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• Advances in gene sequencing + improvements in aDNA retrieval
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Finally we consider other data sets for which our
methods could provide useful analysis. Ecological data sets
about the spatial spread of alleles are the most obvious
example, for example, data about the spread of drug
resistance alleles in pathogens or vectors. Another interest-
ing area, where data are just starting to become available, is
the analysis of ancient DNA to learn about the recent
evolution of humans and other species. In principle,
relatively little data would be required to make inference
in this setting, the critical requirement being that sampling
density is sufficient to observe the frequency trajectory at
intermediate values. Finally we note that our methods are
very general in scope and could be applied not only to
genetic data, but to the spread of any variation in space. We
could use exactly the same techniques to analyze the spread
of invasive species in a new ecosystem or the spread of
cultural variation in a population.

Acknowledgments

We thank two anonymous reviewers whose comments
greatly improved the manuscript. This work was supported
by the Wellcome Trust (Grants [089250/Z/09/Z] to I.M.
and [090532/Z/09/Z] to the Wellcome Trust Centre for
Human Genetics).

Literature Cited

Anderson, E. C., E. G. Williamson, and E. A. Thompson,
2000 Monte Carlo evaluation of the likelihood for Ne from
temporally spaced samples. Genetics 156: 2109–2118.

Bignell, G. R., C. D. Greenman, H. Davies, A. P. Butler, S. Edkins
et al., 2010 Signatures of mutation and selection in the cancer
genome. Nature 463: 893–898.

Bishop, J. A., 1972 An experimental study of the cline of indus-
trial melanism in Biston betularia (L.) (Lepidoptera) between
urban Liverpool and rural North Wales. J. Anim. Ecol. 41:
209–243.

Bishop, J., L. M. Cook, and J. Muggleton, 1978 The response of
two species of moths to industrialization in northwest England.
I. Polymorphisms for melanism. Philos. T. R. Soc. B 281: 489–
515.

Bollback, J. P., T. L. York, and R. Nielsen, 2008 Estimation of 2Nes
from temporal allele frequency data. Genetics 179: 497–502.

Bustamante, C. D., A. Fledel-Alon, S. Williamson, R. Nielsen, M. T.
Hubisz et al., 2005 Natural selection on protein-coding genes
in the human genome. Nature 437: 1153–1157.

Clarke, C. A., B. S. Grant, D. F. Owen, and T. Asami, 1994 A long
term assessment of Biston betularia (L.) in one UK locality
(Caldy Common near West Kirby, Wirral), 1959–1993, and
glimpses elsewhere. Linnean 10: 18–26.

Cook, L. M., 2003 The rise and fall of the carbonaria form of the
peppered moth. Q. Rev. Biol. 78: 399–417.

Cook, L. M., and D. A. Jones, 1996 The medionigra gene in the
moth Panaxia dominula: the case for selection. Philos. T. R. Soc.
B 351: 1623–1634.

Cook, L. M., and J. R. G. Turner, 2008 Decline of melanism in two
British moths: spatial, temporal and inter-specific variation. He-
redity 101: 483–489.

Cook, L. M., R. L. H. Dennis, and G. S. Mani, 1999 Melanic morph
frequency in the peppered moth in the Manchester area. P. Roy.
Soc. B 266: 293–297.

Cook, L. M., A. M. Riley, and I. P. Woiwod, 2002 Melanic frequen-
cies in three species of moths in post industrial Britain. Biol. J.
Linn. Soc. Lond. 75: 475–482.

Cook, L. M., S. L. Sutton, and T. J. Crawford, 2005 Melanic moth
frequencies in Yorkshire, an old English industrial hot spot. J.
Hered. 96: 522–528.

Figure 5 Biston betularia data. (A) Sample
sites. The gray grid shows UK Ordnance Survey
national grid reference squares. The red high-
lighted squares indicate the range we consid-
ered for our analysis. Black dots indicate
sample sites. Red triangles indicate sites with
observations in five or more years. We excluded
sites outside the red area. (B) Estimated selec-
tion coefficients for the carbonaria allele. Each
grid square represents a single deme. Time in
generations runs along the x-axis in each deme
from 1953 to 2002. Allele frequency runs on
the y-axis in each deme from 0 to 1. Blue dots
are observations, collapsed over all sites in
a deme for each year. Gray lines are sample
paths from the final pseudoposterior distribu-
tion. The background color of each deme rep-
resents the MLEs of the selection coefficients,
which are given in the top right corner of each
deme. We assumed 2Ne = 1000 (in each deme)
and complete dominance (h = 1). Arrows in-
dicate points of high influence (all from Kettle-
well 1958). If these points are removed then
the ŝij in these demes lies between 20.12
and 20.10. The northwest and southeast
squares each have observations in only 1 year,
so the likelihood is almost completely flat.
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Modelling & observation dynamics

Allele frequencies modelled via Wright-Fisher diffusion

dXt =
1

2
(σXt(1− Xt)− θ2Xt + θ1(1− Xt)) dt +

√
Xt(1− Xt)dWt

Objective

Conduct Bayesian inference on σ based on noisy observations {Yti}ni=0

coming from WF diffusion (Xt)t≥0

Time 

Allele 
frequency 

1 

0 

x 

y 

t 

Noisy observations
Yti ∼ Bin(Nti ,Xti )

Data

Time 0: (10,3)
Time t: (8,10)
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Inferential Setup

Standard Bayesian approach:

P (σ|Y) ∝ P (σ)P (Y|σ)

= P(σ)

∫
[0,1]n

n∏
i=0

BinNti
,xti

(Yti )P(xt0 |σ)pθσ(∆i , xti−1 , xti )dx

Augment state space with latent path?

P (σ,X|Y) ∝ P (σ)P (Y|X)P(X|σ)

= P(σ)P(Xt0 |σ)
n∏

i=0

BinNti
,Xti

(Yti )
n∏

i=1

pθσ(∆i ,Xti−1 ,Xti )

Discretise and use Euler-Maruyama to generate X|σ?

• Discretisation =⇒ bias ... finer disc? computational cost ↑↑
• Euler-Maruyama not appropriate - WF has boundary behaviour!

• Should target X|Y, σ!
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How about exact simulation?

Neutral transition density

pθ0 (t, x , y) =
∞∑

m=0

qm(t)
m∑
`=0

Bm,x(`)︸ ︷︷ ︸
Binomial PMF

Dθ1+`,θ2+m−`(y)︸ ︷︷ ︸
Beta density

,

where qm(t) is a known, time-dependent, mixture distribution on N.
(Griffiths, 1980; Griffiths & Li, 1983; Tavaré, 1984)

Can simulate exactly from this distribution!

M ∼ qm(t),

(L | M = m) ∼ Binomial(m, x),

(Y | M = m, L = `) ∼ Beta(θ1 + `, θ2 + m − `).

(qm(t))m∈N is complicated but can be simulated from exactly.
(Jenkins & Spanò, 2017)
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Extending to non-neutral case?

• WF0: probability measure for neutral paths X .

• WFσ: probability measure for nonneutral paths X .

Neutral Wright-Fisher diffusion as a proposal?

X Absolute continuity: WFσ �WF0. (Dawson, 1978; Ethier & Kurtz, 1993)

X Girsanov’s formula (after some rearrangment):

dWFσ
dWF0

(X ) ∝ exp

{
A(XT )−

∫ T

0
ϕσ(Xt)dt

}
≤ 1,

where ϕσ(Xt) ∈ [ϕ−σ , ϕσ
+] and A(XT ) are known polynomials.

X Problem: Acceptance probability involves a complete path integral
which cannot be computed.
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Rejection sampling of diffusions

dWFσ
dWF0

(XT ) ∝ exp {A(XT )} exp

{
−
∫ T

0

(
ϕσ(Xt)− ϕ−σ

)
dt

}
≤ 1,

“Exact algorithm (EA)” (Beskos & Roberts, 2005; Beskos et al., 2006, 2008)

• Key observation: The RHS is the probability of an event that can be
simulated with finite computation.

“A Poisson process of unit rate on [0,T ]× [0, ϕ+
σ − ϕ−σ ] has no points

under the graph of t 7→ ϕσ(Xt)− ϕ−σ , and we pass an eA(XT )-coin flip.”

• Embed rejection into an MCMC scheme by augmenting the chain
with the diffusion at the times of the Poisson points.

(Sermaidis et al., 2013)
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Augmenting via skeleton points

Contribution to likelihood

• Suppose X0 = x ,Xt = y

• Unit rate PPP Φ = {Ψ, Γ} on [0, t]× [0, λσ]

• ω draws from WF at timestamps given by Ψ

• Joint density of Φ,ω conditional on acceptance

et(1−λσ)λκσ︸ ︷︷ ︸
RN of PPP

1

a(t,ϑ, x , y)

κ∏
j=1

1{
ϕσ(ωψj )−ϕ

−
σ<γj

}
︸ ︷︷ ︸

RN of WF

wrt PP(t,1) ⊗WF(t,x ,y)
0,θ with

a(t,ϑ, x , y) = EWF(t,x,y)
0,θ

[
e−

∫ t
0 ϕσ(Xs)ds

]
• Problem! Dominating measure depends on endpoints!
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Decoupling the dependence on the endpoints

• Cannot resort to translation invariance like Brownian case!

• Change measure via RN derivatives?

• Would need process which is absolutely continuous wrt WF...

• Maybe just another WF?

• To decouple from “destination” endpoint

dWF(t,x ,y)
0,θ

dWF(x)
0,θ

(X t) =
1{X0=x ,Xt=y}(X

t)

pθ0 (t, x , y)
=

1

pθ0 (t, x , y)

• To decouple from “origin” endpoint

dWF(x)
0,θ

dWF(f0,θ)
0,θ

(X t) =
1{X0=x}(X

t)

f0,θ(x)
=

1

f0,θ(x)
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Likelihood contribution from skeleton points

• Setting S(ω) = {(ψ1, ωψ1), . . . , (ψκ, ωψκ)}κj=1, then

et(1−λσ)

∏κ
j=1

(
ϕ+
σ − ϕσ(ωψj

)
)

a(t,ϑ, x , y)pθ0 (t, x , y)f0,θ(x)

is the density of S(ω) conditional on acceptance wrt the product

measure PP(t) ⊗WF(t,f0,θ)
0,θ

• Dominating measure independent of latent diffusion values X

• But a(t,ϑ, x , y) still untractable?

• Cancels out with contribution from non-neutral transition density!

pθσ(t, x , y) = pθ0 (t, x , y)e
σ
2 (y−x)a(t,ϑ, x , y)
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Putting it all together

Joint posterior density of σ,S(ω),X given observations Y:

p(σ,S(ω),X|Y) ∝ p(σ)p(Xt0 |σ)
n∏

i=0

(
Nti

Yti

)
X

Yti
ti (1− Xti )

Nti
−Yti

×
∏n

i=1 p
θ
0 (ti − ti−1,Xti−1 ,Xti )

pθ0 (tn − t0,Xt0 ,Xtn)
e
σ
2 (Xtn−Xt0)−λσ(tn−t0)

× 1

f0,θ(Xt0)

n∏
i=1

κi∏
j=1

ϕ+
σ − ϕσ(ωi ,ψi,j

)

wrt PP(tn−t0) ⊗WF(tn−t0,f0,θ)
0,θ ⊗ Leb2n+1

infinite series! how to deal with endpoint updates?
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Augmenting further?

Recall

pθ0 (t, x , y) =
∞∑

m=0

qm(t)
m∑
`=0

Bm,x(`)︸ ︷︷ ︸
Binomial PMF

Dθ1+`,θ2+m−`(y)︸ ︷︷ ︸
Beta density

Joint posterior density of σ,S(ω),X,m, l given observations Y:

p(σ,S(ω),X,m, l|Y) ∝ p(σ)p(Xt0 |σ)
n∏

i=0

(
Nti

Yti

)
X

Yti
ti (1− Xti )

Nti
−Yti

×
∏n

i=1 q
θ
mi

(∆i )Bmi ,Xti−1
(li )Dθ1+li ,θ2+mi−li (Xti )

qθmn+1
(tn − t0)Bmn+1,Xt0

(ln+1)Dθ1+ln+1,θ2+mn+1−ln+1 (Xtn)

× e
σ
2 (Xtn−Xt0 )−λσ(tn−t0) 1

f0,θ(Xt0 )

n∏
i=1

κi∏
j=1

ϕ+
σ − ϕσ(ωi,ψi,j )

wrt PP(tn−t0) ⊗WF(tn−t0,f0,θ)
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Gibbs Sampler

Gibbs Sampler: Sequentially update

• σ conditional on X,S(ω) via MH step

• S(ω) conditional on σ,X via Exact Algorithm

• (X,m, l) conditional on σ,S(ω) via MH step

Proposals :

• Gaussian proposals for σ

σn+1 ∼ N(σn, 10)

• mi ∼ qθm(∆i ) and conditional on mi = m, li ∼ Binm,Xti−1
(l)

• (informed) Beta proposals for Xti incorporating observations:

X n+1
ti
∼ Beta(θ1 + Yti + li , θ2 + Nti − Yti + mi − li )
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Simulation Study

σ θ1 θ2 ∆i Xt0 Nti

True values 10 0.5 0.5 0.1 0.1 20

Figure: Exact draws from WF blue circle, Binomial draws red crosses
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Posterior for σ

(a) Prior (red), Likelihood (circles),
(kernel smoothed) Posterior (black),
Truth (magenta)

(b) Traceplot for σ

Prior : σ ∼ N(0, 10)
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Posterior for latent diffusion points

(a) Acceptance probabilities (red
crosses), Observed values (blue circles)

(b) Traceplot for Xt0

Prior : Xt0 ∼ Unif([0, 1]) . . . a bit unrealistic!
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Conclusion

Summary

• Developed an MCMC algorithm targetting the exact posterior
distribution of σ

• via state space augmentation + exact algorithm for WF

• no discretisation needed!

• Implementing method in C++

• Results for simulated dataset encouraging

• Aim to run on Ludwig et al (2009) horse coat colouration aDNA
dataset
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Conclusion

Future Work

• Extend to include other genetically relevant parameters (e.g. allele
age, mutation, effective population size, . . . ) into the inference

• Correcting for ascertainment - only look at time-series having visible
difference in start and endpoints!

1. Identifiability issues

0 0.25 0.5 0.75 1
x

0

1

2

3

D
en

si
ty

Blue: θ1 = 10, θ2 = 4, σ = 0
Red: θ1 = 4, θ2 = 4, σ = 4.5

2. Absolute continuity & dominating
measure

PP(tn−t0) ⊗WF(tn−t0,f0,θ)
0,θ ⊗ Leb2n+1
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Thanks for listening!
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Ancestral process

Define (An(t) : t ≥ 0) as a pure death process on N such that

• An(0) := n.

• If currently An(t) = m then m 7→ m − 1 at rate m(m+θ1+θ2−1)
2 .

Then
qm(t) = lim

n→∞
P(An(t) = m).

4

5

6

n

↑
An(t)

The distribution of the ancestral
process of Kingman’s coalescent with
infinitely-many leaves, when lineages
are lost by both coalescence and
mutation.
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Appendix

Mixture weights are known only as an infinite series:

qm(t) =
∞∑

k=m

(−1)k−m
(θ + 2k − 1)Γ(θ + m + k − 1)

m!(k −m)!Γ(θ + m)
e−k(k+θ−1)t/2.

(Griffiths, 1980; Tavaré, 1984)

Proposition (Jenkins & Spanò, 2017)

It is possible to sample exactly from the distribution of the ancestral
process of Kingman’s coalescent with mutation,

{qm(t) : m = 0, 1, . . .}.

February 12, 2021 0 / 0



Appendix

Mixture weights are known only as an infinite series:

qm(t) =
∞∑

k=m

(−1)k−m
(θ + 2k − 1)Γ(θ + m + k − 1)

m!(k −m)!Γ(θ + m)
e−k(k+θ−1)t/2.

(Griffiths, 1980; Tavaré, 1984)
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Appendix

Theorem (Barbour et al., 2000)

• In the nonneutral case, the transition density has expansion

f (y | x ; t) =
∞∑

m=0

m∑
l=0

q◦l ,m(x , t) Dσ,hθ1+l ,θ2+m−l(y)︸ ︷︷ ︸
‘Weighted’ Beta density

,

• But the masses of the distribution q◦l ,m(x , t) are intractable.
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dWFσ,h
dWF0

(X ) ∝ exp {A(XT )} exp

{
−
∫ T

0
ϕσ(Xt)dt

}
≤ 1,

Exact algorithm (EA) for simulating from WFσ,h (Jenkins & Spanò, 2017)

• Simulate a Poisson process of unit rate on [0,T ]× [ϕ−σ , ϕ
+
σ ].

• Reveal X ∼WF0 only at the times of the Poisson points.

• Accept w.p. e{A(XT )} if all Poisson points are above the revealed
points of X .

0 T
0

t

φ(Y
t
)
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Appendix

Function arising in Girsanov formula:

ϕσ(x) =
σ

2
x(1− x)

[
σ
(
x + h(1− 2x)

)2
+ 1− 2h

]
+
σ

2

(
x + h(1− 2x)

)
[θ1(1− x)− θ2x ].
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