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Chapter 1

Quantum Theory of Fields

Fourier transform the momentum operator,
1 > d ;
Flp :7/ de (il p)e e
[f] N ( - f)
— —t {[fefipz]oo —Q—i/da:pfe*ipz}
V2 —oo

1 —ipx
= E/dﬂs pfe
=pFI[f],

with a function that gracefully fades into
oblivion at infinities.

1.1 Prelude: Harmonic Oscillator in Quantum
Mechanics

We use the quantum harmonic oscillator as the initial test case for methods em-
ployed in Quantum Field Theory (QFT).
In the position space, we have the position and momentum operators,

. . . d
Tr =z, p:_la:

respectively, which gives us the commutation relation,
[&,p] = i.

Aside

Momentum-space operators are the Fourier transforms of those in position space
(see epigraph). Had we mapped the z-space operators to the p-space operators
with the following Fourier transform:

Flf]l = A/d:rf(ac)eip””7

where A is an arbitrary constant, the x-space momentum operator would have
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been
. .d
= 7/77
P=r1
and therefore we would have the commutation relation [Z,p] = —i instead.

The Hamiltonian of a harmonic oscillator is given by

. ﬁQ
H = % + imw2.’%2.
Background
Expand an arbitrary potential U(x)
U(z) around its local minimum, say (0, 0),

~
I
I
!
!
|

1 1
Ulx) = 5U"(O)x2 + 6U(3) 02 +....

0 Take the leading term and get the force,
dU
The equation of the displacement is
U’ (o
T+ ( )x =0.
m

If 21 and x5 are its solution, x = x1 + 2 is also its solution. This is the
(linear) superposition property. Would superposition still hold had we taken
the subleading term, U ®)(0)z?, as well?

One quick way to obtain a solution is to assume that it has the form z =
Aexp{iwt}. Without actually solving it, we have

U” (0
U0
m

which gives us

Ux) = Emw%cz.

An oscillatory solution, instead of a runaway one, requires that U”(0) > 0—
namely, the ball is in the valley, not on the hilltop, or, in fancy words, the
potential is bounded from below.

So when we talk about harmonic oscillators, what we mean is that we check
the stable point of a system and see what happens if we perturb it, that is,
to touch it without touching it (z — 0). This whole course is only about the
physics in this linear regime!

Define the ladder operators @ and a' as linear combinations of & and p:

a:\;(mmw%;a), (1.1)
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We have the commutation relation,
[a,a'] = 1.
The Hamiltonian can then be rewritten in terms of @ and at:

1 1
H:i(afamaf)w: (a*a+2> w.

This leads to the following observations.
First,

[Haq = wa'. (1.3)

Recall that in the Heisenberg picture, an operator O evolves with time as (starting
from ¢ = 0)

and, therefore,
Sk [H o} . (1.4)

Just a reminder that, a time-evolving state, |¥) at ¢t = 0, in the Schrodinger
picture is

t)g = e ).
The matrix element of the operator is physical and independent of the picture:
) = <t’@0 )t> .
S ( ) S

We will mostly be working in the Heisenberg picture in this course.
From Egs. (E) and (@), we arrive at the time evolution of af,

<\Il ‘ O(t) ‘ \IJ> = <\II ‘ e“Ht(’j(O)e_mt

at(t) = e™ta’(0). (1.5)
Similarly, we have
[ﬁ, A} = —wa,
a = e "q(0). (1.6)

The seemingly time-dependent phases, et

translation invariant, i.e., time-independent.
Second, the energy eigenstate of the harmonic oscillator at level n is |n) with
eigenvalue F,,,

, actually mean that the system is time-

Hn) = E, |n).
Therefore,
H (a'n)) = (Bn +w) (a' [n)) = Epya (@' n)),
That is

a'n) = |n+1),



8 CHAPTER 1. QUANTUM THEORY OF FIELDS

up to a normalisation factor. Similarly,
an) =|n—1),

which lowers the energy level of the system; however, this cannot continue forever,
as it will eventually hit the ground state, which means

a0y = 0.
As a result, we have the zero-point energy of the system,
Xy At ]. ].
<0‘H’O>: 0 aa+§w 0 = 5w (1.7)

These ladder operators are called annihilation and creation operators.

1.1.1 Mode Expansion
The definitions of the ladder operators,

Eq. (L1): a:1<\/m:e+ ﬁ)7
Bq. (Ld): af = = (\/n%:ﬁ— ﬁ) :

could seem unnatural at first glance. In fact, the essence is that they are liner
transformations of & and p and form a ladder up and down the energy levels; all
other features are derivative.

To see how this actually happens, let’s consider canonical coordinates ¢ and p,
which have been promoted to operators (i.e., quantised) with

Expand them in @ and b via a general linear transform,
qucld—f—Cgi), (18)
h=A (cld _ czi)) ,

where c¢1, co, and A are coefficients to be determined. We can obtain the inverse
transform straightforwardly and arrive at the commutation relation,

Q+pA 5 a—p/A

& = ) )
201 202
.8 = - @p _ i
2/\6162 2)\6102

Assume both p and ¢ are Hermitiamﬂ and choose b = af, then ¢; = ¢5 and A is
a pure imaginary number.

Further assume a general form of a Hamiltonian, which is by definition Hermi-
tian, with real coefficients hy and hs to be given for a physical system, and then
expand and collect terms of ¢ and a':

H = hip? + hag?

1That is, each of them has one degree of freedom. Since a general complex number (or operator)
has two degrees of freedom, @ and b cannot be fully independent, otherwise there are 4 degrees of
freedom.
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= Aaa + Ba'a' + C (a'a + aal)

with
A= (hi\*+hs) i
B = (mX+hy)c3
C = (fhl)\2 + hg) 1.
If

hiA? + hy = 0, (1.9)
then both A- and B-terms vanish, so that we are left with
o =C(a'a+aal),
which gives us
f1.af| ~at,
The relation, Eq. ([L.9), can be viewed as a dispersion relation for reasons that

will become clear in §[1.2.1].
Define D as follows:

[Haq = paf, D>o0,
which implies {.FAI , d} = —Da (Exercise mm) It can be shown that

D =2y/|h1hyl.

Namely, given the dispersion relation, the Hamiltonian fully determines the dynam-
ics of the system, regardless of c; 2 and .

Proof. [ﬁ,af} = C[ata+aat,al] = 2C [a,af]at. With the dispersion

relation, C' = (—hl)\2+h2) cica = —2hi1A\%cica = 2hocico. By definition,
D = 2C [a,a'] = 2ilA = —222 and hence D? = 2ihi\ - (—2£2) = 4hyiho.
Take the positive root, we have D = 2./|hihz|, which is independent of ¢; o
and . |

In the case of a harmonic oscillator,

1 1,

hl = %, h2 = imw .
It can be shown that
A= —imw,
D =w.

By requiring that [&, dT] =1, we have

C=—,
2
and also ¢ 2 can be fixed up to an arbitrary phase—in this sense, the harmonic
oscillator case is fully recovered.
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Proof. With a harmonic oscillator, C' = mw?c;cy, A2 = f% = —m2w?, and
. _ P 1
mw = D = —w, [a, aT] = —Smwnc

)\ =
1
2mwcey co

—tmw = D = w, [d, &T] =

So far, the treatment for @ and a' is symmetric, hence the two options in the
sign of D. By definition, we take the D > 0 solution. Furthermore, [a,a'] =
1 = cicg = ﬁ = C = % At this point, because ¢f = ca, 1,2 can be
determined up to a phase e**®. Choose real values, ¢; = ¢y = \/ﬁ, and the

harmonic oscillator case is fully recovered. |

For a quantum harmonic oscillator, the dynamical variable is &(t). By rewriting
it as ¢(t), we refresh our mind® and now consider it as a quantum field in the
0-dimensional space:

Quantum field theory in 0 + 1 spacetime is quantum mecham’csa.

Recall that

we know

1.2 Mode Expansion of Quantum Fields
Moving forward, let’s consider a real scalar field,
o(x,1),

which is a generalised coordinate in 1+ 1 spacetime, and its real canonical momen-
tum,

m(x,t).

Promote them into operators (g-numbers), and x and ¢ are now considered labels
only—Namely, the dynamics of x, such as &, do not concern us anymore; x merely
extends the labelling system of quantum mechanics, a 0 + 1-dimensional QFT, to
the 1 + 1 spacetime.

We demand the canonical equal-time commutators,

[‘%(Iv 1), 7 (y,t)] = id(z —y), (1.10)
[b(x,1), (y, )] = [F (=, 1), #(y,1)] = 0.

2If you do not see this coming, check Eq. (E)—we rewrote it as ¢ customarily at that time.
3The 1-dimension is time.
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Background

Historically, the ¢ field started as an upgrade of the wave function in quantum
mechanics, where wave functions (c-number) commute. Making ¢ an operator
was not an obvious step as we think of it nowadays.

In 1933 Heisenberg and Pauli resumed their correspondence. On 18 Jan-
uary 1938, Pauli (1985) expressed a distaste for second quantization:

“By ‘second [nochmaliger/’ quantization I mean the following. The tran-
sition from classical particle mechanics to the c-number waves ¥ in three-
dimensional space I call quantization. The transition from the c-number
U waves to the g-number ¥ waves I also call quantization; so: ‘second’
quantization. These designations pursue the deliberate aim that the reader
ought to find disgusting!”

— A. 1. Miller, Early Quantum FElectrodynamics: A Source Book, p. 47,
§4.4 [Mil95]

Let’s expand ¢(z,t) and #(x,t) in @ and a! via Fourier transforms:

b(x,t) = V% / dk (crae™® + coale ") (1.11)

ik (1.12)

1 .
#(x,t) = — [ dk (—iwerae™™ + iwesale ,
)= 75z [ b (e :
where the z-dependence is fully encapsulated in the phases, while the ¢-dependence
is in @ and af. The operators, @ and af, and the coefficients, ¢; o (c1 = ¢3) and w
(real number), all depend on k.

Background

The newly acquired z-dependence of the 1 + 1-dimensional theory is now
Fourier-transformed into a superposition of harmonic oscillators with different
k. This is a reincarnation from the early quantisation of the electromagnetic
field.

In their paper BJ-2, Born and Jordan restrict the discussion of mechanical
variables to a single degree of freedom; the generalization to arbitrary
degrees of freedom is announced for a succeeding publication, which will
follow shortly ( Born, Heisenberg, Jordan, Z. Phys. 35, 557, 1926; rec.
16 Nov. 1925, referred to as “BHJ’ ). Similarly, in BJ-2 the treatment
of the coupling to the electromagnetic field, including field quantization, is
derived for the coupling to a single electric dipole only. Field quantization
however, is possible for all modes, due to the linear character of Mazxwell’
s equations, allowing decomposition into linearly independent modes.

— H. Capellmann, The Development of Elementary Quantum Theory,
pp. 31-32, §5.4 [Capl7]

To simplify the notation, from now on we drop the “-notation for operators and
use the following compact forms for Fourier transforms:

1 nikx
f"?(k):fn[f]: m/dzf(x)e k )
s — _ 1 s enikw
Syl = 6l = —= [ dhs(iper™,
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where 7 stands for the sign + or —.

Fourier Transform

Proposition 1.1
The Dirac delta function can be defined as §(z) = 5 ffooo dk e***. We have

2 daé(z) =1.

Proof. Just need to prove the +ikz case and use the Gaussian integral

7, dw e~ = /m

1 [ ; 1 o 2.,
6(z) = o / dke™® = —lim [ dke = 1k

— 0 T e0 /o

1 o0 iz \2 w2 1 2 T
= — lim dke_a( _i) T4 = — lime 4 —,
21 e—0 | 27 e—0 €

& 1 . T [ a2 1 . T
dzdé(z) = — lim 4/ — dre™ % = — lim 4/ —2emr = 1. [ |
oo 2me—=0\ e J_o 2w e—0 \ €

Proposition 1.2
Consider the following general forms of the Fourier transform and its inverse,
with real numbers, N, N}, and C:

ﬂ@=ﬂﬂ=%/®#wWW
f@) = F 1 = N / dk f(k)e—Ck=

We have N, N, = .

- 27
Proof.

f() fﬂﬂm:MMjM@ﬂmmwmz/@mmmwx

é(y—z)= N, Nk/dk e Chly—2) — A/|ZCJ|V]€ /dk' otk (y—1)

Comparing the last line with the above definition of the J-function gives the
desired expression. In the following, the Fourier transform normalisation con-
dition, N NV}, = 5=, and the signature notation, n,7 = +, are used. [ |

Proposition 1.3

Fy [st-] = Nz/dxe"i’“wS(k)Nk/dk’e”’“/gﬂt(k’) - { zg:;zg;)’f), ZAZTT ;

Proof.

Fy [s8:] = N Ni / dz dk’s(k)t (k') emH(Fh+K )=

— % /dxdk’s(k)t(k/)en'(%wc/)z _ /dk"s(k:)t (k)6 (gk . k;’)

e (30 = { o .
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Proposition 1.4

509,97 )] = | Mo [ awer® o), v [ ayer gty

= { ;ZJA\Q EZ + ]Z‘:i ; : , given that [f(z),9(y)] = rd(z — y);

Proof.
f q 1 ikx+Tik’y
7428, )] =202 5 [ dmdyerss 17 o)
= 277-/\/;2 . L /dx dy enikm+7/ik’y5(x o y) _ 27_‘_./\/-12 ) L/dxeﬂ'(gk"'k,)x
21 o

_ 2 n N 27T.N2-7“(5(k‘+k;'),77:7
=2 N, r5(7k+k)_{277N£-T(5(k—k’),777é7' .
Proposition 1.5
/ da &, (2)t, (z) = / dz Ny / dk €% 5(k) Ny / Ak e 7 (k')
_ 2r N - [dks(k)t(—k) =2n NE - [dks(—k)t(k), n=T1
2w N - [ dk s(k)t(k), n# 7
N.B.: With n = 7, we effectively obtain the convolution theorem.
Proof.
/dx §n(2)tr(z) = 20 N - QL /dx dk dk’ e”(?kJrk')f”s(k)t(k’)
0
o 2 / ! Q Y 2, 7ﬂ
— 27 A /dkdk s(k)t (k) 6 (Tk+k) = 27 A2 /dks(kz)t( Tk)
[ 2nNE- [dks(k)t(—k), n=T -

- { 2 NE - [dks(k)t(k), n#T

In the case of N, = N}, = \/%, as is for the rest of this course (unless otherwise
specified), 2r N2 = 27 N2 = 1.

Equations () and () become
o =Ky[cra] + K_ [CQa ]
T =K, [—iwera) + K_ [iwesal] .

In order to obtain the inverse transformation, we need the following expressions
(Proposition @)
Fi Jiwg @] = iwper —pa—_p + iwk627ka£, (1.13)

Filr] = —iw_ger,—ka—_k + Z'(Ukcg’ka/l.

Now, we can solve af:

R
ach _ M7 (1.14)
2iwgco i,
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where we have assumed

W = W—_g- (115)
Similarly, we have
ap = T lmwke Tl (1.16)
—21wgcy

We can estimate the commutation relations (Proposition Q)

[k, 0l | ~ (7 [iwng] , Fulnl] + [F- (], Fy [iwp ]
~wid (k=K' 4+ wpd (k= k)
= 2wpd (k= k'),

la, ax] ~ [F- [~isond] , F_[x]) + [F_[x), F- [~ieons 8]
~wpld (k+ k) —wpd (k+ k)
= 0’

|alsal,] ~ 17 liwond], )] + [Fa ], Fi liww o]
~ —wid (k+ k') +wid (k+K)
=0.

We then arrive at the precise expressions by accounting for the prefactors:

S(—k) §k—k)

Il =2r N2 = 1.17
|:ak’ ak ] WNI 2wk0162 2wk0162 ’ ( )
[aka ak’] = |:a;£;7 aJ]L/:| = 07

where N, = is the normalisation of the Fourier transform, F.

_1
NoL
1.2.1 Free Fields

To continue our discussion, we first notice

% = 0,6 = K. [ikera] + K [ikeaal] .

Now assume a general form of a free (namely, no interactions) Hamiltonian
density, with real coefficients h; 23 to be given for a physical system:

H(x) = ham? + hy (8:0)° + ham?¢?, (1.18)

where m is a real pararneterE to be determined that is introduced just to account
for the dimension of hs. Upon expanding and collecting terms of a and af, the
Hamiltonian is then

H:/dx?—[(m)zA—&-B—I—C’,

where

A~ K+IC+)

4You might have already guessed that this is some sort of field’s mass. However, this information
is irrelevant for the calculation; we can proceed with the analysis without explicitly considering
its nature.
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B~K_K_, and
C ~ IC+K:7 + ’C7’C+.
Let’s calculate the A-term first:
A= / dz {mM K4 [—iwera] Ky [—iweya)

+ ho Ky [ikeia] Ky [ikeral
+ham?K4 [cra] Ky [e1a] }

We have (Proposition @)
A :27'(./\[]? . /dk [hl (—iwkcl,k) (—iw,kcl’,k) Ara_f

+ ho (ikch) (7ik01,_k) AR _g

2
+hzm?cy ye1,—kaka—r)

:27T./\/‘]€2 . /dk (—h1w,% + h2k2 + h3m2) C1,kC1,—kAkA_},

where A is the normalisation of the Fourier transform, K. In the last step, we
have used the assumption

Similarly, we have
B=2rN}- /dk (—hiw} + hok? + ham?) ca kea,—ragal .

Finally, for the C-term, because we are now dealing with opposite Fourier signatures,
we can omit the common k dependence in the subscript:

C=2nNE- /dx {h1 (K4 [—iwera] K- [iwczaf] + K- [iwczaT] K4 [—iwcya))

+ ho (IC+ [ikera) K [—ikczaT] +K_ [—ikCQGT] Ky [ikcla])
+hsm? (IC+ [cra] K- [czaw + K_ [czaT] Ky [cla])}

= 2T NP - /dk [ hiw?cieo (aal + a'a) + hak?cres (aa® + a'a) + hym?cics (aa® + a'a)]
= 27r/\/’,€2 . /dk ( hiw? + hok? + h3m2) c1Ca (anr + aTa) .

We see that once the dispersion relation is satisfied (we restore the subscript & to
emphasise the k-dependence):

h h

2 2,2 3,2

= — 1.1
Wi hlk + h1m R ( 9)

both A-and B-terms vanish, leading to
H=C=2nrN}- /dk: 2hiwicico (alak + akal)

:/dk‘ 2h1w,2€clcQ (alak + akaD ,

where N, = \/%7 was used in the last step. This dispersion relation means that the

assumption that we have been using is automatically satisfied:

Eq. (L18): wi = w_s,
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As we shall see in later chapters, for a free scalar field,

1
ha=hy=hy =, (1.20)

with m being the mass of the field particle. Then, following Eq. (), k and wg
are interpreted as the momentum and energy of the scalar field:

wi = Vk? +m2. (1.21)

By choosing

1
1 =cy = 5= (1.22)
V2w
we have
[ak,ak,] —5(k—K), (1.23)
wh
H= /dk - (a}iak + akal) , (1.24)

with which it is straightforward to recover the same set of algebra as in the case of
the harmonic oscillator. In particular, by calculating [H, a(!], we have again

Eq. (Ld): a'(t) = al(0),
Bq. (Ld):  a(t) = e“ta(0).
The assumed form of the free Hamiltonian,
Eq. () H(z) = ham® + hy (020)° 4+ ham?¢?, with
Bq. (L2d): Ay = ho = hy = 2,

2

ensures that the a(t) and af(t) evolve with a phase factor eT?t.

Going beyond free fields, for the general case, it is customary to take out and
embed these phases in the mode expansion so that a and a' only retain possible
non-trivial time dependence. That is, instead of

. 1 _ ‘
Eq. () oz, t) = \/T?/dk (Cldelkx +62&Teﬂkm)’
1 ) )
Eq () ’ﬁ'(:l},t) = E/dk (7iwclde7«k$ +iwc2&1‘efzkx)7

Eq. () Cl =C = m,
k

we write
ik:vfiwt T —ikztiwt

— +a'e ), (1.25)

-7/

\/j/ \/j iwaeikx—’iwt +iwaTe—ik$+iwt)’ (126)
or, in shorthand:

¢ =K, [cal + K_ [e*a'], 1.27
+

™ = K4 [~iwea] + K_ [iwc*al] (1.28)
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(0x¢ = K [ikea] + K_ [—ike*al],) (1.29)

with a different choice of coefficients:

Because of the dispersion relation for the free field, even though x and ¢ are
seemingly on an equal footing in the mode expansion,

1
V2w

1 1 X ) . ,
Eq. ( ); 71'(3;7t) = \/7277( /dk \/TTU (_iwaezkz—zwt + iwaTe_lM““t) 7

ikx—iwt + a‘i‘e—ikw+iwt)

(ae

b

Eq. (1.25): o(z,t) = \/%/dk

only x is Fourier-transformed away via integration over k—uw is fixed once k is given.
The integration over w arises when interactions take place, as discussed in the end
of this section.

In the following, we discuss two important aspects when we go beyond free fields.

Free-Field Equivalences
Following Egs. () and (), we notice
8,50, =0, 8tCLT =0 = =xn= 8t¢

On the other hand, recall that
Bq (L) of = Trleeo+ ]
2iwgca i,
F_ [—iwqu + 7T] )

Eq. (L.16): ax = Siorcin

if 7 = 0:¢ (as will be shown for a free scalar field in §), we have (note the
inverse phases et™?)

Fy [e7" (wo — i0r9)]

al =
V2w ’
o= F_ [em (W(b + z@tgb)}

Then differentiate with respect to time,

F_ [iei‘*’t (w2 + 02) ¢]

dia = 1.30
t \/270‘) ( )
Introducing
DG =2 4 02,
we have
F_ls ithKG
pya = T 1D (1.31)

and similarly,

dral = . (1.32)
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With

DRGy =0 (1.33)
we have

9,a'P) = 0.

Apply the free-field (i.e., on-shell) dispersion relation with the Fourier transform
of 9, (cf. epigraph),

W=k +m? = —02 +m?
which leads to
DRC =92 — 92 + m?. (1.34)

As we will see in §, Equation () is the equation of motion—Klein-Gordon
equation (hence the superscript “KG”)—of the free scalar field in 1+1 spacetime.
Now, collecting all free-field equivalences so far in one place, we have

Free field (Hamiltonian) < DX%¢p =0 < 9,aP) = 0. (1.35)

All these are the defining traits of asymptotic states at t — d-co.
Going beyond free fields, let’s continue Egs. () and () into the region,
t - 400, where the operator DX does not destroy the field:

DKC o = J (2,1) #0,

where J is the so-called source term. We can bridge the two asymptotic limits using
the fundamental theorem of calculus:

+oo
0 (+00) — a (—00) = a(t)[F% = / dt 9,a(t)

— 0o

7

V2w

—1
V2w

where the Fourier transform is taken on both z and ¢ (see Appendix @ for the
notation of Fourier transforms).

VERTLF_ ]~ FIF (),

similarly, a' (+00) — af (—o0) = VerT_Fy[J] ~ FE L],

Spectral Density

Recall the dispersion relation,

Eq. () wr = V k2 +m2.

In fact, this condition can be realised by integrating the one-particle mass spec-
trum,

p(s)=0(s—m?),

with s = w? — k2
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Here we have used the Heaviside step functionE,

1, >0
‘9(”3):{ 0, 2<0

zaundE

5(w2—k2—m2)9(w):id(w—\/kg—i—mz).

2w

The field expansion (restoring the k-dependence in the notation),
Eq. ([L.25):

becomes

tkx—iwpt T —ikx+iwgt
aie tage k ) ,

1 . o
Pz, t) = E /dk dwp (s) 9(w)~/2w (ak’welkw—wt + G’L,we_kaJ’_th) 7

where a(") now depends on w as well.
Going beyond free fields, this mass spectrum (called K&allén-Lehmann spectral
density) will include more than the one-particle contribution:

p(s) =0 (s —m?) + multi-particle contributions.

1.3 LSZ Reduction

Recall the zero-point energy in quantum mechanics,

. 1 1
. _ P _ 1
Eq. (L7): <O‘H‘O> <o‘ (a a+ 2w> ’0> w,
In quantum field theory, |0) is the vacuum:
a|0) =0,

conventionally normalised as

The vacuum energy is

(0]0) =1.
(0] H|0) /dkw<0 a‘La+;5(O)'O> - (/dk?) 5(0) (0] 0) ,
which follows from
Eq. (L23): [ak,a;,] —5(k— k),
Eq. () H= /dk% (aLak +akaT> .
We see that both the integral over k and 6(0) (~ [dz 1) are infinite as they sum

over all energies and the whole space. This infinity needs to be subtracted via
normal ordering;:

ata: = dla,
5 .do
A useful property: - = §(x).
6To prove this, we observe § (u) = 3", %, where the sum is over all zeros of u(x).
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aa’: = a'a,

namely, all annihilation operators are moved to the right of the creation operators.
The renormalisedd Hamiltonian (Exercise [IlP) and vacuum energy are

:H::/dkwaTa, (0]:H:|0)y =0.

When we start from a classical field theory (as we will be doing in Chapter E)7
where fields are c-numbers instead of operators, the theory can be written down
with an arbitrary order among the fields. When quantised—the fields become
operators—different ordering corresponds to different quantum theories. Normal
ordering is to “construct”—in fact, single out from all possible, not necessarily
identified, alternatives—the one theory that annihilates the vacuum.

Background

In the free theory, we have cured the infinity of the vacuum energy by normal
ordering. Historically, this technique was developed as the first step to solve
the infinity problem in the interaction theory—self-energies in QED which we
will encounter in later sections.

Jordan extended Dirac’s quantization methods to Bose particles with mass

in October 1927 (Jordan and Klein, 1927)..Jordan and Klein ..noted that
...all creation operators must stand to the left of all annihilation operators.

The technique ..is a precursor to the subtraction methods introduced into
quantum electrodynamics by Dirac in 1933 ... We will see that in retrospect
Heisenberg was doubly correct when he perceived that reordering of creation
and annihilation operators, so that creation operators stand to the left of
annihilation operators (which he referred to as the “Klein—Jordan trick”),
could provide the path to removal of the electron’s divergent self-energy.

— A. 1. Miller, Early Quantum Electrodynamics: A Source Book, pp. 23—
25, §2.3 [Mil95]

Furthermore,
:H: a) |0) = wyal. 0),
and so a£ |0) is the eigenstate of the Hamiltonian created by az with momentum k:
k) = Zyal. |0),
where 7, is the normalisation convention:

|k = Z; Zp <o ‘ axal,

o> = | Z26 (k — k). (1.36)

Aside

While [¢, ] is consistently defined in the literature as in Eq. (), [a,al] varies
depending on the normalisation of the Fourier transforms and the choices of

7Only in the free-field sense. Renormalisation in interacting theories will be introduced in §@.
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C1,2:

5 (k— k')

2wrCiCo

Eq. ([L17): [%GH =2 N -

This implicitly affects the normalisation of |k).

With
! 1 ikx—iwt T —ikz+iwt
¢(x,t):E dk‘m(ae +a'e ),
L 1 ST o
m(2,t) = ——= [ dk —= (—iwae ™ 4 jwale~iketivt)
V2T / V2w

we have (ignoring the Zi-dependence, i.e., letting Z, = 1) (k| k') = [ak, al } =

Iy
0 (k — k') (Exercise E@)

Now, suppose we had alternative choices,

dk 1 thr—iw —ikx+iw
¢(m,t):/§% (aek t 4 gfe—that t),

dk 1 Pt Pl
m(x,t) = / (—iwaezm_“"t + iwaTe_””"’Wt) .

21 2w
This means that we would have Nj, = 5=, and, therefore, N, = ﬁ =1
instead of \/%, and ¢ = e;f:t instead of e\;;%t. So, we would have (k|k') =

[ak, aH = 2m2w6 (k — k'), which is 272wy, times our current choice.

Now, consider the asymptotic states where we have the free fields,
[kr in ) = aj(—o00) [0),
|k out ) = al(+00) |0).

The subscripts “1,2” of af are shorthand for the momenta, k; 2, and we have set
Zy, = 1 for conveniencel. We are interested in the so-called S-matrix whose element
is:

521 = </€2 out ‘kl in >
= <k2 out ’a{(foo) ‘ 0> .
Background

The S-matrix is connected to measurable quantities like cross sections and
decay rates via Fermi’s golden rule.

Perhaps depressed about the current state of his theory, Dirac turned to
formulating a new version of quantum electrodynamics. As a guide he
relied upon correspondence-limit procedures. Dirac (1952) advocated a re-
turn to Heisenberg’s (1925) method of formulating a quantum mechanics
in terms only of observable quantities. For relativistic quantum mechan-
ics Dirac suggested that the important quantities ought to be the ‘various
monochromatic components of the ingoing and of the outgoing fields of
radiation’ from which probability amplitudes are formed. (Similar quan-
tities would make their appearance in Heisenberg’s 1948 S-matriz theory
as the in and out states.)

8 We also pretend that the vacuum remains trivial even when the field is not free.
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— A. 1. Miller, Early Quantum FElectrodynamics: A Source Book, p. 46,
§4.4 [Mil95]

As a side note, prior to Heisenberg’s method, Born had emphasised (around
1923/24) that

the true quantum laws should contain relations between quantities, which
are observable (“Von diesen wahren Gesetzen miissen wir verlangen, dass
sie nur Beziehungen zwischen beobachtbaren Grissen enthalten”).

— H. Capellmann, The Development of Elementary Quantum Theory,
p. 25, §5.1 [Capl7|

Because
(ko out |ky out ) =& (k1 — ko)
= <k2 out ‘ al (+00) ‘ 0> ,
we have the transition amplitude,
iTyy = So1 — 0 (k1 — ka) = (k2 out | ky in ) — (ko out |k out )
=— <k2 out ’a{(—i—oo) - aJ{(—oo) ‘ O>

“+oo
:—<k;2 out / dty 8y, al (t1) 0> (1.37)

— 0o

EVJ
=— <0 ’ ag(+o00) V! ’0> .
At this point, one would tend to repeat the same trick and add a term

<k2 in ‘VlT ‘ 0> to generate a similar difference fj;f dty O,as(ta), but this extra

term is non-trivial. Instead, we can use the following term, which vanishes because
a|0) =0:

<0 ’ Vfag(—oo) ’0> =0.
So,

iy == (0 ’ as(+00)Vy ‘0> +(0 ‘ Vi az(—o0) ) 0)

:—<o /dt1 ay(+00)0y,al (t1) — 8y, al (t1) az(—o0) o>

=W (t1,400) =W (t1,—00)

:_<0th1 /;OodtgatzW(tl,tg) o>.

We need to find a function W (ty,t5) that satisfies the above boundary conditions
at to — to0o. Note that we are now dealing with fields at arbitrary time—away from
the asymptotic limits—which are therefore no longer considered free.

After observing the time dependence in the definition of W, we introduce the
time ordering:

T[A () B(ta)] = A(t2) B(t2) 8 (ty — t2) + B (t) A(t) 0 (to — 1) (1.38)
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o A(tl)B(tQ), t1 > to

a { B(ta) A(t1), ta>t1 (1.39)

namely, fields at an earlier time are moved to the right of later ones. This leads us
to the identification:

w (tl,tg) =T [8t1a1 (fl) as (tg)} .

Recalling
]_‘+ [_iefithKGgé]
Eq. ([l 4): 5 GT = 5
q () t \/%
F_ [ieithKGd)]
Eq. (L.31): 0o = ———F—+——,
q () t \/ﬂ
we have

1

3t1a]£ (t1) = o Fy [fie*iwltlD{(Gqﬁl] ,
1 s W

O, G2 (tg) = \/sz]:_ [26 2t2D§G¢Q] .

Pulling T through the derivatives (Exercise EH), we have

iTgl = — <0 ‘ /dtl dtg T {&lai (tl) 8t2a2 (tz):| ‘ 0>
7 )

RV4 20}1 RV4 20)2

i dtl dx1 dtQ de eiklml—iwltle—ikgmg—‘,-intQ
2m

x DFCDEC (0] T [plar, t1) (22, 12)] | 0)
~ FIRFIHDECDEC (0| T [¢(21, t1) d(2, £2)] | 0) } . (1.40)
This is known as the Lehmann-Symanzik-Zimmermann (LSZ) reduction for-
mula—the transition amplitude is reduced to the vacuum expectation value of the
time-ordered product of all involved fields. Its structure is readily identifiable: the
integral is a Fourier transform over all spacetime coordinates, and the in-and out-
states are distinguished by the + signs in the phase factors. The prefactor depends

on the convention of the |k) normalisation.
Now, let’s consider when ¢ is a free field. We have the following observations.

With DXG¢ =0

(0] T [¢(w1,t1)¢(wa,t2)] | 0) is identified as DKC’s (2-point) Green’s function,
G2 (1‘1 — Jig,tl — tg):

(O|T [p(x1,t1)P(x2,t2)] | 0) = G2 (x1 — @2, 1 — t2) .

To see this, we first check:

DT [¢ (x1,11) & (w2, 1))
=T [D¥G¢ ((El,tl) (b (x27t2)] — 10 (!L‘l — :L‘Q) ) (tl — tg)
:*Z‘(s(l'l 7.%2)5“1 7t2).
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Proof. The only non-trivial part is the time-derivative:

04, T¢ (z1,t1) ¢ (22, 12)]
=T [0, ¢ (z1,t1) ¢ (22, t2)] + [¢ (21,t1) , @ (2,2)] 8 (t1 — t2)
=T [0, ¢ (x1,t1) ¢ (22,12)],
07T [¢ (w1, t1) ¢ (22, t2)]
=T (07 ¢ (z1,t1) ¢ (2, t2)] + [0, & (21, 1) , & (T2, 82)] 6 (t1 — t2)
=T [81521¢ (z1,t1) & (3327t2)} + [m (z1,t1) , @ (@2, t2)] 6 (t1 — t2)
=T [07 ¢ (z1,t1) ¢ (z2,t2)] — 6 (x1 — 32) 6 (t1 — t2) . |

Then we immediately arrive at the defining expression for a Green’s function (it
works already without the vacuum expectation):

D{(GGQ (.’El — .’EQ,tl — tg) = —ié(xl — $2)5(t1 — tg). (141)

Using Free-Field Expansion
(0| T [¢(z1,t1)p(x2,t2)] | 0) becomes the Feynman propagatorg:

dk dw ez’k(m—m)—z’w(tl —t2)

O17 oo, 1), )] [0) = [ G250 T
= AF (1‘1 — 1‘27t1 — tg), (142)

with € — 0. This propagator can be represented as the Feynman diagram in
Fig.

1 2

Figure 1.1: G%Q = Gg(l‘l — I’Q,tl — tg) = AF(Il - Jig,tl — tg).

Background

The Feynman diagram is a powerful tool to visualise the field propagation and
interactions in spacetime. There exists a set of rules to relate the topological
features of the diagrams to physics processes and the elements of the transition
amplitude. Leading-order calculation of physics quantities, e.g., cross sections,
becomes intuitive and straightforward in the language of Feynman diagrams.

In the course of his scientific research in nuclear physics, in 1932 Heisen-
berg discovered a clue to the depictive mode of visualizability, a mode that
would in time enable us to imagine things we have not seen, needless to
say within the restrictive framework of our sense perceptions.

Heisenberg had taken the first step toward regaining the visual component
of visualizability. ‘Migration’ also conveys the meaning of Platzwechsel
that enabled Heisenberg’s wvision of the nuclear force to be brought to
fruition in 1935 by Hideki Yukawa.

Despite proper descriptions of particles transmitting forces, nowhere in
the scientific literature of the 1930s have I found depictions of this process.

9The free-field dependence traces back to the on-shell dispersion relation in the field expansion.
See Kallén-Lehmann spectral density in §
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The only depiction of B-decay that I found is in Figure 5.1(h), which is
the sort of diagram that was the basis for Fermi’s anschaulich B-decay
theory.

In (1943) Wentzel proposed the ‘didactic’ device in Figure 5.1(i) for de-
picting Yukawa’s treatment of B-decay as an ‘indirect’ process mediated
by a virtual meson. The impact on Feynman of Wentzel’s (1943) book
remains to be ascertained owing to the complexity of the route that led
Feynman to his diagrammatic methods.

In his (1965) Nobel Prize address Feynman wrote that the absence of
rigorous mathematical proofs for his diagrammatic rules caused the ‘work
[to be] criticized, I don’t know whether favorably or unfavorably, and the
“method” was called the “intuitive method”’.

neutron proton .
\ electron \ positron
Pt [t
~a / N
neutrino neutrino
proton neutron

(i)
— A. 1. Miller, Early Quantum Electrodynamics: A Source Book, pp. 17,
87, 88, 94, §1.9 [Mil95]

Like the silicon chip of more recent years, the Feynman diagram was
bringing computation to the masses.

— J. Schwinger, Quantum Electrodynamics—An Individual View, J. Phys.
Colloq. 43, 409 (1982)
Feynman Propagator

Recall our usual mode expansion, Eq. (),

1 1 1kx—iw —ikx+iw
o) = = [ b (el
or in shorthand,

—iwt

p(x,t) = Ky [ca] + K_ [c*al], c= e

Proposition 1.6
(0]¢]0) =0.
Proof.
(0]¢10) = K+ [c(0]a|0)] + K- [¢* (0] af [0)] =0,
as a|0) = 0 and (0| a’ = 0. u

Proposition 1.7

dk 1,
_L ik

- T1—T2)—iwg (1 —t2)
2 ka

(0] ¢ (z1,t1) ¢ (w2,t2) |0) =

25
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Proof. In calculating <0 | aDa®) |O>, only the aa' term survives (allowing
arbitrary Fourier transform normalisations and choices of ¢’s modulus):

(016 (21,11) 6 (@3,12) |0) = (0| K [crar] K- [e3ad ] | 0)
1 tk1z1—tw —tkoxo+iw
:271-'/\/162.%/dk1d]€2 |6162|ek1 1 1t1 o —ik2 T2 Fiwats <0‘a1a£’0>

5 (k1 —kg)
— 2, 8(k1—ko
=27 N? wlores]

1
(NN = F for arbitrary Fourier transform normalisations, see Proposition @)
s

%ieik(wlfﬂvz)*iwk(h*b)' [
27 2wy,

We can see that while [a, (ﬂ] and H depend on the mode expansion conventions,
propagators like this, and eventually Ag, do not.

Proposition 1.8

N g 20Jk
. +OO
:/ %ii dw _; e—ika:—i—iwt’
2m 2wy 21 J_ o W+ wi — 1€

where r = 1 — x9,t =t — t9, and

; +o0 —iwt
0(t) ! / dw < e—0t.

T on oo w + i€’
Proof.
dt 1 . .
0 0) 0(t) = v zkazfzwktg t
(016102 0)6(8) = [ 5-5—e=trto(t
dk 1 i eikmfi(quwk)t
AL g gt
21 2wy, 21 w + 1€
(wo = w + wy)
dk 1 ° ikx—iwot
- [t /dwo e *)
21 2wy, 21 wo — Wk + 1€
(K = —k, w' = —wo,wi =k? +m? = wi)
(the two flips of integral limits cancel each other)
—dk’ 1 4 —ik'z4iw't
= / - v (—dw ') 67‘
2r 2wy 27 —w! — wy + i€
_ / dk’ 1 0 dw' (- 1 ik Ttiw't
21 2wy, 21 w4+ wy — 1€
(restoring dummy variables)
= / dikii dw [ = 1 o tkatiwt (**)
21 2wy, 21 W+ wy, — 1€
The two intermediate results will be used below. |

Proposition 1.9

dk dw eikx—iwt
A = T =5
e(e.0)= 01 Tlooal 10 =i [ GO
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AF (.T,t) = AF (—LL', —t) o

Proof.  Still using x = x1 — x9,t = t; — o, and following (H) in the previous
question but now flip the signs of x and ¢,

dk 1 o
0(to —t1) = s 7'Lkw+zwkt9 —t
(016201 0)6 (t2 —t2) = [ T (-0)
dte 1 1 1 I
— oo - dwy —— 71kx+zwt. skosk sk
/2772wk27r Y S e (%)
Adding () and ()
dk 1 i 2 (wk — 1€)  _spas
olT 0) = v - d tkr+iwt
(0| To12|0) / 5 2or 21 ww2—(wk—z‘e)26

(e = 2wye)
/ dk dw e—ikm—i—iwt / dk dw eikw—iwt
=1 =1 )
(2m)? w? —w? +ie (2m)? w? —w? +ie

where the last step has flip the signs of k and w and therefore proved Ag(x,t) =
AF (—.Z‘, —t). |

With 9,a(f) =0
Straight from

+oo
/ dtl 5‘t1aJ{(t1)

— 00

Eq () iTQl = 521 ) (/Cl — kQ) = — <k2 out

0> |
we should have already guessed that
521 =4 (kl — ]{32) s iTQl = O, (143)
as is expected for a free field.

Proof.  Technically, this can be understood from the DDG structure in the
reduction formula for a free field,

Eq. (L4d): o1 ~ FEFHH{DEODEC (0| T [¢(w1, t1)p (22, t2)] | 0) } = 0.

Applying one DKE to Gy cancels the off-shell pole; applying another causes the
entire expression to vanish due to the on-shell dispersion relation:

(07 — 02, +m?) (87, — 02, + m?) (0| T [$(w1, t1)d(w2, t2)] | O)
_ [ dkdw

= 2 _ 2 _ 2 ik(wl—wz)—iw(tl—tg)
i o o (w ke —m )e ,

/dt] d‘rl dt2 dx2 eikll'l—iwltle—ik2$2+iUJ2t2

X (87521 - agl + m2) (832 — 3:32 b m2) <0 | T [¢($1,t1)¢(x27t2)] |0>
= LQ /dtl drdts dzo dk dw (wQ —_ k2= m2)
(2m)

> ei(k1+k)xle—i(w1+w)t1 e—i(k2+k)zzei(w2+w)t2

(integration order x1,t1 — k,w — x2,t2)

:i(w%fkfme)é(klka)é(wlwa),
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which vanishes due to the on-shell dispersion relation of a free field. |

1.3.1 Multi-Particle States
Non-interacting multi-particle states can be created by creation operators (Exer-
cise [lI.BY):
H: af,,af, [0) = (wi, +wr,) af,af, 0). (1.44)
Symbolically, we write
|k1k2) = ZklkzaLaLl |0) .

Repeating the procedure in §@, we can calculate the S-matrix element
and the transition amplitude between the asymptotic states |kj---ky, in) and
|kt -+ ky out):

St = (ka1 kn out| kg -+ - kyy in)
iTﬁ = Sﬁ — 5ﬁ

N}'_}'+{<HDKG> (0T (¢ (x1,t1) ¢ (22, t2) -+ & (s n)}|0>} (1.45)

With free fields, the vacuum expectation of the time-ordered product is the n-
point Green’s function, G,,, which can be broken down into combinations of
2-point Green’s functions through Wick’s theorem

G, = G3*G3* - - 4 permutations,

where G;j = Go (z; — z;,t; — tj), and the procedure of associating two fields to form
a G is called contraction. Note that, for an odd n, there is always a remaining
field not contracted; the resulting trailing (0| |0) causes the entire expression to
vanish.

Wick’s Theorem

A contraction of two free fields is defined as the difference between their time
ordering and normal ordering:

(2)p(y) = T [$@)¢(w)] — 6(x)d(y):

:{ P(x)p(y)— :¢(x)d(y):, o > Yo
P(y)d(@)— :¢(x)d(y):, yo > o

where x and y are each a collective 1 + 1 spacetime index. Wick’s theorem
states that, the time-ordered product of n (n > 2) fields can be broken down
into normal-ordered products and contractions alone as follows:

T[¢1¢2 o ¢n] = :¢1¢2 o (bn
+ Z (blll_l(rblz 1P1 - P

Viy,2 no ¢i172
[ [
+ Y Giybinbisbiy iP1 - I
Vi
1-4 no ¢i174

10We take this as an effective definition of Wick’s theorem.
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[ [ — ]
+ ZVil,zk ¢,11_|¢12 “ Digpy Py if n =2k
ZWP% ¢i1 ¢i2 T ¢i2k—l¢i2k :¢i2k+1: ifn=2k+1
where the indices indicate the spacetime dependence—the iq,..., i, with the
positive integer k represent all permutations of 1,..., n.

Proposition 1.10

01T [6(2)o(1)] | 0) = plx)b(v),
(01T (16265611 10) = 3 ix stz b

Vi1
Proof. By splitting ¢ into its Fourier components,
¢(x) = Ky [ca] + K_ [c*a’] = X + X T,

where Xt coincides with af, we have

1
p(x)p(y)
X+ XN +YH)— (X + X)) Y +YT):, 20> yo
Sl T HYH)X 4+ XT)— (X + XN +Y ), yo > 20
XY+ XY+ XY + XY (XY + Y X + XTY + XY ), 20 > yo
_{ YX+YXT+YTX +YTXT - (XY + Y X+ XY + XTY ), yo > 20

(Xt and Y+ commute as [al, a;i,] =0, same for X and Y)
_ XY++X+Y—(Y+X+X+Y), To > Yo
YXT+YTX — (Y+X + XY, yo > 29
— [va+]v To > Yo
L X)Ly > 2o

/ . .y . -
1 dk dk e~ wzotiw yo+ikz—ik'y ak,a;i/ . o > Yo

_ 2m J 2v/ww’
- 1 dkdk’ +iwxo—iw'yo—ikz+ik'y i
o QWG ° ° ag’, Qg | 5 Yo > o

1 dk —i — ik(x—
_{ gf%e f“(””o y°)+fk(1 v), 2o > yo
o %eflw(yO*wO)‘Fl (yfa:)’ Yo >

—
Therefore, ¢(x)¢(y) is a c-number. In fact, this is Proposition ﬁ in disguise.
To complete the proof, also note that (0]:¢1...¢y:|0) =0 for n > 2. |

Before we conclude this chapter, let’s look at a 4-point Green’s function,
Gy = GG + GBG + giia2. (1.46)

This forms the basic idea of representing the transition amplitude, 75, as the sum
of Feynman diagrams (see, for example, Fig. [L.2) where propagators are represented
as lines.

Finally, we recall that the operator, DXG, comes into Sg via 0.a and da':

F_ [ieithKG ¢]

E. 3 N a = )
q. (L31): a N
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1 3 1 3 1 3
2 4 2 4 2 4
(a) GA2G31. (b) G3*G3 . (c) G3*G3.

Figure 1.2: Contributions to a 4-point Green’s function.

]:+ [—ie_WDKGq’)]
V2w '

In general, the LSZ reduction formula includes the differential operators that define
the free-field equations of motion of the respective fields:

iTﬁN}"{<ﬁDi> <O|T[\I/1---\Iln]0>}, (1.47)

with DWUg... = 0. We will introduce them in Chapter E

Eq. () 8taT =

1.4 Perturbation Theory

When there is interaction, the Hamiltonian consists of the free and interacting parts:
H = Hy + Hi,

and the transition amplitude, T4, is reduced to the time-ordered product of the
interacting field ¢ in the LSZ formula. In a perturbation theory, we use a free
field, ¢, to be introduced below to calculate the S-matrix order by order of the
coupling constant, A. We start with the general case and then take the scalar field
A¢*-theory as an example.

First, let’s connect the interacting field ¢ and a free field ¢g. We define

ooz, t) = e+iH°t¢(x, O)e_iHot.

The t = 0 point is understood as the far past where the interaction is not switched
on. We can see that ¢g involves only free-field Hamiltonian. This way of time-
evolving a field is called the interaction picture or the Dirac picture—However,
instead of viewing it as yet another representation, we can just think of ¢ as a useful
tool: it satisfies the free-field equation of motion (Exercise [I.f),

DKG% =0, (1.48)

and therefore is a free field. In fact, ¢g is what the interacting field ¢ would have
been had there been no interaction:

Bz, t) = etiHbemiHot gy p)etiHote—iHi
= Ut (t)po(, t)U (1),
with the time evolution operator,
U(t) = eTiHotgiHE, (1.49)

If Hy =0, ¢ becomes ¢q as U(t) = 1.
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Second, let’s derive the expression of U(t) by first probing its time dependence.
It can be shown® that

awi
& —iI(t)U(t),

where I = Hi[¢o], namely, the interaction Hamiltonian evaluated with the free
field ¢¢ instead of the interacting one. Rewrite and integrate:

AU (t) = — (U (t)dt,

il(t
U(t) — = ’L/ dtl tl tl)

U () — U(O):—z/o Aty I (t2) U (t2),

where the last line is a formal substitution of ¢ by ¢; which can be repeated indefi-
nitely:

Ut) =U(0) —i / "dty I () U(0)
0
+ (i / / dty dta I (1) I (t2) U(0)+

= {1 —1
dty ---de, T I (t1) - I(tn)]} U(0) (1.51)

[oo{ [ wre)|oo .

From Eq. () to Eq. (), the extension of the integration limits can be viewed
as completing a hyperpyramid into a hypercube, from two to n dimensions, leading
to the accumulated volume normalisation n!. The time ordering is introduced here
to ensure that the operators have the correct order in the newly expanded domains.
To illustrate the idea, consider the integral

/Ot/otl dty dty I (t) 1 (L)

The domain is the lower triangle below the to = ¢; line in the t5-f; plane. By
swapping t; and t; we have the same integral but with the domain in the upper
triangle: the integrand is still T'[I(¢1)I(¢2)] and therefore the domains can be merged
when a proper normalisation is taken into account.

/ / treeedtn T(2) - T () U(0) +--- (1.50)

dt1 (t1) +

_|_
=

11See §9.5, in particular, Eq. (9.96), of [GR96].

d
W iHU —ivH = (HO - UHUT) U = —ill,
dt

where
I(t) = U(t)H [¢] UT(t) — Ho [¢o] = U(t)Hy [¢] UT(t) + U(t)Ho [¢] UT (t) — Ho [$o] ~ Hi [¢o] ,

where we have used U (t)H [¢] UT (t) = Hj [¢o], which holds for an interaction of the form Hj [¢] o
¢™. The approximation, U(t)Ho [¢] UT(t) — Ho [¢o] ~ 0, effectively neglects a c-number.
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Equation () is the Dyson series and Eq. () can be considered a short-
hand, or the definition of a time-ordered exponential function®d.
Beside that U(¢) is unitary following Eq. (), we have

Utt) = Ut(0)T {exp{—ki /0 t dt’I(t’)}] , (1.53)

where T denotes anti-time-ordering. Using Egs. () and (), we can prove
order by order that

Ut) U () =T [exp{—i/f dt'1 (t’)H
=U (ta,t1), 1

which is a powerful relation as we will see below.
Finally, let’s consider the time-ordered product of the interacting fields in the
transition amplitude,

Eq. (L45): iTh ~ F_Fy { (HDZKG> 01T ¢ (21,t1) ¢ (22, 12) -~ & (Tns t)] |0>} :

We define the (reduced) amplitude,
M=(0|T[¢(21,t1) ¢ (w2, t2) -+ ¢ (T, 10)] | 0) - (1.54)
Now we assume
ty >th—1 > > 11,

so that we can be explicit without worrying the correct time order in the following
calculation:

M =(0]¢(xn,tn) ¢ (Tn-1,tn-1) ¢ (x1,t1)|0)
= <0 |UT (tn) ¢O ({En, tn) U (tn) UT (tnfl) d)O (xnflvtnfl) U (tnfl) e
xUT (t1) ¢o (w1, 1) U (t1)] 0)
= <O ‘UT (tn) ¢0 (l‘nytn) U (tnztnfl) ¢0 (ajnfhtnfl) U (tnflytn72) e
xU (t2,t1) ¢o (z1,t1) U(t1)]0) .
Because
Ul (400) U (+00) =1, and U'(—00)U (—0) =1,

we have

(O[UT (tn) = (0| UT (+00) U (+00) UT () = (0| UT (+00) U (+00, t),

U(t1) [0) = U(t)UT (—00) U (=00) [0) = U (t1, —00) U(=0) |0) .

Recall our assumption that the interaction is switched off in the far past and this
is where the time evolution actually starts. So, naturally, U (—oo) = 1; we also
assume the vacuum in the far future is still the vacuum except for a pure phaset:

U (=00)[0) = [0),

12Had there been no need for the time order, we would have just solved the usual exponential
growth (or decay) equation in a rather complicated way.

13 As mentioned in Footnote {§ of §lL.3, the treatment of the vacuum here is sufficiently precise
until it is not.
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U(400) |0y =C10), with CC*=1.
Putting all things together,

M :C* <0| U (+OO, tn) ¢0 (xnvtn) U (tn7 tnfl) ¢O (xnfla tnfl) U (tnflatn72) e
X U(tg,tl)d)o (I’l,tl)U(tl,*OO) |O> (155)

We can_now restore the time ordering and move the operators around conve-
niently=,

M =C* (0| T [po (z1,t1) o (T2, t2) - -+ G0 (Tnytn) U (+00,t,) U (tn, tn—1)
XU (tp—1,tn—2) - U (ta, t1) U(t1, —00)] |0)
=C" (0] T [po (x1,t1) Po (w2,t2) - - - Po (¥, tn) U (+00, —00)] | 0) .

Last but not least, let’s normalise the interacting vacuum where C' can be solved:

(0| U(+00,—00) |0) = (0| U (+00) Ut (—0) | 0)
=(0]U (+00) |0) = C(0]0) =C,
1 1

Ch:5:<MUqu—wH®'

With this, we arrive at

M =0T [¢(z1,t1) ¢ (x2,t2) -+ ¢ (¥n,t,)] | 0)
(0]T [¢o (x1,t1) - - - Po (T, tn) U(+00, —00)] | 0)
(0] U(+00, —00) | 0)

:<0‘T (00 (@1,41) -+ b0 (@ ta) exp{ ~i [T a1 (1) }] | 0) (1.56)

<0 ’ T [exp{fifj:oo dtI(t)H ’0>

A
Al

Here, A and V are just introduced as shorthands to be used in the next section.

1.4.1 \¢*-Theory
The Hamiltonian for a free scalar takes the form (§)

Hy = /dx [;79 + % (0:0)° + ;m2¢2] .

In the so-called A\¢*-theory (“lambda-phi-four theory”), the interaction Hamiltonian
is given as

m@:%/m&mw (1.57)

Therefore,

1@:%/@%@&

14This might help you find some inner peace: remove the time ordering again and Eq. ()
will come back unambiguously.
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Vacuum Evolution

Consider the denominator of M,

0] T [do ) b0 s ta) exe{ =i [T at T ()] [0)
o (L) v= o]t el = et )]0}

= (el [ w3

and take the O(\)-term in the Dyson seriesE,

\Z —<O'T {(i) /%o dtI(t)} '0> = (—i)%/dy (0] T [¢5(y)] |0) (1.58)

-0y [aGi=ag [a Y arey = oy [dysx (G0

:%A [GZ(())]Q/dy, (1.59)

)

and denote it by V:

In the first line, the spacetime (x,t) is written as y for short. Because only free
fields are involved, we have a 4-point Green’s function, which is then decomposed
into 2-point Green’s functions via Wick’s theorem, similar to

Eq. (L46): G4 = G*G3' + GG + G5 G5,

The only difference is that now all G5’s are evaluated at the sam(@y, GY = Ga(y—
y) = G2(0), and therefore the sum gives rise to a multiplicity®™ of 3. One can
imagine first drawing the same diagrams as in Fig. , and then pulling all four
points together in each of them, all resulting in the same diagram as shown in
Fig. [1.3.

Figure 1.3: Vi, O ()\) contributions to the vacuum evolution: G¥YGYY.

Take the O(A?)-term in the Dyson series, we have an additional ¢* and therefore
two more Gy’s:

Vo= 2 (2 [y s (0] T [0 (1) 62 )] |09 ~ 32 [ dysdys S GaGaGaG
2 =57y /yl y2<‘ [¢0(yl)¢0(y2)” >N /yl yQZ 222,

(1.60)

The contributions are shown in Fig. @
Collecting all contributions, we have

V=1+W +WV + 0N\,
that is,

15We should not be troubled by the infinite integral, Jdy, of Eq. () because as we will see
by the end of the section, all these bubble contributions will be cancelled.

16Note that the prefactor 8 in the last line of Eq. () is also called the symmetry factor,
cf. e.g. §19.4 of [LB14].
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8 CH D 1

a) G}GLGRGE. (b) GH G GIGE2. (c) GRGRGEGY.

Figure 1.4: Vo, O ()\2) contributions to the vacuum evolution.

8 e

All non-trivial diagrams of V), i.e., those beyond leading order O(\Y), are called
vacuum bubbles as they are not connected to external fields. They originate from
the evolution of the vacuum under the influence of interaction.

Now we consider the numerator of M, and denote it as A:

A= <0’T [0;0 (z1,t1) - do (xn,tn)exp{—i/:o dtI(t)H ‘0>

1 — 1 Processes

Restrict ourselves to n = 2 for a 1-to-1 propagation, we have

ATt _<0‘T {d)o (Tasta) do (xb,tb)exp{i /:o dtl(t)}] ‘0>.

Taking the O(\)-term, we have two external ¢’s in addition to ¢*, resulting in three
G’s—one more than V; (suppressing the interaction-picture subscript 0 on ¢):

Al=t = _Z)% /dy (o1 [qja(;sbd);‘;] |0) ~ /\/dy ZGZGQGZ- (1.61)

The contributions are shown in Fig. @ The first diagram, G§*G3YGYY (Fig. )7
contains a separate piece of a free propagator and a vacuum bubble, while the
second diagramﬁ, GAYGYGYY (Fig. ﬁ), contains a loop attached to the free
propagator—three important features that we will come back to in the end of the
section.

a a
y 2
b b
(a) G5"G3" Gy (b) G5YG,"GY".

Figure 1.5: A}71, O ()\) contributions to the 1-to-1 scattering.

17A systematic way to construct such diagrams is to break the lines of the bubbles of the same
order one by one and attach the open ends to the external labels. In the case of Fig. , we have
used the bubble from V; (Fig. [L.3).
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Similarly, taking the O(\?)-term, we have
Aé_)l N)\2/dy1 dys ZGQGQGQGQGQ. (1.62)

Figure @ shows those terms that do not contain separate free propagators.

a a
2
TEDRE T
b b
(a) G3'GH'G3' GBGE. (b) G5' G GY GG,
1 { } 2
a M b a b
r 2
(c) G§'GPGY G G32. (d) G3'GP G GYGY.

Figure 1.6: Diagrams of A1 without separate free propagators.

2 — 2 Processes

Now, restricting ourselves to n = 4 for a 2-to-2 scattering, we have
+o0

A2 = <0 ’ T [% (Za,ta) do (X, tp) Po (e, te) do (T, ta) exp{—i/ dt I (t)}] ’ 0> .

— 00

The O(A\°)-order diagrams are the ones for the free fields, Fig. @
At O(X), we have four external ¢’s (a superscript 2 — 2 is omitted whenever it
causes no confusion):

AT E(—i)% / dy (0| T [patpdcdady] | 0) ~ A / dy Y G2G3GGs.(1.63)

Topologically unique diagrams are shown in Fig. B; others can be obtained by
permuting the external labels, a, b, ¢, d.

a C a C a C
y
y o o
b d b d b d
(a) GGG GYY. (b) GSYGL Gy Gse. (c) GEYGYYGSY G,

Figure 1.7: Topologically unique diagrams of A272.
In addition, when a, b, ¢, d are fixed, there are 4! ways to associate each of them
to the four internal indices (y) in G2YGYGYGY. Therefore, the amplitude of

Fig. [L.7d is

Are = —i) / dy GG GG, (1.64)
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Similarly, taking the O(\?)-term, we have
AEHQ N)\2 /dy1 dy2 ZGQGQGQGQGQGQ.

Figure @ shows those topologically unique diagrams without separate free propa-
gators:

a C a C
1
2 1 2

b d b d
GalechlGle 2G§2. (b) G%nglGéngzGSQG%Q

a C

>% Wk

b d

(o) Gglaglaglc;;?c:%?agz. (d) G5'G3' G’ Gy’ G5°GS*.

Figure 1.8: Topologically unique diagrams of 4372 without separate free propaga-
tors.

Proto-Feynman Rules for \¢*-Theory

a ¢
Proposition 1.11 The Feynman rule for Fig. , >/< , is that
b d

the four-momentum is conserved at the vertex, i.e.,

iT272 ~o NS (ke + kg — ka — Ks) -

Proof. Starting with _the LSZ formula, Eq. ()7 for the 2-to-2 process
kaky — kekq with Eq. (L64),

Eq. ([L4d): iTs ~ F_F { (H DKG) O|T [p192- - - bn] 0>} ;
Bo. Lod: A =i [ayGpalascl,
we have
T ~ F_Fy [ﬁ D GAlc] ~ / dy, dyp dy, dyg e~ *ava—ikeyptikeyetikaye
Z x DKGDKGDKGDKG / dy GLYGUY GV QY.
Recall the definition of Dji¢ in Eq. () and G§*Y in Eq. ()

- ) 5 iy e~k (Ya—y)
Dya :aya+m ,G2 :GQ(ya ) /dkm



38 CHAPTER 1. QUANTUM THEORY OF FIELDS

We see that
DyEGYY ~ /dk1 e k1(a=y) *)
and similarly for other pairs of DXG and G5. So, we have
i7" ~ / dya dyp dye dyg e Feve—thovettkeyetikaya
X /dy dk; dko dks dky e~ 1 We—y)—ika (Yo —y) —iks (e —y) —ika(ya—y)
:/dkl dks dks dky /dy e+i(k1+k2+k3+k4)y/dya e~ i(katk1)ya

X/dybe—i(kb+k2)yb/dyce+i(/€c—k3)yc/dyde+i(kd_k4)yd

:/dk‘l dky dks dk45(k’1 + ko + k3 + k4)
X & (ko + k1) 0 (ko + k2) 8 (ke — k3) 6 (ka — ka)
25(kc+kd—ka—kb),

which simply states that momentum is conserved at the vertex.
In fact, we recognise that (H) above is Eq. (), DECGYY ~ 6(ya — y), and
here is a simpler calculation:

iTE72 ~ F_Fy [ﬁ DZKGAll
~ /dil/a dy; dy. dyg e~ tRaYa—ikpypFikcyc+ikaya
x Dy Dy DDy C / dy G3 G GEr Gy
~ /dya dyp dy. dyqg e~ FaYa—ikpypFikcyc+ikaya
X /dy 6(Ya — y)0(yp — y)0(ye — y)0(ya — y)

— /dy oi(—ka—kotketka)y

~ 8(kie + kg — ko — kp).

a
Proposition 1.12 The transition amplitude for Fig. , yb , 18
b

Tyt ~ A3 (ky — ka)G(0),

d’k
G(0) ~ / poR—

follows from the definition of the Feynman propagator,

dk dUJ eik(wl—wz)—iw(tl—tz)
Eq. ([L.42): T t t =i [ ——
o e e

where
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= Ar (11 — 22,11 — t2),
but now with the implicit ie-prescription and the relativistic notation, k2 =

w? — I?, in 1+ 1 spacetime.
Proof. Recall

Eq. (L6l): A= ~ )\/dy Y G2GaG.
With a slight simplification of the notation, we have
iT ~ / dz, dzy e ~HRaTatikeze DRGDKG / dy GWGYGYY
~ G(0) /dy dz, doy e~ HFaTat oo 4)5(zy — y)

= G(0) /dy e~ (ka—ko)y
~ G(0)d(kp — ka),

where G¥¥ = G(0). [ |

Proposition 1.13 The transition amplitude for

Fig., ( )( ) , is
a b

1 2

2
iTyt ~ A2S(ky — ka)%.

Compared to Proposition , it means that
AG(0)

Tl—)l Tl—)l ~
2c / 1b k2 — m27

where k is the “line momentum”. It can also be read off that the Feynman

rule for an internal propagator is to assign a factor of ﬁ, namely, the
Fourier transform of the Feynman propagator.

Proof. Recall
Eq. (L62): A3~! ~ A2 / dy1dys Y G2G2G2GaGo.

Similar to the propositions above, we have (now the internal points are denoted
as y and z instead of 1 and 2 to save some typing)

T3t ~ [G0)]? / da, dap e~ Fatatiore DRGDKG / dydz GGY* G

G(0 2 dvd —ikqy+ikyz ko —ik(z—y)
~ GO [ ayaze L

2 4’k SRRy i(ko—k)z

~wwﬁ/ TE ke — k)S(ks — k)

k2 —m?2

39
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1

= [G(0)]? 6(kp — ko) 5— - |
(GO alky o) =
Proposition 1.14 The transition amplitude for Fig. , a 1 2 T 9
is
d*ky A’k 1

T o A25(ky — kg '
iT4; o= ko) | g = | B = (ha oy — k)

We see that an additional Feynman rule for the internal propagator is to
integrate out any variable momentum.
Proof.

iTh ~ / da, dap e~ Fatatiore DRGDKGE / dydz G (G¥*)? G*

. ) d%k )
N/dydzelkaerlka/k%_;rﬂe”fl(zy)

2 2
></ A7k, e—ikz(Z—y)/ d7ks e~ tka(z—y)
k3 —m?2 k2 —m?

2 2 2
:/ d“kq / d* ks / d7ks3 /dyefi(kafklflm*ks)y
k¥ —m? ) k3—m? ) k3—m?

% /dZ e-‘ri(k)b—k?l—k}z—kg)z

d?ky d?ky d%ks
~ o [ ek ek

X(S(k‘b—k‘l —kz—kg)

d?k, d%ksy 1
= - . .
5 (ks k?a)/ k2 —m? / k3 —m?2 (ko — k1 — k’2)2 —m?

We note that in writing G¥* ~ e~ *(*=%) as opposed to e~ *¥=2) we have
defined that the momentum k flows from a to y and then from z to b, consistent
with the in- and out-state convention in the LSZ formula,

Eq () iTQl = = <0 ‘ /dtl dt2 T |:at1a1i (tl) 8t2a2 (tg):| ‘0>
0 ) i
N V2w v/ 2we 2T
x DYODEC (0] T [p(21, t1) (2, t2)] | 0)
~ FIRFAHDICDIC (0| T (21, t1)p(w2, 12)] | 0)} -

/dtl dl,1 dt2 dm2 eiklxl—iu}ltle—ik212+’iw2t2

a ¢
Proposition 1.15 The transition amplitude for Fig. , 1@2 , 18
b d

A’k 1
k2 = m? (kg + ky — k)? —m?’

L5772 ~ N20(ke + kg — ko — kb) /
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This is the s-channel diagram. The ¢- and u-channel amplitudes are
d’k 1

k2 —m? (k, — k. — k) —m2’

4’k 1

—m? (ko — kg — k)> —m?2’

ZTQQ(ftQ ~ /\25(kc + kg — ko — kb) /

iT202 ~ N20(ke + kg — ko — kp) / =

respectively. By now we can summarise that the Feynman rule for legs—
open-ended lines connected to incoming and outgoing fields—is simply an over-
all d-function for momentum conservation. However, that is only for the real
scalar field. When we have spinor or photon fields (see Chapter E), additional
structures will be in place. This overall §-function is universal and will take
effect in the phase space integral in a cross section or decay rate calculation.
Proof.___This can be directly read off with the Feynman rules from Proposi-
tions and . Alternatively, here is the explicit calculation:

ZT22<;,>$2 ~ /dl’a dxb dﬂ:c dxd efzkaza72kbmb+zkczc+zkdmd

x DKGDFODKEDES / dydz GG (G¥*)? G=*G*

d?ky

~ /dy dz e~ kay—ikpy+ikcztikaz We—ikl(z—y)
d2k2 —iko(z—
X /Me 2( y)
d2k1 d2k‘2
~ | s | 0k ke = k= Ke)d(ke + ko — k1 — k)
1 2
d?ky 1

~5(’fc+kd‘ka_kb)/k%—m2 (ko + kp — k1)2 —m?’

Let us now organise these diagrams.

1. Compared to Fig. , Figure has an additional vacuum bubble, which
is exactly V;. Symbolically, both figures correspond to A;. from Eq. ()
and A;.Vi, respectively. In fact, the expansion of A contains a series of
diagrams that starts from A;., continues with A;.V;, and further progresses
with diagrams containing Vs (i.e., A1.V2) and other higher-order bubbles. It
sums up to part of the overall amplitude,

A2 5 A1 4+ AV + Ar Ve A+
—Ae(1+ Vi + Vo +...)
=AV.

For simplicity, the sum is indicative—we have ignored any prefactors in front

of each term.

We can_immedia telé find other similar_series star with, for example,
d

Figs. [L.2d (Ao), L7 (A1), [L7d (A10), [L8H (Az), L8] (Aze) or [L8d (Az0):

AP72 540,V AV, ALY, AV, AoV, AsgV,. ..

So

A272 = AoV + AV + A1V + AoV + AoV + AggV + - -
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:(-Aoa+.A1b+A10+A2b—|—,420+,42d_|_...)y_
A2—>2
2—2 _ 7
M ==

= Agq + A1y + A1 + Aoy + Age + Agg + - -

:
e X

PR X

+ O (N). (1.65)

We define a connected diagram@ as one that does not contain any vacuum
bubbles. Thus, in general, we have

A= Z {connected diagram} x V,

A
M=5

= Z {connected diagram} .

2. The amplitude of the 1-to-1 process can now be written as

|+ b+ @+QQ+%+O(A3)E+.

Eq. (L54): M1 = (0|7 [¢(y)e(x)] | 0),

M1—>1

Recall that,

which is the full-field propagator with the interaction. We call it the dressed
propagator, as opposed to the free-field bare propagator, Ar(y — ) inE

dk dw etk(@1—z2)—iw(ti—t2)
Eq. (L42): (0| T [¢(z1, t1)d(za,t2)] | 0) = 2/7 we

2m 27 w2 — k2 — m2 + ie

= Ap (21 — 22,81 — t2),

which is the leading term in the sum. The dressed propagator is a prototype
of the self-energy, one of the notorious infinities in an interaction theory.

Renormalisation—Lesson 0

Proposition 1.16 The transition amplitude

18 This definition is not literal [Wil23]. For example, while Fig. is a disconnected diagram,
Fig. is still connected as it contains no vacuum bubbles. To avoid confusion, italic font is used
when this meaning is intended.

9Remember: the fields were free there!
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1 2 " N+1N+2

N
Tl—>1 T1—>1 |: )\G(O) :|
24N 240 k2 - m2 )

where Thrpt = Tt ~ X26(k, — ka)% is the transition amplitude

for .
a b
1 2
Proof. Direct generalisation of Proposition .

Proposition 1.17 Now consider , where only the internal

propagator is dressed.

First, we only consider all possible serial “dressing” with Q , i.e.,

The whole amplitude is
1—1 1—1 1
= Z Tryn ~ Ta50 1 _ XG0
N=0 T k2—m?

[G(0)]
k2 — [m2 + AG(0)]
[G(0)]

2 _ 12 '
k Mressed

~ A26(ky — kq)

= \26(ky — ko)
The effect on the internal propagator, is to shift the mass:
m2 — mﬁressed m + )‘G( )

Then, we generalise AG(0) to the sum of all pos&ble dlaugramsE I1, and
the dressed mass becomes the physical one m3 . .4 = m? + 1L

k? m2 )

%Thess “all possible diagrams” also include the sum of all possible diagrams—the
magic of infinity!

3. Coming back to the 2-to-2 process, Equation () can be rearranged and
the amplitude is propagator-renormalised as follows:

¥ b bbjL(’))\s
><+ Lo
e

M2~>2 — [

_|_

_|_
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(1.66)

:+ +++};<i+2<:>2+0(x3). (1.67)

Each series on the RHS of Eq. ([L.66) equals its leading term with all bare
propagators replaced by the dressed ones.

4. Continuing the vertex series in Eq. () with, for example, O(A?) terms, we

have:
The amplitude is further vertex-renormalised:
M2—)2 _ + +
}{ + m ‘o (AS)]
vt
(1 1) ao
renormalise

() o

renormalise

5. A connected diagram without loops, if in one piece, is called a tree diagram,
e.g. the second term of Eq. (), the one with disjoint pieces is not of
physical interested. Therefore, we only need to consider tree diagrams and
then renormalise by analysing the loop diagrams, a procedure as symbolised
in Eq. ()

+

Exercise 1

1. Quantum Harmonic Oscillator
Show that if [0, al] = wal, then [0, 4] = —wa, for an arbitrary Hermitian
operator O.

2. Normal Ordering

Show that normal ordering does not alter the commutator relations:

[H: a] = —wa,
[:H:,aT] = wal.

20The first term in Eg. () represents no interaction. In fact, it vanishes due to the free
propagators; see Eq. ()
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3. The Vacuum

(a) Show that

<o‘aka; 0) =6 (k—K).

(b) Prove Eq. (),
:H: GLQGL |0) = (wk, + Wky) akall |0} .

4. Time Ordering

Prove that for arbitrary operators, A(t) and B(t),

O, T [A(t1) B (t2)]
=T [0nA(t1) B (t2)] + [A (1), B (t2)] 6 (t1 — t2).

5. Time Evolution

Prove Eq. ()

DKG¢O =0,
where

DKCG =92 — 92 + m?, and

ooz, t) = eHHOt(b(J:, O)efiH"t.
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Chapter 2

Quantum Fields

Taylor expand f(x) at a,

dx™ n!
n=0
= e d\"
= Z ] (% f(a)
n=0
=" f (a)
Still remember
L —ii
Pz = dz’

so that,

fla)=e""""P f (a).

2.1 Real Scalars

In Chapter ﬁ], we already saw that the mode expansion of a real scalar field ¢(x)
and its canonical momentum 7 (x) in 1 + 1 spacetime:

Eq. () ¢ =Ky [cal + K_ [c*af] ,
Eq. ([L.28): 7 =K, [—iwed] + K_ [iwc*al],
Eq. (L.29): (0.0 = Ky [ikca] + K_ [—ike*al],)

1

where ¢ = ﬁe*i‘”t. In 3+ 1 spacetime (for relativistic notations, cf. Appendix @),

the mode expansion becomes

¢ = K3 [ca] + K* [c*al], (2.1)
™ = K3 [—iwea] + K2 [iwc*al] (2.2)
(0:¢ = K3 [ikica] + K2 [—ikic*a'] ) (2.3)

where ¢ remains the same.

47
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In this chapter, one of our tasks is to derive equations of motion, such as the
Klein-Gordon equation, for different fields using the Lagrange-Hamilton formal-
ism at the classical level. In this formalism, the equivalence of w(z*) and H(x*)
for different fields will be defined.

The quantum properties of the real scalar field we have covered so far, by ex-
tending the notation to 3 + 1 spacetime, can be summarised as follows:

] =i (& - ), (2.4)

> (up to a normalisation constant),

H:= /d3EwaTa, (2.5)

4 e~ th(z—y)
Avle =) =016 @ 0|0 =i [ SE

These topics will be closely followed in later sections for other fields for direct
comparisons.

2.1.1 Lagrange-Hamilton Formalism

We use the real scalar field, ¢(z#), to demonstrate the Lagrange-Hamilton formalism
in a classical field theory, namely, the filed is a c-number, not an operator.
We start by rewriting the Lagrangian L(t) as a Lagrangian density¥ L,

= /d?’a?ﬁ.

The dimensionless (in natural units) action,

SWﬁm%i/dH@%dz/ﬂ%EWQML

is a functional of the field ¢ and its four spacetime derivatives 9,,¢. In a field theory,
the degrees of freedom are ¢ and 0,¢, and space and time are just labels.
Consider independent changes, ¢ and 6(0,¢), that lead to a change of EE:

oL oL

L =—9 _
96"t 80,9)

The resulting change in the action is
68 = /d4m(£+§£) —/d‘{w

= [ [ G500+ 5000

LTf the term “density” is clear in the context and its omission does not lead to confusion, we
will drop it for brevity.
2As we are dealing with a classical field, we do not need to worry about the order between, e.g.,

% and 8¢.

3(8u9)-
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(integrate the second term by parts)

oL oL
= [ d'z {5 - [at} ) }
[t {550~ [0vgg ) 2
oL oL
— [t {—a }5 |
[ |5 - o %
The principle of least action requires that §5 = 0 for an arbitrary d¢. Therefore,

YY)
0¢ " 0(0ue)

This is the Euler-Lagrange equation.
The Lagrangian of the free scalar field, ¢, is given by

1 1
[’ [¢7 8}t¢] = §8u¢8#¢ - §m2¢2~ (26)
We can calculate that
oL oL
= a# s —_— —m2 y
00,0 0 ae - ™

which leads to the Euler-Lagrange equation,
(00" +m?) ¢ = D"%¢ = 0.

This is the equation of motion of the real scalar field, the Klein-Gordon equation.
It can be shown that the mode-expanded ¢,

Eq. (@) ¢ = K3 [ca] + K2 [c*al],

satisfies the Klein-Gordon equation if d;a(t) = 0 (see Eq. () in §; the on-

shell dispersion relation, w = Vk2 + m2, is assumed).
The canonical momentum and the Hamiltonian density are respectively defined:

oc _
99
H=np—L=7%—

o.
1

2
2 +
2.1.2 Energy-Momentum Tensor
Now consider a translation in spacetime by an infinitesimal amount, *,

at — xt + et

The measure changes correspondingly,

dz* — dz* + de¥
(no Einstein summation convention on repeated )
de#
=dz* (14—
dzr )’
(resuming Einstein summation convention)

d'z — d'z (14 0,e") + O (7).
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The change in L is

oc. . ocC )
(SE = %au(b@l —+ Wau ((9,,¢) E"

(apply E-L to the first term, and swap the order of 9, on ¢ in the second term)

oL oL
~[atm) 2+ e
oL
= 8,, {W8H¢:| 5#.

The change of action is, omitting the O (82)—terms,
65 = /d4a: (14 8,ue") (L +6L) — /d4a:£

_ / d'z (6L + 0,6 L)
(put in 6L and integrate the last term by parts)

oL
= /d4x {By {6 0,0) &L(zﬁ] et — 6“8u£}

(etouL =0, (gjjll) et)

oL ,
= [0 |5 om0 - ]

which should vanish for arbitrary e*. Therefore, we have
0,17, =0,

with the energy-momentum tensor,

oL
v — OMp — g' L,
9@, ¢
whose components are

e
ol

TV = 6—48%, i=1,2,3.
¢

Therefore, we have

T = — L = H,
TY = 7d'p, i=1,2,3.

Now that we have quantised the theory, T¥* becomes an operator. We can define
the energy-momentum four-vector,

pr = / BaTon.

Suppressing the “-notation as before when not causing confusions, the Hamiltonian
is given by

H= /d3:E'H = /d?’fTOO = PY,
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while the momentum is
P :/deTOi :/d3f7r8i¢
sp ki B
= dkg(aa—i—aa), 1=1,2,3. (2.7)

Proof. With the field expansion,

Eq. (@) T = K3 [—iwca] + K2 [iwc*a'],
Eq. @d): 96 = K3 [ikica] + K [—ikic®al] |

where ¢ = o ~wt we can calculate the spatial part (i = x,y,2, not an

1
2w €
Lorentz index),

T0;¢ = K3 [—iwca] K3, [ikica] + K3 [—iwca] K2 [—ik;c*al]

+ K3 [iwe*al] K3 [ikica] + K2 [iwe*al] K2 [~ikic*al] .

While Proposition @,

Az 3, (2)i-(z) = [ de Ny [ dke™ s(k) Ny [ Ak e %t (k')
/ faa 26 f /

B { 2n N2 - [dks(k)t(—k) =2rn N? - [dks(—k)t(k), n=T1
T 2nNE - [dks(k)t(k), n# T ’

is for 1D, it can be easily generalised to 3D. Hence, we have

/d?’fﬂ'@id) = (277N,3)3/d3E [ —iwecagi (—ks) ca_g + (—i)wca,—;(—i)kic*a%

T].

+iwc*a£ikica5 + iwc*a%(—i) (—ki) c'al

The (—)E—subscripts of w and c are dropped as w; = w_j: and hence c; = c_j.

Having seen the dependence on the Fourier transform normalisation, we can

now take our usual choice, N} = \/%, to eliminate the factor 27r/\/,f. We

can see that the first and fourth integrands are odd in k and so their integrals
vanish. With the remaining terms, we have

/dgfw@gb = — /dBEwkicc* (aTa + aaT) = —/d?’E% (aTa + aaT) .

We finish the calculation by noticing that, with the Lorentz index p = 1,2, 3,
o* = —0;, k; = kM. |

Here, the factor % becomes evident when we perform a normal ordering:
Pli= /dBEkiaTa, i=1,2,3.
It is insightful to compare it to :H: side by side:

Eq. (@) :H::/dBIgwaTa.

Now, we can derive the more general Heisenberg’s equation of motion (EOM),

i[P", 6] = 96 (2.8)
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We will see other similar “EOMs” in later sections. Restoring the -notation for the
moment and rearrange the terms, we have (Exercise P[]

Pl = [d% 15“}7 (2.9)

where p#* = iO" generates spacetime translation (see epigraph of this chapter), and
P* is the amount of the energy-momentum of the field.

2.2 Complex Scalars

Scalar fields are useful models to illustrate the mathematical structure of quantum
fields; new properties arise with new construction. In the following, we will show
that by uniting two independent real fields into a complex field, we have the first
sight of particle-antiparticle dualism.

Consider two independent real scalar fields, ¢; and ¢o, with the same mass.
Their associated quantities, i.e., those discussed in the preceding section, are all
labelled with subscripts ¢ = 1,2. While the respective state is normalised as

Eq. (L3d):  k|K) = 220 <O‘aka;r€,

0) = |Z4f26 (k= ),

the 1, 2-spaces are orthogonal:

(k|¥) =o0.

2 1

Correspondingly, each pair of their associated operators commutes:
[@1, (52] —0.

At the classical level, suppose that the two fields now form a non-interacting
system, whose Lagrangian is

L [¢p1,0,¢1, b2, 0,p2] = L1+ La,

where individual £; 2 comes from

Ea @) £16,0u0] = 50,006 — Lm0,

Now, define a combined field,

1 — i
= = 2.10
¢ V2 (2.10)
By taking the Hermitian conjugatea, we have
¢T — M (2.11)

7

which is considered independent of ¢ in its contribution to the Lagrangian. The
Lagrangian then takes the form

L [¢17 8M¢17 ¢27 8M¢2] =L [(ba ¢T7 a;t(ba 6}1¢le = 8M¢8#¢T - m2¢¢T (212)

3¢J{’2 = ¢1,2 as both are real.
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The Euler-Lagrange equations can now be derived from it:
(82 + m2) ¢ =0,
(0 +m?) ot =0,

which do not look too interesting, but nevertheless, let’s move on.
The canonical momentum of the ¢ field is

o
ol
which is no longer ¢. And that of ¢! is
= 8—£ =¢=nl.
of

The Hamiltonian density is
H [p, 7, ", 7] = 7+ nlot —
=200t — (961 — Vool — m2ao!)
= 91 + VoVo! +m?pe'.

Now that we have quantised ¢ and ¢ in the sense that both ¢1,2 are quantised,
we can check that

[6(Z. ), 7(F.0)] = [¢'(Z. 1), 7" (7,1)] = i6°(F — §). (2.13)
For completeness, the remaining commutators are
0=[p,¢] = [r,7] = [¢,¢'] = [« ]
=[¢,0"] = [z, ]
=67 =1

Recall that both ¢; 5 are expanded as

Eq. (@) ¢ = K3 [ca] + K2 [c*aT] ,

1

with the same ¢ = \/ﬁe_i“t due to the same w originating from the same mass.

Now, because ¢ # ¢, we need to have two degrees of freedom, a and bf, in the
mode expansion:

¢ = K3 [ca] + K2 [c*b1], (2.14)
where a and b! are defined similarly to

b1 —ig2

S

as
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We can construct the additional expansion:
¢! = K3 [cb] + K2 [c*a'],
7= ¢! = K3 [~iweb] + K2 [iwc*al] . (2.15)

The full list of annihilation and creation operator commutation relations is

ageal ] = [opott] =5 (F— 7).

0=[ag.ap] = [ty bp] = [ak.al] = o]0} ]
= [a.b] = af. 0t |
= [aE,bT]z,} = [CLTE,b,;/}

Now we can discuss some physics. First, let’s examine the vacuum:

ag |0) = blZ |0) =0,

E>a = a£|0) = 7 ,
Ky = oLl = W

The states created by the two modes, af and b (Exercise E@), are orthogonal:

F

And the Hamiltonian is (Exercise E@)

/2’>a —0. (2.16)

H = /d?’/;% (aial + alal{ + agag + a2a£>
= /d312w (ala+bb'), (2.17)
H:= /d312w (ata+0'b). (2.18)

Second, the spacetime picture: the Feynman propagators are (Exercise E@)
(01T [6 ()& ()] 0) = (0] T [¢ (x) &' (y)] |0) =0, (2.19)
(0] T [¢(x) ¢" ()] | 0) = Ar(z — y). (2-20)

From the non-vanishing one, we can see that both modes propagate separately from
early to late time:

(O[T [¢(x)"(y)] |0)
(0] 6@l (5) [0) ~ K[(0]aa' [0)] . 2 > °
(0] 61 w)ota) [0) ~ K [(0] 0T [0)] . 10 > 2"
2.2.1 Noether’s Theorem

Noether’s theorem says that “a conserved current is associated with each gener-
ator of a continuous symmetry [Zee03].”
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A conserved current, J#* has a vanishing total divergence,

0
aujﬂzaait—Fv J=0.

Note that this is also known as the continuity equation. With a vanishing three-
current at the spatial boundaries, we have a conserved charge:

Q= /deJO,
0_/d3f8 J“——/dB“JO /d?’g-c*v J

dt+ /dSJ

=0 at boundaries

The conserved current and charge are called the Noether current and Noether
charge of the symmetry, respectively.

At the classical level, we now verify that the Lagrangian of a complex scalar
field,

Eq. (212):  L[¢1,0,01, ¢2,0,00] =L [6,6',0,0,0,0'] = 8,60"¢" — m2¢s',
is unchanged by the transformation:

d—e Yp, ol 5ol geR.

Insight
¢ and ¢! are formed by two real scalar fields, ¢ o
P2 .
x Bo. Q1) o= 222
eia¢T ¢1 + 2¢2
Eq. (P sl =2
q R.11): ¢ 7
¢t ;
o The complex phase, €9, rotates ¢ and ¢!, while
- 61 keeping |@|* ~ ¢2 + ¢2 invariant—a global (mean-

ing independent of space and time) U(1) symmetry
we shall revisit in §p

For infinitesimal g, they become
¢ — ¢ —igp, ¢ — ol +igel,
and therefore the changes in the fileds and the Lagrangian are, respectively,

5p = —igp ,o¢" =ige',

oL oL oL
0=0L= "6+ ——"050 ot + ———— 60,61
96" " 5(0,9) “‘“aw P )
_oc oL
§5¢p + ———80 h.
967 T 5(0,9) 00T e

(apply E-L for the first term)

oL oL
- [a“mam)} 20t 50 (00T
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oL
= O {awm) 59] e
=0,J",
where
oL
Jb=—"_§ h.c., 2.21

is the Noether current. Therefore, the Noether charge is
oL
= [ &z J° :/d3*—. —ige) + h.c.
Q / 5 ¢( 99)
= —ig/d?’f (m¢ — h.c.). (2.22)

Insight

At the classical level, instead of
Be. @28 Q=i [ €7 (16~ he),
we could have arrived at
Q= /d3fJ0 = /d%’(—igqb)a—ﬁ. +h.e.
o
= —z’g/d?’f (pm —h.c.).

Once quantised, they differ by

—ig/dsf ([6.7] + [61,71]) = 29 (/ d3f) 5(0),
which will not affect commutators on the one hand as it is a c-number, and will
be eliminated by normal ordering on the other hand. This serves as an example
how unphysical infinities arise from arbitrariness at the classical level.
After quantisation, we have (Exercise EE)
Q.6] = —g6, [@¢'] = go. (2.23)
Or,
i[Q,¢] = —ige =0, i[Q ¢'] =igg" = d¢'
—another set of “EOMs” in addition to
Bq. R8): i[P".¢] =00,
Now, let’s continue the physics discussion of complex scalar fields. We find that,

Q= g/d?’E (afa —bbl) (2.24)
Q: = g/d?’E (aTa — bTb) . (2.25)
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Proof. Recall the definitions,

g
N

Eq. (2.29): Q= —ig/dgf (m¢ —h.c.),

Eq. (2.14): ¢ = K2 [ca] + K2 [c¢*b1],
Eq. () m=¢l = K2 [—iweb] + K2 [iwc*aT] :

Similar to the calculation of P* in Eq. (@), we have
/ Brre = / 4>z (K3 [—iweb] K3, [ca) + K3 [—iweb] K2 [c*bT]
+K3 [iwc*aw K3 [ea] + K2 [iwc*aT] K3 [c*bq)
= /d?’E ( —iwecbga_j — iwee*bb! + iwec*ata +iwc*c*a;%bié) .

_ " " iwectata — iwech ~a-
h.c. = /d k (zwc*c*aigbg + iwee*bb" —iwec*a'a — zwccb_kak> .

Because fd?’lga];b_g = [d’k a_gbg, all the “k-flipped” terms cancel:
/dgfﬂgb —h.c. = /d?’E (fincc*bbT + incc*aTa)
= /dSEinCC* (aTa — bbT) = i/dgl; (aTa — bbT) .

Multiply by —ig, and the result follows. ]

As a comparison, we see that the sign between the two modes is in contrast to the
Hamiltonian case:

Eq. (2.17): H:/dSEw (ata+bbl),

Eq. (2.18): ;H::/d?’/Zw (ata+0'b).

This sign difference is physical: we have

[.Q;aT gaT,
(Q:a] = —ga
[:Q:,0] = —gbT,
[:Q:,b] = gb,

via direct substitution, and, therefore,

:Q: ‘];;'>a =Q: a;% |0) = (aj; Q- +gaT) 0) =g ‘E>a7

@ ‘E>b -9 ’E>b

That is, the two modes created by a' and bf carry opposite charges!
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2.3 Spinors
At the classical levelE, the Lagrangian of the free spinor field ¥ is

with the Dirac adjoint,

¢ =gfy0
Because
or o -
o0 =" G T
oc . pe oc
@ - (2’7 a}l« m) '(/17 o (aua) - 07

we have the Euler-Lagrange equations, which give us the Dirac equations (Exer-
cise Pl4d),

(iv*9,, —m)p = Dy =0, (2.27)
¥ (i7" 8u+m) = D — 0. (2.28)
Here, we introduce D°P and %SP to denote the Dirac differential operator and its

adjoint equivalent, respectively. Applying (i7", +m) to its left, we recover the
Klein-Gordon equation:

0= (7;7“8# + m) (i'yyau - m) P
= (=7"9,7" 0, — m*) p = — (8> + m*) ¢.
The canonical momenta read
=2 i —int, 7=,
oY o
which lead us to the Hamiltonian density,
=)+ 70— L
= il = ("8, — m) ¢
= itpTe), (2.29)

where the last step has applied the Dirac equation.
Similar to the complex field which has a Noether current,

oL
Eq. CJE = 56 + h.c.
a- (21) 50nd) ¢ +h.c.,

the spinor field Lagrangian,
Eq ( ): L [% 8'4[}7@; 8m = @(Z’}/Hau - m) dja
enjoys a global U(1) symmetry under the transformation,

W — e Y, ) — e, (2.30)

4While it is true that the spinors here are not operators yet, they are not c-numbers either—they
are vectors in the spinor space and, therefore, the order matters among them and the «-matrices.
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with the corresponding Noether current,

. oL
T =00,0""

oL
50 = gy, 2.31
5 (0,7) Y = gy (2.31)

and the Neother charge,
Q= / APz J =g / d®z 1
:g/d3§:’wT¢. (2.32)

2.3.1 Dirac Equation

Let’s pause and take a look at the solutions of the Dirac equation—Dirac spinors.
First, we have the anticommutation relation of the gamma matrices (Exer-

cise E@)
{7 = 29"
Spinor Algebra I
Proposition 2.1 With an arbitrary 4-vector z,
(1°)° =1, (@)?2=2% 729" =2"—~'z.
These lead to the following useful expressions:

(yp+m)(yp —m) = (yp —m)(yp +m) =0
= p(yp —m)=—m(yp —m), p(yp+m)=m(yp+m).

Namely, one can replace yp right in front of vp £ m directly by +m:

(yp +m)(yp + m) = 2m(yp + m),

(yp—m (vp m) = —2m(yp — m),
(yp + m)7y°(vp +m) = (20° — Y°p + m7°) (vp + m) = 2p°(vp + m),
(vp = m)¥°(vp — m) = (2p° — 1%vp — m7°) (vp — m) = 2p°(yp — m).

In the Dirac representation (Exercise B@),

I 0 0 oF 0 I
0 _ k _ 0,1,2.3
7—(0 1)’ 7—(_0k 0), ok wvvv—(l 0>,

where I is the 2 x 2 identity matrix, and o* (k = 1,2,3) are the Pauli matrices:

1 01 2 0 _i 3 ]. 0
A=) =0T =605

It is evident that only 7° has non-zero diagonal elements. We can verify that
(Exercise B.4d)

(v =090 (2.33)
Second, we notice that,

£ IPT ipT
10e'P* = —pe'P?,
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i0e™PT = peTiPT,

For the Dirac equation,
Ba. Q21): (1970, - m)v =0,
we have two plane-wave solutions:

¢ =u(p)e ", (yp—m)u(p)=0;
¢ =v(p)e™”, (yp+m)v(p) =0.

(2.34)
(2.35)

Consider the solution for p’ = 0, i.e., in the rest frame of the field particle where

p = (m,0). We have
(,YO - 1) u(ﬁ: 0) = 07
("' +1)v(@=0)=0

Spinor Algebra II
Proposition 2.2

Uy = , Uy =

coc o
|
oo RO
<
S
|
o= oo

Spinor Algebra III

Proposition 2.3 For an arbitrary 4 x 4 matrix M,
ugTMug/ = My, USTM’US/ = Moyso4s,5=1,2.
This is particularly useful when M is the y-matrix:

0 0 0,0, ,0
udTyzu®, = w27 zgud = 6,020,
0

0 0 0t .0
vyl = 091902000 = -6, 2o
where x is an arbitrary 4-vector. Further more,

I, 0 Y +1
0,0 _ 2 —
Zusus (0 0> 9 9

s=1,2

0 0 1—49
0,07 _ _
Z%%%ob%-g'

s=1,2

We can now construct the solutions for non-vanishing p

Usg (p) = Nsp(’yp + m)ug,
vs () = Nep(yp — m)v2

where Ny, is a p-dependent normalisation factor, and, at p'= 0,

Us (ﬁ: 0) = Ngypm (70 + 1) ug = 2Nspmug,

o

_ o O

(2.36)
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Vs (ﬁ: O) = —Ngp (70 - 1) ’US = 2Nspmv2.

To see that they are indeed solutions of the Dirac equation, we can put them back
into the equations,

Eq. (2.34): (yp—m)u(p) =0;

Eq. (.35): (yp+m)v(p) = 0.

>

For example,

(yp —m)us (p) = Nep(yp —m

= Nep(p* —m

(vp +

0

?ug

The normalisation of these solutions are (Exercise E @

ul (p)u (p) = 8552 (m + E) N2 (2.37)
= vl (p)vs (), (2.38)
Uy (p)us (p) = dser2m (m + E) N2, (2-39)
= —Us(p)vs (p). (2.40)

Proof. Using Proposition @—@, for Eq. (),
ul(p)us (p) = w3t (v7p + m) No, (yp + m)ul,
=) (vp + m)y°(yp + m)u N2, = 03 (vp + m)ug Nay2p°
= u®" (yp + m)ul, N2 2 2p° = 65 (m + p°) N2,2p°

Others follow similarly [Exercise E.]—the “—7 sign in Eq. () traces
back to Proposition ﬂ |

It is very often that we need to do spin sums, which are given as follows:

> us (p) s (p) = N2, (m + E) (yp +m), (2.41)

s=1,2

=Nz, (m+E)(yp—m). (2.42)
s=1,2

Proof. For Eq. (),

Zus s 2 (yp+m) Zuo It (v'p+m)A°

0

_ A2 7t
_Nsp(’yp"i'm) 9

1

(yp +m)
2p° 4 2m?° . 9
—5—(p+m) =Ny, (m +p°) (vp + m).

Similarly for Eq. (- [Exercise E |

2.3.2 Quantising the Spinor Field

_ n72
= Nsp

We are going to build our spinor field expansion on top of what we did for the
complex scalar field:

Eq. (2.14): ¢ =K3[ea] + K2 [¢*b1] .

Now, the differences are that
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1. there are additional degrees of freedom for “spins”: s = 1,2 for u and v each;
2. the free field expansion needs to automatically satisfy the Dirac equation.

Therefore, we have the following expansion of the spinor 1) field, trying to maintain
a parallelism with the complex scalar:

2
C E AsUg
s=1

It satisfies the Dirac equation in the light of
—ipx

Eq. :34): ¥ =u(p)e ", (yp—m)u(p)=
Eq. (239): ¥ =v(p)e™, (yp+m)v(p)=0,

+ K2

Y =K}

2 —twt
* : €
c g blvs] , with ¢ = e (2.43)

0;

where the phases, et have dissolved into the Fourier transforms and ¢’s. Then,
7w and v can be constructed as follows:

icz bev! ic* Z aiui] ,
S S
—iwe Z GsUs iwc* Z blvs] )
S S

Note that the 1’s on the spinors must be consistent across all terms.
Continuing the list of differences, the last modification is

W:in:IC‘j_ + K3

=K + K3

3. to change commutators to anticommutators.

The only non-vanishing anticommutators are

{as E’alr k?’} = {bs Eabl, E’} = (555’53 (E—k_;) .

Background

The last point of the recipe was not as straightforward as it sounds nowadays.

To the problem of whether one uses commutators or anticommutators to
quantize g-numbers, they replied:

“It is apparent that from the standpoint of wave quantization and of the
relativistically invariant treatment of the many-body problem, the two
types of solutions, namely Bose-FEinstein statistics on the one hand, and
the exclusion principle on the other hand, will also always appear as
formally equivalent. Thus, no satisfactory explanation can be given why
nature prefers the second possibility.”

Heisenberg and Pauli regarded the step of quantizing with either commu-
tators or anticommutators to be a ‘well known peculiarity’, and proceeded
to do all calculations with commutators and anticommutators. As Pauli
(1985) wrote to Klein on 18 February 1929 concerning either method of
quantization, "we obtain not any information at all on the inner founda-
tion of my exclusion principle’. This quest for an “inner foundation’ was
central to Pauli’s thoughts during the 1930s.

— A. 1. Miller, Early Quantum Electrodynamics: A Source Book, p. 32,
§3.2 [Mil95]
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The following approach we take is opposite to that for the scalar fields; now we
are going to use the creation and annihilation anticommutators to determine the
field anticommutators:

(W (E.0) 73 (7.0)) =0y [ S5

where a and (8 are spinor indices.

Proof.
{% (-7?7 t) » T8 (57 t)}

c g Aslg
S

]CB

(03

=q K3

ic* Z aiul]
S

B

+ K3 K3

c* Z blvs icz bsvl]

__G /d3Ed3E' 1 1 il_c“f—iwkte—il_c‘/-ﬂ—&-iwk/t

[0

(27‘()3 \/ka vV 2wk/ ¢
x (Zusug,> lagal} + / ..
ss’ aB ~——
=0, 8% (k—Fk")

(if 8= s’)

NZ, (mtwi) [(vk+m)70] o6

i I R
: y
—;Nz m + w oo
= 2 - /d3k Sp( k) [ezk (Z—7) ('Yk‘i“m)
(27T) ka
e~k — m)} 70}
af
(change of variable, B o= —E, in the second ferm)
) 2
' 3 Nop (m + i) [ ik-(F=7) (0 i
= &K 7 i
{(277)3 / QWi ¢ (YPwr — ¥'k; + m)

Lok (1) (10w, + ki — m)} 70}
af
7 s2p (m + wg) ik (@

“D2uwi, (1°7°) o

|
[\)
=] ~

~—
W
o,
w
™

ka
i , R
= P /d?’k:stp (m + wy) e @D 4
2.504 = Z_. i
- (253 /dgkap (m + w) e =9 u
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If we chooseE

1
vm+ w,

the integral becomes a § function, and, finally, we have

]Vsp:

{wa (fv t) T8 (?j, t)} = i(saﬁég (f - g) ’ (2'44)

which is similar to the scalar cases:

Real scalar, Eq. (@) [6(Z, 1), 7(7,1)] = i8> (& — §),
Complex scalar, Eq. () [6(Z, 1), n(7,1)] = [¢T(Z, 1), 71 (,1)] = i63(Z — §).

Aside

The so-called second quantisation—quantising via a and a'—has the advantage
of a unified formulation. This becomes evident when comparing the dimensions:
[E]73/2 (the exact value depending on our convention) for a and a' for both
scalars and spinors. In contrast, the dimensions of the fields are [E]' and [E]*/2
for scalars and spinors, respectively.

Now, the spinor normalisation and sum,
Egs. ((£:37)) and (£38): i (p)us (0) = 6.2E (m + B) N2, = v} (p)vs (p),
Egs. ((£:39) and ((R.4d):  @,(p)us (p) = 602m (m + E) N2, = —,(p)vs (),
Eq. (RA41): us ()T, (p) = N2, (m + E) (vp + m),

s=1,2
Eq. (2.42): vs (0) By (p) = N3, (m+ E) (yp — m).
s=1,2
reduce to
ui (P)us (p) = ds552E = UI (P)vs (p), (2.45)

Us (p)us’ (P) = (sss’Qm = —Us (p)vs’ (p)
us (p)Us (p) = yp+m,

vs (p) Us (p) = yp — m.

In the end, let’s consider the charges. We have
H = /dggw Z (alas — bsz ,
Q=g / EF S (alas +bbl) -

5Regardless of our conventions on Fourier transform and c: as in Proposition B, restor-

213
(2mN) 43, and the integral for {u, 7} ~

2wee*

ing the prefactors, we should have {a, aT} ~

(271’./\[13)3 Jec* (2m Ng)”

2wcee*

#3=_ %63 which is the same as with our current conventions.
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Proof. From the definitions, Eq. () and (), respectively,

H= /d3 ity

(cross terms vanish because of orthogonality)
:z‘/d%’ <IC3+ [chsvll K2 iwc*Zble]
S S
3
+K2 | Z alul
S

. - (1 )
:z/d3k <2Zvlvs/bsbi/ —3 Zulus/alas/> ,
ss’ ss’

(following the normalisation [Eq. ()})

K

fiwc; auD

:/dBEw (—stbi —i—ZalaS) ]
Q=g [ @5yl
:g/dgf (lCi ch v! ZbTvsl

+KC3 e K3

ZaTuT

—o [ @ [ LS vtoubol + L S wtusala,,

_g/d k <2w %/:vsvs bsb, + % %/:usus alas

:g/d3E > (b:d] + alas) - |
S

Note the different “—” signs compared to the complex scalar fields:
Eq. R17): H = /dBEw (ata+bb'),
Eq. () Q= g/d?’E (aTa — bbT) .

Because of anticommutation, a “—” sign naturally shows up when the normal or-
dering takes effect. Therefore,

H: = /df‘z%'wz (alas + blbs)
79/(1314;2 (alas — biby)

which have the same forms as for the complex scalar:

Eq. (.1§): :H:= /dSEw (a'a+b'b),
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Eq. () :Q::g/dSE (a'a —b'b)

2.3.3 LSZ Reduction for Spinors

We now solve a, and bf from

2
Eq. (24d): ¢ =K3 lcz astis

s=1

e—iwt

2
+ K3 | blvs , with ¢ = ,
3 i 7z

with the help of
Eq. (249):  ul(p)uy (p) = 0ss2E = vl (p)vs(p),
and

Proposition [3:  F, [st,] = {

Similar to the real scalar case,
Eq. () Fi [iwk@] = iwger —pa—y + Z.WkCQ)kaL,
we have
F3 {ul, (k") w} = 2wcay , and
F3 [vi, (k’w} = 2webl,,

where the common k’-dependence on the right hand sides has been suppressed.
Having solved them directly,

F3 [ei“’tuiw] - F3 [ei“tﬂsvoz/}]

N Ne I
bT _ ‘Fj— [e*i‘*’tv&/)] _ f—?— [efiwtﬁs,yol/}]
? V2w V2w ’

we now take the time derivative,

F3 [0 (e uny)] F3 [—iei“’tﬂs (z‘yoét + iyoét) ¢]

Oas = R = NoE ,
o = FLLor (e many)] 7 [ m (18 +5°%) o]
’ V2w V2w
Because
Eq. (2:34): ¢ =wu(p)e ™", and
Eq. £33): =0 (p)e?

are solutions of

we have
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—

e g . iy00y = e T (i'yiéi — m) .
Therefore,

F3 [—z‘eiwtﬂs (w 5 —m+ Ma}) 1/;}
V2w
78 [—ietw, (=90, — m+ 8, ) o]
V2w
F3 [—iei“tﬂs i'y“gu - m) 14
Vow
F3 [—ie™tu,DPy]

875“5 =

_ , 2.46
o (2.46)
where the second line is by integmtionE by parts for 0;, and similarly,
F3 _—ie_i‘“tﬁs (wlél —m+ ivogt) ’(/J:|
8th = =
V2w
F3 | —ie~ Wi, (—z’vi('“};- —m+ i'yogt) 1/1}
B V2w
}"_‘T’_ —je~ Wiy, (i’y”@l — m) 1/1}
B V2w
= Fi [_ie_thESDSPw:I . (2.47)
V2w
Taking Hermitian conjugate, we have
F3 [ie_i“t@ (—iv“ 5# - m) us} F3 [—ie_i‘“t@%“’us}
dpal = = . (2.48)
V2w V2w
F3 [iei‘”ti (—z’y“éu - m) vs} F3 [—iei”t@%wvs}
Ogbs = = (2.49)

V2w - V2w

Let’s summarise them in Table @ with the real scalar field (to be generalised
from 1+ 1 to 3+ 1 spacetime),

F_ [ie™DXC ]

s

Fy [—iemwIDRG g
V2w

Eq. (L.31): 0 =

Eq. () ora’ =

Now, let’s proceed to derive the LSZ reduction formula for spinors. First, check
the vacuum:

60nly works for the spatial dimensions as we assume all functions vanish at spatial infinity.
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Ald Y ()

Eq. ([L.31): da Fi [-DXC¢]
Bq. ([1.32) Orat FL [DXCg]
Eq. (2.46): dras Fi [usDPy]
bo @ oul L [pD

.46
.48
Eq. (R.4d): B;bs Fi [E%Spvs}

Eq. ( ): 3tb]; F? [0,D%P)]

Table 2.1: Time derivatives of creation and annihilation operators, integrated over
time to form the full 4-dimensional Fourier transform, for the real scalar and spinor
fields (the latter denoted by the spin indices).

Second, we observe that the calculation leading to

Eq. (Lad): i1 = - <o ‘ /dt1 dts T [atla} (t1) i as (t2)] ‘o>

is also valid for spinors (upon absorbing the spin indices into the subscripts “1” and
“2”). Substitute its [ dtdya'l) with Egs. () and () of Table. R.1|, we arrive
at the LSZ reduction formula for the spinor a-field:

Ty ~ FL FL <O ‘ T [(@1%?“1) (ﬂﬂ)gp%)} ‘0>

= 74 (0| 7 [ (75w o)

= F  FlowDP (0| T [vav,] | 0) %ipm (2.50)
= FFL oD (0|7 [aathys] [0) DPuss

(= filfizﬂﬂ);psu%ipul) (2.51)
= ]'-ilfi,z(@l);p?ﬁ?),_(l%%ipul)» (2.52)

where a and (8 are spinor indices as in
Eq. R44): {va (Z,1),75 (§,1)} = i0ap6° (&~ ).

Restoring the spinor indices allows us to move the spinor around.
Here the time-ordered product is defined as follows:

T [% (:E) Jﬁ (y)] = 1q (:17) @5 (y) 0 (IO - yO) - Eﬁ (y) Yo (I) 0 (yO - xO)
_ { Ya (96)% (y), 2% >y°
—¥g () Ya (), y° > a°
Compared to the scalar case,
Eq. ( )Z T[A(tl)B(tg)] :A(tl)B(tg)H(tl *t2)+B(t2)A(t1)0(t27t1)

d\. . A(t)B(t),t>t
Eq. (L3d): ‘{ B(t)A(), ta >t

there is again a sign difference due to anticommutation.
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The spinor Feynman propagator is,

<0 ’ T [T/Ja (fv)% (ZU)] ‘ 0> = SFap;

with

'k yk+m Ak e th—w)
S _ =3 —ik(z—y) = / .(2.53
r(@—y) z/ (27r)4 k2 —m?2 —I—iee ! (27r)4 vk —m + i€ ( )

For notational simplicity, we introduce the shorthand

SY¥ = Sp(z —y)
= (0| T [ @) ¥ ()] ]0)

= b @), (254)
The contraction (see § ) will be helpful in understanding the spinor algebra of
the amplitude, e.g.,

—

. — S — <_s
Eq. (2:52): T ~ F* \Fi 5 (@D5P4s) (¥ D uy).

It can be readily verified that Sg is indeed the Green’s function for the Dirac
operator, DP:

DPSp = (i7d — m) Sp = id* (x — y) .
The corresponding Feynman diagram is defined in Fig. @

Yy—>—2
sve

Figure 2.1: Feynman diagram for a spinor propagator. Note that the spinor arrow
goes from y to x, regardless of the time arrow.

From the outset, we have defined the arrow of time from the in-state, “1”, to
the out-state, “2”. From the LSZ formula of the a-field,

Bq. (R50): Ty ~ F2 FLwDP (0| T [1s9,] | 0) DiPus,

we have two observations: First, only the u-spinors are involved. Second, the time-
ordered product, T" 421, ], is no longer symmetric with respect to “1” and “278—it
naturally defines a “spinor direction”, conventionally from the w-field to the -
field—but instead has the “arrow of spinor” from “1” to “2”. For the a-field, both
the arrows of time and spinor are in the same direction.

Finally, let’s consider the b-field now: upon substituting Egs. () and ()

a2 ()
of Table. R4, Bq. (R.ad): 0,b. F [@%spvs} , into
Eq. (2.47): b} F* [0, DPy)]

E

Bq. (Lad): iTo = — <o ‘ /dt1 At T [0} (1) D5 (12)] ’o> ,

7And hence the asymmetry between u; and us.
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we obtain the LSZ reduction formula for the b-field

22,74 (o] [iopois 7

0)
~ FLLFL 5D (0| T [41,] | 0) DiPvs
= F* L F 5 DS D, (2.55)
4 4 sp T 55
= FL 1 Fy 201 DP1) (109 D5 w2).
We see that, for the b-field, only the v-spinors are involved, and the arrows of time

and spinor are in opposite directions!
Similar to the scalar case,

Eq. (L47): iT% ~ f{ (1‘[@-) (O T[Ty ] |0>},
the multi-spinor LSZ reduction should now read

Ty~ Fla..o.. D% (0| T [, ][0) D v}
\ \ i 1
:f{(wspw)...(wsw)...(¢%spu)...(¢%svv)...}, (2.56)

where the vertical lines above the spinors mean that these fields are to be contracted.
It is useful for the wD®P etc. to “tag along” the fields when performing contraction
since each “(---)” is a scalar in the spinor space—each scalar is free to move around
inside the time ordering, which simplifies the calculation to some extent.

2.4 Photons

At the classical level, the Lagrangian of a free photon field is
1
LA 0A] = _EFWFW’ (2.57)
with the electromagnetic field tensor,
F,, =0,A, —0,A,.
Electrodynamics
Proposition 2.4
€ijk€kim = 0il0jm — OimOji,
with the Levi-Civita symbol €;;, and the Kronecker delta d;;.

Proof. Introduce the determinant representation of €;;, using the unit vector
é; whose components are all zero except for the i-th component:

€ijk = |éi éj ék| = |é
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Note that this representation also works for more than three indices. Writing
the summation explicitly, we have

et di. di Oim
Z €ijk€kim = Z é% : |ék €1 ém| = Z 6j 6j 6j
% kel k |Okk Okt Okm
dj1 0 dit  Oim 01 Oim
=376, % O%m| _ N7
zk: K10k Orm zk: K161 Ok +§k: 0ji Ojm
6ji 0j O Oim L
— 5“ 5”” = 5j 5j ‘ + 3 6]' 5]‘ ‘ - 5Zl§jm 57,m5jl7
where é5é = . |

Proposition 2.5 The electric and magnetic fields, E and é, respectively, are
related to F** and F),, as follows:

0 —-FE —-E, —Ej 0 F FEs FEs
v _ Ey 0 —Bs By  F = —F; 0 —B3; B ’
Ey Bj 0 —B; —FEy Bj 0 —B;
E3 7B2 Bl 0 7E3 7BQ Bl 0
namely,

F% = ;= —F, F = Fij = —€1 Br,
where the Latin indices i, j, k (= 1,2, 3) correspond to the spatial components.
Here, the E- and B-field components and ¢;;;, ignore the index placement rule.
Proof. We can prove the first equation by directly following the definitions:

FO = 0°A"— 9'A°, A" = (¢, A), 0" = <§t, —ﬁ) B =—A-Vs.

Then, because B =V x /Y,

By = €pm (—0') A™,
_GijkBk = €ijk6kgmalAm = (5il(5jm — (5j15im)6lAm = 61'Aj — 8in = Fij.

We prove the remaining equations by observing that

1

—1
gwj = Guv = 1 ) F,ul/ = guaFaﬁgﬁv~

-1
The left matrix g, flips the signs of rows 2, 3, and 4 of F°P and the right
matrix gg, flips columns 2, 3, and 4. |

Proposition 2.6 Immediately, we have
1 1/= =
L[4,04] = — Fl F™ = 2 (E - B) :

Note that,

OF, 0
5 @A) D(0uA) W T O
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_ s« asfB
=056 — 8300

We have
oL 19(FuF"™) 0F,,
9(0ads) 4  OF, 0(0nAp)

1

_ v(sasB _ sasB

= —7 2" (600, — 679)

— _1 (Faﬂ _ Fﬁa)
2

— 7% (FP 4 FF)

= —F°B,

This gives us the Euler-Lagrange equations,

oL oL
0=34, = %34,
= —Qo F*
= —0y (0“A* — OHA®)
= —0?AF + 90, A”. (2.58)
These four equations (with ¢ =0,...,3) do not determine A* uniquely.

The redundant degrees of freedom can be removed by gauge fixing. In the
Coulomb gauge, we fix one degree of freedom by requiring

V-A=0.

As AV is fully determined by the charge density (Exercise E@), another degree of
freedom is fixed. As a result, only two degrees of freedom are left for a photon field.
Another common gauge is the Lorenzf gauge,

0, A" =0, (2.59)
whereby the Euler-Lagrange equation simplifies to
D? A = 0. (2.60)

Alternatively, we observe that, neither the Lagrangian nor the Euler-Lagrange
equation changes under a gauge transformation of A*:

AM s AM 4 O, (2.61)

where ¢ is an arbitrary scalar field. The Lorenz gauge is realised via this gauge
transformation if

D*g = —0, A" (2.62)

A third—and rather elegant—approach is to add a gauge-fixing term to the
Lagarangian:

1 1
L= FuF" Ly Ly=—50,A"9,A".

8Not Lorentz!
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We first check that,

IL, 9 (8, A)
=—=.2(9,4"
PIC 3 204" (8aAp)
:535%
—sapB

= 5P, A",
Then, we have an Euler-Lagrange equation that is automatically gauge-fixed:

_ oL — _ 92 pn Iz a _ gp B
0—8a8(aaAM)— 0“A" + 09, A 0"03A

= —9%Ar.
One way to generalise this gauge-fixing term is to parametrise it:

‘Cg (5) = 7%&6/LAH(9VAV, (263)

giving the corresponding Euler-Lagrange equation (Exercise B@)
1
{—3295 - (5 - 1) a“aa] AY = (D™ A = 0. (2.64)

Here, we introduce D°™ to denote the electromagnetic differential operator. The
choice of £ = 0 is called the Landau gauge (by forcing the numerator of Eq. ()
to 0 to realise the Lorenz gauge), whereas £ = 1 corresponds to the Feynman
gauge. In the Feynman gauge, the EM-differential operator is the usual one:

DM = 92, (2.65)

Background
The canonical momentum of the field Ag is
oL
— 5 = O7
0Ao
which vanishes, instead of being dynamic. It is amusing to see how devastating
it was for Pauli—when it comes to Pauli, nothing is undramatic, though—

..Consequently the quantization procedure failed. This was a tremendous
setback to the program. As had been the case in 1924, when he failed to
solve the Zeeman effect, and in the spring of 1925, when the old Bohr
atomic physics completely broke down with no alternative in sight, Pauli
once again despaired. In the 1924 crisis he delved into the Hamburg
underground cafe culture; in 1925 he considered taking up movie directing;
and in 1929 he began to write a Utopian novel (letter to Peierls of 18
June 1929, in Pauli, 1985). Heisenberg, however, thrived in periods of
flux and resolved this difficulty.

Heisenberg’s ‘Kunstgriff’, as Pauli referred to it to Peierls, was to add to
the Lagrangian density the term...

— A. 1. Miller, Farly Quantum Electrodynamics: A Source Book, p. 33,
§3.2 [Mil95]

Here, the term refers to our Eq. () Interesting enough, we do not name this
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‘trz’ckg’ after Heisenberg. This might be the only reasonable choice; otherwise,
half of the textbook would be cluttered with his name in order to be consistent.

%Instead, I prefer the perfect translation in Chinese—#¥ k% %&.
Similar to the discussion for the spinor field in §:
Ba. R34): v =u(p)e
Eq. (2.36): us (p) = Nep(yp +m)ug,
let us postulate a plane-wave solution,
AH(2) = Nem (k)e" (k)e ™",

where k# is the field momentum, Nep (k) is a normalisation factor, and e*(k) is
called a polarisation vector for a reason that will soon become clear.
In the Lorenz gauge, we have

Eq. (2.59): 8,A" =0,
Eq. (2.60): 024" =0.
These translate to
ket =0, (2.66)
¥ =? 2 =0,

Therefore, the inertial frame, where k* = (w, 0, 0,w), is particularly simple, and we
have the following four solutions, €4:

1 0 0 0
0 1 0 0
o=lo =0 =10
0 0 0 1

The two transverse polarisation vectors, 5‘12, satisfy
Eq. (2.66): kue" =0.

In fact, they stand for linear polarisation. Alternatively, we have circular polarisa-
tion vectors:

0 0
1 1 1 1
h=—1 7 |, eh=—= ],
1 \/i 7 2 \@ —
0 0

which correspond to left- and right-circular polarisations, respectively. We con-
sider that e* have complex components in general but do not specify the choice
of transverse polarisations, nor are we concerned that the scalar and longitudinal
polarisations, €¢,3, do not satisfy the Lorenz gauge condition (see Insight below).
In this frame, we can easily verify that

IR
EXEN = AN
in particular,

Eié‘i/# =6\, for A, N =1, 2. (2.67)
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Because k,e# and e}, ., are all Lorentz scalars, they are invariant when we boost
the system to any inertial frame.

Now, we can write down the mode expansion of the photon field in analogy of
the others:

Real scalar, Eq. (@) ¢ = K3 [ca] + K2 [c*al],
Complex scalar, Eq. () ¢ = K3 [eca) + K2 [c*b1],

2 2
Spinor, Eq. () P =K% [cz asus | + K3 | Z bivsl ,
s=1 s=1
3 3
Photon: A* = K3 [cz axeh | + K2 |c* Z air\z-:’/\‘*} , (2.68)
A=0 A=0

where a; and a) are the polarisation-dependent creation and annihilation operators

of the photon field, respectively. The four polarisation states are not independent;
after gauge fixing, only the transverse ones should remain.

Insight

Quantisation of the Bphoton field in the Lorenz gauge involves the Gupta-
Bleuler formalism®. Instead of Eq. (), 0uA* = 0, a “Lorenz-like” (a
term following [Wil23]) condition is imposed: 9,A*F) |¥) = 0. where |¥) is
any physical state and A*(+) is the ay-part of A* in Eq. () The con-
tributions to the Hamiltonian, H ~ w (Zi:l air\a)\ — agao), from the scalar

and longitudinal polarisations, €9 and €3, respectively, cancel each other in the
sense that (as — ag) |¥) = 0. Effectively, only the transverse polarisations, &1 2,
contribute to the Hamiltonian.

%See §6.4.5 in [Wil23] and §7.3.2 in [AH13].

2.4.1 LSZ Reduction for Photons

The photon mode expansion,

+ K2

3
c g axeh

A=0

Eq. (2.6§): A* =K%

3
c* Z ala’;*] ,
A=0
resembles those of the real scalaurE and the spinor,
Real scalar, Eq. (@) ¢ = K3 [ca] + K2 [C*QT] )

2
Spinor, Eq. ():w = lCi CZ Qs

s=1

+ K2

2
c* Z b;[vs] .
s=1

Therefore we have two ways to extract aE\T): Similar to the spinor case, first apply
the orthogonal condition,

Eq. (R.67): e}, = —dan, for A, N =1, 2,

and then solve aE\T). However, the ambiguity in the specific choice of the transverse

polarisation vectors makes the cancellation less straightforward—while e\e) , and

eh*ex L (A =1, 2) equal to 0 for circular polarisation, they are non-vanishing for

9Directly taking the Hermitian conjugate of the RHS of Eq. (), we have AH* = AH.
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linear polarisation. Therefore, we take the second approach—directly solving af\ﬂ

in a way similar to the real scalar case—as follows.
First, we define

3
at = E axek.
A=0

Take the Hermitian conjugate,

a't = 23: ais’;*.
A=0
Then the photon mode expansion becomes
At = K% [eat] + K2 [c*aT] .
We see that it is the same as
Eq. (@) ¢ = K3 [ca] + K2 [c*al],
except for the Lorentz indices. Then, similar to

F_ [ie (w2 + 07) ]

Eq. () Ora = oo ,

we have
F3 [ie™! (w? + 0F) A*] 7]-"3 [ie“t92 AM]
V2w B V2w
_F? et Do Ar]
V2w ’

where w? = k2 = —V?2 and D™ = §? in the Feynman gauge.
Second, applying the orthogonal condition,

Eq. (R.67): e}, = —dan, for A, N =1, 2,

8ta“ =

we have
3 3
€§H6ta“ Zat E a,\/ejueﬁ, = —6t E a>\/(5,\>\r = —8ta>\
N =0 A'=0
F3 [iemsjuDemA“}
= y
V2w
namely,

78 [iewtes Domar]

dray = 2.69
rax o (2.69)
Take the Hermitian conjugate,
j’_’3 'efiwtg LDemA,u
dyal = 2F i At I (2.70)

V2w
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o= Jdt {} 7= 1}
Eq. ([L.31)): da Fi [-DXC¢]
Eq. ([..39): Oral F4 [DKGg]
Eq. () Oras Fi [usDPy]
Eq. () Oral Fi [@%Sf’us}
Bq. Rad: o, Fi[5Dww,]
Eq. (2.47): bt F* [5,D%)]
Eq. (.69): Bran Fi {sjuDemA“]
Eq. (R.70): dpal F[—ex, D™ A

Table 2.2: Table EI generalised with the photon fields.

Compared to the scalar case, we have an extra “—” sign due to the metric. We can
now expand Table @ with the photon fields.
For the LSZ reduction, let’s check the vacuum:

a)\,E |0> = 0,

A, k>Eai’E|O>, A=1,2,

namely, only transversely polarised states are considered. We now collapse all A
and k dependence into the in- and out-state subscripts, “1” and “2”. Then similar
to

Eq. (L4d): Ty = — <o ‘ / Aty dtz T [9,,0] (t1) D02 (1)] ’°>
we have the LSZ formula for the photon field,

Ty ~ F2  FL 5 (0| T [(e1, DS AY) (5, D5 A3)] | 0)

= P F e, D5 e, DR (0] T (AR AY] [ 0)
P —
= ~7'——,1]:+,2 €1, DI™ €3, DSmATAZ,

where ¢ is associated with the incoming photon, while ¢* with the outgoing one. We
can also write down the multi-photon formula (suppressing the Lorentz indices):

iTﬁNf{gl...sj;... <ﬂp€mi> <0|T[A1--~An]|0>}. (2.71)

The photon Feynman propagator (see Fig. @ for the Feynman diagram) in
the Lorenz gauge reads

" (x —y) = (0] T [A*(2) A" ()] | 0)

4 v k' kY
P B il Gk Y = AT (2.72)
(2m)4 k2 + ie ’ ’

with the shorthand,

o7 = 11" (x — v)

109, A¥ is needed in the intermediate steps, as ;¢ is for the real scalar case.
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= (0] TA"(z)A"(y) |0)

= A*(x)AY (y). (2.73)

II*y

Figure 2.2: Feynman diagram for a photon propagator.
It is the Green’s function for D™ (Exercise E@)
1
(DT™)E IRV = [ang — (E — 1> a”aa} I = —ig" 64z —y).  (2.74)

In the Feynman gauge, £ = 1,

Eq. (2.69): D™ =82,

we have
d*k 1 ,
PEMTHEY — ;W 62 —ik(z—y) _ ; “”64 _ 2.75
F Y /(27T)4 k2 +’L€ € g (.’IJ y)7 ( )
where the difference in “—” is due to a slight modification in the definition of D™

in the Feynman gauge.

2.4.2 Local Gauge Principle

Previously, we saw that the free (we add a subscript 0 here) spinor Lagrangian is
invariant under a global U(1) gauge transformation (i.e., phase change):

Eq. (2.26): Lo = (iy"0, —m) 1,
Eq. @30): @ — e 9y, 3 — ey

Now, let’s consider a local (meaning dependent on space and time) U(1) gauge
transformation:

Y — e W@y 3 s et
Since
O = (—i0,9) e 9+ e—igaﬂw,
we have a change in the Lagrangian,
§Lo = e"9Piyt (—id,g) e~

= (Ou9) Pyt
= (8“9) JH?

where J* is the Noether current we obtained for the spinor field (note that we have
taken g out of the definition here):

Eq. R31): 7" =gy e,

We say that Lo is not (locally) gauge invariant.
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We shall correct for L by first replacing the ordinary derivative with the co-
variant derivative,

D, =0, +ieA,,

where A,, is a gauge field (or, in mathematical terms, a connection), and e some
normalisation constant. The new Lagrangian is

L=1¢ (iy*Dy —m) 1
= £0 + [//, (276)

where we have an additional term in the Lagrangian:

L' =iyt (ieA,)
= _eA,uEVMw
= —eA,J".

As this new field, A,, in the Lagrangian should also be subject to the gauge
transformation, we require it to change as follows:

A, — AL+ 0A,,

which will only cause a change in £’ (note that J* is invariant under the transfor-
mation of the spinor field):

6L = —e(6A,) J".
Now, we require 6L’ to cancel 6Ly in order to keep the Lagrangian invariant:
0=108Ly+ 0L = (9u9) J" —e(6A,) JH,

which leads to

1
0A, = gaug,
namely,
1
A, = AL+ gaﬂg. (2.77)

We identify the gauge field A, as the photon field together with its gauge trans-
formation

Eq. (R.61): A* — A + oy,

against which F},, is invariant. Therefore, the free photon Lagrangianﬁg

Eq. (B57): £[A,04] = —%FWF“”,

is gauge invariant.

MWithout the gauge-fixing term. The gauge-fixing term by definition breaks the gauge
symmetry—specifically, g in Eq. () Ay — Ay + %(%g is no longer arbitrary after gauge
fixing. See Eq. () 0%g = —0, AH.

12We can further verify that replacing Ou by Dy, does not change F),,, either.
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Insight

[D,,D,] = ieF,,.

Now we can write down a_gauge-invariant Lagrangian of quantum electrody-
namics (QED) (Exercise E@)

1 _
LoED = _ZFWFW + 9 (i7" 0, —m) Y —eA,JH, (2.78)

where the first two terms correspond to the free-field Lagrangian, and the last term
represents the interaction between the spinor and photon fields. The Euler-Lagrange
equations for the photon field are no longer homogeneous™:

8£QED oL
— [ = = — Fall'
e/ aAH Do 0 (8QA#) 9o ’

which is the inhomogeneous Maxwell’s equation (Exercise E@),
O F = eJ". (2.79)

That is, the Noether current generated by the spinor field is the source of the photon
field. Similarly, we can do the calculation for the spinor field and find that the Dirac
equation now includes a source term (Exercise Ep@) Therefore, we see that the
QED interaction arises naturally as a consequence of the local U(1) gauge
invariance—a first manifestation of the local gauge principle.

Exercise 2

1. Energy-Momentum Tensor

Prove Eq. (2.9),
o= |6, P7],
from Eq. (27,
Pr = /d?’fwaw, pw=1,23.

2. Complex Scalar Fields

(a) Verify Eq. (),

and Eq. (),

H= /dBIg% (aJ{al + alaJ{ + a;ag + agag)

= /d3Ew (aTa + bbT) .
explicitly.
13 . 0_ oL _ 8L  _ o pap
Compare to Eq. (2.58): 0 = 74 = Oa = —0a F*H.

P (00 Ap)



2.4. PHOTONS 81

(b) Verify Eqgs. () and (),

O|T[¢(x) ¢ (y)]|0) = (0| T [¢ (2) 6" (v)] | 0) =0,
(0|T[¢(x)¢" ()] ]|0) = Ap(z —y),

a la Proposition @—@
3. Noether’s Theorem
(a) Derive Eq. (2.23),
[Q7¢] = 7O‘¢’a [Qa Qfﬂ = a¢T
(b) Based on Egs. (),
Q= /d?’fJO = —ioz/d?’f (¢ —h.c.),
and () (see above), we define Q¢ and 11 2 as follows:

Q = QQO ) [Q07¢] = 7921)5
¥y = eaQO(;Se_aQO,
Py =e %9

Prove that ¢ = 1.

(Hint: Expand 94 2 in Taylor series as a function of o around 0, compare
the coefficients order by order.)

4. Spinors

(a) Derive Eq. (),

from Eq. (),
(b) Prove

and
yzy° = 229 — A0z

(c¢) In the Weyl (or chiral) representation,

o (0 I v (0 of s (=1 0
’y_(Iovfy__o.koafy_OI-

Find the unitary similarity transformationg, U, from the Dirac to the
Weyl representation, i.e., Yy, = UtyhiacU-

Myt = U~1; see definition in, e.g., §1.5 in []
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(d) Show that
Eq. @33): (1) =090
applies to all unitary equivalent gamma matrices, v* = U~ 'v*U, i.e.,

(,Y;U)T _ ,YO/,y,u/,YO/.

(e) The spinors, v, u, and v are vectors in the spinor space, i.e., matrices
of dimensions 4 x 1. What are the matrix dimensions of the following
quantities?

i. 9,
ii. y#,
iii. the Lagrangian, L,
iv. the Hamiltonian density, H,
V. uu,
vi. uw, and
vii. the current J* = pyHa).
(f) Prove
i.
7 +1
> udult (vip+m)y° = (yp +m),

S

i. Bas. (2:39), (.39), and (R.40),
855 2E (m + E) N* = vl (p)vy (p),
s (p)us (p) = ds52m (m + E) N?
= —Ts(p)vs (p)-

iii. Bq. (243,

> v (0)0s (p) = N* (m + E) (yp — m).
s=1,2

5. Photons

(a) Derive Eq. ()7
ot (3 -1) 00| am =0

(b) Verify Bq. (2.74),

1
[—8295 — <£ — 1) 8“64 I = —ig" 64 (z — ).
6. Local Gauge Principle

(a) Is the following Lagrangian gauge invariant?

1 — 1
QED = —ZFWF‘“’ + 1 (i70 —m)p — eA, JH + §M2A“A”,

where M is a constant.
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(b) Expand Eq. (),
Oy Fo1 = eJh,

for 4 = 0 in terms of the photon field A”. Solve A° in the Coulomb
gauge.

(¢) What is the Euler-Lagrange equation of the spinor field by the new La-
grangian, Eq. (2.76),

L= (iv"0, —m)yp —eA,J" ?
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Chapter 3

Quantum Electrodynamics

“I tried to read some of the rigorous papers.
It’s easy to be rigorous if one doesn’t discuss
the problem.”

— W. Pauli

quoted in A. Blum, Heisenberg’s 1958
Weltformel and the Roots of Post-Empirical
Physics, p. 43, §4 [Blul9]

In Chapter m, we discussed the (reduced) transition amplitude, M, between n
scalar fields in the presence of an interaction:

Eq. (L.54): M =(0|T[¢(x1,t1) ¢ (w2,t2) - ¢ (20, )] | O)
Eq. () :<0’T {fbo (x1,t1) - ¢o (Tn, tn )exp{fszroodtI }] ’O>

BTz ato)][o

<l

In the A\¢*-theory in 1+ 1 spacetime, the interaction Hamiltonian is
A
Ba (5D min =5 /dx¢4(x,t).
The lowest-order terms of the vacuum evolution, 1-to-1, and 2-to-2 processes are
A
Ba (39 Vi = (g [a 0|7 [6w)]|0).
1/ A\ . .
Bo. (L60: V=5 (=i ) [ dunca (0|7 65 () 6} )] 0).
A
Bo. (6l Al = (-0 [ dy (0|7 [6.0063] 0).
A
Bo. (L6 A2 = (g [ dy (0|7 [outndeui] 0).

where the free-field (subscript “0” for the interaction picture henceforth omitted)
n-point Green’s functions are Wick-expanded into a sum of products of two-point
Green’s functions (i.e., propagators). For example,

Eq. (L63): (0|7 [pudrdedadl] [0) ~ 3 GoGaGaGo.

85
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The combinations of propagators are represented as Feynman diagrams. Only con-
nected® ones need to be considered. Propagators and vertices are renormalised:

N F+ b@+m+%+0(/\3)5+7
SO o rom= W

In Chapter E, we introduced the spinor and photon fields in 3 4+ 1 spacetime,
with their Feynman propagators,

. ——
Fig. EI: Y Gue v ,

Bq @5d): 5% = Se(z—y) = (0| T [0 @ T )] [0) =4 (@) ().
Y

Fig. @: r ,

11"y

Eq. R.7d): 117 = I (2 — y) = (0| TA* () A% () | 0) = A*(2)A¥ (y),

and their LSZ reduction formulae,

Bq. @54): iTh~ F{m. o DP (O[T g1, ] [0) DT v

\ \ 1 il
- f{@m%) .. (TD®Y) ... (G DPu)... (D). .. } :

Eq. (.71): iTﬁNf{gl...g;;... <ﬁpemi> (0|T[A1-~-An]|0>},

%

respectively.
Now, from the QED Lagrangian,

1 _
Eq. () Lqep = —EFWF’“’ + ¢ (iv*0, — m) Y —eA,JH,
we obtain the interaction Hamiltonian,
HYP () = ¢ / 7 A (7, 8D(E )yl ). (3.1)

And then we are ready to write down the transition amplitude at r-th order for a
QED process among n external electrons and photons (also known as legs):

0),

which is sandwiched by the “base vectors”, ¢...¢*...w...v... and u...v..., and

the differential operators, D°™ ... D% ... and D*P..., corresponding to the n ex-
ternal fields. Here, all fields are in the interaction picture. It is understood that

MQED Ne"/dml ooz (0| T [0y .. Apc1 A - A g Vs - Ag Wy s ]

!Literal meaning: connected and non-disjoint. See Footnote @ of §.



3.1. BASIC PROCESSES 87

during contraction, each external spinor is “tagged along” by uD®P etc.: (wDSP),

(TDPe), (z/)%spu), (w%Spv), and that each pair of internal spinors always “stay

together” with a gamma matrix in between: (@x’y“ww)—each of these “(---)” can

move around freely inside a time ordering, as they are scalar in the spinor space.
Analogous to the scalar case in §, a non-zero QED Green’s function means

1. complete contraction into ¢1) and AA pairs, which in turn requires
2. ris odd < the number of external A-fields is odd, and
3. there are equal numbers of external ¢ and v, regardless of 7.

The allowed combinations of up to four external fields, at most of order e3, are shown
in Table @ (Exercises am and E) In the following, they will be discussed in three
groups according to the external field arrangement: photon-leg, electron-leg, and
mixed-leg.

3.1 Basic Processes

3.1.1 Vacuum Polarisation

Tadpoles (Diagrams 1 and 2 of Table @)

Let us consider 2k +1=1,3,... (k is a non-negative integer) external photons
at first order:

(O[T [Ar .. Asky1 A, 104] | 0)
It has a unique Wick’s expansion:
wanm1H23 L H2k’2k+1~ (32)

The diagram of the first two factors is called a tadpole graph (Fig. @) ST i
a self-closed electron loop attached to the photon II®!. Here, the photon is not
propagating as the spacetime z is part of the vacuum background to be integrated
out. In general, a tadpole is connected to an electron, rendering the photon an
internal line, Such tadpole-containing diagrams can, and henceforth will, be omitted
at all ordersH.

1

Figure 3.1: Tadpole diagram.

The trailing & photon propagators in Eq. (@) are all free propagating, not
connected to the tadpole.

Vacuum Polarisation (Diagrams 3-5 of Table EI)
Now, consider second order with 2k = 0,2, ... external photons:
(0| T [Ax... Aok Agth, a Ayih,aby] | 0) .

2Sce §8.4.2 in [Wil23], §103 in [BLP82] and §4.1 in [GROY).
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\ e \ ¢ \ ¢
0 / 3), 8) .21 @y /
1
A =0 / r =0
1 z Y
1) B 6) [B.31
AA / 4) [B.2d] 1@&2 /
Wi / 9) [B.41) 1%2 /
1
. x -0
AAA 2) disconnected /
Z Yy
3 2
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, DB
1
2
2
_ 1 1 4 +
YipA x / oz
3 3
2 1 x
Ennn 3
9 Yy
1) B4 13) B4
1 2
YPAA / 12) [B.q v, Y /
,,,,,,,,,,,,,,,,,,,,,,,, 37 MA
1 3
b / 10) [B.4 2 Y /
2 4

Table 3.1: Lowest-order QED diagrams of up to four legs, at most order e3. Tadpoles
are not shown except in the A-row. The AAAA-row—5) AAAAe? is allowed but
is disconnected—is neglected. The numbering 1)-13), followed by figure references
where applicable, indicates the order of appearance in the text.
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The electron part has a unique (otherwise tadpole) combination as shown in
Fig. . Depending on the number of external photons, x and y can be connected
internally (Fig. , vacuum bubble) or externally (Fig. , vacuum polari-
sation). However, for k > 2, the diagrams are disconnected due to “spillover” of
free photons.

p =

) STYSYT =0, S™VSYTII™ Y k=1, S™vS¥rTI 1v?

Figure 3.2: Second-order diagrams, <O | T [A1 e A2kAz@z¢sz@y¢y] ‘ 0>.

The sum of the bare photon propagator, vacuum polarisation, and higher-order
diagrams gives rise to the dressed photon propagator:

Pauli replied on 6 February 1934 that ..one may have to modify electro-
magnetic field concepts using spinor theory—reference here was made to
Louis de Broglie’s neutrino theory of light in which a light quantum is con-
structed from two neutrinos. Pauli went on to inquire how Heisenberg’s
Eq. (4.21) could become four equations in order to describe a neutrino,
and he signed off with "Yours (drowning in Dirac’s formulae)’.

Background

— A. 1. Miller, Early Quantum FElectrodynamics: A Source Book, p. 55,
§4.6 [Mil95]

It is rather de Broglie-esque to think of a photon as two neutrinos. It is,
however, very Pauli to consider vacuum polarisation through neutrinos and
the four-component neutrino theory—they anticipated the neutral current and
Ettore Majorana’s neutirno theory in 1937, respectively.

Triangle Diagrams (Diagrams 6 and 7 of Table @)
Similarly, at third order with 2k +1 =1,3,... external photons,

<O | T [Al e AQk.ﬁ,.lAfEm’l/)mAyEy/l/}yAzazwz] | 0>

forms a unique electron loop with unique photon attachment for a given k (Fig. @
Figure E is a tadpole in disguise: The internal photon line II*¥ is a correction
to the electron self-energy (see next section). The diagram matching all internal
photons to external ones (Fig. B.3d) is called a triangle diagram. According to
Furry’s theorem, QED diagrams containing an electron loop with an odd number
of vertices (connectin& real or virtual photons) will not contribute to any amplitude
and can be neglectedH.

Higher Orders

For r > 4, the internal electrons can form two or more loops joint by photons.

3See §8.4.2 in [Wil23], §79 in [BLP82] and §4.1 in [GROY).
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1 1
Xz €T €T
ZQ?J z Y Z Y
3 2
(a) ST¥5¥=57 (b) k=0, TIP" 11! () k = 1, I°'TIV° 1T

Figure 3.3: Third-order diagrams, <0 | T [Al . A2k+1Az@x¢sz@y¢yAz@Z¢z] ‘ 0>.
For notational simplicity, captions of (b) and (c) only show the photon parts that
multiply S*¥SY*5%*.

3.1.2 Electron Self-Energy and Bhabha/Mgller /Annihilation

(Diagrams 8-10 of Table @)
Up to order e3, pure electron legs are only allowed at second order:
(O|T [arthop— - - - Y2001 Auth,0n Ayth 10y | | 0) .

The two A-fields only give us an internal photon, IT*Y, with two vertices, = and y.

(Fig. B.4d).

v ﬁ»
M 1 ) z, Y

2 4
(a) T*¥S™ S =S¥ SY (b) k=1, IVS*™S"SY?  (c) k = 2, IT*V§'7 57253V gvd

Figure 3.4: Second-order diagrams, <0 | T [kaEQkil e wgﬂlAmﬂzwmAyﬂywy] | 0>.

e k =0: There is no leg and we have the previous vacuum bubble in Fig. ,

e k = 1. Each vertex needs to connect to a different external electron. The
remaining 1) forms an internal line (Fig. ) This is the lowest-order
correction to the electron’s self-energy. Similarly to the photon case, we
have the electron dressed propagator:

—— 1+6H—\/:—1k»2+

€ Y

L= 4"’"

o k = 2: The four legs connect to the two vertices (Fig. ), which is the
Bhabha scattering, Mgller scattering, or electron-positron annihila-
tion, all connected by crossing symmetry.

e k > 3: There is no connected diagram due to ‘spillover’ of electron legs.
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3.1.3 Vertex Function and Compton Scattering

(Diagram 11 of Table @)

Up to order €3, the following mixed electron and photon legs are allowed:

(O] T [20, A3 Ay, b4 ] | 0), (3.3)
(0| T [2thy A3 As Arh, 00 Ay, 1y | 0), and 4
(0] T [9hoh A3 Aath, o Ay, 1y A ,102] | 0. (3.5)

The key to writing down these Feynman diagrams is to recognise that there
are only two electron legs in each case. Because they do not connect—otherwise a
separate free propagator is formed—they each need to connect to an internal v or
1. As a start, the first-order diagram, Eq. (@)7 is Fig. @ (Exercise EB)

1

2

Figure 3.5: First-order diagram: (0| T [1h21), A3Az1p,1),] | 0) = S'*S*2II3,

Then the symmetry between the dummy indices (z, y, and z) turns out to be
convenient for identifying the unique graphs.

Compton Scattering (Diagram 12 of Table @)
For the second-order diagram, Eq. (@), we can first identify S'* without loss
of generality. Then 15 can only pick up ¢, to form an S Y2 (otherwise we will have

a tadpole, S¥¥), leaving the remaining 1, and v, no choice but to form a S*¥.
Matching A3 and A4 to A, and A,, we have S'*SY2S=I32[1% (Fig. @), or the
one where we swap 3 and 4; both of them are called Compton scattering.

1 2

3 4

Figure 3.6: Second-order diagram: <O{T[w2@1A3A4AIEzT/JIAyEywy] |0> =
Slxsstwa3xH4y.

Vertex Function (Diagram 13 of Table @)

Similarly, the third-order diagram, Eq. (@), has an S'® without loss of gener-
ality. Then we have the following two options, given the symmetry between y and
z

e S%2: Then, %d{ﬂzzﬁz is left and we have only one choice to avoid a tadpole:
S¥#87Y. The remaining photons Az A, A, A, should connect the two groups,
S12872 and SY#S*Y. So we are left with IT*YII*3. Therefore, overall, we have
Sle §e2q[*y §v= §=V11%3 (Fig. )

o SY2: Now, 1/&%,@21/& is left and we only have S**S?*¥ to avoid the tad-
pole, S%*. Different from the case above, this leads to an electron chain:
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S1r 57z 8=y G¥2  The question remaining for the photons, A3 A, A, A,, is: which

of the vertices, x, y, and z, should be connected to the external 37 Considering
the z-y symmetry, there are only two choices:

— II3¥: then, we have S1%S§%%52Y S¥2[[3W[I** (Fig. )
— II3%: this leads to our final diagram, S'*S%*S§%YSY2II3*11*Y (Fig. )

2 3 2
(a) Slxsx2l—[xysyzszyl—[23 (b) Slexz SzySy2H3yHacz (C) SlxsxzszySyQHSZny

Figure 3.7: Third-order diagrams, <O ‘ T [w2alA3A$me1Ay@ywyAzwzwz] ‘ O>.

1
Figures @ are corrections to Fig. @, % 3 : the first two
2

“dress” the photon and electron legs, respectively, while the last one modifies the
vertex function:

1 1 1
T
2 2 ! 2

3.2 Feynman Rules for QED

Il
w

The LSZ formulae for the a- and b-fields propagating from the in-state, “17, to the
out-state, “2”,

%

Eq. R51): Ty ~ FL L F2 ,mDP S 2D uy,
P

Eq. () 1151 ~ ff71fi72§1D?p521’D;p1}2,

involve u- and v-spinors, respectively. If the spinor and time directions are the
same, it is the u-spinors, otherwise the v-spinors, that enter the amplitude.

So far, we have only encountered the spinor directions which are encoded in the
propagators, S. In order to calculate the full amplitude, we need to specify the time

1 3
direction. In the following, we take the diagram, Fig. , M
2 4

[1*v§'* 52263y G¥4 a5 an example.

Without loss of generality, we specify that “1” is the in-state. Depending
on the assignment of the other particles to the in- and out-states—restricting
ourselves to a two-to-two process—we have the following three amplitudes:
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— —> 1
—> e, 1 2, e e, 1 2, e”
e, 1 3, et
x Y T x
’ y ’ y
et 2 4, e~
(a) 12 — 34 e, 3 4, e” et, 4 3, et
(b) 13 — 24 (c) 14 — 23

where the physical state of an electron (a-field) or a positron (b-field) is labelled.
We can see that both (a) and (c) are e"e™ — e~e™, one obtained from the other
by swapping “2” and “4”, and therefore the two amplitudes have a relative minus
sign when summed together. This is the Bhabha scattering, which includes the
electron-positron annihilation in (a).
The remaining process (b) is e"e™ — e~e~. It has the same initial- and final-
_— t

e, 1 2, e”

states as from the I1%Y S1% §¢4 839 §¥2 series. They

e ,3 4, e~
(b) II*¥ 1z o4 g3y Gy2 13 — 24
both sum up to the Mgller scattering with a relative minus sign between them.

_— t
e, 1 3, et
The amplitude of z,.9 is
et, 2 4, e”
(a) 12— 34
. 2 _ Guv — v
T, ~e 5(/€3 + kg — k1 — kg)vzw“ul WUAW 3.

Proof.
Step 1: Recalling the interaction Hamiltonian,

Bq B): HO() = / 037 4,,(Z,t)P(E, tyy (&, 1),

the spinor Feynman propagator,

Eq. £54): S =4 @)¥ ),
and the photon Feynman propagator,

Eq. @7d): I =12 —y),

we can now put back the gamma matrices and the Lorentz indices:

szSIISIZSSySyAL %HzZSIZ,Y;LSleyAL,YVSSy
! 1 [

=TI 2 (V7 0 )1 %a (7 Py ) 3.
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Step 2: With the time direction specified, we can apply D°P with the u-spinors
to “1” and “4”, and with the v-spinors to ‘2” and ‘3”:

A pn = I g — =
T2 (02D p%)(%v“%)(% 1) (WD Ys) (7" ¥y ) (W3 D5 v3)
=IT? yvﬂ);pS”2 ngleps Purti D S¥y v g3 D 3 U3
~IEY Doy ur gy v3d(z — 21)8(z — 22)0(y — 23)0(y — 24),
where z; . 4 are the spacetime coordinates of the external fields.

Step 3: Take the Feynman gauge, ¢ = 1, in

'k g - (1-9EE
Eq. (R.7): II*(z — = —1 k —ik(z—y)
q () F (-T y) Z/ (27-(-)4 2 e e ,

and choose the proper sign of the phase (see discussion in Proposition ):
II%Y ~ /d4k Iuv —ik(y— @)
v L2
with the implicit ie-prescription. Putting everything together, we have

iT, ~ e’ / dz; dzg dzs dzy e~ HF171e 7 k222 g Hikszs g Fikaza /dx dy d*k e~ k(y—=)

G
k2
~ e20(kg + kg — k1 — k2)

X Doy ur gy v3d(x — 21)0(x — 22)6(y — 23)0(y — 24)

Note that, had we chosen ILY ~ e~ (==Y the intermediate variable k will flip

sign but have no effects in the end results. This would have only made the
physical interpretation of k not straightforward as k = — (k1 + k2).

—_—) t
e, 1 2,e”
X
The amplitude of is
Y
et, 4 3, et
(c) 14 — 23
iy ~ 62(5(]{32 + ks — k1 — ]{74)H2’}/MU1 %@4’}/”’03.
(k1 — k2)
Proof.
Step 1:
Hmy51x5m2s3ysy4 Hacy Sac2 uslxsyél,nyBy
ml — (|
a1 AT (ZZJ Vi tha ) h19a(y 7" by ).
Step 2:

1Ly (u2D2p¢2) (We7" 1/&) (4 % “1)(U4D4P¢My7y¢z,;)_l@3%§pvs)
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125, DY S S1 D3P uy 5y D}P 5447 53 DPug
~IEY gy u1 04y 30 (2 — 21)8(2 — 22)0(y — 23)0(y — 24).
Step 3:

iT. ~ >

—

dz; dzg deg dzg e~ F171 e Razaghikem gtrikszs / dz dy d*k e * =)
X gkjuyy w14y 030 (2 — 21)0(x — 22)0(y — 23)0(y — 24)
~ e? / dz dy d*k e~ 12— kaygtikez o tiksy o —ik(y—z) g]: UoyHu1T4y" U3

N62

A% 6(ky — ko — k)3(ks — ka — k)%’uﬂ“umﬂ”vg

A 626(]{32 P kg - kl - k4) ﬂg’y“ulﬁwyvg. |

Guv
(k1 — k2)?
In addition to the rules above, where all external legs are spinors and the prop-

agator is a photon, now let’s consider one of the Compton scattering diagrams to
illustrate the procedure for external photon legs and a spinor propagator.

_— t
1 2
The amplitude of Y is
3 4
13— 24

. _ ’y(k1+k3)+m
Ty ~ S(ka + ks — k1 — ka)eh, oy TEATHITM ) Ve
i~ 0(ke + ks — k1 — k3)ey, [U2y (k1+k3)2—m27 1| €3

Proof.
Step 1: Recalling the photon Feynman propagator,

Eq. (B7d): I =TI (2 — y) = A*(2)A%(),

we can put back the gamma matrices and the Lorentz indices:

SleyQSacyH3xH4y N Sy2,yvsmy Slei’)x

I/

1 LR _1 | | —
= 7/}2 (d)ﬂyi/’y) (¢ﬂ“¢x)¢1Aqu3a AyyAéL,B .

Step 2:
With the time direction specified, we apply DP with u-spinor to both “1” and
“2”7 and D°™ (in Feynman gauge) to “3” with e and “4” with e*.

[
UQDSP1/)2)(¢ ¥ %)(T/J 7“%)(%DsPUl)D3mAqu3a€3D4 AyuA4ﬁ54
YD Y2y STV S1 D3Py, ) DY IS, 0 DY IT4Y 3
U

27”5y w1 )eges’6(z0 — y)d(21 — ©)8(25 — )gand (21 — y)gpw
Uoy” STy uq)esuey, 0(z — y)d(z1 — 2)d(23 — 2)d(24 — ),

~

(
=(u
(@
=(
where D™ and Il cancel each other following

Eq. 7 DI = ighst(z —y).
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Step 3: With

d*k k .
Eq. (.53): SF(g;fy)Ei/ LR

(2m)* k2 —m? 4 ie
Eq. (2.54): S¥" = Sp(z —y),

and making the ie-prescription implicit, we have

/d4 ’Yk—i—m —ik(y—m). (36)

Putting everything together:
1Tg ~ /dz1 dzo dzg dzy e~ 121 —ikszatiko 22 +ikaza /dx dy

% A
~; |:u2,.yl//d4k ]Zz +m zk(yx)vuul} E3,.5,
X 6(z2 —y)d(21 — x)d(23 — )0(24 — y)

k+m
~ /d4k: S(ky + ks — k) (ks + kg — k) [uﬂ”;ﬂ ul} E34E0,

— — v ’y (kl + kg) + m y '3
= 0(ko + kg — k1 — k3) [Uﬂ m’y U1 | €3u€qy- u

Now we illustrate the Feynman rule for fermion loops.

The amplitude of the tadpole diagram, Fig. @7 , i
1
iTy ~6(k1)e1, / dk W
Proof.

Let’s come back to the interaction Hamiltonian,
Bo. G HR() = ¢ [ 45 4,007 00 0(E )
It can be rewritten as
HEPP(t) =e / 437 A,(Z,t) Tr [y"9(Z, )% (7, 1)] ,

where the equality about arbitrary vectors a and b, aTb = Tr [baT], is used.
Now, we can proceed like before:

Sme£1 —Tr [,yp,smc] Hxl
s T [y#577] Demnﬂ
~Tr [’VHSME] (CE - Zl)guaf?
=Tr [W“Sm] (33 — Zl)El;r

Previously, we have

Eq. (@) S yN/d4k . ik(y—z)
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It becomes

4, Yk+m
SI£N/d kk27m27

which is z-independent.
Finally, we have

. Tr [v* (vE+m T
ZTﬁN/d‘lk%em'/dzle L 1/d:17§(:13721)

Tr [v* (vE+m
N/d4k %Elué(k’l).

The amplitude of @ 9 s

Proof.
SmysyzneryQ
v 2
— Tr [y¥ S*YyH 597 Hé’;ﬂly,ﬁ
— Tr [y S™YyH §¥%] DY IILE 4 DS 115 e5°

~Tr [y"S™yHS¥]6(21 — w)e1d(y — 22)e3,

k, k
~Tr [fy”/d4k 22 +mefzk (y—=) “/d4kb Z2b+m —iky(z—y)
X 0(z1 — x)e1,0(y — 22)€3,

Tr [y (vka +m) v (Yks + M) _sn y(y—
= [ d*k, d*k i(ka—kp)(y—2)
/ o (k2 —m?) (kj —m?) ¢

X 0(z1 — x)e1,0(y — 22)€3,-

iTﬁ N/dzl de (371-1612167;16222 /dxdy

Tr [V (vka + m)y* (Yo + m)] _ip _
4 4 i(ko—k x
x /d ko d*ky ) (i) (ka—ks)(y—2)

X 5(21 — x)61u5(y - Z2)8;u

~E1LE S, / A%k d*ky 0 (k1 — ko + Kp) 6 (ko — ko + kp)
. Trby” (ke +m) * (vhy + m)]
(k2 —m?) (kf —m?)

m
—e1,e5,8(ks — k1) / gty T (v +m) [y (k 1) + m]]
(k2 —=m2) |(k — ]ﬁ — P
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Exercise 3

1. Fermi’s Interaction

Fermi’s interaction Hamiltonian for 5 decay is
HIFermi — g/d?)iyaawbacwd

where g is the coupling constant, and a, b, ¢, and d indicate different fermion
species. Compare it to the A¢*-theory. Draw all connected Feynman diagrams
with up to four legs at most order ¢>.

2. Yukawa Coupling

The interaction Lagrangian of the Yukawa coupling is

Ly — g,

where ¢ is the coupling constant and ¢ is the Higgs (scalar) field. Write down
the interaction Hamiltonian. Compare it to QED and draw all connected
Feynman diagrams with up to four legs at most order g3.
3. Virtual Photons
1

Is A 3 allowed if all legs are real particles (i.e., on shell)?



Appendix

A Relativistic Notations

Here is a reminder of the signs in special relativity. We temporarily restore the
“-notation for operators in this subsection to avoid confusion. We use Greek letters,
u, v, ete., for Lorentz indices, while Latin letters, i, j, etc., do not need to follow
the index placement rule.

Metric:
1 0 0 0
W 0 -1 0 0
g =Iw=10 0 -1 o0
0 O 0o -1

Note that, independent of the signature convention, we have
9" 9o = ¢, = 0,

where 0F = 6"V = 6, is the Kronecker delta.
Contravariant vectors A*:

= (t,7) = (t,2,y,2),
p“ = (E,ﬁ) = (Eapx7py7pz)a

0 0 0 0 0 0
H = — = _— = _——— ——, — —
0 oz, <8t’ V) <8t’ oz’ 9y’ 82)’
0 0 0 0 0
o (9 _(;9 .90 .0 .0
D i0 (lat’ zV) <28t’ Zax’ Zay’ l@z>'

Covariant vectors A, = g, A”:

Note the freedom of rearranging the indices within the scalar product:
pr =plx, =pat =Et—p- 2.
Differentials:

diz =dtd®z = dtdadydz,

99
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d'p =dEd*) = dE dp, dp, dp.
d*k = dwd®k = dw dk, dk, dk, .
The calculation in the previous chapter can be straightforwardly extended to the

3+ 1 spacetime. In particular, equations with the shorthand for Fourier transforms
can be mostly carried forward without modification—additional spatial dimensions

need to be added:

F(B) = Tf] = % / dt f (1) emE,

3 _ T3 — 1 B(E Z eniﬁf
i) = ] (mf’/d f (&) e,
o) = Filf] = Ty 72, [f]

) wzl* )’ / d*z f (2) " EPD =
s

Now, consider the Fourier transform of p*:
1
1
(v2r)

(integration by parts)

= — /d4x (8“6”’“3) f

(van)' ——

0_ginkon —jpueinhep
1 4 ipT, M
d*x e’Ppt f

CEM
v
4

1
(van)'

/d4a:f (z) emPT,

FLp A = = [l o)

~
=p"Fy /.

So, F{ (= T F2) is the Fourier transform from the position space to the momentum

space.
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