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THE GEOMETRY OF DECISION THEORY

A. PHILIP DAWID AND STEFFEN L. LAURITZEN

Abstract. A decision problem is defined in terms of an outcome space, an
action space and a loss function. Starting from these simple ingredients, we
can construct: Proper Scoring Rule; Entropy Function; Divergence Function;
Riemannian Metric; and Unbiased Estimating Equation. We illustrate these
for the case of a Riemannian outcome space.

From an abstract viewpoint, the loss function defines a duality between the
outcome and action spaces, while the correspondence between a distribution
and its Bayes act induces a self-duality. Together these determine a “decision
geometry” for the family of distributions on outcome space. This allows gen-
eralisation of many standard statistical concepts and properties. In particular
we define and study generalised exponential families.

1. Introduction

Consider a statistical decision problem (X ,A, L), defined in terms of an outcome
space X , action space A, and real-valued loss function L. Letting P be a suitable
class of distributions over X such that L(P, a) := EX∼P L(X, a) exists for all a ∈ A,
P ∈ P, we introduce, for P,Q ∈ P, x ∈ X :

Bayes act: aP := arg infa∈A L(P, a)
Scoring rule: S(x,Q) := L(x, aQ)
Entropy function: H(P ) := S(P, P )
Divergence function: d(P,Q) := S(P,Q)−H(P )

These quantities have special properties inherited from their construction [5]. In
particular:

• H(P ) is concave in P

• S(P,Q) is affine in P
• S(P,Q) is minimised in Q at Q = P

• d(P,Q)− d(P,Q0) is affine in P
• d(P,Q) ≥ 0, with equality if Q = P

Conversely, these properties essentially characterise entropy functions, scoring rules
and divergence functions that can arise in this way. In [5, 6] they are illustrated
for a number of important cases, and used to determine the optimal choice of an
experimental design.

2. Minimum divergence estimation

Let Q = {Qθ} ⊆ P be a smooth one-parameter family of distributions. Given
data (x1, . . . , xn), with empirical distribution P̂n ∈ P, a popular method of esti-
mating θ is by the minimum divergence criterion:

(1) θ̂ := arg min
θ

d(P̂n, Qθ).
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When d derives from a decision problem as above, this is equivalent to minimising
the total empirical score:

(2) θ̂ := arg min
θ

n∑
i=1

S(xi, Qθ)

— in which form it remains meaningful even when P̂n 6∈ P.
Defining now s(x, θ) := (d/dθ)S(x,Qθ), we see that θ̂(X) will satisfy the esti-

mating equation

(3)
n∑

i=1

s(Xi, θ) = 0.

Theorem 2.1. The estimating equation (3) is unbiased.

Proof. The quantity EQθ0
S(X, Qθ) is minimised in θ at θ0. Thus at θ = θ0,

0 = (d/dθ)EQθ0
S(X, Qθ)

= EQθ0
s(X, θ).

�

This result generalises readily to multi-dimensional parameter spaces.
We can thus apply standard results on unbiased estimating equations to describe

the properties of the minimum empirical score estimator θ̂: in particular, it will
typically be consistent, though not necessarily efficient.

2.1. Quasi-likelihood [13, 11, § 9.2.1]. Suppose X and A are both Euclidean
space Rn. Let h be a differentiable strictly concave function on X , and consider
the decision problem with loss function

L(x, a) = h(a) +
∂h(a)
∂aj

(xj − aj)

(where we use Einstein’s summation convention for repeated indices).
Then

L(P, a) = h(a) +
∂h(a)
∂aj

(µj
P − aj),

where µP is the mean vector of P . This is minimised for a = µP , so that the
corresponding proper scoring rule is

(4) S(x,Q) = h(µQ) +
∂h(µQ)

∂µj
Q

(xj − µj
Q),

the entropy function is H(P ) = h(µP ), and the divergence is

d(P,Q) = h(µQ)− h(µP ) +
∂h(µQ)

∂µj
Q

(µj
P − µj

Q).

Because of their dependence only on mean vectors we will also write S(x, µ) and
d(ν, µ) (ν, µ ∈ X ).

It is readily checked that

(5)
∂S(x, µ)

∂µi
= −kij(µ)(xj − µj),

where

(6) kij(µ) := − ∂2h(µ)
∂µi∂µj

(so that K(µ) := (kij(µ)) is a positive definite matrix).
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Property (5) establishes −S(x, µ) as a quasi-likelihood function for the model in
which the dispersion matrix is specified as the function V (µ) = K(µ)−1 of the mean
µ. Conversely, if (5) holds then K(µ) must have the form of (6) for some concave
function h, so every quasi-likelihood can be obtained from a decision problem in
this way. In particular, quasi-likelihood estimation under a constraint µ ∈ E can
be conducted by minimising the empirical score S(x, µ) — or, equivalently, the
divergence d(x, µ) — subject to the constraint. It follows from (5) that this will
always yield an unbiased estimating equation, in illustration of Theorem 2.1.

3. Estimating a density on a Riemannian space

Hyvärinen [10] has proposed a method for estimating a density over a Euclidean
space that can be performed without knowledge of the normalisation constant.
Here we generalise this to to the case of an outcome space X that is a Riemannian
manifold, with metric defined by an inner product 〈 · , · 〉 on the tangent space at
each point x ∈ X (we do not mention the base point x explicitly). We write ‖v‖2

for 〈v, v〉. Let µ denote the corresponding volume measure on X .
As action space A, we take the set of scalar fields f such that ‖∇f‖2 → 0 as x

approaches the boundary of X . Here ∇f denotes the natural gradient of f , which
is a vector field.

Our loss function is given by:

(7) L(x, κ) := κ−1∆κ (evaluated at x).

Here ∆ denotes the Laplace-Beltrami operator , with coordinate expression, for a
scalar field f :

∆f := ∂i∂
if +

1
2
(∂if) ∂i(log det g),

where g is the metric tensor, and ∂if := gij∂jf is the coordinate expression of ∇f .
Then ∆f is a scalar field.

For P, we take the the set of probability distributions P over X that are abso-
lutely continuous with respect to µ, and such that the natural density p := dP/dµ (a
scalar field) satisfies log p ∈ A. We assume existence of all the required expectations
below.

The expected loss function is

L(P, κ) =
∫

(∆κ)(p/κ) dµ

= −
∫
〈∇κ,∇(p/κ)〉 dµ,

on applying Stokes’s theorem.
Introducing π := p

1
2 , we find:

L(P, π) = −
∫
‖∇π‖2 dµ

and

L(P, κ)− L(P, π) =
∫

κ2 ‖∇(π/κ)‖2 dµ

which is always non-negative, and vanishes if and only if κ ∝ π.
We thus have the following expressions:

Bayes act: κP := p
1
2

Entropy: H(P ) = −
∫
‖∇p

1
2 ‖2 dµ

Scoring rule: S(x,Q) = q−
1
2 ∆q

1
2 (evaluated at x)

Expected score: S(P,Q) = −
∫
〈∇q

1
2 ,∇(p/q

1
2 )〉 dµ
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Divergence: d(P,Q) =
∫

q ‖∇(p/q)
1
2 ‖2 dµ

We remark that L(x, κ), S(x,Q), d(P,Q) can be calculated even if we only know
κ or q up to a scale factor. In particular, use of the estimating equation (3) does
not require knowledge of the normalising constant for distributions in Q, which is
often hard to obtain. We further remark that, since d(P,Q) and H(P ) are defined
only for distributions P ∈ P, whereas P̂n 6∈ P, the expression of the estimation
rule in terms of minimum discrepancy, as in (1), is no longer meaningful; however,
there is no such difficulty in minimising the empirical score, as in (2).

We can re-express the above quantities in terms of lP := log p and lQ. We obtain:

S(x,Q) =
1
2
∆lQ +

1
4
‖∇lQ‖2

S(P,Q) =
1
4
EP 〈∇lQ − 2∇lP ,∇lQ〉

H(P ) = −1
4
EP ‖∇lP ‖2

d(P,Q) =
1
4
EP ‖∇lP −∇lQ‖2

We do not need to know µ to calculate the divergence: d(P,Q) is unchanged if we
interpret lP and lQ as log-densities with respect to any fixed underlying measure.

When X is Euclidean, 2 d(P,Q) becomes the criterion proposed in [10, equa-
tion (2)]; while 2S(x,Q) is the expression whose expectation (first theoretical,
then empirical) appears in [10, equations (3) and (4)].

We remark that the above proper scoring rule S(x,Q) is determined by the
values of lQ in an arbitrarily small neighborhood of x. Contrast this with the result
of [3] that the only proper scoring rule depending only on the value of lQ at x is
essentially identical with −lQ.

4. Decision geometry: General framework

We now return to the general decision problem of § 1, and introduce a concrete
framework within which we can naturally define and manipulate geometric proper-
ties associated with the problem. The theory outlined below can be made rigorous
for the case of a finite outcome space X , and is indicative of properties that (under
appropriate technical conditions) should hold more generally.

Let W be the vector space of all signed measures over X , and V the vector
space of all functions on X . These spaces are in duality with respect to the bilinear
product 〈m , f〉 =

∫
f(x) dm(x). In particular 〈P , f〉 = EX∼P {f(X)} for P a

probability distributions on X . The set P of all distributions on X is a convex
subset of W , and thereby inherits its natural parallel displacement ∇. At any
P ∈ P, the tangent space to P is naturally represented as the subspace W+ :=
{m ∈ W : m(X ) = 0}, which identification defines an affine connexion, also denoted
by ∇, on P.

The dual of W+ is the quotient space V + := V/1, where 1 denotes the one-
dimensional space of constant functions on X . We denote by π+ the natural pro-
jection from V to V +, and by ∇∗ the natural parallel displacement on V +.

Consider now a decision problem (X ,A, L). With L understood, we henceforth
identify a ∈ A with its loss function L( · , a), thus converting the action space into
a subset L of V , which we shall assume closed and bounded from below. Allowing
randomised acts, L is convex. Let L∗ denote its lower boundary, consisting of
the admissible acts. Without any essential effect, we henceforth replace L by the
convex set {v ∈ V : v ≥ a for some a ∈ L}, which has the same lower boundary
L∗. Then TP := {v ∈ V : 〈P, v〉 = H(P )} is a supporting hyperplane to L, and we
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can characterise L dually as {v ∈ V : 〈P, v〉 ≥ H(P ), all P ∈ P}.
For present purposes we make the following Basic Assumptions:

(i) For any P ∈ P there is exactly one Bayes act p ∈ L∗.1
(ii) Distinct distributions in P have distinct Bayes acts in L∗.2
(iii) Every a ∈ L∗ is a Bayes act for some P ∈ P.

The function λ : P → L∗ taking each P to its Bayes act p is then a (1, 1) corre-
spondence. The supporting hyperplane TP now becomes the tangent plane to L at
p, intersecting L at the single point p.

We note the following identifications:
• The expected loss L(P, a) is 〈P , a〉
• The Bayes act is the score function: p( · ) ≡ S( · , P )
• S(P,Q) is 〈P , q〉
• H(P ) is 〈P , p〉
• d(P,Q) is 〈P , q − p〉.

Now let L+ := π+(L∗) ⊆ V +. Note that at most one member of a ray v+ :=
{v+k : k ∈ R} ∈ V + can be in L∗, so that π+ : L∗ → L+ is a (1, 1) correspondence.

Lemma 4.1. L+ is convex.

Proof. We have to show that, for P,Q ∈ P and 0 ≤ α ≤ 1, there exist R ∈ P, k ∈ R
such that r(x) ≡ α p(x) + (1− α) q(x)− k.

For Π ∈ P, let k(Π) := α S(Π, P ) + (1− α) S(Π, Q)−H(Π) = α d(Π, P ) + (1−
α) d(Π, Q). This is a non-negative convex function on P. Let k := infΠ∈P k(Π),
and suppose that this infimum is attained at R ∈ P. Also let v := α p+(1−α) q−k.

For any Π ∈ P, 〈Π, v〉 = α 〈Π, p〉+(1−α) 〈Π, q〉−k = k(Π)+H(Π)−k ≥ H(Π),
whence v ∈ L. Moreover 〈R, v〉 = H(R) = infa∈L〈R, a〉. Thus v = r, the Bayes act
for R, and the required property is demonstrated. �

We have thus shown that the map λ+ := π+ ◦λ provides a (1, 1) correspondence
between the convex sets P ⊆ W and L+ ⊆ V +. (Since the orientation of the tangent
plane TP in V to L at p = λ(P ) is determined by P , we further see that, knowing
λ+, we can recover L∗ and λ up to an unimportant translation by a constant.)
This correspondence determines the decision geometry on P induced by the given
decision problem. In particular, in addition to the parallel displacement ∇ inherited
by P directly as a convex subset of W , it also inherits a parallel displacement ∇∗

through its correspondence with the convex subset L+ of V +.

Differential geometry. The tangent space to the manifold P at any point P is nat-
urally represented by W+, and that to L+ at any point p+ by V +. Under our basic
assumptions, the function λ+ is differentiable at P ∈ P◦ (the interior of P), its
derivative thus supplying an isomorphism between W+ and V +. Through this, ∇∗

is converted into an affine connexion (also denoted by ∇∗) on P◦; and the natural
bilinear product is converted into an inner product on W+, so defining a metric g
on P◦. These constructions and properties, which are special cases of the general
theory of [13], make (P◦, g,∇,∇∗) a dually flat statistical manifold [1, 14, 2]. We
remark that ∇ is always the mixture connexion, whereas ∇∗ and the metric will
depend on the specific decision problem. For the special case that the loss is defined
by the logarithmic score, −lQ(x), we recover the information geometry, which was
introduced in terms similar to the above in [4]. Eguchi [8] has studied the decision

1We use corresponding upper case and lower case symbols for a distribution in P and its Bayes
act in L.

2This is equivalent to the scoring rule S being strictly proper.
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geometry associated with a separable Bregman score [12, 9].

However, much of the geometric framework can be fruitfully applied at a global
level, without invoking the differentiable structure. We illustrate this below.

4.1. Generalised exponential family. Let F be the intersection of some affine
subspace of V + with L+, and E = (λ+)−1(F) the corresponding subfamily of P.
We call such E a linear generalised exponential family (LGEF). As a convex subset
of V +, F has a natural affine parametrisation and parallel displacement ∇∗, which
thus transfer to E . A 1-dimensional LGEF is a ∇∗-geodesic.

Since q( · ) ≡ S( · , Q), a LGEF E = {Qβ : β ∈ B ⊆ Rk}, with an affine parametri-
sation, is thus defined by the linear loss property [9, § 7.2]:

(8) S(x,Qβ) ≡ β0 + m(x) +
k∑

i=1

βi ti(x),

for some m, ti ∈ V , with β0 then a uniquely determined function of β. Applying
Theorem 2.1 we find dβ0/dβi = −EQβ

{ti(X)} (β ∈ B◦).

Let t := (t1, . . . , tk), and define, for τ ∈ Rk: Γτ := {P ∈ P : EP {t(X)} = τ}.
Suppose3 that there exists Pτ ∈ Γτ∩E . Since S(P,Q) = 〈P , q〉, an easy calculation,
using (8), yields:

〈P − Pτ , pτ − q〉 = 0 (P ∈ Γτ , Q ∈ E).

This in turn implies the “Pythagorean equality”:

(9) d(P, Pτ ) + d(Pτ , Q) = d(P,Q) (P ∈ Γτ , Q ∈ E).

It readily follows that, for any P ∈ Γτ ,

(10) Pτ = arg min
Q∈E

d(P,Q).

When P is the empirical distribution P̂n of data (x1, . . . , xn) from X , if there
exists Pt̄ ∈ E satisfying EPt̄

{t(X)} = t̄ := n−1
∑n

i=1 t(xi), then this will minimise
the empirical score

∑n
i=1 S(xi, Q) over Q ∈ E .

Now fix Q ∈ P, take m = q, and, for given ti ∈ V , let E be given by (8): then E
is a LGEF containing Q. Again, if there exists Pτ ∈ Γτ ∩ E then (9) holds for all
P ∈ Γτ , whence we readily deduce

(11) Pτ = arg min
P∈Γτ

d(P,Q).

What happens when Γτ 6= ∅ but Γτ ∩ E = ∅? In this case Pτ can still be defined
by (11), but will not now be in E (Pτ will in fact lie on the boundary of P). The
family Em ⊇ E of all Pτ given by (11) constitutes a full generalised exponential
family. In general this will not be flat — indeed, even in simple problems it need
not correspond to a smooth submanifold of V + [9, Example 7.1]. Nonetheless,
under mild conditions we can apply minimax theory to a suitable game between
Nature and Decision Maker, constructed from the decision problem, to derive the
Pythagorean inequality (a strengthening of (9) and so a fortiori of (11)):

(12) d(P, Pτ ) + d(Pτ , Q) ≤ d(P,Q) (P ∈ Γτ ).

3This need not hold in general: see below.
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One might conjecture that (10) also continues to hold in the form Pτ = arg minQ∈Em d(P,Q)
for P ∈ Γτ , but this need not be so [9, § 7.6.1].

Grünwald and Dawid [9] investigate further game-theoretic aspects of statistical
decision problems related to convex duality and the existence of saddle-points,
including but extending beyond properties of generalised exponential families. It is
likely that many of these can be given interesting geometric interpretations within
the framework set out above. However to incorporate the full generality of the
game-theoretic approach within the geometry it would be important to find ways
of relaxing our basic assumptions (i) and (ii).
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