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Abstract

Accurate estimation of the period length of time-course data from cyclical bio-
logical processes, such as those driven by the endogenous circadian pacemaker, is
crucial for making inferences about the properties of the biological clock found in
many living organisms. In this paper we propose a methodology that combines
spectral analysis with resampling techniques termed spectrum resampling (SR). Ex-
tensive numerical studies show that SR is superior and considerably more robust
to non-sinusoidal patterns than currently available methods based on Fourier ap-
proximations, namely the FFT-NLLS method by Plautz et al. (1997, Journal of
Biological Rhythms 12, 204-217). We also develop a nonparametric test for testing
for changes in period length. The test uses resampling techniques and allows for
period estimates with different variances. Simulation studies show that it attains
correct nominal size and has good power properties when compared to parametric
alternatives. The proposed SR method and statistical test are illustrated with real
data examples.

Keywords and phrases: Circadian rhythms; Hypotheses tests; Period estimation;
Resampling; Spectrum.

1 Introduction

The identification of periodic patterns is crucial to the understanding of cyclical biolog-
ical processes such as the circadian rhythms that are found in, for example, humans,
plants, animals, fungi and cyanobacteria. These are oscillators which are entrained to a
24 hour period by physiological forcing such as daily light-dark cycles. Recent work has
∗Corresponding author: m.j.costa@warwick.ac.uk
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demonstrated that the mammalian, fly, fungal and plant circadian clocks have at their
heart a network of interacting genes that are regulating each other and recently devel-
oped experimental techniques allow one to probe the oscillations of the corresponding
molecular components. In particular, high throughput fluorescent imaging techniques
allow for the levels of mRNA and reporter protein activity to be measured at a relatively
detailed time resolution usually covering around two to six circadian cycles (see, e.g.,
Hall et al., 2003; James et al., 2008).

Many experiments on circadian clocks are done in constant physiological conditions
where there is no forcing and where the period differs from 24 hours. Although circadian,
the exact period length is often unknown and may vary under different experimental
conditions. The aims of this study are twofold: firstly, to provide an estimator for the
period length along with a confidence interval and, secondly, to introduce a hypothesis
test for equality of the period under two different experimental conditions for replicate
time series data. The underlying statistical methodology is nonparametric, combining
spectral analysis with resampling techniques which are straightforward to implement.

Most circadian clock related studies currently estimate period by approximating the
oscillatory gene expression profiles by a parsimonious sum of sine and cosine functions
within a Fourier approximation context (Straume et al., 1991). Software available for
imaging data analysis, such as Lumicycle (Actimetrics, 2010), attempts to find the period
by looking for the largest sinusoidal component in such a representation, but provides no
measure of its accuracy. The Fast Fourier Transform Nonlinear Least Squares method
(FFT-NLLS) by Plautz et al. (1997) is currently the most widely used. It applies a
nonlinear least-squares minimization algorithm to estimate the Fourier coefficients and
associated confidence intervals. Hence we compare our proposed methodology to the
FFT-NLLS routine.

Various circadian data have been found to exhibit non-sinusoidal patterns (see, e.g.,
Edwards et al., 2006). Figure 1 shows the presence of asymmetric cycles and double
peaks in the imaging data of clock genes in the Arabidopsis thaliana plant. The period
length of non-sinusoidal cycles is more difficult to estimate within a Fourier representa-
tion approach because an increased number of sinusoidal components are required. The
choice of these can be difficult and poses a burden to the stability of the nonlinear fitting
algorithm. Here, we propose to base our period estimation on the spectral density func-
tion or spectrum (e.g., Jenkins and Watts, 1968) which is equal to the Fourier transform
of the autocovariance function. The spectrum decomposes the variance of the time series
process into its frequency components. Time series with a strong periodic component,
such as those encountered in circadian experiments, typically produce a spectrum with a
clear dominant spectral peak at the frequency corresponding to the period, that provides
an estimate of the period length. Combining resampling techniques, such as bootstrap
(Efron, 1979), with the spectrum further allows us to refine the estimate of the period
and to obtain a measure of its precision, i.e., confidence bands. Our study shows that the
resulting estimator is superior and considerably more robust to non-sinusoidal patterns
than currently available methods.

The use of both bootstrap and spectral analysis for the study of time series has at-
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Figure 1. Experimental imaging data. Plants were first entrained in 12 hours light/ 12
hours dark cycles at 22 ◦C before being transferred into the experimental conditions of
interest. Markers represent actual measurements taken every two hours. TOC1 mRNA
levels in constant white light and constant temperature of 17 ◦C, sampled ZT 48-120
(top left). CAB2 mRNA levels in constant white light and constant temperature of
17 ◦C, sampled ZT 48-120 (top right). PRR5 mRNA levels in constant red light and con-
stant temperature of 27 ◦C, sampled ZT 24-72 (bottom left). Normalized luminescence
of CCA1:LUC protein under constant red light and constant temperature of 17 ◦C, aver-
aged over eight replicates and sampled ZT 2-120 (bottom right). ZT stands for Zeitgeber
time.

tracted considerable attention in recent years (see, e.g., Sergides and Paparoditis, 2007;
Zoubir, 2010). Resampling in the frequency domain is appealing because an observed
series can be transformed into a set of approximately independent statistics, the or-
dinates of the so-called periodogram, which is the Fourier transform of the empirical
autocovariance function. Moreover, bootstrapping methods developed within the non-
parametric regression framework (Härdle and Bowman, 1988) can be adapted to the
periodogram. Franke and Härdle (1992) use the fact that the relationship between the
theoretical spectrum and the empirical periodogram can be approximately described by
means of a multiplicative regression model to propose a nonparametric, residual-based
bootstrap. They also establish the asymptotic properties of their method for kernel spec-
tral estimates. Dahlhaus and Janas (1996) extend the validity of this approach to the
class of ratio statistics. Paparoditis and Politis (2003) locally resample the periodogram
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ordinates. A semiparametric approach is developed by Kreiss and Paparoditis (2003),
who first fit an autoregressive model to obtain a set of residuals to which they apply the
bootstrap, but define the periodogram through a nonparametric estimator. An overview
of bootstrap methods in spectral analysis can be found in Paparoditis (2002). In our
approach the bootstrap sample of spectrum estimates gives rise to a sample of period
estimates from which, following the bootstrap principle, we obtain an estimate of the
period together with confidence bands.

Other spectral analysis methods for period estimation have been developed in the
literature. The MESA algorithm of Burg (1972) has been implemented in the context of
circadian rhythm estimation (see, e.g., Dowse and Ringo, 1989, 1991; Krishnan et al.,
2001). The period is estimated using the spectrum of an autoregressive model fitted to
the data. This method is, however, sensitive to the number of autoregressive terms in the
model (Marple, 1980). Beyond Fourier approximations and spectral analysis, software
such as WAVECLOCK (Price et al., 2008) uses wavelet analysis to estimate the period
of oscillatory circadian data as a smooth function over time but provides no routine for
confidence interval estimation.

Circadian data often consist of several replicate measurements of the same exper-
iment. Figure 2 shows eight time series replicates of TOC1:LUC protein activity in
Arabidopsis thaliana under a temperature of 17 ◦C and 27 ◦C. An important biological
question is whether the precision of the clock is indeed conserved under such a change
in temperature. We address this question by proposing a test of the hypothesis of equal
periodicity between the two groups of replicates. The estimated period lengths consti-
tute a sample from a population whose unknown mean value is the true period under
the corresponding experimental condition. The null hypothesis that the two means are
the same is tested allowing for the possibility that period estimates may have different
variances. Although it is based on our spectral estimator for the period length, the test-
ing procedure is general enough to be based on any period estimator (and its associated
variance) including the one provided by the FFT-NLLS method.
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Figure 2. Replicate time series of normalized luminescence of TOC1:LUC protein under
constant red light and constant temperature of 17 ◦C (left) or 27 ◦C (right), sampled
ZT 2-120. Replicate j is denoted by ‘rep j’, j = 1, . . . , 8. Markers represent actual
measurements taken every two hours.
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The structure of the paper is as follows. In Section 2 we introduce the proposed
period estimation methodology. In Section 3 the results of extensive simulation studies
examining the performance of the proposed estimator in the context of non-sinusoidal
oscillations are presented. Section 4 looks at the problem of testing for conserved peri-
odicity across experimental conditions by comparing two nonparametric generalizations
of the Welch’s t-test in terms of size and power. The application of the methods to
experimental data is demonstrated in Section 5. We conclude our work in Section 6.

2 The Spectrum Resampling Method for Period Estima-
tion

Consider a discrete-time, real-valued stationary time series {xt}t measured at unit inter-
vals of time. Assume without loss of generality that {xt}t has mean zero and autoco-
variance function γ(u), u ∈ Z = {0,±1 ± 2, . . . }. The spectrum f(ω) of {xt}t is defined
as the Fourier transform of the autocovariance function γ(u), i.e.,

f(ω) =
1

2π

∞∑
u=−∞γ(u) e−iωu , ω ∈ [0,π] .

As it is an even function of ω, periodic with period 2π, it suffices to consider the interval
[0,π]. The total area under the spectrum curve is equal to the variance of the process.
A peak in the spectrum indicates an important contribution to the variance at the
frequency corresponding to the peak (see, e.g., Chatfield, 2003, for an introduction to
spectral analysis). Consider realizations x1, . . . , xn of the process {xt}t taken at equal
time intervals of length ∆. For simplicity assume that n is even and define ñ = n/2.
The periodogram is the Fourier transform of the empirical autocovariance function and
is given by

I(ωk) =
∆

2πn


n∑
t=1

xt e
−iωkt∆


2

. (1)

The frequencies ωk = 2πk/n∆, k = 1, . . . , ñ, are called Fourier frequencies (or harmon-
ics) and are multiples of the fundamental frequency 2π/n∆. The latter is the lowest
frequency at which periods can be resolved whilst the highest detectable frequency is
given by the Nyquist frequency, π/∆. The periodogram (1) is an asymptotically unbiased
but inconsistent estimator of the spectrum. A consistent estimator is obtained through
smoothing techniques such as kernel density smoothing (e.g., Parzen, 1962; Franke and
Härdle, 1992). We consider the following kernel estimator for f(ω)

f̂b(ωk) =

∑n−1
j=−ñ Kb(ωj −ωk) I(ωj)∑n−1
l=−ñ Kb(ωl −ωk)

, (2)

where I(0) = 0, and I(ω−k) = I(ωk), i.e., possible boundary effects are accounted for by
periodic smoothing (Lee, 1997). The function Kb in (2) is such that Kb(·) = b−1K(·/b),
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where the kernel K is a symmetric probability density function with mean zero and unit
variance, and the bandwidth b is a nonnegative parameter that controls the amount of
smoothing imposed over I(ω). The choice of b is crucial to obtaining a good estimator
f̂b(ω) of f(ω). Härdle and Bowman (1988) and Davidson and Hinkley (1997) have
shown that the optimal value is such that b = cn−1/5 for some positive constant c. Lee
(1997) proposes to choose b so as to minimize the risk function

R̂(b) =

ñ−1∑
k=0

{
I(ωk) − f̂b(ωk)

}2
−

1 − 2Wb
2

ñ−1∑
k=0

I(ωk)
2 , (3)

which is an asymptotically unbiased estimator of the integrated mean square error

R(b) = E

[
ñ−1∑
k=0

{
f(ωk) − f̂b(ωk)

}2
]

,

with Wb = Kb(0)/
∑n−1
j=−ñ Kb(ωj). Lee (1997) and Stoica and Sundin (1999) report a

very good performance of this choice of b for peridogram smoothing. In practice, the
optimal value of b is found numerically by evaluating R̂(b) over a grid of values for c and
choosing the one that minimizes R̂(b). In all applications considered here we have used
the grid

{
1, 2, . . . , 103

}
× 10−3. The kernel function used was K(x) = (1/

√
2π)e−x2/2,

x ∈ (−∞,∞).
The bootstrap is a resampling technique developed with the aim of gaining infor-

mation about the distribution of an estimator. The main idea is to treat the original
sample of values as the population and to resample from it repeatedly, with replacement,
computing the desired estimate each time. This produces a sample of estimates from
which a point estimate and confidence intervals can be derived (see, e.g., Davidson and
Hinkley, 1997, for details on the bootstrap methodology). Bootstrap typically relies on
the ability to identify independent components that can be simulated. These can be ei-
ther the original sample itself, or the residuals from some suitable model that describes
the data. Franke and Härdle (1992) point out that spectrum estimation can be cast in
a multiplicative regression framework

I(ωk) = f(ωk) εk , k = 1, . . . , ñ , (4)

where the residuals {εk}
ñ
k=1 are approximately i.i.d. standard exponential random vari-

ables. The quality of this approximation can be improved by tapering and padding
the data (Dahlhaus and Janas, 1996; Lee, 1997), where a fraction of the data at each
end is first smoothed down to zero with a cosine tapering (or Tukey) window (Harris,
1997), and then padded with zeros to the right of the last observed time point until the
desired sample size is met. The use of a tapering window avoids discontinuities at the
boundaries. If a taper is applied to the data, the definition of the periodogram changes
slightly. For simplicity, let n denote the length of the padded series. The periodogram
in (1) becomes

I(ωk) =
∆

2π
∑
tw(∆t)2


n∑
t=1

w(∆t) xt e
−iωkt∆


2

, (5)
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where w(t) is the cosine tapering window (see Harris, 1997; Brillinger, 2001, for details).
Henceforth we refer to (5) as periodogram. In order to resample from the residuals in (4)
we need an initial estimate of the spectrum f(ω). This can be obtained through a kernel
spectrum estimate f̂ †

b†
(ω) of the form (2) with smoothing parameter b†. Bootstrap

periodogram values are then generated using another kernel estimate f̂‡
b‡

(ω) of the form
(2), and smoothing parameter b‡. Finally, let b be the smoothing parameter from which
the final bootstrap estimate of f(ω) is obtained. The three smoothing parameters are set
to b = cn−1/5 b† = cn−1/4, b‡ = cn−1/6, with c chosen to minimize the risk function
(3) (Franke and Härdle, 1992; Davidson and Hinkley, 1997). A bootstrap estimate of
f(ω) is obtained as follows:

1. Estimate the residuals εk, k = 1, . . . , ñ, in (4) by

ε̂k =
I(ωk)

f̂
†
b†

(ωk)
, k = 1, . . . , ñ .

2. Sample, with replacement, independent bootstrap residuals ε∗1 , . . . , ε∗ñ from the
empirical distribution of the rescaled residuals ε̂1/ε̄, . . . , ε̂ñ/ε̄, where

ε̄ =
1
ñ

ñ∑
k=1

ε̂k.

The rescaling ensures that the ε∗k’s have mean one. Bootstrap periodogram values
are defined using (4) as

I∗(ωk) = I∗(ω−k) = f̂
‡
b‡

(ωk) ε
∗
k , k = 1, . . . , ñ ,

with I∗(0) = 0.

3. The bootstrap estimate of the spectrum f(ω) is then defined as

f̂∗b(ω) =

∑n−1
j=−ñ Kb(ωj −ω) I∗(ωj)∑n−1

l=−ñ Kb(ωl −ω)
.

Repeating steps 2 and 3 R number of times produces a sample of kernel spectrum esti-
mates {f̂∗b,1(·), . . . , f̂∗b,R(·)}, where R typically varies between 1,000 and 2,000 (see Franke
and Härdle, 1992). Circadian time series data with a strong periodic component pro-
duce a spectrum with a sharp peak at the corresponding frequency. Hence, given a
bootstrap spectral estimate f̂∗b,r(·), a bootstrap period estimate p̂∗r of p is easily found
for r = 1, . . . ,R as p̂∗r = arg maxω f̂∗b(ω). From the resulting set of R bootstrap pe-
riod estimates {p̂∗1 , . . . , p̂∗R} one can derive a point estimate and confidence interval for
p. We refer to the proposed period estimation methodology as Spectrum Resampling,
abbreviated hereafter by SR.
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3 Simulation Study

The aim of this simulation study is to evaluate the performance of the proposed SR
methodology for period estimation and compare it to the FFT-NLLS procedure using
synthetic clock data from a mathematical clock model.

3.1 General Design

From a theoretical point of view, the framework for understanding the molecular un-
derpinnings governing circadian rhythms is based on a negative transcriptional feedback
loop that generates an oscillator with a stable period of around 24 hours (see Roen-
neberg et al., 2008, for an overview on clock models). Synthetic clock data are thus
simulated from a stochastic dynamic model where circadian oscillations are generated
by a delayed negative feedback loop which constitutes a generic model for molecular
clocks (Jensen, Sneppen, and Tiana, 2003; Monk, 2003). Let M denote the abundance
of mRNA molecules and P the abundance of the corresponding protein. The Itô stochas-
tic differential equations (SDEs) for the distributed delay model are given by (Monk,
2003; Heron, Finkenstädt, and Rand, 2007)

dM = ζM(t)dt+ σM(t)dWM

dP = ζP(t)dt+ σP(t)dWP , (6)

where
ζM(t) =

v1k1

(k1 + P(t))hc
−

v2M(t)

k2 +M(t)

ζP(t) =αg (M(t)) − δPP(t)

σM(t) =

[
v1k1

(k1 + P(t))hc
+

v2M(t)

k2 +M(t)

]1/2

σP(t) = [αg (M(t)) + δPP(t)]
1/2 ,

are drift and volatility functions, respectively, and WM and WP are independent Wiener
processes (see Heron et al., 2007, for a detailed derivation of the drift and volatility
functions in (6)). Here g (M(t)) =

∫∞
0 M(t− s)φ(s)ds, where φ(·) is some probability

density function defined on the set of positive real numbers. To determine the true
period of the oscillations we consider the ordinary differential equation (ODE) model
counterpart. This is obtained by setting σM(t) =σP(t) = 0 in (6) above. The model
resembles the clock model developed by Goldbeter (Goldbeter, 1991) with the difference
that the intermediate steps between mRNA translation and synthesis of nuclear protein
(represented by P in (6)) are replaced by the delay function g (M(t)) in (6). Our initial
choice of parameters is similar to the setting in Goldbeter (1991).

For each choice of parameter values in the model we simulated 200 replications. For
each replicate, the SDE model is used to generate random data with intrinsic noise for
which a period estimate is obtained. To determine the true period, p, a long ODE is run,
and the mean peak distance is computed after convergence is achieved. Let p̂i represent

8



CRiSM Paper No. 11-1, www.warwick.ac.uk/go/crism

the mean period estimate for replicate i and define SqEi = (p − p̂i)
2 as the associated

squared error. The overall performance of the period estimators is then measured by
the mean squared error (MSE)

MSE = SqE =
1

200

200∑
i=1

(p− p̂i)
2 .

For each method a period estimate p̂ is obtained by averaging across the 200 replications.
From these an estimate of the standard deviation of p̂ is also extracted. For all simula-
tions we take R, the number of bootstrap samples, to be 1,000. From a biological point of
view, a period estimate is discarded as an “outlier” if it falls outside the circadian range,
say [15h, 35h]. Since we sometimes obtain a large number of so-called outliers with the
FFT-NLLS estimator we also include the results disregarding all outliers, denoted by
otl-FFT-NLLS.

3.2 Consistency

Our first simulation study focuses on the consistency properties of the SR estimator. A
sufficient requirement is that it be consistent in quadratic mean and therefore we want
to find evidence that

lim
N→∞MSE = 0 ,

where N is either the number of cycles, the sample size, or both. For the simulations we
use model (6) with φ being the gamma density function with mean µ = 8 and variance
σ2 = 8, and set hc= 4, v1 = 1.5, v2 = 1.3, k1 = 0.24, k2 = 0.2, α= 2, and δP = 0.5, which
results in sinusoidal shaped cycles with a true period of approximately 24 hours. We first
use the iterative Euler method to obtain discrete realisations of the stochastic process
at small time intervals of length 0.1h. The synthetic data is then generated by sampling
values at a given level of coarseness or sampling frequency, SF. The latter is a function
of the sample size, n, and the number of cycles, NC, as follows: if periodic expression
levels with period p are generated every fraction ξ of an hour, then

SF =
NC (p/ξ)

n
.

Table 1 gives the MSE estimates for our chosen combinations of n and NC. These
reflect a range of different situations in terms of the amount of information available.
For example, NC = 12 and n= 60 results in one measurement taken every 4.8 hours, i.e.,
only five observations to cover a 24 hours cycle, while setting NC = 6 and n= 80 yields
one measurement every 1.8 hours, i.e., 14 observations per 24 hours cycle. From Table 1
we can draw the following conclusions:

• Both the SR and the FFT-NLLS estimators perform poorly for data where ob-
servations are taken at very short time intervals but covering only two complete
cycles.

9
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Table 1. Results For Simulation Study on Consistency

MSE

n NC SR FFT-NLLS otl-FFT-NLLS

30
2 4.271 9.370 –
4 0.694 1.942 –
6 2.858 49.940 1.231

40
3 2.174 5.856 4.547
6 0.155 0.290 –
9 0.068 2.771 1.896

60

2 4.828 10.091 –
4 0.477 0.894 –
8 0.083 0.135 –
12 0.969 21.319 0.141

80

3 2.167 14.197 4.225
6 0.118 0.180 –
9 0.062 0.079 –
12 0.046 1.526 0.058

120

2 5.997 1.154 e+4 8.421
4 0.390 0.476 e+4 0.714
8 0.079 0.136 –
12 0.049 0.778 0.057

160

3 1.415 7.248 e+4 2.396
6 0.125 5.665 e+4 0.702
9 0.063 2.285 e+4 0.092
12 0.051 1.519 0.066

240

2 9.158 0.449 e+5 8.023
4 0.384 2.074 e+5 0.876
8 0.090 1.494 0.778
12 0.049 1.571 0.134

– , if no outliers.

• The estimated MSE of the SR estimator generally decreases for larger sample size.
The only instance where a rise in the value of MSE was observed was for very
low sampling frequency, obtained when n= 30 or n= 60, and NC = 6 or NC = 12
respectively, which results in observations being taken approximately every five
hours.

• There is a tendency for a better period estimate if one samples more cycles rather

10
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than more frequently. However the sampling frequency should not be too small
(i.e., more frequent than 5 hourly intervals).

• The SR estimator always outperforms the FFT-NLLS one, even when outlier es-
timates are ignored, apart from the two combinations n= 60 and NC = 12, and
n= 240 and NC = 2.

These considerations are confirmed by boxplots of log10(SqE) for SR and otl-FFT-NLLS
across all replicates for different values of n and NC (see Supplementary Figure 1).

3.3 Asymmetric Cycles

In our next simulation study we investigate the performance of the estimators in terms of
MSE in the presence of asymmetry. Circadian data can be observed to exhibit asymmet-
ric cycles characterised by a short rise in expression followed by a longer, more gradual,
decline as shown in Figure 1. In model (6) the level of asymmetry can be controlled
through the set of parameters v1, k1, v2, and µ, the mean of the gamma density φ in (6).
We define three levels of asymmetry, mild (v1 = 0.5,k1 = 0.2hc, v2 = 0.3,µ= 7), moderate
(v1 = 1.5,k1 = 0.2hc, v2 = 0.3,µ= 6), and severe (v1 = 34, k1 = 0.003hc, v2 = 0.1, µ = 6).
The other parameters are set to hc= 5, k2 = 0.2, α= 2, and δP = 0.5 so that the period
is approximately 24 hours. We fix the sample size to n= 120 which covers four complete
cycles if samples are taken hourly (see Supplementary Figure 2). As an indicator of the
level of asymmetry in the cycle we define the parameter ηAL =(l−r)/(l+r), where l and
r are, respectively, the distance between the peak of the oscillation and its left and right
extremities. The value of ηAL varies between −1 and 1, with positive (negative) values
corresponding to left (right)-hand side asymmetry. A summary of the simulation results
can be found in Table 2 (see also Supplementary Figure 3 for boxplots of log10(SqE) for
all three levels of asymmetry). For each level of asymmetry the true value of the period,
p, as well as the level of asymmetry as defined by ηAL are also included. The results of
this simulation study can be summarised as follows:

• As can be expected both estimators show increasing MSE with increasing level of
asymmetry.

• The SR methodology clearly outperforms the FFT-NLLS in terms of lower MSE
at all three levels of asymmetry. For a moderate level of asymmetry, the difference
in MSE between SR and FFT-NLLS is around 2-fold, increasing substantially for
a severe level of asymmetry.

• For a severe level of asymmetry the FFT-NLLS estimator fails to detect circadian
periodicity, while the SR method still obtains reasonable estimates at a markedly
higher precision than FFT-NLLS.

• When non-circadian period estimates are removed the SR method still outperforms
otl-FFT-NLLS with MSE = 11.6371 (p̂ = 27.3414).
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Table 2. Simulation results for synthetic data with asymmetric cycles

Asymmetry Level Parameter SR FFT-NLLS otl-FFT-NLLS

Mild
# Outliers 0 0 –
Mean (p̂) 24.650 24.502 –

(p= 24.670) STD 0.043 0.052 –
(ηAL = 0.041) MSE 0.002 0.031 –

Moderate
# Outliers 0 0 –
Mean (p̂) 25.539 25.449 –

(p= 25.760) STD 0.075 0.081 –
(ηAL = 0.230) MSE 0.055 0.103 –

Severe
# Outliers 11 80 –
Mean (p̂) 28.595 47.872 29.650

(p= 24.554) STD 6.390 27.508 2.487
(ηAL = 0.565) MSE 56.954 1.297 e+3 32.099

STD - standard deviation; – , if no outliers; p, p̂ in hours.

We also investigated the coverage probability of the confidence intervals produced
by the SR and the FFT-NLLS methods. For the SR methodology, confidence intervals
are estimated by computing the respective quantiles of the bootstrap sample of period
estimates (Carpenter and Bithell, 2000). For mild and moderate asymmetry levels,
coverage for the SR estimator was 100% in both cases for a nominal level of 95% which
indicates that the SR method is conservative. The FFT-NLLS estimator resulted in
only 54% and 16% coverage, respectively, which is critically below the nominal level,
i.e., the estimated confidence intervals tend to be much too narrow. For a severe level of
asymmetry, both the SR and the FFT-NLLS are below the nominal level of 95%, with
35% and 0% coverage, respectively. This confirms the above conclusion about the failure
of the FFT-NLLS estimator in the severe asymmetry case.

3.4 Cycles with Shoulder Pattern

Various core clock genes have mRNA profiles with bimodal cycles or shoulder patterns
as shown in Figure 1. In the limit, these shoulders become almost double peaks and
thus mask the true circadian periodicity, significantly hindering period estimation. To
accomodate for a shoulder pattern in synthetic data we reformulate the mRNA dynamics
in model (6) as follows

dM = ζM(t)dt+ σM(t)dWM , (7)

where ζM(t) = τ(t) − δMM(t), and σM(t) = [τ(t) + δMM(t)]1/2. The function τ(t) in
(7) regulating transcription of mRNA is given by the following step function for t ∈ [0,p]

12
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Table 3. Simulation results for synthetic data with shoulder pattern cycles

Shoulder Level Parameter SR FFT-NLLS otl-FFT-NLLS

Mild

# Outliers 0 27 –
Mean (p̂) 24.423 28.074 24.464

STD 0.097 12.002 0.100
MSE 0.188 159.923 0.225

Moderate

# Outliers 0 35 –
Mean (p̂) 24.387 31.722 24.469

STD 0.097 15.983 0.078
MSE 0.159 313.792 0.226

Severe

# Outliers 0 39 –
Mean (p̂) 24.343 33.310 24.434

STD 0.100 18.849 0.192
MSE 0.128 440.187 0.225

STD - standard deviation; – , if no outliers; p̂ in hours.

(where p is the desired period)

τ(t) =


τ1(t) = a sin (θ t) + a , 0 6 t 6 p/4
τ2(t) = b sin (θ t+ψ) + b , p/4 < t 6 p/2
0 , p/2 < t 6 p

(8)

and τ(t) = τ(t− kp), t ∈ (kp, (k+ 1)p], k= 1, . . . ,N, where N is such that (N+ 1)p is
the largest observed time point. The period of the functions τ1(t) and τ2(t) is defined
by θ and fixed to be lower than p/2. The latter ensures that a time span of length p/4
covers the peak in the sine wave that generates the peaks in the mRNA level oscillations.
Here we set p= 24 hours. We assume that mRNA is degraded at a constant rate, δM.
The level of the shoulder pattern can be controlled through the ratio a/b. How far the
two peaks in a cycle are apart is controlled by ψ. Again we consider three different levels:
mild, moderate and severe, in increasing order of complexity, and for each we investigate
and compare the performance of the SR methodology with that of the FFT-NLLS. The
sample size is set to n= 96 with hourly observations. A mild shoulder level is obtained
by setting the parameters in (7)-(8) to a= 0.3, b= 0.1, ψ= 10 and δM = 0.3. Choosing
θ=π/5 yields a sine curve with a period of 10 hours. To increase the height of the
shoulder we simply increase the value of b in (8). Hence, a moderate shoulder level is
defined by b= 0.15 and a severe shoulder level corresponds to b= 0.2 (see Supplementary
Figure 4).

Table 3 summarizes the simulation results for all three shoulder levels (see Supple-
mentary Figure 5 for boxplots of log10(SqE)). From the results in Table 3 we can draw
the following conclusions:
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• The FFT-NLLS produces a large number of outliers. Here between 13% and 20%
of the results had to be discarded or be examined for periodicity otherwise.

• The SR estimator outperforms the FFT-NLLS estimator in terms of lower MSE
for all levels of shoulder pattern and also with the benefit given to FFT-NLLS by
discarding all outliers. The difference between the two estimators is most apparent
for moderate and severe shoulder levels (see Supplementary Figure 5).

• The SR estimator is fairly robust in that no outliers are observed, even for a severe
shoulder level.

The coverage probabilities of the resulting confidence intervals for a nominal level of 95%
were as follows: the average coverage was 100% for the SR estimator for all levels of
shoulder behaviour, whereas for the FFT-NLLS it varied between only 12%, for severe
shoulder level, and 22% for mild shoulder level. This confirms the findings of the previous
section that the confidence intervals obtained by the SR approach are conservative, while
those obtained by the FFT-NLLS method here are too narrow resulting in unacceptably
low coverage probabilities.

4 A Two-Sample Bootstrap Test for the Comparison of
Periods

Motivated by the experimental setup described in Figure 2 we now consider the problem
of testing whether sets of replicate measurements from two different experimental condi-
tions have the same underlying periodicity. Hence we focus on the comparison between
the means of the two groups. We assume that the two experiments have size n1 and n2

given by the number of replicate time series in each experimental group.

4.1 Nonparametric Boostrap Tests

Let T denote the test statistic of interest with observed value t, and let pv= Pr (T >
t | H0) be the corresponding p-value for some null hypothesis H0. In the bootstrap
setting the value of pv is typically approximated by means of a Monte Carlo test (see,
e.g., Davidson and Hinkley, 1997, and the references therein). The latter compares the
observed statistic t to R independent values of T which are obtained from corresponding
samples independently simulated under the null hypothesis model. Let these simulated
values be denoted by t∗1 , . . . , t∗R, then, under H0, all R+ 1 values t, t∗1 , . . . , t∗R are equally
likely values of T , and so

pv ≈
1 + # {t∗r > t}

R+ 1
. (9)

In this setting the value of R typically varies between 99 and 999 (Davidson and Hinkley,
1997). Nonparametric bootstrap tests in general compute the p-value of a test with
minimal assumptions of how the data are distributed. Therefore there can be many
candidates for a null model in the nonparametric case, each corresponding to different
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restrictions imposed in addition to H0. The choice of test statistic is usually based
on the physical context of the problem. Suppose that each observed periodicity for
each replicate time series, yij say, carries a known positive weight wij, j= 1, . . . ,ni,
i= 1, 2, and that

∑
jwij= 1, i= 1, 2. These weights correspond to the inverse of the

relative error of the period estimate, defined as the ratio between half the width of the
estimate’s confidence interval and the period estimate itself. Theoretically, the relative
error takes values in [0, 1]. The closer its value is to zero the more precise the period
estimate is. This definition of relative error is close to that of the relative amplitude
error of the FFT-NLLS period estimator (Plautz et al., 1997). A test of equality of the
mean periodicity for both experimental groups is formulated by the model

yij = µi + σij εij , j = 1, . . . ,ni , i = 1, 2 , (10)

where the εij’s have zero mean and variance one, and are i.i.d. over j given i (but not
necessarily Gaussian). The variances σ2

ij are of the form

σ2
ij =

νi

wij
, (11)

for some νi > 0. The null hypothesis to be tested is H0 : µ1 =µ2, against the alternative
HA : µ1 6= µ2. We consider two nonparametric tests that differ in their assumptions
about the σij’s.

Test 1 (T1): Homogenous variance within each group, σ2
ij=σ

2
i , ∀ j

Let σ̂2
i and ȳi be the usual sample variance and mean for the ith sample, and let

hi=ni/σ̂
2
i . The test statistic is defined as (Davidson and Hinkley, 1997)

t = h1(ȳ1 − µ̂0)
2 + h2(ȳ2 − µ̂0)

2 , (12)

where µ̂0 =(h1 ȳ1 +h2 ȳ2)/(h1 +h2) is the estimate of the common mean under the null
hypothesis. Note that the sample with higher sample variance, or lower sample size, will
contribute less to the pooled mean estimate. The estimates of the variances under the
null are

σ̂2
i0 =

1
ni − 1

∑
j

(yij − µ̂0)
2 ,

and the null model studentized residuals are given by

eij =
yij − µ̂0√

σ̂2
i0

.

Data sets are simulated under the null model

y∗ij = µ̂0 + σ̂i0 ε
∗
ij , (13)

with the ε∗ij’s randomly sampled from the pooled residuals
{
eij, j= 1, . . . ,ni , i= 1, 2

}
.

The p-value for test T1 can be estimated as follows:
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1. Compute the value of the test statistic, t, the pooled mean µ̂0, and the variances
σ̂2
i0, i= 1, 2.

2. Sample, with replacement, n1 + n2 values ε∗ij from
{
eij, j= 1, . . . ,ni , i= 1, 2

}
.

3. Compute the simulated data sets y∗ij, j= 1, . . . ,ni , i= 1, 2, using (13).

4. For each data set compute sample averages and variances, the hi’s, the pooled
mean, and finally the test statistic t∗.

5. Check whether (t∗)2 > t2 (because we are considering the general alternative
HA : µ1 6= µ2).

Steps 2-5 are repeated R number of times. The p-value is then estimated by (9).

Test 2 (T2): Heteroscedasticity, σ2
ij=νi/wij, with wij known

In order to account for the possibility that each element within a sample may have
a different variance of the form (11) we consider the following weighted estimates of the
sample mean and variance

ȳi =
∑
j

wijyij , σ̂2
i =
∑
j

wij(yij − ȳi)
2 , i = 1, 2 . (14)

The pooled mean µ̂0 is defined as before, but now with ȳi and σ̂2
i replaced by the

corresponding estimates in (14). The main difference between T1 and T2 is in the data
generating process under the null hypothesis. Let

ν̂i =
σ̂2
i

ni − 1
. (15)

It can be shown that, if the error terms in (10) are normally distributed, ν̂i in (15) is the
uniformally minimum variance unbiased estimator of νi for the model in (10) (Goldberg,
Kercheval, and Lee, 2005). The test statistic is now

t =
ȳ1 − ȳ2√
ν̂1 + ν̂2

.

Define ν̂i0 as the estimate of νi under the null hypothesis, i.e., ν̂i0 = σ̂2
i0/(ni−1), where

σ̂2
i0 =

∑
jwij(yij − µ̂0)

2. Let

eij =
yij − µ̂0√
ν̂i0/wij

(16)

be the studentized residuals. Data sets satisfying the null hypothesis are generated as

y∗ij = µ̂0 +
√
ν̂i0/wij ε

∗
ij ,

with ε∗ij obtained from eij in (16) as before. Estimation of the p-value for test T2
proceeds as described above for test T1 with the appropriate modifications.
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For completeness we also consider the two-sample Welch’s t-test (Welch, 1947), rep-
resented here by T0. It assumes within sample homogeneity as in T1, and that the error
terms in (10) follow a normal distribution. In this case, the test statistic t in (12) is
shown to follow a t-Student distribution with degrees of freedom given by the Welch-
Satterthwaite equation (Satterthwaite, 1946; Welch, 1947). Although here we built the
statistical test on the SR period estimator proposed above, it should be noted that the
test can be built on other estimators of the period of a time series.

4.2 Simulation Study on Size and Power

We compare the three different tests T0, T1 and T2 based on size and power properties
using Monte Carlo studies. Due to the fact that only a finite number of bootstrap samples
are used to estimate p-values some power loss is expected for tests T1 and T2 (Davidson
and MacKinnon, 2000). We consider a simple data generating process that follows the
variance heterogeneity assumption of T2. This is a realistic approach as can be seen from
the plots in Figure 3, where period estimates and corresponding relative errors obtained
with the SR method are represented for the experimental data of Figure 2. They show
how period estimates from different replicates within the same experiment have different
levels of precision. Hence, given sample sizes n1 and n2 we first generate a set of relative
errors

rij = ri + κij , j = 1, . . . ,ni , i = 1, 2 ,

where the κij’s follow a normal distribution with mean zero and variance σ2
ri

, for given
ri and σ2

ri
. The set of weights wij is then defined as wij= 1/rij, and normalized so that∑

jwij= 1. We generate the yij’s using a distribution with mean pi, the true value of the
period, and variance given by νi/wij, where again the νi’s are chosen beforehand. We
chose a gamma distribution with mean and variance such that the conditions above for
the distribution generating the yij’s are met. In all simulations the number of bootstrap
replicates, R, is 499, and the number of Monte Carlo replicates, M, is 5,000.
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Figure 3. Relative error plots. Period estimates obtained with the SR methodology from
the replicate time series experiment measuring TOC1:LUC protein activity in Arabidopsis
thaliana (left). Example of synthetic replicate data with δ= 1h and n1 =n2 = 10 (right).
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To study the true size of each of the tests we estimate the empirical distribution
function (EDF) of the corresponding p-values under the null using a Monte Carlo exper-
iment. Given parameters ni, ri, σri and νi, i = 1, 2, two samples of synthetic data are
generated as described above with pi= 24h, i= 1, 2. We then calculate the p-value of the
test as described in the previous section. This process is repeated M times, generating
a sample of M p-values,

{
p1
v, . . . ,pMv

}
, from which the EDF is estimated as follows,

F̂(x) =
1
M

M∑
m=1

I (pmv 6 x) , x ∈ (0, 1) .

Let F̂i be the EDF associated with test Ti, i= 0, 1, 2, and let α be the nominal significance
level. If the distribution of the test statistic is correct, the p-value should be distributed
uniformly in [0, 1]. Thus, a plot of F̂i(α) against α should yield a 45o line. It turns out
that these plots are not very informative here as all three tests seem to perform equally
well for all the different parameter settings we considered. Davidson and MacKinnon
(1998) propose the use of P-value Discrepancy Plots, which plot F̂(α) − α against α, to
assess and compare the performance of hypotheses tests. To test whether the observed p-
value discrepancies are the result of experimental error we use the Kolmogorov-Smirnov
test. Let ri= 0.5, i= 1, 2. We consider the following grid for α, {0.002, 0.004, . . . , 1}. In
general, all tests attain the correct nominal size, where all variation is due to experimental
randomness (see Supplementary Figure 6). The only exception is the case where ni= 8,
νi= 0.05 and σri = 0.1, when T0 and T1 tend to under-reject for test sizes around 0.4. It
is worth noticing that the discrepancy plots of T0 and T1 are almost indistinguishable.

Now let δ=p2−p1, i.e., the difference in the mean period between the two groups.
For each value of δ the power of the test is estimated via a Monte Carlo study similar to
that used to estimate the EDFs under H0. After a sample of M p-values is obtained, the
power of the test at level α is the proportion of times that p-value 6 α, i.e., the proportion
of times the test rejects the null hypothesis. Following Davidson and MacKinnon (1998)
we compare power against true size rather than nominal size by plotting the EDFs
of the p-values under both the null and alternative hypotheses. At each Monte Carlo
replication, two sets of synthetic data, one satisfying the null hypothesis and the other
not, are generated using the same sequence of random numbers to reduce experimental
error. We fixed νi= 0.08, ri= 0.5, σri = 0.1, i= 1, 2, and varied the period difference δ
and the sample sizes ni. The grid chosen for α is the same as before. Figure 3 displays
an example of two such generated synthetic samples with true periods set to p1 = 24h
and p2 = 25h. As expected, the power performance of all tests improves when both δ and
ni increase (see Supplementary Figure 7). The T2 test seems to have a slight advantage,
especially for larger values of δ. This is not surprising given that in order to generate
plausible synthetic data these have to fulfil the assumptions of T2. As in the size study,
T0 and T1 perform equally well with regards to their power.
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Table 4. Estimated periods and confidence intervals for circadian experimental data
using the SR method

Gene Period Estimate (C.I.)

TOC1 mRNA 25.452 (24.390,26.316)
CAB2 mRNA 24.236 (23.256,25.317)
PRR5 mRNA 24.211 (22.989,25.317)
CCA1:LUC Protein 26.245 (25.641,27.027)

C.I. - 95% confidence interval.

5 Application

Recall the experimental data on circadian oscillations introduced in Section 1. For each
time series the period of the oscillation is estimated using the proposed SR methodology.
The results for the data presented in Figure 1 can be found in Table 4. As expected,
all estimated periodicities are close to 24 hours. Also, the width of the 95% confidence
intervals changes slightly with the number of cycles available for estimation: they are
wider for gene PRR5, for which only two complete cycles are observed, and shorter for
the averaged CCA1:LUC profile which consists of four complete cycles.

Where replicate time series are available, as is the case for the data on TOC1:LUC
presented in Figure 2, the tests T0, T1 and T2 introduced in Section 4 are used to find
evidence of whether or not the period is equal with changing experimental conditions.
At the 5% significance level the estimated p-values are 3.292e-5, 0.002 and 0.001 for
T0, T1 and T2 respectively. Hence, all three tests reject the null hypothesis of period
conservation when the experimental conditions change. Therefore, an increase in tem-
perature leads to a significant change in the period of the oscillations for the reporter
gene TOC1:LUC under constant red light.

6 Summary and Discussion

In this study we propose an improved estimator for the period of an oscillatory time series
using nonparametric methods. The method relies on bootstrapping spectral estimates
and is termed spectrum resampling, or SR method. In a comparison based on simulated
data from circadian models we find that the SR method outperforms the currently used
FFT-NLLS routine based on Fourier series approximations. It is substantially more
robust to non-sinusoidal patterns of the oscillations and confidence intervals are readily
available. Although the latter are conservative they are usually found to be more realistic
than the confidence intervals provided by the FFT-NLLS method. The SR methodology
is simple to implement and is currently developed as a piece of software freely available.
It should be noted that a key assumption to any period estimation technique, including
the SR method, is that the time series are stationary. In practise this can often be
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achieved through detrending of the data, by fitting and subtracting a cubic polynomial.
We found that the latter provides enough flexibility to accommodate all of the trends
encountered in practice. In addition, the logarithmic transformation should be applied
to the data, in particular if the oscillations are found to dampen with time.

The SR method as introduced here does not provide an estimate of the amplitude
or phase of the oscillations, which may be of further interest. However, the SR method
can be easily extended to allow for this. At each bootstrap replicate, once the Fourier
frequency corresponding to the peak in the spectrum is found, the amplitude and phase
of the corresponding sinusoidal can be computed using simple Fourier analysis. Hence,
in principle, the SR method can provide both point estimates and confidence intervals
for the amplitude and phase of the oscillations.

Some limitations remain. For example, the confidence intervals produced by the
proposed methodology using the percentile approach tend to be conservative. We could
have used other definitions, as proposed in Carpenter and Bithell (2000), but we feel
that the percentile method is simple to interpret and inexpensive to implement com-
putationally. Finally, the SR methodology requires a minimum of two complete cycles
worth of observed data. However, most data sets resulting from circadian experiments
fulfill this requirement.

In addition we have focused on the scenario where groups of replicate time series
resulting from two different experimental conditions are available, and the question is
whether the periodicity is the same between the two sets of replicates. We introduced
two different nonparametric statistical tests, based on bootstrapping, which can be seen
as generalizations of the t-test: one allowing for heteroscedasticity within each group
and the other for heteroscedasticity between the two groups only. Experimental data
suggests that the assumption of heteroscedasticity within a group is the most realistic
one. However, the simulation studies presented here indicate that both nonparametric
tests, as well as the Welch’s t-test, attain correct nominal size. Allowing for within group
heteroscedasticity resulted in a slight advantage in terms of the power of the test. All
of the tests can be applied in conjunction with any estimator of periodicity that also
retrieves a measure of the estimate’s variance. The application to circadian data shows
that the periodicity is significantly different under a change in temperature although
both groups still oscillate with periods that are within a circadian range.
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Franke, J. and Härdle, W. (1992). On bootstrapping kernel spectral estimates. The Annals of Statistics
20, 121–145.

Goldberg, L. R., Kercheval, A. N., and Lee, K. (2005). t-Statistics for weighted means in credit risk
modelling. Journal of Risk Finance 6, 349–365.

Goldbeter, A. (1991). A minimal cascade model for the mitotic oscillator involving cyclin and cdc2
kinase. Proceedings of the National Academy of Sciences 88, 9107–9111.

Hall, A., Bastow, R. M., Davis, S. J., Hanano, S., McWatters, H. G., Hibberd, V., Doyle, M. R., Sung, S.,
Halliday, K. J., Amasino, R. M., and Millar, A. J. (2003). The TIME FOR COFFEE gene maintains
the amplitude and timing of Arabidopsis circadian clocks. The Plant Cell 15, 2719–2729.

21



CRiSM Paper No. 11-1, www.warwick.ac.uk/go/crism
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