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a target probability measure
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Algorithm used to generate a Markov chain of samples {0,,0,,0,, ... } to approximate
a target probability measure

Algorithm

1. generate a proposal ®* ~ J(-|6,) from a proposal distribution J (- |6, )
k k
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fKTHE  The Metropolis-Hastings algorithm

St

Algorithm used to generate a Markov chain of samples {0,,0,,0,, ... } to approximate
a target probability measure

Algorithm

1. generate a proposal ©* ~ J(-|0,) from a proposal distribution J(-|6,)

2. set , -
0* with probability a(8,,60")
9k+1 =

0, with probability 1-a(6,,0)
with Metropolis-Hasting acceptance probability

m(6%)J (6, 16™) }
" (0,)J(0%]6;)

a(0,,0") := min {1
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e {0,,0,,0,,...} MH samples
e The empirical measure of the MH Markov chain converges to the target 7 w.p.1.

1 n=1
L (dx) =~ ), 8p,(dx) == m(dx), w.p.1.
i=0

Federica Milinanni KTH 6/42
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Tools for convergence analysis

e Spectral gap
Asymptotic variance
e Mixing times

e Poincaré inequalities
e | ogarithmic Sobolev inequalities
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Tools for convergence analysis

e Spectral gap
Asymptotic variance
e Mixing times

e Poincaré inequalities
e | ogarithmic Sobolev inequalities

Our contribution: Large deviation principle for the MH algorithm as a
complementary convergence analysis method
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Tools for convergence analysis

e Spectral gap

e Asymptotic variance

e Mixing times

e Poincaré inequalities

e | ogarithmic Sobolev inequalities

Our contribution: Large deviation principle for the MH algorithm as a
complementary convergence analysis method

Advantage: Study the convergence of the empirical measure generated by
the MH samples
Federica Milinanni KTH 7/42
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Assume X" —— x # y in probability.

n—o0
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Assume X" —— x # y in probability.

n—oo
Xl

X2 X3 Xn
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Assume X" —— x # y in probability.

n—oo
Xl

X2 X3 Xn

e P(X"~ y)~ 0 (Rareevent)
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Assume X" —— x # y in probability.
n—oo
x1

e P(X"~ y)~ 0 (Rareevent)
e P(X"~ y) —— 0 exponentially fast
n—o0
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Assume X" —— x # y in probability.

n—oo
Xl

X2 X3 Xn

Y

o P(X"~ y)~0 (Rareevent)
e P(X"~ y) —— 0 exponentially fast
n—o0
e |[arge deviation theory studies the exponential decay rate

P(X" = y) ~ e

rate function
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Assume X" —— x # y in probability.
n—oo
x1

e P(X"~ y)~ 0 (Rareevent)
e P(X"~ y) —— 0 exponentially fast
n—o0
e |[arge deviation theory studies the exponential decay rate
P(X" ~ V) ~ e 1)
rate function

Higher rate function = faster convergence
Federica Milinanni KTH 9/42
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{X"} satisfies a large deviation principle on & with speed n and rate function I if
o | : % — [0,00] has compact level sets
® YV measurable A ¢ &,

— inf I(x) < hmlnf log]P(X” e A”)

XEA®°

< limsup—logP(X“ € A) < —inf I(x)

n—oo Il XE€EA

ldea:
P(Xn c A) ~ e—ninfxeAI(x)

Federica Milinanni KTH 10/42
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e Target probability measure 7 € 22(S), (e.g. S c RY)
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§KTHY | DP for sampling algorithms

e Target probability measure 7 € 22(S), (e.g. S c RY)
e Algorithm samples {6"} c S
e Empirical measure {L"} c 22(S)

1 n=1
L"(dx) =~ 2, 85,(dx)
i=0
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§KTHY | DP for sampling algorithms

e Target probability measure 7 € 22(S), (e.g. S c RY)
e Algorithm samples {6"} c S
e Empirical measure {L"} c 22(S)

1 n—1
L(dx) := - > 8p, (dx) — w(dx), w.p.1.
i=0

Federica Milinanni KTH 12/42



§KTHY | DP for sampling algorithms

e Target probability measure 7 € 22(S), (e.g. S c RY)
e Algorithm samples {6"} c S
e Empirical measure {L"} c 22(S)

1 n—1
L(dx) := - > 8p, (dx) — w(dx), w.p.1.
i=0

PL"~n)~1
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e Target probability measure 7 € 22(S), (e.g. S c RY)
e Algorithm samples {6"} c S
e Empirical measure {L"} c 22(S)

1 n—1
L(dx) := - > 8p, (dx) — w(dx), w.p.1.
i=0

PL"~n)~1
P(L"~u)~0, p#m
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§KTHY | DP for sampling algorithms

e Target probability measure 7 € 22(S), (e.g. S c RY)
e Algorithm samples {6"} c S
e Empirical measure {L"} c 22(S)

1 n—1
L(dx) := - > 8p, (dx) — w(dx), w.p.1.
i=0

PL"~n)~1
P(L"~u)~0, p#m

{L"} satisfies a large deviation principle on 22(S) with rate function I if

P(L" ~ 1) ~ e 1)

Federica Milinanni KTH 12/42
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2(S)
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L*H
1
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. rare event
Ll
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, behaviour w.h.p.
P(L" ~ 11) ~ e 1)
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) rare event
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' L3 L" :
e e behaviour w.h.p.

P(L" ~ 11) ~ e 1)

Note: I(r) =0
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P(S)
L*H
1
L L.z 3
) rare event
Ll
' L3 L" :
e e behaviour w.h.p.

P(L" = 1) ~ e~

Note: I(m) =0 = PU"=mx)=~1
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L P2 (S)
L' g2
. L3
Ll

P(LHEBS(JT)C)NGXP{—TP inf I(p)}

pEeB, (m)t

Higher inf ;. cI(1) = faster convergence to
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Large Deviation Principle for Observables
If {L"} satisfies a LDP with rate function I,

P(Ln ~ ],1) ~ e—n'I(ﬂ)
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Large Deviation Principle for Observables
If {L"} satisfies a LDP with rate function I,

P(Ln ~ ],1) ~ e—n'I(ﬂ)

Given an observable f € C(S), by the contraction principle we can define a rate
function I, for which

ln_l - , —nI.(m)
Pl=) fX)~m|~e ™
niZo
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§KTHY | DP for sampling algorithms

Large Deviation Principle for Observables
If {L"} satisfies a LDP with rate function I,

P(L" ~ p) ~ e

Given an observable f € C(S), by the contraction principle we can define a rate
function I, for which

ln_l - , —nI.(m)
Pl=) fX)~m|~e ™l
niZo

More formally,

e—0 n—oo n

) ) 1 ] n=l -
lim lim ——logP —Zf(Xi) e(m—¢g,m+e) =If(m)
mizo

Federica Milinanni KTH 15/42
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There has been growing interest in exploring large deviations as a tool to analyze the

speed of convergence of sampling algorithms:
e Parallel Tempering

¢ |rreversible Langevine Samplers

e Zig-Zag Sampler



§KTHY | DP for sampling algorithms

A result of LDP for the Metropolis-Hastings algorithm is already available
[Bierkens J., 2016]
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A result of LDP for the Metropolis-Hastings algorithm is already available

It considers
¢ anon-reversible version of the algorithm
® acountable space S
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§KTHY | DP for sampling algorithms
A result of LDP for the Metropolis-Hastings algorithm is already available

It considers
¢ anon-reversible version of the algorithm
® acountable space S

We stated a large deviation principle for the Metropolis-Hastings algorithm on
S c R4

Federica Milinanni KTH 17/42
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Assumptions

(A.1) Target probability measure 1 < Lebesgue measure with continuous density

(A.2) Proposal distribution J (- | x) < Lebesgue measure with continuous and bounded
density

(A.3) There exists a Lyapunov function U : S — [0, co) satisfying certain properties...
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Assumptions

(A.1) Target probability measure 1 < Lebesgue measure with continuous density

(A.2) Proposal distribution J (- | x) < Lebesgue measure with continuous and bounded
density

(A.3) There exists a Lyapunov function U : S — [0, co) satisfying certain properties...

Metropolis-Hastings transition kernel

K(x,dy) = + r(x)6,(dy)

where r(x) = 1 — [, min {1, %} J(y|x)dy.
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Marginal distributions

Giveny € 22(S x S),
[y1y, [y]l, € 22(S) denote the first and second marginal of y:

[y1,(A) =y(A,S) [y1,(A) = (S, A)

with A € 2(S)

Federica Milinanni KTH
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Marginal distributions

Giveny € 22(S x S),
[y1y, [y]l, € 22(S) denote the first and second marginal of y:

[y1,(A) =y(A,S) [y1,(A) =y(S,A)

with A € B(S)
Relative Entropy (= Kullback-Leibler Divergence)

n,v € P(S),
d .
slog=fdy, ifpu<vw
+o00, otherwise.

R(ullv) = {

Federica Milinanni KTH
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fxrHy | DP for Metropolis-Hastings chains

Theorem (M., Nyquist 2024a)

The sequence of MH empirical measures {L"} satisfies a large deviation principle with
speed n and rate function I : 22(S) — [0, +o0]

— (1) = inf
g I(p) ye%xs)R(yllu@K)

[yl1=[yly=n

Federica Milinanni KTH 21/42



fxrHy | DP for Metropolis-Hastings chains

Theorem (M., Nyquist 2024a)

The sequence of MH empirical measures {L"} satisfies a large deviation principle with
speed n and rate function I : 22(S) — [0, +o0]

— (1) = inf
g I(p) ye%xs)R(Y””@K)

[yl1=[yly=n

= g%%fxs) R(y(dx,dy) || p(dx)K(x,dy))

[yli=[yly=n
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fxrHy | DP for Metropolis-Hastings chains

Theorem (M., Nyquist 2024a)

The sequence of MH empirical measures {L"} satisfies a large deviation principle with
speed n and rate function I : 22(S) — [0, +o0]

p—I(p) = ye,glf%fo) R(y [[p®K)

[yl1=[yly=n

— inf _ R(y(dx,dy) || p(dx)K (x,dy))

YEZP(SXS)
[yli=lyl,=n
= inf  R(u(dx)q(x,dy) || u(dx)K(x,dy)).

q(x,dy)
p invariant for q

Federica Milinanni KTH 21/42
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To guarantee the LDP for MH on a non-compact state space we assume the
existence of a Lyapunov function U : S — [0, co) with the following properties:

Federica Milinanni KTH 23/42



gKTﬂzi LDP on non-compact state spaces

To guarantee the LDP for MH on a non-compact state space we assume the
existence of a Lyapunov function U : S — [0, co) with the following properties:
let

Fy(x) =U(x) —log/eU(y)K(x, dy);
S

(a) inf o Fy;(x) > —oo,
(b) F(x) has relatively compact sublevel sets,
(c) for every compact set K c S there exists C; < co such that

sup U (x) = Cy.

x€K

Federica Milinanni KTH 23/42
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When S is compact, U = 0 satisfies (a)-(c).
When S is non-compact, verifying the existence of U is not immediate.

We study the existence of U in some instances of
¢ Independent Metropolis-Hastings (IMH)
e Metropolis-adjusted Langevin algorithm (MALA)
e Random Walk Metropolis (RWM)
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Independent Metropolis-Hastings

o target density 7 (x) o e ¥/
e independent proposal f(y) o e‘V|y|B
A Lyapunov function U : S — [0, co) satisfying properties (a)-(c) exists if and only if
1. a=pandn >y,
2. ora > p.

Federica Milinanni KTH 25/42



ngTHgi LDP on non-compact state spaces

Independent Metropolis-Hastings

x| *

e target density 7 (x) oce™
e independent proposal f(y) o e‘V|Y|B

A Lyapunov function U : S — [0, co) satisfying properties (a)-(c) exists if and only if
1. a=pandn >y,
2. ora > p.

Remark

If 1. or 2. is satisfied = the MH Markov chain is uniformly ergodic
If neither 1. or 2. is satisfied = the MH Markov chain is not even geometrically ergodic

Federica Milinanni KTH 25/42
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Theorem (M., Nyquist 24b)

Consider the target density m(x) oce™" *I™ and the iIndependent proposal density

f(y) o« e 171" in the Independent Metropolis-Hastings algorithm. Suppose that
either of the following holds:

i) a =pandn >y,
i) o> p.

Then, the empirical measures of the associated Metropolis-Hastings chain satisfies
an LDP with speed n and rate function I.

Federica Milinanni KTH 26/42
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Metropolis-adjusted Langevin algorithm

e target density m(x) V11"

_ 2
y—x+#|x|ﬁ 2x| }
A Lyapunov function U : S — [0, co) satisfying properties (a)-(c) exists if and only if
B=2andey <2,0orl<f <2

e MALA proposal density J(y|x) o exp {_i

Federica Milinanni KTH 27/42
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Metropolis-adjusted Langevin algorithm

e target density m(x) V11"

e MALA proposal density J(y|x) o exp {_i

_ 2
y—x+#|x|ﬁ 2x| }
A Lyapunov function U : S — [0, co) satisfying properties (a)-(c) exists if and only if
B=2andey <2,0orl<f <2

Remark
Ind =1,
e ff=2andey < 2,0orl < fp < 2= the MALA chain is geometrically ergodic
e fO<pf<1,p>2,
or f = 2and ey = 2 = the MALA chain is not geometrically ergodic

e if f =1 = the MALA chain is geometrically ergodic on the positive real line

Federica Milinanni KTH 27/42
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Theorem (M., Nyquist 24b)

Consider a target density m(x) e‘”"'ﬁ and let J(y | x) be the corresponding MALA
proposal density with discretization step &,
| }

1 £
J(y|x) exp{—z—g |y—x+%’8|x|ﬁ_2x

Suppose that either of the following holds:
i) f=2andey <2,
i) 1<B<2

Then, the empirical measures of the associated Metropolis-Hastings chain satisfy
an LDP with speed n and rate function I.
Federica Milinanni KTH 28/42



gKTﬂzi LDP on non-compact state spaces

Random Walk Metropolis

e random walk proposal J(y |x) = J(y —x) = J(x — y)
There exists no function U : S — [0, co) that satisfies the properties (a)-(c) on the
Lyapunov function.

Federica Milinanni KTH 29/42
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Random Walk Metropolis

e random walk proposal J(y |x) = J(y —x) = J(x — y)
There exists no function U : S — [0, co) that satisfies the properties (a)-(c) on the
Lyapunov function.

Remark

The RWM Markov chain is not uniformly ergodic for any target .

However, with additional assumptions on the tail decays, the RWM Markov chain is
gemetrically ergodic.

Federica Milinanni KTH 29/42
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W Assumption | geometric
(A.3) ergodicity
a=pandn >y ora>p v v
IMH ;
otherwise
B=2andey<20orl<pf <2 v v
MALA B=1 v
otherwise
" tail decays as in [MT96]
otherwise

Federica Milinanni KTH 30/42



FXTHY | DP on non-compact state spaces

W Assumption | geometric
(A.3) ergodicity
a=pfandn >y, ora>pf v v
IMH .
otherwise
f=2andey <2,0orl<p<2 v v
MALA p=1 v
otherwise
— tail decays as in [MT96] 4
otherwise

We hypothesise that Assumption (A.3) is too strict and we pose the following

Open problem

Assume that the MH chain {X;} is geometrically ergodic.
Does the corresponding empirical measure {L"} satisfy an LDP?

Federica Milinanni KTH 30/42
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Rate function decomposition

e By the Lebesgue decomposition theorem, for any 11 € 22(S),

p=0-p)-pm+p-u,
where p € [0, 1], p,, i1, € 22(S), withpp, < Aand p, L A
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Rate function decomposition

e By the Lebesgue decomposition theorem, for any 11 € 22(S),

p=0-p)-pm+p-u,
where p € [0, 1], p,, i1, € 22(S), withpp, < Aand p, L A
e The rate function satisfies

I()=Q-p)-I(yy) +p-I(uy)

Federica Milinanni KTH
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Rate function decomposition

e By the Lebesgue decomposition theorem, for any 11 € 22(S),

p=0-p)-pm+p-u,
where p € [0, 1], p,, i1, € 22(S), withpp, < Aand p, L A
e The rate function satisfies

I()=Q-p)-I(yy) +p-I(uy)

® The rate function I () is
I(py) = —/10g r(x)pg(dx)
S

Federica Milinanni KTH
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[Work in progress]

If 1, << A, the rate function I admits an alternative representation in the more
classical Donsker Varadhan flavour:

I(p) = — inf / log( )(x)m(dx)

where % = {u € C(S),u > 0}, and

Ku(x) = /Su(y)K(x, dy).

Federica Milinanni KTH 33/42
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Rate function lower and upper bounds

This alternative representation of the LDP rate function allows us to find the following
bounds.

° ne€2(S),

I(pn) < —/logr(x)p(dx) < 400
S

Federica Milinanni KTH 34/42
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Rate function lower and upper bounds

This alternative representation of the LDP rate function allows us to find the following
bounds.

° ne€2(S),

I(pn) < —/1ogr(x)p(dx) < 400
S

°* 11, € 2(S), 1 <A, 9=%

I(yy) = —10g// VO)O(K (x, dy)m(dx)

Federica Milinanni KTH 34/42
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Variational formula for the lower bound

—log//e_kd(yrch): inf R(y ||7r®K)—/ kdy

YEZP(SXS)
The inf is achieved by y, € 22(S x S) that satisfies
d)’o e k(,y)
—%—(x,y) = ———
d(mr ® K) [[ e7kCey) (ot ® K)(dx,dy)
Federica Milinanni KTH
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Variational formula for the lower bound

—log//e_kd(yrch): inf R(y ||7r®K)—/ kdy

YEZP(SXS)
The inf is achieved by y, € 22(S x S) that satisfies
d)’o e k(,y)
(X, y) =
d(mr ® K) [[ e7kCey) (ot ® K)(dx,dy)

Let O(x) = Z—fr and k(x, y) = —log \/0(x)0(y), we obtain (after few intermediate steps)

—log// \/Q(X)G(y)d(yr ®K)< inf R@y|mreK)- /lodep = I(p)

YEZ(SXS)
[yli=[yly=p

Federica Milinanni KTH 35/42
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The MH proposal probability J(-| x) depends on parameters p

J(-[x) = J(|x;p)

Federica Milinanni KTH 37/42
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The MH proposal probability J(-| x) depends on parameters
J(-[x) =J(|x;p)
Thus, the MH transition kernel depends on parameters

K(x,dy) = K(x,dy;p).

Federica Milinanni KTH 37/42
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The MH proposal probability J(-| x) depends on parameters
J(|x) =J(C|x;p)
Thus, the MH transition kernel depends on parameters
K(x,dy) = K(x,dy;p).
Therefore, the rate function depends on the parameters

I(n) = = I(y; p).

Federica Milinanni KTH 37/42
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The MH proposal probability J(-| x) depends on parameters
J(|x) =J(C|x;p)
Thus, the MH transition kernel depends on parameters
K(x,dy) = K(x,dy;p).
Therefore, the rate function depends on the parameters
I(p) = = I(p; p)-

Higher rate function = faster convergence
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fxtHY - Algorithm tuning

St

The MH proposal probability J(-| x) depends on parameters
J(|x) =J(C|x;p)
Thus, the MH transition kernel depends on parameters
K(x,dy) = K(x,dy;p).
Therefore, the rate function depends on the parameters
I(n) = = I(y; p).

Higher rate function = faster convergence

Choose p so that I (u; p) is maximized
Federica Milinanni KTH 37/42
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Example: Independent Metropolis-Hastings

e Target © ~ A (0,1)
e Independent proposal [ ~ A (m,s?)

Federica Milinanni KTH 38/42
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Example: Independent Metropolis-Hastings

e Target © ~ A (0,1)
e Independent proposal f ~ A (m,s?)
e Rate function lower bound

1 [ fx) f(y) 2
I(;1) = —log (1 — 5/ min {yt(x)’ 71'(_)/)} (\/p(x)ar(y) — \/p(y)zr(x)) dxdy)

Federica Milinanni KTH 38/42
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Example: Independent Metropolis-Hastings

e Target © ~ A (0,1)
e Independent proposal f ~ A (m,s?)
e Rate function lower bound

1 [ fx) f(y) 2
I(;1) = —log (1 — 5/ min {yt(x)’ 71'(_)/)} (\/p(x)ar(y) — \/p(y)zr(x)) dxdy)

e Maximized when (m,s) = (0,1)

Federica Milinanni KTH 38/42
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Example: Independent Metropolis-Hastings

e Target © ~ A (0,1)
e Independent proposal f ~ A (m,s?)
e Rate function lower bound

17 . [FfOO) fO)
I(y) = —log (1—5/ mln{f ) SO }(\/p(x)ar(y)—\/u(y)ﬂ(x))zdxdy)

w(x) m(y)

e Maximized when (m,s) = (0,1)
u~A(Q1,2) i~ Gamma(3,5) i~ Unif(0,1)

Federica Milinanni 2 3 i : = KIP i : L . 2 38/42
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Future directions

e | DP assumptions:
® Generalise assumptions to the LDP to account for methods such as ABC-MCMC
® Open problem: geometric ergodicity = LDP?
e Rate function:
® Find a more explicit formula for the rate function I
® Design an algorithm to approximate the rate function or find the argmax

e Use the LDP:

® Compare MCMC algorithms
® Compare LDP with other convergence analysis tools
® Design algorithms to precalibrate MH-based MCMC methods
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