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The problem

Given

I A set G of possible pedigrees;

I a prior over pedigrees p(g);

I observed marker data xo ;

I and an assumption of Mendelian segregation

Find

I arg maxg∈G P(g |xo)
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Why logic?

I There are a great many hard (i.e. non-probabilistic)
constraints between the elements of pedigrees, ordered
genotypes and unordered genotypes.

I Logic provides a useful way of representing them.

I Logic-based optimisers can exploit them.

I Can incorporate probabilities via weighted logical formulae.
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All variables are binary

I Due to the logical approach all variables are binary.
I There will be four disjoint collections of binary variables to

encode:

1. the pedigree (g)
2. the unobserved ordered genotypes (y)
3. the observed and unobserved unordered genotypes

(x = (xh, xo))
4. and the (possibly observed) auxilliary variables giving e.g.

relative age information (z).

I An exponential-family distribution will be defined for
P(g , x , y , z).
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Pedigree and auxiliary variables

Pedigree variables father(bob, alice), mother(alice, rob), . . .

Auxiliary variables older(bob, alice), . . .

Each such variable has two values: TRUE (1) or FALSE (0).
There are many constraints, for example:

I ∀X ,Y : father(X ,Y ) → older(X ,Y ),
∀X ,Y ,Z : older(X ,Y ) ∧ older(Y ,Z ) → older(X ,Z ),. . .

I ∀X ,Y ,Z : X 6= Y → ¬father(X ,Z ) ∨ ¬father(Y ,Z ), . . .
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First-order and propositional logic

A universally-quantified first-order formula like:

∀X ,Y : father(X ,Y ) → older(X ,Y )

is a compact representation for all its ‘ground instances’:

I father(bob, alice) → older(bob, alice)

I father(bob, tom) → older(bob, tom)

I . . .

Since we have only finitely many people and alleles we can replace
each first-order formula by its set of ground instances.
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Ordered genotype variables

Ordered genotype variables pat(bob, a2), mat(alice, a4), . . .

I pat and mat are functional relations:
∀X ,A,B : A 6= B → ¬mat(X ,A) ∨ ¬mat(X ,B),
∀X : ∃A : pat(X ,A), . . .

I Homozygous inheritance:
∀X ,Y ,A : pat(X ,A)∧mat(X ,A)∧father(X ,Y ) → pat(Y ,A).
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Unordered genotype variables

Unordered genotype variables genotype(bob, a1, a2), . . .

I ∀X ,A,B : genotype(X ,A,B) ↔
(pat(X ,A) ∧mat(X ,B)) ∨ (mat(X ,A) ∧ pat(X ,B))
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Possible worlds

I Recall that each ground atomic formula (atom), such as
father(bob, alice) or genotype(bob, a1, a2) is a binary
variable with values: TRUE and FALSE.

I A full joint instantiation of truth-values to all atoms in a given
language is known as a possible world.

I The rules rule out possible worlds which cannot represent a
feasible segregation network.

I We can use weighted rules to define a suitable distribution
over the surviving worlds.
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An example possible world

As is typical only true ground atoms are listed:

father(m1,m2) pa(m2,a1)
older(m1,m2) pa(f1,a3)
mother(f1,m1) ma(m1,a1)
older(f1,m1) ma(m2,a2)
mother(f1,m2) ma(f1,a1)
older(f1,m2) genotype(m1,a1,a1)
pa(m1,a1) genotype(m2,a1,a2)

genotype(f1,a1,a3)
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Weighted rules

A weighted first-order rule like:

30 : ∀X ,Y ,Z : mother(X ,Y ) ∧ father(Y ,Z ) → ¬mother(X ,Z )

represents its set of ground instances:

I 30 : mother(f1,m1) ∧ father(m1,m2) → ¬mother(f1,m2)

I 30 : mother(f1,m2) ∧ father(m2,m1) → ¬mother(f1,m1)

I . . .

Each such ground instance is either true or false in any possible
world, and so is a binary ‘feature’ of that world.
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An exponential-family distribution

Let m be a possible world satisfying all hard constraints then:

P(m) = Z−1
w exp

(∑
f ∈GF

wf I (m |= f )

)

where the sum is over all ground weighted formulae, wf is the
weight and m |= f iff formula f is true in world m.
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Markov logic

Let {(wi ,Fi )}i be a collection of weighted formulae (clauses) and
let m be a possible world, then a Markov logic network
(Richardson & Domingos, MLJ 05) defines the following
exponential-family distribution:

P(m) = Z−1
w exp

(∑
i

wini (m)

)

where ni (m) is the number of true ‘instances’ of formula Fi in
world m.
Hard rules have infinite weight.
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Penalty for heterozygosity

Assuming Mendelian segregation

− log 0.5 : ∀X ,Y ,A,B : ¬(father(X ,Y )∧pat(X ,A)∧mat(X ,B)∧A 6= B)
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Encoding population frequencies

− log pi : ∀Y : ∃X : father(X ,Y ) ∨ ¬pat(Y , ai )

− log pi : ∀Y : ∃X : mother(X ,Y ) ∨ ¬mat(Y , ai )
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Priors on pedigrees

For example:

30 : ∀X ,Y ,Z : mother(X ,Y ) ∧ father(Y ,Z ) → ¬mother(X ,Z )

20 : ∀X ,Y ,Z : mother(X ,Z ) ∧ father(Y ,Z ) → ¬related(X ,Y )

Just a different way of writing down the prior of (Sheehan &
Egeland, 2007).
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Incorporating evidence

I Just add in the appropriate ground atoms, e.g.
I genotype(bob, a1, a2)
I father(john, robin)

I thus ruling out all worlds in which these are not true.

I The intelligent approach is to ‘propagate’ the evidence to
specialise the general-purpose logical knowledge base.
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From first-order logic to propositional logic

I For any given problem we have a finite number of individuals
and alleles.

I So we can (and do) generate all ground instances of all
formulae (hard and soft).

I So, the first-order representation is merely a convenient way
of formulating the problem.

I The Alchemy and thebeast Markov logic software do this
conversion internally.

I I did it with a little Prolog program.
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An simple example

With a uniform prior on pedigrees and this (unordered) genotype
data:

genotype(m1,a1,a2) genotype(f1,a2,a2)
genotype(m2,a1,a2) genotype(f2,a1,a2)
genotype(m3,a2,a2) genotype(f3,a2,a2)
genotype(m4,a1,a2) genotype(f4,a1,a2)
genotype(m5,a1,a1) genotype(f5,a1,a1)
mother(f1,f3)
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Result

The exact weighted MAX-SAT solver (minimaxsat1.0, Heras et al)
took 30 seconds to establish that this ‘possible world’ is the most
probable:

father(m2,m4) mother(f1,m1) pa(m1,a1) ma(m1,a2)
father(m2,f1) mother(f1,m3) pa(m2,a1) ma(m2,a2)
father(m2,f5) mother(f1,m4) pa(m3,a2) ma(m3,a2)
father(m4,m1) mother(f1,f3) pa(m4,a1) ma(m4,a2)
father(m4,m3) mother(f2,m2) pa(m5,a1) ma(m5,a1)
father(m4,m5) mother(f2,f1) pa(f1,a2) ma(f1,a2)
father(m4,f3) mother(f2,f4) pa(f2,a1) ma(f2,a2)
father(m4,f4) mother(f2,f5) pa(f3,a2) ma(f3,a2)

mother(f5,m5) pa(f4,a2) ma(f4,a1)
pa(f5,a1) ma(f5,a1)
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Not there yet!

I This is a nice way of solving arg maxg ,y P(x , y |g)P(g), but we
actually want to solve
arg maxg P(x |g)P(g) = arg maxg

∑
y P(x , y |g)P(g).

I Domingos’s group (University of Washington) apparently
working on this right now.
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Times

Took 145s.

genotype(m1,a1,a2) genotype(f1,a2,a2)
genotype(m2,a1,a2) genotype(f2,a1,a2)
genotype(m3,a2,a2) genotype(f3,a2,a2)
genotype(m4,a1,a2) genotype(f4,a1,a2)
genotype(m5,a1,a1) genotype(f5,a1,a1)

If a total order is added, this reduces to 0.076s.
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Times

Took 15s.

gc(hard,[genotype(m1,a1,a1)]).
gc(hard,[genotype(m2,a1,a2)]).
gc(hard,[genotype(m3,a2,a2)]).
gc(hard,[genotype(m4,a2,a2)]).
gc(hard,[genotype(m5,a1,a1)]).
gc(hard,[genotype(f1,a2,a2)]).
gc(hard,[genotype(f2,a2,a2)]).
gc(hard,[genotype(f3,a2,a2)]).
gc(hard,[genotype(f4,a1,a1)]).
gc(hard,[genotype(f5,a1,a1)]).
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Actual input

c 1 father(m1,m2)
c 2 older(m1,m2)
c gc(hard,[-father(m1,m2),older(m1,m2)]) [1617,-1,2,0]
...
p wcnf 250 2794
1617 -1 2 0
1617 -3 4 0
....
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Actual output

o 4936
...
o 40
c RES: 40 145.134 50926224
s OPTIMUM FOUND
v -1 2 -3 4 5 6 -7 8 -9 10 -11 -12 -13 14 -15 16 17 18 -19 -20 -21 -22 -23 -24 -25 -26 -27 28 -29 -30 -31 -32 -33 -34 -35 -36 -37 -38 -39 40 -41 -42 -43 -44 -45 46 -47 -48 -49 -50 -51 -52 -53 -54 -55 -56 57 58 59 60 61 62 63 64 -65 -66 67 68 69 70 -71 -72 -73 -74 -75 76 -77 78 -79 -80 -81 82 -83 -84 -85 86 -87 88 -89 -90 -91 -92 -93 -94 -95 -96 -97 -98 -99 -100 -101 -102 -103 -104 -105 -106 -107 -108 109 110 111 112 -113 114 115 116 117 118 119 120 121 122 123 124 125 126 -127 -128 -129 130 131 132 -133 -134 -135 -136 -137 138 -139 -140 -141 142 -143 -144 -145 -146 -147 148 -149 150 -151 -152 -153 -154 -155 156 -157 -158 -159 -160 -161 -162 -163 -164 -165 166 -167 168 -169 170 -171 172 -173 174 -175 -176 -177 178 -179 180 -181 182 183 -184 185 -186 -187 188 -189 190 191 -192 -193 194 195 -196 197 -198 -199 200 201 -202 -203 204 205 -206 207 -208 -209 210 211 -212 213 -214 215 -216 -217 218 -219 220 -221 222 -223 -224 225 -226 -227 -228 229 -230 231 -232 233 -234 -235 -236 -237 238 -239 240 -241 -242 -243 244 -245 246 -247 248 -249 -250
c _______________________________________________________________________________
c
c restarts : 1
c conflicts : 0 (0 /sec)
c decisions : 50926224 (350891 /sec)
c propagations : 24816129 (170988 /sec)
c inspects : 0 (0 /sec)
c CPU time : 145.134 s
c _______________________________________________________________________________
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