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We present a new non-destructive Bayesian inverse methodology to learn
the unknown material densityρ(x) ≥ 0 and the unknown blurring function
η(z) ≥ 0, given 2-dimensional images of the material taken with the Scan-
ning Electron Microscope (SEM), in Back Scattered Electrons or X-rays.
HereX is the 3-dimensional spatial vector, the third component of which
is Z. The novelty of the advanced methodology lies in its ability to perform
the estimation of the unknown functions via multiple (≥ 2), inversions, given
that the image results from the projection of the convolution of unknowns,
followed by spatial-averaging over a stipulated “interaction volume” inside
the material, within which the electrons of the incident beam - during an
electron scattering experiment - interact atomistically with the material. We
expand the data space by invoking multiple images at distinct beam energies
and invoke geometric priors on the density and strong priors onη(z) using in-
formation available in existing microscopy literature. In our fully discretised
model, the likelihood is defined as a function of the distance between the im-
age data in a pixel and the contribution of the relevant voxels to the spatially-
averaged projection of the convolution of the unknowns. The uniqueness of
the estimates is discussed by viewing the posterior in the small noise limit. We
also include the inversion of real SEM images of a blend of Nickel and Silver
nanoparticles - with the aim of contributing towards increased understanding
of lack of robustness of electrical characteristics of electronic devicesmade
from such a nanostructure.

1. Introduction. Bulk electron microscopy involves the imaging of a material
sample such that the image potentially carries information from its bulk, (as dis-
tinguished from images of thin films and foils), in a radiation that is generated as a
result of the interaction between the molecular structure in the material and a beam
of electrons that is imposed on it. The atomistic interactions give rise to a large
variety of radiations when an electron beam is made incident on a given material
sample. The capture of one such form of radiation, as a two dimensional image
of the system, is possible with appropriate instrumentation such an a Scanning
Electron Microscope (Goldstein, Newbury, Joy, Lyman, Echlin, Lifshin, Sawyer
& Michael 2003; Lee 1993; Reed 2005). Here we focus on techniquesthat detect

∗Research fellow at Department of Statistics, University of Warwick; supported by a Warwick
Centre for Analytical Sciences Research Fellowship

†Research Biostatistics Group Head, Novartis Vaccines and Diagnostics and Associate fellow at
Department of Statistics, University of Warwick

‡Graduate student at Emerging Technologies Research Centre, De Montfort University
§Lecturer, Department of Physics, University of Warwick
¶Head, Emerging Technologies Research Centre, De Montfort University
Keywords and phrases:Bayesian inverse problems, Microscopy, Underdetermined problems

1

CRiSM Paper No. 11-29, www.warwick.ac.uk/go/crism

http://arxiv.org/abs/math.PR/0000000


2 D. CHAKRABARTY ET AL.

radiation emanating out of the bulk of the material sample after the atomistic in-
teractions have taken place, upon the incidence of an electron beam on a cuboidal
slab of the material sample.

Non-invasive and non-destructive 3-D density modelling of bulk material sam-
ples using 2-D images taken with electron microscopy techniques is often pur-
sued in the hope of learning the structure of the material in its depth (Panaretos
2009) with the aim of controlling the experimental conditions under which ma-
terial samples of desired qualities are grown (Davis et al. 2002). This is funda-
mentally a deconvolution problem since a two dimensional image - comprising
an array of measured values of the radiation density per unit area - is inverted
to estimate the (number or mass) density of the material that triggered the mea-
sured image in the first place, (Bertero & Boccacci 1998; Dorn, Bertete-Aguirre
& Papanicolaou 2008; Natterer & Wbbeling 2001; Arridge & Schotland 2009). In
practice, the situation is rendered more complicated by the fact that the radiation
generated in three dimensions is modulated by processes inherent to the material
sample. Thus, the projection of the convolution of the material density function
with the material-dependent modulating (or blurring) function, into the space of
the image, is averaged over the volume within which the atomistic interactions be-
tween the material and the incident electron beam stay confined, (Lee 1993; Gold-
stein et al. 2003). As for the modulation of the generated radiation, both enhance-
ment and depletion of this are likely to occur. The nature of this modulation is
then also of interest to the microscopist, in order to disentangle its effect from
that of the unknown 3-D material density structure, that is responsible forgen-
erating the measured image. The simultaneous pursuit of both the unknown 3-D
density and this material dependent, modulation or correction function, is less of-
ten addressed than are reported attempts at tomographic reconstruction, given the
measured 2-D image and an assumed parametric model for the correction func-
tion, (Goldstein et al. 2003; Merlet. 1994; Heinrich & Newbury 1991; Pouchou
& Pichoir 1984). These models suffer from lack of modularity in the dependence
on unknown material-specific details and manifest questionable applicability in
the case of inhomogeneous material samples. In particular, such reconstruction is
difficult when the material density function is non-linear, non-convex and multi-
modal; this situation typifies real-life material samples, (Yamasaki et al. 2010; Park
et al. 2010).

The projection of a density functionf(x) in a Hilbert spaceH, x ∈ R
n, to

the n − 1-D image spaceD, is referred to as the Radon Transform inn - see
Helgason (1999), Kutchment (2006); heren ∈ Z

+ andf : Rn −→ H is non-
negative and real-valued. The inverse of the Radon Transform is alsodefined but
involves then − 1 − th spatial derivative off(x), rendering the inverse Radon
Transform an ill-conditioned problem iff(x) is not Holder continuous or if the
data comprises limited-angle images (Markoe & Quinto 1985; Rullgrd 2004) or if
noise contaminates the data (Li & Speed 2000).

Learning the density from its projection is more often dealt with in the literature
for f ∈ G whereG is a convex subset inH. In the absence of measurements of
the viewing angle, as Panaretos (2009) suggested, the implementation of Radon
Transform is not directly possible. Even when the viewing angle is a measurable,
the estimation of a non-convexf(x) is difficult - this is dealt with in this paper; in
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BAYESIAN LEARNING OF MATERIAL DENSITY AND BLURRING FUNCTION 3

particular, we focus on the estimation of such a density that is also non-linear and
multimodal, with the modes characterised by individualised, discontinuous sub-
structure and abrupt bounds. Such modal shapes in general rule out the satisfactory
implementation of a mixture model, while the blind implementation of the inverse
Radon Transform (in 2-D) would not help, given the ill-conditioned natureof the
problem. It appears therefore, that a pre-packaged transform is anunacceptably
naive way forward and new methodologies need to be advanced towardsthe esti-
mation of the unknown, non-linear, high dimensional functions. The methodology
advanced herein is designed for applications to estimate material density using
images taken by bulk electron microscopy techniques such as Scanning Electron
Microscopy (SEM) that can image in the radiation of Back Scattered Electrons
(BSE) or X-ray radiation1. Given the nature of the unknown 3-D density as dis-
cussed above, we realise that the underlying distribution of the image data cannot
be aptly modelled with a parametric form. Thus, a non-parametric model for the
unknown density is motivated. In addition to the density, the method also provides
an estimate of the unknown correction function - the discussion present in the cur-
rent microscopy literature on the shape of the correction function (Merlet. 1994) is
used to construct a semi-parametric model for the correction function that is some-
times implemented in the work while on other occasions, a nonparametric model
for it is chosen.

We discuss the general inverse problem briefly in Section 2, followed by a brief
discussion of the data. The model is discussed in details in Section 4, with Sec-
tion 4.1 devoted to the geometric priors on the material density function while the
following subsection discusses implementation of such priors in the model. Basic
ideas about the correction function are introduced in Section 4.3 though the details
have been relegated to Appendix A and B. The advanced inversion methodology is
expounded upon in Section 4.4, with emphasis on the analysis of X-ray and BSE
image data in Section 4.5 and 4.6 respectively. Inference is discussed in Section 4.7
with Section 4.8 and 4.9 involved with salient aspects of the uniqueness of the solu-
tions. Application of the method to the analysis of real SEM image data is included
in Section 5. Relevant aspects of the methodology are discussed in Section 6, with
a summary presented in Section 7.

2. The general inverse problem. The general inverse problem isI = P(ρ)+
ε whereI ∈ D is data, while the unknown densityρ ∈ H. If the mappingP :
H −→ D is the projection operator, then the dimensionality ofD is less than
that ofH, leading to a fundamental ill-posedness (Tricomi 1985; Tarantola 2004).
Also, ε is the measurement noise, the distribution of which, we assume known. In
our application, the convolution ofρ andη, ρ∗η, is mapped intoD by the projection
operatorP.

A crucially higher level of complexity is introduced into the inverse problem
relevant to this application in thatP(ρ ∗ η) requires to be spatially averaged over
a known (from atomistic models) three dimensional region inside the material,
with volumeV (E), V ∈ R, V > 0 that depends on the energyE of the beam
particles,E ∈ R, given the material properties. This is the region, within which the
interaction between the incident electron beam and the material molecules happens,

1Imaging the near-superficial part of the sample in the radiation of the Secondary Electrons, is
not included in our current discussion that is relevant to bulk microscopy data.
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4 D. CHAKRABARTY ET AL.

for a given beam incidence. This region is referred to as the “interaction-volume” in
the microscopy literature. This 3-D region is centred at the point of beam incidence
(xi, yi, 0), i = 1, . . . , Ndata and its extent is determined by how energetic the
electrons in the incident beam are. The spatial averaging, hereby represented by
〈·〉, implies that the inverse problem we aim to work with is more difficult from
usual since we estimateρ(x) andη(x), from the data, where the measured 2-D
radiation density, in the pixel centred at(xi, yi), generated from the aforementioned
atomistic interactions within thei-th interaction-volume, is:

I(xi, yi) = 〈P(ρ ∗ η)〉+ ε or(2.1)

I(xi, yi) =

∫ Rmax

R=0

∫ θmax

θ=0 RdRdθ
∫ Z=zmax(R,θ)
Z=0 ρ(x) ∗ η(x)dz

∫ Rmax

R=0

∫ θmax

θ=0 RdRdθ
+ ε

for i = 1, . . . , Ndata. Here the spatial vectorX is given in the cylindrical coor-
dinate system by the triple(R, θ, z), with the transformationsx − xi = R cos θ,
y − yi = R sin θ such that the interaction-volume is defined by radial coordinate
R ∈ [0, Rmax], azimuthal coordinateθ ∈ [0, θmax], Z ∈ [0, zmax] and the real-
valued, non-negative bounds on the size of the interaction-volume are dependent on
the beam energyE, with zmax : R×R −→ R. Here,ρ(x), x ∈ R

3, ρ : R3 −→ R,
is the material density representing amount or mass of material per unit volume,
ρ(x) ≥ 0. The measurements comprise the 2-D radiation density (eg. in backscat-
tered electrons or X-rays) generated due to the beam pointings at discretepoints
(xi, yi, 0) on the surface (surface is theZ = 0 plane) of the material where
i = 1, . . . , Ndata, i.e. the data comprise{Ĩ(xi, yi)}Ndata

i=1 measurements inNdata

pixels.

3. Data. The data comprise a sequence ofNeng ∈ Z+ 2-D radiation den-
sity values recorded in a square spatial array ofNdata ∈ Z+ number of pixels,
{Ĩ(k)i }Neng

k=1 , i = 1, . . . , Ndata. In order to learn the density, using the measure-

ments{Ĩ(k)i }Ndata

i=1 alone, we resort to the expansion of the information domain
while creating the least number of logistical problems - we suggest imaging the
system at multiple beam energies{ǫk}Neng

k=1 , whereE is the real-valued discrete
energy variable. ForE = ǫk, the image of the whole material sample is formed
byNdata number of beam pointings on the surface of the material sample. For the
k-th beam-energy (E = ǫk), the measured 2-D discrete density, recorded due to
thei-th beam pointing, is abbreviated asĨ(k)i , Ĩ(k)i ∈ R, Ĩ(k)i ≥0.

This aforementioned discrete nature of the beam pointings is a simplifying rep-
resentation as compared to the continuous rastering of the beam on the material
sample surface, during the SEM imaging. We will work with this artificial construct
that the beam makes discrete pointings on the sample surface where the length scale
characterising this discreteness is the resolution of the particular imaging technique
at hand, given the microscope that is being used. Thus, the resolution is finer when
the SEM image is taken in BSE (. 0.01µm) than in X-rays (∼ 1µm). Even finer
spatial resolution in BSE images is possible with Field Emission Scanning Electron
Microscopes (FESEM); see (Erlandsen, Macechko & Frethem 1999).

As discussed above in Section1, noise in the data can crucially influence the
stability of the solution of an inverse problem. Now, the data recorded with any
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microscopy technique is subjected to noise, though very small; for example, in a
typical 20s scan of the SEM, the signal to noise is about 200:1. Thus, forthis scan
of the SEM, the noise in the measurement of the 2-D BSE density - eg.Ĩ

(k)
i in

thek-th image - isσ(k)i ≈ 0.005̃I(k)i , k = 1, . . . , Neng, i = 1, . . . , Ndata. In the
following illustrations of our inversion methodology, the effect of the noise in the
data is explored, even when noise is set to 10 times this value, at 5% of measured
2-D radiation density.

4. Model. We adopt a discrete model and the cuboidal material sample is put
on a 3-D Cartesian grid with the sample surfaceZ = 0 such that thei-th beam-
pointing is at the point(xi, yi, 0). The gridding along theZ-axis is non-uniform,

with the k-th bin includingZ = z ∈ [h
(k−1)
i , h

(k)
i ) whereh(k)i andh(k−1)

i , are
respectively, the electron stopping depths, given thek-th andk − 1-th values of
E, k = 1, . . . , Neng. We defineh(0)i :=0. The gridding along each of theX and
Y -axes is set by the spatial resolution,δ, that the instrumentation can achieve.
We learn the unknown functions{ρ(xi, yi, z(k)i )}Neng

k=1 and {η(xi, yi, z(k)i )}Neng

k=1 ,
∀ i = 1, . . . , Ndata. The interaction-volume formed atE = ǫk and thei-th beam-
pointing, is referred to as theik-th interaction-volume, for eachi = 1, . . . , Ndata

and eachk = 1, . . . , Neng.
It is known in the literature that the general, under-determined deconvolution

problem is solvable only if the unknown density is intrinsically, “sufficiently”
sparse (Donoho & Tanner 2005; Wright et al. 2009). Here we advance a method-
ology, within the frame of a designed experiment, to learn the density - sparse or
dense. In the following subsection, we will see that geometric priors are more eas-
ily recognised if the density structure is sparse. With this in mind, the density is
recognised to be made of low-rankρ0(x) and sparse (ρ1(x)) components. Thus,
ρ(x) = ρ0 + ρ1(x), whereρ0 is a constant (the low-rank component in the lim-
iting sense), andρ1(x) is the spatially varying component that may be sparse or
dense. Then in our problem, for thek-th beam energy, the contribution of the low-
rank part of the density to〈P(ρ̂ ∗ η̂)〉 is ρ0〈P(δ(x − 0) ∗ η̂(x))〉 := I0(k), (for
thek-th beam-energy) which is independent of the spatial location index ifη(x)
is restricted to be a function of the depth coordinate only. This is indeed what we
adopt in the model.I0(k) depends only on the known morphological details of the
interaction-volume for a beam of a given energy, for all beam incidence locations,
k = 1, . . . , Neng. Thus, the identification of the low-rank component of the den-
sity is easily performed as due to the low-rank component of a measurable, i.e.the
image at a givenk, where the image data at thek-th beam energy is{I(k)i }Ndata

i=1 =

{I1(k)i + I0(k)}Ndata

i=1 , whereI1(k)i is the sparse/dense spatially-varying compo-

nent of the image data. In our inversion exercise, it is the{I1(k)i }Ndata

i=1 field that

is actually implemented as data, afterI0(k) := inf{Ĩ(k)i }Ndata

i=1 is subtracted from

{I(k)i }Ndata

i=1 , for eachk = 1, . . . , Neng. Hereafter, when we refer to the data, the
spatially dependent part of the data will be implied; this will now be referred toas
{Ĩ(k)i }Neng

i=1 , at each beam energy indexk = 1, . . . , Neng. Its inversion will yield
a spatially varying (sparse/dense) density, that we will from now, be referred to as
ρ(x) that in general lies in a non-convex subsetG ∈ H. Thus we see that in this
model, it is possible forρ(x) to be 0. The construction of the full density, inclusive
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6 D. CHAKRABARTY ET AL.

of the low-rank and the estimate of spatially-varying parts, is straightforwardonce
the latter estimate is obtained.

4.1. Geometric priors. In this section we discuss the possibility of availing of
prior information on the density, that might be extracted by examining the geomet-
rical aspects of the problem. In the Bayesian paradigm, the regularisation that is
required to render the problem well-posed, is borne by the prior (Stuart2010; Cot-
ter, Dashti & Stuart 2010).

In our attempt to learnρ(x) andη(x), given the image data, we identify the
voxels in whichρ(x) = 0. This identification will be made possible by invoking
the nature of the operator〈P(·)〉. For example, we realise that it is possible for

the measured 2-D radiatioñI(k)i collected from theik-th interaction-volume to be
non-zero, even when density in theik-th voxel is zero, owing to contributions to
Ĩ
(k)
i from neighbouring voxels that are included within the interaction-volume over

which the spatial averaging ofP(ρ
(k)
i ∗ η(k)) is performed. Such understanding is

used within the forward problem, to identify the voxels in which density is zero.
For a voxel that is not such, we subsequently learn the value of the density. The
constraints that lead to the identification of voxels with null density can then be
introduced into the model via the prior structure, in the following ways.

1. In the forward problem, we check if〈P(ρ̂(xi, yi, z
(k)
i )∗η̂)〉 = 〈P(ρ̂(xi, yi, z

(k)
i )∗

η̂)〉−mk, where〈P(·)〉−mk := spatial-averaging without includinĝρ(xm, ym, z
(k)
m ).

If so, then we set̂ρ(xm, ym, z
(k)
m ) = 0.

2. In general,∀ i = 1, . . . , Ndata, k = 1, . . . , Neng, ρ̂(xi, yi, z
(k)
i ) > 0 =⇒

〈P(ρ̂(xi, yi, z
(k)
i ) ∗ η̂)〉 > 〈P(ρ̂(xi, yi, z

(k−1)
i ) ∗ η̂)〉. However,

(4.1)
ρ̂(xi, yi, z

(k)
i ) = 0 =⇒ 〈P(ρ̂(xi, yi, z

(k)
i ) ∗ η̂)〉 < 〈P(ρ̂(xi, yi, z

(k−1)
i ) ∗ η̂)〉.

The inverse of statement4.1 is also true, unless either one or both of the
following two conditions are true - the discretisation scale is “sufficiently”
coarse and/or if̂ρ(xi, yi, z

(k)
i ) is “sufficiently” low, where the aforemen-

tioned “sufficiency” can be quantified given the detailed geometry of the
“interaction volume”. The two caveats are seldom realised in practice, im-
plying that the inverse of the statement4.1 is likely. We model this, by first
defining the random variableτ (k)i ∈ R such that

τ
(k)
i :=

〈P(ρ̂(xi, yi, z
(k)
i ) ∗ η̂)〉

〈P(ρ̂(xi, yi, z
(k−1)
i ) ∗ η̂)〉

, for ρ̂(xi, yi, z
(k−1)
i ) > 0,(4.2)

〈P(ρ̂(xi, yi, z
(k)
i ) ∗ η̂)〉 < 〈P(ρ̂(xi, yi, z

(k−1)
i ) ∗ η̂)〉

τ
(k)
i := 1 else

for i = 1, . . . , Ndata, k = 1, . . . , Neng. Then the inverse of statement4.1 is

the same as the statement “τ (k)i < 1 implies that it is likely that̂ρ(xi, yi, z
(k)
i ) =

0”. To build this constraint into the priors forρ(x), we define the probability

density ofτ (k)i as

(4.3) ν
(k)
i (τ

(k)
i ) = pτ

(k)
i (1− p)1−τ

(k)
i ,
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BAYESIAN LEARNING OF MATERIAL DENSITY AND BLURRING FUNCTION 7

whereν(k)i is a probability density and the hyperparameterP ∈ R, 0 ≤ p ≤
1. Here we assignp a a hyperprior that is uniform in the range of [0.9, 0.99],
to ensure thatν(k)i (τ

(k)
i ) decreases rapidly withτ (k)i . To connectν(k)i (τ

(k)
i )

with the prior on the material density, we invoke Bayesian regularisation.

4.2. Bayesian regularisation. The constraints onρ(x) can render the density
to be embedded in a compact manifoldM ∈ R

3, where the system variableΛ ∈ R
3

definesM as the surface on which (in general) a non-linear constraintf(Λ) = 0
holds true,f : R −→ R, (Tibshirani 1996).

Chakrabarty (2010), discuss an application in which triaxially shaped, iso-density
surfaces are invoked to reflect the model assumption that material in the system was
stratified on triaxial ellipsoids. A non-negative system parameter (triaxial radius)
λ(x), (x ∈ R

n, n ∈ Z+, Λ ∈ R), is defined and the prior used on the non-negative

densityρ(x), ρ : Rn −→ R is π0(ρ) ∝ exp

(
−1

2
〈ρ,S−1ρ〉

)
, where then × n

covariance matrixS is defined in terms of the diagonalised Hessian matrixH such
thatS−1 = HH

T with Hij = 0, i 6= j, i, j = 1, . . . , n andHij = ∆λ if i = j.
Here∆λ is the Laplacian-Beltrammi operator with respect to the variableΛ, i.e.

∆λ :=
∂2

∂Λ2
. Thus,S−1 is a symmetric, positive definite matrix so that it is the

precision matrix. Thus, the Bayesian regularisation used in Chakrabarty (2010) is
similar to the Bayesian regularisation discussed by Park & Casella (2008), Hans
(2009) and Liu et. al (2011) (unpublished).

We invoke a similar prior structure in this work, when partial information about
the topology ofρ(x) is identified (see Equation 4.3 in Section 4 of the main text)
by judging the geometric details of the〈P(·)〉 operator.

We set theNeng ×Neng precision matrix for anyi = 1, . . . , Ndata to be

Si
−1 = H iH i

T

H ikℓ = ν
(k)
i · ν(ℓ)i if k = ℓ

H ikℓ = 0if k 6= ℓ.(4.4)

Herek, ℓ = 1, . . . , Neng andH ikℓ is thekℓ-th element ofH i. ν(k)i is defined in
Equation4.3.

The estimation of the unknown functions is performed by projecting the con-
volution of the functions in the forward problem, at each iteration, into the image
space, at eachǫk, k = 1, . . . , Neng. The likelihood is defined as a function of

the distance between this projection at anyk and the image{Ĩ(k)i }Ndata

i=1 , for any
k = 1, . . . , Neng, along with the selected priors, in order to then define the pos-
terior that is sampled from using Metropolis-Hastings. The unknowns are drawn
from respective proposal densities in each iteration. Upon convergence, we present
the estimateŝΞ(k)

i andη̂(k) with 95%-highest probability density credible regions,
(∀ i = 1, . . . , Ndata, k = 1, . . . , Neng).

4.3. Correction function. Since we want to learn the 3-D density structure of
the material sample and the correction function simultaneously, it helps the identi-
fiability of the solutions ifη(x) is assumed to be a global.

Thus, we define the correction function as independent ofE and beam-pointing
locations, and only depends upon the depthZ, i.e. it isη(z), for a given material.
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8 D. CHAKRABARTY ET AL.

In the microscopy literature, the 2-D radiation density generated due to the mate-
rial along an angleχ (to the vertical) is given byQ

∫∞
0 Ψ(ρz) exp[−f(χ)ρz]d(ρz),

whereQ ∈ R, Q > 0 is a constant,f(χ) ∝ 1/ sin(χ) with an proportionality con-
stant that is not known apriori and needs to be estimated using system-specific
Monte Carlo simulations or approximations based on curve-fitting techniques; see
Goldstein et al. (2003).Ψ(ρz) is the distribution of the variable (representing the
“mass depth”)ρz and is again not known apriori but can be estimated apriori, using
Monte Carlo simulations of the system or from atomistic models. However, these
simulations or model-based calculations are material specific and their viability in
inhomogeneous material samples is questionable.

Our construct differs from this formulation in that we construct an infinitesi-
mally small volume of depthδZ inside the material, at the point(X,Y, Z). In the
limit of δz −→0, the density of the material inside this infinitesimally small volume
is a constant, namelyρ(X,Y, Z). Thus, the measured radiation density generated
from this infinitesimally small volume in isρ(X,Y, Z)η(Z)δZ. Thus, over this in-
finitesimal volume, our formulation ties in with the representation in microscopic
theory, if we setη(z) andΨ(ρz) exp[−f(χ)ρz] proportional; the difference lies
in us defining the blurring function to depend only onZ - a simplifying model
assumption for us.

Given the lack of modularity in the modelling of the relevant system parameters
within the conventional approach, and the existence in the microscopy literatureof
multiple models that compare with each other in the relative improvement of the
approximations involved (Goldstein et al. 2003; Merlet. 1994), it is meaningful to
seek an estimate of the blurring function. As we will show in Section4.8, assuming
knowledge ofη(z) renders the problem well-posed but our ambition of trying to
estimate the blurring function as well as the material density, will render the prob-
lem under-determined in the general case, within the paradigm of the data structure
discussed above.

We set our correction function to be proportional toΨ(ρz) exp(−cz), where the
material-dependent constantC ∈ R depends upon whether the considered image
is in BSE (in which caseC represents the BSE coefficient, often estimated with
Monte-Carlo simulations) or X-rays (in which case it is the linear attenuation coef-
ficients, tabulated for example athttp://physics.nist.gov/PhysRefData/XrayMassCoef/tab3.html).
A more detailed discussion is included in Appendix A.C is assigned a uniform
hyperprior over the range[10−4, 10−2] µm for BSE images (Wong & Elliott 1997;
Goldstein et al. 2003) and[0.01, 0.1] µm for X-ray images - these are the expected
range forC, given the beam energies (∼ 10 kV) and that we work with. Also,
the shape ofΨ(ρz), as available in the literature, is emulated as a folded normal
(Leone, Nottingham & Nelson 1961) and the corresponding prior onη(z) is imple-
mented in the non-parametric model of the correction function (see Appendix A).
In the semi-parametric implementation, this available shape ofΨ(·) is acknowl-
edged andη(z) expressed as proportional to the product of an exponential and
folded normal, given the relevant parameters; as discussed in details in Appendix B,
there are effectively two such parameters, including the constant of proportionality
and the mean of the folded normal, given that knowledge ofΨ(0) is available in
the microscopy literature and that in the relevant energies,exp(−cz) ≈1. Gaussian
priors are placed on these two parameters.
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It is to be noted that the available knowledge ofΨ(0) - and thereby ofη(0) -
allows for the identifiability of the amplitudes ofρ(x) andη(z). The details are
discussed in Appendix A and Appendix B.

4.4. Inversion details. For anyi = 1, . . . , Ndata andk = 1, . . . , Neng, the

surface of theik-th interaction-volume is described by the equationa
(k)
i (R, θ, z) =

0 whereR =

√
(x− x

(k)
i )2 + (y − y

(k)
i )2, tan θ = (y − y

(k)
i )/(x − x

(k)
i ). The

ik-th voxel is defined to be the one whose intersection with theZ=0 plane is the
square centred at(xi, yi, 0), edges of lengthδ and depthh(k). By design, density
inside theik-th voxel is a constant, given the measured 2-D radiation density map,
∀ i = 1, . . . , Ndata, k = 1, . . . , Neng. This construct equivalently, motivates the
assumption thatη(z) is a constant within any voxel.

DEFINITION 4.1. For z ∈ [h(k−1), h(k)), ρ(xi, yi, z
(k)
i ) = ξ

(k)
i ,∀i = 1, . . . , Neng,

k = 1, . . . , Neng, h(0) = 0, whereΞ|i, k is abbreviated asΞ(k)
i , (Ξ(k)

i ∈ R, Ξ(k)
i is

a non-negative scalar for anyi andk).

DEFINITION 4.2. For z ∈ [h(k−1), h(k)) η(z) = η(k) k = 1, . . . , Neng,
whereh(0) := 0. Then, the functional ofη(z) that is relevant to the inversion
of the image into the density is

Φ(k) :=

∫ h(k)

0
η(z)dz, ∀ k = 1, . . . , Neng, i = 1, . . . , Ndata(4.5)

Φ(k) =

j=k∑

j=1

η(j)(h(j) − h(j−1)) h(0) := 0

In the context of the application to microscopy, atomic theory studies undertaken
by Kanaya & Okamaya (1972) - suggest that the resting lengthh(k) (measured in
µm), of a beam electron of energyE (E = ǫk measured in kV), inside material of
mass density ofD (D = d measured in gm cm−3), atomic numberZ and atomic
weightA per gm per mole, is

(4.6) h(k) =
0.0276Aǫ1.67

dZ0.89
k ∈ Z+.

HereZ is an integer valued constant,Z > 0 while A andd are positive-definite
real valued constants. AsE increases, the depth and radial extent of the interaction-
volume increases.

We introduce two classes of systems; for fixed values of all parameters but Z,

if δ ≥ R0(Neng)|Z, “high-Z” material(4.7)

if δ < R0(Neng)|Z, “ low-Z” material.

In our application we use Kanayama’s estimate for the electron penetration
depth. Along with this, we make the assumption that the interaction-volume shape
is hemi-spherical, i.e. if(x, y, z) lies on the the surface of theik-th interaction-

volume, then(x− x
(k)
i )2 +(y− y

(k)
i )2 + z2 = (h

(k)
i )2. Microscopy literature sug-

gests that even for low-Z materials,R0(k) ≤ h(k) so that we setR0(k) = h(k)∀k =
1, . . . , Neng through this model assumption.
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10 D. CHAKRABARTY ET AL.

We develop three distinct models for the inversion of a given image. These mod-
els pertain to three cases that are distinguished by the spatial resolutions inherent to
the imaging technique at hand, allowing for the learning of the density substructure
over different length scales. HerêΞ(k)

i is an abbreviation for the density estimate

ρ̂(xi, yi, z
(k)
i ) in theik-th voxel, and̂η(k) for η̂(z(k)i ), to be used hereafter.

In the first case,R0(k) < δ, for k = 1, . . . , Neng.
Resolution for the next model implies that fork ≤ kmin, R0(k) < δ, but for

k = kin + 1, . . . , Neng,R0(k) > δ. Then fork = kmin + 1, . . . , Neng, we first ap-

proximateΞ̂(k)
i as the nearest neighbour average, i.e. the average over the azimuthal

angle. This allows for effective dimensionality reduction of the model density dur-
ing the spatial averaging over the extent of the “interaction volume”.

The most difficult of the three cases is the one in which the imaging technique
has a resolution that is so fine that multiple voxels fit inside theik-th “interaction
volume”,k = 1, . . . , Neng, i = 1, . . . , Ndata.

4.5. 1st and 2nd models - Low resolution.Let us first consider the examples
in which δ ∼ R0(Neng). The class of examples withR0(Neng) ∼ 1µm, pertain to
the case when the system is imaged by an SEM in X-rays. The modelling in these
techniques is typified by theik-th interaction-volume sitting wholly or partly inside
theik-th voxel,i = 1, . . . , Ndata, k = 1, . . . , Neng.

For the high-Z case, the spatial resolutionδ of the imaging technique is so
coarse that voxel size (of length and widthδ each) along theX andY -axes, exceed
the extent of the interaction-volume of the material forE = ǫNeng

, i.e.,δ ≥ R0(k),

∀ k = 1, . . . , Neng. Then the density inside theik-th interaction-volume isΞ(k)
i , a

constant, equal to the density inside theik-th voxel,i = 1, . . . , Ndata; k = 1, . . . , Neng.
Thus, dimensionality reduction is easily achieved in this case. Within theik-th “in-
teraction volume”, density has no dependence onX andY , but does vary withZ.
Then Equation2.1, with the integral overZ discretised, suggests the following.

I
(k)
i =

1

(R0(k))2

∫ R0(k)

0
dR R.



n(R)∑

t=0

Ξ
(t)
i φ(t) + Ξ

(n(R)+1)
i φ(n(R)+1) (R−R0(n(R)))

(R0(n(R)+1) −R0(n(R)))


.(4.8)

wheren : R −→ Z+ andR0(n(R))+∆(R) =
√

(R0(k))2 −R2, with 0 ≤ ∆(R) <

R0(n(R)+1) − R0(n(R)). HereΦ(t) :=
∫ h(t)

h(t−1) η̂(z)dz andh(0) := 0 Also, the 2-D
radiation density generated as a result of interactions within theik-th interaction-
volume isI(x(k)i , y

(k)
i ), abbreviated asI(k)i , for i = 1, . . . , Ndata, k = 1, . . . , Neng.

However, for a low-Z materials, for anyi ∈ 1, . . . , Ndata, andk > kin, the
interaction-volume will spill out of theik-th voxel into the neighbouring voxels. As
a result, there will be contributions to the intensityI(k)i from voxels that neighbour
the ik-th voxel. In general, at a givenZ, any bulk voxel has 8 such neighbouring
voxels and when theik-th voxel lies at the corner or edge of the material sample,
the contribution toI(k)i from itself and its nearest neighbours is different from
when it is not; in either case, this contribution is easily computable by tracking
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the geometry of the system. In general, there will be contribution from 9 voxels
towardsI(k)i - these include the contribution from theik-th voxel and its 8 nearest
neighbours.

At any azimuthθ ∈ [0, 2π] andR ∈ [R0(k−1), R0(k)), for k > kin, Ξ̄(ik) is

approximated asθ-independent and defined as the weighted mean of{Ξ(k)
m|i}9m=1 -

the densities of the neighbouring voxels of theik-th voxel, where these neighbours
are fully or partially enclosed within the hemispherical interaction-volume centred
at(xi, yi, 0) and of radiusR0(k). The weightw(k)

m|i represents the fractional volume
occupied by them-th neighbouring voxel within this hemisphere,m = 1, . . . , 9,
k = 1, . . . , Neng, i = 1, . . . , Ndata. Thus, for beam pointings on a corner or

edge voxels there will be somem for whichwk
m|i = 0; alsow(k)

m|i = 0 ∀ m > 1

for k ≤ kin, where the voxel containing the point(xi, yi, z), z ∈ [0, h
(Neng)
i ),

is indexed bym = 1. The effect of this averaging over the nearest neighbours
is equivalent to averaging over the azimuthal angleθ and results in the nearest-
neighbour averaged or azimuthally averaged densityΞ̄(ik) where

(4.9) Ξ̄(ik) =
9∑

m=1

Ξ
(k)
m|iw

(k)
m|i for low-Z materials.

Here, for anyk = 1, . . . , Neng, w(k)
m|i is the weight due to them-th nearest neigh-

bour of theik-th voxel, andΞ(k)
m|i is the density of thisik-th voxel,i = 1, . . . , Neng.

Thus,m|i ∈ Z+, form = 1, . . . , 9 for anyi = 1, . . . , Ndata.

ThenI(k)i := 〈P(ρ̂ ∗ η̂)〉(k)i , i = 1, . . . , Ndata, k = 1, . . . , Neng and

(4.10) I
(k)
i =

∫ R0(k)

0

[∫√(R0(k))2−R2

0 Ξ̄(q(R)j(z))η̂(z) dz

]
RdR

∫ R0(k)

0 RdR
,

wherej : R −→ Z+, j(z) = 1, . . . , Neng is a running variable representing
the beam energy index asZ varies discretely over the range[0,

√
(R0(k))2 −R2],

such thath(j(z)−1)) ≤ z < h(j(z)). Also, q : R −→ Z+, q(R) = 1, . . . , Ndata is
a running variable representing the beam energy index asR varies discretely over
the range[0, R0(k)], such thatR0(q(R)−1)) ≤ R < R0(q(R)).

For low-Z materials, Equation4.8 is valid for k ≤ kin, whereR0(kin) ≤ δ <
R0(kin+1). For k > kin we can no longer assume uniform density within the full
radial extent of the ”interaction volume” and in this case,

Ĩ
(k)
i =

1

(R0(k))2

k∑

n=1

[(R0(n))2 − (R0(n−1))2]fn if k > kin(4.11)

where fn :=




j
(k)
n∑

t=0

Ξ̄(nt)φ(t) + Ξ̄(n j
(k)
n +1)φ(j

(k)
n +1) ∆n

(R0(j
(k)
n +1) −R0(j

(k)
n ))




with j(k)n ∈ Z+ :
√
[R0(k)]2 − [R0(n)]2 = R0(j

(k)
n ) +∆n

and 0 ≤ ∆n < R0(j
(k)
n +1) −R0(j

(k)
n ).
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12 D. CHAKRABARTY ET AL.

∀ k = 1, . . . , Neng, ∀ i = 1, . . . , Ndata.
The additional difficulty about the low-Z case arises from the fact that once

{Ξ̄(ik)}Neng

k=1 are estimated using Equation4.11, for anyi = 1, . . . , Ndata, {Ξ(k)
i }Neng

k=1

needs to be learnt. This is achieved numerically, using Equation4.9. In this equa-
tion for any i = 1, . . . , Ndata, Ξ̄(ik) is known (learnt using Equation4.11) as
a linear combination of the known andw(k)

m|i and unknownΞ(k)
m|i, for any k =

1, . . . , Neng andm = 1, . . . , 9. For anyk = 1, . . . , Neng Equation4.9is re-phrased
as:

(4.12) Ξ̄
(k) = W

(k)
Ξ

(k)

whereΞ̄(k) is anNdata-dimensional vector(Ξ̄(1k), Ξ̄(2k), . . . , Ξ̄(Ndatak))T andΞ(k)

is theNdata-dimensional vector(Ξ(1k),Ξ(2k), . . . ,Ξ(Ndatak))T .W(k) is anNdata×
Ndata matrix, any row of which has a maximum of 9 non-zero values (given the
maximum of 9 nearest neighbours of theik-th voxel, i = 1, . . . , Ndata, k =
1, . . . , Neng). Thus,

W
(k)
ij = 0 if j /∈ {1|i, 2|i, . . . , 9|i}(4.13)

W
(k)
ij = w

(k)
j|i if j ∈ {1|i, 2|i, . . . , 9|i}.

Thus, Equation4.12can be solved by inverting theW(k) matrix,∀k = 1, . . . , Neng,
so that

(4.14) Ξ
(k) = (W(k))−1

Ξ̄
(k)

REMARK 4.1. The nearest neighbour structure of theik-th voxel and thejk-th
voxel are independent, for anyi 6= j, i, j = 1, . . . , Ndata

=⇒W
(k)
i andW (k)

j are linearly independent∀ i 6= j

whereW (k)
l is anNdata-d vector, thet-th component of theW (k)

lt is

w
(k)
lt = 0 if t /∈ {1|l, 2|l, . . . , 9|l}(4.15)

w
(k)
lt = w

(k)
t|l if t ∈ {1|l, 2|l, . . . , 9|l},

for anyl = 1, . . . , Ndata. This implies that row rank of(W(k)) is full, i.e.(W(k))−1

exists.

Although the deterministic solution ofΞ(k)
i from Ξ̄(ik) is suggested in Equa-

tion 4.14, the inversion of theNdata ×Ndata matrix is prohibitively cost-intensive.
Given this, we resort to the learning ofΞ(k)

i , k = 1, . . . , Neng, i = 1, . . . , Ndata,
directly in the forward problem, by using a trialρ(x) to defineΞ̄(ik) (from Equa-
tion4.9and the known weights from the nearest neighbours for anyi = 1, . . . , Ndata),
which is then used to define the spatially averaged projection ofρ(x) ∗ η(z), the
mismatch of which with the data defines the likelihood (see Section4.7).

4.6. 3rd model - Fine resolution. In certain imaging techniques, such that imag-

ing in BSE by an SEM or FESEM, the resolutionδ ≪ R0
(Neng)
i ,∀i = 1, . . . , Ndata.

In such cases, the modelling used in cases of coarser resolution, for the averaging
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over the interaction-volume, cannot be used. Knowing the shape of the interaction-
volume, it is possible to identify the voxels that live partly or wholly inside the
ik-th interaction-volume as well as compute the fractional volume of each such
voxel inside theik-th interaction volume.

For this model, the projection equation is written in terms of the coordinates of
a point(x, y, z) inside theik-th interaction volume that is centred at(xi, yi, 0), so
that,

(4.16)

Ĩ
(k)
i =

1

(R0(k))2

∫ R0(k)

x=0
dx

∫ √
(R0(k))2−x2

y=0
dy f(x, y), f : R× R −→ R

f(x, y) =

j(x,y)∑

t=0

Ξ
(t)
n(x,y)φ

(t) + Ξ
(j(x,y)+1)
n(x,y) φ(j(x,y)+1) ∆(x, y)

(R0(j(x,y)+1) −R0(j(x,y)))

wherej : R × R −→ Z+ :
√
[R0(k)]2 − x2 − y2 = R0(j(x,y)) +∆(x, y) with

0 ≤ ∆(x, y) < R0(j(x,y)+1) −R0(j(x,y)) andn : R× R −→ Z+ such that

n(x, y) = (int)
(yi
δ
+ 1
)√

Ndata + (int)
(xi
δ

+ 1
)√

Ndata + nx + ny,

wherenx, ny ∈ Z+,
nx = min

[√
Ndata, (int)

(
x
δ
+ 1
)]

if x > 0,
nx = max

[
1, (int)

(
x
δ
+ 1
)]

if x < 0,
ny = min

[√
Ndata, (int)

(
y
δ
+ 1
)√

Ndata

]
if y > 0

ny = max
[
1, (int)

(
y
δ
+ 1
)√

Ndata

]
if y < 0.

The above equations are true∀ k = 1, . . . , Neng, ∀ i = 1, . . . , Ndata.

4.7. Inference. In this work, we learn the unknown functions by implementing
〈P(ρ∗η)〉 in the forward problem; in particular, the learning is performed using the

mismatch between the data{Ĩ(k)i }k=Neng ; i=Ndata

k=1; i=1 and〈P(ρ∗η)〉, in terms of which,
the likelihood of the data, given the model, is defined. In the forward problem, the
current material density and blurring function are convolved, and the projection of
this convolution spatially averaged, for the three respective models, as modelled
in Equation4.8, Equation4.11 and Equation4.16, to computeI(k)i , for any i =
1, . . . , Ndata, k = 1, . . . , Neng. Thus, the mismatch that the likelihood is defined

in terms of, is that between the dataĨ(k)i andI(k)i .
We choose to work with a Gaussian likelihood:

(4.17)

L(I(k)i |ρ(xi, yi, z(k)i ),Φ(z(k))) =
1

√
2πσ

(k)
i

exp

[
−(I

(k)
i − Ĩ

(k)
i )2

2(σ
(k)
i )2

]
,

k = 1, . . . , Neng, i = 1, . . . , Ndata

whereI(k)i is given by the right hand sides of the first equations in the set of equa-

tions (Equation4.8, Equation4.11and Equation4.16). Hereσ(k)i is maintained a

constant∀ i = 1, . . . , Ndata, k = 1, . . . , Neng. Also, σ(k)i is varied from 10 to 1

times the measurement error iñI(k)i .
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14 D. CHAKRABARTY ET AL.

Towards the learning of the unknown functions, the density of the posteriormea-
sure, given the image data, is defined using Bayes rule, while assuming thatthe
spatial average of the projection of the convolution of the unknowns, over the ik-th
“interaction volume”, are conditionallyiid so that

(4.18)

π(Ξ
(1)
1 , . . . ,Ξ

(Neng)
1 , . . . ,Ξ

(1)
Ndata

, . . . ,Ξ
(Neng)
Ndata

,Φ(1), . . . ,Φ(Neng)|Ĩ(1)1 , . . . , Ĩ
(Neng)
Ndata

) ∝
Ndata∏

i=1

Neng∏

k=1

L(Ĩ(k)i |ρ(xi, yi, z(k)i ),Φ(z(k)))π0(Ξ
(1)
1 , . . . ,Ξ

(Neng)
Ndata

)ν0(Φ
(1), . . . ,Φ(Neng))

whereπ0(Ξ
(1)
1 , . . . ,Ξ

(Neng)
Ndata

) is the joint prior probability density ofρ(x) in our
models. As discussed in Section4.1, the prior on the density reflects the geometri-
cal details of the models. Also,ν0(Φ(1), . . . ,Φ(Neng)) is the prior of the discretised
functionΦ(z), defined in Equation4.5. This prior structure is discussed in Sec-
tion 4.3.

Once the posterior probability of the material density structure and blurring
function is defined, we then use the adaptive Metropolis-Hastings algorithm of
Haario, Laine, Mira & Saksman (2006) to generate posterior samples.

At then-th iteration,n = 1, . . . , Nmax, Ξ(k)
i is proposed from a folded normal

density2. The proposed density in then-th iteration, in theik-th voxel is

(4.19) Ξ̃
(k)
i |n ∼ NF (µ

(k)
i |n, ς(k)i |n) k = 1, . . . , Neng

while the current density in this voxel at then-th iteration is defined asΞ(k)
i |n. .

We choose the parameters of this proposal density to be

(4.20)

µ
(k)
i |n = Ξ

(k)
i |n−1, ∀ k = 1 . . . , Neng, i = 1, . . . , Ndata, n = 1, . . . , Nmax

(
ς
(k)
i |n

)2
=

∑n−1
p=n0

(
Ξ
(k)
i |p

)2

n− n0
−



∑n−1

p=n0

(
Ξ
(k)
i |p

)

n− n0



2

if n ≥ n0

= TΞ
(k)
i |0 if n < n0

The random variableT is considered to be uniformly distributed, i.e.T ∼ U(0, 1].

We chooseΞ(k)
i |0 by assigning constant density to the voxels that constitute the

ik-th interaction-volume,k = 1 . . . , Neng, i = 1, . . . , Ndata. Thus, forn ≥ n0,
the proposal density is adaptive, (Haario et al. 2006). We choosen0 = 104 and
Nmax is of the order of 8×105.

When a non-parametric model for the correction function is used,C and η0
are proposed from exponential proposal densities with rate parameters(s1|n) and
(s2|n) respectively,S1, S2 ∈ R, S1, S2 ≥ 0 (see Appendix A). When a semi-
parametric model for the correction function is used,η(z) is calculated as given
in Equation of Appendix B, conditional on the values of 2 parameters that are
proposed at each iteration -̃Qn and η̃0n in the n-th iteration;Q̃n and η̃0n are

2The distributionNF (a, b) is the folded normal distribution with meana ∈ R, a > 0 and
standard deviationb ∈ R, b > 0 (Leone et al. 1961)
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each proposed from independent exponential proposal densities withconstant rate
parameters.

The state space of the fully discretised model isNdata×Neng+Neng-dimensional
while for the semi-parametric implementation of the correction function, the state-
space isNdata×Neng+2-dimensional, respectively. The inference is performed by
sampling from the high dimensional posterior (Equation4.18) using Metropolis-
within-Gibbs block update, (Gilks & Roberts 1996; Chib & Greenberg 1995).Let

the state at then iteration beεn = {Ξ(1)
i |n, . . . ,Ξ(Neng)

Ndata
|n,Φ(1)|n, . . . ,Φ(Neng)|n}.

For the implementation of the block Metropolis-Hastings, we partition the state
vectorεn into (εΞn , ε

Φ
n ), wheren = 1, . . . , Nburnin

, . . . , Nmax. (We typically use
Nmax > 8×105 andNburnin

=1×105). Then, the stateεn+1 is given by the succes-

sive updating of the two blocks:εn+1 = (εΞn+1, ε
Φ
n+1)whereεΞn+1 = {Ξ(1)

i |n+1, . . . ,Ξ
(Neng)
Ndata

|n+1}
andεΦn+1 = {Φ(1)|n+1, . . . ,Φ

(Neng)|n+1}.

4.8. Posterior measure in small noise limit.Recalling the nature of the convo-
lution of ρ(x) andη(z), and the subsequent spatial-averaging and projection from
Equation4.16, we write that for the constant resolutionδ of the imaging technique
under consideration,

(4.21) I
(k)
i =

g(i,k)∑

l=1

δ

n(i,k,l)∑

p=1

δ

m(p,k)∑

q=1

aqΞ
(q)
f(p,i)φ

(q)

where a general voxel inside theik-th interaction-volume is marked as beingp
voxels away from the centre of theik-th interaction-volume along theX-axis and
ℓ voxels away from this centre along theY -axis. Along theX-axis, the location
index of the voxel furthest from this centre is a known functiong : Z+ × Z+ −→
Z+. For a givenX-axis location indexℓ, the maximal separation along theY -axis
is n(i, k, ℓ), n : Z+ × Z+ × Z+ −→ Z+, n(i, k, ℓ) > 0. The location index of this
voxel on theZ=0 plane, isf(p, ℓ), wheref : Z+×Z+ −→ Z+ is a known integer-
valued function. For a given beam energyǫk, this voxel allows for a maximal depth
that depends on its location on theZ=0 plane andk - we refer to this maximal
depth asm(f(p, ℓ), k), which is given asm : Z+ × Z+ −→ Z+ m(f, k) > 0,√

(R0(k−1))2 − f(p, ℓ)2 ≤ m(f(p, ℓ), k) <
√
(R0(k))2 − f(p, ℓ)2. For a given

voxel, in thisik-th interaction-volume, (i = 1, . . . , Ndata, ℓ = 1, . . . , Neng)

aq = 1 for q < m(s, k),

aq < 1 for q = m(s, k),

aq = 0 for q > m(s, k), where

s := f(p, ℓ), s ∈ Z+(4.22)

With the aim of investigating the posterior probability density in the small noise
limit, we recall the chosen priors forρ(x) (Section4.1, 4.2)andΦ(z) (Section4.3),
and that the likelihood of the image data for all beam energies and beam locations
is

L =

Ndata∏

i=1

Neng∏

k=1

1
√
2πσ

(k)
i

exp

[
−(Ĩ

(k)
i − I

(k)
i )2

2(σ
(k)
i )2

]
(4.23)
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THEOREM 4.1. In the limit ofσ(k)i −→ 0, the joint posterior probability den-
sity for the material density and blurring function, given the image data, for all
beam locations (i = 1, . . . , Ndata) and all ǫk k = 1, . . . , Neng, reduces to a prod-
uct ofNdata×Neng Dirac measures, with theik-th measure centred at the solution

to the equatioñI(k)i = I
(k)
i , ∀ i = 1, . . . , Ndata, k = 1, . . . , Neng, whereδ is the

smallest length resolved by the imaging technique under consideration.

PROOF. Logarithm of the posterior of the discretised nonparametric model is

log π(Ξ
(1)
1 , . . . ,Ξ

(Neng)
Ndata

,Φ(1), . . . ,Φ(m)|Ĩ(1)1 , . . . , Ĩ
(Neng)
Ndata

) ∝(4.24)

Ndata∑

i=1

Neng∑

k=1

[
− log σ

(k)
i −

(
(Ĩ

(k)
i − I

(k)
i )2

2(σ
(k)
i )2

)]
−

Neng∑

k=1

[
(φ(k) + η0(k))2

2N(s(k))2

]

−
Ndata∑

i=1

Neng∑

k=1

[
〈Ξ(k)

i , S−1
i Ξ

(k)
i 〉

2

]
+A.(4.25)

whereA ∈ R is an arbitrary constant. Thus,

lim
σ
(k)
i −→0

π(Ξ
(1)
1 , . . . ,Ξ

(Neng)
Ndata

,Φ(1), . . . ,Φ(m)|Ĩ(1)1 , . . . , Ĩ
(Neng)
Ndata

) ∝

lim
σ
(k)
i −→0

ΠNdata

i=1 Π
Neng

k=1

1

σ
(k)
i

exp

[
−(Ĩ

(k)
i − I

(k)
i )2

2(σ
(k)
i )2

]
(4.26)

The right hand side of this equation is the Dirac delta function centred atĨ
(k)
i =

I
(k)
i , ∀ i = 1, . . . , Ndata, k = 1, . . . , Neng. Thus, the posterior probability density

reduces to a product of Dirac measures for eachik, with each measure centred on
the solution ofĨ(k)i = I

(k)
i .

REMARK 4.2. The convergence of the posterior in the small noise limit, to
the Dirac measure is due to our designing of the imaging experiment to generate
multiple images at distinct beam energies, resulting in the the matching of dimen-
sionality of the image and function spaces as well as due to the linearity of the
spatial averaging+projection operator (see Equation4.21) and the reduction of
the convolution of the unknown functions to a product form, as is achieved in our
discretised model.

4.9. Quantification of deviation from uniqueness of learnt functions.From
Theorem4.1, we realise that the product of the estimated densityΞ̂ and estimated
functional of the correction function,̂Φ, is unique in the small noise limit. Assum-
ing that measurement error of the data implemented in the estimation falls within
the small noise limit, we realise that deviation from uniqueness inΞ̂ andΦ̂ are not
independent. In fact, if the unique values of these functions, at any beam location
index i and beam energy indexk areξ(k)i andφ(k), then Theorem4.1 implies that

ξ̂
(k)
i × φ̂(k) is unique. We view the values of the estimated function as lying in re-

spective credible regions of width∆(ξ̂
(k)
i ) and∆(φ̂(k)), with the unique solutions

to these unknowns accommodated within such ranges. Then the maximal deviation
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from uniqueness in the solutions would imply[∆(ξ̂
(k)
i ) + ξ

(k)
i ]× [∆(φ̂(k)) + φ(k)]

is learnt uniquely (Theorem4.1). This reduces to the result that maximal deviation
from uniqueness of the estimate of the density is

(4.27) ∆(ξ̂
(k)
i ) ≈ ∆(φ̂(k))φ(k)

ξ
(k)
i

∀ i = 1, . . . , Ndata, k = 1, . . . , Neng, where we have assumed that the maximal
deviations from the unique solutions are small enough to ensure that the prod-
uct∆(ξ̂

(k)
i )∆(φ̂(k)) is small enough to be negligible, compared to∆(ξ̂

(k)
i )φ̂(k) +

∆(φ̂(k))ξ̂
(k)
i ]. Under this assumption, Equation4.27indicates that the non-uniqueness

of estimate of the material density depends linearly on that of the blurring function
which is directly determined by the strength of the priors placed onη(z). Also, the
equation suggests that voxels that harbour higher material densities are thevoxels
for which the solution for density is better constrained than voxels in which the
material density is lower. It is to be noted that this last statement is made in refer-
ence to a comparison across voxels for a given material density structure, and does
not say anything about the relative superiority of the method as far as applicability
to a sparse material density structure over a dense one is concerned.

In particular, when the semi-parametric model ofη(z), is implemented, the
undeterminedness of the problem is low (compared to when the non-parametric
model is used) - the ratio of number of data values to unknown model parameters
is thenNeng ×Ndata/Neng ×Ndata+2. Thus, for typical values of 100 and 10 for
Ndata andNeng respectively, this ratio is about 0.998 for the semiparametric model
for η(·) and about 0.9823 for a nonparametric model forη(·). Considering this ratio
as a parametrisation of the underdetermined-ness of the problem - as in Donoho &
Tanner (2005) - we expect that the the 95% HPD credible regions that we advance
for our estimates will include the deviation from uniqueness. Such an expectation
is more likely to be true when the semiparametric, rather than the nonparametric
model for the correction function is used.

We demonstrate the effect of these priors by working with the non-parametric
model for the correction function in implementation of simulated data correspond-
ing to the low resolution cases while we show the effect of both the non-parametric
as well as the semi-parametric models ofη(·), relevant to an application of the
simulated high-resolution data (SEM image data).

5. Illustration on real SEM data. In this section we discuss the application of
the advanced methodology towards the learning of the 3-D density and correction
function by inverting 11 BSE images of a brick of Nickel (Ni) and Silver (Ag)
nanoparticles, taken with an SEM (Leica, Stereoscan 430), at 11 distinct beam
energiesǫ = 10, 11, . . . , 20kV. The brick was prepared by the drop-cast method
in the laboratory. The resolution of BSE imaging with the used SEM - and this
resolution can be much worse than that for images with SE (Reed 2005) - is≈50
nm. The 11 images are depicted in the attached supplementary information. We
sample two distinct areas from the images, resulting in two different image data
sets. The first dataD1 comprises an area of size 101pixels×101pixels, with the
pixels seated along specified rows and columns in each of the 11 images; we scale
the pixels to physical locations of -2.5µm to 2.5µm along the horizontal axis
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18 D. CHAKRABARTY ET AL.

(X-axis) as well as along the vertical axis (Y -axis), at intervals of 0.05µm which
is the resolution of the used imaging technique. The second dataD2 comprises
a much smaller area - of size 21pixels×21pixels, between a different (from that
corresponding toD1) set of rows and columns in the 11 images; the pixels are
considered to range from -1µm to 1µm. BothD1 andD2 express the intensity
Ĩ
(k)
i , which is a measure of the surface density of the back scattered electronsin

the i-th pixel of the image taken with beam energyǫk, wherek = 1, . . . , 11 and
i = 1, . . . , 1012 for D1 andi = 1, . . . , 212 for D2, i = 1, . . . , 1012.

The learning of the material density of a nanostructure is very useful fordevice
engineers engaged in employing such structures in the realisation of electronicde-
vices; lack of consistency among measured electronic characteristics of theformed
devices is tantamount to deviation from a standardised device behaviour and such
can be predicted if heterogeneity in the depth distribution of nanoparticles is iden-
tified. Only upon the receipt of quantified information about the latter, is the device
engineer able to motivate adequate steps. In addition, such information holds po-
tential to shed light on the physics of interactions between nanoparticles.

If the calibration of this measure of the intensity is available, against physical
units of surface density (of the BSE), then we could express the measuredintensity
map - as manifest in the recorded image - in relevant physical units. In that case,
the learnt density could be immediately expressed in physical units. However, such
a calibration is not available to us. In fact, in this method, the learnt density is
scaled in the following way. The quantification ofΨ(0) from microscopy theory
(Merlet. 1994) suggests using the normalisation factor forΦ(z) is ≈ Φ̂(1)/0.325
whereΦ̂(1) is the learnt function in the firstZ-bin. The arithmetic mean of the
atomistic parameters of Ni and Ag is used in this calculation. The (discretised)
Φ(z) function, thus normalised, is then in the physical units ofµm. The normal-
isation for the density is then the reciprocal of the above factor so that oncenor-
malised, the density is in units ofµm−3. The intensity of the BSE image is a mea-
sure of the number density, rather than the mass density in a bi-element material
like the one we analyse here. Hence we learn the volume number density in each
voxel.

The configuration that the constituent nanoparticles are expected to relax into,
is due to several factors, including contribution from the surface effects- the sur-
faces of nanoparticles are active - this encourages interactions, resultingin a clus-
tered configuration. Additionally, gravitational forces that the nanoparticle aggre-
gates sediment under, are also active3, with the nanoparticle diameter responsible
for determining the relative importance of the different physical influences (Joly-
Puttez 2011). Thus, in general, along theZ coordinate, we expect a clustered con-
figuration, embedded within layers. This s what we see in the representation of the
learnt density in theX − Z plane, when the image dataD1 andD2 are inverted;
see Figure2. The spatially-averaged+projections of the same are and the correc-
tion functions learnt from the two data sets from the two non-overlapping parts
of the images, are depicted in Figure5. The concurring of the learnt correction
functions is encouraging. The semi-parametric model for the correction functionis
implemented.

3Other relevant effects include viscosity and Brownian motion.
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FIG 1. The top panels display two of the 11 BSE images of the prepared blend of Ni-Ag nanoparticles,
taken with an SEM, at beam energies of 20 kV (right) and 10 kV (left). A 5µm× 5 µm area was
identified in each of the 11 BSE images, to form the dataD1. The distribution of the measured BSE
intensity over this area, for beam energies of 10 kV and 20 kV are shown inthe left and right panels
of the lower row.

FIG 2. The left and right panels show the slice of the learnt three dimensional material density in the
X −Z plane, at the posterior mode, from inversion of image dataD1 andD2 respectively. The data
are obtained by imaging a brick of Nickel and Silver nanoparticles in BSE, at resolution of 50 nm, at
11 different beam energies 10 kV,. . ., 20 kV.D1 andD2 comprise 101×101 pixels and 41×41 pixels
respectively. The labels on the colour-bar are number density values, inunits ofµm−3.
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20 D. CHAKRABARTY ET AL.

FIG 3. The right panel shows the spatially-average+projection of the materialdensity learnt using
image dataD1 in filled contours, (at the mode of the posterior) with the real image dataD1 overlaid
in black solid contours. The left panel shows the correction functions learnt from dataD1 andD2 in
black and red respectively. The error bars in this plot represent the 95% highest probability density
credible region of the estimate.

5.1. MCMC Diagnostics. In this section we include various diagnostics of an
MCMC chain that was run until convergence, using the image dataD1. These
include trace of the likelihood (upper panel in Figure4), an autocorrelation plot
(lower panel of Figure4) and histograms of multiple learnt parameters -Ξ

(1)
50 ,

η(1) - from 1000 steps, in two distinct parts of the chain, namely, for step num-
berN ∈[1599001,1600000] andN ∈[799001,800000], respectively (Figure5).
The histograms of the likelihood over these two separated parts of the chain are
also presented in this figure.

6. Discussion. Solving an inverse problemI = P(ρ) + ε involves the inver-
sion of the given dataI ∈ D ⊆ R

n−1 (marked by noiseε ∈ R
n−1), in order to

construct the unknown densityρ ∈ H ⊆ R
n, the convolution of which with a

known kernel results in the data in the first place. Cast as an integral equation, a
deconvolution problem such as this, would be represented by Volterra or Fredholm
integral equations of the first kind. In contrast to typical inverse problems, here we
deal with the case of the image formed as a result of multiple integrals over the
convolution of two unknown functions (Equation2.1). This renders the problem
at hand different, and essentially more difficult than typically reported versions of
such inverse problems. The novelty of the methodology advanced above constitutes
the attempted solution of this atypically hard problem, while ensuring uniqueness
of the solution of the product of the unknowns as well as a quantification of the
deviation from uniqueness in the estimates of each learnt function.

From the point of view of 3-D structure modelling, using images taken with
bulk microscopic imaging techniques4, (such as Scanning Electron Microscopy,
Electron Probe Microscopy), our aim here supercedes mere identification of the
geometrical distribution of the material (the microstructure); we aim to estimate
the material density structure. Conventionally, Monte Carlo simulations studies of
microstructure are undertaken; convolution of such simulated microstructure, with
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FIG 4. Upper: The trace of the likelihood from a chain run with dataD1. Lower: The ACF plot using
this MCMC chain.

FIG 5. The histograms of the learnt material density in the voxel marked by the beam location index
i = 50 and the smallest beam energy, (k = 1), from two disjoint parts (middle and end) of the
MCMC chain that is 1.6×106 steps long, are depicted in red and black respectively, in the right
panel. The histograms of the learnt correction function fork = 1 , obtained for these two parts of
the chain are displayed in the left panel. The histograms of the value of the likelihood in these two
parts of the chain are plotted in red and black in the middle panel. The chain was run with real image
dataD1 .
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a chosen luminosity density function is then advanced as a model for the density.
We advance a methodology that is an improvement upon this. One key advantage
of our approach is that estimates of the 3-D material density function are derived
from non-invasive and nondestructive bulk imaging techniques. This feature sets
our approach beyond standard methodology that typically relies on experimental
designs involving the etching away of layers of the sample material at specific
depths. Though the microstructure, at this depth, can in principle be identified
this way, a measure ofρ(x) is not achievable. That too, only constraints on the
microstructure at such specific depths are possible this way, and interpolation be-
tween the layers - based on assumptions about the linearity of the microstructure
distribution - are questionable in complex real-life material samples. Of course,
such a procedure also damages the sample in the process. Thus, the scope of the
methodology that we advance is superior.

As far as the methodology is concerned, to begin with, given one observed im-
age of the system, the problem discussed above is ill-posed; the two obviousreme-
dies that are then invoked include the expansion of the information domain and
the identification of strong priors onρ(x) andη(z). Strong priors exist in the mi-
croscopy literature, for the shape of the blurring or correction functionη(z). Thus,
elicitation using existing literature is what we fall back on to gather the prior proba-
bility distribution ofη(z). In particular, there is deterministic information available
in the literature aboutΦ(0), allowing for identifiability of the global scales of the
unknown material density and correction function. In our discretised model, the
ratio of known to unknown parameters typically varies from 0.96 to about 0.99,
for the non-parametric and semi-parametric models forη(z) respectively. On the
other hand, the identification of the geometric priors onρ(x) does not come from
the literature but are a bespoke feature of the model, developed in the context of
this application after examination of the operator〈P(·)〉 that mapsρ(x) ∗ η(z) to
the image space.

The expansion of the information domain that we hinted at above, is made pos-
sible in this work by suggesting multiple images of the same material sample taken
with electron beams of different energies. Given the differential penetration depths
of beams of different energies, the images taken in this way are realisations of the
3-D structure of the material sample to different depths. While a number of at-
tempts that use multiple viewing angles have been reported in the literature, (...)
the imaging of the system at different energies is less common. A logistical advan-
tage of imaging the sample at different energies exists over imaging at different
viewing angles. Firstly, the precision level required in the angle measurement in
the latter experiment is difficult to achieve. Besides, in Scanning Electron Micro-
scopes, the viewing angle is varied by re-mounting the sample on a stub that is
differently inclined to the electron beam than what the sample was mounted on
before. This is relatively more disadvantageous than the method suggested inthe
paper in the sense that mounting and remounting of the sample allows image data
at only a few, pre-specified viewing angles, on the basis of which 3-D material
density reconstruction has to be performed.

An important point to make is thatη(z) is the blurring function in our model
though it is not theρz correction that is used in Microscopy literature to suggest
the correction; the connection between the two is discussed in Section4.3.
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When the parameters are such thatR0(k) ≤ δ for k ≤ kin, kin ≤ Neng -
as in the case of images taken in X-rays - isotropy is guaranteed for the density
structure within all interaction-volume at energiesE ≤ ǫkin , so that the spatial
averaging is the easiest fork ≤ kin; it involves just the integral overR. This is
what renders models withkin = Neng easiest. Whenkin < Neng the models
are one step higher in the complexity hierarchy of our three models. Then we use
a simple construct from spatial statistics, namely nearest neighbour averaging, to
approximate the density at a givenR > R0(kin). The effect of this construct can be
seen as inducing local isotropy in the density field.

We model the morphology as a hemisphere, centred at the point of beam inci-
dence, of radiusR0(k), given the beam energyǫk, k = 1, . . . , Neng. Though for
some high atomic number metals such a hemi-spherical shape for the interaction
volume is supported by simulations of material samples, for lower atomic number
materials, this shape typically deviates from sphericity, with a marked pinching
close to the surface (Goldstein et al. 2003). If the results of such simulationsare
available, the morphology of the “interaction volume” can be approximated. In
this context, a crucial point to make is that such simulations rely on the knowl-
edge of the material density function - theZ-distribution of the material particles
is however unknown in real-life material samples, leading to a motivation for a
modular density reconstruction methodology5. Thus, to keep the our methodol-
ogy modular, we chose to work with a model that assumes the morphology of the
interaction-volume, while ensuring that errors - if any - induced by such a model
assumption are taken account of, and effects of the same are compensated for, in
the subsequent modelling process. The consequence of this model assumption is
in fact the over-estimation of the size of the interaction-volume at lowz. It is to
be noted that within our simplified model for the shape of the interaction-volume,
the very estimation ofR0(k) using the work by Kanaya and Okamaya might be
considered an overestimation, see Goldstein et al. (2003).

Thus, we worry if the considered model for the size and shape of the interaction-
volume, biases our estimate of the unknowns. Our over-estimation of the size of the
interaction-volume implies that for a given material and given image type, the num-
ber of voxels lying wholly inside the interaction-volume could be overestimated. If
this is the case, the only disadvantage will be that we might be applying the model
of a higher level of complexity to a sample, for which a simpler model is sufficient.
However, for all models, the problem has been shown to be well-posed if theblur-
ring function is assumed known, but underdetermined otherwise, though for the
simplest model, the problem is defined by less number of degrees of freedom. For
all models, the quantification of deviation from uniqueness is understood.

A point worth noting is that the deviation from uniqueness in the estimation
of the two unknown functions are approximately linear (Equation4.27), though
in opposing directions. Thus, we see in Figure 5 of the supplementary material,
that for a choice of simulated image data, the estimate of the correction function
is improved in the case of implementation of the semi-parametric model ofη(z)
over the non-parametric one; correspondingly, the estimate of the density function
is improved in the former implementation.

5For a given simulation of the interaction-volume of a given alloy sample, weattempted the
estimation of the constant material density contours using a 3-parameter non-linear regression model.
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The method that we have discussed above is indeed developed to solve an uncon-
ventionally difficult deconvolution problem, but the method is equally capable of
estimating the unknown density in an integral equation of the 1st kind - Fredholm
or Volterra - and thereby be applied towards non-parametric density reconstruction
in a wide variety of contexts, when image synthesis is possible.

7. Summary and Conclusions. In this work we have advanced a Bayesian
methodology that performs non-parametric reconstruction of the material density
and a non-parametric or semi-parametric reconstruction of the blurring function,
given 2-D images of the system taken in any kind of radiation that is generatedin
the bulk of the material sample, due to atomistic interactions between the material
molecules and an electron beam that is injected into it. This methodology is ad-
vanced as capable of estimating the unknown functions even when the the inverse
Radon transform is not stable - material density function is heterogeneous,the
density field is not neccessarily convex, and is marked by a dense or sparse modal
structure characterised by abruptly declining modal strengths. A mixture model is
also not satisfactory in this situation. This inverse problem, when cast as an inte-
gral equation, connects the measured 2-D radiation in any pixel with multiple in-
tegrations over the convolution of an unknown density and an unknown correction
function. The novelty of our proposal of a solution to this harder-than-usual inverse
problem includes the imaging of the system at distinct beam energies, adoptionof a
fully discretised model, identifying geometric priors on the density and borrowing
existing knowledge of correction function shapes from the microscopy literature.

The posterior of the model given the image data is shown to reduce to a prod-
uct over a series of Dirac measures that are centred at the solution of the equation
Ĩ
(k)
i = I

(k)
i , whereI(k)i is the result ofP(ρ(x) ∗ η(z)) over theik-th interaction

volume,∀ i = 1, . . . , Ndata, k = 1, . . . , Neng. The non-uniqueness in the esti-
mate of the density function is shown to be linearly dependent, but of the opposite
nature, to the non-uniqueness in the correction function. Also, the deviation from
uniqueness in the estimate of the density in a voxel that is more densely packed
than another, is comparatively less.

We sample from our high-dimensional posterior using adaptive Metropolis-Hastings.
We implement a dual-block update, first over the density and then over the correc-
tion function. In the random-walk implementation that we adopt, the dispersion of
the proposal density is set as the empirical dispersion over the last chosennumber
of steps. The mean and covariance structures of the proposal density of η(z) are
not independent but enjoy a constraint from the knowledge of the valueof Φ(0), as
given by microscopic theory.

With the stability of the solutions and the deviations from uniqueness discussed,
the method is advanced as a modular solution for the problem at hand. The scope of
such applications is of course ample, including the identification and quantification
of the density of the metallic molecules that have infused into a piece of polymer
that is employed for charge storage purposes, degrading the quality of thedevice as
a result, or the learning of the density of a heterogeneous nanostructureleading to
increased understanding of lack of robustness of device behaviour,or identification
of the distribution of multiple phases of an alloy in the depth of a metallic sample
meant to be used in industry and possibly even estimation of density of luminous
matter in astronomical objects, viewed with telescopes at different wavelengths. In
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fact, in the case of self-emitting systems that are studied in the emitted particles, the
problem is simpler, (as in several other applications), since the interaction-volume
is not relevant and the integral reduces to the (easier in general) Volterra integral
equation of the first kind. In either case, domain-specific details need to be invoked
to attain dimensionality reduction.

APPENDIX A: NON-PARAMETRIC MODEL FOR CORRECTION
FUNCTION

The under-determinedness of the problem is checked by motivating the densityof
the prior probability measure onη(z) using the known shape of the correction as
given in microscopy theory, i.e. the shape ofΨ(ρz) exp(−cz), where the material-
dependent constantC ∈ R is physically speaking, determined by the linear absorp-
tion coefficient in case of X-rays and by BSE coefficients in the case a BSEimage
is considered. A uniform prior is assigned toC, with π(C) = U [10−4, 10−2] when
the BSE image is the data, otherwise, for the X-ray image,π(C) = U [10−4, 10−2],
wherec is measured in units ofµm. These are the expected ranges forC (Gold-
stein et. al 2003,http://physics.nist.gov/PhysRefData/XrayMassCoef/tab3.html),
given the beam energies (∼ 10 kV) and materials that we work with.Ψ(ρz) resem-
bles a 2-parameter folded normal distributionNF (η0, S), with parametersη0, S ∈
R; η0, S > 0.

In the non-parametric model for the correction function, we choose folded nor-
mal priors forη(z), i.e.π(η) = NF (η|η0, S). Also, microscopy theory allows for
Ψ(0) to be known deterministically. Then settingπ(η(1)) =1, we relateη0, S and
Ψ(0). This relation is used to computes, while a uniform prior is assigned to the
hyperparameterη0. Thus, this is a non-parametric model ofη(z).

The correction function learnt at any iteration is normalised by the factor of
η̂(1)/Ψ(0), whereη̂(1) is the estimated unscaled correction function in the firstZ-
bin.

APPENDIX B: SEMI-PARAMETRIC MODEL FOR CORRECTION
FUNCTION

On other occasions, we modelη(z) differently. We approximate the form ofη(z)
by the shape ofΨ(ρz) exp(−cz) - as suggested in the microscopy literature - mul-
tiplied by the scale-factorQ, whereQ ∈ R. Also, in the beam energies that we are
working at, mass absorption coefficients of most materials are such thatC . 10−2,
so thatexp(−cz) ≈ 1. Thus, we approximate further to suggest thatη(z) resembles
a folded normal distribution in shape. Under this model assumption the scaling for
η(z) is theZ-independent constantQ and we representη(z) as

(B.1) η(z) ≡ Q

[
exp

(
−(z − η0)2

2s2

)
+ exp

(
−(z + η0)2

2s2

)]

Thus, in this model,η(z) is deterministically known if the parametersQ, η0 and
S are, where,η0 ∈ R andS ∈ R are the mean and dispersion that define the
folded normal distribution. Out of these three parameters, only two are independent
sinceΨ0 is known (see SectionA). Thus, by settingψ(0) = 2Q exp[−η02/2s2],
we relateη0 deterministically tos andQ. In this model of the blurring function,
we put Gaussian priors onQ ands and we calculateη0. Thus, this model of the
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correction function is semi-parametric in the sense thatη(z) is parametrised though
the parameters involved in the model are non-parametrically reconstructed. We
illustrate the effects of both modelling strategies in Section 6 of the Supplementary
materials.

APPENDIX C: UPDATING DETAILS

For then-th iteration,n = 1, . . . , Nburnin
, . . . , Nmax, the state vectorεn = (εΞn , ε

Φ
n ),

whereεΞn+1 = {Ξ(1)
i |n+1, . . . ,Ξ

(Neng)
Ndata

|n+1} andεΦn+1 = {Φ(1)|n+1, . . . ,Φ
(Neng)|n+1}

and the proposed blocks are given byε̃Ξ = {Ξ̃(1)
i , . . . , Ξ̃

(Neng)
Ndata

} andε̃Φ = {Φ̃(1), . . . , Φ̃(Neng)}.
The updating is performed as follows.

1. Defineε0 = (εΞ0 , ε
Φ
0 ).

2. At then+ 1-th iteration,

εΞn+1 = ε̃Ξn+1 with probability υ(εΞn , ε̃
Ξ|εΦn )

εΞn+1 = εΞn with probability 1− υ(εΞn , ε̃
Ξ|εΦn )(C.1)

where

υ(εΞn , ε̃
Ξ|εΦn ) = min

(
1,

π(ε̃Ξ, εΦn |I) q(ε̃Ξ, εΞn |εΦn )
π(εΞn, εΦn |I) q(εΞn , ε̃Ξ|εΦn )

)
.(C.2)

HereI := {I(1)1 , . . . , I
Neng

Ndata
} and

(C.3) ε̃Ξ ∼ q(εΞ, ε̃Ξ|εΦn ).

The proposal density for any element of theε̃Ξ vector is folded-normal in
shape, conditioned on the previous value of this element; the dispersion of
this proposal density is given by the empirical dispersion of all previous
values sincen = n0. Thus, this proposal density is independent ofεΦn for all
n, by choice.

3.

εΦn+1 = ε̃Φ with probability υ(εΦn , ε̃
Φ|εΞn+1)

εΦn+1 = εΦn with probability 1− υ(εΦn , ε̃
Φ|εΞn+1)(C.4)

where

υ(εΦn , ε
Φ̃|εΞn+1) = min

(
1,
π(εΞn+1, ε̃

Φ|I)q(ε̃Φ, εΦn |εΞn+1)

π(εΞn+1, εΦn |I)q(εΦn , ε̃Φ|εΞn+1)

)
.(C.5)

whereε̃Φ ∼ q(εΦn , ε̃
Φ|εΞn+1).

4. Thenεn+1 = {εΞn+1, ε
Φ
n+1}. We returnεn+1, ∀ n > Nburnin. Repeat for all

n = 1, . . . , Nbirnin, . . . , Nmax.
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SUPPLEMENTARY MATERIAL

Supplement A: Supplementary Material for “A Bayesian learning of ma-
terial density and the blurring function, given 2-D images taken with bulk
Microscopy techniques”
(). The attached supplementary material consists of a brief discussion about the
relative complexity of the three models that have been advanced for the three res-
olution regimes of the imaging techniques that we consider in the paper. A section
on the analysis of simulated image data forms the latter part of the supplementary
section.
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SUPPLEMENTARY MATERIAL FOR “A BAYESIAN LEARNING OF
MATERIAL DENSITY AND THE BLURRING FUNCTION, GIVEN
2-D IMAGES TAKEN WITH BULK MICROSCOPY TECHNIQUES”

BY DALIA CHAKRABARTY, FABIO RIGAT, NARE GABRIELYAN , RICHARD

BEANLAND AND SHASHI PAUL

1. Hierarchical complexity in the models. The model corresponding to the
analysis of the SEM images is the most complex of our three models because in this
model, the number of parameters involved in the estimation of any unknown, say
Ξ

(k)
i , is the highest,i = 1, . . . , Ndata, k = 1, . . . , Neng - the number of other voxels

inside theik-th interaction-volume, in addition to the unknown correction function
parameters. In contrast to this, in the simpler two models, (high or low-Z material
samples imaged in X-rays), the estimation of anyΞ

(k)
i involves a comparatively

smaller number of unknown parameters. Thus, for the same ratio of the number of
unknown parameters and equations, inference is harder in the 3rd model, compared
to in the other two models.

In fact, for this simplest of the 3 models, there is an additional constraint on
the density field, linking density estimates in voxels at a given value of the beam
energy index. We see that at anyk ∈ {1, . . . , Neng}, [Ĩ

(k)
i − Ĩ

(k−1)
i ]/[Ĩ

(k)
j −

Ĩ
(k−1)
j ] = Ξ

(k)
i /Ξ

(k)
j , ∀ i, j = 1, . . . , Ndata. Thus, for any beam-energy indexk, if

Ĩ
(k)
i − Ĩ

(k−1)
i = 0, it implies that the density{Ξ(k)

m }Ndata

m=1 = 0. This effectively con-
strains the density field. Thus, for an underlying density that is sparser inits native
space than another, the estimation is better constrained. With the semi-parametric
model for the correction function, even when the unknown (test) density is dense,
its estimation is shown to be well constrained (see Figure5).

This discussion on uniqueness of the solution implies that the learnt density,
given a known correction function, is unique, irrespective of how sparseor dense
the unknown density is in its native space, and also independent of the complexity
of our model, (i.e. the easiest, the second hardest or the hardest of the three of our
models); this owes to our expanding the information domain. However, the indi-
vidual estimation ofρ(x) as well asΦ(z) renders the problem underdetermined.
Unlike in some other underdetermined problems in which we can estimate one
subset of the unknown parameters without uncertainty and the uncertainty accom-
panies only the estimation of the other parameters, this is not possible in our case,

since estimates of{Φ(1), . . . ,Φ(Neng)} and{Ξ(1)
1 , . . . ,Ξ

(Neng)
Ndata

} are sought within
our model in a product form. However, we show above that the non-uniqueness in
the estimation of{Φ(1), . . . ,Φ(Neng)} determines the non-uniqueness in the esti-

mate ofΞ(1)
1 , . . . ,Ξ

(Neng)
Ndata

. In particular, when the semi-parametric model forη(z)

is implemented, the non-uniqueness in the estimation of{Φ(1), . . . ,Φ(Neng)} is
low, implying low levels of non-uniqueness in the estimation of the density.

2. Some illustrations on simulated data. We describe the application of the
inverse methodology described above to simulated images in order to test of the

1
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method, i.e. compare the true densityρ(x) and true correction functionη(z) with
the estimated density and correction function -ρ̂(x) andη̂(z) respectively.

The discussed examples include simulations of Copper-Tungsten alloys, i.e. ex-
ample of high-Z material, the true density function is dense (Sample I-CuW), the
same material sample marked by the sparse density structure characterised byiso-
lated modes with sharp edges, (Sample II-CuW) and simulated dense and sparse
density samples of a Ni-Al alloy which is a low-Z material, i.e. Sample I-NiAl and
Sample II-NiAl respectively.

The strengths of any two modes in either sample are not necessarily distin-
guishable. Given the sharp density contrasts along the edges of the modes,neither
the isolated modal material density structure nor the longitudinal growths of over-
density in the same, in our simulated samples can be satisfactorily modelled with a
Gaussian mixture model.

The (simulated) images are produced at 18 or 10 different beam energyvalues,
corresponding toǫk=2+k kV, k = 1, . . . , Neng. We work with Ndata=225. For
the low resolution imaging techniques,δ=1.33µm while for the illustration of the
high resolution technique (such as SEM), a resolution ofδ=9 nm, is considered.
For eachk, the image representing the 2-D densities in 225 pixels, arranged in a
15×15 square array, is computed from the true density and true correction function
which are chosen as follows:

ρ(x, y, z)|i = Υ
Ai

[

ǫ2 + x2

B2

i

+ y2

B2

i

+ z2

B2

i
(1−Q2

i
)

] where(2.1)

Υ = (int)(NengU1), U1 ∼ U [0, 1] for Sample II and Sample III,Υ = 1 for Sample I, Ai =
U2

2 , U2 ∼ U [0, 1], Bi = U3, U3 ∼ U [0, nδ] n ∈ Z
+, Qi = U4, U4 ∼

U [0, 1]a : ∀ i = 1, . . . , Ndata. HereU [0, q] is the uniform distribution over the
range[0, q], q ∈ R. The true correction function is chosen to emulate a folded
normal distribution with values of meanγ and dispersionθ.

(2.2) η(z) = exp

[

(z − γ)2

2θ2

]

+ exp

[

(z + γ)2

2θ2

]

The true density and correction function are then used in Equation 2.1 of the
main text to generate the radially averaged projection of the convolution ofρ(x)
andη(z), for thekth value ofE, giving rise toNeng images. These comprise the
simulated data for the methodology described above.

We start MCMC chains, starting with a seed density in theikth voxel defined as
Ĩ

(k)
i /Φ

(k)
seed, where the starting blurring function{η(k)

seed}
Neng

k=1 helps defineΦ(k)
seed =

∑k
j=1 η

(j)
seed(h

(j) − h(j−1)). The initial guess for the correction function is chosen
to be motivated by the forms suggested in the literature; in fact, we choose the
initial correction function to be described by a half-normal distribution, with a
standard deviation of 5µm and mean of 5µm. The simulated images are produced
with σ

(k)
i =0.05 to .005 times̃I(k)

i . We use adaptive Metropolis Hastings for our
inference, (Haario et al. 2006).

2.1. Low resolution, high-Z material. These illustrations are performed with
intrinsic densities that are sparse (Sample II-CuW) and dense (Sample I-CuW). The
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FIG 1. Estimated material densitŷρ(x, y, z) overplotted in theX − Z plane,∀y, in solid contour
lines, on the true density (in filled coloured contours), given simulated images of Copper-Tungsten
alloy - Sample I-CuW (left) and Sample II-CuW (right). The simulated image data corresponds to a
low-resolution imaging technique (such as when the system is imaged by an SEM in X-rays), at differ-
ent beam energy values. The material density estimate at the modal levelof the posterior probability
is plotted. The semi-parametric model for the correction function was used for these runs.

idea behind the modelling in this case is that the radial extent of the interaction-
volume corresponding toE = ǫNeng

, is less than the cross-sectional area of the
voxel on theZ=0 surface, rendering the modelling the simplest out of the three
illustrations we discuss. The resolution of this imaging technique allows for 15
beam pointings over an interval of 20µm, from X=-10µm to X=10µm at given
Y , at a spatial resolution ofδ=1.33µm, and then at intervals ofδ from Y =-10µm
to Y =10µm. We implement these test data, both when we consider a fully non-
parametric model forη(z) as well as the semi-parametric model.

Figure1 represents the estimated density functions for the two simulated sam-
ples, represented as contour plots in theX −Z plane,∀Y = y, superimposed over
the respective true densities which are shown as filled contour plots, whenthe semi-
parametric model forη(z) is used, forσ(k)

i = 0.05Ĩ
(k)
i . Figure2 represents results

of implementation of the non-parametric models forη(z), usingσ
(k)
i = 0.01Ĩ

(k)
i .

It includes the profile ofI(k)
i as a function ofλ(i) = imodulo

√
Ndata, λ : Z+ −→

Z+, i.e. the pixel number along theX or Y axes, over allk = 1, . . . , Neng with Z
for all x andy, compared to the profile of the true density. Similarly, the estimated
η̂(z) and true correction function are also compared. Trace plots for the chains are
also depicted.

It is to be noted that the definition of the likelihood in terms of the mismatch
between data andP(ρ̂ ∗ η̂) compelsP(ρ̂ ∗ η̂) and Ĩ to coincide, even if̂ρ(x) is
poorly estimated, though the superposition of the profiles ofP(ρ̂ ∗ η̂) with E and
the data serves as a zeroth order check on the functioning of the involved coding.

2.2. Low resolution, low-Z material. Distinguished from the last section, in
this section we deal with the case of a low atomic number material imaged at coarse
imaging resolution. In this case, the radial extent of the interaction-volume exceeds
the sizeδ of a voxel on theZ=0 plane forǫk > ǫkin

, for k = 1, . . . , kin, . . . , Neng.
The illustration of this case is discussed here for a low-Z Sample II-NiAl, that is an
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FIG 2. Left: - Spatially averaged projection of̂ρ ∗ η̂ plotted in black, in model units, as a function of
λ(i) = i modulo

√
Ndata, (where the beam location indexi = 1, . . . , Ndata, Ndata = 225), over

the data (in red), for all beam energy valuesǫk, k = 1, . . . , 18, for Sample I-CuW (upper panel) and
Sample II-CuW (lower). The estimated correction function is shown in the middle panels, in black,
superimposed on the trueη(z) for the two samples (in red). The error bars in the above plots, as well
as in all plots that follow, correspond to 95% highest probability density credible regions, while the
modal level of the posterior is marked by a symbol (filled circle above).The likelihood trace from
the MCMC chains is shown in the right panels. The fully non-parametric modelfor the correction
function was implemented.

allow of Nickel, Aluminium, Tallium, Rhenium; see DSouza, Beanland, Hayward
& Dong (2011). All other details are as in the previous illustration.

Figure 3 is used to describe the learnt density structure; visualisation to this
effect is provided for the N-Al alloy sample in terms of the plots ofρ̂(x) against
Z, at chosen values ofX andY inside the sample. Since there are 225 voxels used
in these exercises, the depiction of the density at each of these voxels is judged
beyond room in the paper, but the density structure is scanned across allvoxels
distinguished by the 15X coordinate values, at one high, and one low value of the
voxelY coordinate in the respective figures.

2.3. High resolution. Distinguished from the last section, in this section we
deal with the case of simulated Sample I-NiAl and Sample II-NiAl, imaged at
coarse imaging resolution. In this case, the interaction-volume over which the con-
volution of the unknown functionsρ(x) andη(z) is averaged and projected, given a
beam-energy, exceeds the volume of the voxel set by the resolution of the imaging
technique at hand (imaged in BSE), at this given energy.

The challenge posed by the high resolution (.10 nm) of imaging in BSE, to
our modelling is logistical. This logistical problem lies in fact that the run-time
involved in the reconstruction of the density over the length scales of∼1µm, is
prohibitive; for an SEM resolution of 10 nm, there are 100 voxels included over
1µm, which is 100/15 times the number relevant to the previous illustrations. To
circumvent this problem, we work withδ=10nm which defines the length and width
of 20 voxels across theX range of -100 nm to 100 nm. A similar range inY is
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FIG 3. For the simulated Sample II-NiAl, the estimated densityρ̂(xi, yj , z) is plotted in model units
as a function ofZ, atX = 6.67µm distinct values of the locations of the bin along theY -axis, in the
range of -10µm to 10µm, at intervals of 1.33µm from the panel in the lower left-hand corner to the
uppermost panel in each figure. The true variation of the learnt material density withZ, is shown in
red in each panel, while the material density estimated at the lower and upperbounds of the 95%
HPD credible region are shown in cyan and black respectively (in model units). The semi-parametric
model forΦ(z) was used.
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FIG 4. As in Figure3 except herêρ(xi, yj , z) is plotted in model units as a function ofZ for X =
−6.67µm, withY scanning overy=-10µm toY =10µm, at intervals of 1.33µm (panel in the lower
left-hand corner to the uppermost panel in each figure).

CRiSM Paper No. 11-29, www.warwick.ac.uk/go/crism



7

considered. The simulated system is imaged at 10 energy valuesǫk = 10 + 2 in
kV. The atomic numbers of the material used implies that the maximal extent of
the interaction-volume is about 590 nm, i.e. all the studied voxels live inside the
interaction-volume.

The plots of the learnt density structure for the intrinsically dense and sparse
true density functions is shown as a function ofZ, for all X and Y , in Fig 5,
which display results of runs done with the semi-parametric model for the correc-
tion function, atσ(k)

i = 0.05Ĩ
(k)
i , i = 1, . . . , Ndata, k = 1, . . . , Neng. The multi-

scale structure of the heterogeneity in these simulated density functions is brought
out by presenting the logarithms of the estimated densities alongsidelog ρ̂(x).

FIG 5. Top row: results of inversion of simulated image data of Sample II-NiAl when a fully non-
parametric model for the correction function is used. The true material density structure is presented
in the panels on the left, as a function ofZ, for all X, Y , in model units. The learnt material density,
at the modal level of the posterior, is similarly presented in the middle panelswhile the learnt func-
tion Φ(z) - the local integral overη(z) - is shown as a function ofZ in the right panels, in model
units. Middle row: the intrinsically dense, true and learnt (at the posterior mode) material density
of simulated sample Sample I-NiAl in the left and middle panels respectively withthe learntΦ(z). A
semi-parametric model for the correction function is employed. Bottom row:results from implement-
ing simulated images of Sample II-NiAl when a semi-parametric model for the correction function is
employed.
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