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1 Probability and statistics background

At the heart of statistical inference is the notion of an random quan-
tity, typically denoted X. I strongly advocate the positivist view
that X is a set of operations which, if followed, will result in a
value. A statement such as Pr(X = x) is to be read as “the proba-
bility that the operations described by X yields the value x”, where
I am adopting the standard convention that small letters denote
specific possible values for X. It is a very useful discipline to in-
sist that random quantities have operational definitions; it ensures that
uncertainty about X is not confounded with ambiguity about the
meaning of X.

The set of possible outcomes for X is denoted X, the sample space
for X. The operational definition for X implies that X is finite, re-
flecting the finite precision of our instruments; that is to say, X is al-
ways a discrete random quantity. It may seem idiosyncratic to rule out
continuous random quantities at the start of a course on statistical
inference, but in fact many statisticians have advocated something
similar. For example, Debabrata Basu:

“The author holds firmly to the view that this contingent and cogni-
tive universe of ours is in reality only finite and, therefore, discrete.
In this essay we steer clear of the logical quick sands of “infinity” and
the ‘infinitesimal’. Infinite and continuous models will be used in the
sequel, but they are to be looked upon as mere approximations to the
finite realities.” (Basu, 1975, footnote, p. 4)

In fact, continuous random quantities will reappear for reasons
explained in section 1.4.

A collection of random quantities is denoted X := (Xy,...,Xn) € X,

where very often X = X"; likewise, x := (x1,...,%,)." In lectures
and handwritten notes I will use an underscore, e.g. X = X and

x = x. Where it is necessary to specify the observed values of X,
these will be denoted x°Ps.

1.1 Probability basics

At this stage we assume the existence of a probability mass function
(PMF) fx with domain X, such that

Pr(X e A) = Z fx(x) for any A C X.
x€A
The three axioms of the probability calculus are automatically sat-
isfied provided that fx(x) > 0 for all x and Pr(X € X) = 1. For
now I skirt over the precise interpretation of fx, which is discussed
in more detail in section 5. If X = Y x Z, then the marginal PMF for
Z is defined as

fz(2) =) fr.z(y, 2).
y

The conditional PMF of Y given Z is defined as the function fy|z
satisfying

frz(y,2) = friz(y ] 2)fz(2)

random quantity

sample space

* Examples where X # X" are given in
section 11.4.

probability mass function (PMF)

marginal PMF

conditional PMF
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for all y and z; clearly such a function always exists and is unique
excepting the case where fz(z) = 0. It is conventional to state
that fy|z is undefined in this case, but also overly restrictive, since
fz(z) = 0implies that fy z(y,z) = 0, and so any value for the
conditional PMF would do.
The Law of Total Probability (LTP) is a simple extension of the Law of Total Probability (LTP)
definitions,

W) =) frz(y,2) =) frz(y|2)fz(2). (1)

z

The LTP shows that one has the option of specifying fy indirectly,
in terms of fy|z and fz. Breaking down complex probability as-
sessments in this way is often helpful in practice. It also shows that
min; fy|z(y | z) and max; fy|z(y | z) are lower and upper bounds on

fy(y), because the righthand side of (1) is a convex combination.? 2 A convex combination of the k ele-
ments of set A has the form Ej-;l pja;

, . where each p; > 0and Y ;p; = 1.
Expectation and variance. Let X be a component of X. The expecta- 7 i

tion of X is defined as expectation

E(X):= fox(x)

X

and the variance of X as variance
Var(X) :=E ({X — E(X)}?).

These always exist if X has a bounded sample space, but do not
always exist, in more general treatments of random quantities.
Note that if E(X) exists, it does not necessarily lie in X. However,
it is a convex combination of X. Hence if all the elements of X are
non-negative, then E(X) > 0. This gives rise to the very useful
monotonicity property of expectations. If X and Y are two components monotonicity property of expectations
of X and fxy(x,y) = 0 unless x <y, then E(X) < E(Y).
The expectation and variance are related by various inequalities,
including Chebyshev’s inequality: if u is the expectation of X and ¢ Chebyshev’s inequality
the variance, then

Pr(|X —p| > ko) < kl—z
If g is a convex scalar function of x, then Jensen's inequality states Jensen’s inequality
that
E{g(X)} = g(E{X}).
(The proofs of these easy results are left as exercises.)

If X and Y are two components of X, then the covariance between covariance
X and Y is defined as

Cov(X,Y) :=E ({X - E(X)HY - E(Y)}),

from which we might also have defined the variance of X as Cov(X, X).
It is a general property that

Cov(X,Y)? < Var(X) Var(Y),

which might be more familiar as the statement that the correlation
between X and Y always lies in the interval [—1, 1]; see Grimmett
and Stirzaker (2001, section 3.6) for a simple proof.
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Propositions. A proposition is a statement which is either true or
false. Thus
a = I am an astronaut’

is a proposition which is false, and a(x) = “x is an astronaut’ is a
proposition whose value is contingent on x. The indicator function of
a proposition a is

0 if ais false

1(a) :=
1 if ais true.

A proposition need not be certain; if A := a(X), then A is a random
quantity, and the probability that A is true is equal to the expecta-
tion of its indicator function,

fo = E{1(A)}.

The following two results are simple but useful inequalities for
propositions, which follow from the link between probabilities
and expectations of indicator functions. First, if 2 and b are two
propositions and a implies b, then Pr(A) < Pr(B).

Proof. So a implies b if and only if 1(a(x)) < 1(b(x)) for all x. Then,
using the monotonicity property of expectations,

Pr(A) = E{1(A)} < E{1(B)} = Px(B).

Second, if a4, ..., ay is a set of propositions, then
k
PI'(A1 VeV Ak) < ZP (Ai)/ (2)
where ‘V’ denotes ‘or’ (inclusive disjunction). This is the Bonferroni
inequality.

Proof. Here is the case with k =2, and a; = a and a; = .

Wa(x) v b(x)) = max{1(a(x)),1(b(x))} <A(a(x)) +1(b(x)).
Then, using the monotonicity property of expectations,
Pr(AVB) =E{1(AVB)} < E{1(A) +1(B)} = Pr(A) + Pr(B).

The general case follows by induction. O

1.2 Statistical models

The PMF for X is often indexed by a parameter vector 6 € (),
written

Pr(X € A;0) = ) fx(x;0);
x€A

other operators dependent on 6, such as the expectation of func-
tions of X, are also indexed by 6. The introduction of a fixed family

propositions

indicator function

Bonferroni inequality



APTS STATISTICAL INFERENCE, LECTURE NOTES 7

fx and a parameter 6 is a common strategy to limit the set of pos-
sible probability assignments over X in order to be consistent with
one’s judgements about X. Often the nature of fx is fairly appar-
ent, or conforms to a conventional situation, and only the value of
6 is unknown. Interest then focuses on making inferences about 6
based on x°°. The combination of fx and Q) is termed the statistical
model. To avoid unnecessary complications, the probability assign-
ment in the statistical model is assumed to be an injective function
of 0, i.e. two different 6’s cannot give the same probability assign-
ment; in this case the statistical model is said to be identifiable.3

I will take Q) to be a convex subset of R?. Many useful functions
in statistical inference have () in their domain, such as the score
function, (4), and the likelihood function, (5). For these functions I
use the argument ¢ € (). Differentiation with respect to t is denoted
using ‘V’ (nabla):

o
V=1 : )

0
At

This is a notationally confusing area. Some authors do not distin-
guish between 0, the ‘true but unknown parameter value’ and f,

a point in (); this can be confusing for non-experts. The conven-
tion on capital letters would suggest that the true parameter be ©,
and the point in Q) could then be 6; Schervish (1995) follows this
consistently, but the size of ‘©” makes it quite intrusive. Another
possibility is to use 6 for the true value and 6 for the point, but this
gets confusing when the null hypothesis Hy arrives.

Those x values for which fx(x;t) > 0 are termed the support
of X. Many interesting statistical results concern the special case
where the support of X does not depend on the value of t. These
are regular models.4 One very useful function for regular statistical
models is the score function

u(x,t) := Vlog fx(x;t), (4)
for which E{u(X;6);0} = 0.

Proof. Start from the identity ), fx(x;60) = 1. Then differentiate
both sides with respect to 6;. The righthand side is zero. For a
regular model, the lefthand side is

)
o L fx(x:0) = ) Vifx(x0)
] x x
= ZVj log fx(x;0) x fx(x;0)
X
= E{uj(X;0);0},
which must therefore equal zero. O

The variance of u(X, 0) is termed the Fisher information matrix:

i(0) := Var{u(X,0);6}

statistical model

identifiable

3 A stronger condition is that
fx(x;0) # fx(x;0") unless 6 = ¢,
for every x € X. This type of strong
condition is only required in precise
proofs of consistency.

support of X

regular models

4 Technical note. In fact, regular mod-
els are defined to be those for which
the order of differentiation with re-
spect to § and summation/integration
with respect to x can be reversed. See
Casella and Berger (2002, section 2.4)
for details. The invariance of the sup-
port of X with respect to t is the main
necessary condition.

score function

Fisher information matrix
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(it is a d x d matrix when 6 is a vector).
A common situation is where the X’s are independent and identi-
cally distributed (1ID), in which case

n .
fx(x;0) = HfX(xi;G), written X fx(x;0),
i=1

for some marginal PMF fx. If the X’s are IID and fx is regular then
the score function is a simple sum:

u(x;, t).

M-

Il
A

u(x, t) = Vlogﬁfx(xi;t) = iVlong(x,';t) =

1

In this case i(0) = niy(0), where i1 (0) := Var{u(Xy,0);6}.

Nuisance parameters. The statistical model X ~ fx(x;6) for 6 € Q is
meant to be very general, accommodating simple ‘student” models
such as (Xy,...,Xy) id N(x; 4, 0'2), but also much more complex
models where the IID structure may be buried deep inside the
model, and where both X and 6 represent collections of possibly
quite heterogeneous quantities.>

In all but the simplest statistical models some of the parameters
are interesting to the scientist, and others are only there for the
purposes of structuring the statistical model. The ones that are not
interesting are referred to as nuisance parameters, and the name is
well-earned, because they are indeed a nuisance. In order to discuss
nuisance parameters at the appropriate places below, I will partition
the parameter space as Q) = ()’ x O, where 6 = (¢,60") and 6" are
the nuisance parameters.

This division of € into two parts is made without loss of general-
ity, as long as the techniques being used are transformation invariant.
Which is to say, if g : 8 — ¢ is a bijective function, then all infer-
ences made about 0 from the model fx(x;0) are equivalent to infer-
ences made about i from the model f;lé(x;lp) = fx(x ¢ (v)), and
vice versa. In this case consistent inferences can be made about any
function of 6, say ¥’ = ¢1(0), as long as this function can be embed-
ded within a bijective function ¢ = (¢/, ¢") = (¢1(0), $2(0)) = g(0).

Transformation invariance is also an important general con-
cern, because the precise representation of the parameters in the
statistical model is purely a matter of convention. And in fact in
many cases the convention has not settled down, and the same
distribution can be parameterised in several different ways. In ap-
plied work it is always a good idea to state fx(x;0) explicitly as a
formula, to remove any ambiguity; a statement such as ‘X is IID
Gamma’ does not perfectly identify the two components of 6.

1.3 The exponential family of distributions

One very common class of statistical models have the general form

gx(x ) = f(x)exp {ps(x) —x(p)} forp € ¥ CR,

independent and identically dis-
tributed (IID)

5 A more general treatment would
distinguish between the random
quantities X and the observations Y,
where the latter are some function
of X.

nuisance parameters

transformation invariant
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where 1 is a strictly monotone function of 8 and s is a scalar func-
tion. These are the one parameter exponential family of distributions.
Common IID distributions based on the Binomial, Poisson, Geomet-
ric, Exponential, and Normal (known variance) all belong to this
family. One derives a member of the one-parameter exponential
family by ‘exponentially tilting” a base distribution f(x):

8x(x;9) o f(x) exp{ys(x)},

where, in order to sum to one,
k() == log ) _ f(x) exp{ys(x)}

and the parameter space is defined as ¥ := {¢ : «(¢p) < oo}. Itis
straightforward to show that ¥ is a convex subset of R, and that «
is a convex function of ¥ (Davison, 2003, sec. 5.2). And also that fx
and gx have the same support, which does not depend on .

The exponential family generalises to a vector ¢, with the form

gx(xi) o f(x) exp { 1 955(x) }-

This contains many more familiar distributions, including the Nor-
mal, Beta, Gamma, Multinomial, and Dirichlet.

The exponential family has special properties, some of which
will be mentioned below. These properties are so special, though,
that the exponential family does not provide a general basis for an
exploration of statistical inference. When computation was a chal-
lenge, the exponential family was favoured because of its simplicity;
now, however, there is less need for this type of restriction.

In case you are wondering, in these notes there will be no men-
tion at all of sufficiency. I regard sufficiency as a very useful compu-
tational device in the case where the model admits a fixed length
sufficient statistic. But, as the Pitman-Koopmans-Darmois theorem
states, a support that does not depend on the parameter plus a
fixed length sufficient statistic are more-or-less the characterisation
of the exponential family; see Schervish (1995, section 2.2.3). So if
Ijudge the exponential family too restrictive for general considera-
tion, then I can ignore sufficiency.®

1.4 Continuous random quantities

As already stated, X is taken to be finite, i.e. X is a discrete random
quantity. However, continuous random quantities with uncountable
state spaces are still useful, as an approximation; and because they
arise naturally in the Bayesian approach, where the parameter itself
(which is generally continuous) acquires a distribution. In the case
that X is continuous fx is taken to be a probability density function
(PDF) with the property that

Pr(X € A;0) = /Afx(x,‘G) dx

exponential family of distributions

sufficiency

Pitman-Koopmans-Darmois theorem

® A slight regret: there is some beauti-
ful mathematics in sufficiency, for ex-
ample the Fisher-Neyman factorisation
criterion, the Dynkin-Lehmann-Scheffé
theorem on minimal sufficient statis-
tics, and the Rao-Blackwell theorem on
estimators under convex loss. Never
mind.

continuous random quantities

probability density function (PDF)
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where A C Q. Discrete and continuous random quantities can be
unified within measure theory, but we are not going to worry about measure theory
measure theory in these notes; see Grimmett and Stirzaker (2001)
and then Rosenthal (2006) or Kingman and Taylor (1966) for an
accessible introduction.
One useful result for continuous X is the transformation of the
PDF. If y = g(x) where g is a differentiable bijective function, then transformation of the PDF

fr(y) = fx(@)|Jg(x)| ™" where x:= g~ (y)

for y € g(X), and zero otherwise; here

9 9
IO 10
]g(x) = : . :
9 n 9, n
Sr(x) e F(x)
is the Jacobian matrix of g and [J¢(x)| is its determinant. Jacobian matrix

Proof. This is just the change of variables formula for multiple
integration. Y € B if and only if X € ¢~!(B), and so

Pr(yeB):/1

g (B

e = [ fxls @) w)ldy = [ @@l dx
where x := ¢~ !(y), showing that the integrand is the PDF of Y. [

It is common to use f to denote either a probability mass func-
tion or a PDF, because many results are the same in either case.
Below, though, I will use f for the probability mass function and 7
for the PDF, notably in section 6 and beyond, where I write 7y for
the PDF of 6.

1.5 The Probability Integral Transform (PIT)

Let X € X C R be a scalar random quantity with distribution

function Fx : X — [0, 1]. Define a new random quantity Y := Fx(X);

i.e. Y is the random quantity one gets by putting X into its own

distribution function. It is a very useful fact that Y has a sub-uniform

distribution, i.e. sub-uniform distribution
Fy(u) <u forallu € [0,1],

and that Fy(u) = u if there exists an x € X such that u = Fx(x).
Proof. First, consider the case where u = Fx(x) for some x € X:
Fy(u) =Pr{Fx(X) < F(x)} =Pr{X < x} = Fx(x) = u.

The ‘cancellation” of F at the second equality occurs because of the
bijective relationship between x and F(x) for x € X.7 This proves 7 Technical note: here we can ignore
the second part of the claim: in the case where X is a continuous points in X that have zero probability.
random quantity, the points u in (0, 1) are in a bijective relationship

with the points x in X, and Y is uniformly distributed.
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Otherwise, let x and x’ be two consecutive values in X, with
u = Fx(x) and u’ = Fx(x’), and let u + 6 be some value in the open
interval (u,u’). Then

Y<u+d —= X<x

and so Fy(u + 6) < Fx(x) = u. But we must also have Fy(u + ) >
Fy(u) = u. Therefore we conclude that Fy(u + ) = u, and hence
Fy(u+96) <u+9é. O

So the distribution function of Y looks like a staircase where each
step starts from the 45° line drawn from (0,0) to (1,1); see Figure 1.
For a continuous random quantity the steps are infinitesimally
small, and the distribution function and the 45° line coincide.

1.6 Convergence

There are several different types of convergence for sequences
of random quantities. X, converges in probability to Y, written

X, Y, if
Pr(|X, —Y|>¢e) —0 asn— o0

foralle > 0. If Xy, X5, ...
finite expectation p, then

is an IID sequence where each X; has

N X4+ X)) o

This is the Weak Law of Large Numbers (WLLN). 1t is easily proved
using Chebyshev’s inequality in the case where Var(X;) is finite. In
the WLLN convergence is to a constant, rather than to a random
quantity.

Convergence in distribution is a weaker form of convergence
(i.e. it is implied by convergence in probability). X, converges in
distribution to Y, written X, £> Y, if

Fx,(y) — Fy(y) asn— oo

for all y for which Fy is continuous. The most famous law in statis-
tics, the Central Limit Theorem (CLT), states that if X1, X, ...
IID sequence with finite variance, then

is an

Y X+ X)) —

o/n

where p and o are the mean and variance of each X;. For conver-

£ 2, N(0,1),

gence in distribution it is common to write a distribution on the
right-hand side, as shown above, rather than a Y with a specified
distribution.

2 Point and set estimators

Any function of x is termed a statistic. A statistic designed to esti-

Fy(u)

o
-] e
-~
@ _| L
< A
o
© .
<
3
PEA—
N
O._ ’
AR
o |-
o T T T T 1
00 02 04 06 08 10

Values of u

Figure 1: Distribution function of Y =
Fx(X), where X ~ Poisson(x; A = 2.5).

converges in probability

Weak Law of Large Numbers (WLLN)

converges in distribution

Central Limit Theorem (CLT)

statistic
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mate 6 is termed an estimator; typically these can be divided into
point estimators, which map from X to a point in (), and set es-
timators, which map from X to a set in Q). If s is a statistic, then
S := s(X) is a random quantity, whose distribution depends on 6.
So, just to clarify, s is a function with domain X, s(x) is a value in
the range of s, and S is a random quantity with sample space equal
to the range of s. Where it is necessary to identify a particular point
in the co-domain of s I will use s’; e.g. in expressions of the form
Pr(S <¢;0)8

If s is an estimator for 6, then one important principle in statistics
states that s should be judged by comparing S and 6 across the
range of possible values of 0. This is the basis of the Frequentist
approach to statistics, which is discussed in this section and the two
that follow. The Bayesian approach is introduced in section 5.

2.1 Point estimators

There are many ways of constructing estimators for 6, but the maxi-
mum likelihood estimator (MLE) is often preferred for both theoretical
and practical reasons, particularly when we are confident about the
adequacy of the statistical model.

The MLE § satisfies

fx(x0(x)) > fx(x;t)  forallt e Q.

If = (61,6,), and the MLE of 8 is (x) = (0;(x),0,(x)), then the
MLE of 6; is defined to be 6; (x). Now we can show that MLEs are
transformation-invariant.9

Proof. Letg : 6 — ¢ be a bijective function, so that f;lé(x;lp) =
fx(x;871(¥)). Then

x9) > fl(xo) forallv e g(Q)
— fx(x;g ' (P)) > fx(x;t) forallt € Q
g () =19
= §=g(0)

This argument also extends to parts of ¢, as long as they can

be embedded in a bijective function. Thus, let = (1, ¢2) =
(g1(0),£2(0)) where g is bijective as before. Then ¢ = (g1(), $2(9))
as already shown, and hence §; = g1(8). O

In general, f(x) is an implicit function of x, and the value of the
MLE is found by maximising the likelihood function,

L(t) := fx(x1). (5)

The value §(x°°) = argmax,_q L(t) is termed the Maximum Likeli-
hood (ML) estimate. For regular models, the MLE should satisfy the
first order conditions

point estimators

set estimators

8 That s is a function and s’ is a value is
not ideal, but I think it is the least-bad
compromise consistent with standard
notation. Another option would be to
write s everywhere as s(+), but to me
this seems redundant and ugly.

maximum likelihood estimator (MLE)

9 There is a more general defini-

tion of the likelihood function of

61 which preserves the property of
transformation-invariance of the MLE,
but also works in the case of non-
bijective functions of §; see Casella and
Berger (2002, section 7.2.2).

likelihood function

Maximum Likelihood (ML) estimate
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excepting complications that arise at the boundary of ()—which
would usually be evidence that the model was inadequate. The sit-

uation is more complicated for non-regular models. For example, if

x U(x;0,0), the MLE is well defined but the likelihood function

is not differentiable at its maximum.

Predictions. Suppose that we would like to predict the value of an
unobserved X, based upon the x°?* that we have. All such predic-
tions are ultimately functions of 6. For example,

Fx,%,4 (x°°%, x;6)

fX ( xobs, 9)
As long as the function on the right-hand side is or can be ex-
tended to a bijective function of 6, then the MLE of the probability
of X, +1=x must be fX,X,,+1 X, X; 9 /fX x;0(x)). Thus we have
the general rule, that ML predictions about unobserved X are made

Pr(X,11=x| X =x"%0) = ©6)

by plugging in the value of the MLE. In the special case where
(X, Xy41) i fx(x;0), eq. (6) simplifies to

Pr(X,s1=x | X=x"%6) = fx(x;6),

and hence the MLE is just fx(x;8(x)).

2.2 Judging point estimators

Suppose some statistic s : X — () is claiming to be a point estimator
for 0—how do we judge whether it is a good estimator or a poor
one? One property has already been mentioned: that the estima-
tor should be transformation-invariant, a property that the MLE
possesses. There have been many suggestions for other attractive
properties of estimators. I just mention a couple here.

I will use “estimator’ for both the function s and also for the
random quantity S := s(X). The estimator S is unbiased if

bias(S;6) := E(S;0) — 6

is zero for all 8 € (). This is a superficially attractive criterion

but leads to daft results even in simple cases, where it exists, and

often does not exist. Thus the unique unbiased estimator of 6 in

X ~ Geometric(x; ) is daft (Cox and Hinkley, 1974, section 8.2),%°

and the unbiased estimator of 6 in X ~ Exponential(x;6) does not

exist (Schervish, 1995, section 5.1).** Furthermore, unbiasedness

is not consistent with transformation-invariance. For example, if

S is an unbiased estimator of scalar positive 6, then 1/ is not an

unbiased estimator of 1/6, because E{1/S;60} # 1/ E{S;0} =1/6.
A better criterion is that S has a small mean squared error (MSE),

MSE(S;8) := E{(S — 8)?;0} = bias(S;0)? + Var(S;9), (7)

where the second expression follows from a simple rearrangement.
The squared error is is one example of a loss function for point esti-
mation, and the MSE is then the risk; see section 8.

unbiased estimator

©tis f(x) = 1(x = 1).

" A much more technical point is that
from the point of view of Decision
Theory, some unbiased estimators,
where they exist, are inadmissible. This
is demonstrated by the Stein effect,
discussed below in section 8.2.

mean squared error (MSE)
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There is an interesting relationship between the bias and the
variance, the Cramér-Rao lower bound (CRLB). Taking 6 scalar, for Cramér-Rao lower bound (CRLB)
simplicity,
{1+ Vbias(S;0)}?
i(6)
where V bias := d bias /d6; the Fisher Information i(0) was defined
in section 1.2. The CRLB holds for regular models.

Var{S;0} > (8)

Proof of (8), with scalar 8. Correlation coefficients lie in the interval
[—1,1], or, in our case,

COV{S,M(X,G);G}2 < Var{S;0} Var{u(X,0);0};
see section 1.1. As E{u(X,0);60} = 0 for regular models,
Cov{S,u(X,0);0} = E{Su(X,0);6}
d
= Ls(x) gg { log fx(x:0) }x(x:0)
d
= LY s fx(w0)
d
— S E{S:0)
= %{9 +bias(5;0)} =1+ Vbias(S;0).

The result follows from the inequality at the top of the proof.

The generalisation to vector 0 is not completely straightforward,
excepting the obvious case where s(x) is an estimator of one com-
ponent of 8. See Cox and Hinkley (1974, section 8.3). O

Estimators that attain the CRLB are termed efficient estimators. It efficient estimators
would seem to be a good policy to use efficient estimators where
they exist, but in fact they are a rather special case: only a subset of
the exponential family can possess efficient estimators.

Proof, with scalar §. From the previous proof, the CRLB is attained if
and only if the correlation between u(X,0) and s(X) is £1 for any
specified 0. Equivalently,

u(x,0) = a(0){s(x) —b(6)},

where necessarily b(8) = E(s(X)) = 0 + bias(S; 6). Integrating this
expression over 6 shows that the statistical model has the general
form

log fx (x6) = A(6)s(x) + B(9) + C(x),

i.e. fx is special case of the exponential family.
Again, there is a generalisation to vector 6, although it is compli-
cated in the same way as the CRLB is complicated in this case. [

The MSE is an intuitive criterion with which to judge point esti-
mators, but it is important to be aware that unbiased and efficient
estimators do not necessarily minimise the MSE for regular models.
This is because some biased estimators increase the first term in (7)
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but decrease the second term by more; the CRLB shows that these
estimators must have V bias(S;60) < 0. The Stein effect provides a
good illustration; see section 8.3.

2.3 Set estimators

Set estimators of § are also useful: crudely, their volume represents
the variability in the estimator that arises from having only a finite
sample. Let € be a function from X to a subset of ), i.e. C(x) C Q.
The coverage of C is the probability that €(X) will contain 6, which is
a function of 6. € is a level (1 — «) confidence set for 6 if its coverage
is at least 1 — & for all 6. That is,

Pr{f € C(X);60} >1—a  foralld € Q.

Here (1 — ) is termed the nominal level of the confidence set. When
the converage equals the nominal level for all 6, € is said to be an
exact confidence set. Typically, though, this only happens in one or
two special cases, or in the limit as n — oo for IID X’s from regular
models; see below, around (9). In the case where 6 is a scalar pa-
rameter and C(x) is convex for all x, € is a confidence interval for 6.

In the case of nuisance parameters, i.e. where 6 = (6’,6") but
only ¢’ is interesting, a level (1 — «) confidence set for 6’ is any
function €’ from X to subsets of (), with the property that

Pr{0' € ¢(X);0} >1—a  foralld € Q.

It is reassuring that such marginal confidence sets can always be
constructed from full confidence sets. Define the projection IP as
P(t) = t'. If Cis a (1 — a) confidence set for 6, then €' := PCis a
(1 — &) confidence set for 6.

Proof. 6 € C(x) implies 6’ € €/(x), and hence, for all 6,
1—a <Pr{ € €(X);0} <Pr{6 € ¢'(X);6},
using the result on propositions given in section 1.1. O

Of course, just because such confidence sets exist, does not mean
that they have attractive properties (like having small volumes).
This is discussed further in section 8.1.

This definition of confidence sets is all very well in theory, but
set estimators with a known confidence level are extremely hard
to construct in practice, except in very simple statistical models,
and for uninformative confidence sets.’? On the other hand, for
any reasonable confidence set, it is extremely hard to work out the
infimum of the coverage over (), and it is even harder to reverse the
problem, and identify a confidence set for which the infimum of
the coverage is above a target level. It is harder still to do this in the
presence of nuisance parameters.

In general, the best that can be done is construct confidence sets
that have approximately the right coverage in special cases, notably

coverage of €

level (1 — a) confidence set

nominal level

exact confidence set

confidence interval

marginal confidence sets

2 Le., the equivalent of the uninforma-
tive statistical tests mentioned below in
section 4.1.
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where the X’s are IID and the statistical model is regular. The sim-
plest approach is to use asymptotic theory (i.e. n — o0). Here it is
important to insert a caveat. Resorting to asymptotic constructions
is an act of desperation, because in reality datasets are stubbornly
finite, and often quite small. It is a regrettable feature of Frequentist
inference that, except in a few special cases, asymptotic arguments
are all that are available. The Bayesian approach makes no partic-
ular use of asymptotic arguments, but makes additional demands
on the scientist that some statisticians are unwilling to accept, as
discussed in section 5.

Here is one important example, based on the score function. If
the X’s are IID and the statistical model is regular, then the CLT

implies that u(X, 0) DNy (0,i(6)), and this in turn implies that*3
w(X,6) = u(X,6)i(6) 'u(X,0) = 13, ©)

remembering that u(x, 0) is a d-dimensional vector of partial deriva-
tives, and i(6) is a d x d variance matrix. Then

C(x) == {t:w(xt) < Fx_f,l(l —a)} (10)

is asymptotically an exact (1 — a) confidence set for 6, where szl is
d

the quantile function of the x3 distribution.
Proof.
Pr{0 € C(X);0} =Pr{w(X,0) < F);Zil(l —a);0}
= Pr{Fxﬁ(w(X,e)) <1l-wb} —1—un
for all 0, applying the PIT (section 1.4) and (9). O
This confidence set is transformation-invariant.

Proof. Take 6 scalar, for simplicity. Apply the chain rule to show
that u¥(x, ) = u(x,0)(g’(9)) !, where g : 6 — 1 is bijective and
differentiable, ¢’ := (d/df)g and § = ¢~ '(¢). Then it follows that
w(x,0) = w¥(x, ) for all x.

The general proof is the same, but more fiddly. O

Thus we have established, at least in the case where the X’s
are IID and the statistical model is regular, that transformation-
invariant confidence sets for 6 (and consequently for 6’) can be
approximated, and that this approximation ought to be reasonable
when # is large.

What about when 7 is not large? In that case the nominal cov-
erage of a set such as € in (10) may differ substantially from the
actual coverage, in a way that varies with 6. A computer-intensive
resampling approach termed the bootstrap provides an elegant cor-
rection for this, notably the prepivoting approach of Beran (1987).
The bootstrap is one of the two most important innovations in com-
putational statistics in the last forty years.

3 This is a standard result in Normal
distribution theory; see Mardia et al.

(1979, chapter 3).

the bootstrap

prepivoting

The other being Markov Chain Monte
Carlo (MCMC); see section 6.6.
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This is not the place to review the extensive and still-developing
literature on the bootstrap; instead, see the review of Davison et al.
(2003, section 4)—and the other papers in this number of Statistical
Science, celebrating the silver anniversary of the bootstrap—and
Young and Smith (2005, chapter 11); the broader perspective in
Efron (1998) is also interesting.

One loose end needs to be tidied up. The Fisher information
i(0) in (9) can be replaced by an estimate, for convenience, and the
asymptotic properties still hold as long as the estimator converges
appropriately for large n. One suggestion is the expected Fisher
Information, i(8(x°P%)). As shown in section 7.1, f(X) L5 6 for expected Fisher Information
IID X’s from a regular model, and so i(6(X)) N i(0), because
i is a continuous function of 6. In practice, however, a different
approximation is often preferred, the observed Fisher Information,
denoted |, which is defined below in section 7.2. Efron and Hinkley
(1978) provide a theoretical justification for preferring J, which
is that ] is closer to Var(u(X,0) | s(X) = s°%;0), where s is an
experimental ancillary statistic (see section 11.5).

3 Goodness of fit tests

Tests of goodness of fit are also known as (pure) significance tests. significance tests
One starts with a hypothesis about the data X, and then examines

obs

whether the observations x°°® are consistent with that hypothesis.

Cox and Hinkley (1974, chapter 3) provide more details.

3.1 Simple hypothesis

A simple hypothesis completely defines the distribution of X: simple hypothesis
HO X ~ fX (x)
A simple hypothesis is evaluated according to a P-value, which is P-value

any statistic with a sub-uniform distribution under Hy. That is, a
P-value is a statistic p with the property that if P := p(X) then

Pr(P <u;Hy) <u  forallu € [0,1].

Thus, a small p°P® := p(x°P%), say p°P = 1%, indicates an outcome
that would be improbable under Hy.

The standard way to construct a P-value is using a statistic s
with the property that large values of s(x) indicate a worrying—
or at least interesting—departure from the hypothesis Hy. Letting
S :=5(X), the P-value is defined as

p(s') :=Pr(S > s'; Hp).

Under Hj the random quantity P = p(S) has a sub-uniform distribu-
tion in general, and a uniform distribution if S is continuous.

Proof. This proof uses a nifty trick from Casella and Berger (2002,
section 8.3.4). Let G be the distribution function of —S under Hj.

17
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Then
p(s") = Pr(S > s'; Hy) = Pr(—S < —s'; Hy) = G(—5').

Then since P = p(S) = G(—S), the result follows from the PIT, see
section 1.5. O

Note that one can get a large P-value by choosing a poor test
statistic. For example, s(x) = a where a is any scalar constant will
have a P-value of 1, no matter what the value of x. So there is no
basis to claim, without additional information, that a large P-value
supports Hy.

It is important to be able to choose the test statistic in the light
of possible alternatives to Hy. But where this is challenging, one
useful portmanteau test statistic for a simple hypothesis is Box’s
test statistic (Box, 1980). This is s(x) = — fx(x). Thus Box’s P-value
would be

P = Pr(fx(X) < fx(x%); Ho).

indicates that x°P is in the tail of the distribution
specified by Hy, because fx(x°) is relatively small.
The P-value for a simple hypothesis can easily be computed by

obs

A small p

Monte Carlo integration. One samples 2 x() iid fx(x), and then
computes

D%, x0) = 1 Y A(sU) > sob%),
j=1

where sU) := 5(x(/)) and s°Ps := 5(x°P%). According to the WLLN,
P(xobs; x M), .., Xy L5 Ef1(s > 5°); Hy} = pObs
as r — oo, and confidence intervals for the estimator with finite r

can be established using the CLT.

3.2 Composite hypothesis

The hypothesis might also be a composite hypothesis,
Hp : 360 € () such that X ~ fx(x;0),

which involves additional unknown parameters 6. With 6 = (¢/,6"),
where 6" are nuisance parameters, often only 6’ is specified, in
which case Qy = {6} x Q". For a composite hypothesis, one
common definition of the P-value is

pa,(s') := sup p(s';t)

teQ)y

where p(s'; t) is a P-value for the simple hypothesis X ~ fx(x;t).
This has a sub-uniform distribution under all points in )y, i.e.

Pr{pn,(S) <u;0} <u  forall § € Q.

Box's test statistic

Monte Carlo integration

composite hypothesis
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Proof. Follows from the fact that p,(s’) < u implies p(s’;6) < u for
all 8 € Q. Therefore

Pr{pa,(S) < u;0} <Pr{p(S;0) <u;0} <u
for all 6 € Q. O

One special case is worth mentioning, when 6 is a scalar pa-
rameter. If the statistical model has a Monotone Likelihood Ratio
(MLR) in the test statistic s, then the result that the power function
is non-decreasing in 6 implies that

sup p(s;0) = p(s';sup Q).

teQq
This case shows that this definition of a P-value for a composite
Hy often gives large P-values from which nothing interesting can
be inferred, and modifications are required unless () is quite con-
strained.

As an alternative, Pearson’s chi-squared test (or goodness of fit
test) works for both simple and composite null hypotheses, but
only in the case where the X’s are IID from a regular model. This
involves a particular test statistic, in which the sample space X is
first partitioned into k bins, and then

where 0 is the observed number in the jth bin, and ¢; is the ex-
pected number in the jth bin under Hy. For a composite null hy-
pothesis with a d-dimensional unknown parameter, each ¢; is com-
puted using the value of the MLE:

ej=n Y Fx(;0(x°%%)).

x in bin j

Then S 2 )(%7 4_1 under Hy (not proved here), from which a P-
value can be computed.’ A commonly-used heuristic is to take the
asymptotic limit as reliable provided that ¢; > 5 for all j.

Pearson’s chi-squared test has the disadvantage that the result
will depend on the partition of X. It is also not very powerful, in
that there is no option to tune the choice of test statistic to a par-
ticular departure from the statistical model. But it is available in
standard statistical software, so it crops up a lot in applied statis-
tics.

A final caveat. A statistical hypothesis, whether simple or com-
posite, can never really be ‘true’. A P-value tries to address the
question of whether a proposed hypothesis is adequate, but it is
hard to do this without an alternative model to contrast Hy with,
as addressed in section 4 and section 9. If you have a large enough
n then your P-value is very likely to be small, unless you allow

19

See ahead to section 4.2 for the appro-
priate definitions and results.

Pearson’s chi-squared test

5Or T 2 x3_, for a simple hy-
pothesis. The rule is to subtract one
from the degrees of freedom of the x?
distribution for each parameter that is
replaced by the value of its MLE.
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the model complexity (i.e. the number of parameters) to increase
with n.

Just as it is important not to get excited when your P-value is
large, it is also important not to get excited when your P-value is
small, if your 7 is large. In this situation, your model may be per-
fectly adequate for your purposes, even though it has not captured
every wrinkle in the observations. For example, it is a mistake to
conclude that paranormal effects exist just because your P-value is
0.0003 in a test with n = 104,490,000; see Jefferys (1990).

4 Hypothesis tests

A goodness of fit test has a single hypothesis, and the question is
whether or not the observations are consistent with it. Hypothesis
tests contrast competing hypotheses, which may be represented in
terms of the values of the parameter of the statistical model, the
model itself being taken as adequate. Thus X ~ fx(x;0) for some
8 € ), and the competing hypotheses are represented as

Hy:0€(Qy and Hp:0e€ )

where )y and )y are both subsets of (), and do not intersect. The
issue is then to devise a sensible rule, based on x, that allows one
to choose between Hy and Hi. Lehmann and Romano (2005) is the
standard reference for hypothesis testing.

In this situation it would be natural for ()9 and (; to partition
(), but in fact a different approach is often used. ()g is taken to be
the conventional or default set of values for 6, and termed the null
hypothesis, and ()1 to be the values which would indicate a particu-
lar type of departure from Hy, such as an improved treatment, and
termed the alternative hypothesis. A very common example is where
0 is a scalar, and

Hy:0 =106 Hqi:0 > 6

so that Oy = {6p} and O = {t € Q : t > 6y}. Thus Hy is a simple
hypothesis and H; is a composite hypothesis.

4.1 Basic concepts

The basis of a hypothesis test is a rejection region, denoted R C X.
Elements of R indicate rejecting the null hypothesis in favour of the
alternative hypothesis, while elements of X \ R suggest accepting the
null hypothesis; both rejecting and accepting are provisional, rather
than final. What makes a hypothesis test fundamentally different
from a goodness of fit test is that the rejection region is chosen with
both Hy and Hj in mind.

A rejection region is described statistically in terms of its power
function,

7t(0) :=Pr(X € R;0).

The size of the test is

null hypothesis

alternative hypothesis

rejection region

power function

size of the test
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a = sup ()
IS N
and the test is said to be of level ag if & < ay.

When Hy is a simple hypothesis, so that Qg = {6y}, « = 7(6p)
is termed the Type 1 error rate, where a Type 1 error is the mistake
of incorrectly rejecting the null hypothesis. Where H; is a simple
hypothesis, so that (1 = {6;},

pi=1-m(61)

is the Type 2 error rate, where a Type 2 error is the mistake of incor-
rectly accepting the null hypothesis.

The uninformative test. The following test is useful for clarifying
ideas. Suppose I have a coin which when tossed comes up heads
with probability «. I construct a test which rejects Hy in favour of
Hj if and only if the coin comes up heads. This test has 77(6) = «
for all § € Q. Thus for any pair of simple hypotheses, this is a
size w test with B = 1 — a. This test is completely uninformative,
because the decision to reject or accept is not influenced by x at all.
In order to beat the uninformative test, an informative test must
have 71(6;) > a. For a composite Hj, we would want 77(61) > «
for all 6; € ()q, with strict inequality for some of ();; otherwise, we
might as well just toss a coin.

Tests for which 71(81) > 7t(6p) for all 6y € (g and all §; € () are
termed unbiased tests.

4.2 Powerful tests

Consider the case where both hypotheses are simple. The Neyman-
Pearson (NP) Lemma states that of all hypothesis tests with size «,
none has a smaller § (i.e. larger power for 6;) than the one with
rejection region

Ri=qx: fx(x:61) >coy. 11

{ f X(x; 90) - } (11)

Proof. Consider selecting R to minimise the linear combination
cx + B

cx+pB=c Z fX(x,‘Go) + (1— Z fX(X}@l))

xeR xER
= % {cfx(x;60) — fx(x:01)} +1

which is minimised by taking as R exactly those x for which the
term in curly brackets is non-positive, which is (11). Now fix c,
which determines R, which determines « and f. For any other
rejection region R’, with a’ and p’, we must have

ca+B<ca'+p

and, consequently, if a’ = a then g < p'. O

level of the test

Type 1 error rate

Type 2 error rate

In medical science, 1 — « is termed
the sensitivity of the test, and 1 —  the
specificity; see section 10.2.

unbiased tests

Neyman-Pearson (NP) Lemma
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Uniformly most powerful (UUMP) tests. Now consider a scalar § and
the very common hypotheses

Hy:0=069 and H;p:0 > 6

i.e. where there is a composite alternative hypothesis. A uniformly
most powerful (UMP) test is most powerful for all points in Hy. There
is useful sufficient condition for a UMP test. A statistical model has
a monotone likelihood ratio (MLR), if there exists a statistic s with the
property that fx(x;601)/ fx(x;600) is a non-decreasing function of
s(x) when 6; > 6. In this case, the rejection region

R={x:s(x) >}

is a UMP test.

Proof. Fix 6y < 61. Then, according to the MLR property, for every c
it is possible to find a ¢’ such that

fx(x;01)

Pty = ¢ = =

so these two rejection regions are equivalent, and yet the second
makes no reference to 0y or 6;. Thus this test is simultaneously
most powerful for any 6y and all elements of Hj. O

An interesting feature of UMP tests is that the power function is
non-decreasing.

Proof. Fix 6y < 6;. Let a be the size of a UMP test for Hy : 6 = 6,
and let B = 1 — 71(0;) be its Type 2 error. Now consider the unin-
formative test with size ' = &, and with / =1 —a’ = 1 — a. For
a UMP test we must have g < p/,ie. 1—7(6;) <1—7m(6p), and it
follows immediately that 77(61) > 7t(6p). O

So, for example, for a UMP test with Hy : 6 < 0y, the size of the
test is 71(6p). A non-decreasing power function implies that UMP
tests are unbiased when every point in )y is smaller than every
point in ().

UMP tests are very rare in theory, although common in practice.
MLRs are found in one-parameter exponential family distributions,
see section 1.3. But there is also a partial converse to this result,
which states that if the statistical model is IID and regular and a
UMP test exists for some « and all #, then this statistical model be-
longs to the one-parameter exponential family (Pfanzagl, 1968).">
So, they are rare in theory because the exponential family is such a
special statistical model, but they are common in practice because
we so often choose members of the exponential family for our sta-
tistical models.

uniformly most powerful (UMP) test

monotone likelihood ratio (MLR)

> You do not need to read this paper!
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4.3  P-values for hypothesis tests

In the ideal case, the experimenter designs his experiment to meet
targets for the power function.'® This is what happens in clinical
trials, for which typically Hy : 6 = 6p and Hy : 6 > 6y. The power
in Q) is specified in terms of the minimal clinically relevant difference.
This requires a particular value 6; € (), the smallest value for
which the clinician is prepared to assert that the treatment has
made a meaningful difference. Then the experimenter looks for the
combination of 7 and R for which 7 is the smallest, while satisfying
m(60) < apand 1 — 7t(61) < Bo. Typical values would be ay = 5%
and By = 20%.

Most statisticians, however, do not get to control the size of
their sample, which is simply presented to them as x°?*. Then the
Neyman-Pearson approach is (i) to specify the hypotheses so that the
more serious error is the Type 1 error, (ii) set R to satisfy a target
xp, and (iii) not worry too much about the power of the test in (),
beyond favouring the use of powerful test statistics such as ratios of
probabilities, as suggested by the NP Lemma.

There is a more modern twist on this though. Because choosing
a particular value for ag is a bit subjective, hypothesis tests are
typically reported in terms of the smallest size test at which Hj is
rejected. This turns out to be a P-value.

Proof. Almost all rejection regions can be represented in the form

R = {x:s(x) > c} for some test statistic s and critical value c. The a
of this rejection region is decreasing in ¢ for each 6. So the smallest
a for which x°Ps € R under Hy : 0 € Q) is

a" ;== inf sup Pr{s(X) > c;6}

ctobs>c 6eQ)

= sup Pr{s(X) > t°;4}
0y

= Py (

according to the definition in section 3.2. O

tObS)

Thus hypothesis tests, which are distinguished by having both
a null and an alternative hypothesis, are often reported just like
goodness of fit tests, in terms of the P-value of the null hypothesis;
the alternative hypothesis is important only insofar as it suggests a
good choice of rejection region (i.e. a good choice of test statistic).
But this difference seems to permit us to accept the null hypothesis
for large P-values in a hypothesis test, in a way that contradicts the
assertion made at the start of section 3 that large P-values in good-
ness of fit tests tell us nothing about the null hypothesis. This just
goes to show that the choice of test statistic is crucial in interpreting
a P-value.

Computing P-values. P-values can be computed using the duality of
confidence sets and rejection regions. This states that a confidence set
can be used to construct a rejection region, and vice versa.

16 Although see section 8 and sec-
tion 9.2 for a more thorough approach
incorporating costs of errors.

Which is a shame, because exper-
imental design is one area where
statisticians can add a huge amount
of value in science. Cox (1958) pro-
vides a non-technical exposition of
experimental design.

In practice, though, a threshold such
as xy = 5% is still often used, with
P-values less than this threshold being
declared “statistically significant”
rejections of Hy.

duality of confidence sets and rejection
regions
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Proof. This proof is for the general case of a parameter 6 = (6',0")
and a composite null hypothesis of the form Hy : 6 = 6. Suppose
we have a (1 — a) confidence set for €', i.e. a ¢’ with the property
Pr{0’ € C'(x);0} > 1 —a for all 6 € Q. Then define

R={x:6)¢C(x)}
The size of the test is
s(jp Pr{X € R;0,0"} = S;},}D Pr{6} ¢ €'(X);0;,0"}
=1- i;},f Pr{6; € C'(X);60,0"}
<1-(1—-a)=ua.

Therefore the decision to reject the null hypothesis when 6] ¢ €' (x)
is a test with level . The same argument also works in reverse. [

As already discussed in section 2.3, the bootstrap is a tool for
generating confidence sets with approximately correct coverage.
Therefore the bootstrap can also be used to perform hypothesis

tests.'” The a of the bootstrap confidence set €’ is adjusted until 7 There is a technical complication in
0} is just outside €’ (x°"%), and then this « is the P-value of the test the construction of confidence sets for
, , hypothesis tests, due to whether H; is
HO 10 = 90- one-tailed, e.g. 6 > 6, or two-tailed,
e.g. 0 7é 0o.-

4.4 Multiple testing / screening

In the previous subsections there was one null hypothesis to be

tested. As the name suggests, multiple testing concerns the situation multiple testing
where many null hypotheses are being tested simultaneously, and

where it is helpful to know which of the individual hypotheses is

rejected. One common special case is screening, where the objective screening

is to identify a subset of the hypotheses that is likely to contain

the rejections. So, for example, in a statistical model of the form

X ¢ N(x;0,0?%) where 6§ = (6;...,0,), the simultaneous null

hypothesis might be

Hy:0y = =0,=0

but it might be helpful to test this hypothesis by computing a P-
value for each H} : ; = 0, in order to identify the i’s for which the
null hypothesis is rejected.
Suppose, without loss of generality, that there are n hypotheses
to be tested, as in the example above, each one giving rise to a P-
value p;. The Family-Wise Error Rate (FWER) is the probability of at Family-Wise Error Rate (FWER)
least one false rejection. We seek a multiple testing procedure based
on (p1,...,pn) that has a FWER of not more than «y, in the same
way that in a single hypothesis test we seek a rejection region that
has a size not more than «(. This can always be done, according to
the Bonferroni procedure, which is to reject H(") when p; < ap/n. Bonferroni procedure

Proof. Let J be the set of i’s for which H}, is true, and let k be the
size of J. Let A; be the proposition that H} is rejected. According to
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the Bonferroni inequality, (eq. 2), and the sub-uniform distribution
of P-values under the null hypothesis,

FWER = Pr (\/ A))

ieJ
< ZPI‘(AZ') = ZPI‘(PZ' < 0(0/11)
ieJ ieJ
<Y ag/n=kag/n < ap.

ieJ

O

In fact, the FWER in the Bonferroni procedure is often a lot lower
than «g. There is a better procedure, the Holm procedure, but for
really large n controlling the FWER remains extremely conservative,
and often no Hé are rejected for a standard level such as ag = 0.05.
So interest has switched to controlling a less stringent feature of the
test, the False Discovery Rate (FDR).

The FDR focuses on the proportion of the rejected null hypothe-
ses that are falsely rejected. This is a random quantity, and the FDR
is defined as its expectation. Then

FDR < FWER,

so that a procedure which controls the FWER, such as the Bonfer-
roni procedure, automatically controls the FDR.

Proof. Let V be the number of false rejections, and S be the number
of true rejections, and define Q = V/(V+S)if V+S > 0, and
zero otherwise. Then FDR := E(Q). But since Q < 1(V > 1), the
monotonicity property of expectations gives

FDR = E{Q} < E{1(V > 1)} = Pr(V > 1) = FWER.

O

This proof suggests that the FDR is much less stringent than the
FWER, and, indeed, a procedure with FDR < 5% may well have an
FWER of nearly 100% for large enough n."® Control of the FDR was
proposed by Benjamini and Hochberg (1995), who also provided a
procedure for achieving a specified upper bound on the FDR. Their
original proof was obscure, and a better proof is given in Ferreira
and Zwinderman (2006).

Controlling the FDR rather than the FWER seems appropriate if
the cost of a few false rejections is not too high. This is typically the
case in screening, where the intention is to narrow the search for
rejected Hy’s to a subset of the X;’s, which subset will then be sub-
jected to a more expensive investigation. The BH procedure is very
simple to implement, and it has had a major impact on screening
experiments in genomics, where 7 can be 10%; Efron (2008) provides
an illustration, and a Bayesian interpretation of the FDR.

Holm procedure

False Discovery Rate (FDR)

®Le., it will almost certainly wrongly
reject an Hj.

Benjamini-Hochberg (BH) procedure

Another very useful application
of screening is in error and outlier
detection in large datasets subject
to contamination, such as satellite
measurements.
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5 What do statisticians mean by “probability’?

There is a well-defined mathematical theory of probability. This is
the theory of finite, non-negative, countably additive set functions
defined on a sigma field. One takes the existence of such a function
and such a field as given, and then works out the implications

of additional properties such as probabilistic independence and
symmetry; see for example Kingman and Taylor (1966).

The statistician, however, needs to attach an operational meaning
to probability, so that he can agree that whenever A and B are
incompatible propositions, then Pr(A vV B) = Pr(A) + Pr(B) is
reasonable. In actual applications, he needs an operational meaning
to decide whether statements such as Pr(X =1) = 0.3 or Pr(X, =
1|X; = 1) = 0.1 are reasonable. Frequentist statisticians and
Bayesian statisticians have proposed alternative operationalisations
of ‘Pr’, which will be briefly outlined in this section. Hacking (2001)
provides a good survey of the issues.

Just to clear the air, let us note that anyone who asserts that per-
sonal judgements have no place in science has clearly not done
any science; Ziman (2000) might be a good place to start.’ Both
Frequentist and Bayesian approaches to inference rely heavily on
personal judgements, and claims that one approach is more or
less subjective than another are largely specious. As scientists, and
particularly as statisticians working in collaboration with applied
scientists, we should aim for an analysis that is (i) transparent and
(ii) defensible. This means we must be clear about where our judge-
ments reside, and indicate when different plausible judgements
might give rise to different conclusions.

5.1 Frequentist probability

Frequentist statisticians have attempted to operationalise ‘Pr” in
an objective way; i.e., a way that makes no reference to personal
knowledge or capacities. Unfortunately, the best formal treatment,
due to Richard von Mises, is clearly at odds with current practice.
This outline is taken from the concise summary of von Mises’s
view given in Schield and Burnham (2008). Von Mises proposed
that probability concerned statements about collectives. A collective
is an infinite sequence Xj, X, ... with two properties:

1. For each aj € X, nj/ n tends to a well-defined limit as n — oo,
where 1; is the number of X’s that equal aj in Xj,...,X;; and

2. For each i, no gambling system to predict X; based on the first
i — 1 outcomes can be successful (‘randomness’).

Von Mises defined probability as limiting relative frequency in
collectives, and was then able to conclude that the usual proper-
ties of probability follow. He acknowledged that these conditions
are idealisations, but considered that they may be approximately
satisfied in certain conditions, drawing analogies with common

*9 This rather dense book only contains
one equation, but it happens to be
Bayes’s theorem. Ziman provides a
good discussion of the ‘Mertonian
norms’ of science, which include
disinterestedness, which woolly-
minded people sometimes confuse
with ‘non-subjectivity’.

collectives



APTS STATISTICAL INFERENCE, LECTURE NOTES 27

practice in mathematical physics. He stressed that probability state-
ments cannot be attached to individual X;’s, but only to collectives;
in other words, he would have resisted a statement of the form
Pr(X; =1) = 0.3 in favour of “if one was to select an X at ran-
dom from the collective, then the probability that it had the label ‘1
would be 0.3”.

However, as one surveys the huge range of fields in which Fre-
quentist statistics is being performed, it is very difficult to identify
the collective. In particular, what if this experiment is stubbornly
finite? What condition is sufficient for limiting relative frequencies
to exist for all elements of X? And how does one ensure that no
gambling system exists, except by deliberate randomisation?

In practice, Frequentist statisticians have adopted a pragmatic
approach. In many situations, the same operations, if repeated,
would deliver a different outcome, due to uncontrolled sources
of variation. The statistical model for X describes the scientist’s
judgement about the possible outcomes, and inferences are assessed
on the basis of their performance across these outcomes, because
one does not know what particular realisation of the uncontrolled
variation will be involved in the actual x°bs.

Hypothetically, if the scientist’s judgement about X is always
correct, then by using procedures such as level 5% hypothesis tests,
the scientist can be sure that he would not wrongly reject more than
5% of the true null hypotheses, over the course of his career, were
he to do thousands of hypothesis tests. It is important to appreciate
that it is his life-time Type 1 error rate that is being controlled: there
is no requirement for him to repeat his given experiment.

One important legacy of the Frequentist idealisation of proba-
bility as relative frequency is the view that probability statements
are not well-defined for arbitrary propositions. The Frequentist
statistician starts with a statistical model of the form

30 € Q) such that X ~ fx(x;0),

where fx and () are specified, and 6 is unknown, and to be inferred
from the values of a set of observations, x°°. If you look back
through the previous sections, you will see that at no point was

a probability distribution attached to . More than anything else,
this is the shibboleth of Frequentist inference: a strong aversion to
attaching probabilities to 6. Consequently, a 95% confidence interval
for 6 of (17.2,21.3) does not assert that there is a 95% probability
that 0 lies between 17.2 and 21.3, although it is often misinterpreted
as such. Instead, (17.2,21.3) is one realisation of a random inter-
val which has the property that it will contain 6 at least 95% of the
time, no matter what the value of 6 happens to be: see section 2.3.

5.2 Bayesian probability

In the personalistic Bayesian interpretation, probability represents a
person’s degree of belief in a proposition, on a scale ranging from

Does one really have to scramble the
observations in order to do statisti-
cal inference? This seems horribly
wasteful.

Likewise, a P-value of 0.05 does not
indicate that there is a 5% probability
of Hy being correct—another common
misinterpretation.
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zero (certainly false) to one (certainly true). There are a number of
different implementations: none claims to be the definition of prob-
ability, but each of them is available to help with the assessment of
probabilities.

One simple implementation represents probabilities in terms
of fair prices for gambles. For example, if £0.3 is the most I would
pay for a gamble with payoff £1(X = 1), then I reveal that, for me,
Pr(X =1) =~ 0.3. Likewise, if £0.7 is the most I would pay for a
gamble with payoff £1(X = 1) if Y = 1, and which is called off if
Y # 1 (in which case I get my stake back), then I reveal that, for
me, Pr(X =1|Y =1) =~ 0.7. It then follows that my probability
assessments are coherent®° if and only if they respect the axioms
of the probability calculus, and the general result that Pr(A,B) =
Pr(A | B) Pr(B) follows as a theorem. This approach is personalistic
because ‘Pr’ is my probability, which depends on my knowledge
and capacities. Your probabilities are likely to be different.

This Bayesian interpretation allows probabilistic statements to
be attached to any proposition that is capable of verification. Such
propositions must be operationally defined. For example, a Fre-
quentist statistician would baulk at the statement, “the probability
that the 100th digit in the decimal expansion of 7 is a zero is 0.1”.
But a Bayesian would be happy to assert this: one can bet on things
that one does not know; such things do not have to be ‘random’. So
the Bayesian interpretation of probability is much more extensive
than the Frequentist interpretation. But does this interpretation ex-
tend all the way to probabilistic statements about 8? Not obviously,
because, being simply an index in a family of statistical models, 6
may not be operationally defined, except in very simple cases.

Now this may just be a matter of taste. Perhaps my reluctance to

bet on things which are not operationally defined is mere squeamish-

ness. Such reluctance could be overcome were it to be shown that
many benefits would accrue after adopting the Bayesian interpre-
tation. And, indeed, that is the message of the sections that follow
this one. There are many benefits to a Bayesian approach, which
all follow from specifying a probability distribution for 6. These
benefits are so compelling that they can paint a very skewed picture
of clear-sighted Bayesians versus confused Frequentists. So I want
to set the record straight at the very start: specifying a defensible
probability distribution for 6 is hard for Bayesian statisticians, espe-
cially in the personalistic approach where probabilities are opera-
tionalised in terms of gambles. As a consequence of this difficulty,
there is a whole spectrum of Bayesian techniques, such as non-
parametric Bayes, empirical Bayes, and Bayes linear, not to mention
various types of ‘objective” Bayes, that operate with a reduced set of
probability judgements about 6.

The personalistic approach has been developed by E.P. Ramsey,
B. de Finetti, L.J. Savage, and D.V. Lindley, among others. Lind-
ley (1985) and Jeffrey (2004) provide introductions, while Savage
(1954) and de Finetti (1972, 1974/75) contain more advanced treat-

* Probability assessments are coherent
if it is impossible to create a set of
bets for which I am guaranteed to lose
money. Such a set would be termed a
dutch book.

One should not overlook that a PDF
contains an uncountable number of
judgements about 0: far more than
could be critiqued against any finite
number of observations. In special
cases the effect of these judgements
can gradually be obliterated by in-
creasing sample sizes (section 7), but
in other cases they persist (section 9.4).
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ments. Much more detail about Bayesian inference can be found
in O’Hagan and Forster (2004) or Robert (2007). For me, the best
short summary of the contrast between Bayesian and Frequentist
inference is Savage et al. (1962).

6 Bayesian inference

There has been a huge growth in Bayesian statistical inference in
the last two decades. Smith (2010, section 1.0.3) gives four reasons,
which I paraphrase:

1. An increasing acceptance of the value of expert judgement,

2. A shift away from simple IID-type models to large-scale highly-
structured models,

3. A change in culture towards decision support, which takes ex-
plicit account of stakeholder preferences, and

4. Dramatic computational developments, both in power and algo-
rithms.

One important subject not covered in these notes is elicitation of
expert judgement; see Cooke (1991) and Garthwaite et al. (2005).
The second point typically involves a substantial increase in the
number of nuisance parameters, an area where the Frequentist
statistical approach struggles. The third point involves Decision
Theory (section 8), and the final point, the development of practical
Monte Carlo methods, is very briefly summarised in section 6.6.

6.1 Bayesian basics

The Frequentist approach starts with a marginal statistical model

for X indexed by an unknown 6. The Bayesian approach starts with

a joint probability model for (X, 6). The statistical model fx(x;t)

is interpreted as the conditional probability that X = x given 6 =t.

Then 6 itself is assigned a probability density function (PDF)—it

is a PDF because () is typically an uncountable set (for us, it is a

convex subset of IRY). This is termed the prior probability distribution prior probability distribution
for 6, and denoted (by me) as 7ry. Under this interpretation of the

statistical model, the joint distribution follows immediately from

the definition of a conditional probability:

fxp(xt) = fx(x;t) mo(t).

The Bayesian statistical model represents a simple hypothesis about
X, because

Pr(X=x) = / Fro(x, ) dt = fx(x). (12)

Here fx is termed the marginal distribution of X. Bayes’s theorem marginal distribution
asserts that Bayes’s theorem
L(t) mo(t
ﬂ;(t) = ( ) 9( )

In English, “Bayes’s Theorem” is

is the PDF for 6 conditional on X:xObS. on the authority of Fowler’s Modern

English Usage, (3rd ed., 1996, Oxford

29

- b
fx (xo S) correct, rather than “Bayes’” Theorem”,

University Press), p. 61. I believe that

Americans do things differently.
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Proof. Let A be a subset of (). Then

Pr(f € A, X =x°)
Pr(X = xobs)
_ Jafxp(x®s, 1) dt
fx (x0bs)
Ja fx(x00s; t) o (t) dt
a fx(x0bs)

_ [ L®)me(t) . [ .
= [, gty = /A (1) dt,

as needed to be shown. A slight adjustment to the proof is neces-

Pr(f € A|X=x) =

sary when X is approximated by a continuous random quantity;
see Grimmett and Stirzaker (2001, section 4.6). O

In Bayes’s theorem, 7t is termed the posterior probability distri-
bution of 8§, and because the denominator is just a scaling constant, posterior probability distribution
Bayes'’s theorem is often written

posterior « likelihood x prior.

The terms ‘prior” and ‘posterior” are unfortunate, as they give the
impression of time passing, but they have stuck. It would have been
better to use the labels ‘marginal” and ‘conditional’, which is what
they actually are.

This is the basic principle of Bayesian inference:

All inferences about 6 are based on the posterior distribution.

This may seem intuitive, but it is also a theorem of Bayesian deci-
sion theory; see section 8.1. It is completely at odds with the Fre-
quentist approach, where inferences are based on the distribution
of estimators and test statistics over the range possible parameter
values. The Bayesian approach makes no reference to values of X
other than the x°P* which actually occurred.

6.2 Transformation-invariance

Suppose that g : 8 — ¢ is a differentiable bijective function.
Then the standard result on the PDF of transformations is that if
6 ~ 7y (t) then

mp(0) = (1) [Jg(1)| ™" where t = g71(v),

see section 1.4. The Bayesian posterior distribution obeys this rela-
tionship if the prior distribution does, and is thus transformation-
invariant.

Proof.

= L(t) m(t) g (D).
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These both integrate to the same value, fx(x"bs) ; the left-hand side
over v € ¢(Q), the right-hand side over t € Q). Thus

L(t)7a(t) |Jo(£)| !
fx(XObs)

as required. O

T (v) = = 115 (t) |Jg(£)| !

6.3 Estimation

Point estimates for 6 can be derived from the posterior distribution.
The posterior mode is a computationally attractive option, because
it does not depend on evaluating the denominator, fX(xObS), which
typically requires an integration over (). So finding the posterior
mode is no harder than finding the ML estimate. Indeed, it is the
same operation if () is bounded and 7ty (#) o 1.

The posterior mean is often preferred in practice, particularly as
modern simulation methods have made it possible to sample from
the posterior distribution without explicitly evaluating the denom-
inator; see section 6.6. There is a detailed theory about which esti-
mate of 6 to prefer, but the posterior mean does a good job of ap-
proximating the minimum-loss estimate for convex loss functions;
see section 8. The posterior mean is not transformation-invariant;
alternatives are discussed in section 8.

Bayesian set estimates for 0 are termed (posterior) credible sets. A
level (1 — a) credible set for 0 is any set C C Q) for which level (1 — a) credible set

Pr{f cC|X=x"} =1—a. (13)

In general, credible sets can be derived from the level sets of the

posterior distribution, known as high probability density (HPD) sets. high probability density (HPD) sets

A level (1 — a) HPD credible set is represented as
C:={teQ:my(t) >c},

where c is chosen to satisfy (13). HPD sets are optimally small in
the sense that if a set minimses volume in () for a given probability
content, then it must be an HPD set.

Proof. Tt suffices to consider 6 ~ 7(t), where 7t is a PDF. The proof
is by contradiction. Consider a set S C () with probability content

1 —a, and let t and #' be any two points on the boundary of the set.
if t(t) > 7t(#') then a volume element df can be moved from #'

to t, in such a way that the volume of the set is preserved, but the
probability content of the set is increased by {7(t) — () }dt. Then
the volume of the modified set can be shrunk slightly to get back to
the same probability content as before. Thus, at minimum volume,
7t(t) is the same for all points on the boundary of S. O

Posterior HPD sets are not transformation-invariant. A posterior
credible set which is transformation-invariant can be found using

C:={teQ:L(t) >c},

31
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where c is chosen to satisfy (13), as before. These sets will typically
be larger than HPD sets, but not by much if the likelihood function
is strongly concentrated relative to the prior distribution (in which
case they will hardly differ from posterior HPD sets).
Frequentist confidence sets can struggle with nuisance parame-
ters. These present no difficulty in the Bayesian approach, because Nuisance parameters in the Bayesian
nuisance parameters can simply be integrated out of the posterior approach

distribution. Thus, if 6 = (6’,6”) but only €’ is interesting, then
T () = / (1) e,
Q//

Then a credible set for ' can be constructed from this marginal

posterior distribution. For a scalar 6 or ¢/, an alternative to an

HPD credible set is the credible interval which comprises the

«/2 and 1 — a/2 quantiles of the marginal posterior distribution.

This is termed a 1 — « equi-tailed interval (or centered interval); it is equi-tailed interval
transformation-invariant.

6.4 Prediction

If X, 41 is an unobserved random quantity, then
Pr(X,41=x | X =x°P%)
= [ F x| 2050 i (1) dt
[ fxet) my (e

where the first equality is just the Law of Total Probability, and is
the general result, and the second equality follows in the special

case that (Xy,..., X, 41) iid fx(x;0). So the Bayesian prediction is
different from the ‘plug-in” ML prediction (section 2.1), because it

includes uncertainty about 6.

6.5 Hypothesis tests

If both Hy and Hj are composite hypotheses, that occupy well-
defined volumes in (), then deciding between them is simply a
matter of finding out which one has the larger posterior probability
content. For example, if 6 is a scalar and

Hy:0 <6 Hi:0 >0

then the posterior probability of Hy is simply

Pr(Hy | X = x°%) = /90 75 (1) dt.

The more interesting case is where one or both hypothesis are
degenerate, for example in the case Hy : 8 = 6. In this we must
have Pr(6 =6y | X = x°P*) = 0, because 6 is a continuous quantity—
point hypotheses cannot literally be true. One way around this is to
embody the notion of “adequacy” which underlies the Frequentist
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approach with a blurred point hypothesis of the form Hy : 0 €
8o £ ¢ for some small e. But this is an unsatisfactory fix. A better
approach is to use Bayes factors to evaluate competing hypotheses
about X; see section 9.

6.6  Bayesian computation

As for the bootstrap, these notes are not the place for a detailed
discussion of Bayesian computation; see, e.g., Besag et al. (1995),
Robert (2007, chapter 6), Gelman et al. (2003), or Robert and Casella
(1999). So just one or two brief remarks.

For practical inference, a sample from the posterior distribu-
tion 77 is usually adequate. This is because the marginal poste-
rior distribution of 6’ can be appoximated by the histogram of the
sampled values of €’ (i.e. one simply ignores the nuisance param-
eters 0”). And, if required, the conditional posterior distribution
of 0 | {g(#) = a} can be approximated by the histogram of those
samples satisfying the condition. Sampling is also suitable for in-
tractable problems where the statistical model can be simulated, but
the likelihood function cannot be evaluated pointwise; see Beau-
mont et al. (2002).

The challenge for Bayesian inference, then, is to sample from
the posterior distribution. Typically this means sampling from the
distribution which is proportional to L(t)7y(t), because the de-

nominator fx (x°)

is not available explicitly, being an intractable

high-dimensional integral, see (12). There are simple methods to

do this when the parameter has a small dimension, such as rejec-

tion sampling and, to compute posterior expectations, importance rejection sampling

sampling. But when the parameter has a large dimension, as many importance sampling

modern inferences do, then the method of choice is Markov chain

Monte Carlo (MCMC). Markov chain Monte Carlo (MCMC)
In MCMC, one constructs a Markov chain on () which has the

property of being stationary, and for which the stationary distribu-

tion is the target distribution 7. It turns out that there are literally

an infinite number of such chains, and the skill is in choosing a

good one which mixes rapidly, so that the autocorrelation in the

chain is low for all points in (), or at least for those points in ()

with non-negligible posterior probability. Much of the recent inter-

est in MCMC has been in automating the process of choosing the

chain, and in particular, of allowing it to be ‘self-tuning’, without at

the same time doing too much violence to its Markov property; see

Andrieu and Thoms (2008).
MCMC is ‘asymptotically exact’, in the sense that an infinite

number of iterations would be required to be sure of drawing one

realisation from the posterior distribution. In practice, though,

diagnostic evaluation of the chain, or of parallel chains, is used to

check the much weaker condition that there is no evidence of non-

convergence. A much more elegant technique, perfect simulation, perfect simulation

can be used to sample directly, although this has not yet caught on
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due in part to computational difficulties in an uncountable (); see
MacKay (2003, chapter 32) for an outline.

6.7 More on the prior distribution

Improper prior distributions. Suppose initially that () is a closed
and bounded subset of R?. Then if 774 is a non-negative continuous
function which is positive somewhere on () then the integral of
g over (] is strictly positive and finite. So 77y can function as a
PDF, suitably normalised so that it integrates to one. In fact, the
normalisation constant is not required, because it cancels in the
numerator and denominator of the posterior distribution.

So, sticking with 7ty being non-negative and continuous, prob-
lems can only arise in the case where () is unbounded. In par-
ticular, it is possible to propose an improper prior distribution, for
which the integral of 7ty over (2 is infinite. Most Bayesian statis-
ticians seem to be relaxed about this, provided that the posterior
distribution is proper, which it often is, especially in the case where
x i fx(x;0) and the sample size n is large relative to the dimen-
sion of ().

I would be more cautious, because of paradoxes that can arise
with improper distributions (e.g. the marginalisation paradox). If
pressed to use an improper prior distribution on an unbounded
0, I would want to derive the posterior distribution as the limit of
the posterior distributions of an increasing sequence of bounded
subsets of (). Improper prior distributions are discussed in more
detail in section 9.4.

Vague prior distributions. If there was a shape for the prior distribu-
tion corresponding to complete ignorance about 6, then this shape
would not be preserved under the bijective transformation from 0
to 1. It would be bizarre indeed if I could gain knowledge simply
by transforming the parameter, and so a generic prior distribution
which represents complete ignorance must be a chimera. The uni-
form distribution, for example, is not representative of ignorance.

But the search goes on for principles upon which one might
construct priors that ‘let the observations do the talking’. Unfor-
tunately, most suggested approaches give rise to improper priors
for an unbounded parameter space. Two popular approaches are
the Jeffreys prior for scalar 6, and the reference prior, which chooses
a prior (not uniquely in the case of a vector 0) that maximises the
Kullback-Leibler divergence between the prior and posterior distri-
butions.

For IID exponential family statistical models there are also con-
jugate priors, which can be made vague in the sense of representing
prior information in terms of a specified number of previous obser-
vations; e.g. letting the prior information be worth one observation.

Vague prior distributions are discussed in more detail in Robert
(2007, section 3.5).

improper prior distribution

marginalisation paradox

Jeffreys prior

reference prior

conjugate priors
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7 Asymptotics

Suppose that the statistical model asserts that X " fx(x;0). What
happens as 1 becomes large? One case has already been mentioned:
for regular models, u (X, 0) D, N4 (u;0,i(6)) according to the CLT;
see section 2.3. This section gives some more general results. Much
more detail about asymptotic behaviour can be found in van der
Vaart (1998).

7.1 Consistency

The first important result is that the MLE 8(X) concentrates onto
(typically) a single value in () and that, as a consequence, the
Bayesian posterior distribution for 6 concentrates around the MLE,
more-or-less regardless of the choice of prior distribution.
The tool for understanding this is the Kullback-Leibler divergence, Kullback-Leibler divergence
which is defined for two statistical models f and g as

Zf x)log E;

A crucial result (easily proved using Jensen’s inequality) is that
KL(f,g) > 0 with KL(f,g) = 0if and only if f = g; this is known

as Gibbs’s Inequality. Gibbs’s Inequality

Now suppose that the true distribution of X is X e g(x). We

treat the sample space X as known, and in this case we may assume
that the support of fx contains the support of g (anything else
would be bizarre). For any ¢4, ¢, € () the log probability ratio can be
rewritten as

og fx(xt1) _ fxg(éi;ﬁ ~log

fx(xt) °8

_ glx) g(x) .
=log fx(x;t2) log fx(xtr) (14)

fx(x;t2)
g(x)

But

8(x) ligx) v g(xi)
lo = log lo ,
B el BT feot) ~ " Fuleit)
and hence log {g(X)/fx(X;t)} is the sum of IID bounded random
quantities, and its mean must be finite. Now we can apply the

WLLN to deduce that
g(X) r { g(X) }
O —n E 10 ; =n KL /t 7
8 F (D) B R (X;0) S (81

which must be non-negative and finite, writing KL(g, fx(-;t)) as
KL(g,t), for convenience.
Applying the WLLN to both terms in (14), we deduce

fx(X;t) tl)
 Fx(Xita)

So if KL(g,t2) > KL(g,t1) then fx(X;t1)/ fx(X;tp) will increase
roughly exponentially for large enough 7. Thus the MLE §(X) will

log i>n{KL(g,i,‘2) —KL(g,t)}-
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concentrate on that value of t € Q) for which KL(g, t) is smallest.
In the special case that g(x) = fx(x;6p), then KL(g,0y) = 0, the
smallest possible value, and the ML estimator will converge on
the true value 6, i.e. it will be a consistent estimator. Of course this consistent estimator
special case seldom holds in practice, but it is still the case that the
ML estimator converges to a preferred value in Q).
It follows immediately that the Bayesian posterior distribution
also converges to the same preferred value in () as the MLE. Let t;
and t; be two values in () for which the prior probability is non-
zero. In terms of log posterior odds,

m(tyx) L fx(xt)
ﬂ;(tz;x) fx(x,' tz)

(t1)

log 55

o
1
+ log .
And therefore, under X i g(x),

mp(t; X) P

log 79 (t1)
0

e(t2)

Hence the value t € Q) for which 7y(t) > 0 and KL(g, t) is smallest
will end up collecting all of the posterior probability, as n increases
without limit. As long as the support of 71y contains (), the poste-
rior distribution for 6 will converge on the MLE of 6. Because the
prior distribution plays no part in the limiting posterior distribu-
tion, we can conclude that two Bayesian statisticians would agree
now that, if shown the same long IID sequence of X values, they
would eventually make the same inference about 6, regardless of
their possibly different prior distributions.

These results imply that ML and Bayesian estimates of 6 will be
similar for IID models and sufficiently large n. ML and Bayesian
predictions will be similar as well, because the convergence of the
posterior distribution to the MLE implies that

/Qfx(x;t) 73 (5X) dt 5 fy (x:0(X)).

7.2 Convergence of the posterior distribution

Under slightly more restrictive conditions, the Bayesian posterior
distribution converges to a multivariate Normal distribution. The
crucial quantity is the Bayesian analogue of the Fisher Information,

] == = V?log fx(x%0(x)), (15)
where V? denotes the Hessian matrix of second derivatives; J is Hessian matrix
termed the observed Fisher Information. If Q) is an open subset of R?, observed Fisher Information

then ] will be positive definite symmetric, because 0(x°®*) max-

imises the log-likelihood.*" 2 In other words, | willbea d x d
variance matrix; additional technical
L A conditions are required to ensure that
distribution is the maximum is unique.

Writing @ for 8(x°P%), the asymptotic behaviour of the posterior

log 7t (t) = log ¢4(t;0, ] 1) + error that decreases in n
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where ¢, is the PDF of a d-dimensional Normal distribution; i.e.
the posterior distribution converges to a Normal distribution with
mean § and with variance J~!. Providing that 7 is reasonably large,
the posterior distribution can be approximated by finding the value
of the MLE and computing ], the curvature of the log-likelihood
function at its maximum. This makes it easy to derive approximate
HPD credible sets for 6, or for the interesting subset 6’

Proof. Using a Taylor series, expand the log-posterior distribution
around 6, to second order:

log 55 (£) = log 773 (6) + (t ~ 6)7V log 3 (8) + 5 (t — )"V log 3 (4) (¢ — ) + o([|t — )

where the range of interest is t = 8 + 0(1), according to the asymp-

totic consistency of the MLE.?*> Now 2 Here [ am using the ‘big O, little o’
asymptotic notation introduced by
\V/ log 7.[; (t) Vi log fX (xobs’. t) +Vv log 7T9(f) Edmund Landau; see Schervish (1995,

section 7.1.1).

and so Vlog 7 (0) = Vlog mg() = O(1), and
VZlog 7ty (6) = VZ*log fx (x°P%;0) + VZlog e (0) = —J + O(1),

where —] is O(n), because the X’s are IID. Hence the dominant
remainder term in the posterior distribution is O(1) and

log 725 () = ¢ + O(1) — %(t —0)TJ(t—6).

As n becomes large the term in | dominates the O(1) term, which
can be absorbed into the constant, giving, in the limit, the form of a
Normal distribution with mean 6 and variance [~1. O

These days, Monte Carlo methods would typically be used to
sample from 715, for which no IID and large-n approximations are
required; see section 6.6. But this result, and its generalisations,
explains why the marginal posterior distributions of the 6’s often
appear to be approximately Normally distributed, especially if 6
has been transformed so that QO = R, and 7y is vague enough to
be flat in the neighbourhood of the MLE. It is also useful to have a
tractable approximation to the posterior distribution; see section 9.6.

8 Decision theory

Statistics is not just an intellectual activity, and decision theory
reflects this by considering the bigger picture, where decisions, such
as whether to accept the null hypothesis, have consequences. The
new ingredients are:

1. A set of possible decisions, D,

2. A consequence for each decision, represented as aloss, L: (2 x D = R,
and

3. A possible rule, represented as 6 : X — D.
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Then the objective of decision theory is to evaluate different rules
for making decisions.

So the main new feature of Decision Theory is the loss function
L. This seems about as hard to specify as the prior distribution on
8 is for a Bayesian approach, which is why Decision Theory has
not become widely accepted as the unifying framework for statis-
tical inference, except by Bayesian statisticians. But all statisticians
appreciate the clarity that Decision Theory brings to theory of esti-
mation and hypothesis testing, without necessarily wanting to use
Decision Theory in their applied work.

The main tool for Decision Theory is the risk function, defined as
the expected loss of the rule:

R(8,8) := E{L(8,5(X)); 0}

It is standard to use L for both the
likelihood function and the loss
function; no confusion should arise
because the arguments are different in
the two cases.

risk function

To illustrate, consider set estimation. In this case, D = a set of subsets of (),

0 = C where C(x) is a member of D, and a simple loss would have
L(6,C(x)) =1(0 & C(x)),

sometimes referred to as a o-1 loss function.?3 In this case the risk
function is
R(6,€) =Pr{6 ¢ C(X);0}.

Thus a (1 — ) confidence set for 6 arises from a o-1 loss function
subject to the condition that the risk never exceeds «. The same
would be true for marginal confidence sets, for which L(6, €' (x)) =
1(6" ¢ C'(x)).

For a given rule J, the risk is a function of 8. Two different rules
will give rise to different functions, and then the pressing question
is which rule do we prefer? In general this is a hard question to
answer, because there is no unambiguous ordering over the rules.
The exception is where one rule dominates the other, i.e.

R(t,6) < R(t,6')  forallteQ,

with a strict inequality at at least one value of t. A rule §’ which is
dominated in this way is said to be inadmissible. Any rule which is
not inadmissible is admissible.

It is important to be clear that admissible rules are not neces-
sarily good rules. For example, with the quadratic loss function
L(8,s(x)) = |6 — s(x)|?, the estimator s(x) = 4 is an admissible
rule for estimating 6, if 4 € (), because it is the best rule at the point
f = 4. But this is hardly a good estimator for 6. Even so, because
inadmissible rules are obviously unattractive, when choosing a rule
it is sensible to restrict attention to the set of admissible rules.

8.1 Bayesian decision theory

Things are a bit easier in the Bayesian approach, because of the
availability of the prior distribution 77y, taken to be proper. This

» Not a good choice: see section 8.1.

So one rule dominates the other if and
only if, as functions of 6, they are not
identical and, while they may touch,
they do not cross.

inadmissible
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distribution can be used to integrate 8 out of the risk, to give the
integrated risk:

R(5) = /R(t,d) 709 (F) dt.

With both L and 7ty specified, the integrated risk is just a scalar
function of §. Consequently an optimal rule can be found by min-
imising the integrated risk:

5% := argmin R(9)

which is termed the Bayes rule, with R(6*) being the Bayes risk. The
principle that optimal choices are made through minimising the
integrated risk is a theorem from Bayesian decision theory, which
is based on basic axioms for choice under uncertainty. The classic
account of this is Savage (1954).

It looks as though finding the Bayes rule would be a really hard
calculation, since we are minimising an integral over a function
defined on X. But it turns out that the Bayes rule has a very con-
venient characterisation: for each x, §*(x) is the value which min-
imises the posterior expected loss conditional on X =x.

Proof. Writing out the integrated risk expression,
R() = [ L L(8) fx(xt) mo(t) dt.
X

Now take the integral inside the sum, and write fx(x;t) 7mg(t) =
fox (t | x) fx(x) using Bayes’s Theorem. Substituting and re-
arranging gives

R(8) = ¥ fx(x) [ L(t,6(x) fox(t| ) dt.
X
Thus the integrated risk is minimised over J by taking

5 (x) = arg;*nin/L(t,d) fox (t]x) dt

for each x, as was to be shown. O

Continuing with the illustration of confidence sets, the inte-
grated risk of the o-1 loss function is Pr{f ¢ C(X)}, treating both
 and X as uncertain. This can be driven down to zero by setting
C(x) = Q for all x, showing that o-1 loss is not a very good choice
for interval estimation. Instead, a more general loss function such
as L(6,C(x)) = 1(0 ¢ C(x)) + B volume(C(x)) for some B > 0 is
required, which introduces a penalty that increases in the size of
the set.

8.2 Conditions for admissibility

This diversion into Bayes rules is not just for an elegant result.
Bayes rules and admissible rules are very closely linked. The fol-
lowing result is not the most general, but it is easy to prove. Sup-
pose that () is finite. Let B be the set of Bayes rules with prior

integrated risk

Bayes rule

Bayes risk

In other words, it looks like a calculus
of variations problem. But it turns out
to be a simple pointwise optimisation
problem.

But, when faced with the difficulty of
specifying B, in practice statisticians
fall back on simple rules such as equi-
tailed confidence intervals or credible
intervals.
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distributions which have support on the whole of (). Then (i) all
members of B are admissible. Furthermore, if mixed rules are al-
lowed, then (ii) all admissible rules are in B.24

Proof. Each possible rule contributes a row of the risk matrix R =
{rij}, where r;j = R(0;,;); denote row i as r;. I will take R to be
bounded. Let 7t denote a probability assignment over the 6;s.

Proof of (i). Suppose that rule d; is in B, corresponding to {. In this
case Rt > r{ml for some 7t > 0.25 In other words, (R — 1r{)7 > 0.
Because 7t >> 0, this implies that fornoiisr; —r; < 0,ie.d1is
admissible.

Proof of (ii). If the admissible rule is not a mixed rule, then let it

be the first row of R. If it is a mixed rule, then add an additional
row to the top of R. Either way, now §; is an admissible rule, corre-
sponding to ;.

Let [R] denote the convex hull of the rows of R: this set contains
all of the rules which can be constructed by mixing. Then rq is
admissible only if it is an extreme point in [R]. This requires that
there is an a such that a’r; = ¢, where ¢ := inf,c (g a’r. This is not
sufficient for admissibility, however, because r1 needs to be on the
south-west boundary of [R]. In other words a”(rq + dr) > ¢ for all
dr > 0, which in turn implies that 2 > 0. Setting 77 = a/ }; a; then

shows that 7 > 0 and 7'ry < 7'r for all r € [R]; which implies that
rq is in B. 0

To go further, and consider uncountable and possibly unbounded

(), requires smoothness conditions which are mainly of interest to
the theorist. In a nutshell, Bayes rules with support on the whole
of ) are admissible, and admissible rules are either Bayes rules,
or the limit of sequences of Bayes rules with proper prior distribu-
tions. These results are described in Robert (2007, section 2.4.4 and
chapter 8).

The generalisation to mixed rules is necessary because a pure
rule can be admissible and yet be dominated by a mixed rule. One
can always implement mixed rules: just toss a coin to decide which
actual rule to use. But you can imagine the look on your client’s
face when you tell him that he should compute two different esti-
mates of 6, and then toss a coin 17 times, and select the first if there
are fewer than 13 heads, and the second otherwise. He will think
“I might as well consult an astrologer, who will probably be much
cheaper, especially if the moon is in Sagittarius.”

Luckily, it is never necessary to tell the client this, if one is a
Bayesian statistician. This is because if a mixed rule is admissible,
there is a Bayes rule with the same integrated risk. This result holds
in full generality, but here is the proof in the case where (2 is finite.

Proof. Let Q) be finite, of size m. Then the supporting hyperplane
of an admissible mixed rule contains between 2 and m pure rules.
As the integrated risk is the same for all rules on the supporting
hyperplane, each of these pure rules has the same integrated risk as

24+ A mixed rule is a rule of the form
p161 + - - - + pxdx where each p; > 0
and Yy ;pi=1.

?5 For vector inequalities, x < y if

x; <y foralli;x < yifx; <y forall
i with at least one strict inequality; and
x L yif x; <y; forall i.

This proof uses simple concepts
from convex analysis; see Whittle
(2000, section 15.2). In particular, the
characterisation of extreme points is
the supporting hyperplane theorem.

A Frequentist statistician may be
unwilling to make this argument, if for
him the practice of ranking rules by
their integrated risk is unacceptable,
because it involves a prior distribution
for 6.
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the mixed rule. As each of these pure rules is admissible, each one
is a Bayes rule. O

8.3 A cautionary tale: the Stein Effect

The general message from section 8.2 is think very carefully before
proposing a rule which is not demonstrably a Bayes rule. Another way
to make a similar point is to note that if you restrict yourself to
admissible rules then you are effectively behaving as though you
have a prior distribution over 6, even though as a card-carrying
Frequentist statistician you may assert that such a thing does not
exist.

Here is a famous cautionary tale about inadmissible point es-
timators. Suppose that (Xi,...,X;) ~ Ny(x;6,1;), where 6 =
(61,...,84) € RY. A natural estimator for # would be s(x) = x.
While this estimator is not a Bayes rule for a proper prior distri-
bution, it is the posterior expectation in the limit that the prior
variances of all of the ;s tends to infinity. So one might hope that

26

it is admissible under quadratic loss. 26 Under quadratic loss, it is easy to

see that the Bayes rule for a point
estimator is the posterior expectation.

In a hugely influential paper, Stein (1955) showed that this esti-
mator was inadmissible for sufficiently large d under quadratic loss,
and a few years later James and Stein (1961) produced an estima-
tor that dominated it for d > 2. The general form of these better
estimators is

s(x) = x1+c(x — x1) (16)

where ¥ is the sample mean and c is a function of x, lying between

0 and 1. Such estimators are called shrinkage estimators because they shrinkage estimators
shrink x towards the mean #%: they are clearly biased if the §;’s vary.

Efron and Morris (1977) give a non-technical presentation of the

Stein effect.?” 27 As Efron and Morris note, (16) is
itself inadmissible. A Bayes rule would
. o have the form s(x) = p1+ c(x — pul),
ased estimator is risky. One upshot has been the gradual aban- where 1 is the common prior mean of

donment of unbiasedness as a primary criterion for point estima- the 6;s, and this would be admissible.

The moral of this story is that reaching for the ‘obvious’ unbi-

tors. Another has been for statisticians to favour Bayes rules, but

to search for prior distributions for which such rules have good

sampling properties, so called matching priors.?® Brown et al. (2001) matching priors

present a case study on the use of various approaches, Frequentist ** These tend to be Jeffreys priors or
and Bayesian, for constructing confidence intervals for the proba- reference priors in simple cases.
bility parameter in a Binomial model; one recommended approach

is a Bayesian credible interval, based on the Jeffreys prior. In other

words, sometimes a Bayesian credible interval makes a good Fre-

quentist confidence interval.

8.4 Transformation invariance

Despite their origin, Bayes rules are not necessarily transformation-
invariant. The ‘culprit’ is the loss function. Consider, for example,
point estimation of a scalar parameter and a quadratic loss function
L(6,s(x)) = (8 — s(x))2. The Bayes rule is the posterior expecta-
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tion of 0. Although the posterior distribution is transformation-
invariant, the posterior expectation is not. Interestingly, in this case
the posterior median is transformation-invariant, and this arises
from the loss function L(6,s(x)) = |8 — s(x)|.

Whether this is a practical issue is debatable. If transformation-
invariance is a compelling issue then the loss function can be cho-
sen appropriately. For example, for point estimation, a general class
of transformation-invariant loss functions can be constructed by
representing L(6,s(x)) in terms of the distance between the dis-
tributions fx(-;0) and fx(-;s(x)). This distance would be exactly
the same under the bijective transformation g : 6 — v, for which
L) = fx(581(¥)). One such distance has already been
mentioned: the Kullback-Leibler divergence.?9 The availability of
transformation-invariant Bayes rules is reassuring, but probably not
germane in practical statistical applications: Decision Theory seems
to be more valuable for its conceptual clarity than as a practical
template for applied statistics.

9 Bayes factors

Bayes factors were originally introduced by Harold Jeffreys in the
1930s (see Jeffreys, 1961, 1st edition 1939). The standard reference
is the review by Kass and Raftery (1995), and the introductory sec-
tions of Berger and Pericchi (2001) are also very helpful. Bayesian
textbooks and reference books such as Robert (2007, chapters 5 and
7) also contain more detailed information than that presented here;
some references will be given below.

A word on notation. I prefer to use fx(x;6) to denote the statistical
model, and 7y(t) to denote the prior distribution on the parameters
of the model. But where there are many hypotheses, it is more
convenient to use the subscript to indicate the hypothesis. So where
appropriate I will write f;(x; ;) for the statistical model of the jth
hypothesis, 77;(t;) for the prior distribution of the parameters in the
jth model, which has support Q; C R%, and fj(x) for the marginal
probability of X in the jth model, where f;(x) = [ f;(x;t;)7;(t;) dt;.

9.1 Definition
Consider two simple hypotheses about X:

Hy: X ~ fo(x), Hp: X~ f1(x). (17)

These two hypotheses do not have to be mutually exclusive: they
might just be two hypotheses within a whole collection of possi-
bilities, Hy, Hy, . .., Hy. After observing X = x°Ps which of these
two hypotheses is more probable? Applying Bayes’s Theorem in its
odds form,

Pr(Hp|x°P%)  Pr(X=x°|Hy) Pr(Hp)

Pr(H; | x°P%)  Pr(X=xos | H;)  Pr(H;)

*» Technically not a distance because it
is not symmetric.

While Ojjisa scalar, conventionally it
is treated as a plural noun.
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or, equivalently,

061 = Bor x Oo1

where Oy, are the prior odds of Hy versus Hi, By is the Bayes factor prior odds
of Hy versus Hy, and Oy, are the posterior odds. In other words, to Bayes factor
compute the posterior odds, take the product of the Bayes factor posterior odds
and the prior odds.
In general odds do not convert into probabilities. The exception
is where we have the odds on a set of mutually exclusive hypotheses, mutually exclusive hypotheses
say Op, ..., Og. In this case it is easy to see that3° 3 Multiply the top and bottom of the

right-hand side by py.
1

Po=—=r ~—1

1+ Z]-:1 OO].
and then pi = Po OO_].1 forj = 1,..., k. I will write O]-l- for Oi;l,
and likewise Bj; for B;l. As Berger and Pericchi (2001) note, it is
common in scientific reporting to set Op; = - - - = Ogr = 1, in which
case Oa‘j = By; and

p .
J Bio/(1+Xf1Bpo) j=1....k

Because it is possible to infer the Bayes factors from these posterior
probabilities, anyone with non-uniform prior probabilities is able
to compute his personal posterior probabilities from the values of
Po:Pis-- o Pie

The Bayes factor By; measures how the observations have changed
the odds of Hy versus Hj. Bayes factors are usable at two levels, as
shown by the following tableau.

1. Byu>1 <=0} >Op After conditioning on x°%, the probability of
H, is raised relative to Hj.

2. Bg > O+ O >1 After conditioning on x°P, H is more
probable than Hj.

At the first level, the Bayes factor is simply about the balance of
evidence. If By; > 1 (resp. < 1) then the probability of Hj is raised balance of evidence
(resp. lowered) relative to Hy. This conclusion does not require any
assessment of Op;. If it is possible to assess Op;, then more can be
said. For example, O1p < Byg implies that, after conditioning, Hy is
more probable than Hi. So one does not have to make an explicit
judgement about Op;: a bound may be sufficient. If one can specify
Oo1, then By allows one to compute the posterior odds Og;. And
if one can do this for a set of mutually exclusive hypotheses, one
can compute the posterior probabilities of the hypotheses. This
‘incremental” feature of Bayes factors is very useful in practice,
when assessing uncertainties, as discussed by Spiegelhalter and
Riesch (2011).
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9.2 Bayes factors in simple hypothesis tests

Decision theory was outlined in section 8. Here we consider simple
hypothesis testing, where the new feature of decision theory is to
introduce explicit costs for making an error. Suppose the parameter
space and the decision space are both {0, 1}, where 0 indicates the
simple hypothesis Hp, and 1 the simple hypothesis Hj. Let the loss
function be

L(dy,d2) = col(d1=1Adpy=0) + 11(d1=0Adr=1)

i.e. aloss of cg for choosing Hy when H; is true, and of ¢; for choos-
ing Hy when Hj is true, and zero otherwise.

The Bayes rule 6*(x) is found by minimising the posterior ex-
pected loss conditional on X = x; see section 8.1. For choosing Hj
this would be

choose Hy : E(L | x) = coPr(Hy | x),
while for choosing H; this would be

choose Hy : E(L | x) = ¢1 Pr(Hp | x).
So the Bayes rule chooses Hj if and only if

co Pr(Hy |x) > 1 Pr(Hp | x),
or O, = c1/c¢o; equivalently, as O, = B1g O1o,
Bip > L Opy.
Co

So the Bayes factor plays the crucial role in the Bayes rule for choos-
ing between two simple hypotheses.

This rule is identical in structure to the Neyman-Pearson opti-
mal hypothesis test: reject Hy in favour of H; when By > c. But
whereas the Neyman-Pearson approach suggests fixing the Type 1
error level at some significance level « in order to set the critical
value ¢, Bayesian decision theory suggests that ¢ should be deter-
mined by the relative cost of the two errors, and the prior proba-
bilities attached to the two hypotheses. As one might expect, c is
increasing in the relative cost of making an error when selecting Hj,
and increasing in the relative prior probability of Hy.

Most statisticians would agree that the Bayesian approach is
more sensible but, when faced with the need to be explicit about
the relative costs and the prior odds, it is often less stressful to fall
back on the NP approach, particularly for applications which lack
serious consequences.

9.3 Underneath the simple hypothesis

The hypotheses Hy and H; in (17) may be simple, but that does not
mean that they do not involve prior probabilities. Typically, in a
Bayesian analysis,

H : X~ fi(x;ei) and 0; ~ 7;(;).
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So hypothesis i involves a statistical model for X, and this statistical
model’s parameters have a prior probability distribution. Across
hypotheses the statistical models may be different, and so the pa-
rameter spaces may be different. In general, then,

filxbs) [ Li(t)m(t) At
fj(xObS) o fL](t])ﬂf](t]) df]

Bayes factors are, of course, invariant to differentiable bijective

Bl']' =

transformations of the parameters in each model.

This section considers the most common form of hypothesis test.
Suppose that the model is the same for both hypotheses, namely
fx, and the hypotheses are

HO X ~ fx(x; 90),

Hy X~ filx) = / Fx(x; ) (1) dt (8

where () is the support of 711, and 6y ¢ (). A hard-line Frequentist
statistician would deny that H; was a well-formed hypothesis, since
it contains a probability distribution over the parameter space. But
this statistician is really stuck unless he is in the highly restrictive
situation where the statistical model has a scalar parameter with an
MLR, and (); is a subset of R which lies entirely to the left or right
of 6. In this case he can use a UMP test; see section 4.2.

Most statisticians would admit the validity of H; as a statistical
model for X but point out that it is not very helpful if one cannot
choose 711 in a meaningful way. This concern was originally dis-
cussed in Edwards et al. (1963), who considered bounds on Bayes
factors. The most general bound is

_ fX (xobsl. 90)
J fx (x0s, £) 7ty () dt

S fx (x°P%; 6p)
T sup,,, [ fx(x0Ps;t) () dt

_ fx (x°°%; 6)
fX (xobs,. él (xobs) )

where 0 (x°P%) is the Maximum Likelihood estimator under Hj,

B

(19)

01 (x°P%) := argmax fx (x°%; t).

tey

This supposes that the prior distribution 7r; just happened to be a
Dirac delta function concentrating its mass at the maximum likeli- Dirac delta function
hood value within (). This is an extreme lower bound, because no
one in his right mind would choose a Dirac delta function for a
prior distribution, and even if he did, the chance of it being exactly
at the value of the MLE is effectively zero.

Having said, even this extreme lower bound is interesting. Con-
sider perhaps the most common situation of all in hypothesis

testing, where X iid N(x; 1, 0?), which implies that, for large n,
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X ~ N(%; 1,5%/n) to a good approximation, where X is the sample
mean and s? is the value of the unbiased estimator of the variance
of X;. Consider the two hypotheses

HO:]/l:O, H1:]/l>0.

In medical science these might represent Hy: the treatment is the
same as the control, and Hj: the treatment is better than the control.
The ML estimator for y under Hj is ¥ if ¥ > 0, and zero otherwise.
So if ¥°P5 < 0 then By; > 1. If °° > 0 then

B > 47(920135;0,52/;1)
01 = QD(XObS; fobs, 52/1’[

)= exp{—(2°>)?/2}, (20)

where ¢ is the Normal PDF with specified expectation and vari-

ance, and
-obs
obs . X
zo% = ,
Vs2/n
often referred to as the z-score. A value such as z° = 2, which z-score

would imply a P-value for Hy of 2.3%, has an extreme lower bound
for the Bayes factor of 1/¢? ~ 0.14. Even at the lower bound value,
this does not seem to be compelling evidence against Hy. So un-
less one already has a strong reason for thinking that Hy is not

true, z°bs

= 2 does not persuade one to reject Hy. This conclusion
directly contradicts standard statistical practice in many applied
fields, where a P-value of less than 5% is often used to reject Hp.
This is discussed further in section 10.3.

The extreme lower bound in (19) can be relaxed towards some-
thing a bit more reasonable. Sellke et al. (2001) provide a fairly
general argument for a reasonable lower bound for the Bayes fac-
tor being By; > —eplogp, where p is the P-value. This lower
bound is based on a smooth prior distribution for 6, rather than
the Dirac delta function used in the extreme lower bound. See also
section 10.3.

Robert (2007, section 5.3.5, Least favorable Bayesian answers) dis-
cusses other approaches to specifying lower bounds for the Bayes
factor.

9.4 Why prior distributions matter for Bayes factors

Let’s go back to Bayesian inference about 6 for a given hypothesis,
X ~ fx(x;0) and 6 ~ 7y(t)

where the parameters can take any value in RY (without loss of
generality: this can be achieved by a transformation, if necessary),
and let () be the support of 7y, a initially a bounded convex subset
of RY. Applying Bayes theorem with observations x°** gives the
posterior distribution

*(t) _ L(f)?‘[e(i’) L(t)ﬂ’e(i’)
fx(xebs) [ L(u)me(u) du

fort € Q)
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and zero otherwise. Initially I will take 774 (t) o 1 on ), which gives

_ Lot LY
-~ JoLw)otdu [ L(u)du

and zero otherwise, where v is the volume of (). Clearly the poste-

Ty (t) fort € Q)

rior distribution depends on (), even if it does not depend explicitly
on v.

Now suppose that ) is sufficiently large that L(t) is zero on and
outside its boundary. In this case, I could consider a uniform prior
with a larger support, ' O Q with volume v > v, and the new
posterior distribution would be

M) L
Jor L(w) (@) Tdu [, L(u) du

and zero otherwise; i.e. exactly the same. So why bother to set () at

' (1) for t € QY

all, if I am confident that it will contain the support of L? I can let
QY approach RY, and, again,

L()

_ d
= 7&@ L(u)du fort € R

lim 7t (t)
even though, in the limit, the prior distribution 77y (t) « 1 on R is
improper.

When the support of L is not bounded, more complicated con-
ditions are necessary to ensure that the denominator is finite. In

well-behaved problems for which X Y fx(x;0), having n > d often
suffices. Other cases may require a non-uniform prior distribution
which goes to zero faster than the tails of the likelihood function.
The argument then becomes more complicated because expand-
ing to () may change the shape of the prior distribution inside Q).
In practice, improper priors tend to be used mainly for location
parameters and log-scale parameters, for which a uniform prior
distribution is justifiably ‘vague’.

Therefore, to summarise, when doing Bayesian inference about 0
it is sometimes innocuous to take () unbounded and 77y o 1. This
convenient choice allows the statistician to spend time on more
difficult issues, including specifying the model fx, and, these days,
trying to get the blasted MCMC sampler to converge.

Unfortunately, though, the argument breaks down for Bayes
factors. This is because Bayes factors are the ratio of marginal prob-
abilities, and there is no early cancellation of the v’s. Sticking with
uniform prior distributions for the parameters in both hypotheses
O filaobsy o, Litt) (@) At v fo, Li(t) dt;

J— 1

) T o L) Ty v o Ly

]

B 21)

Expansion of ); and O j may well leave the second term unchanged,
but it has a direct effect on the first term, which is the reciprocal of
the ratio of their volumes. In particular, taking one of (); or Q]- to its

obs

limit will drive B;; to 0 or oo, regardless of x°°°, while taking them
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both to their limits will definitely not work, because the limit of the
ratio v;/v; is undefined. So (i) improper prior distributions can-
not be used for Bayes factors, and (ii) the volume of the parameter
space has a direct impact on the result.

This sensitivity to the prior distribution is the basis of Lindley’s
paradox. Lindley (1957) noted that it is not incompatible for the P-
value of Hy to be smaller than 5% while at the same time the Bayes
factor can imply a posterior probability for Hy of greater than 95%,
even for a quite small prior probability. A discrepancy between a
P-value and a Bayes factor is not a paradox, because the P-value
computes an entirely different quantity that does not involve Hj.

It would be strange, though, if a P-value rather than a Bayes factor
was used to decide between Hy and H;—which of course is often
done in practice: this is the paradox! A closely related paradox

is Bartlett’s paradox. In discussing Lindley’s paper, Bartlett (1957)
more-or-less made the explicit point that the Bayes factor goes to
infinity as the prior distribution 71y becomes more and more vague.

9.5 Model selection and parsimony

Is the sensitivity of the Bayes factor to the prior a good thing or a
bad thing? Well, for a statistician wanting a quiet life, it is definitely
a bad thing: for Bayes factors one has to worry about the prior
distributions, whereas for inference within a given hypothesis it

is often possible to use a vague and sometimes improper prior
distribution.

On the other hand, it gives Bayes factors a useful property: they
automatically penalise unnecessary model complexity. If L; = L;, and ()
is a strict subset of (); but the extra points in (); are unnecessary,
then the second term in (21) might be a little less than one, due to
over-fitting, or it might be greater than one, if most of Q; \ ); is in
the wrong place. But the first term will be substantially greater than
1, giving B;; > 1 overall. Parsimony is considered to be a good
property of a hypothesis, reflecting “a widespread philosophical
presumption that simplicity is a theoretical virtue”, often referred
to as Occam’s Razor (Baker, 2011), as well as the practical benefits of
a simple model. So Bayes factors for choosing between hypotheses
are naturally parsimonious.

Other approaches to model selection are somewhat ad hoc in the
way they penalise model complexity.3* One popular approach is
the Deviance Information Criterion (DIC) of Spiegelhalter et al. (2002).
This popularity in part reflects the ease with which the DIC can
be computed from the output of an MCMC sampler, and seems
not to reflect the varied concerns of the discussants of the original
paper. Some of these concerns are technical, but an obvious one,
mentioned by the authors themselves (their section 9.2), is that the
DIC is not invariant to bijective transformations of the parameters.

Lindley’s paradox

This is discussed in more detail in
section 10.3.

Bartlett’s paradox
And just to add to the confusion,
Lindley’s paradox is sometimes called

Jeffreys’s paradox, or the Jeffreys-
Lindley paradox.

parsimony

over-fitting

Occam’s Razor

31 An example is given immediately
below, in section 9.6.
Deviance Information Criterion (DIC)



APTS STATISTICAL INFERENCE, LECTURE NOTES 49

9.6 Computing Bayes factors

Bayes factors involve integrations over (); and ()}, in order to com-
pute the marginal likelihoods of hypotheses H; and H;. In some
situations an approximate Bayes factor suffices, and the follow-
ing calculation, based on the Laplace approximation to the marginal Laplace approximation
likelihood, is helpful.
Write § for the ML estimate 6;(x°?), and expand f;(x°P; t) =: L;(t)
around  to give

log L;(t) ~ log L;(8) — - (t — 8)"](t - 6),

N~

where | is the observed Fisher Information; see section 7.2. Also
assume that the prior 7; is relatively flat in the region of concentra-
tion of the likelihood function, so that log 7t;(t) = log 77;(#). Then

fi(x°Ps) = /Qi exp { log L;(t) + log 7t;(t) } dt

~ L;(0)7;() /Q exp {—%(t -t - 9)} dt

i(0)m(9) 27 1|2
i(O) () 2m)" 2] 12,

where the last equality follows because | is d; x d;. Further simpli-
fication follows if the log-likelihood is O(n), e.g. if the X’s are IID,
for then |]| is O(n%), and for large n

log fi(x°%%) ~ ¢; + log L;(6) — (d;logn) /2.

for some ¢; which is O(1). In this simple approximation, the log

marginal likelihood comprises a goodness of fit term, log L;(8),

penalised by a model complexity term (d;logn)/2. Neglecting the

O(1) term, this is in fact the Bayes Information Criterion (BIC), Bayes Information Criterion (BIC)

BIC; := —2log L;(§) + d;logn,

and motivates (although it does not justify) the use of the BIC in
model selection. If H; has a smaller BIC than Hj, then under the
conditions given above, one might proceed as though the Bayes

factor favours H; over Hj, arguing that

Bjj ~ exp {—(BIC; — BIC;) /2},

although cautiously, as the suppressed O(1) term might be impor-

tant.3? 32In fact, the O(1) term is often impor-
tant, and experience suggests that the

. . R BIC tends to over-penalise complex
imations, as they have the technology to sample directly from the models when 7 is small.

As in section 7.2, Bayesian statisticians can eschew these approx-

posterior distribution 7t;. For example, Gelfand and Dey (1994)
note that, for any PDF h with support ();,

obs) 1 _ h(t) .
A= L Lm0
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and they suggest the estimate

oy J1 he) T
) =13 & o | -

r =1

where (1) .. ., t(r) are sampled from the posterior distribution
;. Here the PDF h can be chosen to approximate the posterior
distribution 77}, for example, using the Normal approximation
given in section 7.2.33 Such a choice is helpful for stabilising the 3 Again, it would be helpful to trans-
terms in the sum, and reducing the variability of the estimator form 0; fo R%.
(which means that a smaller r is required for a given accuracy).
A more exciting approach is to arrange to sample jointly across
the set of all models, and then infer the Bayes factors for each pair
of models (or the posterior odds) according to the residence time of
the sampler in each model. This can be done using reversible jump
MCMC (RJ-MCMC), see Green (1995). It is quite tricky to get the reversible jump MCMC (RJ]-MCMC)
proposal to transition effectively between models with different
parameter spaces, though, so this is a technique for experts only.
Most of us are better off running a sampler for each model, and
computing the marginal likelihood and the Bayes factors using an
estimator such as (22).

10 Inferential fallacies

People are not very good when reasoning about uncertainty. This
means that we make mistakes, and we fail to spot the mistakes of
others (and, sometimes, we can be deliberately misled by others).
Such mistakes lead to incorrect decisions in the doctor’s surgery
and in the courtroom, to mention just two venues, and can have
catastrophic consequences. Two non-technical books about reason-
ing and uncertainty are Gigerenzer (2003) and Senn (2003).

10.1  Deduction and inference

Deduction is about drawing valid conclusions from given premises.

Consider the premise that H implies E. For example, This example illustrates that material
implication comes in many forms.
Formally, in this case, we have H(x):
x is an astronaut, and E(x): x is good

) ) . with heights. The complete statement
From this we can validly deduce that (i) if I am an astronaut then I is Vx € S{H(x) — E(x)}, where § is

am good with heights. And (ii) if I am bad with heights then I am the set of all people.
not an astronaut. We cannot deduce that if I am good with heights

Astronauts are good with heights.

then I am an astronaut. This horrible error is known as the fallacy of

the transposed conditional. fallacy of the transposed conditional
The same fallacy occurs in statistical inference, where the di-

chotomous {0,1} outcomes of logic are replaced by a sequence of

probabilities. For example, if astronauts are probably good with

heights, then I cannot infer that because I am good with heights I

am probably an astronaut. In other words, just because Pr(E | H) is

close to one, I cannot infer from E that H is probably true.
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Likewise, just because Pr(E | H) is close to zero, I cannot infer
from E that H is probably false. This is because improbable events
occur all the time. For example, I've just tossed a coin ten times, and
I got

T,7T,T,HT,T,HTHT.

Let this be the evidence, E. Consider the hypothesis H that the coin
is fair. Then Pr(E | H) = 2719, which is less than one in a thousand.
But it would be ludicrous for me to infer that the coin was not
fair.34 The exception here is when Pr(E | H) = 0, in which case I can
deduce that H is false.

Both of these inferential errors have the same underlying struc-
ture. There is a hypothesis H and there is evidence E. We know the
values of Pr(E | H) and we would like to make a statement about H
on the basis of E, namely assign a value to Pr(H | E). But in fact it
is not possible to make such a statement with only the information
available, and to do so commits a fallacy.

As H and not-H are mutually exclusive, we can infer their proba-
bilities conditional on the evidence from the posterior odds ratio for
H versus not-H,

. Pr(H|E) _ Pr(E|H)  Pr(H)
~ Pr(not-H|E)  Pr(E|not-H) Pr(not-H)"

In order to determine O* we need both the Bayes factor for H ver-
sus not-H, and also the prior odds—effectively just the prior proba-
bility of H, since Pr(not-H) = 1 — Pr(H). The P-value fallacy asserts
that with Pr(E | H) to hand, one needs neither Pr(E | not-H) nor
Pr(H); this will be discussed in section 10.3. The slightly milder
base rate fallacy asserts that given the Bayes factor one does not need
Pr(H).

10.2  The base rate fallacy

The natural domain of the base rate fallacy is the doctor’s surgery.
An asymptomatic patient undergoes a screening, which returns

a positive result. The hypothesis H is that the patient has the dis-
ease. The evidence E is the positive result. The doctor knows the
sensitivity and the specificity of the screening test; they are

sensitivity : Pr(E | H) = 0.50
specificity :1 — Pr(E | not-H) = 0.97.

He reasons, “well, the specificity is basically one, so I guess the
probability that my patient has the disease is 50%"”.35 Wrong! He
cannot make an inference about Pr(H | E) without also knowing the
base rate of the disease, which is its relative frequency in the popula-
tion of which his patient is a member, which provides Pr(H). In the
illustration this is 0.3%, i.e. 3 in 1,000. So the posterior odds for H
versus not-H are in fact

05 0.003
~1-097 1-0.003

o* ~ 5%

34 In fact the ‘coin” was fair—I used

a random number generator. In this
example you might reply, “But actually
the outcome was three heads in ten
tosses, which has a probability of 0.12,
i.e not that ususual at all.” To which

I would reply “One can always make
an event seem less improbable by
suppressing information, so that is
hardly an enlightening argument.”

P-value fallacy

base rate fallacy

Remember: sensitivity is how good the
test is at identifying the disease when
it is present, and specificity is how good
the test is at not raising false alarms;
see section 4.1.

3 This example for colorectal cancer
is taken from Gigerenzer (2003),
chapter 6, Figures 6-1 and 6-2.

base rate

I hope it goes without saying that
you should not enrol in a medical
screening campaign without first
knowing the sensitivity and specificity
of the test, and the base rate of the
disease in a cohort of people like
you. You should also be clear about
the nature of the intervention if the
presence of the disease is suspected,
and its success. All of these things
are necessary in order for you to give

B o P o
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which, since the odds are close to zero, implies that the posterior
probability of H is also about 5%. It is a horrible error for a doctor
to tell his patient that probability of having the disease is one in
two, when in fact it is one in twenty.

10.3 The P-value fallacy

The natural domain of the P-value fallacy is the courtroom, where
it is termed the prosecutor’s fallacy. The prosecutor erroneously (and
perhaps maliciously) argues as follows. “The probability of crime-
scene evidence E under the hypothesis H that the defendant is
innocent is almost zero, and consequently he is almost certainty
guilty”, or, in our notation

“Pr(E | H) = ¢ implies that Pr(not-H |E) =1 —¢.”

The prosecutor has clearly transposed the two arguments, and
equated Pr(E | H) and Pr(H | E). Wrong!

We can see what is going on using Bayes’s theorem. As Pr(E |not-H)

is presumably one, the posterior odds for H versus not-H are
€
O*=-0
1

where O are the prior odds. As H and not-H are mutually exclu-
sive, the posterior probability of H is

« O 0
P =170 " 17¢0

Now if O = 1, then p* = ¢/(1 +¢) = ¢, which is what the pros-
ecutor is claiming. So in fact the prosecutor has assumed, implic-
itly, that the defendant is equally likely to be innocent or guilty,
which is an assumption that he ought to be required to defend

in the courtroom, in front of the defence lawyer and the judge
(who would both be merciless, one hopes). Lindley (1991) discusses
Bayesian reasoning in the courtroom.

As the name implies, though, the real P-value fallacy is being
committed in statistics, where small P-values are being used to
reject Hy in favour of Hj, the alternative hypothesis. The illogic is
identical to the prosecutor’s fallacy, but with the additional compli-
cations that in statistics we cannot take Pr(E | H;) = 1, and, often,
nor are Hy and Hj mutually exclusive. So the P-value fallacy in
statistics is worse than the prosecutor’s fallacy. The P-value fallacy
is discussed in Goodman (1999a,b).

It is intuitive that we cannot use evidence to choose between
hypotheses unless we know the probability of the evidence under
both hypotheses. Bayes factors make this explicit. P-values cannot
tell us what we need to know, because they omit any reference to
Hj. Carefully designed statistical trials based on UMP tests are
somewhat exempt from this criticism, but not from the criticism
that the decision in such trials should depend on the costs of errors,
as explained in section 9.2.

prosecutor’s fallacy
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What, then, of the claim by R.A. Fisher, perhaps the most in-
fluential statistician of the C2oth, about the inferential content of
P-values. In an infamous passage, he writes, of a very small P-
value:

The force with which such a conclusion is supported is logically

that of a simple disjunction: Either an exceptionally rare chance has
occurred, or the [hypothesis] is not true. (Fisher, 1956, p. 39)

Fisher would like to turn A = ‘an event which is exceptionally rare
under H has occurred’, which is true, into something more. Al-
though he says “simple disjunction” he must mean “partition’, since
he presents us with the argument that in rejecting A we must there-
fore conclude B = ‘the null hypothesis is not true’. But of course
{A, B} is not a partition, and, anyhow, we have no particular reason
to reject A, given that improbable events occur all the time.

The relationship between P-values and Bayes factors can be
made explicit in one simple but very common case, discussed in
section 9.3. Under the null hypothesis 4 = 0, Z ~ N(z;0,1), and so
the P-value for the z-score is

p=[ 9dv—1-2()

where ¢ and @ are the PDF and distribution function of a standard
Normal. And the extreme lower bound for the Bayes factor is By; >
exp(—z%/2). So

By > exp (— {@ 1(1-p)}?/2),

where ®~! is the quantile function of the standard Normal. This
lower bound is shown in Figure 2. A P-value of 1% corresponds

to an extreme lower bound on the Bayes factor of 0.07, or 1/14,
hardly compelling evidence against Hy, even if the lower bound is
attained. And yet standard practice would be to interpret a P-value
of 1% as a strong reason to reject Hy in favour of Hj. The Sellke

et al. (2001) approach, mentioned in section 9.3, gives a lower bound
for a P-value of 1% of 0.13, and a lower bound for a P-value of 5%
of 0.41.

Does it matter?  If statistics were a purely intellectual exercise, then
probably not. But when statistics is used to inform decisions, then
it does. In medical science, rejected null hypotheses in a laboratory
lead to the assignment of animals and then humans to clinical tri-
als. To be taken off a drug that is known to be effective and placed
on an experimental drug for which the dominant source of evi-
dence is a P-value of 1% is ethically dubious. Again, as in clinical
screening, this is an issue of informed consent. But if medical sci-
entists do not understand that a P-value of 1% is not compelling
evidence against Hy, then what hope is there for the patients they
recruit to their trials?

In medical science, recent research has suggested that many of
the key experiments that rejected Hy are not reproducible; see Ioan-
nidis (2005, including the comment and rejoinder), or Begley and

I should add that Fisher (1956) is one
of the outstanding books in statistics,
giving a wealth of evidence of Fisher’s
brilliance, and also that his “rich

and manifold personality shows

a few contradictions” (de Finetti,

1972, p. 171). Basu (1975, p. 38) also
has an amusing example of Fisher’s
“euphoria”.
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Figure 2: P values and extreme lower
bounds on the Bayes factor, for the
Normal case.
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Ellis (2012). Among other explanations, Ioannidis highlights the
use of P-values, and the potential for experimental manipulation
that might drive a summary P-value down below a critical thresh-
old such as 5%, which is often necessary to secure a benefit for the
researchers (e.g. publication in a prestigious journal).3° Recently,
Masicampo and Lalande (2012) have produced evidence of a ‘bulge’
of P-values just below 5% in three highly regarded journals in ex-
perimental psychology, which seems to support loannidis’s claim.
Masicampo and Lalande coyly refer to manipulation as “researcher
degrees of freedom”.

11 The Likelihood Principle

A principle is not a law; instead, it is something that one should not
violate unknowingly or unthinkingly. Admissibility, for example;
see section 8. This section considers some basic principles of statis-
tical inference. This material is largely drawn from Birnbaum (1962,
1972), Savage et al. (1962), Basu (1975), Cox and Hinkley (1974,
chapter 2), and the monograph by Berger and Wolpert (1984).

11.1 Statistical evidence

An experiment comprises the tuple & = {X, fx, Q}. Two different
experiments with the same parameter 6 (and hence the same (1)
will be denoted €1 and &,: both the sample space and the statistical
model can vary between the two experiments. An experimental
outcome comprises the experiment and the value that results, i.e.
(€1,x1) or (&2, x2). The crucial question is under what conditions
two different experimental outcomes might give the exactly the
same inferences about 0. We represent this situation by writing

(E1,x1) ~ (E2,%2)

because this is an equivalance relation.

This section considers three principles which might be used to
determine when (€1,x1) ~ (€2, x7). The first, and simplest, is the
Invariance Principle (IP).

Definition 1 (Invariance Principle, IP). If & = &, = € and fx(x;t) =
fx(x/;t) forall t € Q, then (€,x) ~ (&,x).

To me, the IP asserts that we believe the statistical model fx to be
adequate, because otherwise we might think that a value x’ which
was different from x would tell us something different about 0,
even though our model says otherwise. It is called the Indifference
Principle because it is a special case of a more general principle
that the inference about 6 should respect the symmetries of the
statistical model; see Cox and Hinkley (1974, section 2.3) or Basu
(1975). For example, if the X’s are IID, then the same inference
should be made for any permutation of x.

The second principle is the Weak Conditionality Principle (WCP).

3 Looking ahead to section 11.3, I
suggest that this type of manipulation
is easier for P-values than for Bayes
factors, because P-values do not obey
the Likelihood Principle, and so it is
easier to compute an inappropriate
P-value. There is plenty of evidence
to support this abuse of P-values in
Goldacre (2012, e.g. Trials that stop
early, p. 184ff), but do not read this
book if you want to preserve any
illusions about the pharmaceutical
industry operating in the interests of
patients.

experimental outcome

Invariance Principle (IP)

Weak Conditionality Principle (WCP)
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The story behind this principle was originally introduced by David
Cox, and discussed in Cox (2006, section 4.3). There are two weigh-
ing scales in the laboratory downstairs: an accurate one and an in-
accurate one. The accurate one is often busy, in which case I would
use the inaccurate one, which is always available. I take my sample
to the laboratory, and the accurate scales are free, and so I use them
to make my measurement. When inferring the true weight of my
sample, should I allow for the fact that I might have used the inac-
curate scales, but did not? I doubt that anyone would say yes. This
situation where the experiment to be performed is itself random is
called a mixed experiment. mixed experiment

Definition 2 (Weak Conditionality Principle, WCP). Let £* be the
mixed experiment where experiment &1 is selected with known probability
p1 and experiment Ey is selected with probability py = 1 — py. The
experimental outcome for the mixed experiment is (£*, (i, x;)). The WCP
asserts that

(&%, (i, x;)) ~ (&, %) (WCP)

The WCP asserts that experiments which were not performed
are immaterial; this has to be a sensible principle, otherwise where
would we stop!
The third principle is the Likelihood Principle (LP). It is helpful to Likelihood Principle (LP)
introduce some more notation. Write Lgci (1) = fg(i(xi ;1). In this
notation the IP asserts that

Ly(t) = Lu(t) forall t € Q =5 (1) ~ (&,%) (IP)

Now write
1 2
Lx1 o« sz

if there exists a ¢ > 0 such that Ly, (t) = cL3,(t) for all t € Q), where
¢ might depend on x; and x;. (This is also an equivalence relation.)
Informally, if L}Cl x Liz then the two likelihood functions have the
same shape.

Definition 3 (Likelihood Principle, LP). Let €1 and & be two different
experiments with the same parameter 0. Then

Ly < L3 = (&1,x1) ~ (€,x2). (LP)

In other words, if two experimental outcomes have the same
shaped likelihood functions then they are equivalent for infer-
ences about 6. This principle is highly contentious, because while
Bayesian inference obeys it, Frequentist inference does not. This is
discussed in section 11.3.

11.2 Birnbaum’s bombshell

There are logical relationships between these three principles. One
easy one is that LP = 1P, which follows immediately by letting
& = & and x; = x’. A more interesting one is that LP —> WCP.
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Proof. We have

LTi,x,-)(t) = f(*I,XI)(i/ xj;t) = Pz‘f)i(,- (xi;t)

because to get outcome (i, x;) from the mixed experiment first one
has to select experiment i, and then get x; from this experiment. But
f;ii(xi ;1) = L;i(t), by definition. Therefore in,xi) x L;i , and hence
the LP implies that (€%, (i,x;)) ~ (&;,%;), which is the WCP. O

Alan Birnbaum’s bombshell, dropped in a slightly different form

in Birnbaum (1962), was that (IP, WCP) — LP. This proof comes
from Birnbaum (1972).

Proof. Consider two experimental outcomes (€1, x7) and (&, x7) for
which L}Cl x Liz ; i.e. for which there exists a ¢ > 0 such that

f)l(l (x1;8) = cf)%2 (x0; 1) for all f € Q.

Consider the mixed experiment £* with probability p; = 1/(c + 1)
of experiment €1 and probability p, = c¢/(c + 1) of experiment &.
Then

* 1
Lo () = Pk, (est) = —— fk (x131)

c+1
= —— 2 (xt) = paff, (x5t = Liy ) (1)
T oo/ XV P2J%,\X2:1) = L(2,1y)
for all t € Q). So the IP implies that (€, (1,x1)) ~ (€*,(2,x2)). But
the WCP implies that (€%, (i,x;)) ~ (€;,%;) for i = 1,2, and, since ~

is an equivalence relation, we infer that
L;lvl X Lzzcz - (El,xl) ~ (82,3(2)
which is the LP. O

So, in conclusion,
(IP, WCP) < LP.

It is illogical to accept both the IP and the WCP, both of which most
people would accept, but also to deny the LP.

11.3 Implications

¢ Frequentist methods violate the LP because they use the sam-
pling distribution of X to make inferences; e.g. for the assess-
ment of properties of estimators, and for P-values, confidence
sets, and hypothesis tests.

¢ The MLE as a point estimator for 6 respects the LP, because the
location of maximum depends only on the shape of the likeli-
hood function.

* Bayesian methods respect the LP, because all likelihood func-
tions with the same shape give rise to exactly the same posterior
distribution for 6.
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P-values violate the LP. Here is a simple illustration taken from
Goodman (1999a). A trial on six IID patients had outcome AAAAAB.
Consider two alternative models that are consistent with this out-
come. In the first (Model 1, Binomial), the trial is over six patients.

In the second (Model 2, truncated Geometric), the trial continues
until the first B, or stops after six patients. Let 6 be the probability

of an A. Thus

Model 1. x; = Get five A’s in six trials L}Cl (t) =6t°(1—1t)
Model 2. x; = Get a B on the sixth trial Liz(t) =12(1—t).

So the LP asserts that the same inference about 6 should be drawn
from either model, because L}cl o« L,%Z.

What about a P-value of Hy : 8§ = 0.5 against H;y : 8 > 0.5? To
compute a P-value we have to define the set of outcomes ‘at least as
extreme as’ the actual outcome. For Model 1 this is

{BAAAAA,ABAAAA, AABAAA, AAABAA,
AAAABA,AAAAAB,AAAAAA}L,

while for Model 2 it is { AAAAAB, AAAAAA}. The P-value for

Model 1 is
1\% /1\°
6 (2) + (2> = 0.109

And the P-value for Model 2 is

1\® /1\°
() (2) =oom

i.e. the first P-value is 7/2 times that of the second. In Model 1 Hy
might be accepted, while in Model 2 it might be rejected in favour
of Hy. Hence the LP is violated.

The P-value has violated the LP because of its inclusion of parts
of the sample space other than the point which actually occurred.
The outcome AAAAAB has the same probability in both models,
but the “at least as extreme as’ set is different in the two models.

This is a good illustration to think about: should the answer de-
pend on the probability of outcomes which did not occur? If you
think it should then you have violated the LP and you must figure
out which one of the IP and the WCP you reject.

11.4 Stopping rules

Sometimes an experimenter will decide to do # trials in his ex-

periment, and then actually do # trials, and that will be the end

of it. But often, the number of trials is not known at the start of

the experiment, because the experiment is controlled by a stop-

ping rule which depends on the sequence of outcomes. Here are stopping rule
some possible stopping rules in the case where X = {0,1} and

x Bernoulli(x; 6):
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1. Stop after 10 trials,
2. Stop after 3 successes,
Stop after 3 successes in a row,

Stop once we have recruited thirty women,

ELEE S

Stop once ten people have completed treatment,
6. Stop when the money runs out,
7. Stop when the P-value of Hy : 8 = 0.5 drops below 0.05,

8. Do 10 trials, toss a coin, and if it is heads, do 10 more, then stop,

and so on; the open-ended rules will obviously have some upper
limit, such as 100 trials. Each of these rules has a different sample
space X; only in the first case is this equal to X". The P-value has to

be computed differently in each case, because the P-value reflects

outcomes at least as extreme as x°Ps

, which will depend on X. Here is one way to cheat: keep ex-
tending the trial until you get a low P-

] value, where this P-value is (wrongly)
der to compute an honest P-value (or do any other Frequentist pro- computed as though X = X"

This seems to present a real headache for the statistician. In or-

cedure), the experimenter’s stopping rule must be known precisely.
More often than not, this meta-information about the experiment is
not available, and yet statistics seems to be done. Why is this? One
answer is the Stopping Rule Principle (SRP). Stopping Rule Principle (SRP)

Definition 4 (Stopping Rule Principle, SRP). Let p;(x1,...,x;)

be the probability of continuing the experiment after seeing observa-
tions x1, ..., x;. The SRP asserts that the stopping rule {po, p1,...} is
immaterial for inferences about 6.

This is obviously a very powerful principle, since it cuts through
all the complications that arise from the variety of stopping rules
that might be used in practice. What is fascinating and unexpected,
though, it that it is a direct implication of the LP:

LP = SRP.

Proof. Let fi(x;| x1,...,xi_1;0) be the probability of outcome x;
conditional on outcomes x1,...,x;_1. The case n = 3 is sufficient
to see what it going on. Here is the likelihood function for the
complete experiment, supposing it terminates after three trials:

L(t) = Pr(X1=x1, Xa=2x, X3=x3;0=t)

= pofi(x1;t) x pr(x1)fa(xz | x15t) X pa(x1,x2) f3(x3 | x1, %2, 1) x (1 — p3(x1,x2,%3))
3
= pop1(x1)p2(x1, x2) (1 — p3(x1, x2,x3)) Hfi(xi | x1,...,%i_1;1)

3 i=1
o [filxi[ 21, xi1st) = fx(x:t),
i=1
after dropping multiplicative terms that do not depend on ¢t. Hence

the SRP follows from the LP, because the actual experiment and the
fixed-n experiment have the same shaped likelihood functions. O
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In one of the funniest and most telling comments ever printed in
a book on the foundations of statistical inference, L.J. Savage, who
ranks alongside Fisher in the C2oth pantheon of great statisticians,
stated

“I'learned the stopping rule principle from Professor Barnard, in
conversation in the summer of 1952. Frankly, I then thought it a
scandal that anyone in the profession could advance an idea so
patently wrong, even as today I can scarcely believe that some people
resist an idea so patently right.” (Savage et al., 1962, p. 76)

If your inference respects the LP (e.g. if you are using a Bayesian
approach) then you get the SRP for free. If it does not (e.g. if you
are using a Frequentist approach), then you will need to determine
the precise stopping rule from the experimenter, and do the very
complicated calculation over the X that is implied by this rule. If
you cannot get hold of the stopping rule, or if you want to ignore it,
you will need to provide an independent justification for the SRP,
that is consistent with your violation of the LP.

11.5 Ancillary statistics

This may be the point to address a subtle feature of Frequentist
inference. Estimators and hypothesis tests are evaluated according
to their behaviour under randomness of X, which currently com-
prises all of the random quantities in the assessment. But is it really
relevant to consider all of the uncertainty in X?

For example, if X = [Y,Z] and 0 = (¢',0”), where only ¢’ is
interesting, it may be possible to represent the distribution of X as

frz(y,20) = fyz(y |20 fz(z60"). (23)

In other words, conditioning on Z = z means that the nuisance pa-
rameters drop out. This is what happens in regression, for example,
where the covariates Z are treated as known for the purposes of
assessing the sampling distribution of the regression coefficients. A
random quantity such Z, for which

1. The marginal distribution fz does not depend on ¢’, and
2. the conditional distribution fy|z does not depend on 6"

is termed an experimental ancillary statistic, a term first proposed by experimental ancillary statistic
Kalbfleisch (1975).
Where (23) holds, the MLE and the Bayesian approach automat-
ically condition on experimental ancillary statistics. In the Bayesian
case, this requires that the prior distribution for 6 is the product of
prior distributions in 6’ and 6"

Proof.
() = /Q RACROE

O( / L(t/)fZ(ZObS,' t//) ﬂg/(t,) 71,9”(1,//) dr
Jar

o L(t) g (),



60 JONATHAN ROUGIER, UNIVERSITY OF BRISTOL

where L(t') 1= fy, 7 (y°P | 2°05; ') is the conditional likelihood. O

Things are not so straightforward for the Frequentist approach,
however. Let us term the principle that one should condition on
experimental ancillary statistics the Strong Conditionality Principle
(SCP): it has to be its own principle because it is not implied by Strong Conditionality Principle (SCP)
any other self-evident principle. The SCP is stronger than the WCP
because the WCP required p; to be known, in order that it could be
set apart from 6. The SCP implies the WCP by identifying I € {1,2}
with Z and p; with 6”.

The SCP was justified by R.A. Fisher, using the notion of rele-
vance. Of all the points in the sample space of [Y, Z] only the points
along the slice [Y, Z = z°P] are relevant to the particular inference

for which this particular experiment has been conducted.3” Some 37 Like many of Fisher’s insights, this
one has a slightly mystical flavour;

. . ISP TE and it also contradicted his views on
sible Frequentist answer where the joint likelihood does not; for randomisation, as discussed in Efron

special cases indicate that the conditional likelihood gives a sen-

example, in those cases where the number of nuisance parame- (1998).
ters increases with the number of observations, the Neyman-Scott
problem. Neyman-Scott problem

11.6 Summary

The value of statistical principles should not be overstated. Fail-
ure to comply is not critical, but one should not violate a principle
through ignorance, and one should be prepared to defend a viola-
tion, or correct it. Consulting the score-card, the Bayesian approach
is consistent with all of the principles mentioned here, while the
Frequentist approach violates the LP. What is worse, most Fre-
quentist statisticians would also accept the IP and the WCP, which
is illogical. Further, in violating the LP, Frequentists statisticians
need an independent justification of the SRP (which they must of-
ten invoke in practice). They also invoke a stronger conditionality
principle, the SCP, which seems a bit ad hoc and opportunistic.

This seems to be an indefensible position, but only if you care
about principles. The Frequentist statistician might well respond,
“Principles are all very well, but I treat each problem as it arises,
using my judgement and experience.” This response is fine, but it is
not a good platform from which to criticise the Bayesian approach
as being too subjective.

Reading

Further details can be found in standard undergraduate statistics
textbooks such as Rice (1994) and DeGroot and Schervish (2002);
Silvey (1975) is short and readable. More advanced treatments,
suitable for graduate students, can be found in Casella and Berger
(2002), Young and Smith (2005) or Davison (2003); the latter has
much additional material that makes it very useful for applied
statistics. My main reference books are Cox and Hinkley (1974),
Schervish (1995), and Robert (2007). All of the above books are
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quite heavy (literally); Cox (2006) is better for travelling and re-
flection.3® Hacking (2001) has a broader and much less technical
treatment of statistical induction. Grimmett and Stirzaker (2001) has
more details on the probability calculus.

Blogs. The following statisticians write blogs which include mate-
rial on statistical inference (these are just the ones I know about):

e Larry Wasserman, http://normaldeviate.wordpress.com/
¢ Andrew Gelman, http://andrewgelman.com/
e Christian Robert, http://xianblog.wordpress.com/

* David Spiegelhalter, http://understandinguncertainty.org/
blog

e Cosmo Shalizi, http://masi.cscs.lsa.umich.edu/~crshalizi/
weblog/

In addition, there is often statistical material by
* Steve McIntyre, http://climateaudit.org/
on the vexed subject of climate science, and

¢ Ben Goldacre, http://www.badscience.net/

on the equally vexed subject of medical science and evidence-based
policy.
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