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Scale as a Harsh Reality in Modern Models
Neural Scaling Laws -> investment in larger models trained on more data! 

Scale of frontier models is utterly baffling 

Example: Claude Mythos announced recently, rumored 10T parameter MOE model 

Cost of Artemis 2 launch? 

~ $4B USD per launch

Rumored cost for training Mythos 
~$10B USD 

Modern training runs are  
Moonshots!



Complex deep architectures with billions or trillions of degrees of freedom!

Fully Connected (MLP)
Convolutional network (weights shared 
across spatial positions)

Transformer (learnable attention 
maps across spatial positions)

How do these models behave as they become very large? 
What do we mean by large (which scaling dimensions)?

When / how do intelligent behaviors emerge at the macroscopic scale from 
microscopic parameter adjustments (learning)?

Architectural Challenges for Modern Deep Learning Theory



Today’s Talk
1. Some Example Scaling Limits of Neural Networks (width and depth)

2. Application to more modern and realistic architectures (transformers w/ MOE blocks)

3. Practical extensions: Hyperparameter transfer to reduce training costs during scaling  

How to scale up to get well defined infinite parameter limits? What do limits look like?

Dynamical mean field theory (DMFT) for deep learning networks

Neurons (~ particles) interacting at finite width
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lim
N!1  independent neurons (particles) coupled to population averages

Not apriori obvious what/how to scale to get well defined limits / predictable behavior



What are models scaling towards?
Claim: Properly scaled networks converge to universal training dynamics

Universal = family of sensible joint scalings of randomly initialized LLMs 
converge to same output dynamics 

Limit: The dynamics in this limit are described by an evolving representational level 
geometry (dynamical similarity kernels)

Scaling Laws: Finite size deviations from limiting dynamics generate neural scaling laws



How you Scale Up Matters!

Depth 12 ResNet on CIFAR-10 
SGD training 
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Depth 12 ResNet on CIFAR-10 
SGD training 

Increasing width in NTK param
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How you Scale Up Matters!



Depth 12 ResNet on CIFAR-10 
SGD training 

Common scaling practice:
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Increasing width based on mean-field theory  Similar performance
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Mean field also displays faster convergence to limiting behavior

Proposal: study this scaling rule for infinite width networks!
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How you Scale Up Matters!



Large Width Scaling Limits

To take this limit, we need some inspiration from physics… brief detour



Primer on Dynamical Mean Field Theory
Random Coupled Dynamical System  ->  Uncoupled System in the Limit
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Correlation and Response Form Closed System from Single Site Picture
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⌘(t) ⇠ GP(0, C(t, t0))
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memory term

All sites decouple: effectively a one dimensional stochastic process (dynamical mean field)
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Jij = Jji ⇠ N (0, 1)



Mean Field Theory for Deep Network Training

…

…
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N ! 1

B & Pehlevan ’22, ’23, ’24

Correlation and Response: As 
<latexit sha1_base64="BMAWNweGYEFbt09sSv74y6TeXSY=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68SQRzAKZIfR0epImPT1Dd40whPyGFw+KePVnvPk3dpaDJj4oeLxXRVW9MJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUObyd+64lrIxL1iHnKg5j2lYgEo2gl/574mBBfqAjzbrniVt0pyDLx5qQCc9S75S+/l7As5gqZpMZ0PDfFYEQ1Cib5uORnhqeUDWmfdyxVNOYmGE1vHpMTq/RIlGhbCslU/T0xorExeRzazpjiwCx6E/E/r5NhdB2MhEoz5IrNFkWZJPbPSQCkJzRnKHNLKNPC3krYgGrK0MZUsiF4iy8vk+ZZ1busXjycV2o38ziKcATHcAoeXEEN7qAODWCQwjO8wpuTOS/Ou/Mxay0485lD+APn8wdtUJFP</latexit>

N ! 1 learning dynamics completely summarized by 

Gradient fields:
<latexit sha1_base64="N4rvDUJeMQ0FLR02Tv+luSoRLJo="></latexit>

g`(x, t) ⌘ N�0
@f(x, t)

@h`(x, t)

Dynamical Feature kernels
<latexit sha1_base64="ikrGdX99VJNXW5/fLMujZHF4w08="></latexit>

�`(x, x0, t, t0) =
⌦
�(h`(x, t))�(h`(x0, t0))

↵
Gradient kernels

<latexit sha1_base64="QPwG72asJ8Dil6CK8btlSlsZ/yA=">AAACJXicbVDJSgNBFOxxjXGLevTSGCQKIcyI2yGK6EGPCsYEMjH0dN4kTXoWut9IQsjPePFXvHhQRPDkr9iJUdwKGoqqerx+5cVSaLTtV2tsfGJyajo1k56dm19YzCwtX+koURxKPJKRqnhMgxQhlFCghEqsgAWehLLXPhn45RtQWkThJXZjqAWsGQpfcIZGqmeKp9cuSLnRyXdyecxjbpMeUFeCj0Xa/LRw84vnhhFXiWYLD+uZrF2wh6B/iTMiWTLCeT3z5DYingQQIpdM66pjx1jrMYWCS+in3URDzHibNaFqaMgC0LXe8Mo+XTdKg/qRMi9EOlS/T/RYoHU38EwyYNjSv72B+J9XTdDfr/VEGCcIIf9Y5CeSYkQHldGGUMBRdg1hXAnzV8pbTDGOpti0KcH5ffJfcrVVcHYLOxfb2aPjUR0pskrWyAZxyB45ImfknJQIJ7fknjySJ+vOerCerZeP6Jg1mlkhP2C9vQMZJqH6</latexit>

G`(x, x0, t, t0) =
⌦
g`(x, t)g`(x0, t0)

↵

<latexit sha1_base64="wvJ95u3V44DowYrgSu9SlbnRupI="></latexit>

A`(x, x0, t, t0) =

⌧
��(h`(x, t))

�r`(x0, t0)

� <latexit sha1_base64="Z1SIjOB/VDhX0psAx++yrxgubZ0="></latexit>

B`(x, x0, t, t0) =

⌧
�g`(x, t)

�u`(x0, t0)

�

<latexit sha1_base64="xzqznnSKdovJte9nYbVwUczETiE=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGn7Wh8m/vtJ6oNU/LBThIaCjyULGYE21zqGSb61Zpf92dAyyQoSA0KNPvVr95AkVRQaQnHxnQDP7FhhrVlhNNppZcammAyxkPadVRiQU2YzW6dohOnDFCstCtp0Uz9PZFhYcxERK5TYDsyi14u/ud1UxtfhxmTSWqpJPNFccqRVSh/HA2YpsTyiSOYaOZuRWSENSbWxVNxIQSLLy+Tx7N6cFm/uD+vNW6KOMpwBMdwCgFcQQPuoAktIDCCZ3iFN094L9679zFvLXnFzCH8gff5AyLvjlE=</latexit>⇠
<latexit sha1_base64="BMAWNweGYEFbt09sSv74y6TeXSY=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68SQRzAKZIfR0epImPT1Dd40whPyGFw+KePVnvPk3dpaDJj4oeLxXRVW9MJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUObyd+64lrIxL1iHnKg5j2lYgEo2gl/574mBBfqAjzbrniVt0pyDLx5qQCc9S75S+/l7As5gqZpMZ0PDfFYEQ1Cib5uORnhqeUDWmfdyxVNOYmGE1vHpMTq/RIlGhbCslU/T0xorExeRzazpjiwCx6E/E/r5NhdB2MhEoz5IrNFkWZJPbPSQCkJzRnKHNLKNPC3krYgGrK0MZUsiF4iy8vk+ZZ1busXjycV2o38ziKcATHcAoeXEEN7qAODWCQwjO8wpuTOS/Ou/Mxay0485lD+APn8wdtUJFP</latexit>

N ! 1
<latexit sha1_base64="QZXWyudGt0+92CZNaH4brvgAEBY=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhXsKMuF2EEC/ejJANMkPo6XSSJj0L3TVCGAJe/BUvHhTx6k9482/sSeagiQ8KHu9VUVXPiwRXYFnfRm5peWV1Lb9e2Njc2t4xd/eaKowlZQ0ailC2PaKY4AFrAAfB2pFkxPcEa3mjm9RvPTCpeBjUYRwx1yeDgPc5JaClrnlQxQ5wnylcx9fY8QkMKRH4rmSfdM2iVbamwIvEzkgRZah1zS+nF9LYZwFQQZTq2FYEbkIkcCrYpODEikWEjsiAdTQNiF7rJtMfJvhYKz3cD6WuAPBU/T2REF+pse/pzvRINe+l4n9eJ4b+lZvwIIqBBXS2qB8LDCFOA8E9LhkFMdaEUMn1rZgOiSQUdGwFHYI9//IiaZ6W7Yvy+f1ZsVLN4sijQ3SESshGl6iCblENNRBFj+gZvaI348l4Md6Nj1lrzshm9tEfGJ8/xcuVsQ==</latexit>

B ⇥ T = O(1)



<latexit sha1_base64="nar1AxP3RIl889teZSU4sWKM5+4=">AAACGXicbVDLSsNAFJ34rPUVdelmsAh1UxLxtRGKblxJBfuAJg2TyaQdOkmGmYlQQn/Djb/ixoUiLnXl3zhps9DWAwOHc+7lzjk+Z1Qqy/o2FhaXlldWS2vl9Y3NrW1zZ7clk1Rg0sQJS0THR5IwGpOmooqRDhcERT4jbX94nfvtByIkTeJ7NeLEjVA/piHFSGnJMy1edSKkBn4IBz2HMHYEHUkj6HCRBF5GL+1x7xby6sCjU9szK1bNmgDOE7sgFVCg4ZmfTpDgNCKxwgxJ2bUtrtwMCUUxI+Oyk0rCER6iPulqGqOISDebJBvDQ60EMEyEfrGCE/X3RoYiKUeRryfzFHLWy8X/vG6qwgs3ozFPFYnx9FCYMqgSmNcEAyoIVmykCcKC6r9CPEACYaXLLOsS7NnI86R1XLPPaqd3J5X6VVFHCeyDA1AFNjgHdXADGqAJMHgEz+AVvBlPxovxbnxMRxeMYmcP/IHx9QOsSp97</latexit>

p(h`) ⇠
NY

i=1

p(h`
i)

Saddle Point Equations (the  limit)N → ∞

B, Pehlevan ‘22

Single-Site Dynamics: Each neuron is independent & follows a single-site stochastic process 

Correlation Functions: Averages over neurons replaced with averages over this process

<latexit sha1_base64="9o/+KfdBD9VBfnRrUhfHp2Vo9zM="></latexit>

d

dt
f(x, t) = �Ex0

LX

`=1

G`+1(x, x0, t)�`(x, x0, t)
@L

@f(x0, t)

<latexit sha1_base64="8XWxKAEOWStIXfMY3XiMw/60OtI="></latexit>

h`(x, t) = u`(x, t)| {z }
Gaussian Process

+ �0Ex0

Z t

0
ds

⇥
A`�1(x, x0, t, s) + p(x0)�(x0, s0)�`�1(x, x0, t, s)

⇤
g`(x0, s)

| {z }
Feature Learning Correction

Output Dynamics: The outputs of the network evolve in terms of these correlation functions

<latexit sha1_base64="0gYqLxO0s7bwP61QYs7K3mT9BpA="></latexit>

�`(x, x0, t, s) =
⌦
�(h`(x, t))�(h`(x0, s))

↵
Correlation functions (kernels):

<latexit sha1_base64="1+KlT7ICByO7JGBzVYtHHKgdeqE=">AAACJnicbVDJSgNBFOxxjXGLevTSGCQKIcyI28GI6EGPEYwKmRh6Om+SJj0L3W8kIeRrvPgrXjwoIt78FDuL4lbQUFTV4/UrL5ZCo22/WWPjE5NT06mZ9Ozc/MJiZmn5UkeJ4lDmkYzUtcc0SBFCGQVKuI4VsMCTcOW1Tvr+1S0oLaLwAjsxVAPWCIUvOEMj1TLF0xsXpNxo59u5POYxt0lpkboSfDygjU8PN794bpBxlWg08bCWydoFewD6lzgjkiUjlGqZJ7ce8SSAELlkWlccO8ZqlykUXEIv7SYaYsZbrAEVQ0MWgK52B2f26LpR6tSPlHkh0oH6faLLAq07gWeSAcOm/u31xf+8SoL+frUrwjhBCPlwkZ9IihHtd0brQgFH2TGEcSXMXylvMsU4mmbTpgTn98l/yeVWwdkt7JxvZ4+OR3WkyCpZIxvEIXvkiJyREikTTu7IA3kiz9a99Wi9WK/D6Jg1mlkhP2C9fwB5uKIk</latexit>

G`(x, x0, t, t0) =
⌦
g`(x, t)g`(x0, t0)

↵



Feature Kernels Are Natural “Order Parameters” for Brain and Machines

(Adapted from Khaligh & Kriegeskorte 2014)

Representational Similarity Matrices (Kernels) in Cortex and CNNs
<latexit sha1_base64="WBsW6X8DuK/BXwFcR+VLdTP8/0o="></latexit>

�`(x, x0) =
1

N
�(h`(x)) · �(h(x0))

DMFT Implications: may need to understand time x time correlations as well! 



Lazy vs Rich Operating Regimes
Richness: Infinite width equations depend crucially on an output multiplier   

<latexit sha1_base64="Qxl1gLIPLhpm+Spe6O32fwUQEwo=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEnons8mQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0Fip3R2gENjzeuWKV/VmcJeJn5MK5Kj3yl/dfkxSQaUhHLXu+F5iggyVYYTTSambapogGeGAdiyVKKgOstm9E/fEKn03ipUtadyZ+nsiQ6H1WIS2U6AZ6kVvKv7ndVITXQcZk0lqqCTzRVHKXRO70+fdPlOUGD62BIli9laXDFEhMTaikg3BX3x5mTTPqv5l9eL+vFK7yeMowhEcwyn4cAU1uIM6NIAAh2d4hTfn0Xlx3p2PeWvByWcO4Q+czx+x8Y/C</latexit>�0

Kernel / NTK Intermediate (random + spikes) Neural Collapse



New Weight Space Picture: BBP for Pμ
Weight Space: Weights are random bulk + statistically coupled spikes (not the usual BBP)

Spikes  (online training )
<latexit sha1_base64="dqfv31b004GeOeZNLJf1vaA/LsA=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoafTkzTp6Rm6a4Qw5A+8eFDEq3/kzb+xk8xBow8KHu9VUVUvSKQw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj66nfeuTaiFg94DjhfkQHSoSCUbTS3T3plStu1Z2B/CVeTiqQo94rf3b7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphBxZpU/CWNtSSGbqz4mMRsaMo8B2RhSHZtGbiv95nRTDSz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfPkvaZ5UvfPq2e1ppXaVx1GEAziEY/DgAmpwA3VoAIMQnuAFXp2R8+y8Oe/z1oKTz+zDLzgf3wcrjQs=</latexit>

S
<latexit sha1_base64="x30F61yHN0+AAl12gmMnH5+w0Xw=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhFCvHiMmA2SIfR0epImPYvdNYEw5Du8eFDEqx/jzb+xk8xBow8KHu9VUVXPi6XQaNtfVm5ldW19I79Z2Nre2d0r7h80dZQoxhsskpFqe1RzKULeQIGSt2PFaeBJ3vJGtzO/NeZKiyis4yTmbkAHofAFo2gk94HckGoXRcA1qfeKJbtsz0H+EicjJchQ6xU/u/2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JCaNW46P3pKTozSJ36kTIVI5urPiZQGWk8Cz3QGFId62ZuJ/3mdBP1rNxVhnCAP2WKRn0iCEZklQPpCcYZyYghlSphbCRtSRRmanAomBGf55b+keVZ2LssX9+elSjWLIw9HcAyn4MAVVOAOatAABo/wBC/wao2tZ+vNel+05qxs5hB+wfr4BhtdkQo=</latexit>

S = B ⇥ T

Spike dynamics: Spikes depend on history of projections onto bulk, iid entries asymptotically

CIFAR-10:



What about Large Depth?
Practitioners routinely train models with  layers (GPT-4  block layers)L ∼ 100 ≈ 120

B*, Noci*, Li, Hanin, Pehlevan, ‘24 Result: a dynamical system across training time and layers!

Can we characterize the 
training dynamics as ?L → ∞

Existing common practice does not yield a limit… but for scaled residual networks, yes!
<latexit sha1_base64="Ott+hxZLdyvYbdM4a4pttoJ1IOE="></latexit>

h`+1 = h` +
1

L↵
p
N

W`�(h`)

<latexit sha1_base64="DOR2gCZ6A9A13BWu5S8nw1yImes=">AAACEXicbVDLSsNAFJ3UV62vqks3g0XoQkpSfC2LblxWsA9oQplMJ83QySTM3Agl5Bfc+CtuXCji1p07/8bpY6GtBy4czrmXe+/xE8E12Pa3VVhZXVvfKG6WtrZ3dvfK+wdtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv7oZuJ3HpjSPJb3ME6YF5Gh5AGnBIzUL1ddIpKQYJdL7AoWQM8NFKGZk2f1HJ9iB7uKD0Pw+uWKXbOnwMvEmZMKmqPZL3+5g5imEZNABdG659gJeBlRwKlgeclNNUsIHZEh6xkqScS0l00/yvGJUQY4iJUpCXiq/p7ISKT1OPJNZ0Qg1IveRPzP66UQXHkZl0kKTNLZoiAVGGI8iQcPuGIUxNgQQhU3t2IaEpMImBBLJgRn8eVl0q7XnIva+d1ZpXE9j6OIjtAxqiIHXaIGukVN1EIUPaJn9IrerCfrxXq3PmatBWs+c4j+wPr8AcZvnFs=</latexit>

↵ 2

1

2
, 1

�



The Large Depth (SDE) and Width Limit

Result: Non-random limit for all DMFT observables
<latexit sha1_base64="6wcEqgALzQytiwaWo4h4RohucF0=">AAACG3icbVBLSwMxGMzWV62vVY9egkXwUMpu8XURil48iFSwD+iWJZtm29BsdptkhbLs//DiX/HiQRFPggf/jem2grYOhAwz30cy40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0Bpdjv3lPhKQhv1OjiHQC1OPUpxgpLblmZegmDuW+GpUmVwrPocNo4CY3pWvoqBD+6MNMSqFrFq2ylQHOE3tKimCKmmt+ON0QxwHhCjMkZdu2ItVJkFAUM5IWnFiSCOEB6pG2phwFRHaSLFsKD7TShX4o9OEKZurvjQQFUo4CT08GSPXlrDcW//PasfLPOgnlUawIx5OH/JhBnXhcFOxSQbBiI00QFlT/FeI+EggrXWdBl2DPRp4njUrZPikf3x4VqxfTOvJgD+yDQ2CDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+2Q0Z0x3dsEfGJ/f7LigtA==</latexit>

q1,1 = lim
N,L!1

qN,L

Intuition pump: characterize initialization

Neurons follow geometric brownian motion

Solution: Res-Nets with scaled branches 
<latexit sha1_base64="x/JMigHXuJOaTZpKW5s8ZeCiN3Y="></latexit>

h`+1 = h` +
�p
NL

W`�(h`)

Kernels converge 
<latexit sha1_base64="cwdHaHbSuEBb5e8N3IpeKQLbv/M="></latexit>

K(✓) =
1

L

LX

`=1

G`+1(x, x0)�`(x, x0)

<latexit sha1_base64="/6C3YekL64BNDW8F1rgQNIbx+sU=">AAACEnicbVC7SgNBFJ31GeMramkzGCRJE3bFVyMEbSwjmAdkQ5idzCZDZneWmbuSsMk32PgrNhaK2FrZ+TdOHoUmHrhwOOde7r3HiwTXYNvf1tLyyuraemojvbm1vbOb2duvahkryipUCqnqHtFM8JBVgINg9UgxEniC1bzezdivPTCluQzvYRCxZkA6Ifc5JWCkVqbgUqnzLnQZkAK+wq6vCE362KVtCbifGyXD/nDYzw1HrUzWLtoT4EXizEgWzVBuZb7ctqRxwEKggmjdcOwImglRwKlgo7QbaxYR2iMd1jA0JAHTzWTy0ggfG6WNfalMhYAn6u+JhARaDwLPdAYEunreG4v/eY0Y/MtmwsMoBhbS6SI/FhgkHueD21wxCmJgCKGKm1sx7RITCpgU0yYEZ/7lRVI9KTrnxbO702zpehZHCh2iI5RHDrpAJXSLyqiCKHpEz+gVvVlP1ov1bn1MW5es2cwB+gPr8wec4J18</latexit>

cos(✓) =
x · x0

|x||x0|

<latexit sha1_base64="VTBCMpRZKm+4OJ+UGWZHcjoG5Og=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgQhNuEu+FWoBG1SRjCJkIthbzOXLO59sDsnhGBv41+xsVDE1j9g579xk1yh0QcDj/dmmJnnxVJotO0vKzM3v7C4lF3OrayurW/kN7eaOkoUhwaPZKSuPaZBihAaKFDCdayABZ6Elnd7MfZbd6C0iMIrHMbQCVg/FL7gDI3UzRdqNy5ISU+pK8HHE1oaTIS9mwp1legP8KybL9plewL6lzgpKZIU9W7+0+1FPAkgRC6Z1m3HjrEzYgoFl3CfcxMNMeO3rA9tQ0MWgO6MJr/c012j9KgfKVMh0on6c2LEAq2HgWc6A4YDPeuNxf+8doL+cWckwjhBCPl0kZ9IihEdB0N7QgFHOTSEcSXMrZQPmGIcTXw5E4Iz+/Jf0qyUncPyweV+sXqexpElO6RASsQhR6RKaqROGoSTB/JEXsir9Wg9W2/W+7Q1Y6Uz2+QXrI9vKhaZQA==</latexit>

H
` =

⌦
(h`)2

↵
<latexit sha1_base64="Fwm1iGtOSe7ybWnZM+2F47cb2f0="></latexit>

H
`+1 = H

` +
�
2

L

⌦
�(h)2

↵
h⇠N (0,H`)



Feature Learning at Infinite Width and Depth

<latexit sha1_base64="c9mQwbT5LZ0Ptqj+M+f1Sj2Fz+8="></latexit>

hdu(⌧, x, t)du(⌧ 0, x0, s)i = �(⌧ � ⌧ 0)�(⌧, x, x0, t, s)d⌧Brownian motion has covariance

Averages over a stochastic process in ``layer time”
<latexit sha1_base64="67w1wz+seu/26m7Ni392p1k9f+k=">AAACCHicbVDLSsNAFL3xWeur6tKFg0VwISURXxuh6MaFiwr2AUkok+mkHTqZhJmJUEKXbvwVNy4UcesnuPNvnLZZaOuBC4dz7uXee4KEM6Vt+9uam19YXFourBRX19Y3Nktb2w0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBv3rkd98oFKxWNzrQUL9CHcFCxnB2kjt0p6ncYoukRdKTDKPcj7MbofIYwK59pHjt0tlu2KPgWaJk5My5Ki1S19eJyZpRIUmHCvlOnai/QxLzQinw6KXKppg0sdd6hoqcESVn40fGaIDo3RQGEtTQqOx+nsiw5FSgygwnRHWPTXtjcT/PDfV4YWfMZGkmgoyWRSmHOkYjVJBHSYp0XxgCCaSmVsR6WETiTbZFU0IzvTLs6RxXHHOKqd3J+XqVR5HAXZhHw7BgXOowg3UoA4EHuEZXuHNerJerHfrY9I6Z+UzO/AH1ucP0cOYkw==</latexit>

⌧ =
`

L
2 [0, 1] and gradient flow time t

Kernels are still single-site averages
<latexit sha1_base64="XDmA6yOcsFPQwYXmtOzFIU5ywr4="></latexit>

�(⌧, x, x0, t, s) = h�(h(⌧, x, t))�(h(⌧, x0, s))i

What happens in the network during training? Start with α = 1/2

Finite depth networks are Euler–Maruyama approximations of these <latexit sha1_base64="hnLXyj98SyWJxboWlxO2Ayd1ueI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpl26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVlLVoLGLdCYlhgivWQo6CdRLNiAwFa4fj29xvPzFteKwecJKwQJKh4hGnBHOphyTtV2te3ZvBXSZ+QWpQoNmvfvUGMU0lU0gFMabrewkGGdHIqWDTSi81LCF0TIasa6kikpkgm906dU+sMnCjWNtS6M7U3xMZkcZMZGg7JcGRWfRy8T+vm2J0HWRcJSkyReeLolS4GLv54+6Aa0ZRTCwhVHN7q0tHRBOKNp6KDcFffHmZPJ7V/cv6xf15rXFTxFGGIziGU/DhChpwB01oAYURPMMrvDnSeXHenY95a8kpZg7hD5zPHyRtjlI=</latexit>⌧ dynamics with step
<latexit sha1_base64="/KC7ETLiIQvYApSr6FFdBBGJXU8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PQiwcPEc0DkiXMTjrJkNnZZWZWCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/koxnF6Ie0L3mPM2qs9OCd3HWKJbfsTkEWiZeREmSodopf7W7EkhClYYJq3fLc2PgpVYYzgeNCO9EYUzakfWxZKmmI2k+np47JkVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnpXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj0ynYELz5lxdJ/bTsXZTP789KlessjjwcwCEcgweXUIFbqEINGPThGV7hzRHOi/PufMxac042sw9/4Hz+AIKzjU4=</latexit>

1/L

<latexit sha1_base64="Sp5kDjnQYzoCysHzKc7PFEusuzM=">AAACIHicbVDLSgMxFM3UV62vqks3wSJWLGVG1LoRim5cVrAPaGvJpGknNJMZkjtiKf0UN/6KGxeK6E6/xkw7C60eCJyccy7JPW4ouAbb/rRSc/MLi0vp5czK6tr6RnZzq6aDSFFWpYEIVMMlmgkuWRU4CNYIFSO+K1jdHVzGfv2OKc0DeQPDkLV90pe8xykBI3WyJS/fAhIV8H0BwwE+x17eji+GH+IWl9Cxb+MA7kaT4H6S7GRzdtGeAP8lTkJyKEGlk/1odQMa+UwCFUTrpmOH0B4RBZwKNs60Is1CQgekz5qGSuIz3R5NFhzjPaN0cS9Q5kjAE/XnxIj4Wg991yR9Ap6e9WLxP68ZQe+sPeIyjIBJOn2oFwkMAY7bwl2uGAUxNIRQxc1fMfWIIhRMpxlTgjO78l9SOyo6p8WT6+Nc+SKpI4120C7KIweVUBldoQqqIooe0BN6Qa/Wo/VsvVnv02jKSma20S9YX99PcJ7I</latexit>

h(⌧, x, t) = h(0, x, t) +

Z ⌧

0
du(⌧ 0, x, t) Brownian motion (from initial weights)

<latexit sha1_base64="1qLjFK+/G88N3GacuhEjmy/QgVQ="></latexit>

+�0

Z ⌧

0
d⌧ 0

Z t

0
ds

Z
dx0 [A(⌧ 0, x, x0, t, s) + �(⌧ 0, x, x0, t, s)p(x0)�(x0, s)]g(⌧ 0, x0, s)

Feature Learning Corrections



Practical Application: Hyperparameter Transfer

MF+ scaled branches

Optimal hyperparams (HP) are not 
the same for different depths

Hyperparameters transfer across 
widths and depths 

Sweep HPs in small models and then scale up with improved performance (Yang et al 2022)

Can save $ since you only have to do search for good learning rates etc in small models 

Possible for both width and depth (B*, Noci*, Li, Hanin, Pehlevan, ’24)

No branch scaling (common practice) 



Attention + MOE Layers

<latexit sha1_base64="lFWmnksZvJXDH9Lu/+EJhrvba0E=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgET2FG3I5BLzlGMAtkhtDTqSRNeha6a8QwBC/+ihcPinj1K7z5N3aWgyY+KHi8V0VVvSCRQqPjfFu5peWV1bX8emFjc2t7x97dq+s4VRxqPJaxagZMgxQR1FCghGaigIWBhEYwuBn7jXtQWsTRHQ4T8EPWi0RXcIZGatsHHsIDZhVgHT2iHvVChn3OJK207aJTciagi8SdkSKZodq2v7xOzNMQIuSSad1ynQT9jCkUXMKo4KUaEsYHrActQyMWgvazyQsjemyUDu3GylSEdKL+nshYqPUwDEzn+EI9743F/7xWit0rPxNRkiJEfLqom0qKMR3nQTtCAUc5NIRxJcytlPeZYhxNagUTgjv/8iKpn5bci9L57VmxfD2LI08OyRE5IS65JGVSIVVSI5w8kmfySt6sJ+vFerc+pq05azazT/7A+vwBkneW5w==</latexit>

H
ea
d
s
H

Keys Queries ValuesAttention
Output

<latexit sha1_base64="IAsJMWFGX/PCzcAM5mOQzd2ZbYI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1v2CtX3Ko7A/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUKOrNInYaxsSUNm6s+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQvMWX/5LmSdU7r57dnVZqV3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI5xn5815n7cWnHxmH37B+fgGIlCNtw==</latexit>

Nh

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N

<latexit sha1_base64="EnCk5encuQQUA8o65q63P3GsUSs=">AAAB/3icbVC7TsMwFHV4lvIKILGwWFRITFWCeI2lLIxFog+pjSrHdVqrThzZN4gqdOBXWBhAiJXfYONvcNoM0HIkS0fn3Ht97/FjwTU4zre1sLi0vLJaWCuub2xubds7uw0tE0VZnUohVcsnmgkesTpwEKwVK0ZCX7CmP7zO/OY9U5rL6A5GMfNC0o94wCkBI3Xt/Q6wB0ivAFiUKbgqJB2Ou3bJKTsT4Hni5qSEctS69lenJ2kSmilUEK3brhODlxIFnAo2LnYSzWJCh6TP2oZGJGTaSyf7j/GRUXo4kMq8CPBE/d2RklDrUeibypDAQM96mfif104guPRSHsWJOY9OPwoSgUHiLAzc44pRECNDCFXc7IrpgChCwURWNCG4syfPk8ZJ2T0vn92elirVPI4COkCH6Bi56AJV0A2qoTqi6BE9o1f0Zj1ZL9a79TEtXbDynj30B9bnD35Blms=</latexit>

Attention Block

Expert MLPs
Top-K 
Router Output

<latexit sha1_base64="ld7XZnBkNaP+29WyW58keTSO870=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W0Pe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bO700rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98dxI20</latexit>

Ne

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N
<latexit sha1_base64="bRUCN0Zu3kKhYMax7Stb22XXbqw=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGbE7RiUgMcIZoHMEHo6laRJz0J3jSQM8ytePCji1R/x5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5dbWNza38tuFnd29/YPiYampo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/uhu6reeQGkRhY84icEL2CAUfcEZGqlbLLkIY0xr4xgU6oy6tNYtlu2KPQNdJc6ClMkC9W7xy+1FPAkgRC6Z1h3HjtFLmULBJWQFN9EQMz5iA+gYGrIAtJfObs/oqVF6tB8pUyHSmfp7ImWB1pPAN50Bw6Fe9qbif14nwf6Nl4owThBCPl/UTyTFiE6DoD2hgKOcGMK4EuZWyodMMY4mroIJwVl+eZU0zyvOVeXy4aJcvV3EkSfH5IScEYdckyq5J3XSIJyMyTN5JW9WZr1Y79bHvDVnLWaOyB9Ynz/TNZRO</latexit>

Ex
pe
rts

E

<latexit sha1_base64="4+z51GutG8Ou6hU66HIGMQ2t7L4=">AAACCHicbVBNS8NAEN34bf2KevTgYhE8lUT8OpaK4EVQsCq0oWy2k3bpJht2J9ISevTiX/HiQRGv/gRv/hu3NQe/Hgw83pthZl6YSmHQ8z6cicmp6ZnZufnSwuLS8oq7unZlVKY51LmSSt+EzIAUCdRRoISbVAOLQwnXYe945F/fgjZCJZc4SCGIWScRkeAMrdRyN5sIfczPRB8zDVRF9KSfgkZDa1Lx3rDllr2KNwb9S/yClEmB85b73mwrnsWQIJfMmIbvpRjkTKPgEoalZmYgZbzHOtCwNGExmCAfPzKk21Zp00hpWwnSsfp9ImexMYM4tJ0xw6757Y3E/7xGhtFRkIskzRAS/rUoyiRFRUep0LbQwFEOLGFcC3sr5V2mGUebXcmG4P9++S+52q34B5X9i71ytVbEMUc2yBbZIT45JFVySs5JnXByRx7IE3l27p1H58V5/WqdcIqZdfIDztsnCFKZ/Q==</latexit>

Mixture of Experts Block

M
HS

A

M
O

E <latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+ M
HS

A

<latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

M
O

E <latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="fDgmg5vcOoxOGAxhm37WOJiDoIA=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrviqwxqYWERIS9IQpid3CRDZmeXmbtiWPIFNv6KjYUittZ2/o2TR6GJBy4czrmXe+/xIykMuu63k1paXlldS69nNja3tneyu3tVE8aaQ4WHMtR1nxmQQkEFBUqoRxpY4Euo+YOrsV+7B21EqMo4jKAVsJ4SXcEZWqmdzTcRHjC5hgj7I9qkt7amUlkzZbqhDkCP2tmcW3AnoIvEm5EcmaHUzn41OyGPA1DIJTOm4bkRthKmUXAJo0wzNhAxPmA9aFiqWACmlUzeGdG8VTrUrralkE7U3xMJC4wZBr7tDBj2zbw3Fv/zGjF2L1qJUFGMoPh0UTeWFEM6zoZ2hAaOcmgJ41rYWynvM8042gQzNgRv/uVFUj0ueGeF07uTXPFyFkeaHJBDckQ8ck6K5IaUSIVw8kieySt5c56cF+fd+Zi2ppzZzD75A+fzB3SInGU=</latexit>

Depth L Transformer

Jiang, B, Pehlevan, Hanin ’26B, Chaudhry, Pehlevan ’24



For Transformers: Neural ODE > Neural SDE

M
HS

A

M
LP <latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+ M
HS

A <latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+ M
LP

<latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

How to Choose Depth Exponent?

 (Dey, Zhang, Noci, Li, B, Bergsma, Pehlevan, Hanin, Hestness ’25)

Well defined feature learning limit for any

<latexit sha1_base64="zb7P/xIwAXirFtGTZRTt8gcsyDM=">AAACEXicbVDLSsNAFJ34rPVVdelmsAhdSEmKr2XRjQsXFewDkhAm00k7dDIJMzdCCf0FN/6KGxeKuHXnzr9x+lho64ELh3Pu5d57wlRwDbb9bS0tr6yurRc2iptb2zu7pb39lk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wcD322w9MaZ7IeximzI9JT/KIUwJGCkoVj4i0T4Jb7HGJPcEicL1IEZo7o7w2OnGwp3ivD35QKttVewK8SJwZKaMZGkHpy+smNIuZBCqI1q5jp+DnRAGngo2KXqZZSuiA9JhrqCQx034++WiEj43SxVGiTEnAE/X3RE5irYdxaDpjAn09743F/zw3g+jSz7lMM2CSThdFmcCQ4HE8uMsVoyCGhhCquLkV0z4xeYAJsWhCcOZfXiStWtU5r57dnZbrV7M4CugQHaEKctAFqqMb1EBNRNEjekav6M16sl6sd+tj2rpkzWYO0B9Ynz9rfZzG</latexit>

↵L 2

1

2
, 1

�
<latexit sha1_base64="JSDTfiO/qF/5cGpSmc6qHM3vt3I=">AAACDHicbVDLSsNAFJ3UV62vqks3g0Wom5KIr2XRjQvBCvYBTSyTyU07dPJgZiKU0A9w46+4caGIWz/AnX/jpM1CWw8MHM45l7n3uDFnUpnmt1FYWFxaXimultbWNza3yts7LRklgkKTRjwSHZdI4CyEpmKKQycWQAKXQ9sdXmZ++wGEZFF4p0YxOAHph8xnlCgt9coV2wOuCB7c28A5tiULsB0QNaCEpzfj3nXVOtQps2ZOgOeJlZMKytHolb9sL6JJAKGinEjZtcxYOSkRilEO45KdSIgJHZI+dDUNSQDSSSfHjPGBVjzsR0K/UOGJ+nsiJYGUo8DVyWxPOetl4n9eN1H+uZOyME4UhHT6kZ9wrCKcNYM9JoAqPtKEUMH0rpgOiCBU6f5KugRr9uR50jqqWae1k9vjSv0ir6OI9tA+qiILnaE6ukIN1EQUPaJn9IrejCfjxXg3PqbRgpHP7KI/MD5/AFTbmoc=</latexit>

�h`
⇠ OL(1)



Why ? Complete Feature Learningα = 1
More generic residual blocks that depend on  in each layer

<latexit sha1_base64="5wcgBlBQ9RaOAAKs8npzSxGwmI0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMF+wFJLJvtpF26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXpoJrdJxvq7Syura+Ud6sbG3v7O5V9w/aWmaKQYtJIVU3pBoET6CFHAV0UwU0DgV0wtHt1O88gdJcJg84TiGI6SDhEWcUjeT5OASkjz4I0avWnLozg71M3ILUSIFmr/rl9yXLYkiQCaq15zopBjlVyJmAScXPNKSUjegAPEMTGoMO8tnJE/vEKH07kspUgvZM/T2R01jrcRyazpjiUC96U/E/z8swug5ynqQZQsLmi6JM2Cjt6f92nytgKMaGUKa4udVmQ6ooQ5NSxYTgLr68TNpndfeyfnF/XmvcFHGUyRE5JqfEJVekQe5Ik7QII5I8k1fyZqH1Yr1bH/PWklXMHJI/sD5/AGqFkVs=</latexit>

✓`

 (Dey, Zhang, Noci, Li, B, Bergsma, Pehlevan, Hanin, Hestness ’25)

<latexit sha1_base64="Ulh5KELayRbVP4lNLaitFx1xrZU="></latexit>

h`+1 = h` +
1

L↵
F(h`, ✓`)

Our theory from (B, Chaudhry, Pehlevan,’24) indicates that 
<latexit sha1_base64="sYEl2oalLGEhnNCztBJgAEy1kfw=">AAACJHicbVDJSgNBFOxxN25Rj14ag5AcDDPiBiKIXjx4iGBUyMTwpvNimvQsdL8RwpCP8eKvePHgggcvfoud5eBW0FBU1eP1qyBR0pDrfjhj4xOTU9Mzs7m5+YXFpfzyyqWJUy2wKmIV6+sADCoZYZUkKbxONEIYKLwKOid9/+oOtZFxdEHdBOsh3EayJQWQlRr5A5/aSHDjo1JFKvFN/l1wS/yQ+xd9ocjPbjIfVNIGG/J6vMQb+YJbdgfgf4k3IgU2QqWRf/WbsUhDjEgoMKbmuQnVM9AkhcJezk8NJiA6cIs1SyMI0dSzwZE9vmGVJm/F2r6I+ED9PpFBaEw3DGwyBGqb315f/M+rpdTar2cySlLCSAwXtVLFKeb9xnhTahSkupaA0NL+lYs2aBBke83ZErzfJ/8ll1tlb7e8c75dODoe1THD1tg6KzKP7bEjdsoqrMoEu2eP7Jm9OA/Ok/PmvA+jY85oZpX9gPP5BZ/Qoao=</latexit>

✓`(t)� ✓`(0) = ⇥(L↵�1)

To retain nonlinearity as , we need to take 
<latexit sha1_base64="vHSZe2akkSQ/ONMTYeSTxOa8y6c=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68eAhglkgM4SeTk/SpKdn6K4RhpDf8OJBEa/+jDf/xs5y0MQHBY/3qqiqF6ZSGHTdb6ewsrq2vlHcLG1t7+zulfcPmibJNOMNlshEt0NquBSKN1Cg5O1UcxqHkrfC4e3Ebz1xbUSiHjFPeRDTvhKRYBSt5N8THxPiCxVh3i1X3Ko7BVkm3pxUYI56t/zl9xKWxVwhk9SYjuemGIyoRsEkH5f8zPCUsiHt846lisbcBKPpzWNyYpUeiRJtSyGZqr8nRjQ2Jo9D2xlTHJhFbyL+53UyjK6DkVBphlyx2aIok8T+OQmA9ITmDGVuCWVa2FsJG1BNGdqYSjYEb/HlZdI8q3qX1YuH80rtZh5HEY7gGE7BgyuowR3UoQEMUniGV3hzMufFeXc+Zq0FZz5zCH/gfP4AajKRTQ==</latexit>

L ! 1
<latexit sha1_base64="/3KoXk0eMH5+eEPOgByhkEjlqe0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlIsoTeyWwyZHZ2mZkVwpKv8OJBEa9+jjf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQzxini9csWtujOQv8TLSQVy1Hvlz24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4Mn5MgqfRLGypY0ZKb+nMgw0nocBbYzQjPUi95U/M/rpCa89DMuk9QwSeeLwlQQE5Pp96TPFaNGjC1Bqri9ldAhKqTGZlSyIXiLL/8lzZOqd149uzut1K7zOIpwAIdwDB5cQA1uoQ4NoBDBE7zAq6OcZ+fNeZ+3Fpx8Zh9+wfn4BtyYj84=</latexit>

↵ = 1

<latexit sha1_base64="+0Lx2p5w1yMsUP5f78GBiGXFuXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvjZC0Y3LCvYBTSmT6aQdOpmEmYlQQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG+rsLS8srpWXC9tbG5t79i7e00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+aObid96oFKxSNzrcUy7IR4IFjCCtZF69oGHeTzE6Ap5gcQkdbO0mvXsslNxpkCLxM1JGXLUe/aX149IElKhCcdKdVwn1t0US80Ip1nJSxSNMRnhAe0YKnBIVTedXp+hY6P0URBJU0Kjqfp7IsWhUuPQN50h1kM1703E/7xOooPLbspEnGgqyGxRkHCkIzSJAvWZpETzsSGYSGZuRWSITQraBFYyIbjzLy+SZrXinlfO7k7Ltes8jiIcwhGcgAsXUINbqEMDCDzCM7zCm/VkvVjv1sestWDlM/vwB9bnD4k6lKc=</latexit>

↵ =
1

2

<latexit sha1_base64="ugcny1kIRYgy0wcYyQJoXBo8Bzk="></latexit>

h`+1 ⇠ h` +
1p
L
F(h`, ✓`0)

| {z }
Brownian Motion

+
1p
L
r✓F(h`, ✓`0) · (✓` � ✓`0)

| {z }
Learning Update

<latexit sha1_base64="QejVMLcBME37S5A4IpaiTt8e6AY="></latexit>

h`+1 ⇠ h` +
1

L

1X

k=1

dk

d✓k
F(h`, ✓`0)(✓

` � ✓`0)
k<latexit sha1_base64="rlAEnpWVuj7Ptczbmip3ngyVqok=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRLxtRGKblxWsA9IQ5lMJ+3QyUyYuRFK6Ge4caGIW7/GnX/jpM1CWw9cOJxzL/feEyaCG3Ddb6e0srq2vlHerGxt7+zuVfcP2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vsv9zhPThiv5CJOEBTEZSh5xSsBKfo+IZETwDfYq/WrNrbsz4GXiFaSGCjT71a/eQNE0ZhKoIMb4nptAkBENnAo2rfRSwxJCx2TIfEsliZkJstnJU3xilQGOlLYlAc/U3xMZiY2ZxKHtjAmMzKKXi/95fgrRdZBxmaTAJJ0vilKBQeH8fzzgmlEQE0sI1dzeiumIaELBppSH4C2+vEzaZ3Xvsn7xcF5r3BZxlNEROkanyENXqIHuURO1EEUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwBsC5AM</latexit>

↵ = 1

Complete Feature Learning: don’t lose any nonlinearity in any sub-block of the network!

Both “learn features” in  
sense of 

<latexit sha1_base64="we3ATQ1lqr+p3Noyfv/Wt/CJVVU=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqDEC9hRtyOQS8eI2SDzBB6OpWkSc9Cd40QQi7+ihcPinj1M7z5N3aSOWjig4LHe1VU1QsSKTQ6zreVW1ldW9/Ibxa2tnd29+z9g4aOU8WhzmMZq1bANEgRQR0FSmglClgYSGgGw7up33wEpUUc1XCUgB+yfiR6gjM0Usc+8rogkdEB9bQIqVcbALKSe9axi07ZmYEuEzcjRZKh2rG/vG7M0xAi5JJp3XadBP0xUyi4hEnBSzUkjA9ZH9qGRiwE7Y9nD0zoqVG6tBcrUxHSmfp7YsxCrUdhYDpDhgO96E3F/7x2ir0bfyyiJEWI+HxRL5UUYzpNg3aFAo5yZAjjSphbKR8wxTiazAomBHfx5WXSOC+7V+XLh4ti5TaLI0+OyQkpEZdckwq5J1VSJ5xMyDN5JW/Wk/VivVsf89aclc0ckj+wPn8AzRyVQg==</latexit>

�h ⇠ ⇥(1)

Neural SDE  Local Linearization (but NN is globally not a kernel method)
<latexit sha1_base64="WB4P401nMdG0Mv+VG1aTIDhrtss=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfVi/vzSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBFa5Aj</latexit>

=)

Neural ODE  Nonlinear, but no Brownian motion
<latexit sha1_base64="WB4P401nMdG0Mv+VG1aTIDhrtss=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfVi/vzSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBFa5Aj</latexit>

=)



Mean field distribution  
over attention heads

Two Distinct Width Limits of Multi-head Transformers
Dynamics of randomly initialized transformer architectures (B, Chaudhry, Pehlevan ’24)

<latexit sha1_base64="lFWmnksZvJXDH9Lu/+EJhrvba0E=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgET2FG3I5BLzlGMAtkhtDTqSRNeha6a8QwBC/+ihcPinj1K7z5N3aWgyY+KHi8V0VVvSCRQqPjfFu5peWV1bX8emFjc2t7x97dq+s4VRxqPJaxagZMgxQR1FCghGaigIWBhEYwuBn7jXtQWsTRHQ4T8EPWi0RXcIZGatsHHsIDZhVgHT2iHvVChn3OJK207aJTciagi8SdkSKZodq2v7xOzNMQIuSSad1ynQT9jCkUXMKo4KUaEsYHrActQyMWgvazyQsjemyUDu3GylSEdKL+nshYqPUwDEzn+EI9743F/7xWit0rPxNRkiJEfLqom0qKMR3nQTtCAUc5NIRxJcytlPeZYhxNagUTgjv/8iKpn5bci9L57VmxfD2LI08OyRE5IS65JGVSIVVSI5w8kmfySt6sJ+vFerc+pq05azazT/7A+vwBkneW5w==</latexit>

H
ea
d
s
H

Keys Queries ValuesAttention Output

<latexit sha1_base64="IAsJMWFGX/PCzcAM5mOQzd2ZbYI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1v2CtX3Ko7A/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUKOrNInYaxsSUNm6s+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQvMWX/5LmSdU7r57dnVZqV3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI5xn5815n7cWnHxmH37B+fgGIlCNtw==</latexit>

Nh

<latexit sha1_base64="Szx/zw4fI4gLOtiP/03LCNLafus=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VwVRLxhSBU3biSCvYBTQiTyaQZOnk4MxFKyL+48VfcuFCKGxf+i5M0iFYPXDiccy/33uPEjAqp6x9aZW5+YXGpulxbWV1b36hvbnVFlHBMOjhiEe87SBBGQ9KRVDLSjzlBgcNIzxld5X7vgXBBo/BOjmNiBWgYUo9iJJVk18/MAEkfIwYvbB+eQ9PjCKdGlt7YfgYL0/HgSHkmdiP5rdzbvl1v6E29APxLjJI0QIm2XZ+YboSTgIQSMyTEwNBjaaWIS4oZyWpmIkiM8AgNyUDREAVEWGnxYwb3lOJCL+KqQgkL9edEigIhxoGjOvMTxayXi/95g0R6p1ZKwziRJMTTRV7CoIxgHhh0KSdYsrEiCHOqboXYRyolqWKtqRCM2Zf/ku5B0zhuHt0eNlqXZRxVsAN2wT4wwAlogWvQBh2AwSN4Bq/gTXvSXrSJ9j5trWjlzDb4Be3zC6H3o64=</latexit>

Ah =
1

Nh
kh · qh

Limit 1: Infinite head size
<latexit sha1_base64="Azjp2WL3xy3qyZ1b1aFav3b0gt4=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68SQRzAKZMfR0epImPT1Dd40SQv7DiwdFvPov3vwbO8tBEx8UPN6roqpemEph0HW/ndzS8srqWn69sLG5tb1T3N2rmyTTjNdYIhPdDKnhUiheQ4GSN1PNaRxK3gj712O/8ci1EYm6x0HKg5h2lYgEo2ilh9t2j/iYEF+oCAftYsktuxOQReLNSAlmqLaLX34nYVnMFTJJjWl5borBkGoUTPJRwc8MTynr0y5vWapozE0wnFw9IkdW6ZAo0bYUkon6e2JIY2MGcWg7Y4o9M++Nxf+8VobRZTAUKs2QKzZdFGWS2D/HEZCO0JyhHFhCmRb2VsJ6VFOGNqiCDcGbf3mR1E/K3nn57O60VLmaxZGHAziEY/DgAipwA1WoAQMNz/AKb86T8+K8Ox/T1pwzm9mHP3A+fwDueZIq</latexit>

Nh ! 1
Attention matrices concentrate 
(But all collapse to same dynamics!)

Limit 2: Infinite heads 
<latexit sha1_base64="byqDUuslLUZI/HzKJUj+2obgsRc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURX8uimy4r2Ac0oUymk3boZBJmboQSCv6KGxeKuPU73Pk3TtostPXAwOGce5lzT5AIrsFxvq3Syura+kZ5s7K1vbO7Z+8ftHWcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE47vc7zwypXksH2CSMD8iQ8lDTgkYqW8feRGBESUCN7AHMfa4DGHSt6tOzZkBLxO3IFVUoNm3v7xBTNOISaCCaN1znQT8jCjgVLBpxUs1SwgdkyHrGSpJxLSfzeJP8alRBjiMlXkS8Ez9vZGRSOtJFJjJPKxe9HLxP6+XQnjjZ1wmKTBJ5x+FqcDmzrwLPOCKURATQwhV3GTFdEQUoWAaq5gS3MWTl0n7vOZe1S7vL6r126KOMjpGJ+gMuega1VEDNVELUZShZ/SK3qwn68V6tz7moyWr2DlEf2B9/gBunJUq</latexit>

H ! 1

Monotonic improvements  
with heads

Limit 3: Joint scaling with diversity (open)



Enormous # of Correlations to Track for Transformers
M

HS
A

M
O

E
<latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+ M
HS

A <latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+ M
O

E <latexit sha1_base64="410Ohc51HQLrKNx+ohJLffU1wZs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBYhV3xVQZtLFJEMA/IxnB3MpsMmX0wc1cIy36Ajb9iY6GIrR9g5984eRSaeGDgcM65zL3Hi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u41dJQoxusskpFqeaC5FCGvo0DJW7HiEHiSN73h9dhvPnClRRTe4SjmnQD6ofAFAzRSt1hyUQRcU9dXwFLX4whdO0ur96kLMh5At5plJmWX7QnoInFmpERmqHWLX24vYknAQ2QStG47doydFBQKJnlWcBPNY2BD6PO2oSGYDTrp5JiMHhmlR/1ImRcinai/J1IItB4FnkkGgAM9743F/7x2gv5lJxVhnCAP2fQjP5EUIzpuhvaE4gzlyBBgSphdKRuAqQVNfwVTgjN/8iJpnJSd8/LZ7WmpcjWrI08OyCE5Jg65IBVyQ2qkThh5JM/klbxZT9aL9W59TKM5azazT/7A+vwBUaWbzw==</latexit>

⇥ �0

L↵L

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="fDgmg5vcOoxOGAxhm37WOJiDoIA=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrviqwxqYWERIS9IQpid3CRDZmeXmbtiWPIFNv6KjYUittZ2/o2TR6GJBy4czrmXe+/xIykMuu63k1paXlldS69nNja3tneyu3tVE8aaQ4WHMtR1nxmQQkEFBUqoRxpY4Euo+YOrsV+7B21EqMo4jKAVsJ4SXcEZWqmdzTcRHjC5hgj7I9qkt7amUlkzZbqhDkCP2tmcW3AnoIvEm5EcmaHUzn41OyGPA1DIJTOm4bkRthKmUXAJo0wzNhAxPmA9aFiqWACmlUzeGdG8VTrUrralkE7U3xMJC4wZBr7tDBj2zbw3Fv/zGjF2L1qJUFGMoPh0UTeWFEM6zoZ2hAaOcmgJ41rYWynvM8042gQzNgRv/uVFUj0ueGeF07uTXPFyFkeaHJBDckQ8ck6K5IaUSIVw8kieySt5c56cF+fd+Zi2ppzZzD75A+fzB3SInGU=</latexit>

Depth L Transformer

VIT Data x Data Similarity Structure VIT Space x Space Similarity Structure

<latexit sha1_base64="YT8RaEQ7+eD823q6AQBr0NE3Guc="></latexit>

Ch =
1

N
h`
s(x, t) · h`

s0(x
0, t0) !

⌦
h`
s(x, t)h

`
s0(x

0, t0)
↵

In LLM pretraining this is steps x steps x batch_size x batch_size x seq_len x seq_len
Not practical to run these equations at scale (focus on extracting high level insights)



Why MOE?
Dense transformer computation often dominated by MLP blocks (90% of compute in Palm3) 

MOE Main Idea: break up the MLP block into experts with a gating/routing mechanism. 
Each token activates a subset of the experts (Shazeer et al 2017)

The SOTA LLM models are now all MOE (GPT-4+, Grok-1, Gemini 1.5, Claude Opus, etc) 

Question: How to stably scale up/down MOE model training, converge to valid limit, and 
enable HP transfer? What are the relevant scaling variables? How sparse can we make it?



MOE Blocks

Expert MLPs
Top-K 
Router Output

<latexit sha1_base64="ld7XZnBkNaP+29WyW58keTSO870=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W0Pe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bO700rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98dxI20</latexit>

Ne

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N
<latexit sha1_base64="bRUCN0Zu3kKhYMax7Stb22XXbqw=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGbE7RiUgMcIZoHMEHo6laRJz0J3jSQM8ytePCji1R/x5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5dbWNza38tuFnd29/YPiYampo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/uhu6reeQGkRhY84icEL2CAUfcEZGqlbLLkIY0xr4xgU6oy6tNYtlu2KPQNdJc6ClMkC9W7xy+1FPAkgRC6Z1h3HjtFLmULBJWQFN9EQMz5iA+gYGrIAtJfObs/oqVF6tB8pUyHSmfp7ImWB1pPAN50Bw6Fe9qbif14nwf6Nl4owThBCPl/UTyTFiE6DoD2hgKOcGMK4EuZWyodMMY4mroIJwVl+eZU0zyvOVeXy4aJcvV3EkSfH5IScEYdckyq5J3XSIJyMyTN5JW9WZr1Y79bHvDVnLWaOyB9Ynz/TNZRO</latexit>

Ex
pe
rts

E

<latexit sha1_base64="4+z51GutG8Ou6hU66HIGMQ2t7L4=">AAACCHicbVBNS8NAEN34bf2KevTgYhE8lUT8OpaK4EVQsCq0oWy2k3bpJht2J9ISevTiX/HiQRGv/gRv/hu3NQe/Hgw83pthZl6YSmHQ8z6cicmp6ZnZufnSwuLS8oq7unZlVKY51LmSSt+EzIAUCdRRoISbVAOLQwnXYe945F/fgjZCJZc4SCGIWScRkeAMrdRyN5sIfczPRB8zDVRF9KSfgkZDa1Lx3rDllr2KNwb9S/yClEmB85b73mwrnsWQIJfMmIbvpRjkTKPgEoalZmYgZbzHOtCwNGExmCAfPzKk21Zp00hpWwnSsfp9ImexMYM4tJ0xw6757Y3E/7xGhtFRkIskzRAS/rUoyiRFRUep0LbQwFEOLGFcC3sr5V2mGUebXcmG4P9++S+52q34B5X9i71ytVbEMUc2yBbZIT45JFVySs5JnXByRx7IE3l27p1H58V5/WqdcIqZdfIDztsnCFKZ/Q==</latexit>

Mixture of Experts Block

<latexit sha1_base64="RqbHHYRPiaGubVO6oyzgbdGt16M=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuLIn42ghFN66kgn1AE8JkMmmHTjJhZiKUkK9w46+4caGIW3Hn3zhpg2jrgQuHc+7l3nv8hFGpLOvLmJtfWFxarqxUV9fWNzbNre225KnApIU546LrI0kYjUlLUcVINxEERT4jHX94VfideyIk5fGdGiXEjVA/piHFSGnJMw8TbwgvoBMKhDM7z25y6ERIDfwQCu04OODqRxl4Zs2qW2PAWWKXpAZKND3z0wk4TiMSK8yQlD3bSpSbIaEoZiSvOqkkCcJD1Cc9TWMUEelm47dyuK+VAIZc6IoVHKu/JzIUSTmKfN1ZHCinvUL8z+ulKjx3MxonqSIxniwKUwYVh0VGMKCCYMVGmiAsqL4V4gHSCSmdZFWHYE+/PEvaR3X7tH5ye1xrXJZxVMAu2AMHwAZnoAGuQRO0AAYP4Am8gFfj0Xg23oz3SeucUc7sgD8wPr4Bsvmeew==</latexit>

pk =
1

N
rk · h<latexit sha1_base64="jV8kvrFAlzuIdeatx/v2vOOnSkI=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjPidgx68RiXLJAMoadTkzTp6R66e8Q4BH/FiwdFvPof3vwbO8tBEx8UPN6roqpemHCmjed9O3PzC4tLy7mV/Ora+samu7Vd1TJVFCpUcqnqIdHAmYCKYYZDPVFA4pBDLexdDv3aPSjNpLgz/QSCmHQEixglxkotd7dp4MFkNzI1oPAtlQr0oOUWvKI3Ap4l/oQU0ATllvvVbEuaxiAM5UTrhu8lJsiIMoxyGOSbqYaE0B7pQMNSQWLQQTa6foAPrNLGkVS2hMEj9fdERmKt+3FoO2NiunraG4r/eY3UROdBxkRifxN0vChKOTYSD6PAbaaAGt63hFDF7K2Ydoki1Eah8zYEf/rlWVI9KvqnxZPr40LpYhJHDu2hfXSIfHSGSugKlVEFUfSIntErenOenBfn3fkYt845k5kd9AfO5w8XEJWm</latexit>

Router Scores

<latexit sha1_base64="j9+9teGs5+x5W/cHt5K/W+807hk="></latexit> p
N

ENe

EX

k=1

⇥(pk + bk � q?)�(pk)| {z }
hard gate

W(2)
k �

✓
1p
N

W(1)
k h

◆

<latexit sha1_base64="hBGNFgO7YRtCHdNoPx7JHvDn4aQ=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgKcyI2zEoiAcPEcwCyRB6OpWkSc9Cd40ahoAXf8WLB0W8+hPe/Bs7yRw08UHB472q7qrnRVJotO1vKzM3v7C4lF3OrayurW/kN7eqOowVhwoPZajqHtMgRQAVFCihHilgvieh5vUvRn7tDpQWYXCLgwhcn3UD0RGcoZFa+Z0mwgMm12wAil6G6p6pNi0zrYe0lS/YRXsMOkuclBRIinIr/9Vshzz2IUAuzRMNx47QTZhCwSUMc81YQ8R4n3WhYWjAfNBuMr5hSPeN0qadUJkKkI7V3xMJ87Ue+J7p9Bn29LQ3Ev/zGjF2ztxEBFGMEPDJR51YUgzpKBDaFgo4yoEhjCthdqW8xxTjaGLLmRCc6ZNnSfWw6JwUj2+OCqXzNI4s2SV75IA45JSUyBUpkwrh5JE8k1fyZj1ZL9a79TFpzVjpzDb5A+vzB8UTl5s=</latexit>

Layer Forward Pass

<latexit sha1_base64="8EDz+t4rkbnjojJIYVwjvQxUEJs=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiTia1nqxmUV+4AmhMn0th06mYSZiVhCceOvuHGhiFu/wp1/47TNQlsPDBzOuZc754QJZ0o7zre1sLi0vLJaWCuub2xubds7uw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDq7GfvMepGKxuNPDBPyI9ATrMkq0kQJ739PwoLPbONUgcZURNcIeDoMBDuySU3YmwPPEzUkJ5agF9pfXiWkagdCUE6XarpNoPyNSM8phVPRSBQmhA9KDtqGCRKD8bBJhhI+M0sHdWJonNJ6ovzcyEik1jEIzGRHdV7PeWPzPa6e6e+lnTCQmoKDTQ92UYx3jcR+4wyRQzYeGECqZ+SumfSIJNX2ooinBnY08TxonZfe8fHZzWqpU8zoK6AAdomPkogtUQdeohuqIokf0jF7Rm/VkvVjv1sd0dMHKd/bQH1ifP3GnltA=</latexit>

Router Bias bk

<latexit sha1_base64="Kc9A9uuGAJs/sZ8YR7A/Zs4te7w=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYns8mQ2dl1plcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94DjhfkQHSoSCUbRS67HXNUh1r1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9m5E3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZ/k76QnOGcmwJZVrYWwkbUk0Z2oRKNgRv8eVl0jyrepfVi/vzSu0mj6MIR3AMp+DBFdTgDurQAAYjeIZXeHMS58V5dz7mrQUnnzmEP3A+fwB+hY+w</latexit>q?
<latexit sha1_base64="pzDMR32cztMgRD8y1a2G073ihSw="></latexit>

chosen so that the top K of the E experts are active
<latexit sha1_base64="WN2hkVv1TYlU2fO7ZZ9ikB9c8WE=">AAAB+nicbVDJSgNBEO1xjXFL9OilMQiewoy4HYNePEYwCyRD6OmpyTTpWeiuUcOYT/HiQRGvfok3/8bOctDEBwWP96qoquelUmi07W9raXlldW29sFHc3Nre2S2V95o6yRSHBk9kotoe0yBFDA0UKKGdKmCRJ6HlDa7HfuselBZJfIfDFNyI9WMRCM7QSL1SuYvwiDmGCnSYSH9Ee6WKXbUnoIvEmZEKmaHeK311/YRnEcTIJdO649gpujlTKLiEUbGbaUgZH7A+dAyNWQTazSenj+iRUXwaJMpUjHSi/p7IWaT1MPJMZ8Qw1PPeWPzP62QYXLq5iNMMIebTRUEmKSZ0nAP1hQKOcmgI40qYWykPmWIcTVpFE4Iz//IiaZ5UnfPq2e1ppXY1i6NADsghOSYOuSA1ckPqpEE4eSDP5JW8WU/Wi/VufUxbl6zZzD75A+vzB9r8lGU=</latexit>

threshold

<latexit sha1_base64="sgJ8Oc1RVnr/xvXMAh1gzH23KzU=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4McyIG56iIgheImSDJISeTiVp0rPQXRMShly9+CtePCji1T/w5t/YWQ6a+KDg8V4VVfXcUAqNtv1tJRYWl5ZXkquptfWNza309k5JB5HiUOSBDFTFZRqk8KGIAiVUQgXMcyWU3e7NyC/3QGkR+AUchFD3WNsXLcEZGqmRpjWEPsaFIDy6p1ccRY8hNOltPwSF+nJIG+mMnbXHoPPEmZIMmSLfSH/VmgGPPPCRS6Z11bFDrMdMoeAShqlapCFkvMvaUDXUZx7oejz+ZEgPjNKkrUCZ8pGO1d8TMfO0Hniu6fQYdvSsNxL/86oRti7qsfDDCMHnk0WtSFIM6CgW2hQKOMqBIYwrYW6lvMMU42jCS5kQnNmX50npOOucZU8fTjK562kcSbJH9skhccg5yZE7kidFwskjeSav5M16sl6sd+tj0pqwpjO75A+szx/iBJnT</latexit>

Top-K Activated Experts:

(Shazeer et al 2017, Fedus et al 2022)

<latexit sha1_base64="/soHYvOR/eM7d0t67EKHQ+2+u4g="></latexit>

bk(t+ 1)� bk(t) / (K/E � Fraction of Batch Assigned to Expert k)

<latexit sha1_base64="xCKaNBScTvpDl9EM0STmkYoyy1A=">AAACHHicbVC7TiNBEJyF42UeZyC8ZISFRGTtAgeEyAiJgAAQBiTbsnpne2HE7MxqphdhrfwhJPwKyQWHEMkFSPwNY+PgeFRUqupWdVecK+koDF+DsfEfE5NT0zOV2bn5hZ/VxaUzZworsCmMMvYiBodKamySJIUXuUXIYoXn8fXewD+/Qeuk0afUy7GTwaWWqRRAXupWN9qEt1Q28wQI+UmhkKfG8oYEx/e18DFwiY4fGkh4AxRogf1utRbWwyH4VxKNSI2NcNSt/msnRhQZahIKnGtFYU6dEixJobBfaRcOcxDXPqrlqYYMXaccPtfnq15JhkelRhMfqv9vlJA518tiP5kBXbnP3kD8zmsVlO50SqnzglCL96C0UJwMHzTFE2lRkOp5AsJKfysXV2BBkO+z4kuIPr/8lZyt16Ot+u/jzdpuY1THNPvFVtgai9g222UH7Ig1mWB37IH9ZY/BffAneAqe30fHgtHOMvuA4OUNSTmhfw==</latexit>

Update Rule for Bias Encourages Load Balance

(Liu et al 2024, Dai et al 2024)

<latexit sha1_base64="n14KzIZtm4jJ0Hl0CS9zDtbJOKo="></latexit>

Load Balance Goal:8k, ` # tokens @ router k = # tokens @ router `
<latexit sha1_base64="6njkWNcyqr7n3gCU9GiUy1GBaKM="></latexit>

Common Strategy: add aux. loss to promotes balancing (hard to make this scale, nonlocal, etc)



MOE Blocks: Three Level Mean Field Limit
We characterize the dynamics of randomly initialized MOE (Jiang, B, Pehlevan, Hanin ’26)

Expert MLPs
Top-K 
Router Output

<latexit sha1_base64="ld7XZnBkNaP+29WyW58keTSO870=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W0Pe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bO700rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98dxI20</latexit>

Ne

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N
<latexit sha1_base64="bRUCN0Zu3kKhYMax7Stb22XXbqw=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGbE7RiUgMcIZoHMEHo6laRJz0J3jSQM8ytePCji1R/x5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5dbWNza38tuFnd29/YPiYampo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/uhu6reeQGkRhY84icEL2CAUfcEZGqlbLLkIY0xr4xgU6oy6tNYtlu2KPQNdJc6ClMkC9W7xy+1FPAkgRC6Z1h3HjtFLmULBJWQFN9EQMz5iA+gYGrIAtJfObs/oqVF6tB8pUyHSmfp7ImWB1pPAN50Bw6Fe9qbif14nwf6Nl4owThBCPl/UTyTFiE6DoD2hgKOcGMK4EuZWyodMMY4mroIJwVl+eZU0zyvOVeXy4aJcvV3EkSfH5IScEYdckyq5J3XSIJyMyTN5JW9WZr1Y79bHvDVnLWaOyB9Ynz/TNZRO</latexit>

Ex
pe
rts

E

<latexit sha1_base64="4+z51GutG8Ou6hU66HIGMQ2t7L4=">AAACCHicbVBNS8NAEN34bf2KevTgYhE8lUT8OpaK4EVQsCq0oWy2k3bpJht2J9ISevTiX/HiQRGv/gRv/hu3NQe/Hgw83pthZl6YSmHQ8z6cicmp6ZnZufnSwuLS8oq7unZlVKY51LmSSt+EzIAUCdRRoISbVAOLQwnXYe945F/fgjZCJZc4SCGIWScRkeAMrdRyN5sIfczPRB8zDVRF9KSfgkZDa1Lx3rDllr2KNwb9S/yClEmB85b73mwrnsWQIJfMmIbvpRjkTKPgEoalZmYgZbzHOtCwNGExmCAfPzKk21Zp00hpWwnSsfp9ImexMYM4tJ0xw6757Y3E/7xGhtFRkIskzRAS/rUoyiRFRUep0LbQwFEOLGFcC3sr5V2mGUebXcmG4P9++S+52q34B5X9i71ytVbEMUc2yBbZIT45JFVySs5JnXByRx7IE3l27p1H58V5/WqdcIqZdfIDztsnCFKZ/Q==</latexit>

Mixture of Experts Block
<latexit sha1_base64="2tb7ZmkKE22K7Q9sL+2o5Dulylc=">AAACDHicbVDLSgNBEJz1bXxFPXoZDIKnuCu+LoIoguBFwUQhG6R30tEhs7PrTK8YlnyAF3/FiwdFvPoB3vwbJ4+Dr4KBoqqanq4oVdKS7396Q8Mjo2PjE5OFqemZ2bni/ELVJpkRWBGJSsxFBBaV1FghSQovUoMQRwrPo9ZB1z+/RWNlos+onWI9histm1IAOemyWApbkKbAQ7zJ5C0/XjvkuzwkvKNcJNoSaOq4lF/2e+B/STAgJTbAyWXxI2wkIotRk1BgbS3wU6rnYEgKhZ1CmFlMQbTgCmuOaojR1vPeMR2+4pQGbybGPU28p36fyCG2th1HLhkDXdvfXlf8z6tl1Nyp51KnGaEW/UXNTHFKeLcZ3pAGBam2IyCMdH/l4hoMCHL9FVwJwe+T/5LqejnYKm+ebpT29gd1TLAltsxWWcC22R47YieswgS7Z4/smb14D96T9+q99aND3mBmkf2A9/4FBQGbAQ==</latexit>

 ⌘ K/E = constant

<latexit sha1_base64="JFCoRRAWGhVkvhURks17JzuRsac=">AAACBnicbVDLSgMxFM34rPVVdSlCsAiuyoz4WlYFcVnRPqAdSia9bUMzD5I70jJ05cZfceNCEbd+gzv/xrSdhbYeCBzOuSfJPV4khUbb/rbm5hcWl5YzK9nVtfWNzdzWdkWHseJQ5qEMVc1jGqQIoIwCJdQiBcz3JFS93tXIrz6A0iIM7nEQgeuzTiDagjM0UjO310DoY3KhdewDvRZ9aNG7iJkADoa0mcvbBXsMOkuclORJilIz99VohdxcFSCXTOu6Y0foJkyh4BKG2UasIWK8xzpQNzRgPmg3Ga8xpAdGadF2qMwJkI7V34mE+VoPfM9M+gy7etobif959Rjb524igihGCPjkoXYsKYZ01AltCQUc5cAQxpUwf6W8yxTjaJrLmhKc6ZVnSeWo4JwWTm6P88XLtI4M2SX75JA45IwUyQ0pkTLh5JE8k1fyZj1ZL9a79TEZnbPSzA75A+vzB1fsmQ0=</latexit>

Assume Fixed Sparsity

<latexit sha1_base64="UUaRx+XjU2Qvof6nH84zeqVd22g=">AAACHHicbVDLSsNAFJ34rPUVdelmsAh1UxLfG6EoggsJFewDmhIm00k7dDIJMxOhhHyIG3/FjQtF3LgQ/BsnbRfaemAuh3Pu5c49fsyoVJb1bczNLywuLRdWiqtr6xub5tZ2Q0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+4Cr3mw9ESBrxezWMSSdEPU4DipHSkmceuYyGXupAV0XQpTxQwwy6gUA4dbLU8UjZOYDXebnVJYMX0IKeWbIq1ghwltgTUgIT1Dzz0+1GOAkJV5ghKdu2FatOioSimJGs6CaSxAgPUI+0NeUoJLKTjo7L4L5WujCIhH5cwZH6eyJFoZTD0NedIVJ9Oe3l4n9eO1HBeSelPE4U4Xi8KEgY1EHkScEuFQQrNtQEYUH1XyHuI52M0nkWdQj29MmzpHFYsU8rJ3fHperlJI4C2AV7oAxscAaq4AbUQB1g8AiewSt4M56MF+Pd+Bi3zhmTmR3wB8bXDzbtnt4=</latexit>

lim
N!1

N

Ne(N)E(N)L(N)
= 0

<latexit sha1_base64="95CSLoRb7BkQ+2qvy6m9uaJdTW0=">AAACF3icbVBNSwMxEM36bf2qevQSLIKClF3x61gUwYMUBWuF7lKy6bQNzWaXZFYtS/+FF/+KFw+KeNWb/8a09qDVgQyP9+YxmRcmUhh03U9nbHxicmp6ZjY3N7+wuJRfXrkycao5VHgsY30dMgNSKKigQAnXiQYWhRKqYee4r1dvQBsRq0vsJhBErKVEU3CGlqrni+U6bJa3tunJoJ/ZTn3qI9xh1hDW2RKqRW8FtnuWL9fzBbfoDor+Bd4QFMiwzuv5D78R8zQChVwyY2qem2CQMY2CS+jl/NRAwniHtaBmoWIRmCAb3NWjG5Zp0Gas7VNIB+xPR8YiY7pRaCcjhm0zqvXJ/7Rais3DIBMqSREU/17UTCXFmPZDog2hgaPsWsC4FvavlLeZZhxtlDkbgjd68l9wtVP09ot7F7uF0tEwjhmyRtbJJvHIASmRU3JOKoSTe/JInsmL8+A8Oa/O2/fomDP0rJJf5bx/AQ0YnNM=</latexit>

Ne(N), E(N), L(N) diverging with N

<latexit sha1_base64="ZwCnt08ZDNcSPVZ24zKYGnZhAqQ=">AAACEXicbVDLTgIxFO3gC/E16tJNIzFhRWaMryWRjXGFUR4JENIpBRo67aS9YyQTfsGNv+LGhca4defOv7EDLBQ8SZOTc89te04QCW7A876dzNLyyupadj23sbm1vePu7tWMijVlVaqE0o2AGCa4ZFXgIFgj0oyEgWD1YFhO5/V7pg1X8g5GEWuHpC95j1MCVuq4hRawB0iqkqcuIvC14hLwLSX2xj4uK9nlqXPccfNe0ZsALxJ/RvJohkrH/Wp1FY1DJoEKYkzT9yJoJ0QDp4KNc63YsIjQIemzpqWShMy0k0miMT6yShf3lLbHfmei/t5ISGjMKAysMyQwMPOzVPxv1oyhd9FOuIxiYJJOH+rFAoPCaT24yzWjIEaWEKptdIrpgGhCwdaTsyX485EXSe246J8VT29O8qXLWR1ZdIAOUQH56ByV0BWqoCqi6BE9o1f05jw5L8678zG1ZpzZzj76A+fzBzMBneM=</latexit>

Universal Joint Scaling Condition

<latexit sha1_base64="0wlBAxqC2R50MAP7wGXPdMXK110="></latexit>

SGD Dynamics in this Limit are Governed by a Three Level DMFT
<latexit sha1_base64="Am8qWchUWN1PuMaKKWmkF1k/tb0="></latexit>

Level 1: The neurons and kernels on the residual stream
<latexit sha1_base64="I6X5QjxLdQI8o/dYWUGs8mKuiKM="></latexit>

Level 2: The distribution over Expert States {p, b, ...}

<latexit sha1_base64="nnUzO4522cYIztoUkqiuiJr/670="></latexit>

Level 3: The distribution over Within-Expert Neurons

<latexit sha1_base64="a+oBj48J+YdBntdsQ1N5sGeQgfU="></latexit>

In this limit, the NN outputs only depend on various averages over these levels

<latexit sha1_base64="jiA1rAKCRNf91d2WnjqVXILOmyk=">AAACDXicbVA9SwNBEN3zM8avqKXNYhRsDHfiVxm0EWwUjBGSEPY2c97i3u65OyeGI3/Axr9iY6GIrb2d/8ZNTKHGBwOP92aYmRemUlj0/U9vbHxicmq6MFOcnZtfWCwtLV9YnRkONa6lNpchsyCFghoKlHCZGmBJKKEeXh/1/fotGCu0OsduCq2EXSkRCc7QSe3SehPhDnPU6dYJFZYyepMxhUICxdiAjbXs9Nqlsl/xB6CjJBiSMhnitF36aHY0zxJQyCWzthH4KbZyZlBwCb1iM7OQMn7NrqDhqGIJ2FY++KZHN5zSoZE2rhTSgfpzImeJtd0kdJ0Jw9j+9frif14jw+iglQuVZgiKfy+KMklR0340tCMMcJRdRxg3wt1KecwM4+gCLLoQgr8vj5KL7UqwV9k92ylXD4dxFMgqWSObJCD7pEqOySmpEU7uySN5Ji/eg/fkvXpv361j3nBmhfyC9/4FniKb7g==</latexit>

top-K is a quantile threshold



MSR Saddle Point Equations

Top-k condition gives deterministic 
Implicit function



Convergent Dynamics in a Toy Soft Routing Model

Simulations of a simple supervised learning task (multi-index polynomial model)



Sparse MOE: Convergent Universal Dynamics + HP Transfer

Learning Rate Transfer Across all Scaling Variables

Consistent Early Pre-training Dynamics across all Scaling Directions

Jiang, B, Pehlevan, Hanin ’26

Transfer across all scaling variables possible since the limiting neural ODE surprisingly 
independent of FFN ratio, # experts, width or depth, only on  

<latexit sha1_base64="GIrwU+DduyKM31PM2xUWSq1JBto=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKe6Kr4sQFEHwEsE8ILuE3slsMmR2dpiZFcKS3/DiQRGv/ow3/8ZJsgeNFjQUVd10d4WSM21c98spLCwuLa8UV0tr6xubW+XtnaZOUkVogyQ8Ue0QNOVM0IZhhtO2VBTikNNWOLye+K1HqjRLxIMZSRrE0BcsYgSMlXx/CFICvsR3RzfdcsWtulPgv8TLSQXlqHfLn34vIWlMhSEctO54rjRBBsowwum45KeaSiBD6NOOpQJiqoNsevMYH1ilh6NE2RIGT9WfExnEWo/i0HbGYAZ63puI/3md1EQXQcaETA0VZLYoSjk2CZ4EgHtMUWL4yBIgitlbMRmAAmJsTCUbgjf/8l/SPK56Z9XT+5NK7SqPo4j20D46RB46RzV0i+qogQiS6Am9oFcndZ6dN+d91lpw8pld9AvOxzdnapCh</latexit>

 = K/E



In Progress: Complete FL SDE Under Joint Scaling
1/L Parameterization but Different Joint Scaling of All Scaling Variables

In prep with Datong Zhou and Zhen Yang

<latexit sha1_base64="EJ8DRDuooIIYePdcqlLzP7qjb10="></latexit>

lim
N!1

N

Ne(N)E(N)L(N)
= ↵? > 0

Expert MLPs
Top-K 
Router Output

<latexit sha1_base64="ld7XZnBkNaP+29WyW58keTSO870=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W0Pe+WKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bO700rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98dxI20</latexit>

Ne

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N
<latexit sha1_base64="bRUCN0Zu3kKhYMax7Stb22XXbqw=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGbE7RiUgMcIZoHMEHo6laRJz0J3jSQM8ytePCji1R/x5t/YWQ6a+KDg8V4VVfX8WAqNtv1t5dbWNza38tuFnd29/YPiYampo0RxaPBIRqrtMw1ShNBAgRLasQIW+BJa/uhu6reeQGkRhY84icEL2CAUfcEZGqlbLLkIY0xr4xgU6oy6tNYtlu2KPQNdJc6ClMkC9W7xy+1FPAkgRC6Z1h3HjtFLmULBJWQFN9EQMz5iA+gYGrIAtJfObs/oqVF6tB8pUyHSmfp7ImWB1pPAN50Bw6Fe9qbif14nwf6Nl4owThBCPl/UTyTFiE6DoD2hgKOcGMK4EuZWyodMMY4mroIJwVl+eZU0zyvOVeXy4aJcvV3EkSfH5IScEYdckyq5J3XSIJyMyTN5JW9WZr1Y79bHvDVnLWaOyB9Ynz/TNZRO</latexit>

Ex
pe
rts

E

<latexit sha1_base64="OOnf8FJ2kjjWzm99dMhzGeDNcC8="></latexit>

dh(⌧) =
p
↵? du(⌧)| {z }

Brownian Motion

+ �0 d⌧Kh(⌧,↵?)g(⌧)| {z }
Feature Learning

Can see this in a fully dense (non-MOE) model as well

<latexit sha1_base64="dBBtnt+k/45WYS6dmOzHLG4pxUU="></latexit>

↵? = lim
N!1

N

Ne(N)L(N)
If nonzero, then you get SDE behavior in the joint limit

Convergence to the Neural ODE requires controlling 
<latexit sha1_base64="ydmKZCoB/1gqkQFdYaeE+A9uFs4=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjQspFewD2lAm05t26GQSZiZCDfkSNy4UceunuPNvnLZZaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7ZXtvv6WiRFJo0ohHsuMTBZwJaGqmOXRiCST0ObT98c3Ubz+CVCwSD3oSgxeSoWABo0QbqW+Xe4EkNK1nab0P+C7r2xWn6syAl4mbkwrK0ejbX71BRJMQhKacKNV1nVh7KZGaUQ5ZqZcoiAkdkyF0DRUkBOWls8MzfGyUAQ4iaUpoPFN/T6QkVGoS+qYzJHqkFr2p+J/XTXRw5aVMxIkGQeeLgoRjHeFpCnjAJFDNJ4YQKpm5FdMRMUlok1XJhOAuvrxMWqdV96J6fn9WqV3ncRTRITpCJ8hFl6iGblEDNRFFCXpGr+jNerJerHfrY95asPKZA/QH1ucPf1WS/w==</latexit>

N

NeL
see Chaintron ’26 & Jiang et al ‘26

<latexit sha1_base64="qEi2nphYpoGdFCdMQmKBnwjhwpM=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgupCTia1l046pUsQ9o2jKZ3rRDJ5MwMxFKyG+48VfcuFDEpa78G6ePhbYeuHA4517uvcePOVPacb6thcWl5ZXV3Fp+fWNza9ve2a2pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51f3A98usPIBWLxL0extAKSU+wgFGijdSxHS8kuu8HuN5OPeD82M2wxwSeyH56l7XTcgewp1kICpezjl1wis4YeJ64U1JAU1Q69qfXjWgSgtCUE6WarhPrVkqkZpRDlvcSBTGhA9KDpqGCmD2tdPxZhg+N0sVBJE0Jjcfq74mUhEoNQ990jg5Ws95I/M9rJjq4bKVMxIkGQSeLgoRjHeFRTLjLJFDNh4YQKpm5FdM+kYRqE2behODOvjxPaidF97x4dntaKF1N48ihfXSAjpCLLlAJ3aAKqiKKHtEzekVv1pP1Yr1bH5PWBWs6s4f+wPr6AbLRoCE=</latexit>

W`,1 2 RNe⇥N
<latexit sha1_base64="Q07cmNrwvjXMxMF9khKB7tvkvVM=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiB4kDAT3I5BL55CFLNAJgk9nZqkSU/P0N0jhGF+w4u/4sWDIh715N/YWQ6a+KDg8V4VVfW8iDOlbfvbyiwtr6yuZddzG5tb2zv53b26CmNJoUZDHsqmRxRwJqCmmebQjCSQwOPQ8IbXY7/xAFKxUNzrUQTtgPQF8xkl2kjdvO0GRA88Hzc6iQucn5RS7DKBp7KX3KWdpIJdzQJQuNKFtJsv2EV7ArxInBkpoBmq3fyn2wtpHIDQlBOlWo4d6XZCpGaUQ5pzYwURoUPSh5ahgphN7WTyWYqPjNLDfihNCY0n6u+JhARKjQLPdI4PVvPeWPzPa8Xav2wnTESxBkGni/yYYx3icUy4xyRQzUeGECqZuRXTAZGEahNmzoTgzL+8SOqlonNePLs9LZSvZnFk0QE6RMfIQReojG5QFdUQRY/oGb2iN+vJerHerY9pa8aazeyjP7C+fgCzqKAi</latexit>

W`,2 2 RN⇥Ne

<latexit sha1_base64="4cxjjBqWNstAVlK95zDFP5u0+a0="></latexit>

h`+1 = h` +

p
N

NeL
W`,2�

✓
1p
N

W`,1h`

◆

Open: Is transfer across a large range of model sizes best by fixing ?
<latexit sha1_base64="I8fiFwUOpj4xNzNJIpkHFKsE6p4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUCbbTbt0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmlldW19o7xZ2dre2d2r7h886jRTlLVoKlLVCVEzwRPWMtwI1pGKYRwK1g5Ht1O//cSU5mnyYMaSBTEOEh5xisZKvo9CDrHna4OqV625dXcGsky8gtSgQLNX/fL7Kc1ilhgqUOuu50oT5KgMp4JNKn6mmUQ6wgHrWppgzHSQz26ekBOr9EmUKluJITP190SOsdbjOLSdMZqhXvSm4n9eNzPRdZDzRGaGJXS+KMoEMSmZBkD6XDFqxNgSpIrbWwkdokJqbEwVG4K3+PIyeTyre5f1i/vzWuOmiKMMR3AMp+DBFTTgDprQAgoSnuEV3pzMeXHenY95a8kpZg7hD5zPHzpLkdM=</latexit>↵?

Approximation error to an SDE is smaller if 
<latexit sha1_base64="ydmKZCoB/1gqkQFdYaeE+A9uFs4=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjQspFewD2lAm05t26GQSZiZCDfkSNy4UceunuPNvnLZZaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7ZXtvv6WiRFJo0ohHsuMTBZwJaGqmOXRiCST0ObT98c3Ubz+CVCwSD3oSgxeSoWABo0QbqW+Xe4EkNK1nab0P+C7r2xWn6syAl4mbkwrK0ejbX71BRJMQhKacKNV1nVh7KZGaUQ5ZqZcoiAkdkyF0DRUkBOWls8MzfGyUAQ4iaUpoPFN/T6QkVGoS+qYzJHqkFr2p+J/XTXRw5aVMxIkGQeeLgoRjHeFpCnjAJFDNJ4YQKpm5FdMRMUlok1XJhOAuvrxMWqdV96J6fn9WqV3ncRTRITpCJ8hFl6iGblEDNRFFCXpGr+jNerJerHfrY95asPKZA/QH1ucPf1WS/w==</latexit>

N

NeL
is fixed

Common use of completeP: 
<latexit sha1_base64="7vhsozKlxckGwWbhdX6qlD8nmCs=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJVEvC2LblxIqWAv0IQwmU7aoTOTMDMRSsjWja/ixoUibn0Dd76N0zYLbf1h4Oc753Dm/GHCqNKO822VlpZXVtfK65WNza3tHXt3r63iVGLSwjGLZTdEijAqSEtTzUg3kQTxkJFOOLqe1DsPRCoai3s9TojP0UDQiGKkDQps6EUS4ayRZ42AwNsceoryAroG5oFddWrOVHDRuIWpgkLNwP7y+jFOOREaM6RUz3US7WdIaooZySteqkiC8AgNSM9YgThRfja9JIdHhvRhFEvzhIZT+nsiQ1ypMQ9NJ0d6qOZrE/hfrZfq6NLPqEhSTQSeLYpSBnUMJ7HAPpUEazY2BmFJzV8hHiKTgjbhVUwI7vzJi6Z9UnPPa2d3p9X6VRFHGRyAQ3AMXHAB6uAGNEELYPAInsEreLOerBfr3fqYtZasYmYf/JH1+QMTd5n1</latexit>

N

NeL
⇠ 1

N



We Talked About Infinite Limits… What About Scaling Laws?
How do finite size effects influence the model’s training dynamics and scaling law?

Infinite limits are like platonic forms of NNs … what we can fit in memory is a mere shadow 

To make practical decisions, 
we need to understand loss 
to performance from “finiteness”



Empirically Stress Testing the Mean Field Limit

ResNets on CIFAR-5M ImageNet

Transformer on  
Wikitext-103

Vyas*, Atanasov*, B*, Morwani,  
Sainathan, Pehlevan ‘23



When the MF limit works … it really works!

Non-Gaussian preactivation 
distributions conserved 
across widths.

Feature kernel dynamics also  
conserved across widths

Vyas*, Atanasov*,B*, Morwani,  
Sainathan, Pehlevan ‘23



What about Tasks Where It Doesn’t Work? Scaling Laws…

Scaling exponents non-universal…  
task + architecture dependent 

After long training, power law scaling  
In network width N

We need to understand this  
in a theoretical model!

Early dynamics converge at  
Rate 

<latexit sha1_base64="3nBZOgm+qq5zMOX/5TwEXXovH5w=">AAACBXicbZC7SgNBFIbPxluMt1VLLQaDEAvDrngrgzbpjGAukKxhdjJJhsxemJkVwrKNja9iY6GIre9g59s4m6yg0R8GPv5zDnPO74acSWVZn0Zubn5hcSm/XFhZXVvfMDe3GjKIBKF1EvBAtFwsKWc+rSumOG2FgmLP5bTpji7TevOOCskC/0aNQ+p4eOCzPiNYaatr7nY8rIYE8/gqKX0zqt7Gh3Zy0DWLVtmaCP0FO4MiZKp1zY9OLyCRR31FOJaybVuhcmIsFCOcJoVOJGmIyQgPaFujjz0qnXhyRYL2tdND/UDo5ys0cX9OxNiTcuy5ujPdU87WUvO/WjtS/XMnZn4YKeqT6Uf9iCMVoDQS1GOCEsXHGjARTO+KyBALTJQOrqBDsGdP/guNo7J9Wj65Pi5WLrI48rADe1ACG86gAlWoQR0I3MMjPMOL8WA8Ga/G27Q1Z2Qz2/BLxvsXfr+X7Q==</latexit>

O(H�1)

Later dynamics converge at  
Rate 

<latexit sha1_base64="NsMseEkgYpCd6g18OPYQptI453A=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gR6sIyI96WRTfdWcFeoK3lTJppQzOZIckIZejaja/ixoUibn0Cd76NaTuCVn8IfPznHHLO70WcKe04n1Zmbn5hcSm7nFtZXVvfsDe3aiqMJaFVEvJQNjxQlDNBq5ppThuRpBB4nNa9weW4Xr+jUrFQ3OhhRNsB9ATzGQFtrI692wpA9wnw5GpU+GZcvk0OW8CjPowOOnbeKToT4b/gppBHqSod+6PVDUkcUKEJB6WarhPpdgJSM8LpKNeKFY2ADKBHmwYFBFS1k8kpI7xvnC72Q2me0Hji/pxIIFBqGHimc7ysmq2Nzf9qzVj75+2EiSjWVJDpR37MsQ7xOBfcZZISzYcGgEhmdsWkDxKINunlTAju7Ml/oXZUdE+LJ9fH+dJFGkcW7aA9VEAuOkMlVEYVVEUE3aNH9IxerAfryXq13qatGSud2Ua/ZL1/AcQbmlA=</latexit>

O(H�↵)



What joint data/width/depth limit describes modern LLM regime?

Weight spectra not bulk+spike: at width ~1000, Chinchilla optimal is around ~1B tokens

Extensive rank theories? Can we build theories that track large tokens compared to width?

Scaling regime:  

LMs trained on C4 



A Theory of Neural Scaling Laws for the Lazy Limit

Typical case behavior of this limit over random draws of data and initial parameters

This simple theory captures how the behavior of the model depends on computational/
statistical resources (width, training time, and total data)

Many works on statics of random feature models: Mei & Montanari ’21, Bahri et al ’22, 
Maloney et al ’22, Xiao et al ’22, Atanasov*, B*, Pehlevan ‘22 Simon et al ’23,…

We will also look at dynamics, which are a bit more involved



Dynamical Model of Neural Scaling Laws

Diagonalize Kernel: Find eigenvalues and eigenfunctions of limiting kernel 
<latexit sha1_base64="9s+YlfYe59bOQ+5iJNW3rdEBpmk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSJWkJKIr2XRjeCmgn1AG8JkOmmHTiZh5qY0hP6JGxeKuPVP3Pk3TtsstHrgwuGce7n3Hj/mTIFtfxmFpeWV1bXiemljc2t7x9zda6ookYQ2SMQj2faxopwJ2gAGnLZjSXHoc9ryh7dTvzWiUrFIPEIaUzfEfcECRjBoyTPNey/rMhFAOqmMT8fHJ55Ztqv2DNZf4uSkjHLUPfOz24tIElIBhGOlOo4dg5thCYxwOil1E0VjTIa4TzuaChxS5WazyyfWkVZ6VhBJXQKsmfpzIsOhUmno684Qw0AtelPxP6+TQHDtZkzECVBB5ouChFsQWdMYrB6TlABPNcFEMn2rRQZYYgI6rJIOwVl8+S9pnlWdy+rFw3m5dpPHUUQH6BBVkIOuUA3doTpqIIJG6Am9oFcjM56NN+N93low8pl99AvGxze125MR</latexit>

K1(x, x0)

Lazy Limit: To gain insight in a tractable model we first consider lazy training
<latexit sha1_base64="4C7ac72oPEWeCOp4bl+wZZUza6g=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCC7ht7JbDJkZneZmVVCyH948aCIV//Fm3/jJNmDJhY0FFXddHeFqeDauO63s7S8srq2Xtgobm5t7+yW9vYbOskUZXWaiES1QtRM8JjVDTeCtVLFUIaCNcPBzcRvPjKleRLfm2HKAom9mEecorHSg99DKbHjEt8kxO2Uym7FnYIsEi8nZchR65S+/G5CM8liQwVq3fbc1AQjVIZTwcZFP9MsRTrAHmtbGqNkOhhNrx6TY6t0SZQoW7EhU/X3xAil1kMZ2k6Jpq/nvYn4n9fOTHQVjHicZobFdLYoygSxL04iIF2uGDViaAlSxe2thPZRITU2qKINwZt/eZE0TiveReX87qxcvc7jKMAhHMEJeHAJVbiFGtSBgoJneIU358l5cd6dj1nrkpPPHMAfOJ8/MzGRrQ==</latexit>

�0 ! 0

Expand Finite Width Features: finite kernel eigenfunctions can be expanded in basis 
<latexit sha1_base64="sAO1HpwKDibyNimY/Zry6olBU/Q=">AAACFnicbZDLSsNAFIYnXmu9RV26GSzSFrQk4m0jFN0IglSwF2hqmEwn7ZDJhZmJtIQ+hRtfxY0LRdyKO9/GaZtFbT0w8PH/53Dm/E7EqJCG8aPNzS8sLi1nVrKra+sbm/rWdk2EMcekikMW8oaDBGE0IFVJJSONiBPkO4zUHe9q6NcfCRc0DO5lPyItH3UC6lKMpJJs/fDGvi30Dnr5IryAloh9O/EG0IoEtb0H5RQnOF+09ZxRMkYFZ8FMIQfSqtj6t9UOceyTQGKGhGiaRiRbCeKSYkYGWSsWJELYQx3SVBggn4hWMjprAPeV0oZuyNULJBypkxMJ8oXo+47q9JHsimlvKP7nNWPpnrcSGkSxJAEeL3JjBmUIhxnBNuUES9ZXgDCn6q8QdxFHWKoksyoEc/rkWagdlczT0sndca58mcaRAbtgDxSACc5AGVyDCqgCDJ7AC3gD79qz9qp9aJ/j1jktndkBf0r7+gWS3J0o</latexit>

KN (x, x0) =
X

k

 N
k (x) N

k (x0)

<latexit sha1_base64="Qa006EoCE/ZUnNoYPZqeAENzghg=">AAACJHicbVDLSsNAFJ3UV62vqks3g0XagpREfIEIRTeCmwr2AU0Nk+mkHTKZhJmJtIR+jBt/xY0LH7hw47c4fQjaeuDC4Zx7ufceN2JUKtP8NFJz8wuLS+nlzMrq2vpGdnOrJsNYYFLFIQtFw0WSMMpJVVHFSCMSBAUuI3XXvxz69XsiJA35repHpBWgDqcexUhpycmeXTs25Z7qF3r7vXzxHNoyDpzEH0A7ktTx737c4rSQLzrZnFkyR4CzxJqQHJig4mTf7HaI44BwhRmSsmmZkWolSCiKGRlk7FiSCGEfdUhTU44CIlvJ6MkB3NNKG3qh0MUVHKm/JxIUSNkPXN0ZINWV095Q/M9rxso7bSWUR7EiHI8XeTGDKoTDxGCbCoIV62uCsKD6Voi7SCCsdK4ZHYI1/fIsqR2UrOPS0c1hrnwxiSMNdsAuKAALnIAyuAIVUAUYPIAn8AJejUfj2Xg3PsatKWMysw3+wPj6Bq1+pDw=</latexit>

K1(x, x0) =
X

k

 1
k (x) 1

k (x0)
<latexit sha1_base64="/03oL88IG4F+HLQKHZnz62t3PRE="></latexit>Z

dx p(x) 1
k (x) 1

` (x) = �k�k`

Expand NN function and Target Function:
<latexit sha1_base64="RFWQOxzsAAArmHbsDZ1ZtBsE5Ms=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSDEJuyKr0YI2lhGMA/IJsvsZDYZMju7zNxVQ8gv2PgrNhaK2NrZ+TdOki008cDA4ZxzuXOPHwuuwba/rczC4tLySnY1t7a+sbmV396p6ShRlFVpJCLV8IlmgktWBQ6CNWLFSOgLVvf7V2O/fseU5pG8hUHMWiHpSh5wSsBIXr44KD4c4gvs6iT0+vi+7WogyjA31tzrt10uAxhnvHzBLtkT4HnipKSAUlS8/JfbiWgSMglUEK2bjh1Da0gUcCrYKOcmmsWE9kmXNQ2VJGS6NZxcNMIHRungIFLmScAT9ffEkIRaD0LfJEMCPT3rjcX/vGYCwXlryGWcAJN0uihIBIYIj+vBHa4YBTEwhFDFzV8x7RFFKJgSc6YEZ/bkeVI7KjmnpZOb40L5Mq0ji/bQPioiB52hMrpGFVRFFD2iZ/SK3qwn68V6tz6m0YyVzuyiP7A+fwAPXJyT</latexit>

y(x) =
X

k

w?
k 

1
k (x)

<latexit sha1_base64="JwRS/3yu4Uj1w0RLgjN2pLL2U/E="></latexit>

f(x) =
X

`

w` 
N
` (x) =

1p
N

X

k`

A`k w`  
1
k (x)

Key properties:
<latexit sha1_base64="PFApdYvuAcxpFpy59oaLJzUJn+A=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XVjcsK9oFtKZk004ZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu7xYykMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbPjVcCsUbKFDydqw5DX3JW/74JvNbj1wbEal7nMS8F9KhEoFgFK300A0pjvwgvZr2yxW36s5A/hIvJxXIUe+XP7uDiCUhV8gkNabjuTH2UqpRMMmnpW5ieEzZmA55x1JFQ2566SzxlBxZZUCCSNunkMzUnxspDY2ZhL6dzBKaRS8T//M6CQaXvVSoOEGu2PyjIJEEI5KdTwZCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wzu9NK7TqvowgHcAjH4MEF1OAW6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3rOaQ7w==</latexit>

A random over inits

<latexit sha1_base64="fiaGge4+/cREncgzrRHN73ixDZ0="></latexit>

lim
N!1

1

N
A>A = I

<latexit sha1_base64="rXlgsEW3HLtLoRx48uj0ri8idfo="></latexit>

 N
k (x) =

1p
N

X

`

Ak` 
1
` (x)

<latexit sha1_base64="U6g6R0D1S6FnYjtXRgfInqlXhGA=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KCERX8uiG1dSwT6gCWUynbZDJ5MwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feEyacKe2639bS8srq2npho7i5tb2za5f2GipOJaF1EvNYtkKsKGeC1jXTnLYSSXEUctoMh9cTv/lApWKxuNejhAYR7gvWYwRrI3Xs0hD5TCA/8yqO41Ru/XHHLruOOwVaJF5OypCj1rG//G5M0ogKTThWqu25iQ4yLDUjnI6LfqpogskQ92nbUIEjqoJsevoYHRmli3qxNCU0mqq/JzIcKTWKQtMZYT1Q895E/M9rp7p3GWRMJKmmgswW9VKOdIwmOaAuk5RoPjIEE8nMrYgMsMREm7SKJgRv/uVF0jhxvHPn7O60XL3K4yjAARzCMXhwAVW4gRrUgcAjPMMrvFlP1ov1bn3MWpesfGYf/sD6/AGd2JJO</latexit>

k 2 {1, ..., N}
<latexit sha1_base64="FaznQ/33YNrmJasLJw56QOIHCZY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVZdFN0JBKtiHtEPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXnLPCWLOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qiSrNIPphxTH2BB5KFjGBjpcda7w51TYRqvWLJLbszoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n84OnqATq/RRGCn7pEEz9fdGioXWYxHYSYHNUC96U/E/r5OY8MpPmYwTQyWZfxQmHNmI0/SozxQlho8twUQxeysiQ6wwMbajgi3BW4y8TJpnZe+iXLk/L1WvszrycATHcAoeXEIVbqEODSAg4Ble4c1Rzovz7nzMR3NOtnMIf+B8/gCUc4+g</latexit>

KN ! K



Dynamical Model of Neural Scaling Laws

Residual errors:  

<latexit sha1_base64="s40zVmSsVgZE+gcFF2mGPy9gpGE="></latexit>

v0k = w?
k � 1p

N

NX

`=1

A`kw`

<latexit sha1_base64="7geZS6Q/MHYz+OM0JmjOEVgh+9s=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVgSpBvBakChbGItGH1ITIcZ3WivOQ7VREUX+AhV9hYQAhVnY2/ganzQCFI9n36Jx7Zd/jxowKaRhfWmlufmFxqbxcWVldW9/QN7faIko4Ji0csYh3XSQIoyFpSSoZ6cacoMBlpOP6V7nfGREuaBTeyjQmdoAGIfUoRlJJjr7n1e4P4CFM83IBLZEEjg9Hd4a6rVhQx1eGo1eNujEB/EvMglRBgaajf1r9CCcBCSVmSIieacTSzhCXFDMyrliJIDHCPhqQnqIhCoiws8k2Y7ivlD70Iq5OKOFE/TmRoUCINHBVZ4DkUMx6ufif10ukd25nNIwTSUI8fchLGJQRzKOBfcoJlixVBGFO1V8hHiKOsFQBVlQI5uzKf0n7qG6e1k9ujquNyyKOMtgBu6AGTHAGGuAaNEELYPAAnsALeNUetWftTXuftpa0YmYb/IL28Q1QUZk8</latexit>

f(x)� y(x) =
X

k

v0k k(x)

Sample Random Data:
<latexit sha1_base64="v5LVZQxGqBjWEePYLiA/T0+Tpbw=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhLEa6lUAQNjkehDakLluE5r1XYi20FUUT6AhV9hYQAhVj6Ajb/BaTNAy5UsH51zru69x48YVdq2v63CwuLS8kpxtbS2vrG5Vd7eaakwlpg0cchC2fGRIowK0tRUM9KJJEHcZ6Ttjy4zvX1PpKKhuNXjiHgcDQQNKEbaUL1yxeVIDzFiyVUKa9BN4EPP5TF0015i/pqT3jWMy67ak4LzwMlBBeRl/F9uP8QxJ0JjhpTqOnakvQRJTTEjacmNFYkQHqEB6RooECfKSybHpPDAMH0YhNI8oeGE/d2RIK7UmPvGma2uZrWM/E/rxjo49xIqolgTgaeDgphBHcIsGdinkmDNxgYgLKnZFeIhkghrk1/JhODMnjwPWkdV57R6cnNcqV/kcRTBHtgHh8ABZ6AOrkEDNAEGj+AZvII368l6sd6tj6m1YOU9u+BPWZ8/nOKauA==</latexit>

D = {xµ}Pµ=1

<latexit sha1_base64="09ug8J5mRoqM2df6BsA7JGNfbwM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZkRXxuh6MZlBfuAzjhk0kwbmmSGJCMOQz/Ajb/ixoUibv0Ad/6NaTsLbT0QOJxzLjf3BDGjStv2t1VYWFxaXimultbWNza3yts7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD4dXYb98TqWgkbnUaE4+jvqAhxUgbyS9X3IaifubyBA5H8AK6saJ3LhWhTv1h9cE3xqFJ2TV7AjhPnJxUQI6GX/5yexFOOBEaM6RU17Fj7WVIaooZGZXcRJEY4SHqk66hAnGivGxyzAgeGKUHw0iaJzScqL8nMsSVSnlgkhzpgZr1xuJ/XjfR4bmXUREnmgg8XRQmDOoIjpuBPSoJ1iw1BGFJzV8hHiCJsDb9lUwJzuzJ86R1VHNOayc3x5X6ZV5HEeyBfVAFDjgDdXANGqAJMHgEz+AVvFlP1ov1bn1MowUrn9kFf2B9/gD5yZr0</latexit>

 µk =  1
k (xµ)

Gradient flow dynamics:

<latexit sha1_base64="J3TyR8BRnaTPllnIZv03b7tmQWs="></latexit>

d

dt
v0(t) = �

✓
1

N
A>A

◆✓
1

P
 > 

◆
v0(t)

Key insight: random low rank projections (low rank kernels) limit generalization

B, Atanasov, Pehlevan ICML ‘24

<latexit sha1_base64="gE/IMcs8Yzm1dJcna5pAQ2veSK4="></latexit>

L(t) =
X

k

�k

⌦
v0k(t)

2
↵

Test Loss:

Finite time, data or finite model size can limit performance

Equivalent to structured random feature model

Statics: Bahri et al ’22, Maloney et al ’22, Simon et al ’23, Atanasov*, B*, Sainathan, Pehlevan ’22, … 

Can we get an accurate description for random matrices?



Dynamical Model of Neural Scaling Laws

Observation: Limiting NTK often has Power Law Spectrum

B, Atanasov, Pehlevan ‘24

MLP with data uniformly distributed on the circle CNN with CIFAR-5M images

<latexit sha1_base64="E5ck0+0hAY6mGbqZ5FjC4Ap1uXg=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguNCTF17LoxmUF+4AmDZPJpB0yeTAzEULoX7jxV9y4UMSt7vwbp21AbT1w4XDOvXfmHi9lVEjT/NIWFpeWV1Yra9X1jc2tbX1nty2SjGPSwglLeNdDgjAak5akkpFuygmKPEY6Xng99jv3hAuaxHcyT4kToUFMA4qRVJKrG7kb9uvQFjSCYb84QSMIbXisymZqi4/c8Mf0Rq5eMw1zAjhPrJLUQImmq3/afoKziMQSMyREzzJT6RSIS4oZGVXtTJAU4RANSE/RGEVEOMXkrhE8VIoPg4SriiWcqL8nChQJkUee6oyQHIpZbyz+5/UyGVw6BY3TTJIYTx8KMgZlAschQZ9ygiXLFUGYU/VXiIeIIyxVlFUVgjV78jxp1w3r3Di7Pa01rso4KmAfHIAjYIEL0AA3oAlaAIMH8ARewKv2qD1rb9r7tHVBK2f2wB9oH9+t953I</latexit>

y2k ⇠ k�a , �k ⇠ k�b



Lazy Limit as a Toy Model of Neural Scaling Laws
Power Law Scalings Due to Rank-Limited Correlation Functions!

B, Atanasov, Pehlevan ‘24

Bottleneck Scaling Laws

Intuition: GD captures top  

spectral components of the target fn

<latexit sha1_base64="QUXcMM3bT3efQOiTF8Nq75qBYB4=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYhLgrvsqgjZVEMA/IJmF2MkmGzMwuM3eFsOQHbPwVGwtFbO3t/Bsnj0ITD1w4nHMv994TRIIbcN1vJ7WwuLS8kl7NrK1vbG5lt3cqJow1ZWUailDXAmKY4IqVgYNgtUgzIgPBqkH/euRXH5g2PFT3MIhYQ5Ku4h1OCViplT3oN30DRGPfcIl9yZWfYGgm3nEwzOPbPC5hf9jK5tyCOwaeJ96U5NAUpVb2y2+HNJZMARXEmLrnRtBIiAZOBRtm/NiwiNA+6bK6pYpIZhrJ+JshPrRKG3dCbUsBHqu/JxIijRnIwHZKAj0z643E/7x6DJ3LRsJVFANTdLKoEwsMIR5Fg9tcMwpiYAmhmttbMe0RTSjYADM2BG/25XlSOSl454Wzu9Nc8WoaRxrtoX10hDx0gYroBpVQGVH0iJ7RK3pznpwX5935mLSmnOnMLvoD5/MH8+KaMw==</latexit>

k? ⇠ min{t1/b, N, P}

<latexit sha1_base64="0pUhPzjGnaDAkmvGt45TAubRO4Y="></latexit>

L(t,N, P ) ⇠

8
><

>:

t�(a�1)/b t1/b ⌧ N,P

N�(a�1) N ⌧ t1/b, P

P�(a�1) P ⌧ t1/b, N

<latexit sha1_base64="E5ck0+0hAY6mGbqZ5FjC4Ap1uXg=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguNCTF17LoxmUF+4AmDZPJpB0yeTAzEULoX7jxV9y4UMSt7vwbp21AbT1w4XDOvXfmHi9lVEjT/NIWFpeWV1Yra9X1jc2tbX1nty2SjGPSwglLeNdDgjAak5akkpFuygmKPEY6Xng99jv3hAuaxHcyT4kToUFMA4qRVJKrG7kb9uvQFjSCYb84QSMIbXisymZqi4/c8Mf0Rq5eMw1zAjhPrJLUQImmq3/afoKziMQSMyREzzJT6RSIS4oZGVXtTJAU4RANSE/RGEVEOMXkrhE8VIoPg4SriiWcqL8nChQJkUee6oyQHIpZbyz+5/UyGVw6BY3TTJIYTx8KMgZlAschQZ9ygiXLFUGYU/VXiIeIIyxVlFUVgjV78jxp1w3r3Di7Pa01rso4KmAfHIAjYIEL0AA3oAlaAIMH8ARewKv2qD1rb9r7tHVBK2f2wB9oH9+t953I</latexit>

y2k ⇠ k�a , �k ⇠ k�b



A Key Open Problem: Transfer Across Training Horizon

While we can transfer across model sizes, how to transfer across training time?

Bjork et al ‘25 Mlodozeniec et al ‘25

Can we develop a toy model of this effect? How to optimally set LR (+schedule?)



Optimal Control of the Dynamical Model of Neural Scaling Laws

At large width, SGD can be approximated as 
<latexit sha1_base64="THsbFHLMpoFtuc0SkZsXmnrQgSk="></latexit>

LT [⌘(t)] = �(0)�
a�1
b +

�2

B

Z T

0
dt �̇(t)2 �(t)�2+1/b

<latexit sha1_base64="kHxLl7NRoV+dR7jgN4EOuvsbVq4=">AAACDnicbVC7TgJBFJ3FF+ILtbSZSEiwIbvGV0m0scSEV8IimZ2dhQmzs+vMXRJC+AIbf8XGQmNsre38GwfYQsGT3OTknHtz7z1eLLgG2/62Miura+sb2c3c1vbO7l5+/6Cho0RRVqeRiFTLI5oJLlkdOAjWihUjoSdY0xvcTP3mkCnNI1mDUcw6IelJHnBKwEjdfNGlfV6CE+yyh4QPscsldOG+hn3ALjYqEON28wW7bM+Al4mTkgJKUe3mv1w/oknIJFBBtG47dgydMVHAqWCTnJtoFhM6ID3WNlSSkOnOePbOBBeN4uMgUqYk4Jn6e2JMQq1HoWc6QwJ9vehNxf+8dgLBVWfMZZwAk3S+KEgEhghPs8E+V4yCGBlCqOLmVkz7RBEKJsGcCcFZfHmZNE7LzkX5/O6sULlO48iiI3SMSshBl6iCblEV1RFFj+gZvaI368l6sd6tj3lrxkpnDtEfWJ8/fBqafQ==</latexit>

�(t) ⌘
Z T

t
dt ⌘(t)

Phase I (Bias Dominated): 
<latexit sha1_base64="flfo0L6d3/9zIaFio+xCyJ5+MpQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiX0TmaTIbOzy8ysEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0gE18Z1v5zC0vLK6lpxvbSxubW9U97da+o4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRjdTv/XIlOaxfDDjhPkRDiQPOUVjpXu8Cnrlilt1ZyB/iZeTCuSo98qf3X5M04hJQwVq3fHcxPgZKsOpYJNSN9UsQTrCAetYKjFi2s9mp07IkVX6JIyVLWnITP05kWGk9TgKbGeEZqgXvan4n9dJTXjpZ1wmqWGSzheFqSAmJtO/SZ8rRo0YW4JUcXsroUNUSI1Np2RD8BZf/kuaJ1XvvHp2d1qpXedxFOEADuEYPLiAGtxCHRpAYQBP8AKvjnCenTfnfd5acPKZffgF5+MbAPuNoQ==</latexit>

a < b

<latexit sha1_base64="/IGBqSy2Br86iqFzLNihRMHGvsY="></latexit>

⌘⇤T (t) ⇠

8
<

:
⌘max t < ts ,

⌘max

⇣
1�t/T
1�ts/T

⌘2b�1
t > ts ,

Base learning rate constant, annealing after  steps 
<latexit sha1_base64="8zodKb0dqjy/L2mmIh27PeKgvHY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSA/ZMr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mpE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZ/k36QnOGcmwJZVrYWwkbUk0Z2nRKNgRv8eVl0jyrepfVi/vzSu0mj6MIR3AMp+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifP2zgjeg=</latexit>

ts
<latexit sha1_base64="oTBsKK+VUgk8VBVMhvySOQRjjJY=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrE0pJUvMYKFsYi9SU1IXJcp7VqJ5HtIFVRvoCFX2FhACFWZjb+BrfNAC1HutLROffq3nv8mFGpLOvbKKysrq1vFDdLW9s7u3vm/kFHRonApI0jFomejyRhNCRtRRUjvVgQxH1Guv74Zup3H4iQNApbahITl6NhSAOKkdKSZ1bsKlSehKewBR1JOWzdp1UnEAinfhVlad2v2lnmmWWrZs0Al4mdkzLI0fTML2cQ4YSTUGGGpOzbVqzcFAlFMSNZyUkkiREeoyHpaxoiTqSbzt7JYEUrAxhEQleo4Ez9PZEiLuWE+7qTIzWSi95U/M/rJyq4clMaxokiIZ4vChIGVQSn2cABFQQrNtEEYUH1rRCPkM5C6QRLOgR78eVl0qnX7Iva+d1ZuXGdx1EER+AYnAAbXIIGuAVN0AYYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+APCfmjQ=</latexit>

1� ts/T ⇠ T� b�a
2b�1

Phase II (SGD Dominated):  
<latexit sha1_base64="0D822B1WtGvZt5L1b4zjJ5n57lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXiMaB6QLKF3MpsMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwupn6rUemNI/lgxknzI9wIHnIKRor3eNV0CtX3Ko7A/lLvJxUIEe9V/7s9mOaRkwaKlDrjucmxs9QGU4Fm5S6qWYJ0hEOWMdSiRHTfjY7dUKOrNInYaxsSUNm6s+JDCOtx1FgOyM0Q73oTcX/vE5qwks/4zJJDZN0vihMBTExmf5N+lwxasTYEqSK21sJHaJCamw6JRuCt/jyX9I8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AAKA3iCF3h1hPPsvDnv89aCk8/swy84H98EBY2j</latexit>

a > b
<latexit sha1_base64="yiTYjODfySCcB6XnSHdTS49i8G4="></latexit>

⌘?T (t) = T�(a�b)/a (1� t/T )2b�1

Base learning rate decreases with training horizon, annealing is polynomial with exponent 2b-1

In the DSL Model, formulate an optimal control problem for the learning rate

<latexit sha1_base64="GtTD/vqZiaZxq6l9Ed/+crNqXEw="></latexit>

⌘?T (t) = argmin⌘(t) LT [⌘(t)] Mori & B 2026



Optimal Control of the Dynamical Model of Neural Scaling Laws
In the DSL Model, formulate an optimal control problem for the learning rate

<latexit sha1_base64="GtTD/vqZiaZxq6l9Ed/+crNqXEw="></latexit>

⌘?T (t) = argmin⌘(t) LT [⌘(t)] Mori & B 2026
Phase I (Bias Dominated): 

Phase II (SGD Dominated): 
<latexit sha1_base64="0D822B1WtGvZt5L1b4zjJ5n57lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXiMaB6QLKF3MpsMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwupn6rUemNI/lgxknzI9wIHnIKRor3eNV0CtX3Ko7A/lLvJxUIEe9V/7s9mOaRkwaKlDrjucmxs9QGU4Fm5S6qWYJ0hEOWMdSiRHTfjY7dUKOrNInYaxsSUNm6s+JDCOtx1FgOyM0Q73oTcX/vE5qwks/4zJJDZN0vihMBTExmf5N+lwxasTYEqSK21sJHaJCamw6JRuCt/jyX9I8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AAKA3iCF3h1hPPsvDnv89aCk8/swy84H98EBY2j</latexit>

a > b



Optimal Momentum Boosts Bias Dominated Phase

Joint optimal Control over Momentum and Learning Rate Schedules!

Optimal momentum beats optimal SGD in bias dominant regime, but does not saturate the 
optimal statistical rate. 

<latexit sha1_base64="DF9fCGhniagnycBV9b2XksZQDzA="></latexit>

⌘?T (T ),�
?
T (T ) = argmin{⌘(t),�(t)} LT [⌘(t),�(t)]

<latexit sha1_base64="5sQcW6VJiMrASqQtG93wHl46lB8="></latexit>

w(t+ 1) = w(t)� ⌘(t)v(t) , v(t) = (1� �(t))v(t� 1) + �(t)g(t)



Bias and SGD Dominated Phases in the Wild

ResNets on CIFAR Image Classification ~ Bias Dominated Phase

Transformers on Next Token Prediction ~ SGD Dominated 



Takeaways

Wide NNs exhibit deterministic macroscopic behavior independent of microscopic details!
This Line of Theoretical Inquiry Has Practical Consequences

Enables hyperparameter transfer (consistent optimal learning rates) and guides design choices

Much more to do on this front!

Some important missing ingredients

Limit assumes massive network sizes (concentration holds for widths >> batch * seq_len * steps = tokens) 

-> theory that describes opt. (or over-)trained networks params ~ data (worse perf but capture scaling law)

HP transfer and optimal schedules across token horizons (for solvable toy model, see B, Mori ’26)

Scaling Limits of Neural Networks Infinite width+depth limits of NNs are described by 
averages over a stochastic process (kernels, logits,etc)

One example: How to stably scale up context length?
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