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Abstract

In multivariate clinical trials, a key research endpoint is ascertaining whether a candidate treatment is

more efficacious than an established alternative. This global endpoint is clearly of high practical value for

studies, such as those arising from neuroimaging, where not only the outcome dimensions are numerous but

also highly correlated and the available sample sizes are typically small. In this paper, we develop a two-stage

procedure testing the null hypothesis of global equivalence between treatments effects and we demonstrate

its application to analysing phase II neuroimaging trials. Prior information such as suitable statistics of

historical data or suitably elicited expert clinical opinions are combined with data collected from the first

stage of the trial to learn a set of optimal weights. These weights are applied to the outcome dimensions of

the second-stage responses to form the linear combination z and t test statistics while controlling the test’s

false positive rate. We show that the proposed tests hold desirable asymptotic properties and we characterise

their power functions under wide conditions. In particular, by comparing the power of the proposed tests

with that of Hotelling’s T2 we demonstrate their advantages when sample sizes are close to the dimension of

the multivariate outcome. We apply our methods to fMRI studies where we find that, for sufficiently precise

first stage estimates of the treatment effect, standard single-stage testing procedures are outperformed.

keywords:clinical trials, multivariate outcomes, hypothesis testing, hybrid methods, fMRI

1 Introduction

The development of high throughput biological assays lies at the heart of the emerging concept of personalised
medicine [29], [10]. Two main areas where high throughput technology is rapidly improving detection accuracy
are gene expression profiling [14], [43] and medical imaging [1], [49], [15], [32]. The clinical application of these
techniques is one of the main drivers of major changes in drug discovery and development [5], [30] as well as the
identification of surrogate endpoints in clinical trials [37].

In an effort to support these experimental and technological developments, in this paper we focus on developing
statistical methodology for detecting global treatment effects from high throughput functional magnetic resonance
imaging (fMRI) data. Clinical applications of fMRI so far include Alzheimer disease [3], schizophrenia [16],
depression [7], addiction [4] and pain treatment [21]. More widespread clinical application of fMRI is currently
hampered by a partial understanding of the relation between fMRI data and neuronal activity and by a relatively
low signal-to-noise ratio [23]. Our motivations are eminently practical, in that the detection of global effects is
one of the main endpoints in drug development [45], [22] and the fMRI signal is being considered as a potential
surrogate endpoint in phase II proof of concept clinical trials [55], [17], [54].

This paper is organised as follows. In Section 2 we briefly describe fMRI signal and illustrate the advantages
and limitations of standard testing procedures for detecting global treatment effects using fMRI Regions of
Interest (ROI) data. In Section 3 we develop a novel testing procedure maximizing the power of detecting global
treatment effects under more general conditions with respect to current multivariate approaches. The proposed
procedure is based on a linear combination of the ROI multivariate responses where the weights of each ROI
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are estimated from a pilot study and the test statistic is calculated using data arising from a subsequent main
study. The main properties of the power function of our procedure are explored in section 4. We show that
the optimal proportion of the total samples allocated to weight estimation can lie well below 50%, allowing for
accurate testing even for phase I and II clinical trials. In section 4 we also use simulated data generated under
various model parameters to compare our procedure with other standard tests, including the z, t and Hotelling’s
T 2 statistics. Here we show that our procedure can achieve high detection power even when the sample size
approaches the response dimension, that is when Hotelling’s T 2 either lacks power or is not applicable. Section 4
is closed with the analysis of real fMRI recordings, showing that, in this example, the proposed procedure attains
substantially lower p-values than the alternative tests. Section 5 concludes this paper with a critical discussion
of its main theoretical and empirical results and with selected directions for future work.

2 Single stage analysis of fMRI clinical trials

Blood oxygenation level dependent (BOLD) fMRI records brain activity by detecting the accompanying changes
in the local level of blood oxygenation. fMRI signal is measured at a spatial resolution of 2-4 mm and on a
1-4 s temporal resolution allowing for a study of brain systems at biologically meaningful spatio-temporal scales
[19]. The raw fMRI data are preprocessed using techniques of signal processing, image processing and statistics.
This typically involves eliminating the most common experimental artifacts (e.g. motion and scanner artifacts),
normalisation (e.g. using spatial smoothing) and registration of the raw data at a common reference image [41].
The preprocessed data consist of series of 3-dimensional brain images recording the BOLD contrast at voxel1-
by-voxel resolution. In neurological clinical trials the preprocessed fMRI data are often used to inform a Regions
of Interest (ROI) analysis, where the voxel-specific treatment effect estimates, extracted from mass univariate
models (see figure 1), are averaged over relatively large functionally meaningful brain regions [39]. Such a ROI
approach produces a manageable number of well-defined outcomes and thus powerful testing procedures can be
potentially constructed [33].

A simple method for testing for global treatment effects in ROI analysis is the classical Bonferroni correction
[9]. Despite its simplicity, Sankoh et al. [42] and Neuhäuser [34] show that for correlations ρ ≥ 0.5 the Bonferroni
method may become substantially conservative. In these cases the family-wise error rate (FWER), i.e. the
probability of falsely rejecting at least one of the local null hypotheses, may be much smaller than its nominal
α-level [38]. Since high correlations are typically observed [40] when the number of ROI, K, grows, the Bonferroni
correction may be very inefficient for fMRI data analysis.

A key idea proposed by Westfall et al. [53] is to use reliable prior information for improving the efficiency of
multiple testing procedures while controlling the FWER. In this work we follow a similar approach by employing
Bayesian inference to construct our test statistic while controlling the false positive rate. In contrast to [53] we
incorporate the correlations between ROI into our multivariate modeling assumptions.

The classical approach to univariate testing for multivariate responses is Hotelling’s T 2 [18], [2]. Hotelling’s
T 2 test is the uniformly most powerful test for multivariate normal responses. However, it is inapplicable when
the number of components, K, is greater than the sample size, n, and it lacks power when n approaches K from
above (see section 4). Since this is the typical situation for neurological clinical trials using fMRI, we follow
O’Brien’s approach in [35] by reducing data dimensionality using a weighted average of the response components
with ROI-specific K-dimensional weights w. Suitable estimates of w result in effective detection of the global
treatment effect while inappropriate weights may critically increase false negative rates. In [35] these weights are
derived using ordinary least squares (OLS) and generalised least squares (GLS) methods under the assumption
of equal size of the treatment effect across the multivariate response. The linear combinations of the components
of the response with weighting vectors wOLS = 1K = (1, 1, ..., 1)′ and wGLS = Σ−11K are used to construct the
classical z and t tests [6], [52], [28], [8].

O’Brien’s approach to selecting w “reflects the investigator’s knowledge about the direction in which the
alternative lies” [51]. Thus if a treatment targets mainly one ROI, say the hippocampus for Alzheimer’s disease,
a suitable weighting vector is the all-zero-but-1 e1 = (1, 0, ..., 0) where the first component is assigned to the
corresponding region. Along the same lines, the weighting vector can be constrained to lie within the space of
all-zero-but-K ′ (K ′ < K) solutions. These solutions are effective in detecting global treatments if the assumed
direction of the treatment effect is correct. When this prior belief is incorrect, the false negative rates can be high
even in cases where the treatment effect is very large. Alternatively, Lauter et al. [26] propose selecting w using
the observed data in such a way that the false positive rate is controlled. The remainder of this paper illustrates
a generalization of the tests in [35] and [26] achieving high detection power for arbitrary mean and covariance
structures.

1voxel: a three-dimensional volume element.
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3 Testing the global null hypothesis using a 2-stage procedure

Let the K-dimensional response vectors Yi for subjects i = 1, 2, ..., ny be conditionally independent Gaussian
random variables

Yi
iid∼ NK (µ,Σ) , (3.0.1)

with mean and covariance matrix µ = (µ1, ..., µK)
′
and Σ = (σik)

K
i,k=1. Gaussianity is an accepted assumption

when modeling linear contrasts of normalized fMRI data for ROI analysis [12]. We reduce the dimension of the
multivariate response using the scalar linear combination

Li = w′Yi =
K∑

k=1

wkYik , i = 1, 2, ..., ny, (3.0.2)

where the weighting vector is formally defined as w = (w1, w2, ..., wK)
′
, w ∈ R

K \{0}. We wish to test the global
null hypothesis of no treatment effect against the two-sided alternative

H0 : µ = 0 versus H1 : µ 6= 0. (3.0.3)

The z- and t-statistics for testing H0 against H1 using a random sample Li, i = 1, ..., ny of the linear combination
L respectively when Σ is either known or unknown are

Zw =
L

σL/
√
ny

, (3.0.4)

and

Tw =
L

sL/
√
ny

. (3.0.5)

Here, σ2
L = w′Σw, L = 1

ny

∑ny

i=1 Li = w′y and s2L = 1
ny−1

∑ny

i=1

(
Li − L

)2
= w′Syw are the variance, sample mean

and sample variance of the linear combination L, respectively, and y = 1
ny

∑ny

i=1 yi, Sy = 1
ny−1

∑ny

i=1 (yi − y) (yi − y)
′

are the sample mean and covariance matrix of the response Y . Under these modeling assumptions, the decision
rules

reject H0 ⇔ |Zw| > zα/2, (3.0.6)

reject H0 ⇔ |Tw| > tny−1,α/2, (3.0.7)

specify hypothesis tests of size α for (3.0.3) where zα/2 and tny−1,α/2 are respectively the 100(1−α/2) percentiles
of the standard Normal and of the Student’s t-distribution with ny − 1 degrees of freedom. The power of these
tests, i.e. the probability to reject the null hypothesis for given values µ and Σ of the unknown model parameters,
are respectively

βz (w, µ, ny) = Prµ
(
|Zw| > zα/2

)
, (3.0.8)

βt (w, µ,Σ, ny) = Prµ,Σ
(
|Tw| > tny−1,α/2

)
. (3.0.9)

Note that, unlike for Hotelling’s T2 test, the degrees of freedom of the linear combination t-statistic do not
depend on the dimension of the response K and hence the linear combination t-test is applicable even for
ny < K. Moreover, when w is fixed, both statistics are scale invariant with respect to w, i.e. Zw = Zcw, Tw = Tcw

for any c 6= 0. Also, the distributions of both test statistics are invariant to scale transformations Y → cY (c 6= 0)
of the response. In what follows we focus on estimating the optimal weighting vector maximising the power of
the herein described linear combination z and t tests.

3.1 The optimal weighting vector

Intuitively, an optimal approach is to select the weighting vector w so as to maximise the probability of detecting
the global treatment effects. This is equivalent to selecting w so that the probability of correctly rejecting the
global null hypothesis, i.e. the power, is maximised. Theorem 1 describes the form of such an “optimal” weighting
vector for fixed values of the unknown parameters without relying on any assumed mean or covariance structure.

Theorem 1. Under (3.0.1) and when µ 6= 0, the weighting vector maximising the power functions (3.0.8) is

ω+ = Σ−1µ. (3.1.1)
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The proof of Theorem 1, as well as those of all the following results, are given in appendix F . Theorem
1 shows that the optimal weighting vector for the linear combination z and t tests is a standardization of the
treatment effect. We will refer to β+

z and β+
t as representing the maximum value of the z and t test power

functions attained under ω+. The next corollary compares β+
t to the power of Hotelling’s T2 test.

Corollary 1. Under (3.0.1), β+
t = βt (ω

+, µ,Σ, ny) is larger or equal than the power of Hotelling’s T 2 test
βT 2(µ,Σ, ny), for any value of µ, Σ, ny > K.

From Corollary 1 it is clear that, for an optimally selected weighting vector ω+, the linear combination
t-test has higher power than Hotelling’s T 2 for sample size ny > K. Furthermore in section 4.3 we show that
βT 2(µ,Σ, ny) takes considerably lower values than β+

t when ny approachesK from above, i.e. ny ' K. Therefore,
there is scope for preferring the linear combination testing procedures studied in this work especially when ny ' K
or ny ≤ K, that is when the T 2 test tends to lack power or is not applicable.

3.2 Selecting the weighting vector

Since the optimal weighting vector ω+ depends on the unknown model parameters µ and Σ, suitable estimates
must be selected to actually implement such testing procedures. In this work, we propose estimating the weighting
vector using prior information and data collected from a pilot study [25] conducted prior to the main study.
Parsimonious modeling assumptions linking the moments of the pilot data X with those of the main study
data Y are made. Assuming X and Y are sampled under the same conditions we let the K-dimensional pilot
observations be conditionally independent Gaussian random variables

Xi
iid∼ NK (θ,Σ) , i = 1, 2, ..., nx(nx ≥ 0) (3.2.1)

with mean θ = (θ1, ..., θK)
′
and covariance matrix Σ. While the covariance matrix Σ is assumed to be the same

in the two studies, we allow for heterogeneity between the mean responses. In particular, µ and θ are linked by
a Gaussian transfer distribution

(µ|Σ, θ) ∼ NK (θ,Σ/d) , (3.2.2)

where 1/d represents the discrepancy between θ and µ. Prior information D0 = [θ0, n0, S0, ν0] elicited from
previous studies and experts clinical opinion is used to inform standard conjugate multivariate priors for the
response mean and covariance matrix. For the mean response we use the prior

(θ|Σ, D0) ∼ NK (θ0,Σ/n0) , (3.2.3)

where θ0 represents a prior estimate of the value of θ and n0 corresponds to the number of observations that this
prior estimate is based on. When Σ is unknown, we use the inverse-Wishart K ×K prior

(Σ|D0) ∼ IWK×K

(
ν0, S

−1
0

)
, (3.2.4)

where ν0 and S0 respectively represent the degrees of freedom and the scale matrix of the inverse-Wishart prior.
Under this standard Bayesian model, the posterior distribution of µ given prior information and pilot data

D1 = {x,D0} isK-dimensional Gaussian with covariance matrix Σ
(

1
n0+nx

+ 1
d

)
and mean m1 =

(
m1,1, ...,m1,K

)

with entries
m1,k =

n0

n0 + nx
θ0,k +

nx

n0 + nx
xk, (3.2.5)

where xk = 1
nx

∑nx

i=1 xk,i is the k-th component of the multivariate sample mean of the pilot data. The conditional
posterior distribution of the covariance matrix (Σ|D1) is inverse-Wishart with scale matrix

S1 = S0 + (nx − 1)Sx +
n0nx

n0 + nx
(x− θ0)(x− θ0)

′
, (3.2.6)

where Sx is the sample covariance matrix of the pilot data (see [13]).
In particular, the modeling assumptions (3.2.1), (3.2.2), (3.2.3) and (3.2.4) encompass the following special

cases: (i) no prior information is available or n0, ν0 → 0 , (ii) no discrepancies are expected between the two
studies or d → ∞ implying µ = θ (iii) no pilot data are used to select the weighting vector or nx = 0.
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3.2.1 Predictive power function

The key advantage to using Bayesian parameter estimation is that full posterior distributions can be used for the
selection of the weighting vector as opposed to conditioning on point estimates. To this end we introduce the
notion of predictive power [48], which in the present context is defined by averaging (3.0.8) with respect to the
posterior distributions of the model parameters. The predictive power for the z-test is

BD1
(w, ny) = Eµ|D1

(βz (w, µ, ny)) = Pr
(
|Zw| > zα/2|D1

)
. (3.2.7)

The following theorem gives the form of the weighting vector maximising (3.2.7) under the above conditional
posterior distribution for µ.

Theorem 2. Under (3.0.1), (3.2.1), (3.2.2) and (3.2.3), the weighting vector maximising (3.2.7) is

w⋆
z = Σ−1m1. (3.2.8)

In Appendix B we show that (3.2.8) maximises the expected probability of rejecting H0 for any value µ 6= 0,
that is the expected probability of rejecting H0 given that it is false. Using the same steps followed in the proof
of Theorem 2, in Appendix G we also show that for sufficiently large ν1 = ν0 + nx the predictive power of the
t-test

Bt;D1
(w, ny) = Eµ,Σ|D1

(βt (w, µ,Σ, ny)) = Pr
(
|Tw| > tny−1,α/2|D1

)
, (3.2.9)

is maximised by the weighting vector
w⋆

t = S−1
1 m1. (3.2.10)

Herein we will refer to z⋆ and t⋆ as representing the linear combination z and t test statistics with weighting
vectors w⋆

z and w⋆
t , respectively. It is important to note that w⋆

z and w⋆
t are chosen before the initiation of the

main study based only on pilot sample data and/or prior estimates and therefore the z⋆ and t⋆ tests control the
false positive rate at their nominal significance level.

Under (3.2.8) and (3.2.10), response components with large expected treatment effects and small variances
receive larger weights. The weighting vectors w⋆

z and w⋆
t are also invariant to scale transformation of the response.

Finally, it is the relative and not the absolute size of the treatment effects across the response components;
precisely it is the direction of the global treatment effect, that determines the value of w⋆

z and w⋆
t as well as the

optimal ω+. We express the latter result formally for 2- and 3-dimensional responses in corollary 2, Appendix C.
Using (3.2.8) and (3.2.10) it is easy to derive the optimal weighting vectors under different prior hyperparame-

ters. First, when Jeffrey’s priors (“noninformative” priors, see [13]) are used the optimal weighting vectors for the
z⋆- and t⋆-test are respectively w⋆

z = Σ−1x and w⋆
t = S−1

x x. Second, the values of the optimal weighting vectors
(3.2.8) and (3.2.10) are independent of the assumed discrepancy between pilot and main study data d. Third,
when no pilot data are available, that is nx = 0, the optimal weighting vectors are respectively w⋆

z = Σ−1θ0 and
w⋆

t = S−1
0 θ0. In this case by taking θ0 = m1K , when the variances of all response components are equal and

all covariances are equal the optimal weighting vectors w⋆
z and w⋆

t coincide with the OLS solutions in [35] (see
Corollary 3 Appendix C).

4 Power analysis

In this section we investigate the properties of the power functions

β⋆
z = βz (w

⋆
z , µ, ny) , (4.0.11)

β⋆
t = βt (w

⋆
t , µ,Σ, ny) , (4.0.12)

with respect to the model parameters µ,Σ, nx/nT , nT = nx + ny using simulated and real fMRI data.
In Appendix D we show that, for f = nx/nT > 0, β⋆

z and β⋆
t are consistent [27], that is both power functions

tend to one as nT → ∞. In Appendix D we also prove that for f > 0 the z⋆- and t⋆-tests are strictly unbiased
with probability 1. Note that this is not generally the case for the linear combination z- and t-tests with fixed
weighting vectors. For instance, the tests in [35] using the weighting vector wOLS = 1k are biased because their
power is not ensured to be larger than the significance level for µ 6= 0. For instance, when µ = (−1, 1)′ then
(wOLS)′µ = 0 and hence the power of the z- and t-tests using wOLS coincide with their significance level.

Prior to observing the pilot data X = x, the optimal weights w⋆
z , w

⋆
t and the power functions β⋆

z , β
⋆
t are

random variables. To investigate their properties numerically we use a set of simulation studies varying the
values of the model parameters θ, µ, Σ, nT and f and the hyperparameters θ0, n0, S0, ν0 and d. Setting these
studies prior to observing x enables us to examine the impact of the suggested method for selecting the weighting
vectors on the power of the linear combination z- and t-tests. For each set of parameter values we generate
r = 1, ..., R = 15000 K-dimensional (K = 4, 11) synthetic datasets as follows:
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1. Sample µ from NK(θ,Σ/d).

2. Sample the pilot data xr = (xri)
nx

i=1 from NK (θ,Σ).

3. Compute w⋆
z,r using (3.2.8) (or w⋆

t,r using (3.2.10)).

4. Compute β⋆
z,r = βz

(
w⋆

z,r, µ, ny

)
(or β⋆

t,r = βt

(
w⋆

t,r, µ,Σ, ny

)
).

In the following figures we depict simulation-based approximations of selected percentiles2 of the distributions of
β⋆
z and β⋆

t . The compound-symmetric (CS) covariance matrix, with equal variances σ2 and correlations ρ across
the response components, is used in the simulation studies so that variations in the strength of the treatment
effect are entirely due to the structure of µ. Note that by Theorem 1 the power functions of the z- and t-test
attain their maxima if w⋆

z and w⋆
t are respectively equal to the weighting vector ω+ defined in (3.1.1). Power

values lower than β+
z and β+

t are due to suboptimal selection of the weighting vector.

4.1 Sample Size

This section investigates how the sample sizes of pilot and main study, nx and ny, affect the power of the z⋆-
and t⋆-test under four scenarios: (i) nx only varies, (ii) ny only varies, (iii) the total sample size nT = nx + ny

varies for fixed allocation ratios, f = nx/nT , of samples to pilot and main study (iv) the sample allocations f
vary for a fixed total sample size nT . The first two scenarios characterise the behavior of the power functions
when no constraints are imposed on the fMRI experimental design. The third scenario considers the typical
question of sample size selection while the latter scenario addresses the issue of optimal sample size allocation
when, for instance due to budget or capacity constraints, only a fixed number of subjects can be sampled. Note
that the quantiles of β⋆

t lies at lower levels than those of the power function of the z⋆-test, β⋆
z . This is due to the

incorporation of extra uncertainty about the response’s covariance matrix Σ.
The left panel in figure 2 shows that higher nx values result in higher values of the power functions β⋆

z and
β⋆
t . Also, since power is a non-linear mapping of the sample summaries, the distribution of the power function

becomes progressively more skewed to the left as the pilot sample size increases. This behavior reflects an increase
in precision of x, Sx and of w⋆

z and w⋆
t , as estimators of ω+, as nx grows. The right panel in figure 2 shows that

increases of ny, similarly result in higher power and in a progressively more skewed power distribution. Note
that, unlike for increases of nx, the precision of the power function does not substantially increase as ny increases.
This different behavior reflects the fact that the uncertainty of the power functions is introduced only by the
pilot data through the weighting vectors.

Due to the consistency of the z⋆- and t⋆-test statistics, figure 3 (left panel) shows that increasing values of
nT result in progressively more concentrated and higher power values. In particular, when using these simulated
data, total sample sizes as low as nT = 15 ensure that the median power is at least 0.85. Therefore, to the extent
that these simulations resemble real fMRI data, the proposed test can attain high power for sample sizes typical
of phase II clinical trials. The right panel of figure 3 illustrates the changes of β⋆

z and β⋆
t power functions with

respect to f . If nx is small relatively to σ, the data x may lead to a wrong selection of the weighting vector
resulting in low power while for small ny power values also decrease. This simulation study suggests that under
the present modeling parameters a range f ∈ [0.3, 0.5] ensures attaining the maximum detection power for global
treatment effects, whereas values f < 0.3 should only be considered when reliable prior information is available.
The more precise the prior estimates are, the smaller f values should be selected to gain advantage in terms
of power. In supplementary material of this paper, we study the relation between the power functions and the
allocation ratio for varying total sample size and prior information.

4.2 Heterogeneity between pilot and main studies

The simulation results displayed so far assume no discrepancies in mean between the pilot and main studies, that
is d → ∞ in (3.2.2). As shown in figure 4, when the pilot and main study samples are generated using low values
of d, i.e. high discrepancies, and Bayesian estimates are calculated under Jeffrey’s prior, the power distributions
are concentrated at relatively low values. The power of the z⋆- and t⋆-tests and especially the upper percentiles of
β⋆
z and β⋆

t (50-th,75-th, etc.) increase quickly with d and all power functions are then unchanged once d exceeds a
small fraction of the total sample size, here approximately nT /10. These results indicate that, even for moderate
total sample sizes, β⋆

z and β⋆
t are relatively robust with respect to a small heterogeneity among the mean of the

pilot and main study data. On the other hand, the power functions decrease in pathological situations, when the
two sets of samples are recorded under substantially different conditions.

2Note that if the p− th percentile of β⋆
z is equal to b, then Pr(β⋆

z ≤ b) = p.
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4.3 Power comparison with other testing procedures

We next compare the t⋆-test with Hotelling’s T2 as well as the OLS t-test of [35] and the SS and PC t-tests of
[26]. First note that by Corollary 1 the optimal power of the t-test, β+

t , is larger or equal than βT 2 for any sample
size for which the T 2 test can be evaluated (i.e. ny > K). Furthermore, βT 2 is considerably lower than β+

t when
ny approaches K from above. For example, if µ = 0.5× e1,2,3

3, Σ is CS with σ = 0.5 and ρ = 0.5, ny = 7, 8, 9, 10,
then β+

t (ny) = 0.98, 0.99, 0.99, 0.99 and βT 2(ny) = 0.11, 0.25, 0.43, 0.61 respectively. The power of the t-test can
be higher than that of the T 2 test even when ny is well above K. For example, if µ = 0.5 × 15, Σ unchanged
and ny = 17, 18, 19, 20, then β+

t (ny) = 0.72, 0.74, 0.77, 0.79 and βT 2(ny) = 0.30, 0.33, 0.36, 0.38 respectively. In
Appendix E we report a study of the behaviour of the power function and of the connection between the optimal
z- and t-tests and Hotelling’s T 2 test through Mahalanobis distance. In the supplementary material, we describe
Lauter’s SS and PC t-tests.

In practice, the optimal weighting vector ω+ is unknown and its estimation relies on prior information and
a pilot sample, which is likely to be small due to ethical and economical constraints. This suggests that prior
estimates of the treatment effect can be very influential. In Table 1, we report the power functions β⋆

t , βT 2 ,
βOLS
t of the OLS t-test and βSS

t , βPC
t of SS and PC t-tests, respectively, calculated for a simulated ROI fMRI

study with K = 11, nx = 5 and ny = 15 generated using the algorithm described above. The power functions
βT 2 , βOLS

t , βSS
t and βPC

t are calculated using the total sample size nT = 20 while the median β⋆
t,50 of the

distribution of β⋆
t at sample size ny = 15. In other words, we suppose that the pilot study is undertaken with

a cost of 5 observations to the available total sample size. We fix the covariance structure to being CS with
σ2 = 0.05 and high correlations ρ = 0.65. The hyperparameters for the prior distributions are taken as ν0 = 1,
S0 CS with s20 = 0.1, r0 = 0.7, 1/d = 0 while n0 = 1 and θ0 vary as shown in Table 1. We fix the Mahalanobis

distance
√
µ′Σ−1µ = 0.90 so that for all mean structures µ used in table 1), β+

t (ny) = 0.90, β+
t (nT ) = 0.97 and

βT 2(nT ) = 0.38.
Table 1 shows that β⋆

t can take substantially higher values than βT 2 even for fairly poor priors and pilot
estimates. For such priors, t⋆ is also considerably more efficient than the OLS, SS and the PC test, unless the
treatment effect across the ROI is uniform (lines 1,2,3), in which case, as we prove in Corollary 3, wOLS = ω+.
Note that the behaviour of the latter power functions is rather similar. Differences in power of t⋆ with OLS, SS
and PC tests are especially large when opposing effects are exhibited across ROI. The power of the latter tests is
close to the significance level for opposing effect structures as in lines 13,15. Fairly precise prior information can
substantially improve β⋆

t while less informative or misleading priors decrease the value of β⋆
t . In line 3 of table 1,

where the prior distribution for µ is “uninformative”, i.e. n0 = 0, the lowest presented value of βt,50 is observed.
Further, in lines 4,7,9,11,13,15, where the uniform prior estimate θ0 ∝ 111 is used while the true treatment effect
structures is in fact non-uniform, βt,50 is substantially decreased. On the other hand, the more precise values of
θ0 used in lines 2,5,6,8,10,12,14,16, result in up to 80% increase of the value of βt,50 compared to uniform θ0.

4.3.1 An example using a real fMRI study

A total of 11 subjects participated in a GSK study informing drug development using fMRI. At the planning
stage, the following ROI were defined: 1. Anterior Cingulate (AC), 2. Atlas Amygdala (A), 3. Caudate (C), 4.
Dorsolateral Prefrontal Cortex (DLPFC), 5. Globus Pallidus (GP), 6. Insula (I), 7. Orbitofrontal cortex (OFC),
8. Putamen (P), 9. Substantia Nigra (SA), 10. Thalamus (T), 11. Ventral Striatum (VS). We use the values of a
linear contrast between treatment and placebo for each ROI and each subject (see table 2) for testing the global
null hypothesis of no treatment effect. Note that substantially different effect sizes are observed across ROI while
the sample correlations are generally high. In particular, the correlations between DLPFC and C, in both pilot
and main study data, are especially high. Note also the relatively large differences between the observed sample
statistics of the pilot and main study data.

We implement t⋆-test using observations from the first three subjects to select the weighting vector, i.e.
nx = 3, ny = 8. This corresponds to f / 0.3 which, as we discussed in section 4.1, is preferable in terms of
power for fairly vague prior distributions. For comparison, we also implement OLS, SS and PC tests using the
whole sample nT = 11. Hotelling’s T 2 test cannot be implemented since the number of ROI K = 11 is equal to
the total sample size. As shown in table 3, even for vague prior estimates, t⋆ can attain lower p-values (see lines
2-7,9-14) and reject the null hypothesis at significance level α = 0.05 (see lines 6,7,13,14), unlike the other tests.
In lines 1-7 of table 3 we suppose that the investigators a-priori believe that the variance-covariance matrix is
CS while in lines 8-14 the belief that the ROI C and DLPFC are highly correlated is incorporated into the prior
of Σ resulting to a substantial decrease of pt⋆ -values. This is in stark contrast with the results reported at lines
15 and 16, where due to incorrect prior information, lower prior correlations are taken between the same ROI
and pt⋆ increases, failing to reject the null hypothesis. Decrease of the value of pt⋆ is also succeeded in lines 4-7,

3ei1,...,il is a K-dimensional vector with non-zero entries only at indices i1, ..., il, e.g. e1,2,3 = (1, 1, 1, 0, 0, ...,0)′
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11-14 and 16 where the prior estimates of the treatment effects in the ROI T and VS are set twice larger than
the other effects. On the other hand, by taking n0 = 0, pt⋆ is substantially larger than pOLS , pSS , pPC (see lines
1,8). These results emphasize the strong effect of prior information when the total sample size is small and the
improvement of the performance of the linear combination t-test if precise prior information is available.

5 Discussion and Further Extensions

We construct a procedure for testing the global null hypothesis of no treatment effect against its two-sided
alternative based on linear combinations of multivariate responses. These linear combinations, derived using
optimally selected weighting vectors, are used for constructing the classical z and t statistics. In corollary 1, we
show that these linear combination tests can achieve higher power than the classical Hotelling’s T 2 test. The
difference between the power of the two tests is particularly large when the sample size of the study is close to
the dimension of the multivariate response. We emphasize the relevance of the developed tests under the typical
sample size restrictions for the motivating fMRI ROI studies.

Our proposals generalises the linear combination tests proposed by O’Brien [35] and Lauter et al. [26] by
allowing for efficient detection of treatment effects of general structures. The proposed z⋆- and t⋆-tests are
particularly useful when at the planning stage of clinical trials the investigators believe that the structures
required in [35] and [26] for efficient detection of the global treatment effects are inappropriate. Typically, at
this stage, there is a lack of precision of the required estimates and therefore combining the available information
with pilot data for selecting the weighting vector appears to be a potentially preferable option.

We also extend the use of the predictive power function to the selection of the weighting vector. Predictive
power has been used for sample size calculation [47], [36], [20], interim analysis [48], treatment selection [24] and
to select the component-wise significance levels in multiple testing [53]. It is a useful tool in hybrid frequentist-
Bayesian approaches where the predictive power function is used for designing the trial and frequentist analysis
controlling the false positive rates is planned for the end of the trial [46].

Ours is also a two-stage procedure, where the first stage pilot data is used for selecting the weighting vector,
while the second stage main study data are used to undertake the hypothesis test. Pilot data are commonly
collected for designing larger main studies [25], [44]. If these pilot data are collected at the same conditions with
the main study, they can be used for selecting the weighting vector. However, as we have seen in the simulation
study in section 4.3, the t⋆-test can succeed larger power than Hotelling’s T 2, OLS, SS and PC tests even in cases
where a pilot study has not been conducted and a part of the sample is used for selecting the weighting vector.

For small pilot sample sizes, the efficiency of the suggested testing procedure largely relies on prior estimation
of the unknown parameters. However, for sufficiently precise prior estimates, the proposed z⋆- and t⋆-tests can
attain higher values than Hotelling’s T 2, OLS, SS and PC tests. Furthermore, if the sample allocation to the two
stages is positive, the proposed z⋆- and t⋆-tests are consistent and, unlike to OLS test, unbiased with probability
1. The z⋆- and t⋆ are also scale invariant with respect to the response and the weighting vector. The distribution
of the test statistic under the alternative hypothesis is known and therefore it can be studied analytically.

In many occasions, investigators may wish to undertake a testing procedure where the alternative hypothesis
is more constrained. A potential extension of the suggested procedure is to modify accordingly the alternative
hypothesis and the selection of the weighting vector by imposing the appropriate constraints. Another develop-
ment path is to extend the use of the pilot data by including them in the final dataset for testing. In this case,
caution should be taken so that the false positive rate is controlled. Adaptive methods might be appropriate in
this case. If all available data are fully used for testing without inflating the type I error rate, one may wish
to extend the proposed procedures in more than two stages, where the weighting vectors are modified using the
accumulated information at each interim analysis. This is an area of ongoing research.

We would like to thank Paul M. Matthews of GlaxoSmithKline for motivating this work and providing the
data.

Appendices

A The distribution of the test statistics

By Theorem 3.3.2 p.71 and Theorem 3.3.1 p.68 in Anderson [2], the test statistic Zw ∼ N (δw, 1), where

δw =
w′µ

σL/
√
ny

. (A.0.1)
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Under the null hypothesis in (3.0.3), for any fixed weighting vector w 6= 0, Zw ∼ N (0, 1) and hence the z-test in
(3.0.6) controls the false positive rate.
Using Theorem 3.3.1 p.68 in [2], we can see that the sample mean of the linear combination L is L ∼ N (w′µ,w′Σw/ny).
Further, by Corollary 7.2.3 p.249 in [2] the sample covariance matrix Sy of Y follows the Wishart distribution
with parameters Σ and ny − 1. Thus, using Theorem 3.4.2 p.67 in Mardia et al. [31] it can be shown that
(ny−1)s2l
w′Σw ∼ χ2

ny−1 where s2l is the sample variance of L. Hence, the t-statistic Tw can be written as

Tw =
Z + δw√
X/(ny − 1)

,

where Z ∼ N (0, 1) and X ∼ χ2
ny−1 and thus it is noncentrally t-distributed with noncentrally parameter δw and

ny − 1 degrees of freedom. Under the null hypothesis in (3.0.3), for any fixed w 6= 0, Tw ∼ tny−1 and hence the
t-test in (3.0.6) controls the false positive rate.

B Conditional and unconditional predictive power

Using probability law, we can see that

Pr
(
|Zw| > zα/2|D1

)
= Pr

(
|Zw| > zα/2, H0 true|D1

)
+ Pr

(
|Zw| > zα/2, H0 false|D1

)

= Pr
(
|Zw| > zα/2|H0 true, D1

)
Pr(H0 true|D1) + Pr

(
|Zw| > zα/2|H0 false, D1

)
Pr(H0 false|D1).

Note that Pr(H0 true|D1) and Pr(H0 false|D1) are independent of the weighting vectorw and Pr
(
|Zw| > zα/2|H0 true

)
=

α for any fixed w 6= 0. Therefore, maximisation of either Pr
(
|Zw| > zα/2|D1

)
or Pr

(
|Zw| > zα/2|H0 false, D1

)

with respect to w is equivalent.

C Direction of ω+, w⋆
z and w

⋆
t

The next corollary describes the factors determining ω+.

Corollary 2. The weighting vector ω+, for a K-dimensional response, K = 2, 3 is completely determined by
(i) the ratios

mij =
µi

µj

and sij =
σii

σjj
, (C.0.2)

and (ii) the correlations
ρij = σij/

√
σiiσjj , (C.0.3)

for all i, j ∈ {1, ..., K}, i 6= j.

The same results can be proved for w⋆
z (and w⋆

t ) if µ (and Σ) is replace by m1 in (3.2.5) (and S1 in (3.2.6)).

Corollary 3. The optimal weighting vector ω+ is equal to wGLS if µ = m1k and to wOLS if µ = m1k and Σ is
compound symmetric.

The same results can be proved for w⋆
z (and w⋆

t ) if µ (and Σ) is replaced by m1 in (3.2.5) (and S1 in (3.2.6)).
This corollary support the suggestions of Sankoh et al. [42] and Neuhauser [34] considering the power of the OLS
and GLS tests in [35].

D Properties of the testing procedure

D.1 Unbiasedness

A test is strictly unbiased if the power of the test is greater than the significance level for any treatment effect
µ 6= 0. For µ 6= 0, the power functions β⋆

z and β⋆
t exceeds the significance level α if and only if δw⋆

z
or δw⋆

t
,

respectively, is non-zero. By allowing the weighting vectors w⋆
z and w⋆

t and thus δw⋆
z
and δw⋆

t
to depend on the

pilot observations, they become continuous random variables and therefore the probability of the events described
above is 1. In summary, for f = nx/nT > 0 and µ 6= 0, both β⋆

z and β⋆
t are greater than α with probability 1.
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D.2 Consistency

From the weak law of large numbers, x and Sx converge in probability to µ and Σ, respectively, as nx → ∞.
Therefore, w⋆

z and w⋆
t converge in probability to ω+ = Σ−1µ which implies that both

√
nyδw⋆

z
and

√
nyδw⋆

t

converge in probability to the Mahalanobis distance
√
µ′Σ−1µ (see appendix E), as nx → ∞. Since, Σ is positive

definite,
√
µ′Σ−1µ is positive for any µ 6= 0. Therefore, for any µ 6= 0 and f > 0, δw⋆

z
and δw⋆

t
both converge in

probability to infinity, as nT → ∞ which implies that, under these conditions, the power functions β⋆
z and β⋆

t

both converge in probability to 1.

E Connection between linear combination z- and t-test and Hotelling’s

T
2 test

The linear combination z- and t-tests are connected with Hotelling’s T 2 test through Mahalanobis distance (MD)

Dµ,Σ =
√

µ′Σ−1µ. The noncentrality parameter of the noncentral F distribution of Hotelling’s T 2 statistic

is ny (Dµ,Σ)
2 while from Theorem 1 we have that the mean and the noncentrality parameter of the z- and

t-statistics, respectively, attained under ω+, are equal to nyDµ,Σ. We can explore the power of these tests
as functions of ny and Dµ,Σ. MD is a non-negative measure of the discrepancy between the density of the
distribution NK (µ,Σ) and the density of the null distribution NK (0,Σ). All other parameters being equal, larger
discrepancies of the former distribution to the latter result in higher power values. For instance, if Σ is compound
symmetric with high correlations, the distribution NK (1K ,Σ) is more distant from the null distribution than the
distribution NK (e1,Σ) and therefore D1K ,Σ < De1,Σ

which in turn implies that βT 2(1K ,Σ, ny) < βT 2(e1,Σ, ny)

and β+
t (1K ,Σ, ny) < β+

t (e1,Σ, ny).

F Proofs

Proof of Theorem 1. The power functions βz (w, µ, ny) and βt (w, µ,Σ, ny) are maximised with respect to w if
and only if |δw| or equivalently δ2w is maximised. Using the Generalised Cauchy-Schwartz inequality (see p. 178

[2]) we have that δ2w ≤ µ′Σµ. Since δ2ω+ = (µ′Σ−1µ)2

µ′Σ−1ΣΣ−1µ = µ′Σµ, ω+ attains the maximum of |δw|.

Proof of Corollary 1. Let µ, Σ, ny > K be arbitrary values of the mean, the covariance matrix and the sample
size. Under (3.0.1), the t-statistic in (3.0.5), Tω+ for w = ω+ follows the non-central t distribution with non-
centrality parameter δω+ =

√
nyµ′Σ−1µ and ny − 1 degrees of freedom. Hence, the square of the latter t-

statistic, T 2
ω+ follows the non-central F distribution with non-centrality parameter δ2ω+ and (1, ny − 1) degrees of

freedom. Therefore, the power of the t-test (3.0.6) βt(ω
+, µ,Σ, ny) = Prµ,Σ

(
T 2
ω+ > F1,ny−1,α

)
where F1,n

T
−1,α

is the 100(1− α) percentile of the (central) F distribution with 1, nT − 1 degrees of freedom. Furthermore, from
properties of the noncentral F -distribution we have that Prµ,Σ

(
T 2
ω+ > F1,n

T
−1,α

)
≥ Prµ,Σ

(
T 2
ω+ > FK,ny−K,α

)
=

βT 2(µ,Σ, ny), for K > 1, where βT 2(µ,Σ, ny) is the power of the Hotelling’s T 2 test. Therefore, for any value of
µ,Σ, nT > K, βt(ω

+, µ,Σ, nT ) ≥ βT 2(µ,Σ, nT ).

Proof of Theorem 2. The z-statistic can be written as Zw = δw + e, where e ∼ N (0, 1) and δw is defined in

(A.0.1). Under (3.2.1), (3.2.2), (3.2.3), (3.2.4), (δw|D1) ∼ N
(

w′m1√
w′Σw/ny

, ny

(
1

n0+nx
+ 1

d

))
. Thus, (Zw|D1) ∼

N
(

w′m1√
w′Σw/ny

, ny(
1

n0+nx
+ 1

d ) + 1

)
. The result is then proved using the same steps as in Theorem 1 where µ is

replaced by m1 (m1 6= 0).

Proof of Corollary 2. The weighting vector ω+ = Σ−1µ, for K=2 and K=3 is respectively

(
1− m21ρ21√

s21
m21

s21
− ρ21√

s21

)
,




(1− ρ223) +
m21(ρ13ρ23−ρ12)√

s21
+ m31(ρ12ρ23−ρ13)√

s31
(ρ13ρ23−ρ12)√

s21
+

m21(1−ρ2
13)

s21
+ m31(ρ12ρ13−ρ23)√

s21s31
(ρ12ρ23−ρ13)√

s31
+ m21(ρ12ρ13−ρ23)√

s21s31
+

m31(1−ρ2
12)

s31


 . (F.0.1)

Since the expressions in (F.0.1) depend only on the quantities described in (i) and (ii) the result of Corollary 2
follows.

Proof of Corollary 3. The result for wGLS and wOLS are respectively proved by setting µ = m1K and µ = m1K ,
Σ CS in (3.1.1).
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G Maximisation of the predictive power of the t-test

Using Bayes Theorem, under (3.0.1), (3.2.1), (3.2.2), (3.2.3), (3.2.4), we have that: (i) (Σ|D1) ∼ IWK×K(ν1, S
−1
1 ),

where ν1 = ν0 + nx, S1 as in (3.2.6) and x and Sx the sample mean and covarince matrix of X, (ii)
(
Y |D1

)
∼

tK (m1, NS1/ny, ν1 −K + 1), where m1 is given in (3.2.5) and N = 2+n0+nx+d
(n0+nx)d(ν1−K+1) . Using the results in [50]

we derive the predictive distribution
(
L|D1

)
∼ t (w′m1, Nw′S1w/ny, ν1 −K + 1). For large ν1,

(
L|D1

)
≃ N (w′m1, Nw′S1w/ny) . (G.0.2)

By Bayes Theorem, (Yi|D1) ∼ tK (m1, NS1, ν1 −K + 1) , i = 1, 2, ..., ny. For large values of ν1, (Yi|D1) ≃
N (m1, NS1) , i = 1, 2, ..., ny. By Corollary 7.2.3 p.249 in [2], it follows that (Sy|D1) ≃ W (ny − 1, NS1/ny − 1)
and hence by Theorem 3.4.2 p.67 in Mardia et al. [31]

(
(ny − 1)s2L
Nw′S1w

|D1

)
≃ χ2

ny−1 (Nw′S1w > 0). (G.0.3)

From (G.0.2) and (G.0.3), it follows that (Tw|D1) can be written as Tw = Z+dw√
X/(ny−1)

where (Z|D1) ≃ N (0, 1)

and (X |D1) ≃ χ2
ny−1 and hence it is noncentrally t-distributed with noncentrality parameter dw =

w′m1√
Nw′S

1
w/ny

and ny − 1 degrees of freedom. Following the same steps of the proof of Theorem 1, by replacing δw with dw it
is easily proved that for large ν1, the predictive power (3.2.9) is maximised with respect to w if w = w⋆

t .
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H Figures and tables

Figure 1: Typical steps of fMRI data analysis producing the multivariate outcome used in our methods. The
preprocessed series of fMRI images are modeled at voxel-by-voxel resolution using mass univariate General Linear
Models (GLMs). Suitable estimates of parameter values (β) expressing the treatment effect in each voxel are
first extracted from the GLM and then averaged across the predefined ROI to produce the multivariate outcome
we use to detect global treatment effects.

(a) β⋆
t versus nx for ny = 6 (b) β⋆

t versus ny for nx = 8

Figure 2: Simulation-based approximation of selected percentiles of the distributions of the power function β⋆
t

plotted against the pilot (left panel) and main study (right panel) sample sizes. The parameter values used here
are: θ = (0.1, 0.1, 0.3, 0.3)′, 1/d = 0, σ2 = 0.05, ρ = 0.6. Jeffrey’s priors are used to derive Bayesian posterior
estimates. Higher sample sizes increase the median power and the skewness of the power distribution. Higher
pilot sample sizes result in a more concentrated power distribution due to their contribution both in estimating
the weights w.

(a) β⋆
t versus n

T
for f = 0.5 (b) β⋆

t versus f for n
T

= 20

Figure 3: Simulation-based approximation of selected percentiles of the distributions of the power function β⋆
t

plotted against the total sample size of the two studies (left panel) and the sample allocation (right panel). The
parameter values used here are: θ = (0.1, 0.1, 0.3, 0.3)′, Σ CS with σ2 = 0.05 ,ρ = 0.6. Jeffrey’s priors are used
to derive Bayesian posterior estimates. As nT increases the distributions of the power function concentrates at
higher levels. Higher power levels are achieved for f ∈ [0.3, 0.5].
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(a) β⋆
z (X) (b) β⋆

t (X)

Figure 4: Simulation-based approximation of selected percentiles of the distributions of the power functions β⋆
z

(left panel) and β⋆
t (right panel) plotted against d. The parameter values used here are µ = (0.1, 0.2, 0.3, 0.4)′ ,

Σ CS with σ2 = 0.1 ,ρ = 0.6, nT = 14, f = nx/ny = 0.45. As d increases, the discrepancies between the two
studies are reduced and the power function attains higher levels. The lower percentiles increase in lower rates
than the upper percentiles.

Table 1: Power of OLS, SS, PC and t⋆-test (50-th percentile) for various hyperparameters, θ0 and n0, and mean
responses, µ = 0.90√

µ̃′Σ−1µ̃
× µ̃. For such small sample sizes, the prior estimates of the treatment effect are highly

influential on β⋆
t . Precise prior information results in substantially greater β⋆

t compared to the other power
functions presented here.

µ̃ βOLS
t (nT ) βSS

t (nT ) βPC
t (nT ) θ0 n0 β⋆

t,0.50(ny)

1 (1, 1, ..., 1)′ 0.97 0.96 0.96 0.25× 111 1 0.60
2 5 0.74
3 0 0.33
4 (5, 1, 1, ..., 1)′ 0.16 0.14 0.14 0.25× 111 1 0.37
5 0.25× e1 1 0.58
6 5 0.68
7 (5, 5, 5, 5, 5, 1, 1, ..., 1)′ 0.20 0.20 0.20 0.25× 111 1 0.39
8 0.1× e1,2,3 1 0.52
9 (5, 4, 3, 2, 1, 1, ..., 1)′ 0.19 0.18 0.18 0.25× 111 1 0.39
10 0.1× e1,2,3 1 0.59
11 (6, 6, 4, 4, 2, 2, 1, 1, ..., 1)′ 0.28 0.26 0.27 0.25× 111 1 0.42
12 0.1× e1,2 + 0.05× e3,4,5,6 1 0.60
13 (6, 6, 4, 4, 2, 2,−1,−1, ...,−1)′ 0.13 0.13 0.13 0.25× 111 1 0.37
14 0.1× e1,2 + 0.05× e3,4,5,6 1 0.58
15 (−6, 6, 4, 4, 2, 2, 1, 1, ..., 1)′ 0.07 0.07 0.07 0.25× 111 1 0.33
16 −0.1× e1 + 0.05× e2,3,4,5,6 1 0.59
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Table 2: Sample means (lines 1,2), sample variances (lines 3,4) and sample correlations (upper and lower diagonal
of matrix in lines 5-15) of the pilot and main study data, x and y, respectively. Opposing effects and generally
high correlations are observed across ROI.

0 ROI AC A C DLPFC GP I OFC P SA T VS
1 xk 0.21 0.23 0.05 -0.04 -0.02 0.22 -0.19 0.20 0.06 0.15 0.16
2 yk -0.14 -0.05 -0.15 -0.13 -0.18 -0.13 -0.12 -0.15 -0.12 -0.25 -0.22
3 sx,k 0.54 0.36 0.18 0.36 0.49 0.30 0.62 0.59 0.09 0.47 0.44

4 sy,k 0.22 0.32 0.15 0.19 0.32 0.24 0.27 0.35 0.39 0.23 0.26

5 AC 1.00 0.97 0.99 0.99 0.90 0.97 0.94 0.99 0.70 0.99 0.79
6 A 0.40 1.00 0.99 0.95 0.96 0.99 0.99 0.98 0.54 0.98 0.90
7 C 0.78 0.20 1.00 0.98 0.93 0.99 0.96 0.99 0.63 0.99 0.84
8 DLPFC 0.78 0.34 0.96 1.00 0.85 0.94 0.89 0.99 0.77 0.99 0.73
9 GP 0.73 0.75 0.66 0.68 1.00 0.97 0.99 0.90 0.32 0.91 0.98
10 I 0.85 0.64 0.71 0.71 0.93 1.00 0.99 0.98 0.53 0.98 0.90
11 OFC 0.48 0.56 0.37 0.52 0.32 0.30 1.00 0.94 0.41 0.95 0.95
12 P 0.71 0.57 0.72 0.73 0.94 0.82 0.24 1.00 0.68 0.99 0.81
13 SA 0.32 0.79 0.19 0.36 0.60 0.49 0.32 0.51 1.00 0.67 0.13
14 T 0.86 0.33 0.81 0.84 0.70 0.70 0.58 0.77 0.19 1.00 0.81
15 VS 0.63 0.63 0.62 0.69 0.91 0.78 0.30 0.94 0.62 0.73 1.00

Table 3: P-values of t⋆-test for various hyperparameters θ0,n0 and S0 compared with the p-values of OLS, SS
and PC tests computed using the data in table (2). Even for fairly poor prior estimates, t⋆- can succeed p-values
lower than the α-level.

pOLS pSS pPC S0 θ0 n0 pt⋆
1 0.33 0.31 0.34 CS:s20 = 0.05, r0 = 0.6 0.1× 1K 0 0.70
2 1 0.29
3 3 0.22
4 (0.1, ..., 0.1, 0.2) 1 0.15
5 3 0.10
6 (0.1, ..., 0.1, 0.2, 0.2) 1 0.02*
7 3 0.01*
8 same but r03,4 = 0.9 0.1× 1K 0 0.53
9 1 0.20
10 3 0.17
11 (0.1, ..., 0.1, 0.2) 1 0.14
12 3 0.11
13 (0.1, ..., 0.1, 0.2, 0.2) 1 0.02*
14 3 0.01*
15 same but r03,4 = 0.2 0.1× 1K 1 0.32
16 (0.1, ..., 0.1, 0.2) 1 0.14

I Supplementary Material

I.1 Sample Allocation

In the following we explore how the power distribution of β⋆
t is affected by different allocations of the total sample

nT to the pilot and main study. We explore this effect for increasing values of nT . In figure 5, where Jeffrey’s
priors are used, allocation ratios f = nx/nT ∈ (0.3, 0.5) result in more concentrated power distributions that
also attain higher levels. As nT increases, β⋆

t distribution becomes more tight and achieve higher levels, but
values of f in the range of (0.3, 0.5) remain superior. In figure 6, despite the fact that the conjugate priors used
are fairly vague, the β⋆

t distributions are generally changed. In particular, the upper percentiles (50-th, 75-th
percentile etc.) of β⋆

t in figure 6 are substantially higher than those in figure 5 since the percentage of wrong
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selections of w⋆
t is decreased. They also attain their higher values for small values of f , f < 0.15. On the other

hand, the lower percentiles of β⋆
t remain fairly unaffected compared to figure 5 since wrong selections of w⋆

t are
still observed due to inaccurate pilot estimates of µ and Σ. Similarly with Jeffrey’s prior, although the power
distribution concentrate in higher levels for large nT , the range of most suitable f remains the same.

Figure 5: Simulation-based approximation of selected percentiles of the distributions of the power function β⋆
t

plotted against the sample allocation for total sample size nT = 20, 25, 30, 35, 40, 45, 50, 55. The parameter values
used here are: θ = (0.3, 0.3, 0.5, 0.5)′, Σ compound symmetric with σ = 0.6 ,ρ = 0.6. Jeffrey’s priors are used
to derive Bayesian posterior estimates. Higher power levels are achieved for f ∈ [0.3, 0.5]. As nT increases, the
power distributions are more tight and they attain higher levels.
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CRiSM Paper No. 11-22, www.warwick.ac.uk/go/crism



Figure 6: Simulation-based approximation of selected percentiles of the distributions of the power function β⋆
t

plotted against the sample allocation for total sample size nT = 20, 25, 30, 35, 40, 45, 50, 55. The parameter values
used here are: θ = (0.3, 0.3, 0.5, 0.5)′, Σ compound symmetric with σ = 0.6 ,ρ = 0.6. Conjugate priors with
hyperparameters n0 = 1, θ0 = (0.5, 0.5, 0.5, 0.5)′, ν0 = 1, S0 compound symmetric with s20 = 1 and r0 = 0.7 are
used to derive Bayesian posterior estimates. The upper percentiles of β⋆

t take higher levels for f = 0.05 while
lower percentiles attain higher levels for f ∈ (0.3, 0.5). As nT increases, the power distributions are more tight
and they attain higher levels.

I.2 SS and PC tests

Läuter et al. in [26] propose a method in which the weighting vectors of the linear combinations are selected using
the observed data, while controlling the false positive rate. Läuter et al. prove that if the weighting vector is

completely determined by the sums of product matrix Y ′Y , where Y = (Yij)
i=ny ,k=K
i=1,k=1 then the linear combination

t-statistic is Student-t distributed with ny − 1 degrees of freedom. Two forms of weighting vectors are proposed,

the first of which is equal to the diagonal of Y ′Y , i.e. wSS
k = 1/

√(∑ny

i=1 y
2
ik

)
, k = 1, ..., K. Note that 1

ny

∑ny

i=1 y
2
ik

is the unbiased estimator of E
(
Y 2
k

)
= V ar (Yk) + (E (Yk))

2. Therefore, correlations between the components of
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the response are not taken into account and components with larger expectation are expected to be down-weighed
which contradicts the intuition for selecting weights. On the other hand, components with larger variance are
down-weighed which intuitively is a desirable property. The second form of weighting vector proposed in [26]
is wPC = Diag(Y ′Y )−1/2w, where w is the standarised (w′w = 1) eigenvector corresponding to the largest
eigenvalue of the matrix Diag(Y ′Y )−1/2(Y ′Y )Diag(Y ′Y )−1/2 and Diag(Y ′Y ) is a diagonal matrix with the
same diagonal with Y ′Y . Note that the two proposed weighting vectors are proportional, i.e. wPC

k = wkw
SS
k ,

k = 1, 2, ..., K, which indicates that under certain conditions they have similar behaviour. Läuter et al. suggest
that the weighting vectors, wSS , wPC and the corresponding linear combination t-tests, tSS and tPC , respectively,
are powerful under the one-factor model while Frick [11] shows that tSS and tPC lack power when µ have at least
one zero entry, even for extremely large sample sizes and/or magnitudes of µ. In the results presented in section
4.3, these tests lack power when the components of the vector of µ do not have the same or similar size.
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