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Summary

We develop variable selection approaches for accelerated failure time models that consist of a

group of algorithms that are based on a synthesis of the two widely used techniques in survival

analysis and variable selection area—the Buckley–James method and the Dantzig selector. Two

algorithms are based on the two proposed modified Buckley–James estimating methods that

are designed for high–dimensional censored data. Other three algorithms are based on weighted

Dantzig selector for which two weights obtained from the two proposed synthesis based algo-

rithms and other weight is obtained from a proposed form. The methods are easy to understand

and they do estimation and variable selection simultaneously. Furthermore, they can deal with

collinearity among the covariates and also among the groups of covariates. We conducted sev-

eral simulation studies and one empirical analysis with a microarray dataset. Both numerical

studies demonstrated a reasonable satisfied level of variable selection performances. In addition,

the microarray data analysis showed that the methods may perform similarly to other three
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correlation-based greedy variable selection techniques in literature—SIS, TCS, and PC-simple.

This empirical study also found that the sure independence screening technique improves consid-

erably the performance of most of the proposed methods.

Key words: Accelerated failure time (AFT); Buckley–James estimating equation; Dantzig selector; Vari-

able selection.

1. Introduction

Suppose Ti and Ci be the random variables that take values ti and ci for the ith individual and

represent the lifetime and censoring time respectively. Under right censoring we can only observe

(t∗i , δi), where t∗i = min (ti, ci) and δi = I(ti 6 ci). The typical accelerated failure time (AFT)

model is defined by

Yi = α+XT
i β + εi, i = 1, · · · , n. (1.1)

The standard estimation techniques, such as ordinary least squares (OLS) cannot be employed

directly to the model (1.1) even if the number of predictors p is small relative to the sample size

n. For dataset where p > n the standard estimation techniques are more difficult to apply when

variable selection is needed along with estimation. The practical importance of variable selection

is huge and well recognized in many disciplines and has been the focus of much research. This

has led to a variety of algorithms related to searching the model space and selection criteria for

choosing between competing models (e.g., Broman & Speed, 2002; Sillanpää & Corander, 2002).

If there is censoring in the dataset, the typical estimation procedure must be modified. Esti-

mation with the AFT model with unspecified distribution of ε has been studied extensively. Two

approaches that received much attention are the Buckley–James estimator (Buckley & James,

1979) which adjusts censored observations using the Kaplan–Meier estimator and the rank based

estimator (e.g., Ying, 1993) that is motivated by the score function of the partial likelihood func-
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tion. In survival analysis the popular models are usually well suited for data with few covariates

and many observations. In contrast for a typical setting of gene expression data from DNA mi-

croarray in genomic, it is necessary to consider the case where the number of covariates p exceeds

the number of samples n. The main challenges of dealing with high–dimensional gene expression

data are the high collinearity of the gene expression levels among many genes and having only

a small subset genes out of thousands genes relevant with the survival time. The understanding

of such data structure and inference are much difficult in practice because of the censoring and

also the curse of the dimensionality. This has lead to rapid advances in the research of variable

selection and dimension reduction techniques that show great advances in many areas such as

genomic, medicine, machine learning, and bioinformatics.

Many variable selection techniques are developed for linear regression models in the literature.

The techniques are suitable mainly for low–dimensional setting but many of them are designed for

high–dimensional data. The most widely used techniques include the stepwise selection procedure

(Peduzzi et al., 1980), and methods based on penalized likelihood, such as bridge regression (Frank

& Friedman, 1993), lasso (least absolute shrinkage and selection operator) method (Tibshirani,

1996), Smoothly Clipped Absolute Deviation (SCAD) (Fan & Li, 2001), least angle regression

selection (LARS) (Efron et al., 2004), elastic net (Zou & Hastie, 2005), MM algorithms (Hunter

& Li, 2005) that are based on extensions of the well known class of EM algorithms, group lasso

(Yuan & Lin, 2006), Dantzig (Candes & Tao, 2007) that is based on a selector that minimizes

the ℓ1 norm of the coefficients subject to a constraint on the error terms, and MC+ (Zhang,

2010) which is based on a minimax concave penalty and penalized linear unbiased selection. Fan

& Lv (2008) proposed sure independence screening (SIS) based on marginal correlation ranking.

Bühlmann et al. (2010) proposed the PC-simple algorithm that uses partial correlation to infer

the association between each variable and the response conditional on other variables. Cho &

Fryzlewicz (2012) proposed a tilting procedure that provides an adaptive choice between the
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use of marginal correlation and tilted correlation for each variable, where the choice is made

depending on the values of the hard-thresholded sample correlation of the design matrix.

Variable selection techniques using the AFT models have been developed by many researchers.

Such as the threshold gradient descent (Huang et al., 2006), elastic net (Wang et al., 2008; Engler

& Li, 2009) and the Bayesian variable selection (Sha et al., 2006). Many estimation methods have

been developed for AFT models. For example, semi–parametric rank–based methods (e.g., Jin

et al., 2003; Johnson, 2008), least squares based and M-estimation methods (e.g., Miller, 1976),

weighted least squares (Stute 1993, 1996), doubly penalized Buckley–James method (e.g., Wang

et al., 2008), and the weighted logrank estimation (e.g., Johnson, 2008). Recently, in both Khan

& Shaw (2013) and Khan (2013) a variable selection technique for AFT model is proposed for

high–dimensional data. The method was based on a class of adaptive elastic net techniques.

2. Methods

Suppose the i-th residual is denoted by ξi = Yi −XT
i β and then the OLS estimator for β is the

solution to the estimating equations

n
∑

i=1

XT
i (Ŷi(β)−XT

i β) =

n
∑

i=1

XT
i ξi(Ŷ ) = 0. (2.2)

The quantity Ŷi(β) under the Buckley−James method is the imputed value for Yi, that is ap-

proximated by

Ŷi(β) = δi Yi + (1 − δi)E(Yi|T ∗
i , δi, Xi) (2.3)

= δi Yi + (1− δi)
[

∫∞

ξi
εi

dF̂ (εi)

1−F̂ (ξi)
+XT

i β
]

, (2.4)

where F̂ (ξi) = 1 − ∏j:ξj>ξi

(

1− δi∑
n
j=1 1{ξj>ξi}

)

is the Kaplan–Meier estimator of F based on

the residuals {(ξi, δi); i = 1, · · · , p}. The Buckley−James estimator is obtained by an iterative

algorithm between Ŷi(β) and the estimating equation. The estimator can not find out for high–

dimensional dataset since the dimensionality of X matrix is higher. In this paper we aim at devel-
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oping flexible variable selection approaches for high–dimensional survival data using AFT models.

Of interest we first propose two modified Buckley−James methods that work as the variable se-

lection techniques for AFT models. We further develop a new weighted Dantzig selector type

approach for AFT models using the weights gained from the proposed modified Buckley−James

methods.

2.1 First Modified Buckley−James Approach

The conditions that guarantee the convergence of the iterative process of the general Buckley–

James method (Buckley & James, 1979) do not always hold because the Buckley–James estimator

is the root of the estimating equation which is discontinuous and may have multiple roots even

in the limit. However the estimator has many other nice properties (Ritov, 1990; Lai & Ying,

1991). We focus on an approximating approach for the consistent root of the estimating equation

as discussed in Jin et al. (2006). We use a consistent regularized estimator as the initial value in

the Buckley–James iteration. This initial estimator allows the Buckley–James method to perform

with high-dimensional dataset. Along with the estimation we develop the resampling procedure

for estimating the limiting covariance matrix. We refer to this proposed approach as the modified

resampling based Buckley–James (MRBJ).

The Buckley–James estimator β̂bj is obtained from the solution of U(β, β) = 0, where

U(β, b) =
∑n

i=1(Xi − X̄){Ŷi(b) − Ȳ (b) − (Xi − X̄Tβ)}. Then β̂bj is defined by β = L(b)b=β ,

where

L(b) =

{

n
∑

i=1

(Xi − X̄)
⊗

2

}−1 [ n
∑

i=1

(Xi − X̄){Ŷi(b)− Ȳ (b)}
]

, (2.5)

where a
⊗

2 means aaT for a vector. The following iterative algorithm is then obtained from the

expression (2.5).

β̂(m) = L(β̂(m−1)), m > 1. (2.6)

In Equation (2.6) we use the Dantzig selector estimator β̂ds implemented to the weighted data
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as mentioned in Section (2.2) as the initial estimator β̂(0). The estimator β̂ds can be defined as

below.

min
β

‖β‖1 subject to ‖XT Y −X β)‖∞ 6 λ. (2.7)

The estimator β̂ds is a consistent and asymptotically normal estimator. Then following corollary

including its proof immediately follows from Jin et al. (2006).

Corollary The Dantzig selector estimator β̂ds leads to a consistent and asymptotically normal

β̂(m) for each fixed m. In addition, β̂(m) is a linearly combination of β̂ds and the Buckley–James

estimator β̂bj in that

β̂(m) = (I −D−1A)mβ̂ds + {I − (I −D−1A)m} β̂bj + op (n
− 1

2 ), (2.8)

where I is the identity matrix, D := limn→∞ n−1
∑n

i=1(Xi − X̄)
⊗

2 is the usual slope matrix

of the least squares estimating function for the uncensored data, and A is a slope matrix of the

Buckley–James estimation function as defined in Jin et al. (2006).

It also follows from Jin et al. (2006) that the matrix A approaches D when the level of

censorship shrinks to zero. The first term on the right-hand side of (2.8) then becomes negligible

and every β̂(m) approaches the usual least squares estimator. If the iterative algorithm given in

(2.6) converges, then the limit solves exactly the original Buckley–James estimating equation.

A resampling procedure to approximate the distribution of β̂(m) can now be developed by

following Jin et al. (2006). However, this resampling method including the modified Buckley–

James technique is not suitable for high–dimensional sparse linear models where p > n, because of

difficulties inverting a high–dimensional covariate matrix X. So a new strategy must be adopted.

We select an active subset A of important variables using an auxiliary method based on the initial

estimator β̂ds. One potential choice could be selecting A as {j : |β̂j
ds| > C} for a suitable value

of C. Typically C will be very small for a sparse model. We now define X by XA for those j ∈ A.

Let Zi (i = 1, · · · , n) be a n iid positive random variables such that E (Zi) = var (Zi) = 1.
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Then define

F̂ ∗(ξi) = 1−
∏

j:ξj>ξi

(

1− Ziδi
∑n

j=1 Zi1{ξj>ξi}

)

, (2.9)

and

Ŷ ∗
i (b) = δi Yi + (1− δi)

[

∫ ∞

ξi

εi
dF̂ ∗(εi)

1− F̂ ∗(ξi)
+XA

i

T
b

]

,

and

L∗(b) =

{

n
∑

i=1

Zi(X
A
i − X̄A)

⊗
2

}−1 [ n
∑

i=1

Zi(X
A
i − X̄A){Ŷ ∗

i (b)− Ȳ ∗(b)}
]

, (2.10)

where Ȳ ∗(b) = n−1
∑n

i=1 Ȳ
∗
i (b). Equation (2.10) then leads to an iterative process β̂∗

(m) =

L∗(β̂∗
(m−1)), m > 1. The initial value β̂∗

(0) of the iteration process becomes β̂∗
ds which is obtained

by optimizing criterion

min
β

‖β‖1 subject to ‖ZXAT
(Y −XAβ)‖∞ 6 λ.

For a given sample (Z1, · · · , Zn), the iteration procedure β̂∗
(k) = L∗(β̂∗

(k−1)) yields a β̂∗
(k) (1 6

k 6 m). The empirical distribution of β̂∗
(m) is based on a large number of realizations that

are computed by repeatedly generating the random sample (Z1, · · · , Zn). Then the empirical

distribution is used to approximate the distribution of β̂(m). For more details we can refer to

the work by Jin et al. (2006). It also holds from their results that the conditional distribution

of n
1
n (β̂∗

(m) − β̂(m)) given the data (T ∗
i , δi, Xi; i = 1, · · · , n) converges almost surely to the

asymptotic distribution of n
1
n (β̂(m) − β̂(0)).

2.2 Second Modified Buckley−James Approach

We propose here another modified Buckley−James iterative procedure that is designed to deal

with variable selection for censored data. In each iteration of the Buckley–James procedure we first

implement the Dantzig selector based on the weighted least squares (WLS) (Stute, 1993, 1996)
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and then it follows the imputation procedure. Here the Dantzig selector with WLS minimizes

the ℓ1 norm of β subject to an ℓ∞ constraint on the error terms. We refer to this approach

as the Buckley–James Dantzig selector (BJDS). To our knowledge there are few studies where

the Buckley−James method is modified by utilizing such regularized estimation technique in its

iterative procedure (e.g., Wang et al., 2008).

The WLS approach for AFT model implementation entails modifying the least squares ap-

proach by imposing Kaplan–Meier weights. It is a computationally more feasible approach (Huang

et al., 2007). For AFT model (1.1) the WLS estimate θ̂ = (α̂, β̂) of θ = (α, β) is defined by

θ̂ =
argmin

θ

[

1

2

n
∑

i=1

wi(Y(i) − α−XT
(i)β)

2

]

, (2.11)

where wi is the Kaplan–Meier weight corresponding to the i-th observation i.e.

w1 =
δ(1)

n
, wi =

δ(i)

n− i+ 1

i−1
∏

j=1

( n− j

n− j + 1

)δ(j)
; i = 2, · · · , n. (2.12)

In the WLS approach we assume that predictors and responses are centered by their weighted

means. For the Dantzig selector we use standardized predictors that can be obtained without loss

of generality by using a suitable scale transformation of the centered predictors. We have therefore

∑n
i=1 Yi = 0,

∑n
i=1 Xij = 0,

∑n
i=1 X

2
ij = 1 for j = 1, · · · , p. We can return to the estimator for β

on their original scale by appropriately re-parameterizing (1.1). However, standardized predictors

are not found in reality and so we present all the results on the original scale of the X ’s. The

algorithm of BJDS can be stated briefly as below.

2.2.1 BJDS Algorithm

1. Initialization: set the initial value for β and set k = 0.

2. Iteration: at the k-th iteration, compute

(a) Ŷi(β̂
k−1) = δi Yi + (1− δi)

[

∫∞

ξi
εi

dF̂ (εi)

1−F̂ (ξi)
+XT

i β̂
k−1
]

, where ξi = Yi −XT
i β̂

k−1.
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(b) βk by fitting the problem
min
β

|β‖1 subject to ‖XT (Ŷi(β̂
k−1)−Xβ)‖∞ 6 λ for

a chosen m iterations.

3. Stop: go back to the iteration step until the stopping criterion is satisfied. The stopping

criteria is chosen to be max |βk| − |βk−1| < γ for a pre-specified γ.

Remark 2.1 The BJDS algorithm might generate oscillating estimates among the iterations

because of the discontinuous nature of the discrete estimating function for β in relation to the

Kaplan–Meier estimator. The oscillation might occur if p > n but rare if the sample size is large

and the number of coefficients is small. However, for our examples with p > n we stopped the

iterative algorithm whenever such an oscillation occurred or convergence was reached [Huang &

Harrington (2005), Yu & Nan (2006), Wang et al. (2008)].

The optimization problem in Step 2(b) is a standard Dantzig selector problem for a linear

model with complete data that include uncensored and the imputed data obtained for censored ob-

servations. Since the proposed variable selection approach is a combination of the Buckley−James

and the Dantzig selector, its advantages can be illustrated from two aspects. First, as an iterative

least squares approach, the Buckley−James estimator is closely related to the OLS estimator

without censoring. Such an interpretation can be more accessible to practitioners. Second, we

use computationally very easy programming based (i.e. linear) estimation technique for high–

dimensional sparse linear model that are common in many fields such as, genomics and bioinfor-

matics.

2.3 The Two Stage Adaptive Dantzig Selector

The Dantzig selector (2.7) has received much attention as an estimation and variable selection

technique. However, the technique is rarely developed or used in regression models for survival
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data. Martinussen & Scheike (2009) studied the Dantzig selector for semi–parametric Aalen ad-

ditive hazards model using an appropriate least–squares criterion as a loss function, Antoniadis

et al. (2010) develop Dantzig selector for Cox’s proportional hazards function regression model.

Here we modify the typical Dantzig selector (2.7) by following the adaptive lasso (Zou, 2006) so

that it can be implemented for survival data. The left hand side of the Buckley−James estimating

equations (2.2) is used as the ℓ∞ constraint for the Dantzig selector. The remaining procedure is

then developed in the spirit of the adaptive lasso. This type of adaptive Dantzig selector is also

discussed in Li et al. (2013). We refer to this approach as the Dantzig selector for survival data

(DSSD).

It follows from Zou (2006) that the lasso variable selection method is inconsistent even for

sparse linear models if it does not satisfy some necessity conditions (say, Theorem 1 and Corollary

1 ). This also immediately implies that the lasso fails to achieve the oracle properties. The adaptive

lasso is developed in a way so that it satisfies oracle properties. Under the uniform uncertainty

principle, the resulting estimator of Dantzig selector achieves an ideal risk of order O(σ
√

log(p))

with a large probability. This implies that for large p, such a risk can be however large and

then even under sparse structure the estimator may also be inconsistent. To reduce the risk and

improve the performance of relevant estimation, the Gaussian Dantzig selector was suggested

in Candes & Tao (2007). Such an improved estimation is still inconsistent when the shrinkage

tuning parameter is chosen as large. Another method is the double Dantzig selector (James &

Radchenko, 2009), with which one may choose a more accurate model. At the same time one

can get a more accurate estimator. But it critically depends on the choice of shrinkage tuning

parameter.

The Dantzig selector and the lasso exhibit similar characteristics under sparse model. Both

approaches may not consistently select the true model for complete data (Bickel et al., 2009)

and so also for the censored data. Recently Li et al. (2013) show that the Dantzig selector might
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not be consistent. The authors also provided the theoretical underpinning behind the adaptive

Dantzig selector. That is, the asymptotic properties, the oracle properties. The Dantzig selector

can be viewed as an estimating equation based variable selection procedure following the Candes

& Tao (2007) and James & Radchenko (2009). This leads to the following proposed two stage

adaptive Dantzig selector.

2.3.1 The DSSD Framework In the first stage the weights are estimated from an initial esti-

mator βini. In the second stage a weighted Dantzig selector is developed using the weights. The

details of basic weighted Dantzig selector are given in Li et al. (2013). The adaptive Dantzig

selector estimator is the solution to

min
β

‖wβ‖1 subject to ‖XT (Ŷ (β̂ini)−Xβ)‖∞ 6 λw, (2.13)

where w is the data-dependent weights vector and Ŷ (β̂ini) are the imputed failure times that are

obtained by using equation (2.4).

By analogy with the adaptive lasso (Zou, 2006) and adaptive Dantzig selector (Li et al., 2013)

we conjecture that the adaptive Dantzig selector for censored data (2.13) satisfies oracle properties

if w is chosen cleverly for example, ŵj = 1/|β̂ini
j |ν for j = 1, · · · , p and for some ν > 0. The

reason for using such weights is to allow a relatively higher penalty for zero coefficients and lower

penalty for nonzero coefficients to reduce the estimation bias and improve variable selection

accuracy. The most typical choice is ŵj = 1/|β̂ls
j |, where β̂ls is the OLS estimator of β. We

introduce here an alternative choice that depends on the Z statistic value of the initial estimates.

We choose ŵj = 1/|Z(β̂ini
j )|ν , where Z(β̂ini

j ) = β̂ini
j /SE(β̂ini

j ) for j = 1, · · · , p. Note that this

alternative choice is based on the significance test of the initial estimates using Z statistic under

the asymptotic normality assumption. We recommend ŵj = 1/|Z(β̂ls
j )| by analogy with the

above ŵj = 1/|β̂ls
j |. This new weighting scheme also satisfies the similar purpose as that by the

ŵj = 1/|β̂ls
j |.
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The initial estimator obtained by optimizing Equation (2.13) is suitable for the case p < n,

where p is fixed (Zou, 2006). But for the case p > n, which is the case in many studies, the OLS

is no longer feasible. Therefore both form of weights no longer exist if p > n. Recently, Huang et

al. (2008) studied that under p > n setting, if β̂ini is zero consistent in the sense that estimators

of zero coefficients converge to zero in probability and estimators of non-zero coefficients do not

converge to zero then the adaptive estimator has oracle properties. The computational details

are given in the following algorithm.

2.3.2 Computational Algorithm for DSSD

1. Compute weights using ŵ = 1/|β̂ini| or ŵ = 1/|Z(β̂ini)|.

2. Define X∗ = X/ŵ.

3. Compute the DS estimates β̂∗ by solving the following problem using DASSO algorithm

for each λ

min
β

|β‖1 subject to ‖X∗T (Ŷ (β̂ini)−X∗β)‖∞ 6 λ.

4. Now compute the adaptive DS estimates β̂ as β̂∗/ŵ.

It can be noted that both approaches the Dantzig selector and the adaptive Dantzig selector have

the same computation cost. Also, if we use ŵ = 1/|β̂ini|ν for a specific β̂ini then a two–dimensional

cross–validation can be used to obtain the optimal pair of (λ, ν) for the DSSD method.

3. Numerical Examples

We conduct several simulation studies and one real microarray data analysis. We consider both

type of datasets, the low and high dimensional to be implemented by the two synthesis based

approaches, MRBJ and BJDS and a two stage adaptive Dantzig approach DSSD with its three

implementations—DSSD-BJ1 that is the DSSD where initial estimator is used as the MRBJ
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estimator, DSSD-BJ2 that is the DSSD where initial estimator is used as the BJDS estimator,

and DSSD-BJ1∗ that is similar to the DSSD-BJ1 method except that the weights are estimated

based on the pivotal quantity (e.g., Z value for normal test) of the MRBJ estimators. It is worth

to mention here that the resulting estimators under both approaches the MRBJ and the BJDS

are zero consistent. Because the Dantzig selector is a zero consistent regularized method that is

used in the entire process of both approaches. Hence the three DSSD approaches with the zero

consistent initial estimators derived from the MRBJ and BJDS can easily be implemented for

datasets where p > n.

3.1 Simulation Studies

We estimate ρ2 that measures the ratio of the squared error between estimated and true β to the

theoretical optimum squared error assuming that the identity of the non–zero β coefficients was

known. The ρ2 is defined by

ρ2 =

∑p
j=1(β̂j − βj)

2

∑p
j=1 min(β2

j , σ
2)
.

For estimating predictive performance we use MSEpred that is the mean squared error in predict-

ing the expected failure times over a test dataset. We also use a statistic called M that calculates

the average number of variables selected in the final model, the false positive rate denoted by F+

and the false negative rate denoted by F−.

Let the logarithm of the survival time is generated using the true model

Yi = XT
i β + σεi, for i = 1, · · · , n, (3.14)

where σ is the signal to noise ratio, and εi ∼ f(·). Here f(·) is used to denote any suitable

probability density function. The pairwise correlation (rij) between the i-th and the j-th com-

ponents of X is set to be 0.5|i−j|. Random censorship is maintained throughout the study. For a

desired level of censoring, P% the censored time is generated from a particular distribution. For
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most of the examples we consider three level of P%- 30, 50, and 70 that are indicated as low,

medium and high respectively. Note that for underlying simulation examples the intercepts were

not counted in computing the number of non-zero coefficients. We denote the total number of

relevant variables for each underlying example by pγ .

3.1.1 Example I: Group Selection of Correlated Variables; Case 1: p < n We consider n = 40

and 100, p = 40, ε ∼ N(0, 1) and σ = 1. There are six blocks of covariates X of which each of the

first five blocks contains 5 correlated covariates and the rest sixth block contains 25 covariates.

That is, coefficients for β’s for j ∈ {1, · · · , 5} ∪ {11, · · · , 15} ∪ {21, · · · , 25} are set to be 5

(i.e. number of important covariates, pγ = 15) and the remaining 25 β’s are set to be 0 and

X ∼ MVN(0, Σ), where

Σ =





















Σ0

Σ0

Σ0 0.2J
0.2J Σ0

Σ0 0.2J
0.2J Σ0

Σ1





















.

Here Σ0 is a 5 × 5 matrix with diagonal elements chosen to be 1 and off–diagonal elements 0.7,

Σ1 is a 10 × 10 identity matrix, and J is a 5 × 5 matrix with all elements 1. The censoring

time is generated from the Uniform distribution U(−a, a) with suitable value for a calculated

analytically for two P%, 30 and 50. Results from 1000 simulation runs are reported in Table

1. For this example we calculate one further summary statistic called PM that represents the

proportion of the total number of selected relevant variables to the total number of true relevant

variables. It is worth mentioning that the practical implication of grouped variables typically

is seen in gene expression data where p is large and n is small. The analysis of such grouped

variables has attracted attention in many studies.

When n = 40 all the approaches except the MRBJ perform very well in terms of all perfor-

mance indicators at both censoring levels. The overall performances for the methods deteriorate
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Table 1. Simulation results for case 1 (n = 40, 100; p = 40) of example I. Here block with (*) stands for the noninformative block. The theoretical
value for M is 15.

P% = 30 P% = 50
Parameter Blocks MRBJ BJDS DSSD-BJ1 DSSD-BJ1* DSSD-BJ2 MRBJ BJDS DSSD-BJ1 DSSD-BJ1* DSSD-BJ2

n = 40, p = 40
ρ2 - 16.17 2.39 1.35 1.35 2.39 23.56 18.49 11.32 11.32 18.49
MSEpred - 1237.2 1431.5 1587.2 1445.95 1655.12 1932.8 2093.4 1772.1 1964.0 1704.6
M - 11.64 14.98 14.9 14.9 14.98 10.46 13.16 12.48 12.48 13.16
F+ - 0.06 0.01 0.00 0.00 0.01 0.07 0.07 0.04 0.04 0.07
F− - 0.33 0.02 0.01 0.01 0.02 0.42 0.23 0.23 0.23 0.23

n = 100, p = 40
ρ2 - 1.49 0.32 0.11 0.11 0.32 7.09 5.40 0.37 0.37 5.43
MSEpred - 1324.8 1331.9 1193.9 1194.1 1234.8 2195.0 2640.3 1947.7 1949.3 2174.5
M - 14.7 15 15 15 15 13.62 16.44 15 15 15.08
F+ - 0.01 0.00 0.00 0.00 0.00 0.04 0.06 0.00 0.00 0.02
F− - 0.04 0.00 0.00 0.00 0.00 0.16 0.01 0.00 0.00 0.02

n = 40, p = 40

PM

Block1 0.68 0.98 0.99 0.99 0.98 0.56 0.78 0.78 0.78 0.78
Block2* 0.06 0.00 0.00 0.00 0.00 0.04 0.05 0.03 0.03 0.05
Block3 0.62 0.97 0.98 0.98 0.97 0.58 0.77 0.75 0.75 0.77
Block4* 0.08 0.02 0.01 0.01 0.02 0.09 0.07 0.05 0.05 0.07
Block5 0.70 0.99 1.00 1.00 0.99 0.60 0.75 0.77 0.77 0.75
Block6* 0.06 0.01 0.00 0.00 0.01 0.07 0.07 0.04 0.04 0.07

n = 100, p = 40

PM

Block1 0.96 1.00 1.00 1.00 1.00 0.85 0.99 1.00 1.00 0.97
Block2* 0.04 0.00 0.00 0.00 0.00 0.02 0.05 0.00 0.00 0.02
Block3 0.94 1.00 1.00 1.00 1.00 0.85 0.99 1.00 1.00 0.96
Block4* 0.00 0.00 0.00 0.00 0.00 0.03 0.09 0.00 0.00 0.05
Block5 0.98 1.00 1.00 1.00 1.00 0.83 0.99 1.00 1.00 0.96
Block6* 0.01 0.00 0.00 0.00 0.00 0.05 0.06 0.00 0.00 0.02
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when censoring increases. The methods tend to give more error, more false positive and false neg-

ative rates, less prediction accuracy and underestimate the grouped effects when the censoring

rate increases. The MRBJ is found to be the worst in terms of all indicators except the prediction

accuracy in the lower censoring level. For both censoring levels the method tends to provide very

high F− although maintaining the low rate of F+. This high F− and low F+ also found in the

value of PM corresponding to the informative blocks. For these blocks the proportion of the total

number of selected variables to the total number of originally expected variables is found to be

very low. The BJDS performs as good as those the three DSSD based methods. However, the

BJDS produces very poor predictive accuracy. With a higher sample size (n = 100) the MRBJ

seems to be the worst. All other methods perform similarly to their performance for n = 40.

However, at both censoring levels the methods except the MRBJ provide much less error along

with low rate of F+, F−, and PM (for informative blocks). Apart from MRBJ, the methods

perform very well.

Case 2: p > n

In this example we use n = 50, p = 60. We consider first 30 coefficients of β to be non-zero

(i.e. pγ = 30) and they are assumed to be 5. The remaining coefficients are fixed to be zero. We

maintain everything else the same as for the first case example except that X ∼ MVN(0, Σ),

where

Σ =









Σ0

Σ0 0.2J
0.2J Σ0

Σ0









.

Here Σ0 is a 15 × 15 matrix with diagonal elements 1 and off–diagonal elements 0.7, and J is a

15× 15 matrix with all elements 1. The results are summarized in Table 2.

We observe that, not surprisingly, the performance of all methods deteriorate when the un-

derlying dataset is high–dimensional. The performance deteriorates even more when censoring

increases to the higher level. Among the methods MRBJ, as for the case 1 example, is shown

to be the worst. However, MRBJ does gives the lowest false positive rate. All the remaining
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Table 2. Simulation results for case 2 of example I (n = 50, p = 60). Here block with (*) stands for the noninformative block. The theoretical
value for M is 30.

P% = 30 P% = 50
Parameter Blocks MRBJ BJDS DSSD-BJ1 DSSD-BJ1* DSSD-BJ2 MRBJ BJDS DSSD-BJ1 DSSD-BJ1* DSSD-BJ2
ρ2 - 32.82 8.07 4.56 4.56 8.07 44.79 30.73 20.81 20.81 30.73
MSEpred - 11148.3 6694.4 6364.2 9781.1 8106.2 13025.6 12136.5 10682.6 9757.2 10442.5
M - 15.56 34.28 34.26 34.26 34.34 13.28 24.3 24.34 24.28 24.36
F+ - 0.01 0.19 0.16 0.16 0.19 0.01 0.07 0.06 0.06 0.07
F− - 0.49 0.03 0.02 0.02 0.03 0.57 0.25 0.25 0.25 0.25

PM

Block1 0.52 0.95 0.98 0.98 0.95 0.42 0.74 0.74 0.74 0.74
Block2 0.50 0.96 0.98 0.98 0.96 0.44 0.74 0.76 0.75 0.75
Block3* 0.01 0.19 0.19 0.18 0.20 0.01 0.07 0.06 0.06 0.07
Block4* 0.00 0.18 0.14 0.14 0.18 0.01 0.07 0.06 0.06 0.07
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methods perform very similarly to each other in terms of coefficient estimation, grouped effects

estimation, identifying the correct coefficients for the full model (i.e. low rate of F+ and F−) and

also for the informative blocks (i.e. high rate of PM). The methods might slightly overestimate

the coefficients in the low censoring (30%) but underestimate in the higher censoring (50%). The

BJDS or DSSD-BJ1 might give the lowest prediction accuracy in lower censoring but in higher

censoring the method that might do the same is the method DSSD-BJ1*.

3.1.2 Example II (n = 30, p = 60) We assume the first 20 coefficients for β to be 5 (i.e. pγ is

20) and the remaining coefficients of β to be zero, X ∼ U(0, 1). We choose two AFT models, the

log-normal and the Weibull. For the log-normal model survival time is generated using Equation

(3.14) with εi ∼ N(0, 1). For the Weibull AFT model survival time is generated using the same

Equation (3.14) with εi ∼ log(Weibull) leading to Weibull distributed lifetimes (conditional on

the covariates). More precisely, in Equation (3.14) the error is σε, where ε is defined as follows:

log[W ]− E log[W ]
√

Var{log[W ]}
, where W ∼ Weibull (5, 1)

with noise to signal ratio value σ = 1. Now for both AFT models the censoring time is generated

from a log-normal distribution that has the form exp[N(c0
√
1 + σ, (1 + σ2))] where we choose

σ = 1. The c0 is determined analytically based on the pre-specified three P%.

Table 3 summarizes the results from 1000 simulation runs. The summary results reveal the

following findings (note that the previous example also supports most of these findings): If there

is collinearity among the covariates then the error and the prediction error generally increase

for the methods. The rate of false positive and false negative also slightly increase. If censoring

increases the methods underestimate the coefficient estimation severely and the error, predicted

error, and false negative rate deteriorate. Only the false positive rate gets better (reduces) as

censoring increases. Among the approaches MRBJ is the worst overall. All remaining methods

perform fairly similarly to each other in terms of coefficient estimation, identifying the correct
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Table 3. Simulation results for example II (n = 30, p = 60). The theoretical value for M is 20.

rij = 0 rij = 0.5
P% Methods ρ2 MSEpred M F+ F− ρ2 MSEpred M F+ F−

Log-normal AFT

30

MRBJ 23.21 971.1 14.2 0.26 0.55 23.01 4877.8 14.3 0.20 0.49
BJDS 21.13 799.4 19.5 0.34 0.36 20.85 835.4 19.3 0.36 0.40
DSSD-BJ1 21.04 1136.6 19.4 0.34 0.36 20.70 1000.4 19.7 0.36 0.40
DSSD-BJ1* 21.04 913.5 19.4 0.34 0.36 20.70 941.0 19.7 0.38 0.39
DSSD-BJ2 21.13 1827.2 19.5 0.34 0.36 20.85 1874.4 19.3 0.36 0.40

50

MRBJ 31.78 763.3 11.8 0.24 0.65 27.98 5687.0 11 0.21 0.66
BJDS 26.16 934.6 13.8 0.30 0.61 25.47 673.1 13.8 0.28 0.59
DSSD-BJ1 25.96 1003.4 13.8 0.30 0.61 24.85 879.6 13.9 0.29 0.60
DSSD-BJ1* 25.96 859.8 13.8 0.29 0.60 24.85 998.2 13.9 0.29 0.60
DSSD-BJ2 26.16 1552.8 13.8 0.20 0.61 25.47 1420.1 13.8 0.28 0.59

70

MRBJ 30.19 665.7 7.3 0.12 0.76 31.42 6390.3 7.2 0.13 0.77
BJDS 28.39 659.3 8 0.15 0.75 33.56 662.6 7.9 0.16 0.76
DSSD-BJ1 27.53 764.2 8 0.14 0.74 30.63 588.9 8 0.17 0.77
DSSD-BJ1* 27.53 672.3 8 0.14 0.74 30.63 625.8 8 0.17 0.77
DSSD-BJ2 28.39 994.5 8 0.15 0.75 33.56 920.0 7.9 0.16 0.76

Weibull AFT

30

MRBJ 22.47 963.0 14.1 0.21 0.50 27.07 6819.8 13.7 0.24 0.55
BJDS 20.89 711.7 19.3 0.34 0.38 22.55 712.9 13.7 0.402 0.43
DSSD-BJ1 20.90 1060.1 19.3 0.34 0.38 22.46 1209.8 19.3 0.40 0.43
DSSD-BJ1* 20.90 2598.1 19.3 0.34 0.38 22.46 1111.8 19.3 0.40 0.43
DSSD-BJ2 20.89 1851.7 19.3 0.34 0.38 22.55 1902.1 19.5 0.40 0.43

50

MRBJ 32.11 1085.4 10.4 0.20 0.68 24.68 3866.5 11.1 0.17 0.62
BJDS 27.08 846.4 13.4 0.26 0.59 22.42 489.1 13.8 0.24 0.55
DSSD-BJ1 27.10 999.0 13.1 0.26 0.60 22.35 579.7 13.9 0.24 0.55
DSSD-BJ1* 27.10 1020.5 13.1 0.26 0.60 22.35 570.0 13.9 0.24 0.55
DSSD-BJ2 27.08 1403.6 13.4 0.26 0.59 22.42 1412.9 13.8 0.24 0.55

70

MRBJ 29.25 740.0 7.1 0.16 0.80 31.58 4605.2 7.5 0.16 0.79
BJDS 29.48 720.4 7.7 0.17 0.78 30.89 669.0 7.9 0.16 0.76
DSSD-BJ1 28.90 707.9 7.6 0.16 0.78 31.28 729.6 7.9 0.16 0.76
DSSD-BJ1* 28.90 727.5 7.6 0.16 0.78 31.28 736.4 7.9 0.16 0.76
DSSD-BJ2 29.48 900.5 7.7 0.17 0.78 30.89 1000.4 7.9 0.16 0.76

coefficients and the error although BJDS tends to generate less predicted error.

3.2 Real Data Example: DLBCL Data of Rosenwald et al.

The Diffuse large–B–cell lymphoma (DLBCL) dataset of Rosenwald et al. (2002) illustrates the

application of our proposed variable selection algorithms. As indicated, Rosenwald et al. (2002)

employed the Lymphochip cDNA microarray in developing predictive models of survival (from

time of chemotherapy) in DLBCL patients. These data consist of measurements of 7399 genes

from 240 patients obtained from customized cDNA microarrays (lymphochip). Both disease-free

and overall survival are major concerns in the treatment of this disease. Although most patients
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Table 4. Number of genes selected by the methods (diagonal elements) and number of common genes
found between the methods (off diagonal elements). In parenthesis, genes selected by the methods with
the SIS implementation.

Methods MRBJ BJDS DSSD-BJ1 DSSD-BJ1* DSSD-BJ2 SIS TCS PC-simple
MRBJ 20(19) 01(03) 13(12) 13(12) 04(05) 01(03) 00(00) 02(02)
BJDS 01(03) 08(07) 02(03) 02(03) 07(04) 01(00) 00(00) 00(00)
DSSD-BJ1 13(12) 02(03) 64(46) 64(46) 10(17) 01(03) 00(00) 04(01)
DSSD-BJ1* 13(12) 02(03) 64(46) 64(46) 10(17) 01(03) 00(00) 04(01)
DSSD-BJ2 04(05) 07(04) 10(17) 10(17) 41(34) 01(01) 00(01) 01(00)
SIS 01(03) 01(00) 01(03) 01(03) 01(01) 02(10) 00(00) 01(02)
TCS 00(00) 00(00) 00(00) 00(00) 00(01) 00(00) 02(02) 00(00)
PC-simple 02(02) 00(00) 04(01) 04(01) 01(00) 01(02) 00(00) 07(05)

respond initially to chemotherapy, fewer than half achieve lasting remission. A survival time was

recorded for each patient, ranging between 0 and 21.8 years with a median survival time of 2.8

years. Among them, 127 were deceased (uncensored) and 95 were alive (censored) at the end of

the study. A more detailed description of the data can be found in Rosenwald et al. (2002).

The authors fitted univariate Cox PH models on each probe after dividing the data into a

training set with 160 patients and a test set with 80 patients. Genes that were associated with a

good or a bad outcome (overall survival after chemotherapy) at a significance level of p < 0.01

were assigned to gene–expression signatures. This leads to a set of 473 genes. We fitted univariate

log-normal AFT models to each individual gene using the training data of 160 patients. We found

463 genes that are significant at level p < 0.01. For further analysis with our proposed approaches

we finally select 392 genes that are found common to the both pre-filtering processes the univariate

Cox PH model and the AFT model.

We employ all five proposed approaches to the training data to select the predictive genes

among these 392 candidate genes. Of interest, for comparing with our proposed approaches, we

implement three correlation-based greedy variable selection approaches—SIS (Fan & Lv, 2008),

Pc-simple (Bühlmann et al., 2010) and tilting (Cho & Fryzlewicz, 2012) to the training data.

Note that these methods are implemented with the weighted data as mentioned in Section (2.2)

and in this paper we did not discuss them due to limited space. The MRBJ selects 20 genes,

the BJDS returns a final model of 8 genes, the DSSD-BJ1 identifies 64, the DSSD-BJ1* finds

CRiSM Paper No. 14-28, www.warwick.ac.uk/go/crism



Variable Selection for High–dimensional Survival Data 21

64, the DSSD-BJ2 selects 41. The number of genes selected for the final model by the three

greedy approaches SIS, TCS, and PC-simple are 2, 2, and 7 respectively. Table 4 represents the

number of genes identified by the proposed methods along with the number of common genes

between the methods. There are 22 genes that are found common to at least three proposed

methods. The predictive MSE for the methods are found as 53.044, 44.489, 49.056, 49.310 and

45.483 respectively. Slightly lower predictive errors are found for two methods–the BJDS and the

DSSD-BJ2. The MRBJ seems to be the worst as it tends to give the highest predictive MSE.

To evaluate and validate the predictive performance of the methods, we use the obtained

models to predict the risk of death in the DLBCL test dataset. A subject is classified to be in the

high risk group or low risk group based on whether the model based predicted risk score exceeds

the median survival time in the training dataset. The comparison of the Kaplan–Meier curves

between the high and the low risk groups defined by the competing methods is shown in Figures

1 (for all methods except the MRBJ) and 2 (for only the MRBJ). A log–rank test is used in

order to determine whether there is a significant difference between the Kaplan–Meier survival

curves for the resulting groups. The Kaplan–Meier plots of overall survival clearly show distinct

differences in the survival times in the validation dataset (Figures 1 and 2). The p-value from

the log–rank test suggests that four methods the BJDS, DSSD-BJ1, DSSD-BJ1*, and MRBJ

perform very well to group the patients’ survival time into two risk sets with their respective

risk score. The other method, DSSD-BJ2 performs slightly worst, particularly with its risk score

based on the much higher genes (41). The p-values for comparing high and low risk groups by

the methods are 0.062 for the BJDS, 0.065 for the DSSD-BJ1, 0.056 for the DSSD-BJ1*, 0.102

for the DSSD-BJ2, and 0.046 for the MRBJ.

It is worth mentioning that the two stage inferential analysis is prone to circularity bias

(Kriegeskorte et at., 2009) because of the noise that might remain in the dataset even after

preprocessing. The above DLBCL data is a high–dimensional dataset and hence circularity bias
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Fig. 1. Survival comparison between the high risk group and low risk group using different methods with
(bottom two panels) and without (top two panels) the SIS implementation.
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Fig. 2. Survival comparison between the high risk group and low risk group using MRBJ method with
(right panel) and without (left panel) the SIS implementation.

might arise when inference is made based on the 392 genes. Therefore it is important to make

some improvements for the double dipping process to mitigate the circularity bias. Kriegeskorte

et al. (2009, 2010) also make important suggestions for mitigating the effect of circularity bias.

Given that there were 7399 genes in total, one might expect about 74 to be selected by chance

using our univariate criterion (p < 0.01). The false positive genes might causes circularity bias

in the analysis for high-dimensional microarray dataset. Apart from this, the important genes

might be highly correlated with some unimportant ones. The number of spurious correlations,

and the maximum spurious correlation between a gene and the survival time, also grow with

dimensionality. As a remedy, we now introduce a smart pre-filtering technique for DLBCL data

that reduces circularity bias with a vanishing false discovery rate. Recently, Fan & Lv (2008)

introduced the SIS idea, that reduces the ultra-high dimensionality to a relatively large scale dn

but where dn < n. Asymptotic theory is used to show that, with high probability, SIS keeps

all important variables with vanishing false discovery rate. Then, the lower dimension methods

such as the SCAD (Fan & Li, 2001) can be used to estimate the sparse model. This procedure is

referred to as SIS+SCAD (Fan & Lv, 2008).

For the DLBCL data we first apply SIS to reduce the dimensionality from 7399 to dn =

[3.5n2/3] = 135 and then fit the data by using the methods (proposed methods and three greedy
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Table 5. Number of genes selected by the methods with and without the SIS implementation.

Methods MRBJ BJDS DSSD-BJ1 DSSD-BJ1* DSSD-BJ2 SIS TCS PC-simple
SIS+MRBJ 02 00 02 02 01 01 00 04
SIS+BJDS 01 00 01 01 01 00 00 03
SIS+DSSD-BJ1 00 00 01 01 01 00 00 01
SIS+DSSD-BJ1* 00 00 01 01 01 00 00 01
SIS+DSSD-BJ2 00 00 00 00 00 00 00 01
SIS+SCAD 01 01 01 01 01 01 00 01
SIS+TCS 00 00 00 00 00 00 00 00
SIS+PC 01 00 01 01 00 01 00 02

methods). We call this procedure SIS+methods. The number of genes selected by the methods

after implementation of SIS are reported in Table 4 (numbers in parentheses). The three greedy

methods tend to return final models with fewer genes. The SIS and TCS select the lowest number

of genes (2). Among the proposed methods the BJDS selects the lowest number of genes (8). The

Table 5 shows the number of common genes found by the methods with SIS implementation and

without SIS implementation. The results suggest that the implementation of SIS followed by the

methods pick smaller sets of genes most of which are different as compared to the set of genes

found by the methods without SIS (Table 4). The predictive performance of proposed methods

after SIS implementation improves for all methods (Figures 1 and 2). The predictive MSE’s for

the methods are found as 52.5, 45.7, 42.6, 43, and 44.4 respectively after the implementation of

SIS.

4. Discussion

Variable selection as a statistical method for analysing high–dimensional survival data have be-

come increasingly important in many areas such as genomic, biomedical, and bioinformatics. We

have proposed five variable selection algorithms that are suitable to apply for AFT models for the

dataset with high-dimensionality. The first modified Buckley–James method (MRBJ) provides

consistent estimators for coefficients using a resampling method. It considers properly the sam-

pling variations due to both the least squares estimation and also the imputation of the censored
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failure times. The MRBJ is based on a resampling technique that produces a limiting covariance

matrix for the parameters. For a high–dimensional sparse linear model the limiting covariance

matrix is produced for a reduced set of parameters. The second modified Buckley–James approach

(BJDS) shows how the Dantzig selector can be utilized in the Buckley–James iterative process to

establish a sparse variable selection process. The BJDS is able to perform simultaneous parameter

estimation and variable selection. The last three Dantzig selector approaches for survival data

(DSSD) use an adaptive Dantzig selector designed to work for both low and high–dimensional

survival data. We also introduce, under the DSSD-BJ1*, a new data–dependent weighting scheme

obtained using the normal Z statistic of the initial estimators. The setting of the algorithms in

Section 2.3 suggests that the DSSD-BJ1 and the DSSD-BJ1* should give similar performance in

the examples. This is exactly what we observe with the summary statistics for simulations with

both approaches.

Considering all the simulation examples we may say that when censoring increases, the estima-

tion and prediction problem become more difficult under each method. When there is a grouping

effect, all the methods except the MRBJ capture more grouped effects. They outperform the

MRBJ regardless of the dimensionality of the data. With a sparse model and grouping effects,

the simulation results demonstrate that all methods except the MRBJ have similar performances.

However, for the real data example the performance of MRBJ seems to be very close to that of

the other methods. The DLBCL gene expression data analysis suggests that all proposed methods

may perform similarly to the three greedy variable selection techniques SIS, TCS and PC-simple.

We also see that the sure independence screening technique improves the performance of most of

the proposed methods considerably.
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