
0
∣∣∣ Ĥ ∣∣∣ 0〉 =

〈
0

∣∣∣∣ (â†â+ 1

2
ω

) ∣∣∣∣ 0〉 =
1

2
ω. (1.7)

These ladder operators are called annihilation and creation operators.

1.1.1 Mode Expansion
The definitions of the ladder operators,

Eq. (1.1): â =
1√
2

(√
mω x̂+

i√
mω

p̂

)
,

Eq. (1.2): â† =
1√
2

(√
mω x̂− i√

mω
p̂

)
,

could seem unnatural at first glance. In fact, the essence is that they are liner
transformations of x̂ and p̂ and form a ladder up and down the energy levels; all
other features are derivative.

To see how this actually happens, let’s consider canonical coordinates q̂ and p̂,
which have been promoted to operators (i.e., quantised) with

[q̂, p̂] = i.

Expand them in â and b̂ via a general linear transform,

q̂ = c1â+ c2b̂, (1.8)

p̂ = λ
(
c1â− c2b̂

)
,

where c1, c2, and λ are coefficients to be determined. We can obtain the inverse
transform straightforwardly and arrive at the commutation relation,

â =
q̂ + p̂/λ

2c1
, b̂ =

q̂ − p̂/λ
2c2

,[
â, b̂
]
= − [q̂, p̂]

2λc1c2
= − i

2λc1c2
.

Assume both p̂ and q̂ are Hermitian1 and choose b̂ = â†, then c1 = c∗2 and λ is
a pure imaginary number.

Further assume a general form of a Hamiltonian, which is by definition Hermi-
tian, with real coefficients h1 and h2 to be given for a physical system, and then
expand and collect terms of â and â†:

Ĥ = h1p̂
2 + h2q̂

2

1That is, each of them has one degree of freedom. Since a general complex number (or operator)
has two degrees of freedom, â and b̂ cannot be fully independent, otherwise there are 4 degrees of
freedom.
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= Aââ+Bâ†â† + C
(
â†â+ ââ†

)
,

with

A =
(
h1λ

2 + h2
)
c21

B =
(
h1λ

2 + h2
)
c22

C =
(
−h1λ2 + h2

)
c1c2.

If

h1λ
2 + h2 = 0, (1.9)

then both A- and B-terms vanish, so that we are left with

Ĥ = C
(
â†â+ ââ†

)
,

which gives us [
Ĥ, â†

]
∼ â†,[

Ĥ, â
]
∼ â.

The relation, Eq. (1.9), can be viewed as a dispersion relation for reasons that
will become clear in §1.2.1.

Define D as follows: [
Ĥ, â†

]
≡ Dâ†, D > 0,

which implies
[
Ĥ, â

]
= −Dâ (Exercise 1.1). It can be shown that

D = 2
√
|h1h2|.

Namely, given the dispersion relation, the Hamiltonian fully determines the dynam-
ics of the system, regardless of c1,2 and λ.

Proof.
[
Ĥ, â†

]
= C

[
â†â+ ââ†, â†

]
= 2C

[
â, â†

]
â†. With the dispersion

relation, C =
(
−h1λ2 + h2

)
c1c2 = −2h1λ2c1c2 = 2h2c1c2. By definition,

D = 2C
[
â, â†

]
= 2ih1λ = − 2ih2

λ , and hence D2 = 2ih1λ ·
(
− 2ih2

λ

)
= 4h1h2.

Take the positive root, we have D = 2
√
|h1h2|, which is independent of c1,2

and λ. ■

In the case of a harmonic oscillator,

h1 =
1

2m
, h2 =

1

2
mω2.

It can be shown that

λ = −imω,
D = ω.

By requiring that
[
â, â†

]
= 1, we have

C =
ω

2
,

and also c1,2 can be fixed up to an arbitrary phase—in this sense, the harmonic
oscillator case is fully recovered.
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Proof. With a harmonic oscillator, C = mω2c1c2, λ2 = −h2

h1
= −m2ω2, and

λ =


imω ⇒ D = −ω,

[
â, â†

]
= − 1

2mωc1c2

−imω ⇒ D = ω,
[
â, â†

]
= 1

2mωc1c2

.

So far, the treatment for â and â† is symmetric, hence the two options in the
sign of D. By definition, we take the D > 0 solution. Furthermore,

[
â, â†

]
=

1 ⇒ c1c2 = 1
2mω ⇒ C = ω

2 . At this point, because c∗1 = c2, c1,2 can be
determined up to a phase e±iα. Choose real values, c1 = c2 = 1√

2mω
, and the

harmonic oscillator case is fully recovered. ■

For a quantum harmonic oscillator, the dynamical variable is x̂(t). By rewriting
it as ϕ̂(t), we refresh our mind2 and now consider it as a quantum field in the
0-dimensional space:

Quantum field theory in 0 + 1 spacetime is quantum mechanics3.

Recall that

Eq. (1.1): â =
1√
2

(√
mω x̂+

i√
mω

p̂

)
,

Eq. (1.2): â† =
1√
2

(√
mω x̂− i√

mω
p̂

)
,

Eq. (1.5): â†(t) = eiωtâ†(0),

Eq. (1.6): â(t) = e−iωtâ(0),

we know

ϕ̂(t) =
1√
2mω

[
e−iωtâ(0) + eiωtâ†(0)

]
.

1.2 Mode Expansion of Quantum Fields
Moving forward, let’s consider a real scalar field,

ϕ(x, t),

which is a generalised coordinate in 1+ 1 spacetime, and its real canonical momen-
tum,

π(x, t).

Promote them into operators (q-numbers), and x and t are now considered labels
only—Namely, the dynamics of x, such as ẋ, do not concern us anymore; x merely
extends the labelling system of quantum mechanics, a 0 + 1-dimensional QFT, to
the 1 + 1 spacetime.

We demand the canonical equal-time commutators,

[ϕ̂(x, t), π̂(y, t)] = iδ(x− y), (1.10)
[ϕ̂(x, t), ϕ̂(y, t)] = [π̂(x, t), π̂(y, t)] = 0.

2If you do not see this coming, check Eq. (1.8)—we rewrote it as q̂ customarily at that time.
3The 1-dimension is time.
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Background

Historically, the ϕ field started as an upgrade of the wave function in quantum
mechanics, where wave functions (c-number) commute. Making ϕ an operator
was not an obvious step as we think of it nowadays.

In 1933 Heisenberg and Pauli resumed their correspondence. On 18 Jan-
uary 1933, Pauli (1985) expressed a distaste for second quantization:

“By ‘second [nochmaliger]’ quantization I mean the following. The tran-
sition from classical particle mechanics to the c-number waves Ψ in three-
dimensional space I call quantization. The transition from the c-number
Ψ waves to the q-number Ψ waves I also call quantization; so: ‘second’
quantization. These designations pursue the deliberate aim that the reader
ought to find disgusting!”

— A. I. Miller, Early Quantum Electrodynamics: A Source Book, p. 47,
§4.4 [Mil95]

Let’s expand ϕ̂(x, t) and π̂(x, t) in â and â† via Fourier transforms:

ϕ̂(x, t) =
1√
2π

∫
dk
(
c1âeikx + c2â

†e−ikx
)
, (1.11)

π̂(x, t) =
1√
2π

∫
dk
(
−iωc1âeikx + iωc2â

†e−ikx
)
, (1.12)

where the x-dependence is fully encapsulated in the phases, while the t-dependence
is in â and â†. The operators, â and â†, and the coefficients, c1,2 (c1 = c∗2) and ω
(real number), all depend on k.

Background

The newly acquired x-dependence of the 1 + 1-dimensional theory is now
Fourier-transformed into a superposition of harmonic oscillators with different
k. This is a reincarnation from the early quantisation of the electromagnetic
field.

In their paper BJ-2, Born and Jordan restrict the discussion of mechanical
variables to a single degree of freedom; the generalization to arbitrary
degrees of freedom is announced for a succeeding publication, which will
follow shortly ( Born, Heisenberg, Jordan, Z. Phys. 35, 557, 1926; rec.
16 Nov. 1925, referred to as“BHJ”). Similarly, in BJ-2 the treatment
of the coupling to the electromagnetic field, including field quantization, is
derived for the coupling to a single electric dipole only. Field quantization
however, is possible for all modes, due to the linear character of Maxwell’
s equations, allowing decomposition into linearly independent modes.

— H. Capellmann, The Development of Elementary Quantum Theory,
pp. 31–32, §5.4 [Cap17]

To simplify the notation, from now on we drop theˆ-notation for operators and
use the following compact forms for Fourier transforms:

f̃η(k) = Fη[f ] =
1√
2π

∫
dx f(x)eηikx,

s̃η(x) = Kη[s] =
1√
2π

∫
dk s(k)eηikx,
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where η stands for the sign + or −.

Fourier Transform
Proposition 1.1
The Dirac delta function can be defined as δ(x) = 1

2π

∫∞
−∞ dk e±ikx. We have∫∞

−∞ dx δ(x) = 1.
Proof. Just need to prove the +ikx case and use the Gaussian integral∫∞
−∞ dx e−x2

=
√
π:

δ(x) =
1

2π

∫ ∞

−∞
dk eikx =

1

2π
lim
ε→0

∫ ∞

−∞
dk e−εk2+ikx

=
1

2π
lim
ε→0

∫ ∞

−∞
dk e−ε(k− ix

2ε )
2− x2

4ε =
1

2π
lim
ε→0

e− x2

4ε

√
π

ε
,∫ ∞

−∞
dx δ(x) = 1

2π
lim
ε→0

√
π

ε

∫ ∞

−∞
dx e− x2

4ε =
1

2π
lim
ε→0

√
π

ε
2
√
επ = 1. ■

Proposition 1.2
Consider the following general forms of the Fourier transform and its inverse,
with real numbers, Nx, Nk, and C:

f̃(k) = F [f ] = Nx

∫
dx f(x)eiCkx,

f(x) = F−1[f̃ ] = Nk

∫
dk f̃(k)e−iCkx.

We have NxNk = |C|
2π .

Proof.

f(x) = F−1 [F [f ]] = NxNk

∫
dk dy f(y)eiCky−iCkx =

∫
dy f(y)δ(y − x),

δ(y − x) = NxNk

∫
dk eiCk(y−x) =

NxNk

|C|

∫
dk′ eik

′(y−x).

Comparing the last line with the above definition of the δ-function gives the
desired expression. In the following, the Fourier transform normalisation con-
dition, NxNk = 1

2π , and the signature notation, η, τ = ±, are used. ■

Proposition 1.3

Fη

[
st̃τ
]
= Nx

∫
dx eηikxs(k)Nk

∫
dk ′eτik

′xt (k′) =

{
s(k)t(−k), η = τ
s(k)t(k), η ̸= τ

;

Proof.

Fη

[
st̃τ
]
= NxNk

∫
dx dk ′s(k)t (k′) eτi(

η
τ k+k′)x

=
1

2π

∫
dx dk ′s(k)t (k′) eτi(

η
τ k+k′)x =

∫
dk ′s(k)t (k′) δ

(η
τ
k + k′

)
= s(k)t

(
−η
τ
k
)
=

{
s(k)t(−k), η = τ
s(k)t(k), η ̸= τ

. ■
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Proposition 1.4[
f̃η(k), g̃τ (k

′)
]
=

[
Nx

∫
dx eηikxf(x), Nx

∫
dy eτik

′yg(y)

]
=

{
2πN 2

x · r δ (k + k′) , η = τ
2πN 2

x · r δ (k − k′) , η ̸= τ
, given that [f(x), g(y)] = r δ(x− y);

Proof.[
f̃η(k), g̃τ (k

′)
]
= 2πN 2

x ·
1

2π

∫
dx dy eηikx+τik′y[f(x), g(y)]

= 2πN 2
x ·

r

2π

∫
dx dy eηikx+τ ′ik′yδ(x− y) = 2πN 2

x ·
r

2π

∫
dx eτi(

η
τ k+k′)x

= 2πN 2
x · r δ

(η
τ
k + k′

)
=

{
2πN 2

x · r δ (k + k′) , η = τ
2πN 2

x · r δ (k − k′) , η ̸= τ
. ■

Proposition 1.5

∫
dx s̃η(x)t̃τ (x) =

∫
dx Nk

∫
dk eηikxs(k)Nk

∫
dk′ eτik

′xt (k′)

=

{
2πN 2

k ·
∫
dk s(k)t(−k) = 2πN 2

k ·
∫
dk s(−k)t(k), η = τ

2πN 2
k ·
∫
dk s(k)t(k), η ̸= τ

.

N.B.: With η = τ , we effectively obtain the convolution theorem.
Proof.∫

dx s̃η(x)t̃τ (x) = 2πN 2
k ·

1

2π

∫
dx dk dk′ eτi(

η
τ k+k′)xs(k)t (k′)

= 2πN 2
k ·
∫

dk dk′ s(k)t (k′) δ
(η
τ
k + k′

)
= 2πN 2

k ·
∫

dk s(k)t
(
−η
τ
k
)

=

{
2πN 2

k ·
∫
dk s(k)t(−k), η = τ

2πN 2
k ·
∫
dk s(k)t(k), η ̸= τ

. ■

In the case of Nx = Nk = 1√
2π

, as is for the rest of this course (unless otherwise
specified), 2πN 2

x = 2πN 2
k = 1.

Equations (1.11) and (1.12) become

ϕ = K+ [c1a] +K−
[
c2a

†] ,
π = K+ [−iωc1a] +K−

[
iωc2a

†] .
In order to obtain the inverse transformation, we need the following expressions
(Proposition 1.3):

F+ [iωkϕ] = iωkc1,−ka−k + iωkc2,ka
†
k, (1.13)

F+[π] = −iω−kc1,−ka−k + iωkc2,ka
†
k.

Now, we can solve a†:

a†k =
F+ [iωkϕ+ π]

2iωkc2,k
, (1.14)
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where we have assumed

ωk = ω−k. (1.15)

Similarly, we have

ak =
F− [−iωkϕ+ π]

−2iωkc1,k
. (1.16)

We can estimate the commutation relations (Proposition 1.4):[
ak, a

†
k′

]
∼ [F− [−iωkϕ] ,F+[π]] + [F−[π],F+ [iωk′ϕ]]

∼ ωkδ (k − k′) + ωk′δ (k − k′)
= 2ωkδ (k − k′) ,

[ak, ak′ ] ∼ [F− [−iωkϕ] ,F−[π]] + [F−[π],F− [−iωk′ϕ]]

∼ ωkδ (k + k′)− ωk′δ (k + k′)

= 0,[
a†k, a

†
k′

]
∼ [F+ [iωkϕ] ,F+[π]] + [F+[π],F+ [iωk′ϕ]]

∼ −ωkδ (k + k′) + ωk′δ (k + k′)

= 0.

We then arrive at the precise expressions by accounting for the prefactors:[
ak, a

†
k′

]
= 2πN 2

x ·
δ (k − k′)
2ωkc1c2

=
δ (k − k′)
2ωkc1c2

, (1.17)

[ak, ak′ ] =
[
a†k, a

†
k′

]
= 0,

where Nx = 1√
2π

is the normalisation of the Fourier transform, F .

1.2.1 Free Fields
To continue our discussion, we first notice

∂ϕ

∂x
= ∂xϕ = K+ [ikc1a] +K−

[
−ikc2a†

]
.

Now assume a general form of a free (namely, no interactions) Hamiltonian
density, with real coefficients h1,2,3 to be given for a physical system:

H(x) = h1π
2 + h2 (∂xϕ)

2
+ h3m

2ϕ2, (1.18)

where m is a real parameter4 to be determined that is introduced just to account
for the dimension of h3. Upon expanding and collecting terms of a and a†, the
Hamiltonian is then

H =

∫
dxH(x) = A+B + C,

where

A ∼ K+K+,

4You might have already guessed that this is some sort of field’s mass. However, this information
is irrelevant for the calculation; we can proceed with the analysis without explicitly considering
its nature.
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B ∼ K−K−, and
C ∼ K+K− +K−K+.

Let’s calculate the A-term first:

A =

∫
dx {h1K+ [−iωc1a]K+ [−iωc1a]

+ h2K+ [ikc1a]K+ [ikc1a]

+h3m
2K+ [c1a]K+ [c1a]

}
.

We have (Proposition 1.5)

A =2πN 2
k ·
∫

dk [h1 (−iωkc1,k) (−iω−kc1,−k) aka−k

+ h2 (ikc1,k) (−ikc1,−k) aka−k

+h3m
2c1,kc1,−kaka−k

]
=2πN 2

k ·
∫

dk
(
−h1ω2

k + h2k
2 + h3m

2
)
c1,kc1,−kaka−k,

where Nk is the normalisation of the Fourier transform, K. In the last step, we
have used the assumption

Eq. (1.15): ωk = ω−k.

Similarly, we have

B = 2πN 2
k ·
∫

dk
(
−h1ω2

k + h2k
2 + h3m

2
)
c2,kc2,−ka

†
ka

†
−k.

Finally, for the C-term, because we are now dealing with opposite Fourier signatures,
we can omit the common k dependence in the subscript:

C = 2πN 2
k ·
∫

dx {h1
(
K+ [−iωc1a]K−

[
iωc2a

†]+K−
[
iωc2a

†]K+ [−iωc1a]
)

+ h2
(
K+ [ikc1a]K−

[
−ikc2a†

]
+K−

[
−ikc2a†

]
K+ [ikc1a]

)
+h3m

2
(
K+ [c1a]K−

[
c2a

†]+K−
[
c2a

†]K+ [c1a]
)}

= 2πN 2
k ·
∫

dk [ h1ω
2c1c2

(
aa† + a†a

)
+ h2k

2c1c2
(
aa† + a†a

)
+ h3m

2c1c2
(
aa† + a†a

)]
= 2πN 2

k ·
∫

dk ( h1ω
2 + h2k

2 + h3m
2
)
c1c2

(
aa† + a†a

)
.

We see that once the dispersion relation is satisfied (we restore the subscript k to
emphasise the k-dependence):

ω2
k =

h2
h1
k2 +

h3
h1
m2, (1.19)

both A-and B-terms vanish, leading to

H = C =2πN 2
k ·
∫

dk 2h1ω2
kc1c2

(
a†kak + aka

†
k

)
=

∫
dk 2h1ω2

kc1c2

(
a†kak + aka

†
k

)
,

where Nk = 1√
2π

was used in the last step. This dispersion relation means that the
assumption that we have been using is automatically satisfied:

Eq. (1.15): ωk = ω−k,
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As we shall see in later chapters, for a free scalar field,

h1 = h2 = h3 =
1

2
, (1.20)

with m being the mass of the field particle. Then, following Eq. (1.19), k and ωk

are interpreted as the momentum and energy of the scalar field:

ωk =
√
k2 +m2. (1.21)

By choosing

c1 = c2 =
1√
2ωk

, (1.22)

we have [
ak, a

†
k′

]
= δ (k − k′) , (1.23)

H =

∫
dk ωk

2

(
a†kak + aka

†
k

)
, (1.24)

with which it is straightforward to recover the same set of algebra as in the case of
the harmonic oscillator. In particular, by calculating

[
H, a(†)

]
, we have again

Eq. (1.5): â†(t) = eiωtâ†(0),

Eq. (1.6): â(t) = e−iωtâ(0).

The assumed form of the free Hamiltonian,

Eq. (1.18): H(x) = h1π
2 + h2 (∂xϕ)

2
+ h3m

2ϕ2, with

Eq. (1.20): h1 = h2 = h3 =
1

2
,

ensures that the a(t) and a†(t) evolve with a phase factor e∓iωt.
Going beyond free fields, for the general case, it is customary to take out and

embed these phases in the mode expansion so that a and a† only retain possible
non-trivial time dependence. That is, instead of

Eq. (1.11): ϕ̂(x, t) =
1√
2π

∫
dk
(
c1âeikx + c2â

†e−ikx
)
,

Eq. (1.12): π̂(x, t) =
1√
2π

∫
dk
(
−iωc1âeikx + iωc2â

†e−ikx
)
,

Eq. (1.22): c1 = c2 =
1√
2ωk

,

we write

ϕ(x, t) =
1√
2π

∫
dk 1√

2ω

(
aeikx−iωt + a†e−ikx+iωt

)
, (1.25)

π(x, t) =
1√
2π

∫
dk 1√

2ω

(
−iωaeikx−iωt + iωa†e−ikx+iωt

)
, (1.26)

or, in shorthand:

ϕ = K+ [ca] +K−
[
c∗a†

]
, (1.27)

π = K+ [−iωca] +K−
[
iωc∗a†

]
, (1.28)



1.2. MODE EXPANSION OF QUANTUM FIELDS 17

(∂xϕ = K+ [ikca] +K−
[
−ikc∗a†

]
,
)

(1.29)

with a different choice of coefficients:

c =
1√
2ω

e−iωt.

Because of the dispersion relation for the free field, even though x and t are
seemingly on an equal footing in the mode expansion,

Eq. (1.25): ϕ(x, t) =
1√
2π

∫
dk 1√

2ω

(
aeikx−iωt + a†e−ikx+iωt

)
,

Eq. (1.26): π(x, t) =
1√
2π

∫
dk 1√

2ω

(
−iωaeikx−iωt + iωa†e−ikx+iωt

)
,

only x is Fourier-transformed away via integration over k—ω is fixed once k is given.
The integration over ω arises when interactions take place, as discussed in the end
of this section.

In the following, we discuss two important aspects when we go beyond free fields.

Free-Field Equivalences

Following Eqs. (1.25) and (1.26), we notice

∂ta = 0, ∂ta
† = 0 ⇒ π = ∂tϕ.

On the other hand, recall that

Eq. (1.14): a†k =
F+ [iωkϕ+ π]

2iωkc2,k
,

Eq. (1.16): ak =
F− [−iωkϕ+ π]

−2iωkc1,k
;

if π = ∂tϕ (as will be shown for a free scalar field in §2.1.1), we have (note the
inverse phases e±iωt)

a† =
F+

[
e−iωt (ωϕ− i∂tϕ)

]
√
2ω

,

a =
F−
[
eiωt (ωϕ+ i∂tϕ)

]
√
2ω

.

Then differentiate with respect to time,

∂ta =
F−
[
ieiωt

(
ω2 + ∂2t

)
ϕ
]

√
2ω

. (1.30)

Introducing

DKG ≡ ω2 + ∂2t ,

we have

∂ta =
F−
[
ieiωtDKGϕ

]
√
2ω

, (1.31)

and similarly,

∂ta
† =
F+

[
−ie−iωtDKGϕ

]
√
2ω

. (1.32)



18 CHAPTER 1. QUANTUM THEORY OF FIELDS

With

DKGϕ = 0 (1.33)

we have

∂ta
(†) = 0.

Apply the free-field (i.e., on-shell) dispersion relation with the Fourier transform
of ∂x (cf. epigraph),

ω2 = k2 +m2 → −∂2x +m2,

which leads to

DKG = ∂2t − ∂2x +m2. (1.34)

As we will see in §2.1.1, Equation (1.33) is the equation of motion—Klein-Gordon
equation (hence the superscript “KG”)—of the free scalar field in 1+1 spacetime.

Now, collecting all free-field equivalences so far in one place, we have

Free field (Hamiltonian) ⇔DKGϕ = 0 ⇔ ∂ta
(†) = 0. (1.35)

All these are the defining traits of asymptotic states at t→ ±∞.
Going beyond free fields, let’s continue Eqs. (1.31) and (1.32) into the region,

t↛ ±∞, where the operator DKG does not destroy the field:

DKGϕ = J (x, t) ̸= 0,

where J is the so-called source term. We can bridge the two asymptotic limits using
the fundamental theorem of calculus:

a (+∞)− a (−∞) = a(t)|+∞
−∞ =

∫ +∞

−∞
dt ∂ta(t)

=
i√
2ω

√
2πT+F− [J ] ∼ F1+1

+ [J ] ,

similarly, a† (+∞)− a† (−∞) =
−i√
2ω

√
2πT−F+ [J ] ∼ F1+1

− [J ] ,

where the Fourier transform is taken on both x and t (see Appendix A for the
notation of Fourier transforms).

Spectral Density

Recall the dispersion relation,

Eq. (1.21): ωk =
√
k2 +m2.

In fact, this condition can be realised by integrating the one-particle mass spec-
trum,

ρ (s) = δ
(
s−m2

)
,

with s ≡ ω2 − k2:

1√
2ωk

e±iωkt =

∫
dω e±iωtρ (s) θ(ω)

√
2ω.
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Here we have used the Heaviside step function5,

θ(x) =

{
1, x > 0
0, x < 0

,

and6

δ
(
ω2 − k2 −m2

)
θ(ω) =

1

2ω
δ
(
ω −

√
k2 +m2

)
.

The field expansion (restoring the k-dependence in the notation),

Eq. (1.25): ϕ(x, t) =
1√
2π

∫
dk 1√

2ωk

(
akeikx−iωkt + a†ke

−ikx+iωkt
)
,

becomes

ϕ(x, t) =
1√
2π

∫
dk dω ρ (s) θ(ω)

√
2ω
(
ak,ωeikx−iωt + a†k,ωe

−ikx+iωt
)
,

where a(†) now depends on ω as well.
Going beyond free fields, this mass spectrum (called Källén-Lehmann spectral

density) will include more than the one-particle contribution:

ρ (s) = δ
(
s−m2

)
+multi-particle contributions.

1.3 LSZ Reduction
Recall the zero-point energy in quantum mechanics,

Eq. (1.7):
〈
0
∣∣∣ Ĥ ∣∣∣ 0〉 =

〈
0

∣∣∣∣ (â†â+ 1

2
ω

) ∣∣∣∣ 0〉 =
1

2
ω,

In quantum field theory, |0⟩ is the vacuum:

a |0⟩ = 0,

conventionally normalised as

⟨0 | 0⟩ = 1.

The vacuum energy is

⟨0 |H | 0⟩ =
∫

dk ω
〈
0

∣∣∣∣ a†a+ 1

2
δ(0)

∣∣∣∣ 0〉 =

(∫
dk ω

2

)
δ(0) ⟨0 | 0⟩ ,

which follows from

Eq. (1.23):
[
ak, a

†
k′

]
= δ (k − k′) ,

Eq. (1.24): H =

∫
dk ωk

2

(
a†kak + aka

†
k

)
.

We see that both the integral over k and δ(0) (∼
∫
dx 1) are infinite as they sum

over all energies and the whole space. This infinity needs to be subtracted via
normal ordering:

:a†a: = a†a,

5A useful property: dθ
dx = δ(x).

6To prove this, we observe δ (u) =
∑

i
δ(x−xi)
|u′(xi)|

, where the sum is over all zeros of u(x).
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:aa†: = a†a,

namely, all annihilation operators are moved to the right of the creation operators.
The renormalised7 Hamiltonian (Exercise 1.2) and vacuum energy are

:H:=

∫
dk ωa†a, ⟨0 | :H: | 0⟩ = 0.

When we start from a classical field theory (as we will be doing in Chapter 2),
where fields are c-numbers instead of operators, the theory can be written down
with an arbitrary order among the fields. When quantised—the fields become
operators—different ordering corresponds to different quantum theories. Normal
ordering is to “construct”—in fact, single out from all possible, not necessarily
identified, alternatives—the one theory that annihilates the vacuum.

Background

In the free theory, we have cured the infinity of the vacuum energy by normal
ordering. Historically, this technique was developed as the first step to solve
the infinity problem in the interaction theory—self-energies in QED which we
will encounter in later sections.

Jordan extended Dirac’s quantization methods to Bose particles with mass
in October 1927 (Jordan and Klein, 1927)…Jordan and Klein …noted that
…all creation operators must stand to the left of all annihilation operators.
…
The technique …is a precursor to the subtraction methods introduced into
quantum electrodynamics by Dirac in 1933 …We will see that in retrospect
Heisenberg was doubly correct when he perceived that reordering of creation
and annihilation operators, so that creation operators stand to the left of
annihilation operators (which he referred to as the “Klein–Jordan trick”),
could provide the path to removal of the electron’s divergent self-energy.

— A. I. Miller, Early Quantum Electrodynamics: A Source Book, pp. 23–
25, §2.3 [Mil95]

Furthermore,

:H: a†k |0⟩ = ωka
†
k |0⟩ ,

and so a†k |0⟩ is the eigenstate of the Hamiltonian created by a†k with momentum k:

|k⟩ ≡ Zka
†
k |0⟩ ,

where Zk is the normalisation convention:

⟨k | k′⟩ = Z∗
kZk′

〈
0
∣∣∣ aka†k′

∣∣∣ 0〉 = |Zk|2δ (k − k′) . (1.36)

Aside

While [ϕ, π] is consistently defined in the literature as in Eq. (1.10), [a, a†] varies
depending on the normalisation of the Fourier transforms and the choices of

7Only in the free-field sense. Renormalisation in interacting theories will be introduced in §1.4.
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c1,2:

Eq. (1.17):
[
ak, a

†
k′

]
= 2πN 2

x ·
δ (k − k′)
2ωkc1c2

.

This implicitly affects the normalisation of |k⟩.
With

ϕ(x, t) =
1√
2π

∫
dk 1√

2ω

(
aeikx−iωt + a†e−ikx+iωt

)
,

π(x, t) =
1√
2π

∫
dk 1√

2ω

(
−iωaeikx−iωt + iωa†e−ikx+iωt

)
,

we have (ignoring the Zk-dependence, i.e., letting Zk = 1) ⟨k | k′⟩ =
[
ak, a

†
k′

]
=

δ (k − k′) (Exercise 1.3a).
Now, suppose we had alternative choices,

ϕ(x, t) =

∫ dk
2π

1

2ω

(
aeikx−iωt + a†e−ikx+iωt

)
,

π(x, t) =

∫ dk
2π

1

2ω

(
−iωaeikx−iωt + iωa†e−ikx+iωt

)
.

This means that we would have Nk = 1
2π , and, therefore, Nx = 1

2πNk
= 1

instead of 1√
2π

, and c = e−iωt

2ω instead of e−iωt
√
2ω

. So, we would have ⟨k | k′⟩ =[
ak, a

†
k′

]
= 2π2ωkδ (k − k′), which is 2π2ωk times our current choice.

Now, consider the asymptotic states where we have the free fields,

|k1 in ⟩ ≡ a†1(−∞) |0⟩ ,

|k2 out ⟩ ≡ a†2(+∞) |0⟩ .

The subscripts “1, 2” of a† are shorthand for the momenta, k1,2, and we have set
Zk = 1 for convenience8. We are interested in the so-called S-matrix whose element
is:

S21 ≡⟨k2 out | k1 in ⟩

=
〈
k2 out

∣∣∣ a†1(−∞)
∣∣∣ 0〉 .

Background

The S-matrix is connected to measurable quantities like cross sections and
decay rates via Fermi’s golden rule.

Perhaps depressed about the current state of his theory, Dirac turned to
formulating a new version of quantum electrodynamics. As a guide he
relied upon correspondence-limit procedures. Dirac (1932) advocated a re-
turn to Heisenberg’s (1925) method of formulating a quantum mechanics
in terms only of observable quantities. For relativistic quantum mechan-
ics Dirac suggested that the important quantities ought to be the ‘various
monochromatic components of the ingoing and of the outgoing fields of
radiation’ from which probability amplitudes are formed. (Similar quan-
tities would make their appearance in Heisenberg’s 1943 S-matrix theory
as the in and out states.)

8 We also pretend that the vacuum remains trivial even when the field is not free.
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— A. I. Miller, Early Quantum Electrodynamics: A Source Book, p. 46,
§4.4 [Mil95]
As a side note, prior to Heisenberg’s method, Born had emphasised (around
1923/24) that

the true quantum laws should contain relations between quantities, which
are observable (“Von diesen wahren Gesetzen müssen wir verlangen, dass
sie nur Beziehungen zwischen beobachtbaren Grössen enthalten”).

— H. Capellmann, The Development of Elementary Quantum Theory,
p. 25, §5.1 [Cap17]

Because

⟨k2 out | k1 out ⟩ = δ (k1 − k2)

=
〈
k2 out

∣∣∣ a†1(+∞)
∣∣∣ 0〉 ,

we have the transition amplitude,

iT21 ≡ S21 − δ (k1 − k2) = ⟨k2 out | k1 in ⟩ − ⟨k2 out | k1 out ⟩

=−
〈
k2 out

∣∣∣ a†1(+∞)− a†1(−∞)
∣∣∣ 0〉

=−

〈
k2 out

∣∣∣∣∣∣∣∣∣∣
∫ +∞

−∞
dt1 ∂t1a

†
1(t1)︸ ︷︷ ︸

≡V †
1

∣∣∣∣∣∣∣∣∣∣
0

〉
(1.37)

≡−
〈
0
∣∣∣ a2(+∞)V †

1

∣∣∣ 0〉 .
At this point, one would tend to repeat the same trick and add a term〈
k2 in

∣∣∣V †
1

∣∣∣ 0〉 to generate a similar difference
∫ +∞
−∞ dt2 ∂t2a2(t2), but this extra

term is non-trivial. Instead, we can use the following term, which vanishes because
a |0⟩ = 0: 〈

0
∣∣∣V †

1 a2(−∞)
∣∣∣ 0〉 = 0.

So,

iT21 =−
〈
0
∣∣∣ a2(+∞)V †

1

∣∣∣ 0〉+
〈
0
∣∣∣V †

1 a2(−∞)
∣∣∣ 0〉

=−

〈
0

∣∣∣∣∣∣∣
∫

dt1

a2(+∞)∂t1a
†
1 (t1)︸ ︷︷ ︸

≡W (t1,+∞)

− ∂t1a
†
1 (t1) a2(−∞)︸ ︷︷ ︸
≡W (t1,−∞)


∣∣∣∣∣∣∣ 0
〉

=−
〈
0

∣∣∣∣ ∫ dt1
∫ +∞

−∞
dt2 ∂t2W (t1, t2)

∣∣∣∣ 0〉 .
We need to find a function W (t1, t2) that satisfies the above boundary conditions
at t2 → ±∞. Note that we are now dealing with fields at arbitrary time—away from
the asymptotic limits—which are therefore no longer considered free.

After observing the time dependence in the definition of W , we introduce the
time ordering:

T [A (t1)B (t2)] = A (t1)B (t2) θ (t1 − t2) +B (t2)A (t1) θ (t2 − t1) (1.38)
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=

{
A (t1)B (t2) , t1 > t2
B (t2)A (t1) , t2 > t1

, (1.39)

namely, fields at an earlier time are moved to the right of later ones. This leads us
to the identification:

W (t1, t2) = T
[
∂t1a

†
1 (t1) a2 (t2)

]
.

Recalling

Eq. (1.32): ∂ta
† =
F+

[
−ie−iωtDKGϕ

]
√
2ω

,

Eq. (1.31): ∂ta =
F−
[
ieiωtDKGϕ

]
√
2ω

,

we have

∂t1a
†
1 (t1) =

1√
2ω1
F+

[
−ie−iω1t1DKG

1 ϕ1
]
,

∂t2a2 (t2) =
1√
2ω2
F−
[
ieiω2t2DKG

2 ϕ2
]
.

Pulling T through the derivatives (Exercise 1.4), we have

iT21 = −
〈
0

∣∣∣∣ ∫ dt1 dt2 T
[
∂t1a

†
1 (t1) ∂t2a2 (t2)

] ∣∣∣∣ 0〉
=

i√
2ω1

i√
2ω2

1

2π

∫
dt1 dx1 dt2 dx2 eik1x1−iω1t1e−ik2x2+iω2t2

×DKG
1 DKG

2 ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩
∼ F1+1

− F1+1
+

{
DKG

1 DKG
2 ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩

}
. (1.40)

This is known as the Lehmann-Symanzik-Zimmermann (LSZ) reduction for-
mula—the transition amplitude is reduced to the vacuum expectation value of the
time-ordered product of all involved fields. Its structure is readily identifiable: the
integral is a Fourier transform over all spacetime coordinates, and the in-and out-
states are distinguished by the ± signs in the phase factors. The prefactor depends
on the convention of the |k⟩ normalisation.

Now, let’s consider when ϕ is a free field. We have the following observations.

With DKGϕ = 0

⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩ is identified as DKG’s (2-point) Green’s function,
G2 (x1 − x2, t1 − t2):

⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩ = G2 (x1 − x2, t1 − t2) .

To see this, we first check:

DKG
1 T [ϕ (x1, t1)ϕ (x2, t2)]

=T
[
DKG

1 ϕ (x1, t1)ϕ (x2, t2)
]
− iδ (x1 − x2) δ (t1 − t2)

=− iδ (x1 − x2) δ (t1 − t2) .
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Proof. The only non-trivial part is the time-derivative:

∂t1T [ϕ (x1, t1)ϕ (x2, t2)]

=T [∂t1ϕ (x1, t1)ϕ (x2, t2)] + [ϕ (x1, t1) , ϕ (x2, t2)] δ (t1 − t2)
=T [∂t1ϕ (x1, t1)ϕ (x2, t2)] ,

∂2t1T [ϕ (x1, t1)ϕ (x2, t2)]

=T
[
∂2t1ϕ (x1, t1)ϕ (x2, t2)

]
+ [∂t1ϕ (x1, t1) , ϕ (x2, t2)] δ (t1 − t2)

=T
[
∂2t1ϕ (x1, t1)ϕ (x2, t2)

]
+ [π (x1, t1) , ϕ (x2, t2)] δ (t1 − t2)

=T
[
∂2t1ϕ (x1, t1)ϕ (x2, t2)

]
− iδ (x1 − x2) δ (t1 − t2) . ■

Then we immediately arrive at the defining expression for a Green’s function (it
works already without the vacuum expectation):

DKG
1 G2 (x1 − x2, t1 − t2) = −iδ(x1 − x2)δ(t1 − t2). (1.41)

Using Free-Field Expansion

⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩ becomes the Feynman propagator9:

⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩ = i

∫ dk
2π

dω
2π

eik(x1−x2)−iω(t1−t2)

ω2 − k2 −m2 + iϵ

≡ ∆F (x1 − x2, t1 − t2) , (1.42)

with ϵ → 0+. This propagator can be represented as the Feynman diagram in
Fig. 1.1.

1 2

Figure 1.1: G12
2 ≡ G2(x1 − x2, t1 − t2) = ∆F(x1 − x2, t1 − t2).

Background

The Feynman diagram is a powerful tool to visualise the field propagation and
interactions in spacetime. There exists a set of rules to relate the topological
features of the diagrams to physics processes and the elements of the transition
amplitude. Leading-order calculation of physics quantities, e.g., cross sections,
becomes intuitive and straightforward in the language of Feynman diagrams.

In the course of his scientific research in nuclear physics, in 1932 Heisen-
berg discovered a clue to the depictive mode of visualizability, a mode that
would in time enable us to imagine things we have not seen, needless to
say within the restrictive framework of our sense perceptions.
…
Heisenberg had taken the first step toward regaining the visual component
of visualizability. ‘Migration’ also conveys the meaning of Platzwechsel
that enabled Heisenberg’s vision of the nuclear force to be brought to
fruition in 1935 by Hideki Yukawa.
…
Despite proper descriptions of particles transmitting forces, nowhere in
the scientific literature of the 1930s have I found depictions of this process.

9The free-field dependence traces back to the on-shell dispersion relation in the field expansion.
See Källén-Lehmann spectral density in §1.2.1



1.3. LSZ REDUCTION 25

The only depiction of β-decay that I found is in Figure 5.1(h), which is
the sort of diagram that was the basis for Fermi’s anschaulich β-decay
theory.
In (1943) Wentzel proposed the ‘didactic’ device in Figure 5.1(i) for de-
picting Yukawa’s treatment of β-decay as an ‘indirect’ process mediated
by a virtual meson. The impact on Feynman of Wentzel’s (1943) book
remains to be ascertained owing to the complexity of the route that led
Feynman to his diagrammatic methods.
In his (1965) Nobel Prize address Feynman wrote that the absence of
rigorous mathematical proofs for his diagrammatic rules caused the ‘work
[to be] criticized, I don’t know whether favorably or unfavorably, and the
“method” was called the “intuitive method”’.

— A. I. Miller, Early Quantum Electrodynamics: A Source Book, pp. 17,
87, 88, 94, §1.9 [Mil95]

Like the silicon chip of more recent years, the Feynman diagram was
bringing computation to the masses.

— J. Schwinger, Quantum Electrodynamics—An Individual View, J. Phys.
Colloq. 43, 409 (1982)

Feynman Propagator

Recall our usual mode expansion, Eq. (1.25),

ϕ(x, t) =
1√
2π

∫
dk 1√

2ω

(
aeikx−iωt + a†e−ikx+iωt

)
,

or in shorthand,

ϕ(x, t) = K+ [ca] +K−
[
c∗a†

]
, c =

1√
2ω

e−iωt.

Proposition 1.6

⟨0 |ϕ | 0⟩ = 0.

Proof.

⟨0 |ϕ | 0⟩ = K+ [c ⟨0 | a | 0⟩] +K−
[
c∗
〈
0
∣∣ a† ∣∣ 0〉] = 0,

as a |0⟩ = 0 and ⟨0| a† = 0. ■
Proposition 1.7

⟨0 |ϕ (x1, t1)ϕ (x2, t2) | 0⟩ =
∫ dk

2π

1

2ωk
eik(x1−x2)−iωk(t1−t2).
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Proof. In calculating
〈
0
∣∣ a(†)a(†) ∣∣ 0〉, only the aa† term survives (allowing

arbitrary Fourier transform normalisations and choices of c’s modulus):

⟨0 |ϕ (x1, t1)ϕ (x2, t2) | 0⟩ =
〈
0
∣∣∣K+ [c1a1]K−

[
c∗2a

†
2

] ∣∣∣ 0〉
=2πN 2

k ·
1

2π

∫
dk1 dk2 |c1c2| eik1x1−iω1t1e−ik2x2+iω2t2

〈
0
∣∣∣ a1a†2 ∣∣∣ 0〉︸ ︷︷ ︸

=2πN 2
x ·

δ(k1−k2)

2ω|c1c2|

(Nx Nk =
1

2π
for arbitrary Fourier transform normalisations, see Proposition 1.2)

=

∫ dk
2π

1

2ωk
eik(x1−x2)−iωk(t1−t2). ■

We can see that while
[
a, a†

]
andH depend on the mode expansion conventions,

propagators like this, and eventually ∆F, do not.
Proposition 1.8

⟨0 |ϕ1ϕ2 | 0⟩ θ(t) =
∫ dk

2π

1

2ωk
eikx−iωktθ(t)

=

∫ dk
2π

1

2ωk

i

2π

∫ +∞

−∞
dω
(
− 1

ω + ωk − iϵ

)
e−ikx+iωt,

where x = x1 − x2, t = t1 − t2, and

θ(t) =
i

2π

∫ +∞

−∞
dω e−iωt

ω + iϵ
, ϵ→ 0+.

Proof.

⟨0 |ϕ1ϕ2 | 0⟩ θ(t) =
∫ dk

2π

1

2ωk
eikx−iωktθ(t)

=

∫ dk
2π

1

2ωk

i

2π

∫
dω eikx−i(ω+ωk)t

ω + iϵ

(ω0 ≡ ω + ωk)

=

∫ dk
2π

1

2ωk

i

2π

∫
dω0

eikx−iω0t

ω0 − ωk + iϵ
(*)

(k′ ≡ −k, ω′ ≡ −ω0, ω
2
k′ = k′2 +m2 = ω2

k)

(the two flips of integral limits cancel each other)

=

∫
−dk ′

2π

1

2ωk

i

2π

∫
(−dω ′)

e−ik′x+iω′t

−ω′ − ωk + iϵ

=

∫ dk ′

2π

1

2ωk

i

2π

∫
dω′

(
− 1

ω′ + ωk − iϵ

)
e−ik′x+iω′t

(restoring dummy variables)

=

∫ dk
2π

1

2ωk

i

2π

∫
dω
(
− 1

ω + ωk − iϵ

)
e−ikx+iωt. (**)

The two intermediate results will be used below. ■
Proposition 1.9

∆F (x, t) ≡ ⟨0 |T [ϕ1ϕ2] | 0⟩ = i

∫ dk dω
(2π)2

eikx−iωt

ω2 − ω2
k + iϵ

,
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∆F (x, t) = ∆F (−x,−t) .

Proof. Still using x = x1 − x2, t = t1 − t2, and following (*) in the previous
question but now flip the signs of x and t,

⟨0 |ϕ2ϕ1 | 0⟩ θ (t2 − t1) =
∫ dk

2π

1

2ωk
e−ikx+iωktθ(−t),

=

∫ dk
2π

1

2ωk

i

2π

∫
dω 1

ω − ωk + iϵ
e−ikx+iωt. (***)

Adding (**) and (***)

⟨0 |Tϕ1ϕ2 | 0⟩ =
∫ dk

2π

1

2ωk

i

2π

∫
dω 2 (ωk − iϵ)

ω2 − (ωk − iϵ)2
e−ikx+iωt

(ε ≡ 2ωkϵ)

= i

∫ dk dω
(2π)2

e−ikx+iωt

ω2 − ω2
k + iε

= i

∫ dk dω
(2π)2

eikx−iωt

ω2 − ω2
k + iε

,

where the last step has flip the signs of k and ω and therefore proved ∆F(x, t) =
∆F(−x,−t). ■

With ∂ta
(†) = 0

Straight from

Eq. (1.37): iT21 ≡ S21 − δ (k1 − k2) =−
〈
k2 out

∣∣∣∣ ∫ +∞

−∞
dt1 ∂t1a

†
1(t1)

∣∣∣∣ 0〉 ,
we should have already guessed that

S21 = δ (k1 − k2) , iT21 = 0, (1.43)

as is expected for a free field.

Proof. Technically, this can be understood from the DDG structure in the
reduction formula for a free field,

Eq. (1.40): iT21 ∼ F1+1
− F1+1

+

{
DKG

1 DKG
2 ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩

}
= 0.

Applying one DKG to G2 cancels the off-shell pole; applying another causes the
entire expression to vanish due to the on-shell dispersion relation:(
∂2t1 − ∂

2
x1

+m2
) (
∂2t2 − ∂

2
x2

+m2
)
⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩

= i

∫ dk
2π

dω
2π

(
ω2 − k2 −m2

)
eik(x1−x2)−iω(t1−t2),∫

dt1 dx1 dt2 dx2 eik1x1−iω1t1e−ik2x2+iω2t2

×
(
∂2t1 − ∂

2
x1

+m2
) (
∂2t2 − ∂

2
x2

+m2
)
⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩

=
i

(2π)
2

∫
dt1 dx1dt2 dx2 dk dω

(
ω2 − k2 −m2

)
× ei(k1+k)x1e−i(ω1+ω)t1e−i(k2+k)x2ei(ω2+ω)t2

(integration order x1, t1 → k, ω → x2, t2)

= i
(
w2

1 − k21 −m2
)
δ (k1 − k2) δ (w1 − w2) ,
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which vanishes due to the on-shell dispersion relation of a free field. ■

1.3.1 Multi-Particle States
Non-interacting multi-particle states can be created by creation operators (Exer-
cise 1.3b):

:H: a†k2
a†k1
|0⟩ = (ωk1

+ ωk2
) a†k2

a†k1
|0⟩ , (1.44)

Symbolically, we write

|k1k2⟩ ≡ Zk1k2
a†k2

a†k1
|0⟩ .

Repeating the procedure in §1.3, we can calculate the S-matrix element
and the transition amplitude between the asymptotic states |k1 · · · km in⟩ and
|km+1 · · · kn out⟩:

Sfi ≡ ⟨km+1 · · · kn out | k1 · · · km in⟩ ,
iTfi ≡ Sfi − δfi

∼ F−F+

{(
n∏
i

DKG
i

)
⟨0 |T [ϕ (x1, t1)ϕ (x2, t2) · · ·ϕ (xn, tn)] | 0⟩

}
. (1.45)

With free fields, the vacuum expectation of the time-ordered product is the n-
point Green’s function, Gn, which can be broken down into combinations of
2-point Green’s functions through Wick’s theorem10:

Gn = G12
2 G

34
2 · · ·+ permutations,

where Gij
2 ≡ G2 (xi − xj , ti − tj), and the procedure of associating two fields to form

a G2 is called contraction. Note that, for an odd n, there is always a remaining
field not contracted; the resulting trailing ⟨0 |ϕ | 0⟩ causes the entire expression to
vanish.

Wick’s Theorem
A contraction of two free fields is defined as the difference between their time
ordering and normal ordering:

ϕ(x)ϕ(y) ≡ T [ϕ(x)ϕ(y)]− :ϕ(x)ϕ(y):

=

{
ϕ(x)ϕ(y)− :ϕ(x)ϕ(y):, x0 > y0
ϕ(y)ϕ(x)− :ϕ(x)ϕ(y):, y0 > x0

,

where x and y are each a collective 1 + 1 spacetime index. Wick’s theorem
states that, the time-ordered product of n (n ≥ 2) fields can be broken down
into normal-ordered products and contractions alone as follows:

T [ϕ1ϕ2 · · ·ϕn] = :ϕ1ϕ2 · · ·ϕn:

+
∑
∀i1,2

ϕi1ϕi2 :ϕ1 · · ·ϕn︸ ︷︷ ︸
no ϕi1,2

:

+
∑
∀i1–4

ϕi1ϕi2ϕi3ϕi4 :ϕ1 · · ·ϕn︸ ︷︷ ︸
no ϕi1–4

:

10We take this as an effective definition of Wick’s theorem.
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+ · · ·

+


∑

∀i1–2k
ϕi1ϕi2 · · ·ϕi2k−1

ϕi2k if n = 2k∑
∀i1–2k

ϕi1ϕi2 · · ·ϕi2k−1
ϕi2k :ϕi2k+1

: if n = 2k + 1

 ,

where the indices indicate the spacetime dependence—the i1, . . . , in with the
positive integer k represent all permutations of 1, . . . , n.
Proposition 1.10

⟨0 |T [ϕ(x)ϕ(y)] | 0⟩ = ϕ(x)ϕ(y),

⟨0 |T [ϕ1ϕ2ϕ3ϕ4] | 0⟩ =
∑
∀i1–4

ϕi1ϕi2ϕi3ϕi4 .

Proof. By splitting ϕ into its Fourier components,

ϕ(x) = K+ [ca] +K−
[
c∗a†

]
≡ X +X+,

where X+ coincides with a†, we have

ϕ(x)ϕ(y)

=

{
(X +X+)(Y + Y +)− :(X +X+)(Y + Y +):, x0 > y0
(Y + Y +)(X +X+)− :(X +X+)(Y + Y +):, y0 > x0

=

{
XY +XY + +X+Y +X+Y + − (XY + Y +X +X+Y +X+Y +) , x0 > y0
Y X + Y X+ + Y +X + Y +X+ − (XY + Y +X +X+Y +X+Y +) , y0 > x0

(X+ and Y + commute as [a†k, a
†
k′ ] = 0, same for X and Y )

=

{
XY + +X+Y − (Y +X +X+Y ) , x0 > y0
Y X+ + Y +X − (Y +X +X+Y ) , y0 > x0

=

{
[X,Y +] , x0 > y0
[Y,X+] , y0 > x0

=


1
2π

∫ dk dk′

2
√
ωω′ e−iωx0+iω′y0+ikx−ik′y

[
ak, a

†
k′

]
, x0 > y0

1
2π

∫ dk dk′

2
√
ωω′ e+iωx0−iω′y0−ikx+ik′y

[
ak′ , a†k

]
, y0 > x0

=

{
1
2π

∫ dk
2ω e−iω(x0−y0)+ik(x−y), x0 > y0

1
2π

∫ dk
2ω e−iω(y0−x0)+ik(y−x), y0 > x0

.

Therefore, ϕ(x)ϕ(y) is a c-number. In fact, this is Proposition 1.7 in disguise.
To complete the proof, also note that ⟨0 | :ϕ1 . . . ϕn: | 0⟩ = 0 for n ≥ 2. ■

Before we conclude this chapter, let’s look at a 4-point Green’s function,

G4 = G12
2 G

34
2 +G13

2 G
24
2 +G14

2 G
23
2 . (1.46)

This forms the basic idea of representing the transition amplitude, iTfi, as the sum
of Feynman diagrams (see, for example, Fig. 1.2) where propagators are represented
as lines.

Finally, we recall that the operator, DKG, comes into Sfi via ∂ta and ∂ta†:

Eq. (1.31): ∂ta =
F−
[
ieiωtDKGϕ

]
√
2ω

,
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1

2

3

4

(a) G12
2 G34

2 .

1

2

3

4

(b) G13
2 G24

2 .

1

2

3

4

(c) G14
2 G23

2 .

Figure 1.2: Contributions to a 4-point Green’s function.

Eq. (1.32): ∂ta
† =
F+

[
−ie−iωtDKGϕ

]
√
2ω

.

In general, the LSZ reduction formula includes the differential operators that define
the free-field equations of motion of the respective fields:

iTfi ∼ F

{(
n∏
i

Di

)
⟨0 |T [Ψ1 · · ·Ψn] | 0⟩

}
, (1.47)

with DΨfree = 0. We will introduce them in Chapter 2.

1.4 Perturbation Theory
When there is interaction, the Hamiltonian consists of the free and interacting parts:

H = H0 +HI,

and the transition amplitude, iTfi, is reduced to the time-ordered product of the
interacting field ϕ in the LSZ formula. In a perturbation theory, we use a free
field, ϕ0, to be introduced below to calculate the S-matrix order by order of the
coupling constant, λ. We start with the general case and then take the scalar field
λϕ4-theory as an example.

First, let’s connect the interacting field ϕ and a free field ϕ0. We define

ϕ0(x, t) ≡ e+iH0tϕ(x, 0)e−iH0t.

The t = 0 point is understood as the far past where the interaction is not switched
on. We can see that ϕ0 involves only free-field Hamiltonian. This way of time-
evolving a field is called the interaction picture or the Dirac picture—However,
instead of viewing it as yet another representation, we can just think of ϕ0 as a useful
tool: it satisfies the free-field equation of motion (Exercise 1.5),

DKGϕ0 = 0, (1.48)

and therefore is a free field. In fact, ϕ0 is what the interacting field ϕ would have
been had there been no interaction:

ϕ(x, t) = e+iHte−iH0tϕ0(x, t)e+iH0te−iHt

≡ U †(t)ϕ0(x, t)U(t),

with the time evolution operator,

U(t) ≡ e+iH0te−iHt. (1.49)

If HI = 0, ϕ becomes ϕ0 as U(t) = 1.
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Second, let’s derive the expression of U(t) by first probing its time dependence.
It can be shown11 that

dU(t)

dt = −iI(t)U(t),

where I = HI [ϕ0], namely, the interaction Hamiltonian evaluated with the free
field ϕ0 instead of the interacting one. Rewrite and integrate:

dU(t) =− iI(t)U(t)dt ,

U(t)− U(0) =− i
∫ t

0

dt1 I (t1)U (t1) ,

U (t1)− U(0) =− i
∫ t1

0

dt2 I (t2)U (t2) ,

where the last line is a formal substitution of t by t1 which can be repeated indefi-
nitely:

U(t) =U(0)− i
∫ t

0

dt1 I (t1)U(0)

+ (−i)2
∫ t

0

∫ t1

0

dt1 dt2 I (t1) I (t2)U(0)+

· · ·+ (−i)n
∫ t

0

· · ·
∫ tn−1

0

dt1 · · · dtn I (t1) · · · I (tn)U(0) + · · · (1.50)

=

{
1− i

∫ t

0

dt1 I (t1)+

· · ·+ (−i)n

n!

∫ t

0

· · ·
∫ t

0

dt1 · · · dtn T [I (t1) · · · I (tn)]
}
U(0) (1.51)

≡T
[
exp
{
−i
∫ t

0

dt′ I (t′)
}]

U(0). (1.52)

From Eq. (1.50) to Eq. (1.51), the extension of the integration limits can be viewed
as completing a hyperpyramid into a hypercube, from two to n dimensions, leading
to the accumulated volume normalisation n!. The time ordering is introduced here
to ensure that the operators have the correct order in the newly expanded domains.
To illustrate the idea, consider the integral∫ t

0

∫ t1

0

dt1 dt2 I (t1) I (t2) .

The domain is the lower triangle below the t2 = t1 line in the t2-t1 plane. By
swapping t1 and t2 we have the same integral but with the domain in the upper
triangle: the integrand is still T [I(t1)I(t2)] and therefore the domains can be merged
when a proper normalisation is taken into account.

11See §9.5, in particular, Eq. (9.96), of [GR96].

dU
dt

= iH0U − iUH = i
(
H0 − UHU†

)
U ≡ −iIU,

where

I(t) ≡ U(t)H [ϕ]U†(t)−H0 [ϕ0] = U(t)HI [ϕ]U
†(t) + U(t)H0 [ϕ]U

†(t)−H0 [ϕ0] ≃ HI [ϕ0] ,

where we have used U(t)HI [ϕ]U†(t) = HI [ϕ0], which holds for an interaction of the form HI [ϕ] ∝
ϕn. The approximation, U(t)H0 [ϕ]U†(t)−H0 [ϕ0] ≃ 0, effectively neglects a c-number.
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Equation (1.51) is the Dyson series and Eq. (1.52) can be considered a short-
hand, or the definition of a time-ordered exponential function12.

Beside that U(t) is unitary following Eq. (1.49), we have

U †(t) = U†(0)T

[
exp
{
+i

∫ t

0

dt′ I (t′)
}]

, (1.53)

where T denotes anti-time-ordering. Using Eqs. (1.51) and (1.53), we can prove
order by order that

U (t2)U
† (t1) = T

[
exp
{
−i
∫ t2

t1

dt′ I (t′)
}]

≡ U (t2, t1) ,

which is a powerful relation as we will see below.
Finally, let’s consider the time-ordered product of the interacting fields in the

transition amplitude,

Eq. (1.45): iTfi ∼ F−F+

{(
n∏
i

DKG
i

)
⟨0 |T [ϕ (x1, t1)ϕ (x2, t2) · · ·ϕ (xn, tn)] | 0⟩

}
.

We define the (reduced) amplitude,

M≡⟨0 |T [ϕ (x1, t1)ϕ (x2, t2) · · ·ϕ (xn, tn)] | 0⟩ . (1.54)

Now we assume

tn > tn−1 > · · · > t1,

so that we can be explicit without worrying the correct time order in the following
calculation:

M = ⟨0 |ϕ (xn, tn)ϕ (xn−1, tn−1) · · ·ϕ (x1, t1) | 0⟩
=
〈
0
∣∣U† (tn)ϕ0 (xn, tn)U (tn)U

† (tn−1)ϕ0 (xn−1, tn−1)U (tn−1) · · ·
×U† (t1)ϕ0 (x1, t1)U (t1)

∣∣ 0〉
=
〈
0
∣∣U† (tn)ϕ0 (xn, tn)U (tn, tn−1)ϕ0 (xn−1, tn−1)U (tn−1, tn−2) · · ·

×U (t2, t1)ϕ0 (x1, t1)U(t1)| 0⟩ .

Because

U† (+∞)U (+∞) = 1, and U† (−∞)U (−∞) = 1,

we have

⟨0|U† (tn) = ⟨0|U† (+∞)U (+∞)U† (tn) = ⟨0|U† (+∞)U (+∞, tn) ,
U(t1) |0⟩ = U(t1)U

† (−∞)U (−∞) |0⟩ = U (t1,−∞)U(−∞) |0⟩ .

Recall our assumption that the interaction is switched off in the far past and this
is where the time evolution actually starts. So, naturally, U (−∞) = 1; we also
assume the vacuum in the far future is still the vacuum except for a pure phase13:

U (−∞) |0⟩ = |0⟩ ,
12Had there been no need for the time order, we would have just solved the usual exponential

growth (or decay) equation in a rather complicated way.
13As mentioned in Footnote 8 of §1.3, the treatment of the vacuum here is sufficiently precise

until it is not.
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U (+∞) |0⟩ = C |0⟩ , with CC∗ = 1.

Putting all things together,

M =C∗ ⟨0|U (+∞, tn)ϕ0 (xn, tn)U (tn, tn−1)ϕ0 (xn−1, tn−1)U (tn−1, tn−2) · · ·
× U (t2, t1)ϕ0 (x1, t1)U(t1,−∞) |0⟩ . (1.55)

We can now restore the time ordering and move the operators around conve-
niently14,

M =C∗ ⟨0|T [ϕ0 (x1, t1)ϕ0 (x2, t2) · · ·ϕ0 (xn, tn) U (+∞, tn)U (tn, tn−1)

×U (tn−1, tn−2) · · ·U (t2, t1)U(t1,−∞)] |0⟩
=C∗ ⟨0 |T [ϕ0 (x1, t1)ϕ0 (x2, t2) · · ·ϕ0 (xn, tn)U (+∞,−∞)] | 0⟩ .

Last but not least, let’s normalise the interacting vacuum where C can be solved:

⟨0 |U(+∞,−∞) | 0⟩ =
〈
0
∣∣U (+∞)U† (−∞)

∣∣ 0〉
= ⟨0 |U (+∞) | 0⟩ = C ⟨0 | 0⟩ = C,

C∗ =
1

C
=

1

⟨0 |U(+∞,−∞) | 0⟩
.

With this, we arrive at

M = ⟨0 |T [ϕ (x1, t1)ϕ (x2, t2) · · ·ϕ (xn, tn)] | 0⟩

=
⟨0 |T [ϕ0 (x1, t1) · · ·ϕ0 (xn, tn)U(+∞,−∞)] | 0⟩

⟨0 |U(+∞,−∞) | 0⟩

=

〈
0
∣∣∣T [ϕ0 (x1, t1) · · ·ϕ0 (xn, tn) exp{−i ∫ +∞

−∞ dt I (t)
}] ∣∣∣ 0〉〈

0
∣∣∣T [exp{−i ∫ +∞

−∞ dt I (t)
}] ∣∣∣ 0〉 (1.56)

≡A
V
.

Here, A and V are just introduced as shorthands to be used in the next section.

1.4.1 λϕ4-Theory
The Hamiltonian for a free scalar takes the form (§2.1.1)

H0 =

∫
dx
[
1

2
π2 +

1

2
(∂xϕ)

2
+

1

2
m2ϕ2

]
.

In the so-called λϕ4-theory (“lambda-phi-four theory”), the interaction Hamiltonian
is given as

HI(t) =
λ

4!

∫
dxϕ4(x, t). (1.57)

Therefore,

I(t) =
λ

4!

∫
dxϕ40(x, t).

14This might help you find some inner peace: remove the time ordering again and Eq. (1.55)
will come back unambiguously.
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Vacuum Evolution

Consider the denominator ofM,

Eq. (1.56): M =

〈
0
∣∣∣T [ϕ0 (x1, t1) · · ·ϕ0 (xn, tn) exp{−i ∫ +∞

−∞ dt I (t)
}] ∣∣∣ 0〉〈

0
∣∣∣T [exp{−i ∫ +∞

−∞ dt I (t)
}] ∣∣∣ 0〉 ,

and denote it by V:

V ≡
〈
0

∣∣∣∣T [exp{−i ∫ +∞

−∞
dt I (t)

}] ∣∣∣∣ 0〉 ,
and take the O(λ)-term in the Dyson series15,

V1 ≡
〈
0

∣∣∣∣T [(−i) ∫ +∞

−∞
dt I (t)

] ∣∣∣∣ 0〉 = (−i) λ
4!

∫
dy
〈
0
∣∣T [ϕ40(y)] ∣∣ 0〉 (1.58)

=(−i) λ
4!

∫
dy G4 = (−i) λ

4!

∫
dy
∑

Gyy
2 Gyy

2 = (−i) λ
4!

∫
dy 3× [G2(0)]

2

=
−iλ
8

[G2(0)]
2
∫

dy . (1.59)

In the first line, the spacetime (x, t) is written as y for short. Because only free
fields are involved, we have a 4-point Green’s function, which is then decomposed
into 2-point Green’s functions via Wick’s theorem, similar to

Eq. (1.46): G4 = G12
2 G

34
2 +G13

2 G
24
2 +G14

2 G
23
2 .

The only difference is that now all G2’s are evaluated at the same y, Gyy
2 ≡ G2(y−

y) = G2(0), and therefore the sum gives rise to a multiplicity16 of 3. One can
imagine first drawing the same diagrams as in Fig. 1.2, and then pulling all four
points together in each of them, all resulting in the same diagram as shown in
Fig. 1.3.

y

Figure 1.3: V1, O (λ) contributions to the vacuum evolution: Gyy
2 Gyy

2 .

Take the O(λ2)-term in the Dyson series, we have an additional ϕ4 and therefore
two more G2’s:

V2 ≡
1

2

(
−i λ

4!

)2 ∫
dy1 dy2

〈
0
∣∣T [ϕ40 (y1)ϕ40 (y2)] ∣∣ 0〉 ∼ λ2

∫
dy1 dy2

∑
G2G2G2G2.

(1.60)

The contributions are shown in Fig. 1.4.
Collecting all contributions, we have

V = 1 + V1 + V2 + O
(
λ3
)
,

that is,
15We should not be troubled by the infinite integral,

∫
dy , of Eq. (1.59) because as we will see

by the end of the section, all these bubble contributions will be cancelled.
16Note that the prefactor 8 in the last line of Eq. (1.59) is also called the symmetry factor,

cf. e.g. §19.4 of [LB14].
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1 2

(a) G11
2 G11

2 G22
2 G22

2 .

1 2

(b) G11
2 G12

2 G12
2 G22

2 .

1 2

(c) G12
2 G12

2 G12
2 G12

2 .

Figure 1.4: V2, O
(
λ2
)
contributions to the vacuum evolution.

V = 1 + + + + + O
(
λ3
)
.

All non-trivial diagrams of V, i.e., those beyond leading order O(λ0), are called
vacuum bubbles as they are not connected to external fields. They originate from
the evolution of the vacuum under the influence of interaction.

Now we consider the numerator ofM, and denote it as A:

A ≡
〈
0

∣∣∣∣T [ϕ0 (x1, t1) · · ·ϕ0 (xn, tn) exp{−i ∫ +∞

−∞
dt I (t)

}] ∣∣∣∣ 0〉 .
1→ 1 Processes

Restrict ourselves to n = 2 for a 1-to-1 propagation, we have

A1→1 ≡
〈
0

∣∣∣∣T [ϕ0 (xa, ta)ϕ0 (xb, tb) exp{−i ∫ +∞

−∞
dt I (t)

}] ∣∣∣∣ 0〉 .
Taking the O(λ)-term, we have two external ϕ’s in addition to ϕ4, resulting in three
G’s—one more than V1 (suppressing the interaction-picture subscript 0 on ϕ):

A1→1
1 ≡(−i) λ

4!

∫
dy
〈
0
∣∣T [ϕaϕbϕ4y] ∣∣ 0〉 ∼ λ

∫
dy
∑

G2G2G2. (1.61)

The contributions are shown in Fig. 1.5. The first diagram, Gab
2 G

yy
2 Gyy

2 (Fig. 1.5a),
contains a separate piece of a free propagator and a vacuum bubble, while the
second diagram17, Gay

2 Gby
2 G

yy
2 (Fig. 1.5b), contains a loop attached to the free

propagator—three important features that we will come back to in the end of the
section.

a

b

y

(a) Gab
2 Gyy

2 Gyy
2 .

a

b

y

(b) Gay
2 Gby

2 Gyy
2 .

Figure 1.5: A1→1
1 , O (λ) contributions to the 1-to-1 scattering.

17A systematic way to construct such diagrams is to break the lines of the bubbles of the same
order one by one and attach the open ends to the external labels. In the case of Fig. 1.5b, we have
used the bubble from V1 (Fig. 1.3).



36 CHAPTER 1. QUANTUM THEORY OF FIELDS

Similarly, taking the O(λ2)-term, we have

A1→1
2 ∼λ2

∫
dy1 dy2

∑
G2G2G2G2G2. (1.62)

Figure 1.6 shows those terms that do not contain separate free propagators.

a

b

1 2

(a) Ga1
2 Gb1

2 G11
2 G22

2 G22
2 .

a

b

1
2

(b) Ga1
2 Gb1

2 G12
2 G12

2 G22
2 .

a b
1 2

(c) Ga1
2 Gb2

2 G12
2 G11

2 G22
2 .

a b1 2

(d) Ga1
2 Gb2

2 G12
2 G12

2 G12
2 .

Figure 1.6: Diagrams of A1→1
2 without separate free propagators.

2→ 2 Processes

Now, restricting ourselves to n = 4 for a 2-to-2 scattering, we have

A2→2 ≡
〈
0

∣∣∣∣T [ϕ0 (xa, ta)ϕ0 (xb, tb)ϕ0 (xc, tc)ϕ0 (xd, td) exp{−i ∫ +∞

−∞
dt I (t)

}] ∣∣∣∣ 0〉 .
The O(λ0)-order diagrams are the ones for the free fields, Fig. 1.2.
At O(λ), we have four external ϕ’s (a superscript 2→ 2 is omitted whenever it

causes no confusion):

A2→2
1 ≡(−i) λ

4!

∫
dy
〈
0
∣∣T [ϕaϕbϕcϕdϕ4y] ∣∣ 0〉 ∼ λ

∫
dy
∑

G2G2G2G2.(1.63)

Topologically unique diagrams are shown in Fig. 1.7; others can be obtained by
permuting the external labels, a, b, c, d.

a

b

c

d

y

(a) Gab
2 Gcd

2 Gyy
2 Gyy

2 .

a

b

c

d

y

(b) Gay
2 Gby

2 Gyy
2 Gcd

2 .

a

b

c

d

y

(c) Gay
2 Gby

2 Gcy
2 Gdy

2 .

Figure 1.7: Topologically unique diagrams of A2→2
1 .

In addition, when a, b, c, d are fixed, there are 4! ways to associate each of them
to the four internal indices (y) in Gay

2 Gby
2 G

cy
2 G

dy
2 . Therefore, the amplitude of

Fig. 1.7c is

A1c ≡ −iλ
∫

dy Gay
2 Gby

2 G
cy
2 G

dy
2 . (1.64)
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Similarly, taking the O(λ2)-term, we have

A2→2
2 ∼λ2

∫
dy1 dy2

∑
G2G2G2G2G2G2.

Figure 1.8 shows those topologically unique diagrams without separate free propa-
gators:

a

b

c

d

1
2

(a) Ga1
2 Gb1

2 Gc1
2 Gd1

2 G22
2 G22

2 .

a

b

c

d

1 2

(b) Ga1
2 Gb1

2 G11
2 Gc2

2 Gd2
2 G22

2 .
a

b

c

d
1

2

(c) Ga1
2 Gb1

2 Gd1
2 G12

2 G22
2 Gc2

2 .

a

b

c

d

1 2

(d) Ga1
2 Gb1

2 G12
2 G12

2 Gc2
2 Gd2

2 .

Figure 1.8: Topologically unique diagrams of A2→2
2 without separate free propaga-

tors.

Proto-Feynman Rules for λϕ4-Theory

Proposition 1.11 The Feynman rule for Fig. 1.7c,

a

b

c

d

y , is that

the four-momentum is conserved at the vertex, i.e.,

iT 2→2
1c ∼ λδ (kc + kd − ka − kb) .

Proof. Starting with the LSZ formula, Eq. (1.45), for the 2-to-2 process
kakb → kckd with Eq. (1.64),

Eq. (1.45): iTfi ∼ F−F+

{(
n∏
i

DKG
i

)
⟨0 |T [ϕ1ϕ2 · · ·ϕn] | 0⟩

}
,

Eq. (1.64): A1c ≡ −iλ
∫

dy Gay
2 Gby

2 G
cy
2 G

dy
2 ,

we have

iT 2→2
1c ∼ F−F+

[
n∏
i

DKG
i A1c

]
∼
∫

dya dyb dyc dyd e−ikaya−ikbyb+ikcyc+ikdyd

×DKG
ya
DKG

yb
DKG

yc
DKG

yd

∫
dy Gyay

2 Gyby
2 Gycy

2 Gydy
2 .

Recall the definition of DKG
ya

in Eq. (1.34) and Gyay
2 in Eq. (1.42):

DKG
ya

= ∂2ya
+m2, Gyay

2 = G2(ya − y) ∼
∫

dk e−ik(ya−y)

k2 −m2 + iϵ
.
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We see that

DKG
ya
Gyay

2 ∼
∫

dk1 e−ik1(ya−y), (*)

and similarly for other pairs of DKG and G2. So, we have

iT 2→2
ic ∼

∫
dya dyb dyc dyd e−ikaya−ikbyb+ikcyc+ikdyd

×
∫

dy dk1 dk2 dk3 dk4 e−ik1(ya−y)−ik2(yb−y)−ik3(yc−y)−ik4(yd−y)

=

∫
dk1 dk2 dk3 dk4

∫
dy e+i(k1+k2+k3+k4)y

∫
dya e−i(ka+k1)ya

×
∫

dyb e−i(kb+k2)yb

∫
dyc e+i(kc−k3)yc

∫
dyd e+i(kd−k4)yd

=

∫
dk1 dk2 dk3 dk4 δ (k1 + k2 + k3 + k4)

× δ (ka + k1) δ (kb + k2) δ (kc − k3) δ (kd − k4)
=δ (kc + kd − ka − kb) ,

which simply states that momentum is conserved at the vertex.
In fact, we recognise that (*) above is Eq. (1.41), DKG

ya
Gyay

2 ∼ δ(ya − y), and
here is a simpler calculation:

iT 2→2
1c ∼ F−F+

[
n∏
i

DKG
i A1

]

∼
∫

dya dyb dyc dyd e−ikaya−ikbyb+ikcyc+ikdyd

×DKG
ya
DKG

yb
DKG

yc
DKG

yd

∫
dy Gyay

2 Gyby
2 Gycy

2 Gydy
2

∼
∫

dya dyb dyc dyd e−ikaya−ikbyb+ikcyc+ikdyd

×
∫

dy δ(ya − y)δ(yb − y)δ(yc − y)δ(yd − y)

=

∫
dy ei(−ka−kb+kc+kd)y

∼ δ(kc + kd − ka − kb). ■

Proposition 1.12 The transition amplitude for Fig. 1.5b,

a

b

y , is

iT 1→1
1b ∼ λδ(kb − ka)G(0),

where

G(0) ∼
∫ d2k
k2 −m2

follows from the definition of the Feynman propagator,

Eq. (1.42): ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩ = i

∫ dk
2π

dω
2π

eik(x1−x2)−iω(t1−t2)

ω2 − k2 −m2 + iϵ
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≡ ∆F (x1 − x2, t1 − t2) ,

but now with the implicit iϵ-prescription and the relativistic notation, k2 =
w2 − k⃗2, in 1 + 1 spacetime.
Proof. Recall

Eq. (1.61): A1→1
1 ∼ λ

∫
dy
∑

G2G2G2.

With a slight simplification of the notation, we have

iT 1→1
1b ∼

∫
dxa dxb e−ikaxa+ikbxbDKG

a DKG
b

∫
dy GayGybGyy

∼ G(0)
∫

dy dxa dxb e−ikaxa+ikbxbδ(xa − y)δ(xb − y)

= G(0)

∫
dy e−i(ka−kb)y

∼ G(0)δ(kb − ka),

where Gyy = G(0). ■
Proposition 1.13 The transition amplitude for

Fig. 1.6c,
a b

1 2

, is

iT 1→1
2c ∼ λ2δ(kb − ka)

[G(0)]
2

k2a −m2
.

Compared to Proposition 1.12, it means that

T 1→1
2c /T 1→1

1b ∼ λG(0)

k2 −m2
,

where k is the “line momentum”. It can also be read off that the Feynman
rule for an internal propagator is to assign a factor of 1

k2−m2 , namely, the
Fourier transform of the Feynman propagator.
Proof. Recall

Eq. (1.62): A1→1
2 ∼λ2

∫
dy1 dy2

∑
G2G2G2G2G2.

Similar to the propositions above, we have (now the internal points are denoted
as y and z instead of 1 and 2 to save some typing)

iT 1→1
2c ∼ [G(0)]

2
∫

dxa dxb e−ikaxa+ikbxbDKG
a DKG

b

∫
dy dz GayGyzGzb

∼ [G(0)]
2
∫

dy dz e−ikay+ikbz

∫ d2k
k2 −m2

e−ik(z−y)

= [G(0)]
2
∫ d2k
k2 −m2

∫
dy e−i(ka−k)y

∫
dz ei(kb−k)z

∼ [G(0)]
2
∫ d2k
k2 −m2

δ(ka − k)δ(kb − k)
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= [G(0)]
2
δ(kb − ka)

1

k2a −m2
. ■

Proposition 1.14 The transition amplitude for Fig. 1.6d, a b1 2 ,

is

iT 1→1
2d ∼ λ2δ(kb − ka)

∫ d2k1
k21 −m2

∫ d2k2
k22 −m2

1

(ka − k1 − k2)2 −m2
.

We see that an additional Feynman rule for the internal propagator is to
integrate out any variable momentum.
Proof.

iTfi ∼
∫

dxa dxb e−ikaxa+ikbxbDKG
a DKG

b

∫
dy dz Gay (Gyz)

3
Gzb

∼
∫

dy dz e−ikay+ikbz

∫ d2k1
k21 −m2

e−ik1(z−y)

×
∫ d2k2
k22 −m2

e−ik2(z−y)

∫ d2k3
k23 −m2

e−ik3(z−y)

=

∫ d2k1
k21 −m2

∫ d2k2
k22 −m2

∫ d2k3
k23 −m2

∫
dy e−i(ka−k1−k2−k3)y

×
∫

dz e+i(kb−k1−k2−k3)z

∼
∫ d2k1
k21 −m2

∫ d2k2
k22 −m2

∫ d2k3
k23 −m2

δ(ka − k1 − k2 − k3)

× δ(kb − k1 − k2 − k3)

= δ(kb − ka)
∫ d2k1
k21 −m2

∫ d2k2
k22 −m2

1

(ka − k1 − k2)2 −m2
. ■

We note that in writing Gyz ∼ e−ik(z−y), as opposed to e−ik(y−z), we have
defined that the momentum k flows from a to y and then from z to b, consistent
with the in- and out-state convention in the LSZ formula,

Eq. (1.40): iT21 = −
〈
0

∣∣∣∣ ∫ dt1 dt2 T
[
∂t1a

†
1 (t1) ∂t2a2 (t2)

] ∣∣∣∣ 0〉
=

i√
2ω1

i√
2ω2

1

2π

∫
dt1 dx1 dt2 dx2 eik1x1−iω1t1e−ik2x2+iω2t2

×DKG
1 DKG

2 ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩
∼ F1+1

− F1+1
+

{
DKG

1 DKG
2 ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩

}
.

Proposition 1.15 The transition amplitude for Fig. 1.8d,

a

b

c

d

1 2 , is

iT 2→2
2d, s ∼ λ2δ(kc + kd − ka − kb)

∫ d2k
k2 −m2

1

(ka + kb − k)2 −m2
.
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This is the s-channel diagram. The t- and u-channel amplitudes are

iT 2→2
2d, t ∼ λ2δ(kc + kd − ka − kb)

∫ d2k
k2 −m2

1

(ka − kc − k)2 −m2
,

iT 2→2
2d, u ∼ λ2δ(kc + kd − ka − kb)

∫ d2k
k2 −m2

1

(ka − kd − k)2 −m2
,

respectively. By now we can summarise that the Feynman rule for legs—
open-ended lines connected to incoming and outgoing fields—is simply an over-
all δ-function for momentum conservation. However, that is only for the real
scalar field. When we have spinor or photon fields (see Chapter 2), additional
structures will be in place. This overall δ-function is universal and will take
effect in the phase space integral in a cross section or decay rate calculation.
Proof. This can be directly read off with the Feynman rules from Proposi-
tions 1.13 and 1.14. Alternatively, here is the explicit calculation:

iT 2→2
2d, s ∼

∫
dxa dxb dxc dxd e−ikaxa−ikbxb+ikcxc+ikdxd

×DKG
a DKG

b DKG
c DKG

d

∫
dy dz GayGby (Gyz)

2
GczGdz

∼
∫

dy dz e−ikay−ikby+ikcz+ikdz

∫ d2k1
k21 −m2

e−ik1(z−y)

×
∫ d2k2
k22 −m2

e−ik2(z−y)

∼
∫ d2k1
k21 −m2

∫ d2k2
k22 −m2

δ(ka + kb − k1 − k2)δ(kc + kd − k1 − k2)

∼ δ(kc + kd − ka − kb)
∫ d2k1
k21 −m2

1

(ka + kb − k1)2 −m2
. ■

Let us now organise these diagrams.

1. Compared to Fig. 1.7c, Figure 1.8a has an additional vacuum bubble, which
is exactly V1. Symbolically, both figures correspond to A1c from Eq. (1.64)
and A1cV1, respectively. In fact, the expansion of A contains a series of
diagrams that starts from A1c, continues with A1cV1, and further progresses
with diagrams containing V2 (i.e., A1cV2) and other higher-order bubbles. It
sums up to part of the overall amplitude,

A2→2 ∋A1c +A1cV1 +A1cV2 + · · ·
=A1c (1 + V1 + V2 + . . . )

=A1cV.

For simplicity, the sum is indicative—we have ignored any prefactors in front
of each term.
We can immediately find other similar series starting with, for example,
Figs. 1.2a (A0a), 1.7b (A1b), 1.7c (A1c), 1.8b (A2b), 1.8c (A2c) or 1.8d (A2d):

A2→2 ∋A0aV, A1bV, A1cV, A2bV, A2cV, A2dV, . . .

So

A2→2 = A0aV +A1bV +A1cV +A2bV +A2cV +A2dV + · · ·
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= (A0a +A1b +A1c +A2b +A2c +A2d + · · · )V.

M2→2 =
A2→2

V
= A0a +A1b +A1c +A2b +A2c +A2d + · · ·

=

+ +

+ + +

+ O
(
λ3
)
. (1.65)

We define a connected diagram18 as one that does not contain any vacuum
bubbles. Thus, in general, we have

A =
∑
{connected diagram} × V ,

M =
A
V

=
∑
{connected diagram} .

2. The amplitude of the 1-to-1 process can now be written as

M1→1 = + + + + + O
(
λ3
)
≡ .

Recall that,

Eq. (1.54): M1→1 = ⟨0 |T [ϕ(y)ϕ(x)] | 0⟩ ,

which is the full-field propagator with the interaction. We call it the dressed
propagator, as opposed to the free-field bare propagator, ∆F(y − x) in19

Eq. (1.42): ⟨0 |T [ϕ(x1, t1)ϕ(x2, t2)] | 0⟩ = i

∫ dk
2π

dω
2π

eik(x1−x2)−iω(t1−t2)

ω2 − k2 −m2 + iϵ

≡ ∆F (x1 − x2, t1 − t2) ,

which is the leading term in the sum. The dressed propagator is a prototype
of the self-energy, one of the notorious infinities in an interaction theory.

Renormalisation—Lesson 0
Proposition 1.16 The transition amplitude

18 This definition is not literal [Wil23]. For example, while Fig. 1.8a is a disconnected diagram,
Fig. 1.8b is still connected as it contains no vacuum bubbles. To avoid confusion, italic font is used
when this meaning is intended.

19Remember: the fields were free there!
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for
a b

1 2 · · · N + 1N + 2

is

T 1→1
2+N ∼ T 1→1

2+0

[
λG(0)

k2 −m2

]N
,

where T 1→1
2+0 ≡ T 1→1

2c ∼ λ2δ(kb − ka) [G(0)]2

k2
a−m2 is the transition amplitude

for
a b

1 2

.

Proof. Direct generalisation of Proposition 1.13.

Proposition 1.17 Now consider , where only the internal

propagator is dressed.

First, we only consider all possible serial “dressing” with , i.e.,

= + + + · · · .

The whole amplitude is

=

∞∑
N=0

T 1→1
2+N ∼ T 1→1

2+0

1

1− λG(0)
k2−m2

∼ λ2δ(kb − ka)
[G(0)]

2

k2 − [m2 + λG(0)]

= λ2δ(kb − ka)
[G(0)]

2

k2 −m2
dressed

.

The effect on the internal propagator, 1
k2−m2 , is to shift the mass:

m2 → m2
dressed = m2 + λG(0).

Then, we generalise λG(0) to the sum of all possible diagramsa, Π, and
the dressed mass becomes the physical one m2

dressed = m2 +Π.
aThess “all possible diagrams” also include the sum of all possible diagrams—the

magic of infinity!

3. Coming back to the 2-to-2 process, Equation (1.65) can be rearranged and
the amplitude is propagator-renormalised as follows:

M2→2 =

[
+ + + O

(
λ3
) ]

+

[
+ + O

(
λ3
) ]

+

[
+ O

(
λ3
) ]
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+ · · · (1.66)

= + + + O
(
λ3
)
. (1.67)

Each series on the RHS of Eq. (1.66) equals its leading term with all bare
propagators replaced by the dressed ones.

4. Continuing the vertex series in Eq. (1.67) with, for example, O(λ3) terms, we
have:

+ + + + O
(
λ4
)
≡ .

The amplitude is further vertex-renormalised:

M2→2 =

+

[
+ + O

(
λ3
) ]

= +

=

(
+

)∣∣∣∣∣∣
renormalise

(1.68)

=

( )∣∣∣∣∣∣
renormalise

. (1.69)

5. A connected diagram without loops, if in one piece, is called a tree diagram,
e.g. the second term of Eq. (1.68); the one with disjoint pieces is not of
physical interest20. Therefore, we only need to consider tree diagrams and
then renormalise by analysing the loop diagrams, a procedure as symbolised
in Eq. (1.69).

Exercise 1
1. Quantum Harmonic Oscillator

Show that if [Ô, â†] = ωâ†, then [Ô, â] = −ωâ, for an arbitrary Hermitian
operator Ô.

2. Normal Ordering
Show that normal ordering does not alter the commutator relations:

[:H:, a] = −ωa,[
:H:, a†

]
= ωa†.

20The first term in Eq. (1.68) represents no interaction. In fact, it vanishes due to the free
propagators; see Eq. (1.43).
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3. The Vacuum

(a) Show that 〈
0
∣∣∣ aka†k′

∣∣∣ 0〉 = δ (k − k′) .

(b) Prove Eq. (1.44),

:H: a†k2
a†k1
|0⟩ = (ωk1

+ ωk2
) a†k2

a†k1
|0⟩ .

4. Time Ordering
Prove that for arbitrary operators, A(t) and B(t),

∂t1T [A (t1)B (t2)]

=T [∂t1A (t1)B (t2)] + [A (t1) , B (t2)] δ (t1 − t2) .

5. Time Evolution
Prove Eq. (1.48):

DKGϕ0 = 0,

where

DKG ≡ ∂2t − ∂2x +m2, and
ϕ0(x, t) ≡ e+iH0tϕ(x, 0)e−iH0t.
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Chapter 2

Quantum Fields

Taylor expand f(x) at a,

f (a+ ϵ) =

∞∑
n=0

dnf (a)

dxn

ϵn

n!

=

∞∑
n=0

ϵn

n!

(
d

dx

)n

f (a)

=eϵ
d

dx f (a) .

Still remember

p̂x = −i
d

dx ,

so that,

f (x) = ei(x−a)p̂xf (a) .

2.1 Real Scalars
In Chapter 1, we already saw that the mode expansion of a real scalar field ϕ(x)
and its canonical momentum π(x) in 1 + 1 spacetime:

Eq. (1.27): ϕ = K+ [ca] +K−
[
c∗a†

]
,

Eq. (1.28): π = K+ [−iωca] +K−
[
iωc∗a†

]
,

Eq. (1.29):
(
∂xϕ = K+ [ikca] +K−

[
−ikc∗a†

]
,
)

where c = 1√
2ω

e−iωt. In 3+1 spacetime (for relativistic notations, cf. Appendix A),
the mode expansion becomes

ϕ = K3
+ [ca] +K3

−
[
c∗a†

]
, (2.1)

π = K3
+ [−iωca] +K3

−
[
iωc∗a†

]
, (2.2)

(∂iϕ = K3
+ [ikica] +K3

−
[
−ikic∗a†

]
,
)

(2.3)

where c remains the same.

47
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In this chapter, one of our tasks is to derive equations of motion, such as the
Klein-Gordon equation, for different fields using the Lagrange-Hamilton formal-
ism at the classical level. In this formalism, the equivalence of π(xµ) and H(xµ)
for different fields will be defined.

The quantum properties of the real scalar field we have covered so far, by ex-
tending the notation to 3 + 1 spacetime, can be summarised as follows:

[ϕ(x⃗, t), π(y⃗, t)] = iδ3(x⃗− y⃗), (2.4)
[ϕ(x⃗, t), ϕ(y⃗, t)] = [π(x⃗, t), π(y⃗, t)] = 0,[
ak⃗, a

†
k⃗′

]
= δ3

(
k⃗ − k⃗′

)
,[

ak⃗, ak⃗′

]
=
[
a†
k⃗
, a†

k⃗′

]
= 0,

ak⃗ |0⟩ = 0,

a†
k⃗
|0⟩ =

∣∣∣⃗k〉 (up to a normalisation constant),

:H:=

∫
d3k⃗ ω a†a, (2.5)

∆F(x− y) = ⟨0 |T [ϕ (x)ϕ (y)] | 0⟩ = i

∫ d4k
(2π)4

e−ik(x−y)

k2 −m2 + iϵ
.

These topics will be closely followed in later sections for other fields for direct
comparisons.

2.1.1 Lagrange-Hamilton Formalism
We use the real scalar field, ϕ(xµ), to demonstrate the Lagrange-Hamilton formalism
in a classical field theory, namely, the filed is a c-number, not an operator.

We start by rewriting the Lagrangian L(t) as a Lagrangian density1 L,

L =

∫
d3x⃗L.

The dimensionless (in natural units) action,

S [ϕ, ∂µϕ] =

∫
dt L [ϕ, ∂µϕ] =

∫
d4xL [ϕ, ∂µϕ] ,

is a functional of the field ϕ and its four spacetime derivatives ∂µϕ. In a field theory,
the degrees of freedom are ϕ and ∂µϕ, and space and time are just labels.

Consider independent changes, δϕ and δ(∂µϕ), that lead to a change of L2:

δL =
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ).

The resulting change in the action is

δS =

∫
d4x (L+ δL)−

∫
d4xL

=

∫
d4x

[
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

]
1If the term “density” is clear in the context and its omission does not lead to confusion, we

will drop it for brevity.
2As we are dealing with a classical field, we do not need to worry about the order between, e.g.,

∂L
∂ϕ

and δϕ.
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(integrate the second term by parts)

=

∫
d4x

{
∂L
∂ϕ

δϕ−
[
∂µ

∂L
∂(∂µϕ)

]
δϕ

}
=

∫
d4x

[
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

]
δϕ.

The principle of least action requires that δS = 0 for an arbitrary δϕ. Therefore,

∂L
∂ϕ

= ∂µ
∂L

∂(∂µϕ)
.

This is the Euler-Lagrange equation.
The Lagrangian of the free scalar field, ϕ, is given by

L [ϕ, ∂µϕ] =
1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2. (2.6)

We can calculate that
∂L

∂ (∂µϕ)
= ∂µϕ,

∂L
∂ϕ

= −m2ϕ,

which leads to the Euler-Lagrange equation,(
∂µ∂

µ +m2
)
ϕ = DKGϕ = 0.

This is the equation of motion of the real scalar field, the Klein-Gordon equation.
It can be shown that the mode-expanded ϕ,

Eq. (2.1): ϕ = K3
+ [ca] +K3

−
[
c∗a†

]
,

satisfies the Klein-Gordon equation if ∂ta(†) = 0 (see Eq. (1.35) in §1.2.1; the on-
shell dispersion relation, ω =

√
k⃗2 +m2, is assumed).

The canonical momentum and the Hamiltonian density are respectively defined:

π ≡ ∂L
∂ϕ̇

= ϕ̇.

H ≡ πϕ̇− L = π2 − 1

2

[
π2 − (∇ϕ)2

]
+

1

2
m2ϕ2

=
1

2
π2 +

1

2
(∇ϕ)2 + 1

2
m2ϕ2.

2.1.2 Energy-Momentum Tensor
Now consider a translation in spacetime by an infinitesimal amount, εµ,

xµ → xµ + εµ.

The measure changes correspondingly,

dxµ → dxµ + dεµ

(no Einstein summation convention on repeated µ)

= dxµ
(
1 +

dεµ
dxµ

)
,

(resuming Einstein summation convention)

d4x → d4x (1 + ∂µε
µ) +O

(
ε2
)
.
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The change in L is

δL =
∂L
∂ϕ

∂µϕε
µ +

∂L
∂ (∂νϕ)

∂µ (∂νϕ) ε
µ

(apply E-L to the first term, and swap the order of ∂µ,ν on ϕ in the second term)

=

[
∂ν

∂L
∂ (∂νϕ)

]
∂µϕε

µ +
∂L

∂ (∂νϕ)
∂ν∂µϕε

µ

= ∂ν

[
∂L

∂ (∂νϕ)
∂µϕ

]
εµ.

The change of action is, omitting the O
(
ε2
)
-terms,

δS =

∫
d4x (1 + ∂µε

µ) (L+ δL)−
∫

d4xL

=

∫
d4x (δL+ ∂µε

µL)

(put in δL and integrate the last term by parts)

=

∫
d4x

{
∂ν

[
∂L

∂ (∂νϕ)
∂µϕ

]
εµ − εµ∂µL

}
(εµ∂µL = ∂ν

(
gνµL

)
εµ)

=

∫
d4x ∂ν

[
∂L

∂ (∂νϕ)
∂µϕ− gνµL

]
εµ,

which should vanish for arbitrary εµ. Therefore, we have

∂νT
ν
µ = 0,

with the energy-momentum tensor,

T νµ ≡ ∂L
∂ (∂νϕ)

∂µϕ− gνµL,

whose components are

T 00 =
∂L
∂ϕ̇

ϕ̇− L,

T 0i =
∂L
∂ϕ̇

∂iϕ, i = 1, 2, 3.

Therefore, we have

T 00 = πϕ̇− L = H,
T 0i = π∂iϕ, i = 1, 2, 3.

Now that we have quantised the theory, T νµ becomes an operator. We can define
the energy-momentum four-vector,

P̂µ ≡
∫

d3x⃗ T̂ 0µ.

Suppressing the -̂notation as before when not causing confusions, the Hamiltonian
is given by

H =

∫
d3x⃗H =

∫
d3x⃗ T 00 = P 0,



2.1. REAL SCALARS 51

while the momentum is

P i =

∫
d3x⃗ T 0i =

∫
d3x⃗ π∂iϕ

=

∫
d3k⃗ k

i

2

(
a†a+ aa†

)
, i = 1, 2, 3. (2.7)

Proof. With the field expansion,

Eq. (2.2): π = K3
+ [−iωca] +K3

−
[
iωc∗a†

]
,

Eq. (2.3): ∂iϕ = K3
+ [ikica] +K3

−
[
−ikic∗a†

]
,

where c = 1√
2ω

e−iωt, we can calculate the spatial part (i = x, y, z, not an
Lorentz index),

π∂iϕ = K3
+ [−iωca]K3

+ [ikica] +K3
+ [−iωca]K3

−
[
−ikic∗a†

]
+K3

−
[
iωc∗a†

]
K3

+ [ikica] +K3
−
[
iωc∗a†

]
K3

−
[
−ikic∗a†

]
.

While Proposition 1.5,∫
dx s̃η(x)t̃τ (x) =

∫
dx Nk

∫
dk eηikxs(k)Nk

∫
dk′ eτik

′xt (k′)

=

{
2πN 2

k ·
∫
dk s(k)t(−k) = 2πN 2

k ·
∫
dk s(−k)t(k), η = τ

2πN 2
k ·
∫
dk s(k)t(k), η ̸= τ

,

is for 1D, it can be easily generalised to 3D. Hence, we have∫
d3x⃗ π∂iϕ =

(
2πN 2

k

)3 ∫ d3k⃗ [ − iωcak⃗i (−ki) ca−k⃗ + (−i)ωcak⃗(−i)kic
∗a†

k⃗

+iωc∗a†
k⃗
ikicak⃗ + iωc∗a†

k⃗
(−i) (−ki) c∗a†−k⃗

] .

The (−)k⃗-subscripts of ω and c are dropped as ωk⃗ = ω−k⃗ and hence ck⃗ = c−k⃗.
Having seen the dependence on the Fourier transform normalisation, we can
now take our usual choice, Nk = 1√

2π
, to eliminate the factor 2πN 2

k . We
can see that the first and fourth integrands are odd in k⃗ and so their integrals
vanish. With the remaining terms, we have∫

d3x⃗ π∂iϕ = −
∫

d3k⃗ ωkicc∗
(
a†a+ aa†

)
= −

∫
d3k⃗ ki

2

(
a†a+ aa†

)
.

We finish the calculation by noticing that, with the Lorentz index µ = 1, 2, 3,
∂µ = −∂i, ki = kµ. ■

Here, the factor 1
2 becomes evident when we perform a normal ordering:

:P i:=

∫
d3k⃗ kia†a, i = 1, 2, 3.

It is insightful to compare it to :H: side by side:

Eq. (2.5): :H:=

∫
d3k⃗ ω a†a.

Now, we can derive the more general Heisenberg’s equation of motion (EOM),

i [Pµ, ϕ] = ∂µϕ. (2.8)
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We will see other similar “EOMs” in later sections. Restoring the -̂notation for the
moment and rearrange the terms, we have (Exercise 2.1)

p̂µϕ̂ =
[
ϕ̂, P̂µ

]
, (2.9)

where p̂µ = i∂µ generates spacetime translation (see epigraph of this chapter), and
P̂µ is the amount of the energy-momentum of the field.

2.2 Complex Scalars
Scalar fields are useful models to illustrate the mathematical structure of quantum
fields; new properties arise with new construction. In the following, we will show
that by uniting two independent real fields into a complex field, we have the first
sight of particle-antiparticle dualism.

Consider two independent real scalar fields, ϕ1 and ϕ2, with the same mass.
Their associated quantities, i.e., those discussed in the preceding section, are all
labelled with subscripts i = 1, 2. While the respective state is normalised as

Eq. (1.36): ⟨k | k′⟩ = Z∗
kZk′

〈
0
∣∣∣ aka†k′

∣∣∣ 0〉 = |Zk|2δ (k − k′) ,

the 1, 2-spaces are orthogonal:

2

〈
k⃗
∣∣∣ k⃗′〉

1
= 0.

Correspondingly, each pair of their associated operators commutes:[
Ô1, Ô2

]
= 0.

At the classical level, suppose that the two fields now form a non-interacting
system, whose Lagrangian is

L [ϕ1, ∂µϕ1, ϕ2, ∂µϕ2] = L1 + L2,

where individual L1,2 comes from

Eq. (2.6): L [ϕ, ∂µϕ] =
1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2.

Now, define a combined field,

ϕ ≡ ϕ1 − iϕ2√
2

. (2.10)

By taking the Hermitian conjugate3, we have

ϕ† =
ϕ1 + iϕ2√

2
, (2.11)

which is considered independent of ϕ in its contribution to the Lagrangian. The
Lagrangian then takes the form

L [ϕ1, ∂µϕ1, ϕ2, ∂µϕ2] = L
[
ϕ, ϕ†, ∂µϕ, ∂µϕ

†] = ∂µϕ∂
µϕ† −m2ϕϕ†. (2.12)

3ϕ†1,2 = ϕ1,2 as both are real.
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The Euler-Lagrange equations can now be derived from it:(
∂2 +m2

)
ϕ = 0,(

∂2 +m2
)
ϕ† = 0,

which do not look too interesting, but nevertheless, let’s move on.
The canonical momentum of the ϕ field is

π =
∂L
∂ϕ̇

= ϕ̇†,

which is no longer ϕ̇. And that of ϕ† is

π̃ ≡ ∂L
∂ϕ̇†

= ϕ̇ = π†.

The Hamiltonian density is

H
[
ϕ, π, ϕ†, π†] = πϕ̇+ π†ϕ̇† − L

= 2ϕ̇ϕ̇† −
(
ϕ̇ϕ̇† −∇ϕ∇ϕ† −m2ϕϕ†

)
= ϕ̇ϕ̇† +∇ϕ∇ϕ† +m2ϕϕ†.

Now that we have quantised ϕ and ϕ† in the sense that both ϕ1,2 are quantised,
we can check that

[ϕ(x⃗, t), π(y⃗, t)] =
[
ϕ†(x⃗, t), π†(y⃗, t)

]
= iδ3(x⃗− y⃗). (2.13)

For completeness, the remaining commutators are

0 = [ϕ, ϕ] = [π, π] =
[
ϕ†, ϕ†

]
=
[
π†, π†]

=
[
ϕ, ϕ†

]
=
[
π, π†]

=
[
ϕ, π†] = [ϕ†, π] .

Recall that both ϕ1,2 are expanded as

Eq. (2.1): ϕ = K3
+ [ca] +K3

−
[
c∗a†

]
,

with the same c = 1√
2ω

e−iωt due to the same ω originating from the same mass.
Now, because ϕ† ̸= ϕ, we need to have two degrees of freedom, a and b†, in the
mode expansion:

ϕ = K3
+[ca] +K3

−
[
c∗b†

]
, (2.14)

where a and b† are defined similarly to

Eq. (2.10): ϕ ≡ ϕ1 − iϕ2√
2

,

as

a ≡ a1 − ia2√
2

,

b† ≡ a†1 − ia
†
2√

2
.
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We can construct the additional expansion:

ϕ† = K3
+[cb] +K3

−
[
c∗a†

]
,

π = ϕ̇† = K3
+[−iωcb] +K3

−
[
iωc∗a†

]
. (2.15)

The full list of annihilation and creation operator commutation relations is[
ak⃗, a

†
k⃗′

]
=
[
bk⃗, b

†
k⃗′

]
= δ3

(
k⃗ − k⃗′

)
,

0 =
[
ak⃗, ak⃗′

]
=
[
bk⃗, bk⃗′

]
=
[
a†
k⃗
, a†

k⃗′

]
=
[
b†
k⃗
, b†

k⃗′

]
=
[
ak⃗, bk⃗′

]
=
[
a†
k⃗
, b†

k⃗′

]
=
[
ak⃗, b

†
k⃗′

]
=
[
a†
k⃗
, bk⃗′

]
.

Now we can discuss some physics. First, let’s examine the vacuum:

ak⃗ |0⟩ = bk⃗ |0⟩ = 0,∣∣∣⃗k〉
a
≡ a†

k⃗
|0⟩ =

∣∣∣⃗k〉
1
+ i
∣∣∣⃗k〉

2√
2

,

∣∣∣⃗k〉
b
≡ b†

k⃗
|0⟩ =

∣∣∣⃗k〉
1
− i
∣∣∣⃗k〉

2√
2

.

The states created by the two modes, a† and b† (Exercise 2.2a), are orthogonal:

b

〈
k⃗
∣∣∣ k⃗′〉

a
= 0. (2.16)

And the Hamiltonian is (Exercise 2.2a)

H =

∫
d3k⃗ ω

2

(
a†1a1 + a1a

†
1 + a†2a2 + a2a

†
2

)
=

∫
d3k⃗ ω

(
a†a+ bb†

)
, (2.17)

:H: =

∫
d3k⃗ ω

(
a†a+ b†b

)
. (2.18)

Second, the spacetime picture: the Feynman propagators are (Exercise 2.2b)

⟨0 |T [ϕ (x)ϕ (y)] | 0⟩ =
〈
0
∣∣T [ϕ† (x)ϕ† (y)] ∣∣ 0〉 = 0, (2.19)〈

0
∣∣T [ϕ (x)ϕ† (y)] ∣∣ 0〉 = ∆F(x− y). (2.20)

From the non-vanishing one, we can see that both modes propagate separately from
early to late time:〈

0
∣∣T [ϕ(x)ϕ†(y)] ∣∣ 0〉

=

{〈
0
∣∣ϕ(x)ϕ†(y) ∣∣ 0〉 ∼ K [〈0 ∣∣ aa† ∣∣ 0〉] , x0 > y0〈

0
∣∣ϕ†(y)ϕ(x) ∣∣ 0〉 ∼ K [〈0 ∣∣ bb† ∣∣ 0〉] , y0 > x0

.

2.2.1 Noether’s Theorem
Noether’s theorem says that “a conserved current is associated with each gener-
ator of a continuous symmetry [Zee03].”
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A conserved current, Jµ, has a vanishing total divergence,

∂µJ
µ =

∂J0

∂t
+∇ · J⃗ = 0.

Note that this is also known as the continuity equation. With a vanishing three-
current at the spatial boundaries, we have a conserved charge:

Q ≡
∫

d3x⃗ J0,

∵ 0 =

∫
d3x⃗ ∂µJµ =

d
dt

∫
d3x⃗ J0 +

∫
d3x⃗∇ · J⃗

=
dQ
dt +

∫
dS⃗ · J⃗︸ ︷︷ ︸

=0 at boundaries

.

The conserved current and charge are called the Noether current and Noether
charge of the symmetry, respectively.

At the classical level, we now verify that the Lagrangian of a complex scalar
field,

Eq. (2.12): L [ϕ1, ∂µϕ1, ϕ2, ∂µϕ2] =L
[
ϕ, ϕ†, ∂µϕ, ∂µϕ

†] = ∂µϕ∂
µϕ† −m2ϕϕ†,

is unchanged by the transformation:

ϕ→ e−igϕ, ϕ† → eigϕ†, g ∈ R.

Insight

ϕ1

ϕ2

ϕ†

eiαϕ†

α

ϕ and ϕ† are formed by two real scalar fields, ϕ1,2:

Eq. (2.10): ϕ =
ϕ1 − iϕ2√

2
,

Eq. (2.11): ϕ† =
ϕ1 + iϕ2√

2
.

The complex phase, eig, rotates ϕ and ϕ†, while
keeping |ϕ|2 ∼ ϕ21 + ϕ22 invariant—a global (mean-
ing independent of space and time) U(1) symmetry
we shall revisit in §2.4.2.

For infinitesimal g, they become

ϕ→ ϕ− igϕ, ϕ† → ϕ† + igϕ†,

and therefore the changes in the fileds and the Lagrangian are, respectively,

δϕ = −igϕ , δϕ† = igϕ†,

0 = δL =
∂L
∂ϕ

δϕ+
∂L

∂ (∂µϕ)
δ∂µϕ+

∂L
∂ϕ†

δϕ† +
∂L

∂ (∂µϕ†)
δ∂µϕ

†

=
∂L
∂ϕ

δϕ+
∂L

∂ (∂µϕ)
δ∂µϕ+ h.c.

(apply E-L for the first term)

=

[
∂µ

∂L
∂ (∂µϕ)

]
δϕ+

∂L
∂ (∂µϕ)

(∂µδϕ) + h.c.
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= ∂µ

[
∂L

∂ (∂µϕ)
δϕ

]
+ h.c.

≡ ∂µJµ,

where

Jµ ≡ ∂L
∂(∂µϕ)

δϕ+ h.c., (2.21)

is the Noether current. Therefore, the Noether charge is

Q =

∫
d3x⃗ J0 =

∫
d3x⃗ ∂L

∂ϕ̇
(−igϕ) + h.c.

= −ig
∫

d3x⃗ (πϕ− h.c.) . (2.22)

Insight

At the classical level, instead of

Eq. (2.22): Q = −ig
∫

d3x⃗ (πϕ− h.c.) ,

we could have arrived at

Q =

∫
d3x⃗ J0 =

∫
d3x⃗ (−igϕ)∂L

∂ϕ̇
+ h.c.

= −ig
∫

d3x⃗ (ϕπ − h.c.) .

Once quantised, they differ by

−ig
∫

d3x⃗
(
[ϕ, π] +

[
ϕ†, π†]) = 2g

(∫
d3x⃗

)
δ3(0),

which will not affect commutators on the one hand as it is a c-number, and will
be eliminated by normal ordering on the other hand. This serves as an example
how unphysical infinities arise from arbitrariness at the classical level.

After quantisation, we have (Exercise 2.3)

[Q,ϕ] = −gϕ,
[
Q,ϕ†

]
= gϕ†. (2.23)

Or,

i [Q,ϕ] = −igϕ = δϕ, i
[
Q,ϕ†

]
= igϕ† = δϕ†

—another set of “EOMs” in addition to

Eq. (2.8): i [Pµ, ϕ] = ∂µϕ.

Now, let’s continue the physics discussion of complex scalar fields. We find that,

Q = g

∫
d3k⃗

(
a†a− bb†

)
, (2.24)

:Q: = g

∫
d3k⃗

(
a†a− b†b

)
. (2.25)



2.2. COMPLEX SCALARS 57

Proof. Recall the definitions,

Eq. (2.22): Q = −ig
∫

d3x⃗ (πϕ− h.c.) ,

Eq. (2.14): ϕ = K3
+ [ca] +K3

−
[
c∗b†

]
,

Eq. (2.15): π = ϕ̇† = K3
+ [−iωcb] +K3

−
[
iωc∗a†

]
.

Similar to the calculation of Pµ in Eq. (2.7), we have∫
d3x⃗ πϕ =

∫
d3x⃗ (K3

+ [−iωcb]K3
+ [ca] +K3

+ [−iωcb]K3
−
[
c∗b†

]
+K3

−
[
iωc∗a†

]
K3

+ [ca] + K3
−
[
iωc∗a†

]
K3

−
[
c∗b†

])
=

∫
d3k⃗ ( − iωccbk⃗a−k⃗ − iωcc

∗bb† + iωcc∗a†a +iωc∗c∗a†
k⃗
b†
−k⃗

)
.

h.c. =
∫

d3k⃗ ( iωc∗c∗a†
−k⃗
b†
k⃗
+ iωcc∗bb† − iωcc∗a†a− iωccb−k⃗ak⃗

)
.

Because
∫
d3k⃗ ak⃗b−k⃗ =

∫
d3k⃗ a−k⃗bk⃗, all the “k-flipped” terms cancel:∫

d3x⃗ πϕ− h.c. =
∫

d3k⃗
(
−2iωcc∗bb† + 2iωcc∗a†a

)
=

∫
d3k⃗ 2iωcc∗

(
a†a− bb†

)
= i

∫
d3k⃗

(
a†a− bb†

)
.

Multiply by −ig, and the result follows. ■

As a comparison, we see that the sign between the two modes is in contrast to the
Hamiltonian case:

Eq. (2.17): H =

∫
d3k⃗ ω

(
a†a+ bb†

)
,

Eq. (2.18): :H:=

∫
d3k⃗ ω

(
a†a+ b†b

)
.

This sign difference is physical: we have

[
:Q:, a†

]
= ga†,

[:Q:, a] = −ga,[
:Q:, b†

]
= −gb†,

[:Q:, b] = gb,

via direct substitution, and, therefore,

:Q:
∣∣∣⃗k〉

a
=:Q: a†

k⃗
|0⟩ =

(
a†
k⃗
:Q: +ga†

)
|0⟩ = g

∣∣∣⃗k〉
a
,

:Q:
∣∣∣⃗k〉

b
= −g

∣∣∣⃗k〉
b
.

That is, the two modes created by a† and b† carry opposite charges!
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2.3 Spinors
At the classical level4, the Lagrangian of the free spinor field ψ is

L
[
ψ, ∂ψ, ψ, ∂ψ

]
= ψ (iγµ∂µ −m)ψ, (2.26)

with the Dirac adjoint,

ψ ≡ ψ†γ0.

Because
∂L
∂ψ

= −mψ, ∂L
∂ (∂µψ)

= ψiγµ�

∂L
∂ψ

= (iγµ∂µ −m)ψ,
∂L

∂
(
∂µψ

) = 0,

we have the Euler-Lagrange equations, which give us the Dirac equations (Exer-
cise 2.4a),

(iγµ∂µ −m)ψ ≡ Dspψ = 0, (2.27)

ψ
(
iγµ ⃗∂µ +m

)
≡ ψ
←−
D sp = 0. (2.28)

Here, we introduce Dsp and ←−D sp to denote the Dirac differential operator and its
adjoint equivalent, respectively. Applying (iγµ∂µ +m) to its left, we recover the
Klein-Gordon equation:

0 = (iγµ∂µ +m) (iγν∂ν −m)ψ

=
(
−γµ∂µγν∂ν −m2

)
ψ = −

(
∂2 +m2

)
ψ.

The canonical momenta read

π =
∂L
∂ψ̇

= ψiγ0 = iψ†, π̃ =
∂L
∂ψ̇

= 0,

which lead us to the Hamiltonian density,

H = πψ̇ + π̃ψ̇ − L
= iψ†ψ̇ − ψ (iγµ∂µ −m)ψ

= iψ†ψ̇, (2.29)

where the last step has applied the Dirac equation.
Similar to the complex field which has a Noether current,

Eq. (2.21): Jµ ≡ ∂L
∂(∂µϕ)

δϕ+ h.c.,

the spinor field Lagrangian,

Eq. (2.26): L
[
ψ, ∂ψ, ψ, ∂ψ

]
= ψ (iγµ∂µ −m)ψ,

enjoys a global U(1) symmetry under the transformation,

ψ → e−igψ, ψ → eigψ, (2.30)
4While it is true that the spinors here are not operators yet, they are not c-numbers either—they

are vectors in the spinor space and, therefore, the order matters among them and the γ-matrices.
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with the corresponding Noether current,

Jµ =
∂L

∂ (∂µψ)
δψ +

∂L
∂
(
∂µψ

)δψ = gψγµψ, (2.31)

and the Neother charge,

Q =

∫
d3x⃗ J0 =g

∫
d3x⃗ ψγ0ψ

=g

∫
d3x⃗ ψ†ψ. (2.32)

2.3.1 Dirac Equation
Let’s pause and take a look at the solutions of the Dirac equation—Dirac spinors.

First, we have the anticommutation relation of the gamma matrices (Exer-
cise 2.4b):

{γµ, γν} = 2gµν .

Spinor Algebra I

Proposition 2.1 With an arbitrary 4-vector x,(
γ0
)2

= 1, (γx)2 = x2, γxγ0 = 2x0 − γ0γx.

These lead to the following useful expressions:

(γp+m)(γp−m) = (γp−m)(γp+m) = 0

⇒ γp(γp−m) = −m(γp−m), γp(γp+m) = m(γp+m).

Namely, one can replace γp right in front of γp±m directly by ±m:

(γp+m)(γp+m) = 2m(γp+m),

(γp−m)(γp−m) = −2m(γp−m),

(γp+m)γ0(γp+m) =
(
2p0 − γ0γp+mγ0

)
(γp+m) = 2p0(γp+m),

(γp−m)γ0(γp−m) =
(
2p0 − γ0γp−mγ0

)
(γp−m) = 2p0(γp−m).

In the Dirac representation (Exercise 2.4c),

γ0 =

(
I 0
0 −I

)
, γk =

(
0 σk

−σk 0

)
, γ5 = iγ0γ1γ2γ3 =

(
0 I
I 0

)
,

where I is the 2× 2 identity matrix, and σk (k = 1, 2, 3) are the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

It is evident that only γ0 has non-zero diagonal elements. We can verify that
(Exercise 2.4d)

(γµ)
†
= γ0γµγ0. (2.33)

Second, we notice that,

i∂eipx = −peipx,
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i∂e−ipx = pe−ipx.

For the Dirac equation,

Eq. (2.27): (iγµ∂µ −m)ψ = 0,

we have two plane-wave solutions:

ψ = u (p) e−ipx, (γp−m)u (p) = 0; (2.34)
ψ = v (p) eipx, (γp+m) v (p) = 0. (2.35)

Consider the solution for p⃗ = 0, i.e., in the rest frame of the field particle where
p = (m, 0⃗). We have (

γ0 − 1
)
u(p⃗ = 0) = 0,(

γ0 + 1
)
v(p⃗ = 0) = 0.

Spinor Algebra II

Proposition 2.2

u(p⃗ = 0) = u†(p⃗ = 0), v(p⃗ = 0) = −v†(p⃗ = 0).

In the Dirac basis, we can choose the following orthogonal base solutions:

u01 =


1
0
0
0

 , u02 =


0
1
0
0

 , v01 =


0
0
1
0

 , v02 =


0
0
0
1

 .

Spinor Algebra III

Proposition 2.3 For an arbitrary 4× 4 matrix M ,

u0†s Mu0s′ =Mss′ , v
0†
s Mv0s′ =M2+s,2+s′ , s = 1, 2.

This is particularly useful when M is the γ-matrix:

u0†s γxu
0
s′ = u0†s γ

0x0u
0
s′ = δss′x0,

v0†s γxv
0
s′ = v0†s γ

0x0v
0
s′ = −δs,s′x0

where x is an arbitrary 4-vector. Further more,∑
s=1,2

u0su
0†
s =

(
I2 0
0 0

)
=
γ0 + 1

2
,

∑
s=1,2

v0sv
0†
s =

(
0 0
0 I2

)
=

1− γ0

2
.

We can now construct the solutions for non-vanishing p⃗:

us (p) = Nsp(γp+m)u0s, (2.36)
vs (p) = Nsp(γp−m)v0s ,

where Nsp is a p-dependent normalisation factor, and, at p⃗ = 0,

us (p⃗ = 0) = Nspm
(
γ0 + 1

)
u0s = 2Nspmu

0
s,
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vs (p⃗ = 0) = −Nspm
(
γ0 − 1

)
v0s = 2Nspmv

0
s .

To see that they are indeed solutions of the Dirac equation, we can put them back
into the equations,

Eq. (2.34): (γp−m)u (p) = 0;

Eq. (2.35): (γp+m) v (p) = 0.

For example,

(γp−m)us (p) = Nsp(γp−m)(γp+m)u0s

= Nsp(p
2 −m2)u0s = 0.

The normalisation of these solutions are (Exercise 2.4e)

u†s(p)us′(p) = δss′2E (m+ E)N2
sp (2.37)

= v†s(p)vs′(p), (2.38)
us(p)us′(p) = δss′2m (m+ E)N2

sp (2.39)
= −vs(p)vs′(p). (2.40)

Proof. Using Proposition 2.1-2.3, for Eq. (2.37),

u†s(p)us′(p) = u0†s
(
γ†p+m

)
N2

sp(γp+m)u0s′

= u0s(γp+m)γ0(γp+m)u0s′N
2
sp = u0s(γp+m)u0s′N

2
sp2p

0

= u0
†

s (γp+m)u0s′N
2
sp2p

0 = δss′
(
m+ p0

)
N2

sp2p
0.

Others follow similarly [Exercise 2.4(f)ii]—the “−” sign in Eq. (2.40) traces
back to Proposition 2.1. ■

It is very often that we need to do spin sums, which are given as follows:∑
s=1,2

us (p)us (p) = N2
sp (m+ E) (γp+m), (2.41)

∑
s=1,2

vs (p) vs (p) = N2
sp (m+ E) (γp−m). (2.42)

Proof. For Eq. (2.41),∑
s

us(p)us(p) = N2
sp(γp+m)

∑
s

u0su
0†
s

(
γ†p+m

)
γ0

= N2
sp(γp+m)

γ0 + 1

2
(γp+m)

= N2
sp
2p0 + 2m0

2
(γp+m) = N2

sp
(
m+ p0

)
(γp+m).

Similarly for Eq. (2.42) [Exercise 2.4(f)iii]. ■

2.3.2 Quantising the Spinor Field
We are going to build our spinor field expansion on top of what we did for the
complex scalar field:

Eq. (2.14): ϕ = K3
+[ca] +K3

−
[
c∗b†

]
.

Now, the differences are that
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1. there are additional degrees of freedom for “spins”: s = 1, 2 for u and v each;

2. the free field expansion needs to automatically satisfy the Dirac equation.

Therefore, we have the following expansion of the spinor ψ field, trying to maintain
a parallelism with the complex scalar:

ψ = K3
+

[
c

2∑
s=1

asus

]
+K3

−

[
c∗

2∑
s=1

b†svs

]
, with c = e−iωt

√
2ω

. (2.43)

It satisfies the Dirac equation in the light of

Eq. (2.34): ψ = u (p) e−ipx, (γp−m)u (p) = 0;

Eq. (2.35): ψ = v (p) eipx, (γp+m) v (p) = 0,

where the phases, e±ipx, have dissolved into the Fourier transforms and c’s. Then,
π and ψ̇ can be constructed as follows:

π = iψ† = K3
+

[
ic
∑
s

bsv
†
s

]
+K3

−

[
ic∗
∑
s

a†su
†
s

]
,

ψ̇ = K3
+

[
−iωc

∑
s

asus

]
+K3

−

[
iωc∗

∑
s

b†svs

]
.

Note that the †’s on the spinors must be consistent across all terms.
Continuing the list of differences, the last modification is

3. to change commutators to anticommutators.

The only non-vanishing anticommutators are{
as,⃗k, a

†
s′,k⃗′

}
=
{
bs,⃗k, b

†
s′ ,⃗k′

}
= δss′δ

3
(
k⃗ − k⃗′

)
.

Background

The last point of the recipe was not as straightforward as it sounds nowadays.

To the problem of whether one uses commutators or anticommutators to
quantize q-numbers, they replied:
“It is apparent that from the standpoint of wave quantization and of the
relativistically invariant treatment of the many-body problem, the two
types of solutions, namely Bose-Einstein statistics on the one hand, and
the exclusion principle on the other hand, will also always appear as
formally equivalent. Thus, no satisfactory explanation can be given why
nature prefers the second possibility.”
Heisenberg and Pauli regarded the step of quantizing with either commu-
tators or anticommutators to be a ‘well known peculiarity’, and proceeded
to do all calculations with commutators and anticommutators. As Pauli
(1985) wrote to Klein on 18 February 1929 concerning either method of
quantization, ’we obtain not any information at all on the inner founda-
tion of my exclusion principle’. This quest for an ’inner foundation’ was
central to Pauli’s thoughts during the 1930s.

— A. I. Miller, Early Quantum Electrodynamics: A Source Book, p. 32,
§3.2 [Mil95]
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The following approach we take is opposite to that for the scalar fields; now we
are going to use the creation and annihilation anticommutators to determine the
field anticommutators:

{ψα (x⃗, t) , πβ (y⃗, t)} = iδαβ

∫ d3k⃗
(2π)

3 e
ik⃗·(x⃗−y⃗)N2

sp (m+ ωk) ,

where α and β are spinor indices.

Proof.

{ψα (x⃗, t) , πβ (y⃗, t)}

=

K3
+

[
c
∑
s

asus

]
α

,K3
−

[
ic∗
∑
s

a†su
†
s

]
β


+

K3
−

[
c∗
∑
s

b†svs

]
α

,K3
+

[
ic
∑
s

bsv
†
s

]
β


=

i

(2π)3

∫
d3k⃗ d3k⃗′ 1√

2ωk

1√
2ωk′

eik⃗·x⃗−iωkte−ik⃗′·y⃗+iωk′ t

×

(∑
ss′

usu
†
s′

)
αβ︸ ︷︷ ︸

(if s = s′)
= N2

sp(m+wk)[(γk+m)γ0]αβ

{
as, a

†
s′

}
︸ ︷︷ ︸

=δs,s′δ
3(k⃗−k⃗′)

+

∫
· · ·

=

[
i

(2π)3

∫
d3k⃗ 1

2ωk
eik⃗·(x⃗−y⃗)N2

sp (m+ ωk) (γk +m)γ0 +

∫
· · ·
]
αβ

=

{
i

(2π)
3

∫
d3k⃗

N2
sp (m+ ωk)

2ωk

[
eik⃗·(x⃗−y⃗) (γk +m)

+e−ik⃗·(x⃗−y⃗)(γk −m)
]
γ0

}
αβ

(change of variable, k⃗′ = −k⃗, in the second term)

=

{
i

(2π)
3

∫
d3k⃗

N2
sp (m+ ωk)

2ωk

[
eik⃗·(x⃗−y⃗)

(
γ0ωk − γiki +m

)
+eik⃗·(x⃗−y⃗)(γ0ωk + γiki −m)

]
γ0

}
αβ

=
i

(2π)
3

∫
d3k⃗

N2
sp (m+ ωk)

2ωk
eik⃗·(x⃗−y⃗)2ωk

(
γ0γ0

)
αβ

=
i

(2π)
3

∫
d3k⃗ N2

sp (m+ ωk) eik⃗·(x⃗−y⃗)1αβ

=
iδαβ

(2π)
3

∫
d3k⃗ N2

sp (m+ ωk) eik⃗·(x⃗−y⃗). ■
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If we choose5

Nsp =
1√

m+ ωk
,

the integral becomes a δ function, and, finally, we have

{ψα (x⃗, t) , πβ (y⃗, t)} = iδαβδ
3 (x⃗− y⃗) , (2.44)

which is similar to the scalar cases:

Real scalar, Eq. (2.4): [ϕ(x⃗, t), π(y⃗, t)] = iδ3(x⃗− y⃗),
Complex scalar, Eq. (2.13): [ϕ(x⃗, t), π(y⃗, t)] = [ϕ†(x⃗, t), π†(y⃗, t)] = iδ3(x⃗− y⃗).

Aside

The so-called second quantisation—quantising via a and a†—has the advantage
of a unified formulation. This becomes evident when comparing the dimensions:
[E]−3/2 (the exact value depending on our convention) for a and a† for both
scalars and spinors. In contrast, the dimensions of the fields are [E]1 and [E]3/2

for scalars and spinors, respectively.

Now, the spinor normalisation and sum,

Eqs. ((2.37)) and ((2.38)): u†s(p)us′(p) = δss′2E (m+ E)N2
sp = v†s(p)vs′(p),

Eqs. ((2.39)) and ((2.40)): us(p)us′(p) = δss′2m (m+ E)N2
sp = −vs(p)vs′(p),

Eq. (2.41):
∑
s=1,2

us (p)us (p) = N2
sp (m+ E) (γp+m),

Eq. (2.42):
∑
s=1,2

vs (p) vs (p) = N2
sp (m+ E) (γp−m).

reduce to

u†s(p)us′(p) = δss′2E = v†s(p)vs′(p), (2.45)
us(p)us′(p) = δss′2m = −vs(p)vs′(p).∑

s=1,2

us (p)us (p) = γp+m,

∑
s=1,2

vs (p) vs (p) = γp−m.

In the end, let’s consider the charges. We have

H =

∫
d3k⃗ ω

∑
s

(
a†sas − bsb†s

)
,

Q = g

∫
d3k⃗

∑
s

(
a†sas + bsb

†
s

)
.

5Regardless of our conventions on Fourier transform and c: as in Proposition 1.7, restor-

ing the prefactors, we should have
{
a, a†

}
∼ (2πN2

x)
3

2ωcc∗ δ3, and the integral for {ψ, π} ∼(
2πN 2

k

)3 ∫
cc∗

(2πN2
x)

3

2ωcc∗ δ3 =
∫

1
2π
δ3 which is the same as with our current conventions.
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Proof. From the definitions, Eq. (2.29) and (2.32), respectively,

H =

∫
d3x⃗ iψ†ψ̇

(cross terms vanish because of orthogonality)

=i

∫
d3x⃗

(
K3

+

[
c
∑
s

bsv
†
s

]
K3

−

[
iωc∗

∑
s

b†svs

]

+K3
−

[
c∗
∑
s

a†su
†
s

]
K3

+

[
−iωc

∑
s

asus

])

=i

∫
d3k⃗

(
i

2

∑
ss′

v†svs′bsb
†
s′ −

i

2

∑
ss′

u†sus′a
†
sas′

)
,

(following the normalisation [Eq. (2.45)])

=i

∫
d3k⃗

(
i

2

∑
ss′

δss′2ωbsb
†
s′ −

i

2

∑
ss′

δss′2ωa
†
sas′

)

=

∫
d3k⃗ ω

(
−
∑
s

bsb
†
s +

∑
s

a†sas

)
,

Q =g

∫
d3x⃗ ψ†ψ

=g

∫
d3x⃗

(
K3

+

[
c
∑
s

bsv
†
s

]
K3

−

[
c∗
∑
s

b†svs

]

+K3
−

[
c∗
∑
s

a†su
†
s

]
K3

+

[
c
∑
s

asus

])

=g

∫
d3k⃗

(
1

2ω

∑
ss′

v†svs′bsb
†
s′ +

1

2ω

∑
ss′

u†sus′a
†
sas′

)

=g

∫
d3k⃗

∑
s

(
bsb

†
s + a†sas

)
. ■

Note the different “−” signs compared to the complex scalar fields:

Eq. (2.17): H =

∫
d3k⃗ ω

(
a†a+ bb†

)
,

Eq. (2.24): Q = g

∫
d3k⃗

(
a†a− bb†

)
.

Because of anticommutation, a “−” sign naturally shows up when the normal or-
dering takes effect. Therefore,

:H: =

∫
d3k⃗ ω

∑
s

(
a†sas + b†sbs

)
,

:Q: = g

∫
d3k⃗

∑
s

(
a†sas − b†sbs

)
,

which have the same forms as for the complex scalar:

Eq. (2.18): :H:=

∫
d3k⃗ ω

(
a†a+ b†b

)
,
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Eq. (2.25): :Q:= g

∫
d3k⃗

(
a†a− b†b

)
2.3.3 LSZ Reduction for Spinors
We now solve as and b†s from

Eq. (2.43): ψ = K3
+

[
c

2∑
s=1

asus

]
+K3

−

[
c∗

2∑
s=1

b†svs

]
, with c = e−iωt

√
2ω

,

with the help of

Eq. (2.45): u†s(p)us′(p) = δss′2E = v†s(p)vs′(p),

and

Proposition 1.3 : Fη

[
st̃τ
]
=

{
s(k)t(−k), η = τ
s(k)t(k), η ̸= τ

.

Similar to the real scalar case,

Eq. (1.13): F+ [iωkϕ] = iωkc1,−ka−k + iωkc2,ka
†
k,

we have

F3
−

[
u†s′ (k

′)ψ
]
= 2ωcas′ , and

F3
+

[
v†s′ (k

′)ψ
]
= 2ωc∗b†s′ ,

where the common k′-dependence on the right hand sides has been suppressed.
Having solved them directly,

as =
F3

−
[
eiωtu†sψ

]
√
2ω

=
F3

−
[
eiωtusγ

0ψ
]

√
2ω

,

b†s =
F3

+

[
e−iωtv†sψ

]
√
2ω

=
F3

+

[
e−iωtvsγ

0ψ
]

√
2ω

,

we now take the time derivative,

∂tas =
F3

−
[
∂t
(
eiωtusγ

0ψ
)]

√
2ω

=
F3

−

[
−ieiωtus

(
iγ0 ⃗∂t + iγ0∂⃗t

)
ψ
]

√
2ω

,

∂tb
†
s =
F3

+

[
∂t
(
e−iωtvsγ

0ψ
)]

√
2ω

=
F3

+

[
−ie−iωtvs

(
iγ0 ⃗∂t + iγ0∂⃗t

)
ψ
]

√
2ω

.

Because

Eq. (2.34): ψ = u (p) e−ipx, and
Eq. (2.35): ψ = v (p) eipx

are solutions of

Eq. (2.28): ψ
(
iγµ ⃗∂µ +m

)
≡ ψ
←−
D sp = 0,

we have

eiωtu · iγ0 ⃗∂0 = eiωtu
(
iγi ⃗∂i −m

)
,
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e−iωtv · iγ0 ⃗∂0 = e−iωtv
(
iγi ⃗∂i −m

)
.

Therefore,

∂tas =
F3

−

[
−ieiωtus

(
iγi ⃗∂i −m+ iγ0∂⃗t

)
ψ
]

√
2ω

=
F3

−

[
−ieiωtus

(
−iγi∂⃗i −m+ iγ0∂⃗t

)
ψ
]

√
2ω

=
F3

−

[
−ieiωtus

(
iγµ∂⃗µ −m

)
ψ
]

√
2ω

=
F3

−
[
−ieiωtusDspψ

]
√
2ω

, (2.46)

where the second line is by integration6 by parts for ∂i, and similarly,

∂tb
†
s =
F3

+

[
−ie−iωtvs

(
iγi ⃗∂i −m+ iγ0∂⃗t

)
ψ
]

√
2ω

=
F3

+

[
−ie−iωtvs

(
−iγi∂⃗i −m+ iγ0∂⃗t

)
ψ
]

√
2ω

=
F3

+

[
−ie−iωtvs

(
iγµ∂⃗µ −m

)
ψ
]

√
2ω

=
F3

+

[
−ie−iωtvsDspψ

]
√
2ω

. (2.47)

Taking Hermitian conjugate, we have

∂ta
†
s =
F3

+

[
ie−iωtψ

(
−iγµ ⃗∂µ −m

)
us

]
√
2ω

=
F3

+

[
−ie−iωtψ

←−
D spus

]
√
2ω

, (2.48)

∂tbs =
F3

−

[
ieiωtψ

(
−iγµ ⃗∂µ −m

)
vs

]
√
2ω

=
F3

−

[
−ieiωtψ

←−
D spvs

]
√
2ω

. (2.49)

Let’s summarise them in Table 2.1 with the real scalar field (to be generalised
from 1 + 1 to 3 + 1 spacetime),

Eq. (1.31): ∂ta =
F−
[
ieiωtDKGϕ

]
√
2ω

,

Eq. (1.32): ∂ta
† =
F+

[
−ie−iωtDKGϕ

]
√
2ω

.

Now, let’s proceed to derive the LSZ reduction formula for spinors. First, check
the vacuum:

as,⃗k |0⟩ = bs,⃗k |0⟩ = 0,∣∣∣s, k⃗〉
a
≡ a†

s,⃗k
|0⟩ ,

∣∣∣s, k⃗〉
b
≡ b†

s,⃗k
|0⟩ .

6Only works for the spatial dimensions as we assume all functions vanish at spatial infinity.
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1√
2π

∫
dt {·} −i√

2ω
{·}

Eq. (1.31): ∂ta F4
+

[
−DKGϕ

]
Eq. (1.32): ∂ta

† F4
−
[
DKGϕ

]
Eq. (2.46): ∂tas F4

+ [usDspψ]

Eq. (2.48): ∂ta
†
s F4

−

[
ψ
←−
D spus

]
Eq. (2.49): ∂tbs F4

+

[
ψ
←−
D spvs

]
Eq. (2.47): ∂tb

†
s F4

− [vsDspψ]

Table 2.1: Time derivatives of creation and annihilation operators, integrated over
time to form the full 4-dimensional Fourier transform, for the real scalar and spinor
fields (the latter denoted by the spin indices).

Second, we observe that the calculation leading to

Eq. (1.40): iT21 = −
〈
0

∣∣∣∣ ∫ dt1 dt2 T
[
∂t1a

†
1 (t1) ∂t2a2 (t2)

] ∣∣∣∣ 0〉
is also valid for spinors (upon absorbing the spin indices into the subscripts “1” and
“2”). Substitute its

∫
dt ∂ta(†) with Eqs. (2.46) and (2.48) of Table. 2.1, we arrive

at the LSZ reduction formula for the spinor a-field:

iT21 ∼ F4
−,1F4

+,2

〈
0
∣∣∣T [(ψ1

←−
D sp

1 u1

)
(u2Dsp

2 ψ2)
] ∣∣∣ 0〉

= F4
−,1F4

+,2

〈
0
∣∣∣T [(u2Dsp

2 ψ2)
(
ψ1

←−
D sp

1 u1

)] ∣∣∣ 0〉
= F4

−,1F4
+,2u2D

sp
2

〈
0
∣∣T [ψ2ψ1

] ∣∣ 0〉←−D sp
1 u1 (2.50)

= F4
−,1F4

+,2u2αD
sp
2

〈
0
∣∣T [ψ2αψ1β

] ∣∣ 0〉←−D sp
1 u1β

( ≡ F4
−,1F4

+,2u2D
sp
2 S

12←−D sp
1 u1

)
(2.51)

= F4
−,1F4

+,2(u2D
sp
2 ψ2)(ψ1

←−
D sp

1 u1), (2.52)

where α and β are spinor indices as in

Eq. (2.44): {ψα (x⃗, t) , πβ (y⃗, t)} = iδαβδ
3 (x⃗− y⃗) .

Restoring the spinor indices allows us to move the spinor around.
Here the time-ordered product is defined as follows:

T
[
ψα (x)ψβ (y)

]
≡ ψα (x)ψβ (y) θ

(
x0 − y0

)
− ψβ (y)ψα (x) θ

(
y0 − x0

)
=

{
ψα (x)ψβ (y) , x

0 > y0

−ψβ (y)ψα (x) , y0 > x0
.

Compared to the scalar case,

Eq. (1.38): T [A (t1)B (t2)] = A (t1)B (t2) θ (t1 − t2) +B (t2)A (t1) θ (t2 − t1)

Eq. (1.39): =

{
A (t1)B (t2) , t1 > t2
B (t2)A (t1) , t2 > t1

,

there is again a sign difference due to anticommutation.
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The spinor Feynman propagator is,〈
0
∣∣T [ψα (x)ψβ (y)

] ∣∣ 0〉 = SFαβ ,

with

SF(x− y) ≡ i
∫ d4k

(2π)
4

γk +m

k2 −m2 + iϵ
e−ik(x−y) = i

∫ d4k
(2π)

4

e−ik(x−y)

γk −m+ iϵ
.(2.53)

For notational simplicity, we introduce the shorthand

Syx ≡ SF(x− y)
=
〈
0
∣∣T [ψ (x)ψ (y)

] ∣∣ 0〉
= ψ (x)ψ (y) . (2.54)

The contraction (see § 1.3.1) will be helpful in understanding the spinor algebra of
the amplitude, e.g.,

Eq. (2.52): iT21 ∼ F4
−,1F4

+,2(u2D
sp
2 ψ2)(ψ1

←−
D sp

1 u1).

It can be readily verified that SF is indeed the Green’s function for the Dirac
operator, Dsp:

DspSF = (iγ∂ −m)SF = iδ4 (x− y) .

The corresponding Feynman diagram is defined in Fig. 2.1.

y x

Syx

Figure 2.1: Feynman diagram for a spinor propagator. Note that the spinor arrow
goes from y to x, regardless of the time arrow.

From the outset, we have defined the arrow of time from the in-state, “1”, to
the out-state, “2”. From the LSZ formula of the a-field,

Eq. (2.50): iT21 ∼ F4
−,1F4

+,2u2D
sp
2

〈
0
∣∣T [ψ2ψ1

] ∣∣ 0〉←−D sp
1 u1,

we have two observations: First, only the u-spinors are involved. Second, the time-
ordered product, T

[
ψ2ψ1

]
, is no longer symmetric with respect to “1” and “2”7—it

naturally defines a “spinor direction”, conventionally from the ψ-field to the ψ-
field—but instead has the “arrow of spinor” from “1” to “2”. For the a-field, both
the arrows of time and spinor are in the same direction.

Finally, let’s consider the b-field now: upon substituting Eqs. (2.49) and (2.47)

of Table. 2.1,

1√
2π

∫
dt {·} −i√

2ω
{·}

Eq. (2.49): ∂tbs F4
+

[
ψ
←−
D spvs

]
Eq. (2.47): ∂tb

†
s F4

− [vsDspψ]

, into

Eq. (1.40): iT21 = −
〈
0

∣∣∣∣ ∫ dt1 dt2 T
[
∂t1a

†
1 (t1) ∂t2a2 (t2)

] ∣∣∣∣ 0〉 ,
7And hence the asymmetry between u1 and u2.
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we obtain the LSZ reduction formula for the b-field

iT21 ∼ F4
−,1F4

+,2

〈
0
∣∣∣T [v1Dsp

1 ψ1ψ2

←−
D sp

2 v2

] ∣∣∣ 0〉
∼ F4

−,1F4
+,2v1D

sp
1

〈
0
∣∣T [ψ1ψ2

] ∣∣ 0〉←−D sp
2 v2

= F4
−,1F4

+,2v1D
sp
1 S

21←−D sp
2 v2 (2.55)

= F4
−,1F4

+,2(v1D
sp
1 ψ1)(ψ2

←−
D sp

2 v2).

We see that, for the b-field, only the v-spinors are involved, and the arrows of time
and spinor are in opposite directions!

Similar to the scalar case,

Eq. (1.47): iTfi ∼ F

{(
n∏
i

Di

)
⟨0 |T [Ψ1 · · ·Ψn] | 0⟩

}
,

the multi-spinor LSZ reduction should now read

iTfi ∼ F
{
u . . . v . . .Dsp . . .

〈
0
∣∣T [ψ1 · · ·ψn . . .

] ∣∣ 0〉←−D sp . . . u . . . v . . .
}

= F

{
(uDspψ) . . . (vDspψ) . . . (ψ

←−
D spu) . . . (ψ

←−
D spv) . . .

}
, (2.56)

where the vertical lines above the spinors mean that these fields are to be contracted.
It is useful for the uDsp etc. to “tag along” the fields when performing contraction
since each “(· · · )” is a scalar in the spinor space—each scalar is free to move around
inside the time ordering, which simplifies the calculation to some extent.

2.4 Photons
At the classical level, the Lagrangian of a free photon field is

L [A, ∂A] = −1

4
FµνF

µν , (2.57)

with the electromagnetic field tensor,

Fµν = ∂µAν − ∂νAµ.

Electrodynamics

Proposition 2.4

ϵijkϵklm = δilδjm − δimδjl,

with the Levi-Civita symbol ϵijk and the Kronecker delta δil.
Proof. Introduce the determinant representation of ϵijk using the unit vector
êi whose components are all zero except for the i-th component:

ϵijk = |êi êj êk| =

∣∣∣∣∣∣
êT
i

êT
j

êT
k

∣∣∣∣∣∣ .
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Note that this representation also works for more than three indices. Writing
the summation explicitly, we have

∑
k

ϵijkϵklm =
∑
k

∣∣∣∣∣∣
êT
i

êT
j

êT
k

∣∣∣∣∣∣ · |êk êl êm| =
∑
k

∣∣∣∣∣∣
δik δil δim
δjk δjl δjm
δkk δkl δkm

∣∣∣∣∣∣
=
∑
k

δik

∣∣∣∣δjl δjm
δkl δkm

∣∣∣∣−∑
k

δjk

∣∣∣∣δil δim
δkl δkm

∣∣∣∣+∑
k

∣∣∣∣δil δim
δjl δjm

∣∣∣∣
=

∣∣∣∣δjl δjm
δil δim

∣∣∣∣− ∣∣∣∣δil δim
δjl δjm

∣∣∣∣+ 3

∣∣∣∣δil δim
δjl δjm

∣∣∣∣ = δilδjm − δimδjl,

where êT
i êk = δik. ■

Proposition 2.5 The electric and magnetic fields, E⃗ and B⃗, respectively, are
related to Fµν and Fµν as follows:

Fµν =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

 , Fµν =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

 ,

namely,

F 0i = −Ei = −F0i, F
ij = Fij = −ϵijkBk,

where the Latin indices i, j, k (= 1, 2, 3) correspond to the spatial components.
Here, the E- and B-field components and ϵijk ignore the index placement rule.
Proof. We can prove the first equation by directly following the definitions:

F 0i = ∂0Ai − ∂iA0, Aµ = (ϕ, A⃗), ∂µ =

(
∂

∂t
, −∇⃗

)
, E⃗ = − ∂

∂t
A⃗− ∇⃗ϕ.

Then, because B⃗ = ∇⃗ × A⃗,

Bk = ϵklm
(
−∂l

)
Am,

−ϵijkBk = ϵijkϵklm∂
lAm = (δilδjm − δjlδim)∂lAm = ∂iAj − ∂jAi = F ij .

We prove the remaining equations by observing that

gµν = gµν =


1
−1

−1
−1

 , Fµν = gµαF
αβgβν .

The left matrix gµα flips the signs of rows 2, 3, and 4 of Fαβ , and the right
matrix gβν flips columns 2, 3, and 4. ■
Proposition 2.6 Immediately, we have

L [A, ∂A] = −1

4
FµνF

µν =
1

2

(
E⃗ − B⃗

)
.

Note that,
∂Fµν

∂ (∂αAβ)
=

∂

∂ (∂αAβ)
(∂µAν − ∂νAµ)
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= δαµδ
β
ν − δαν δβµ .

We have

∂L
∂ (∂αAβ)

= −1

4

∂ (FµνF
µν)

∂Fµν

∂Fµν

∂ (∂αAβ)

= −1

4
· 2Fµν

(
δαµδ

β
ν − δαν δβµ

)
= −1

2

(
Fαβ − F βα

)
= −1

2

(
Fαβ + Fαβ

)
= −Fαβ .

This gives us the Euler-Lagrange equations,

0 =
∂L
∂Aµ

= ∂α
∂L

∂ (∂αAµ)

= −∂αFαµ

= −∂α (∂αAµ − ∂µAα)

= −∂2Aµ + ∂µ∂αA
α. (2.58)

These four equations (with µ = 0, . . . , 3) do not determine Aµ uniquely.
The redundant degrees of freedom can be removed by gauge fixing. In the

Coulomb gauge, we fix one degree of freedom by requiring

∇⃗ · A⃗ = 0.

As A0 is fully determined by the charge density (Exercise 2.6b), another degree of
freedom is fixed. As a result, only two degrees of freedom are left for a photon field.
Another common gauge is the Lorenz8 gauge,

∂µA
µ = 0, (2.59)

whereby the Euler-Lagrange equation simplifies to

∂2Aµ = 0. (2.60)

Alternatively, we observe that, neither the Lagrangian nor the Euler-Lagrange
equation changes under a gauge transformation of Aµ:

Aµ → Aµ + ∂µg, (2.61)

where g is an arbitrary scalar field. The Lorenz gauge is realised via this gauge
transformation if

∂2g = −∂µAµ. (2.62)

A third—and rather elegant—approach is to add a gauge-fixing term to the
Lagarangian:

L = −1

4
FµνF

µν + Lg, Lg ≡ −
1

2
∂µA

µ∂νA
ν .

8Not Lorentz!
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We first check that,

∂Lg
∂ (∂αAβ)

= −1

2
· 2 (∂µAµ)

∂ (∂µA
µ)

∂ (∂αAβ)︸ ︷︷ ︸
=δαµδ

µβ︸ ︷︷ ︸
=δαβ

= −δαβ∂µAµ.

Then, we have an Euler-Lagrange equation that is automatically gauge-fixed:

0 = ∂α
∂L

∂ (∂αAµ)
= −∂2Aµ + ∂µ∂αA

α − ∂µ∂βAβ

= −∂2Aµ.

One way to generalise this gauge-fixing term is to parametrise it:

Lg (ξ) ≡ −
1

2ξ
∂µA

µ∂νA
ν , (2.63)

giving the corresponding Euler-Lagrange equation (Exercise 2.5a):[
−∂2gµα −

(
1

ξ
− 1

)
∂µ∂α

]
Aα ≡ (Dem)

µ
αA

α = 0. (2.64)

Here, we introduce Dem to denote the electromagnetic differential operator. The
choice of ξ = 0 is called the Landau gauge (by forcing the numerator of Eq. (2.63)
to 0 to realise the Lorenz gauge), whereas ξ = 1 corresponds to the Feynman
gauge. In the Feynman gauge, the EM-differential operator is the usual one:

Dem = ∂2. (2.65)

Background

The canonical momentum of the field A0 is

∂L
∂Ȧ0

= 0,

which vanishes, instead of being dynamic. It is amusing to see how devastating
it was for Pauli—when it comes to Pauli, nothing is undramatic, though—

…Consequently the quantization procedure failed. This was a tremendous
setback to the program. As had been the case in 1924, when he failed to
solve the Zeeman effect, and in the spring of 1925, when the old Bohr
atomic physics completely broke down with no alternative in sight, Pauli
once again despaired. In the 1924 crisis he delved into the Hamburg
underground cafe culture; in 1925 he considered taking up movie directing;
and in 1929 he began to write a Utopian novel (letter to Peierls of 18
June 1929, in Pauli, 1985). Heisenberg, however, thrived in periods of
flux and resolved this difficulty.
Heisenberg’s ‘Kunstgriff’, as Pauli referred to it to Peierls, was to add to
the Lagrangian density the term…

— A. I. Miller, Early Quantum Electrodynamics: A Source Book, p. 33,
§3.2 [Mil95]
Here, the term refers to our Eq. (2.63). Interesting enough, we do not name this
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‘tricka’ after Heisenberg. This might be the only reasonable choice; otherwise,
half of the textbook would be cluttered with his name in order to be consistent.

aInstead, I prefer the perfect translation in Chinese—神来之笔.

Similar to the discussion for the spinor field in §2.3.1:

Eq. (2.34): ψ = u (p) e−ipx;

Eq. (2.36): us (p) = Nsp(γp+m)u0s,

let us postulate a plane-wave solution,

Aµ(x) = Nem(k)εµ(k)e−ikx,

where kµ is the field momentum, Nem(k) is a normalisation factor, and εµ(k) is
called a polarisation vector for a reason that will soon become clear.

In the Lorenz gauge, we have

Eq. (2.59): ∂µA
µ = 0,

Eq. (2.60): ∂2Aµ = 0.

These translate to

kµε
µ =0, (2.66)
k2 =ω2 − k⃗2 = 0.

Therefore, the inertial frame, where kµ = (ω, 0, 0, ω), is particularly simple, and we
have the following four solutions, εµλ:

εµ0 =


1
0
0
0

 , εµ1 =


0
1
0
0

 , εµ2 =


0
0
1
0

 , εµ3 =


0
0
0
1

 .

The two transverse polarisation vectors, εµ1,2, satisfy

Eq. (2.66): kµε
µ =0.

In fact, they stand for linear polarisation. Alternatively, we have circular polarisa-
tion vectors:

εµ1 =
1√
2


0
1
i
0

 , εµ2 =
1√
2


0
1
−i
0

 ,

which correspond to left- and right-circular polarisations, respectively. We con-
sider that εµ have complex components in general but do not specify the choice
of transverse polarisations, nor are we concerned that the scalar and longitudinal
polarisations, ε0,3, do not satisfy the Lorenz gauge condition (see Insight below).
In this frame, we can easily verify that

εµλε
∗
λ′ µ = gλλ′ ,

in particular,

εµλε
∗
λ′ µ = −δλλ′ , for λ, λ′ = 1, 2. (2.67)
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Because kµεµ and εµλε∗λ′ µ are all Lorentz scalars, they are invariant when we boost
the system to any inertial frame.

Now, we can write down the mode expansion of the photon field in analogy of
the others:

Real scalar, Eq. (2.1):ϕ = K3
+ [ca] +K3

−
[
c∗a†

]
,

Complex scalar, Eq. (2.14):ϕ = K3
+[ca] +K3

−
[
c∗b†

]
,

Spinor, Eq. (2.43):ψ = K3
+

[
c

2∑
s=1

asus

]
+K3

−

[
c∗

2∑
s=1

b†svs

]
,

Photon:Aµ = K3
+

[
c

3∑
λ=0

aλε
µ
λ

]
+K3

−

[
c∗

3∑
λ=0

a†λε
µ∗
λ

]
, (2.68)

where a†λ and aλ are the polarisation-dependent creation and annihilation operators
of the photon field, respectively. The four polarisation states are not independent;
after gauge fixing, only the transverse ones should remain.

Insight

Quantisation of the photon field in the Lorenz gauge involves the Gupta-
Bleuler formalisma. Instead of Eq. (2.59), ∂µAµ = 0, a “Lorenz-like” (a
term following [Wil23]) condition is imposed: ∂µAµ(+) |Ψ⟩ = 0, where |Ψ⟩ is
any physical state and Aµ(+) is the aλ-part of Aµ in Eq. (2.68). The con-
tributions to the Hamiltonian, H ∼ ω

(∑3
λ=1 a

†
λaλ − a

†
0a0

)
, from the scalar

and longitudinal polarisations, ε0 and ε3, respectively, cancel each other in the
sense that (a3 − a0) |Ψ⟩ = 0. Effectively, only the transverse polarisations, ε1,2,
contribute to the Hamiltonian.

aSee §6.4.5 in [Wil23] and §7.3.2 in [AH13].

2.4.1 LSZ Reduction for Photons
The photon mode expansion,

Eq. (2.68): Aµ = K3
+

[
c

3∑
λ=0

aλε
µ
λ

]
+K3

−

[
c∗

3∑
λ=0

a†λε
µ∗
λ

]
,

resembles those of the real scalar9 and the spinor,

Real scalar, Eq. (2.1):ϕ = K3
+ [ca] +K3

−
[
c∗a†

]
,

Spinor, Eq. (2.43):ψ = K3
+

[
c

2∑
s=1

asus

]
+K3

−

[
c∗

2∑
s=1

b†svs

]
.

Therefore we have two ways to extract a(†)λ : Similar to the spinor case, first apply
the orthogonal condition,

Eq. (2.67): εµλε
∗
λ′ µ = −δλλ′ , for λ, λ′ = 1, 2,

and then solve a(†)λ . However, the ambiguity in the specific choice of the transverse
polarisation vectors makes the cancellation less straightforward—while εµλελµ and
εµ∗λ ε∗λµ (λ = 1, 2) equal to 0 for circular polarisation, they are non-vanishing for

9Directly taking the Hermitian conjugate of the RHS of Eq. (2.68), we have Aµ∗ = Aµ.
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linear polarisation. Therefore, we take the second approach—directly solving a(†)λ

in a way similar to the real scalar case—as follows.
First, we define

aµ ≡
3∑

λ=0

aλε
µ
λ.

Take the Hermitian conjugate,

aµ† =

3∑
λ=0

a†λε
µ∗
λ .

Then the photon mode expansion becomes

Aµ = K3
+ [caµ] +K3

−
[
c∗aµ†

]
.

We see that it is the same as

Eq. (2.1): ϕ = K3
+ [ca] +K3

−
[
c∗a†

]
,

except for the Lorentz indices. Then, similar to

Eq. (1.30): ∂ta =
F−
[
ieiωt

(
ω2 + ∂2t

)
ϕ
]

√
2ω

,

we have10

∂ta
µ =
F3

−
[
ieiωt

(
ω2 + ∂2t

)
Aµ
]

√
2ω

=
F3

−
[
ieiωt∂2Aµ

]
√
2ω

=
F3

−
[
ieiωtDemAµ

]
√
2ω

,

where ω2 = k⃗2 = −∇2 and Dem = ∂2 in the Feynman gauge.
Second, applying the orthogonal condition,

Eq. (2.67): εµλε
∗
λ′ µ = −δλλ′ , for λ, λ′ = 1, 2,

we have

ε∗λµ∂ta
µ =∂t

3∑
λ′=0

aλ′ε∗λµε
µ
λ′ = −∂t

3∑
λ′=0

aλ′δλλ′ = −∂taλ

=
F3

−

[
ieiωtε∗λµDemAµ

]
√
2ω

,

namely,

∂taλ =
F3

−

[
−ieiωtε∗λµDemAµ

]
√
2ω

. (2.69)

Take the Hermitian conjugate,

∂ta
†
λ =
F3

+

[
ie−iωtελµDemAµ

]
√
2ω

. (2.70)
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1√
2π

∫
dt {·} −i√

2ω
{·}

Eq. (1.31): ∂ta F4
+

[
−DKGϕ

]
Eq. (1.32): ∂ta

† F4
−
[
DKGϕ

]
Eq. (2.46): ∂tas F4

+ [usDspψ]

Eq. (2.48): ∂ta
†
s F4

−

[
ψ
←−
D spus

]
Eq. (2.49): ∂tbs F4

+

[
ψ
←−
D spvs

]
Eq. (2.47): ∂tb

†
s F4

− [vsDspψ]

Eq. (2.69): ∂taλ F4
+

[
ε∗λµDemAµ

]
Eq. (2.70): ∂ta

†
λ F4

− [−ελµDemAµ]

Table 2.2: Table 2.1 generalised with the photon fields.

Compared to the scalar case, we have an extra “−” sign due to the metric. We can
now expand Table 2.1 with the photon fields.

For the LSZ reduction, let’s check the vacuum:

aλ, k⃗ |0⟩ = 0,
∣∣∣λ, k⃗〉 ≡ a†

λ, k⃗
|0⟩ , λ = 1, 2,

namely, only transversely polarised states are considered. We now collapse all λ
and k⃗ dependence into the in- and out-state subscripts, “1” and “2”. Then similar
to

Eq. (1.40): iT21 = −
〈
0

∣∣∣∣ ∫ dt1 dt2 T
[
∂t1a

†
1 (t1) ∂t2a2 (t2)

] ∣∣∣∣ 0〉 ,
we have the LSZ formula for the photon field,

iT21 ∼ F4
−,1F4

+,2 ⟨0 |T [(ε1µDem
1 Aµ

1 ) (ε
∗
2νDem

2 Aν
2)] | 0⟩

= F4
−,1F4

+,2 ε1µDem
1 ε∗2ν Dem

2 ⟨0 |T [Aµ
1A

ν
2 ] | 0⟩

= F4
−,1F4

+,2 ε1µDem
1 ε∗2ν Dem

2 Aµ
1A

ν
2 ,

where ε is associated with the incoming photon, while ε∗ with the outgoing one. We
can also write down the multi-photon formula (suppressing the Lorentz indices):

iTfi ∼ F

{
ε1 . . . ε

∗
n . . .

(
n∏
i

Dem
i

)
⟨0 |T [A1 · · ·An] | 0⟩

}
. (2.71)

The photon Feynman propagator (see Fig. 2.2 for the Feynman diagram) in
the Lorenz gauge reads

Πµν
F (x− y) ≡ ⟨0 |T [Aµ(x)Aν(y)] | 0⟩

= −i
∫ d4k

(2π)4
gµν − (1− ξ)k

µkν

k2

k2 + iϵ
e−ik(x−y), (2.72)

with the shorthand,

Πxy ≡ Πµν
F (x− y)

10∂tAµ is needed in the intermediate steps, as ∂tϕ is for the real scalar case.
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= ⟨0 |TAµ(x)Aν(y) | 0⟩

= Aµ(x)Aν(y). (2.73)

x y

Πxy

Figure 2.2: Feynman diagram for a photon propagator.

It is the Green’s function for Dem (Exercise 2.5b):

(Dem)
µ
α Παν

F =

[
−∂2gµα −

(
1

ξ
− 1

)
∂µ∂α

]
Παν

F = −igµνδ4(x− y). (2.74)

In the Feynman gauge, ξ = 1,

Eq. (2.65): Dem = ∂2,

we have

DemΠµν
F = −igµν

∫ d4k
(2π)4

1

k2 + iϵ
∂2e−ik(x−y) = igµνδ4(x− y), (2.75)

where the difference in “−” is due to a slight modification in the definition of Dem

in the Feynman gauge.

2.4.2 Local Gauge Principle
Previously, we saw that the free (we add a subscript 0 here) spinor Lagrangian is
invariant under a global U(1) gauge transformation (i.e., phase change):

Eq. (2.26): L0 = ψ (iγµ∂µ −m)ψ,

Eq. (2.30): ψ → e−igψ, ψ → eigψ.

Now, let’s consider a local (meaning dependent on space and time) U(1) gauge
transformation:

ψ → e−ig(x)ψ, ψ → eig(x)ψ.

Since

∂µψ = (−i∂µg) e−igψ + e−ig∂µψ,

we have a change in the Lagrangian,

δL0 = eigψiγµ (−i∂µg) e−igψ

= (∂µg)ψγ
µψ

≡ (∂µg) J
µ,

where Jµ is the Noether current we obtained for the spinor field (note that we have
taken g out of the definition here):

Eq. (2.31): Jµ =gψγµψ.

We say that L0 is not (locally) gauge invariant.
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We shall correct for δL0 by first replacing the ordinary derivative with the co-
variant derivative,

Dµ ≡ ∂µ + ieAµ,

where Aµ is a gauge field (or, in mathematical terms, a connection), and e some
normalisation constant. The new Lagrangian is

L = ψ (iγµDµ −m)ψ

≡ L0 + L′, (2.76)

where we have an additional term in the Lagrangian:

L′ ≡ ψiγµ (ieAµ)ψ

= −eAµψγ
µψ

= −eAµJ
µ.

As this new field, Aµ, in the Lagrangian should also be subject to the gauge
transformation, we require it to change as follows:

Aµ → Aµ + δAµ,

which will only cause a change in L′ (note that Jµ is invariant under the transfor-
mation of the spinor field):

δL′ = −e (δAµ) J
µ.

Now, we require δL′ to cancel δL0 in order to keep the Lagrangian invariant:

0 = δL0 + δL′ = (∂µg) J
µ − e (δAµ) J

µ,

which leads to

δAµ =
1

e
∂µg,

namely,

Aµ → Aµ +
1

e
∂µg. (2.77)

We identify the gauge field Aµ as the photon field together with its gauge trans-
formation

Eq. (2.61): Aµ → Aµ + ∂µg,

against which Fµν is invariant. Therefore, the free photon Lagrangian1112

Eq. (2.57): L [A, ∂A] = −1

4
FµνF

µν ,

is gauge invariant.

11Without the gauge-fixing term. The gauge-fixing term by definition breaks the gauge
symmetry—specifically, g in Eq. (2.77): Aµ → Aµ + 1

e
∂µg is no longer arbitrary after gauge

fixing. See Eq. (2.62): ∂2g = −∂µAµ.
12We can further verify that replacing ∂µ by Dµ does not change Fµν either.
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Insight

[Dµ,Dν ] = ieFµν .

Now we can write down a gauge-invariant Lagrangian of quantum electrody-
namics (QED) (Exercise 2.6a):

LQED ≡ −
1

4
FµνF

µν + ψ (iγµ∂µ −m)ψ − eAµJ
µ, (2.78)

where the first two terms correspond to the free-field Lagrangian, and the last term
represents the interaction between the spinor and photon fields. The Euler-Lagrange
equations for the photon field are no longer homogeneous13:

−eJµ =
∂LQED
∂Aµ

= ∂α
∂L

∂ (∂αAµ)
= −∂αFαµ,

which is the inhomogeneous Maxwell’s equation (Exercise 2.6b),

∂αF
αµ = eJµ. (2.79)

That is, the Noether current generated by the spinor field is the source of the photon
field. Similarly, we can do the calculation for the spinor field and find that the Dirac
equation now includes a source term (Exercise 2.6c). Therefore, we see that the
QED interaction arises naturally as a consequence of the local U(1) gauge
invariance—a first manifestation of the local gauge principle.

Exercise 2
1. Energy-Momentum Tensor

Prove Eq. (2.9),

p̂µϕ̂ =
[
ϕ̂, P̂µ

]
,

from Eq. (2.7),

Pµ =

∫
d3x⃗ π∂µϕ, µ = 1, 2, 3.

2. Complex Scalar Fields

(a) Verify Eq. (2.16),

b

〈
k⃗
∣∣∣ k⃗′〉

a
= 0,

and Eq. (2.17),

H =

∫
d3k⃗ ω

2

(
a†1a1 + a1a

†
1 + a†2a2 + a2a

†
2

)
=

∫
d3k⃗ ω

(
a†a+ bb†

)
.

explicitly.
13Compare to Eq. (2.58): 0 = ∂L

∂Aµ
= ∂α

∂L
∂(∂αAµ)

= −∂αFαµ.
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(b) Verify Eqs. (2.19) and (2.20),

⟨0 |T [ϕ (x)ϕ (y)] | 0⟩ =
〈
0
∣∣T [ϕ† (x)ϕ† (y)] ∣∣ 0〉 = 0,〈

0
∣∣T [ϕ (x)ϕ† (y)] ∣∣ 0〉 = ∆F(x− y),

à la Proposition 1.6-1.9.

3. Noether’s Theorem

(a) Derive Eq. (2.23),

[Q,ϕ] = −αϕ,
[
Q,ϕ†

]
= αϕ†.

(b) Based on Eqs. (2.22),

Q =

∫
d3x⃗ J0 = −iα

∫
d3x⃗ (πϕ− h.c.) ,

and (2.23) (see above), we define Q0 and ψ1,2 as follows:

Q = αQ0 , [Q0, ϕ] = −ϕ;
ψ1 = eαQ0ϕe−αQ0 ,

ψ2 = e−αϕ.

Prove that ψ1 = ψ2.
(Hint: Expand ψ1,2 in Taylor series as a function of α around 0, compare
the coefficients order by order.)

4. Spinors

(a) Derive Eq. (2.28),

ψ
(
iγ ⃗∂ +m

)
= 0,

from Eq. (2.27),

(iγ∂ −m)ψ = 0.

(b) Prove

(γx)2 = x2,

and

γxγ0 = 2x0 − γ0γx.

(c) In the Weyl (or chiral) representation,

γ0 =

(
0 I
I 0

)
, γk =

(
0 σk

−σk 0

)
, γ5 =

(
−I 0
0 I

)
.

Find the unitary similarity transformation14, U , from the Dirac to the
Weyl representation, i.e., γµWeyl = U †γµDiracU .

14U† = U−1; see definition in, e.g., §1.5 in [Sak94]
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(d) Show that

Eq. (2.33): (γµ)
†
= γ0γµγ0

applies to all unitary equivalent gamma matrices, γµ′ ≡ U−1γµU , i.e.,

(γµ′)
†
= γ0′γµ′γ0′.

(e) The spinors, ψ, u, and v are vectors in the spinor space, i.e., matrices
of dimensions 4 × 1. What are the matrix dimensions of the following
quantities?
i. ψ,
ii. γµ,
iii. the Lagrangian, L,
iv. the Hamiltonian density, H,
v. uu,
vi. uu, and
vii. the current Jµ = ψγµψ.

(f) Prove
i. ∑

s

u0su
0†
s

(
γ†p+m

)
γ0 =

γ0 + 1

2
(γp+m),

ii. Eqs. (2.38), (2.39), and (2.40),

δss′2E (m+ E)N2 = v†s(p)vs′(p),

us(p)us′(p) = δss′2m (m+ E)N2

= −vs(p)vs′(p).

iii. Eq. (2.42), ∑
s=1,2

vs (p) vs (p) = N2 (m+ E) (γp−m).

5. Photons

(a) Derive Eq. (2.64), [
−∂2gµα −

(
1

ξ
− 1

)
∂µ∂α

]
Aα = 0.

(b) Verify Eq. (2.74),[
−∂2gµα −

(
1

ξ
− 1

)
∂µ∂α

]
Παν

F = −igµνδ4(x− y).

6. Local Gauge Principle

(a) Is the following Lagrangian gauge invariant?

L′
QED ≡ −

1

4
FµνF

µν + ψ (iγ∂ −m)ψ − eAµJ
µ +

1

2
M2AµA

µ,

where M is a constant.
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(b) Expand Eq. (2.79),

∂αF
αµ = eJµ,

for µ = 0 in terms of the photon field Aν . Solve A0 in the Coulomb
gauge.

(c) What is the Euler-Lagrange equation of the spinor field by the new La-
grangian, Eq. (2.76),

L = ψ (iγµ∂µ −m)ψ − eAµJ
µ ?
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Chapter 3

Quantum Electrodynamics

“I tried to read some of the rigorous papers.
It’s easy to be rigorous if one doesn’t discuss
the problem.”

— W. Pauli
quoted in A. Blum, Heisenberg’s 1958

Weltformel and the Roots of Post-Empirical
Physics, p. 43, §4 [Blu19]

In Chapter 1, we discussed the (reduced) transition amplitude, M, between n
scalar fields in the presence of an interaction:

Eq. (1.54): M≡⟨0 |T [ϕ (x1, t1)ϕ (x2, t2) · · ·ϕ (xn, tn)] | 0⟩

Eq. (1.56): =

〈
0
∣∣∣T [ϕ0 (x1, t1) · · ·ϕ0 (xn, tn) exp{−i ∫ +∞

−∞ dt I (t)
}] ∣∣∣ 0〉〈

0
∣∣∣T [exp{−i ∫ +∞

−∞ dt I (t)
}] ∣∣∣ 0〉

≡A
V
.

In the λϕ4-theory in 1 + 1 spacetime, the interaction Hamiltonian is

Eq. (1.57): HI(t) =
λ

4!

∫
dxϕ4(x, t).

The lowest-order terms of the vacuum evolution, 1-to-1, and 2-to-2 processes are

Eq. (1.58): V1 = (−i) λ
4!

∫
dy
〈
0
∣∣T [ϕ40(y)] ∣∣ 0〉 ,

Eq. (1.60): V2 =
1

2

(
−i λ

4!

)2 ∫
dy1 dy2

〈
0
∣∣T [ϕ40 (y1)ϕ40 (y2)] ∣∣ 0〉 ,

Eq. (1.61): A1→1
1 = (−i) λ

4!

∫
dy
〈
0
∣∣T [ϕaϕbϕ4y] ∣∣ 0〉 ,

Eq. (1.63): A2→2
1 = (−i) λ

4!

∫
dy
〈
0
∣∣T [ϕaϕbϕcϕdϕ4y] ∣∣ 0〉 ,

where the free-field (subscript “0” for the interaction picture henceforth omitted)
n-point Green’s functions are Wick-expanded into a sum of products of two-point
Green’s functions (i.e., propagators). For example,

Eq. (1.63):
〈
0
∣∣T [ϕaϕbϕcϕdϕ4y] ∣∣ 0〉 ∼ ∑G2G2G2G2.

85
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The combinations of propagators are represented as Feynman diagrams. Only con-
nected1 ones need to be considered. Propagators and vertices are renormalised:

+ + + + + O
(
λ3
)
≡ ,

+ + + + O
(
λ4
)
≡ .

In Chapter 2, we introduced the spinor and photon fields in 3 + 1 spacetime,
with their Feynman propagators,

Fig. 2.1: y x

Syx
,

Eq. (2.54): Syx ≡ SF(x− y) =
〈
0
∣∣T [ψ (x)ψ (y)

] ∣∣ 0〉 = ψ (x)ψ (y) ,

Fig. 2.2: x y

Πxy
,

Eq. (2.73): Πxy ≡ Πµν
F (x− y) = ⟨0 |TAµ(x)Aν(y) | 0⟩ = Aµ(x)Aν(y),

and their LSZ reduction formulae,

Eq. (2.56): iTfi ∼ F
{
u . . . v . . .Dsp . . .

〈
0
∣∣T [ψ1 · · ·ψn . . .

] ∣∣ 0〉←−D sp . . . u . . . v . . .
}

= F

{
(uDspψ) . . . (vDspψ) . . . (ψ

←−
D spu) . . . (ψ

←−
D spv) . . .

}
,

Eq. (2.71): iTfi ∼ F

{
ε1 . . . ε

∗
n . . .

(
n∏
i

Dem
i

)
⟨0 |T [A1 · · ·An] | 0⟩

}
,

respectively.
Now, from the QED Lagrangian,

Eq. (2.78): LQED ≡ −
1

4
FµνF

µν + ψ (iγµ∂µ −m)ψ − eAµJ
µ,

we obtain the interaction Hamiltonian,

HQED
I (t) ≡ e

∫
d3x⃗ Aµ(x⃗, t)ψ(x⃗, t)γ

µψ(x⃗, t). (3.1)

And then we are ready to write down the transition amplitude at r-th order for a
QED process among n external electrons and photons (also known as legs):

MQED ∼er
∫

dx1 . . . dxr
〈
0
∣∣T [ψ1ψ2 . . . An−1An ·Ax1ψx1

ψx1 . . . Axrψxr
ψxr

] ∣∣ 0〉 ,
which is sandwiched by the “base vectors”, ε . . . ε∗ . . . u . . . v . . . and u . . . v . . . , and
the differential operators, Dem . . .Dsp . . . and ←−D sp . . . , corresponding to the n ex-
ternal fields. Here, all fields are in the interaction picture. It is understood that

1Literal meaning: connected and non-disjoint. See Footnote 18 of §1.4.1.
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during contraction, each external spinor is “tagged along” by uDsp etc.: (uDspψ),
(vDspψ), (ψ←−D spu), (ψ←−D spv), and that each pair of internal spinors always “stay
together” with a gamma matrix in between:

(
ψxγ

µψx

)
—each of these “(· · · )” can

move around freely inside a time ordering, as they are scalar in the spinor space.
Analogous to the scalar case in §1.3.1, a non-zero QED Green’s function means

1. complete contraction into ψψ and AA pairs, which in turn requires

2. r is odd ⇔ the number of external A-fields is odd, and

3. there are equal numbers of external ψ and ψ, regardless of r.

The allowed combinations of up to four external fields, at most of order e3, are shown
in Table 3.1 (Exercises 3.1 and 3.2). In the following, they will be discussed in three
groups according to the external field arrangement: photon-leg, electron-leg, and
mixed-leg.

3.1 Basic Processes
3.1.1 Vacuum Polarisation

Tadpoles (Diagrams 1 and 2 of Table 3.1)
Let us consider 2k + 1 = 1, 3, . . . (k is a non-negative integer) external photons

at first order: 〈
0
∣∣T [A1 . . . A2k+1Axψxψx

] ∣∣ 0〉 .
It has a unique Wick’s expansion:

SxxΠx1Π23 · · ·Π2k,2k+1. (3.2)

The diagram of the first two factors is called a tadpole graph (Fig. 3.1): Sxx is
a self-closed electron loop attached to the photon Πx1. Here, the photon is not
propagating as the spacetime x is part of the vacuum background to be integrated
out. In general, a tadpole is connected to an electron, rendering the photon an
internal line. Such tadpole-containing diagrams can, and henceforth will, be omitted
at all orders2.

1

x

Figure 3.1: Tadpole diagram.

The trailing k photon propagators in Eq. (3.2) are all free propagating, not
connected to the tadpole.

Vacuum Polarisation (Diagrams 3–5 of Table 3.1)
Now, consider second order with 2k = 0, 2, . . . external photons:〈

0
∣∣T [A1 . . . A2kAxψxψxAyψyψy

] ∣∣ 0〉 .
2See §8.4.2 in [Wil23], §103 in [BLP82] and §4.1 in [GR09].
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e e2 e3

∅ / 3), 8) [3.2b] x y /

A

1

x
= 0 /

x

yz

1

= 0

1) [3.1] 6) [3.3b]

AA / 4) [3.2c] x y
1 2 /

ψψ / 9) [3.4b] x y 21 /

AAA 2) disconnected /
x

yz

1

23

= 0

7) [3.3c]

y z
x

1

2

3 +

ψψA x
3

1

2

/ x z

y
1

2

3

+

z
3

x1

2
y

11) [3.5] 13) [3.7]

ψψAA / 12) [3.6] x y
1

3

2

4

/

ψψψψ / 10) [3.4c] x y
1

2

3

4

/

Table 3.1: Lowest-order QED diagrams of up to four legs, at most order e3. Tadpoles
are not shown except in the A-row. The AAAA-row—5) AAAAe2 is allowed but
is disconnected—is neglected. The numbering 1)–13), followed by figure references
where applicable, indicates the order of appearance in the text.
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The electron part has a unique (otherwise tadpole) combination as shown in
Fig. 3.2a. Depending on the number of external photons, x and y can be connected
internally (Fig. 3.2b, vacuum bubble) or externally (Fig. 3.2c, vacuum polari-
sation). However, for k ≥ 2, the diagrams are disconnected due to “spillover” of
free photons.

x y

(a) SxySyx

x y

(b) k = 0, SxySyxΠxy

x y
1 2

(c) k = 1, SxySyxΠx1Πy2

Figure 3.2: Second-order diagrams,
〈
0
∣∣T [A1 . . . A2kAxψxψxAyψyψy

] ∣∣ 0〉.
The sum of the bare photon propagator, vacuum polarisation, and higher-order

diagrams gives rise to the dressed photon propagator:

+ x y
1 2 + · · · ≡ .

Background
Pauli replied on 6 February 1934 that …one may have to modify electro-
magnetic field concepts using spinor theory—reference here was made to
Louis de Broglie’s neutrino theory of light in which a light quantum is con-
structed from two neutrinos. Pauli went on to inquire how Heisenberg’s
Eq. (4.21) could become four equations in order to describe a neutrino,
and he signed off with ’Yours (drowning in Dirac’s formulae)’.

— A. I. Miller, Early Quantum Electrodynamics: A Source Book, p. 55,
§4.6 [Mil95]
It is rather de Broglie-esque to think of a photon as two neutrinos. It is,
however, very Pauli to consider vacuum polarisation through neutrinos and
the four-component neutrino theory—they anticipated the neutral current and
Ettore Majorana’s neutirno theory in 1937, respectively.

Triangle Diagrams (Diagrams 6 and 7 of Table 3.1)

Similarly, at third order with 2k + 1 = 1, 3, . . . external photons,〈
0
∣∣T [A1 . . . A2k+1AxψxψxAyψyψyAzψzψz

] ∣∣ 0〉
forms a unique electron loop with unique photon attachment for a given k (Fig. 3.3).
Figure 3.3b is a tadpole in disguise: The internal photon line Πxy is a correction
to the electron self-energy (see next section). The diagram matching all internal
photons to external ones (Fig. 3.3c) is called a triangle diagram. According to
Furry’s theorem, QED diagrams containing an electron loop with an odd number
of vertices (connecting real or virtual photons) will not contribute to any amplitude
and can be neglected3.

Higher Orders
For r ≥ 4, the internal electrons can form two or more loops joint by photons.

3See §8.4.2 in [Wil23], §79 in [BLP82] and §4.1 in [GR09].
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x

yz

(a) SxySyzSzx

x

yz

1

(b) k = 0, ΠyzΠx1

x

yz

1

23

(c) k = 1, Πx1Πy2Πz3

Figure 3.3: Third-order diagrams,
〈
0
∣∣T [A1 . . . A2k+1AxψxψxAyψyψyAzψzψz

] ∣∣ 0〉.
For notational simplicity, captions of (b) and (c) only show the photon parts that
multiply SxySyzSzx.

3.1.2 Electron Self-Energy and Bhabha/Møller/Annihilation

(Diagrams 8–10 of Table 3.1)
Up to order e3, pure electron legs are only allowed at second order:〈

0
∣∣T [ψ2kψ2k−1 . . . ψ2ψ1AxψxψxAyψyψy

] ∣∣ 0〉 .
The two A-fields only give us an internal photon, Πxy, with two vertices, x and y.
(Fig. 3.4a).

x y

(a) ΠxySx·S·xSy·S·y

x y 21

(b) k = 1, ΠxySxyS1xSy2

x y
1

2

3

4

(c) k = 2, ΠxyS1xSx2S3ySy4

Figure 3.4: Second-order diagrams,
〈
0
∣∣T [ψ2kψ2k−1 . . . ψ2ψ1AxψxψxAyψyψy

] ∣∣ 0〉.
• k = 0: There is no leg and we have the previous vacuum bubble in Fig. 3.2b,

x y .

• k = 1: Each vertex needs to connect to a different external electron. The
remaining ψψ forms an internal line (Fig. 3.4b). This is the lowest-order
correction to the electron’s self-energy. Similarly to the photon case, we
have the electron dressed propagator:

+ x y 21 + · · · ≡ .

• k = 2: The four legs connect to the two vertices (Fig. 3.4c), which is the
Bhabha scattering, Møller scattering, or electron-positron annihila-
tion, all connected by crossing symmetry.

• k ≥ 3: There is no connected diagram due to ‘spillover’ of electron legs.
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3.1.3 Vertex Function and Compton Scattering

(Diagram 11 of Table 3.1)
Up to order e3, the following mixed electron and photon legs are allowed:〈

0
∣∣T [ψ2ψ1A3Axψxψx

] ∣∣ 0〉 , (3.3)〈
0
∣∣T [ψ2ψ1A3A4AxψxψxAyψyψy

] ∣∣ 0〉 , and (3.4)〈
0
∣∣T [ψ2ψ1A3AxψxψxAyψyψyAzψzψz

] ∣∣ 0〉 . (3.5)

The key to writing down these Feynman diagrams is to recognise that there
are only two electron legs in each case. Because they do not connect—otherwise a
separate free propagator is formed—they each need to connect to an internal ψ or
ψ. As a start, the first-order diagram, Eq. (3.3), is Fig. 3.5 (Exercise 3.3).

x
3

1

2

Figure 3.5: First-order diagram:
〈
0
∣∣T [ψ2ψ1A3Axψxψx

] ∣∣ 0〉 = S1xSx2Π3x.

Then the symmetry between the dummy indices (x, y, and z) turns out to be
convenient for identifying the unique graphs.

Compton Scattering (Diagram 12 of Table 3.1)
For the second-order diagram, Eq. (3.4), we can first identify S1x without loss

of generality. Then ψ2 can only pick up ψy to form an Sy2 (otherwise we will have
a tadpole, Syy), leaving the remaining ψx and ψy no choice but to form a Sxy.
Matching A3 and A4 to Ax and Ay, we have S1xSy2SxyΠ3xΠ4y (Fig. 3.6), or the
one where we swap 3 and 4; both of them are called Compton scattering.

x y
1

3

2

4

Figure 3.6: Second-order diagram:
〈
0
∣∣T [ψ2ψ1A3A4AxψxψxAyψyψy

] ∣∣ 0〉 =
S1xSy2SxyΠ3xΠ4y.

Vertex Function (Diagram 13 of Table 3.1)
Similarly, the third-order diagram, Eq. (3.5), has an S1x without loss of gener-

ality. Then we have the following two options, given the symmetry between y and
z:

• Sx2: Then, ψyψyψzψz is left and we have only one choice to avoid a tadpole:
SyzSzy. The remaining photons A3AxAyAz should connect the two groups,
S1xSx2 and SyzSzy. So we are left with ΠxyΠz3. Therefore, overall, we have
S1xSx2ΠxySyzSzyΠz3 (Fig. 3.7a).

• Sy2: Now, ψxψyψzψz is left and we only have SxzSzy to avoid the tad-
pole, Szz. Different from the case above, this leads to an electron chain:
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S1xSxzSzySy2. The question remaining for the photons, A3AxAyAz, is: which
of the vertices, x, y, and z, should be connected to the external 3? Considering
the x-y symmetry, there are only two choices:

– Π3y: then, we have S1xSxzSzySy2Π3yΠxz (Fig. 3.7b).

– Π3z: this leads to our final diagram, S1xSxzSzySy2Π3zΠxy (Fig. 3.7c).

y z
x

1

2

3

(a) S1xSx2ΠxySyzSzyΠz3

x z

y
1

2

3

(b) S1xSxzSzySy2Π3yΠxz

z
3

x1

2
y

(c) S1xSxzSzySy2Π3zΠxy

Figure 3.7: Third-order diagrams,
〈
0
∣∣T [ψ2ψ1A3AxψxψxAyψyψyAzψzψz

] ∣∣ 0〉.
Figures 3.7a–3.7c are corrections to Fig. 3.5, x

3

1

2

: the first two

“dress” the photon and electron legs, respectively, while the last one modifies the
vertex function:

x
3

1

2

+ z
3

x1

2
y

+ · · · ≡ 3

1

2

.

3.2 Feynman Rules for QED
The LSZ formulae for the a- and b-fields propagating from the in-state, “1”, to the
out-state, “2”,

Eq. (2.51): iT21 ∼ F4
−,1F4

+,2u2D
sp
2 S

12←−D sp
1 u1,

Eq. (2.55): iT21 ∼ F4
−,1F4

+,2v1D
sp
1 S

21←−D sp
2 v2,

involve u- and v-spinors, respectively. If the spinor and time directions are the
same, it is the u-spinors, otherwise the v-spinors, that enter the amplitude.

So far, we have only encountered the spinor directions which are encoded in the
propagators, S. In order to calculate the full amplitude, we need to specify the time

direction. In the following, we take the diagram, Fig. 3.4c, x y
1

2

3

4
ΠxyS1xSx2S3ySy4, as an example.

Without loss of generality, we specify that “1” is the in-state. Depending
on the assignment of the other particles to the in- and out-states—restricting
ourselves to a two-to-two process—we have the following three amplitudes:
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x y
e−, 1

e+, 2

3, e+

4, e−

t

(a) 12→ 34

,
x

y

e−, 1 2, e−

e−, 3 4, e−

t

(b) 13→ 24

,
x

y

e−, 1 2, e−

3, e+e+, 4

t

(c) 14→ 23

where the physical state of an electron (a-field) or a positron (b-field) is labelled.
We can see that both (a) and (c) are e−e+ → e−e+, one obtained from the other

by swapping “2” and “4”, and therefore the two amplitudes have a relative minus
sign when summed together. This is the Bhabha scattering, which includes the
electron-positron annihilation in (a).

The remaining process (b) is e−e− → e−e−. It has the same initial- and final-

states as
x

y

e−, 1 2, e−

e−, 3 4, e−

t

(b) ΠxyS1xSx4S3ySy2, 13→ 24

from the ΠxyS1xSx4S3ySy2 series. They

both sum up to the Møller scattering with a relative minus sign between them.

The amplitude of x y
e−, 1

e+, 2

3, e+

4, e−

t

(a) 12→ 34

is

iTa ∼ e2δ(k3 + k4 − k1 − k2)v2γµu1
gµν

(k1 + k2)2
u4γ

νv3.

Proof.
Step 1: Recalling the interaction Hamiltonian,

Eq. (3.1): HQED
I (t) ≡ e

∫
d3x⃗ Aµ(x⃗, t)ψ(x⃗, t)γ

µψ(x⃗, t),

the spinor Feynman propagator,

Eq. (2.54): Syx = ψ (x)ψ (y) ,

and the photon Feynman propagator,

Eq. (2.73): Πxy ≡ Πµν
F (x− y),

we can now put back the gamma matrices and the Lorentz indices:

ΠxyS1xSx2S3ySy4 →Πxy
µνS

x2γµS1xSy4γνS3y

=Πxy
µνψ2(ψxγ

µψx)ψ1ψ4(ψyγ
νψy)ψ3.
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Step 2: With the time direction specified, we can apply Dsp with the u-spinors
to “1” and “4”, and with the v-spinors to ‘2” and ‘3”:

Πxy
µν(v2D

sp
2 ψ2)(ψxγ

µψx)(ψ1

←−
D sp

1 u1)(u4D
sp
4 ψ4)(ψyγ

νψy)(ψ3

←−
D sp

3 v3)

=Πxy
µνv2D

sp
2 S

x2γµS1x←−D sp
1 u1u4D

sp
4 S

y4γνS3y←−D sp
3 v3

∼Πxy
µνv2γ

µu1u4γ
νv3δ(x− z1)δ(x− z2)δ(y − z3)δ(y − z4),

where z1,...,4 are the spacetime coordinates of the external fields.
Step 3: Take the Feynman gauge, ξ = 1, in

Eq. (2.72): Πµν
F (x− y) = −i

∫ d4k
(2π)4

gµν − (1− ξ)k
µkν

k2

k2 + iϵ
e−ik(x−y),

and choose the proper sign of the phase (see discussion in Proposition 1.14):

Πxy
µν ∼

∫
d4k gµν

k2
e−ik(y−x),

with the implicit iϵ-prescription. Putting everything together, we have

iTa ∼ e2
∫

dz1 dz2 dz3 dz4 e−ik1z1e−ik2z2e+ik3z3e+ik4z4

∫
dx dy d4k e−ik(y−x)

× gµν
k2

v2γ
µu1u4γ

νv3δ(x− z1)δ(x− z2)δ(y − z3)δ(y − z4)

∼ e2δ(k3 + k4 − k1 − k2)
gµν

(k1 + k2)2
v2γ

µu1u4γ
νv3. ■

Note that, had we chosen Πxy
µν ∼ e−ik(x−y), the intermediate variable k will flip

sign but have no effects in the end results. This would have only made the
physical interpretation of k not straightforward as k = −(k1 + k2).

The amplitude of
x

y

e−, 1 2, e−

3, e+e+, 4

t

(c) 14→ 23

is

iTc ∼ e2δ(k2 + k3 − k1 − k4)u2γµu1
gµν

(k1 − k2)2
v4γ

νv3.

Proof.
Step 1:

ΠxyS1xSx2S3ySy4 →Πxy
µνS

x2γµS1xSy4γνS3y

=Πxy
µνψ2(ψxγ

µψx)ψ1ψ4(ψyγ
νψy)ψ3.

Step 2:

Πxy
µν(u2D

sp
2 ψ2)(ψxγ

µψx)(ψ1

←−
D sp

1 u1)(v4D
sp
4 ψ4)(ψyγ

νψy)(ψ3

←−
D sp

3 v3)



3.2. FEYNMAN RULES FOR QED 95

=Πxy
µνu2D

sp
2 S

x2γµS1x←−D sp
1 u1v4D

sp
4 S

y4γνS3y←−D sp
3 v3

∼Πxy
µνu2γ

µu1v4γ
νv3δ(x− z1)δ(x− z2)δ(y − z3)δ(y − z4).

Step 3:

iTc ∼ e2
∫

dz1 dz2 dz3 dz4 e−ik1z1e−ik4z4e+ik2z2e+ik3z3

∫
dx dy d4k e−ik(y−x)

× gµν
k2

u2γ
µu1v4γ

νv3δ(x− z1)δ(x− z2)δ(y − z3)δ(y − z4)

∼ e2
∫

dx dy d4k e−ik1xe−ik4ye+ik2xe+ik3ye−ik(y−x) gµν
k2

u2γ
µu1v4γ

νv3

∼ e2
∫

d4k δ(k1 − k2 − k)δ(k3 − k4 − k)
gµν
k2

u2γ
µu1v4γ

νv3

∼ e2δ(k2 + k3 − k1 − k4)
gµν

(k1 − k2)2
u2γ

µu1v4γ
νv3. ■

In addition to the rules above, where all external legs are spinors and the prop-
agator is a photon, now let’s consider one of the Compton scattering diagrams to
illustrate the procedure for external photon legs and a spinor propagator.

The amplitude of x y
1

3

2

4

t

13→ 24

is

iTfi ∼ δ(k2 + k4 − k1 − k3)ε∗4ν

[
u2γ

ν γ (k1 + k3) +m

(k1 + k3)
2 −m2

γµu1

]
ε3µ.

Proof.
Step 1: Recalling the photon Feynman propagator,

Eq. (2.73): Πxy ≡ Πµν
F (x− y) = Aµ(x)Aν(y),

we can put back the gamma matrices and the Lorentz indices:

S1xSy2SxyΠ3xΠ4y → Sy2γνSxyγµS1xΠ3x
αµΠ

4y
βν

= ψ2(ψyγ
νψy)(ψxγ

µψx)ψ1AxµA3αAyνA4β .

Step 2:
With the time direction specified, we apply Dsp with u-spinor to both “1” and
“2”, and Dem (in Feynman gauge) to “3” with ε and “4” with ε∗.

(u2Dsp
2 ψ2)(ψyγ

νψy)(ψxγ
µψx)(ψ1

←−
D sp

1 u1)Dem
3 AxµA3αε

α
3Dem

4 AyνA4βε
∗β
4

=(u2Dsp
2 S

y2γνSxyγµS1x←−D sp
1 u1)Dem

3 Π3x
αµε

α
3Dem

4 Π4y
βνε

∗β
4

∼(u2γνSxyγµu1)ε
α
3 ε

∗β
4 δ(z2 − y)δ(z1 − x)δ(z3 − x)gαµδ(z4 − y)gβν

=(u2γ
νSxyγµu1)ε3µε

∗
4νδ(z2 − y)δ(z1 − x)δ(z3 − x)δ(z4 − y),

where Dem and ΠF cancel each other following

Eq. (2.75): DemΠµν
F = igµνδ4(x− y).
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Step 3: With

Eq. (2.53): SF(x− y) ≡ i
∫ d4k

(2π)
4

γk +m

k2 −m2 + iϵ
e−ik(x−y),

Eq. (2.54): Syx ≡ SF(x− y),

and making the iϵ-prescription implicit, we have

Sxy ∼
∫

d4k γk +m

k2 −m2
e−ik(y−x). (3.6)

Putting everything together:

iTfi ∼
∫

dz1 dz2 dz3 dz4 e−ik1z1−ik3z3+ik2z2+ik4z4

∫
dx dy

×
[
u2γ

ν

∫
d4k γk +m

k2 −m2
e−ik(y−x)γµu1

]
ε3µε

∗
4ν

× δ(z2 − y)δ(z1 − x)δ(z3 − x)δ(z4 − y)

∼
∫

d4k δ(k1 + k3 − k)δ(k2 + k4 − k)
[
u2γ

ν γk +m

k2 −m2
γµu1

]
ε3µε

∗
4ν

= δ(k2 + k4 − k1 − k3)

[
u2γ

ν γ (k1 + k3) +m

(k1 + k3)
2 −m2

γµu1

]
ε3µε

∗
4ν . ■

Now we illustrate the Feynman rule for fermion loops.

The amplitude of the tadpole diagram, Fig. 3.1,

1

x , is

iTfi ∼δ(k1)ε1µ
∫

d4k Tr [γµ (γk +m)]

k2 −m2
.

Proof.
Let’s come back to the interaction Hamiltonian,

Eq. (3.1): HQED
I (t) ≡ e

∫
d3x⃗ Aµ(x⃗, t)ψ(x⃗, t)γ

µψ(x⃗, t).

It can be rewritten as

HQED
I (t) =e

∫
d3x⃗ Aµ(x⃗, t)Tr

[
γµψ(x⃗, t)ψ(x⃗, t)

]
,

where the equality about arbitrary vectors a and b, aTb = Tr
[
baT], is used.

Now, we can proceed like before:
SxxΠx1 →Tr [γµSxx] Πx1

µα

→Tr [γµSxx]Dem
1 Πx1

µαε
α
1

∼Tr [γµSxx] δ(x− z1)gµαεα1
=Tr [γµSxx] δ(x− z1)ε1µ.

Previously, we have

Eq. (3.6): Sxy ∼
∫

d4k γk +m

k2 −m2
e−ik(y−x).
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It becomes

Sxx ∼
∫

d4k γk +m

k2 −m2
,

which is x-independent.
Finally, we have

iTfi ∼
∫

d4k Tr [γµ (γk +m)]

k2 −m2
ε1µ ·

∫
dz1 e−ik1z1

∫
dx δ(x− z1)

∼
∫

d4k Tr [γµ (γk +m)]

k2 −m2
ε1µδ(k1). ■

The amplitude of x y
1 2 is

iTfi ∼ε1µε∗2νδ(k2 − k1)
∫

d4k Tr [γν (γk +m) γµ [γ (k − k1) +m]]

(k2 −m2)
[
(k − k1)2 −m2

] .

Proof.

SxySyxΠ1xΠy2

→Tr [γνSxyγµSyx] Π1x
αµΠ

y2
νβ

→Tr [γνSxyγµSyx]Dem
1 Π1x

αµε
α
1Dem

2 Πy2
νβε

∗β
2

∼Tr [γνSxyγµSyx] δ(z1 − x)ε1µδ(y − z2)ε∗2ν

∼Tr
[
γν
∫

d4ka
γka +m

k2a −m2
e−ika(y−x)γµ

∫
d4kb

γkb +m

k2b −m2
e−ikb(x−y)

]
× δ(z1 − x)ε1µδ(y − z2)ε∗2ν

=

∫
d4ka d4kb

Tr [γν (γka +m) γµ (γkb +m)]

(k2a −m2) (k2b −m2)
e−i(ka−kb)(y−x)

× δ(z1 − x)ε1µδ(y − z2)ε∗2ν .

iTfi ∼
∫

dz1 dz2 e−ik1z1eik2z2

∫
dx dy

×
∫

d4ka d4kb
Tr [γν (γka +m) γµ (γkb +m)]

(k2a −m2) (k2b −m2)
e−i(ka−kb)(y−x)

× δ(z1 − x)ε1µδ(y − z2)ε∗2ν

∼ε1µε∗2ν
∫

d4ka d4kb δ (k1 − ka + kb) δ (k2 − ka + kb)

× Tr [γν (γka +m) γµ (γkb +m)]

(k2a −m2) (k2b −m2)

=ε1µε
∗
2νδ(k2 − k1)

∫
d4k Tr [γν (γk +m) γµ [γ (k − k1) +m]]

(k2 −m2)
[
(k − k1)2 −m2

] . ■
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Exercise 3
1. Fermi’s Interaction

Fermi’s interaction Hamiltonian for β decay is

HFermi
I = g

∫
d3x⃗ ψa

ψbψ
c
ψd,

where g is the coupling constant, and a, b, c, and d indicate different fermion
species. Compare it to the λϕ4-theory. Draw all connected Feynman diagrams
with up to four legs at most order g3.

2. Yukawa Coupling
The interaction Lagrangian of the Yukawa coupling is

LYukawa
I = gψψϕ,

where g is the coupling constant and ϕ is the Higgs (scalar) field. Write down
the interaction Hamiltonian. Compare it to QED and draw all connected
Feynman diagrams with up to four legs at most order g3.

3. Virtual Photons

Is x
3

1

2

allowed if all legs are real particles (i.e., on shell)?



Appendix

A Relativistic Notations
Here is a reminder of the signs in special relativity. We temporarily restore the
-̂notation for operators in this subsection to avoid confusion. We use Greek letters,
µ, ν, etc., for Lorentz indices, while Latin letters, i, j, etc., do not need to follow
the index placement rule.

Metric:

gµν = gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 .

Note that, independent of the signature convention, we have

gµαgαν = gµν = δµν ,

where δµν = δµν = δµν is the Kronecker delta.
Contravariant vectors Aµ:

xµ = (t, x⃗) = (t, x, y, z) ,

pµ = (E, p⃗) = (E, px, py, pz) ,

∂µ =
∂

∂xµ
=

(
∂

∂t
,−∇

)
=

(
∂

∂t
,− ∂

∂x
,− ∂

∂y
,− ∂

∂z

)
,

p̂µ = i∂µ =

(
i
∂

∂t
,−i∇

)
=

(
i
∂

∂t
,−i ∂

∂x
,−i ∂

∂y
,−i ∂

∂z

)
.

Covariant vectors Aµ = gµνA
ν :

xµ = (t,−x⃗) ,
pµ = (E,−p⃗) ,

∂µ =
∂

∂xµ
=

(
∂

∂t
,∇
)
,

p̂µ = i∂µ =

(
i
∂

∂t
, i∇

)
.

Note the freedom of rearranging the indices within the scalar product:

px = pµxµ = pµx
µ = Et− p⃗ · x⃗.

Differentials:

d4x = dtd3x⃗ = dtdx dy dz ,
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d4p = dE d3p⃗ = dE dpx dpy dpz ,
d4k = dω d3k⃗ = dω dkx dky dkz .

The calculation in the previous chapter can be straightforwardly extended to the
3+1 spacetime. In particular, equations with the shorthand for Fourier transforms
can be mostly carried forward without modification—additional spatial dimensions
need to be added:

f̃(E) = Tη[f ] =
1√
2π

∫
dt f (t) eηiEt,

f̃(p⃗) = F3
η [f ] =

1(√
2π
)3 ∫ d3x⃗ f (x⃗) eηip⃗·x⃗,

f̃(p) = F4
η [f ] = TηF3

−η[f ]

=
1(√
2π
)4 ∫ d4x f (x) eηi(Et−p⃗·x⃗) =

1(√
2π
)4 ∫ d4x f (x) eηipx.

Now, consider the Fourier transform of p̂µ:

F4
+ [p̂µf ] =

1(√
2π
)4 ∫ d4x eipx (i∂µf)

(integration by parts)

=
−i(√
2π
)4 ∫ d4x

(
∂µeipx

)︸ ︷︷ ︸
∂

∂xµ
eip

µxµ=ipµeip
µxµ

f

=
1(√
2π
)4 ∫ d4x eipxpµf

= pµF4
+ [f ] .

So, F4
+ (= T+F3

−) is the Fourier transform from the position space to the momentum
space.
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