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Abstract

In this tutorial, T will introduce Dynamical Mean Field Theory (DMFT), a powerful framework
that enables exact asymptotic descriptions of high dimensional disordered dynamical systems.
First, I will introduce a few classic historical applications of DMFT in statistical physics and
computational neuroscience. Second, I will examine linear dynamical systems and describe
connections between DMFT correlation and response functions and objects that arise naturally
in random matrix theory. Both cavity and Martin-Siggia-Rose path integral formalisms will be
introduced and worked out in simple cases. One relevant application of this setting that I will
describe is test and train loss dynamics for gradient flow in a random feature model. Lastly,
after discussing how these ideas relate to infinite width feature learning neural networks trained
from random initialization, I will introduce a recently developed method for computing spectral
outliers for spiked matrix ensembles where spikes depend on the random initial bulk. This
formalism generalizes the classical BBP phase transition to a setting that can describe weights
in trained wide neural networks.
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1 Motivation: Why High Dimensional Dynamics?

Scaling up deep learning systems is leading to significant advances in artificial intelligence [1, 2].
Performance of models in a variety of domains tends to increase regularly and predictably with
increases in model size and training horizon (data). However, scaling up model size or training
horizon naively can present potential challenges including instability in the learning dynamics
(divergences in hidden features or model outputs) or suboptimal limiting behavior (degeneration to
a kernel method) [3, 4]. This motivates a scientific understanding of (1) how to scale up towards
well defined and stable limits and (2) what scaling laws you obtain when you adopt these rules.

Disordered Dynamics in High Dimensions The learning dynamics of large machine learning
systems can be viewed as high dimensional dynamical systems that depend on many sources of
disorder. These can generally include

e Random initialization of parameters [5, 6, 7, 8, 3, 9, 10]
e Randomly sampled data [11, 12, 13, 14]
e Stochastic gradient noise from randomly sampled minibatches [15, 16]

How can we develop analytical tools that can enable us to make sense of such systems? In this
tutorial we will explore dynamical mean field theory (DMFT) methods as a flexible method for
tracking high dimensional dynamical systems.

One Line Slogan A useful slogan that summarizes this approach is

High-dimensional random dynamics
—

Single-site stochastic process with self-consistent noise and memory.

The cost of going from a high dimensional (often Markovian) random system, to a single site
dynamical system is the emergence of non-Markovian effects in the reduced system that account for
all the couplings [17].



Where we are going
1. Brief potted history of DMFT
2. Warmup Wigner/GOE example
3. Use of the method on simple learning problems: linear + random feature regression.
4. Training dynamics of infinite width neural networks

5. BBP for pP: weight spectral outlier dynamics with a two-level DMFT

1.1 Some History: Spin Glasses and Random Recurrent Networks

The method arose in the statistical mechanics of disordered systems, especially spin glasses. In a
long range spin glass, each degree of freedom (spin) s; interacts with all others through random
couplings. These systems exhibit non-trivial energy landscapes and optimization over the spins s
can be challenging.

p-Spin Model One popular classical model is the spherical p-spin model with relevant citations
1. Crisanti, Horner & Sommers 1993 [18§]

2. Cugliandolo & Kurchan, 1993 [19]

which has Hamiltonian H(s) which depends on soft-spins s € RV

N
1
H(s)=— Z JiyoipSiveeSi, iy, ~ N(0,1) stg =1 (1)

11...0p=1 i=1

where the tensor J is completely symmetric random tensor with Jr ;) = J; for any permutation
7 over the indices ¢ and for any unordered tuple i; < iz... < i, we have J;; 5, ~ N(0,1). The
constraint J{, Zl 1 52 =1 ensures that the spins s are confined to a sphere of radius VN (without

this constraint the spins would blow up?).

1.1.1 Equilibrium Approach

A common approach to study these sytems is to analyze their equilibrium behaviors by examining
properties of the associated Gibbs measure over states s

(s ) = s exp (<BH(s. 7)) . 200) = [ dsexp(=5H(s.7) @)

1
Z(J)
where 1/ is the temperature. As the Hamiltonian H depends on J it is actually itself a random
variable, as is the partition function Z(J). Of central interest are computing certain averages of
observables O(s) of the spin state s when sampling from the Gibbs measure and also averaging
over the random couplings J

©) = (777 | dmexo (pr(s.0) Ots)) ®)

!Classically the spins are binary s € {£1}", which means that such blowups are impossible. The spherical variant
is easier to analyze than the binary one but still has the correct phenomenology and lessons for our purposes.




where (-) ; denotes an average over the random couplings between spins J;; . ;,. This average is very
challenging to perform in general due to the dependence of J in the normalization factor Z(J).
A common (but nonrigorous strategy) that physicists employ to deal with such averages is the
replica trick where the free energy (In Z(J)) (from which, average observables (O) can be computed)
is treated as a limit lim,,_q % In (Z™). One performs such calculations at integer n, which can be
interpreted as n copies/replicas of the original system. After averaging over J, one must figure
out some kind of replica ansatz that enables a limit n — 0. Figuring out the appropriate ansatz is
situation dependent.

Mathematical and Physical Concerns about Equilibrium Approach In general, the replica
approach to study equilibrated systems makes mathematicians nervous for a variety of reasons
relating to questions about whether integer moments (Z") enable a unique analytical continuation
to n — 0, how to justify a particular choice of replica ansatz, and issues about taking a saddle point
as N — oo before taking n — 0 [20, 21]. It should be noted that there are rigorous ways to study
these systems as well that avoid these issues. A physicist could be comfortable with these issues, but
may wonder whether/how quickly low energy configurations of the Gibbs measure are reachable in
reasonable times by dynamics in the N — oo limit [19, 18]. Both of these concerns motivated another
approach. Indeed for a certain range of temperatures (3, the p-spin model for p > 3 can develop
a plateau lim; o0 limy, 00 C(ty, tw + 7) = gpmrr Which differs from the equilibrium cross-replica
overlap gequilibrium = 0, reflecting a failure of the dynamics to reach equilibrium in O(1) times [19].
This is an issue relating to the order of the N — oo and t — oo limits.

1.1.2 Dynamical Approach

An alternative approach to studying the properties of the Gibbs measure is to analyze Langevin
trajectories over states s;(t)?

d 0
%si(t) = —\(t)si(t) — D5,

H(s(t),J) + V287 e(t), (4)

where the function A(t) is chosen to enforce the spherical constraint 4 vaz 1 8i(t)? = 1. The thermal
noise €;(t) is a white noise process with statistics (e;(t)e;(t')) = 0;;0(t — ¢'). If these dynamics are
run for t — oo, the final states s should represent samples from the Gibbs measure at temperature
L. Because H(s,J) is a random variable (due to J), the states s(t) are also random variables.
However, unlike the equilibrium approach, it is very easy to perform the average over the random
tensor J by tracking the transitions over states s;(t) 3. The result is a dynamical mean field
theory which can be expressed succinctly as a single site process with correlation and response
functions.

DMFT Equations The result of averaging over J generates a simpler single-site process which
represents the dynamics of a typical spin in the system

%s(t) = —A(t)s(t) +&(t) + p(p — 1)/0 dt'R(t,t)O(t, ' )P~ 2s(t') + /2B Le(t) (5)

2Such dynamical Langevin trajectories should sample the Gibbs measure if t — oo at fixed N. However, DMFT
will describe N — oo first, and these limits may not commute in the general case.

3By construction, tracking the dynamics from an initial state or distribution of states preserves the normalization
of the probability distribution for s since p(si+at) = fdstp(st+dt|st)p(st) = fd5t5(st+dt — s — dt[...])p(st). The
equilibrium approach has a normalization factor Z(J) which must be dealt with.



where C is the correlation function and R is the response function defined as

ds(t)
O(t,t") = (s(t)s(t')) , R(t,t') = 6
(1.0) = (s(0s(t)  Rut) = (200 )
where () represents an average over the thermal noise €(¢) and the zero-mean colored noise process
&(t) which has covariance

(EWE)) =p Ot (7)

Intuitively, the correlation function represents the two-time correlation of the spins and the response
function represents the effect of the spin at time ¢ due to a perturbation to the system at an earlier
time t'. For random draws of €(t) and (), the s(t) variable forms a distribution which matches
the distribution of spins within the infinite size system.

Problem 1: Deriving p-spin DMFT (Return to this after the Tutorial)

Derive the DMFT equations for the soft spherical p-spin model using the cavity and MSR path
integral techniques after you learn them from the later sections of this note.

Hint: when doing the MSR approach it may be useful to express Jiy..i, as a sum over all possible
permutations of a random asymmetric tensor A;, . ;, ~ N(0,1) with iid Gaussian entries.

In this DMFT, the resulting single site variables s(t) are Gaussian, so using some Gaussian identities,
one can generate closed integro-differential equations for these two variables

oC(t,t') = F1[C,R]) , 0O:R(t,V') = F»|C, R] (8)

where F; and Fy are functionals of C' and R.

Problem 2: Closure of C, R Equations (Return to this after the Tutorial)

Work out the full expressions for F} and Fy. Hint: Novikov/Stein’s Lemma to compute (£(¢)s(t')).

1.1.3 Pros and Cons with the Dynamical Approach
The pros of the dynamical approach are
e As a substitute for replica method (no need for a replica ansatz to take n — 0) [21].

e Reveals nontrivial phenomena that may be invisible to equilibrium / statics approaches
(out-of-equilibrium effects, aging, violations of the fluctuation-dissipation relation, etc) [19].

e Perhaps most importantly, applies to dynamics that do not have an energy function [22].

The last of these points is important, this means DMFT can apply to other kinds of models such
as systems with asymmetric couplings (like recurrent neural networks). In the case of learning
dynamics, it means that DMFT can potentially apply to other learning rules than exact /
noisy gradient descent [23].



Cons? The main downside/con of the DMFT approach is that the resulting single site equations
are often challenging to characterize. To obtain analytical descriptions of the late time behaviors of
these spin glasses, one often needs to assert either a time-translation invariant ansatz or an aging
ansatz which plays a similar role to a replica symmetry or replica symmetry breaking ansatz. These
can be verified / checked self-consistently and against the full numerical solutions (solutions for the
full two-time correlation and response functions).

1.2 What if there is no Energy Function? The Random RNN Model

As mentioned above, DMFT can still work even if the dynamics do not correspond to gradient
descent on an energy function. A very important model in computational neuroscience, is essentially
an asymmetric random recurrent neural network where the RNN dynamics are

N

d g
—hi(t) = —h; — i o(hi(t)), ij ~ 1
0 = 0+ S0l gy~ N (O) ()
Key references for DMFT of this model

e Sompolinsky Crisanti & Sommers (SCS 1988) [5]

e Crisanti & Sompolinsky 2018 [24]

e Helias & Dahmen 2019 [25]

As the couplings J;; are random and asymmetric, this theory is actually easier than the symmetric
p-spin. In fact the heuristic of approximating

N
&i(t) = \/’% Z Jij@(hj(t)) ~ Gaussian Process with independent neurons (10)
j=1

results in the correct description in this model.

DMFT for the Random RNN Model As in the previous model, in the N — oo limit, all
neurons become iid random variables drawn from a single-site measure. We can work out a single
site description for the neuron activity h(t) as a simple linear filter of a colored noise process &(t)

(1+80)h(t) = £(t) . (EBEW)) = g° (S((1)d(h(t))) = g’ Co(t, V). (11)

The noise £(¢) has two-time correlation that is given by g?Cy(t,t'), which itself is computed as an
average over the h distribution. This reveals a self-consistency structure

1. If we knew Cy(t,t") we could characterize {(t) and compute the distribution of {h(t)}icr.
2. If we knew the distribution of {h(t) }+cr, we could perform the average Cy(t,t') = (p(h(t))P(h(t'))).

This is a common structure that we will commonly see in later sections. In this DMFT, we can also
close the equations at the level of correlation functions.



Problem 3: Closure of DMFT Correlation Function (Easy)
Use the single site equation to derive the differential equation for Cy(¢,¢") = (h(t)h(t'))

(14 0) (14 9p)Ch(t,t) = g°Cy(t,t') = g*F(Ch(t,t), Cp(t', ), Cu(t, 1))

Flev ez e3) :<¢(h)¢(h/)>h,h/~N(0,E) 2= {01 03}

c3 C2

where (), /., N(0,5) Tepresents the bivariate Gaussian measure with covariance ¥ € R?*2,

TTI Ansatz After an initial transient period, we could imagine that the dynamics eventually
forget about the initial conditions and converge to a history independent dynamics. In such a regime
we could seek a time-translation-invariant ansatz

TTI Ansatz: Cp(t,t') ~c(r), 1=t -t (12)

In this regime, the correlation function only depends on the time lag 7 = ¢ — t'.

Problem 4: Newton’s Law for TTI Dynamics (Easy)
Show that under the TTI ansatz the ¢(7) correlation function satisfies the following second order
differential equation

872_6(7') =c(1) — g2F(CQ, co,c(1)) = () — g2F(co, co, (7)) (13)

Argue that this can be viewed as Newton’s Law 0%c(1) = —0.V,,(c) with a potential energy
function V,,(c) (parameterized by c¢p) defined as

1 2
Vco(c) = _562 +92 <w(h)w(h/>>h,hw/\/(07g) - 92 <¢<h)>h~N(0,c0)] ; M= [CCO CCO:| (14)

where 1 (h) = foh dh'¢(h') is the anti-derivative of the activation function ¢. The last term is a
constant that is chosen so that V,,(0) = 0. Show that Newton’s Law implies the conservation of £

1 d
£€=3 (0re(T) + Vi () ¢=0 (15)

Hint: look up Price’s theorem.

Interestingly, there are potentially many different V;,(c) functions that are all parameterized by
the value of ¢g = ¢(0). Different types of solutions can thus be sought (time-independent solutions
like ¢(7) = cp, time decaying solutions where 0;¢(7) < 0 for 7 > 0, periodic solutions, etc). It turns
out that not all of these are stable depending on the value of g. In a minute, we will look at the
decaying solution, which can be shown to be stable for g > 1.



Problem 5: Shape of the Potential (Medium)
Show that all higher derivatives (greater than two) of V., (c) are non-negative for ¢ > 0

1

0
> — > 1
VYn >3, 8ch(c)_O (16)

This implies that the second derivative is increasing monotonically. Argue that this implies that
Vi (c) can equal zero at most at one point along the solution orbit. Now assume that ¢(h) is an
odd function (so that v is even). Argue that all odd derivatives of the potential vanish at ¢ =0

%VCO(CMCZO —0, Vne{l,35, .} (17)

If V2/(0) > 0 then there is a single well centered at ¢ = 0. If V/(0) < 0 then this means that the
potential has a double well centered around some other values *cpin. Show that for odd functions
¢, the condition V. (0) > 0 is equivalent to

92 [<¢(h)>h~/\f(0,co)}2 <1 (18)

Hint: Price’s theorem is still your friend.

Now we have a sense of the structure of the potential. It is feasibly possible that V,,(c) can have a
double well potential that could generate decaying dynamics for ¢(7). Let’s seek a decaying solution.

Problem 6: Decaying Solution (Medium)

Assume a decaying solution so that ¢(co) = 0 and 0;¢(7)|r=cc = 0. By the conservation law (and our
choice of V,,(0) = 0) argue that this implies a zero energy condition £ = 0. Due to the conservation
law and the even-symmetry condition 0,¢(7)|;=9 = 0, show that this fixes the value of ¢

1. 1
€ = 5¢(00)" + Voo (e(00)) = 0 = Vo (o) = =55 + ¢ (¥ (1)*) — ¢ [(tb(h))]? (19)
where () represents an average over the marginal h ~ N(0,¢p). With this self-consistent scalar
solution ¢y, we now have completely characterized the shape of the potential V,,(c) and we can
integrate forward from the initial condition ¢(0) = ¢y and 9-¢(7)|r=0 = 0 to 7 — o0 forward with
the equation of motion

2e(r) =~V (¢). (20)

For more information on the stability of this solution for ¢ > 1 and the Lyapunov exponent, please
review the classic work.

1.3 Signal Propagation in Randomly Initialized Neural Networks

Often in deep learning theory we are concerned with propagation of signals through feedforward
neural network architectures where each layer’s weight matrix is independent and random (instead of
recurrent networks where weights are shared across steps). In a feedforward multi-layer perceptron,
consider mapping input data x, € RP through hidden states h* € RY which have the following



forward pass dynamics through layers ¢

b L
vN vD
where the weight matrices W;; ~ N(0, o%,) have iid normal entries and the bias vectors b ~ N(0, o)

are also random with iid entries.
Key references are

R = —Wi(hl)+b", h),=—=W', (21)

e Neal et al 1998 [26]

Poole et al., 2016 [27]

Schoenholz et al 2016 [2§]

Lee et al 2018 [6]

Jacot et al 2019 [7]

As in the previous sections, the N — oo results in random neuron activity hfL that is iid across
neurons but correlated across inputs

N — o0 = {hﬁ} ~ Gaussian with Correlations across Data Points (22)
Below we can work out the formula for the correlations Cﬁy = <hﬁh£> with base case C}w = %zc u Ty
Problem 7: Signal Propagation Recursion (Easy)
Show that the correlations C’ﬁy satisfy the recursion over hidden layers /¢
(41 2 / 2 Y OZ C’g
Cu” = ot (SMSH)) ynomcry Tob » Z(CT) = [0/55 C’g:] (23)

Work out the expression under the assumption that C}W =Cl,=1and C’}W = p > 0. Argue that
the correlation at each layer is parameterized by Cﬁu = (! = q and C’fw = ¢y where

qes1 = o / Dz 6 (Vi) + o? (24)

2
Cot1 ZU{Q/V/DZ [/Dzlcb (Vae—ce 2 + e 2)| +o3 (25)

where Dz = \/%67%% dz is the standard Gaussian measure. Argue that, unlike the random RNN

model, this is a Markovian process (qs+1, ce+1) = Fqr, cg] over layers rather than a self-consistent
equation for the correlation. Argue that this is primarily different from the random RNN model
because weights are independent across layers in the MILP but are shared across timesteps
in the RNN.

This recursion is the starting point for many results in deep learning theory including the neural
network Gaussian process theory and neural tangent kernel.



2 Simple/Minimal Models of DMFT to Learn the Method

Let h(t) € RY denote the state of a high-dimensional dynamical system like some of the examples of
previous sections. Two central DMFT order parameters are the correlation and response functions.
These examples build on many of the examples from the review article [17].

Definition 2.1 (Correlation). The empirical two-time correlation is
1
C(t,t) = Nh(t) ~h(t). (26)

This function measures the correlation of the state at time ¢ to the state at time ¢'. We have already
seen an example of this in the SCS random RNN model above.

Definition 2.2 (Response). Introduce a source perturbation j(t) € RY in the dynamics. The
normalized linear response is

R(t,t") = %Tr 5‘;@5’;?

It measures the average effect at time ¢ of an infinitesimal perturbation at an earlier time ¢'.

(27)

The response function is typically causal: R(t,t') = 0 for t < ¢'. At equilibrium, the correlation
and response function are related through the fluctuation dissipation theorem, but this can be
violated when out of equilibrium.

3 Linear systems and the random matrix dictionary

Key references
e Bordelon & Pehlevan 2026 [17]

The simplest place where DMFT meets random matrix theory is a linear system

d .
Sh(t) = —Mh() + (1), (28)
where M € RV*¥ is a random matrix. If M is fixed, the response is exactly
1
R(t,t) = NTI exp[-M(t —t")] Ot - t), (29)

where O is the Heaviside step function ( ©(z) =0 for z < 0 and O(z) =1 for z > 0). This function
is time-translation invariant since R(¢,t') = R(7) with 7 =t — t/. The Fourier/Laplace transform is

R(w) = / T dre T R(r) = %T&«(m + M) (30)

—0o0

Thus the DMFT response is the normalized resolvent of M evaluated on the imaginary axis. If M
has real eigenvalues with empirical density p(A), then

R(T):/d)\p(/\)e_)‘T, R(w):/d)\ ig(i)x (31)

The density can be recovered by the Stieltjes inversion formula

p(\) = lim Tim R(w)|

10 iw=—\—ie’

10



Problem 8: Correlation and Response Relationship for Hermitian System (Easy)

If M = M, then for the homogeneous dynamics h(t) = e”™!h(0) with isotropic initialization
ho ~ N(0, I) then,

1 /
cu¢q:;ﬁTm—M“H>:1at+ﬂy (33)

Thus the correlation is determined by the same spectral measure p(\) as the response.

We will see some simple examples of these linear systems where we can compute C' and R from the
DMFT equations and compare to standard random matrix theory. We will also describe situations
where the correlation function can have dramatically different behaviors than the response.

4 Warm-up: GOE dynamics and the semicircle law

1

Consider the linear dynamics with M = —= A where A;; ~ N (0,1) and a symmetry requirement

VN
A= AT, known as a GOE/Wigner matrix.
Dty = — = An(r) + (1) (34)
at T YN J

We will first derive the effective single-site process using the cavity method.

4.1 Cavity derivation

Add a new coordinate hq(t) coupled to the original N variables by a random vector ag € RV, The

new coordinate obeys
d 1

£h0(t) = _ﬁ

where iL(t) denotes the perturbed trajectory of the original system after adding the new site. The
perturbation to the old variables is small, so to leading order

ao - h(t) + jo(t), (35)

[t " Oh(t)

VN 93 ()T

Substituting into the dynamics for hg gives two terms:

h(t) = h(t) aoho(t') + higher order (small) terms (36)

d 1 I Oh(t)

—ho(t) = ——=ag - h(t) + — [ dt' af -~ =apho(t') + jo(t). 37
holt) = ——ao-ht) + ;[ at af ST aoholt) + (1) (37)
The first term is a Gaussian process by the central limit theorem since we note that ag is now
independent of h(t)

u(t) = —\}Nao h(1), (wo(tuo(t)) = (D) - h(E) = Ot 7). (38)

The second term concentrates around its average by a law of large numbers effect

1 1 Oh(t)

1
Nao Wao ~ R(t,t') + Fluctuations of Size —. (39)

VN

11



Therefore, in the N — oo limit, a typical coordinate hg(t) follows its own separate dynamics which
are decoupled from other sites

%ho( t) = up(t) +/ dt’ R(t,t" Yho(t") + jo(2), up ~ GP(0,C). (40)

From this stochastic process, the response and correlation can be computed directly.

Problem 9: Response Dynamics (Easy)

Differentiate (40) with respect to the source. Show that the response function obeys the integro-
differential equation

OR(LT) = 6t — 1) + / ds R(t, $)R(s,1'). (41)
Assuming time-translation invariance, take a Fourier transform R(w) = [ dre T R(7) to find
iWwR(w) =14 R(w)% (42)

We are interested in the branch that goes as 1/(iw) as w — 0o. Show that this is the solution

R(w) = % i — /G 4] (43)

Using Stieltjes inversion (be careful about which branch of the square root with the ie) yields the

semicircle law )

p(A) = 7

where [z], = max(0, z) selects only the region where z > 0.

[4— X2, (44)

5 Path-integral / Martin-Siggia-Rose formulation

The cavity derivation is intuitive. The path-integral formalism is more systematic, scales better to
complicated models, and enables finite size corrections. We briefly outline the Martin—Siggia—Rose
construction.

We start by defining the generating functional

zi6) = (e [ ar ct-00)) ). (15)

from which moments can be computed as derivatives near ¢ = 0. This function satisfies Z[0] = 1
by construction. The average (-) is over the disorder, in this case the matrix M. To enforce the
dynamics (28), we insert Dirac-delta functions which represent the transition density which maps
the distribution of h(t) to the distribution of h(t + dt)*. Abstractly, we make use of the Fourier
transform of the Dirac Delta d(z f 5= exp (i2z). Formally we define the dynamics in discrete
increments of step size dt first and later take dt — 0

5 (h(t + dt) — h(t) + dtMh(t) — dtj(t))

- / d;(:) exp [Z h(t) - (h(t +dt) — h(t) + dtMh(t) — dtj(t)) (46)

4This is known as the Ito convention, rather than the Stratanovich convention.

12



where we introduced a conjugate field il(t) Repeating this for every time t € R and taking dt — 0,
the original moment generating function can be written as a path integral

7= / DhDh <exp [z / At hu(t) - (eh(t) + Mh(t) — §(1) + / dth(t)-c(t)D o

M

After averaging over the random matrix, the action can be expressed in terms of collective fields
such as

Ot ) = %h(t) A, R(LY) = —%h(t) h(). (48)

We note that, under the path integral, the h field can be interpreted as a derivative with respect to
the source j(t'). Let O[h] represent any scalar observable of the states {h(t)}ier

<8ja(t,)(”)[h]> - / DhDh <eXp [z / dth(t) - (Oh(t) + MA(t) — §(1) + / dth(t) - C(t)]>
M
x O[h] (—z‘iz(t’)) (49)
Thus factors for objects appearing under the path integral we can make the correspondece
- 0
—ih(t) > ——= 50
0 = 5370 (50)

For this reason, the objects h are sometimes referred to as response fields.

Problem 10: DMFT Action (Hard)

To enforce the definitions of the order parameters C' and R under the path integral, we use the
same Dirac Delta trick S(NC(t,t') — h(t) - h(t')) and §(NiR — h(t) - h(t)), introducing C' and R
as conjugate functions. After this is all said and done, show that the integrals over the N-sites
decouple, yielding

Z = / DCDEDRDRexp (—NS[C, C,R, R]) (51)

and provide the formula for the DMFT action S = On(1) (it is ok to drop additive constants to S).
At large N, the path integral concentrates at a saddle point where % =0 for Q € {C, C.R, R}
Show that the saddle point equations reproduce the DMFT equations obtained by the cavity method.
Argue that fluctuations around the saddle point can be computed with second derivatives % for

Q,Q €{C, C, R, R} and that these fluctuations have size 1/v/N.
Hint: see reference [17].

6 Linear and Random Feature Regression

We next turn to a learning problem. Let ¥ € RP*Y be a random data matrix with P = aN data
points in N dimensions. Consider the teacher-student linear model

1
Y = ﬁﬁ* “Yutepu, <€Z> = 027 (52)

with predictor / student model
1
= —w- 1. 53
f=T5w ¥ (53)

The features @ ~ N (0, I) are drawn from an isotropic Gaussian distribution.
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Problem 11: Linear Regression Setup (Easy)
Show that the test MSE loss Liest = <( f- y)2> can be expressed in terms of the weight error
h(t) = B, —w(t) as

Lualt) = AP +0* (54)

Show that the training loss Lirain = 5 25:1 [fu — yu]z can be expressed as

1 1
Liain(t) = =|A®)>, A(t) = ——=Ph(t) + e c R” (55)
P N
Now, express the gradient flow on Lipai, as
d N 1 N N
—h(t) = ——OpLiain = — | =T ¥ - Pe=—""0"A
0 = 3 L =~ (597 ) () - e e = -V wTaq) (56)

Under the assumption that P = aN, argue that this can be expressed as a two-variable system

VN

Oth(t) = —?N\IITA(t) ,At) = Uh(t) + € (57)

-

We see from the previous exercise that the dynamics are governed by a Wishart matrix %\IIT\II.

6.1 Bipartite DMFT

By introducing the intermediate variable A we were able to linearize each expression in the
random matrix. We are now in a position to perform a two variable cavity argument [29, 17]. To
do so, introduce sources j,(t) and ja(t) to the right hand sides of the defining equations for h(t)
and A(t).

14




Problem 12: Bipartite Cavity (Medium)

Perform a cavity derivation for the typical behavior of h(t) and A(t). To start, imagine adding
a single data point g, which comes with its own error Ag(¢). Argue that this inclusion of this
new data point induces a small change to the error vectors h(t) — h(t). Show that the dominant
perturbation has the form

- \/>
h(t) = h(t) ~ 5 [ o) (58)
Now use these perturbed

Ag(t) = Yo| Ao(t') +e0  (59)

VN VN gn(t) T

Argue that the first term obeys a central limit theorem with covariance Cy(t,t') = +-h(t) - h(t') and
the second term concentrates to LRy (t,¢'). This gives the defining single site equation for A(t).
Now perform the same analysis where you add a new feature dimension ho(t) and new vector across
all P training points ¥° € RY. Perform the same analysis to derive the single site equations for
ho(t) which have the form

oty = Y0 a0 - [ty [ w0

17/’0'ﬁ(t)+5:1¢0.h(t)_;/dt/[ 1/’T Oh(t)

T 2A()

G| hol®) (60)

Argue that the first term is Gaussian and the second concentrates.

The two-sided cavity argument gives the effective process

t
(t) = wn(t) = [ Ralt b, (61)
1 t
A() = ualt) — + / At’ Ry(t, )A(E) + ¢, (62)
with Gaussian fields
up ~ GP(0,a71CA),  ua ~ GP(0,C). (63)

The self-consistency equations are

= (h(t)h(t)), Ca(t, t') = (AA()), (64)
n_ /[ Oh(t) n_ [ OA(1)
Bt = (i) 0= () o
The losses are diagonal correlations:
Liest(t) = Cp(t,t) + 0%, Lirain(t) = Ca(t,t). (66)
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6.2 Marchenko—Pastur Law

Problem 13: Marchenko-Pastur Law (Medium)

The response Ry, is the response of the linear system governed by M = %\IIT\II. Therefore its

transform is the Stieltjes transform of the Wishart spectrum. Solve for the response functions in
the Fourier domain Ry (w) and Ra(w) and show that they have the form

1 1

R =——F R = 67
) = e Raw) T W) = TR W) (67)
Use this result to derive the Marchenko-Pastur distribution using Stieltjes inversion
pip(N) = 5oy [t — (et = 1+ N2, +[1— al46()) (68)
2w\ + * )
The bulk support is
e [(1 a2 (14 a7l2)2]. (69)

7 Random feature models and non-Hermitian dynamics

Random feature models introduce an additional random matrix A for the student’s features A
[14, 30]. Consider a simple structured random feature model

;= jﬁwTAww L y=wt (70)
(rtbe) = Srede , Y Ak < 00 (71)

k=1

where the random feature matrix A has iid entries. Show that the gradient flow dynamics on the

weights w(t) induces the following dynamics on h(t) = w, — \/LNATw(t)

%h(t) - (;ATA> (;qﬁ\y) h(t) (72)

Problem 14: Spectrum of the Matrix (Medium)

The matrix M = (%ATA) (% \IIT\II) is non-Hermitian. Despite being non-Hermitian, argue that
M has a real and non-negative spectrum. This means that the response function R(¢,t") should be
computed from this non-negative spectrum.

Hint: Show that M has the same eigenvalues as M = %A (%\IIT\II) AT which is Hermitian and
positive semidefinite.

The above exercise demonstrates that eigenspectrum of M is non-negative. Naively (if we thought
of M as Hermitian) this would imply that the test loss would be monotone. However, this is not
true in general! In fact, when N = P, the loss in this model will diverge as

1
@mzﬁmwﬁwow%,N:p (73)

The key issue is that M is non-normal and can amplify fluctuations [17].
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Problem 15: DMFT for the Random Feature Model (Medium)

Using either a cavity approach or MSR, work out the DMFT equations for the above dynamical
system. Show that the correlation function C(¢,t") can differ from the response C(t,t') # R(t +t').
Hint: Define the original h(t) = hy(t) and introduce intermediate fields hi(t) = Why(t) and
hg = l‘I’Thl (t) and hg(t) = Ahg(t) and h4(t) = i14—|—’”l,3,(t) with %ho(t) = —h4(t).

Remark 7.1 (A useful warning). For learning dynamics,
spectrum of M # loss curve (74)

in general. The equivalence is special to sufficiently normal or Hermitian systems. DMFT is useful
because it tracks both R(¢,t") and C(t,t"). The loss actually is governed by C(t,t).

8 Feature Learning in Wide and Deep Neural Networks

The preceding sections focused on linear dynamics with fixed random matrices. Neural network
training is more complicated because the features themselves evolve. In a hidden layer ¢, write
schematic forward features and backward signals as

1 1 1
fu=qmwh o) s bt = S Wik by = Wi, (75)

We will train the network on a loss function £ with the following learning rates
n=n07’N (76)

where 79 and v are independent of N. This scaling is known as mean field or maximum update
scaling [31, 3, 8]. The factor v can be interpreted as follows

v~ (0 = Lazy Regime (Kernels do not deviate from their Initial Values)
~ large = Significant Evolution of the Features and Kernels

Gradient descent updates a weight matrix by outer products

W(t) = + 07 TR 2 Aulgi e (77)

t<T HEB;

where qbf;(t) = qﬁ(hﬁ(t)) and A and g are defined as

oL 0
= N~v L2/ gradient signal from back-propagation (78)

Au(t) = o9 T =

The g features satisfy the following recursion relation

g(t) = ¢(hy, (1)) © Wi () gt ()] gy () = d(hy (1) © wh (1) (79)

b
VN

=z{, ()
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Problem 16: Deriving Single Site Equations for Infinite Width Networks (Medium)

We would like to describe typical case training dynamics in the limit as N — oco. Expand out the
weight dynamics and compute the forward pass and gradient variables

Rt (1) = inﬂ<> ) +n0y YD Au( “1><;¢waw»¢mﬁw0 (80)

<t v
X (#) iy (t.t')
1 1
40 = WO T 00wy 50 800 i) (0t - 9f00) 1)
t'<t v ~
€L() Cla @)

Argue that C? and CY9 are correlation functions that should concentrate as N — oo under the
DMFT. Argue that, if the C® and C9 are deterministic, then the only random variables that depend
on W*(0) which appear in the dynamics are the random fields X”l( ) and Eﬁ(t). Using either
a two-step cavity argument or the MSR approach, show that as N — oo these variables can be
expressed as single site stochastic processes with colored noise + response decomposition

X () =) + D0 T RE g () L ut (1) ~ N (0,C7) (82)
t'<t v
€8(t) = rl() + 30 ST RIS, 1Yo () , ri(t) ~ N(0,CoH) (83)
t'<t v

where the response functions R?* and R9‘ are defined as

oo (ht ag"
RO ) = <W> R = <ajg((f)>> &4

Argue that x, &, h, z are generally non-Gaussian. Show that these are Gaussian in the special case
of linear networks ¢(h) = h.

The output of the network can be computed following a similar procedure
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Problem 17: Deriving Output Dynamics for Infinite Width Networks (Medium)

The output dynamics of the network can be computed in a similar manner. Show that
the output follows

=3 N RGF(E)+ ) CUEE )AL (85)
<t v t'<t

Optional: show that the v — 0 limit results in the function f evolving according to the initial neural
tangent kernel

Y0 = fult)=> Y ZCQ”I 0,0)C%£(0,0) | Ay(t) (86)

<t v =

where the base cases are defined as C%0 = %w -’ and Gﬁjl = 1.

9 Spiked Wigner and Classic BBP Transition

Random matrices illustrate a simple example of competing effects of a high dimensional random
matrix and a structured low dimensional component [32, 33]. To illustrate how we can compute
the behavior of the outlier eigenvalues of such spiked matrices, let us begin with a Hermitian GOE
random matrix with .S symmetric spikes

1
M = M0+72vav Sty = Y Vb (87)
GOE a=1
rank<S

where we assumed that My is GOE and the vectors v have overlap matrix 3V € RS*S, As before
we can consider the flow on a probe variable h(t)

S
9 h(t) = Mh(1) = Moh(t) 13w (;h@) - va) (39)
<
=Chv(t)

19



Problem 18: DMFT equations for Spiked Matrices

First, argue that the large time asymptotic dynamics for the linear system

h(t) ~ > e hy(0) , t — oo (89)

can reveal candidate outlier eigenvalues z, of M where h,(0) represents the initial condition h(0)
in the eigenbasis of M. We will try to find such candidates. Show that averaging over the GOE
matrix gives the following DMFT equation

%h(t) — )+ / v R(t, )R(t') + 4 Z 0aC (1) (90)

Taking a Laplace transform from time variable ¢ to Laplace variable z, show that you obtain
C"(z) € RY which represents the alignment and let [C2?], = (h(0)v,) represent the alignment of
our initial condition with each spike, then

C"(z) = (z = R(z) —%")7' C§" , zR(2) = 1+ R(2)” (91)

Argue that the poles of the above formula correspond to potential outliers. These can be interpreted
as a secular equation on a S x S matrix

det (z — R(z) —7vX") =0 (92)

We see that the effect of the GOE matrix is to add the nonlinear R(z) term to the usual eigenvalue
problem for Xv. Diagonalize 3V and argue that since it has real eigenvalues A\, that we have S
potential candidates z, = R(z,) + 7Aq. Argue that a root of the above is only a genuine outlier of
the matrix M if it surpasses the edge of the bulk GOE eigenvalue density z, > Apax(GOE) = 2.

Let’s work out an explicit formula for each candidate outlier

1
=YAe = 24 =YAa+ — (93)

1
Za — R(Za) == R(Za) ’}/)\a

Since Y\, > 0 this quantity is always postive. This candidate outlier is a true outlier only if it
exceeds the edge of the bulk eigenvalue density z, > 2. Thus the eigenvalues of M have O(N)
eigenvalues that obey the GOE density and up to S spikes

1
spec M = GOE Spectrum + {yAa + o FYAg > 1} (94)

The fact that the spikes are invisible if their signal strength is smaller than a threshold is known as
the Baik-Ben Arous-Péché (BBP) phase transition [32, 33].

10 Feature Learning as Spiked Matrices

At initialization, the initial weights of a neural network have singular values that are follow a
Marchenko—Pastur law. Training adds structured updates. Equation (77) suggests a spiked matrix
model

W(S) = W(0) + = 5" A)g(t)é(t) . (95)



If the number of spikes S = O(1) as N — oo, this is a finite-rank perturbation of a random matrix.
However, as we saw in previous sections this setting is quite different than the classic BBP setting.

Assumptions of the Classic BBP Analysis The BBP phase transition in the previous section
used the fact that

1. Spike directions are independent of the random bulk.

2. Spike directions are generated exogenously, they do not arise from dynamical variables that
depend on W (0).

Training-induced dependent spikes In trained neural networks, the spike directions are not
independent of the random initialization. They are generated endogenously by the trajectory,
and the trajectory depends on W (0). To expose the dependence, define fields

X(t) = jﬁvv(om(t), £(t) = \/}W«J)Tg(t). (96)

In many large-width limits, the spike coordinates become independent across sites but remain
statistically coupled to these fields. A useful structural form from our DMFT equations is

¢i(t) = ¢ ({&i(s)}st) s i) = g¢ ({Xi(8) }s<t) - (97)

Thus the spike is a function of the random bulk through a history of projections onto the
features themselves. This invalidates the independence and exogeneity of the classical BBP.

11 Two-level DMFT for dependent spiked matrices

The above problem motivates the study of endogenously spiked random matrices [34]. Before
describing how to apply this to a neural network, we will study a simpler case that is more revealing
and where we can compare to the exogenous BBP transition.

11.1 Evolving Wigner Matrix with Endogenously Generated Spikes

Let’s look at a simple modification of the GOE example where the matrix M starts as a GOE
matrix but accumulates spikes that are generated through endogenous dynamics.

Matrix dynamics: M, = M, + %vnvz

Initial Condition: My = GOE (98)

Spike dynamics: v, 11 = v, — nM, v,

The idea here is that the matrix M generates a dynamical system over spike states v,, and that
these spike states are used to update M. The fact that v is evolving with a difference equation
over steps will generate potentially strong correlations across steps. This is similar in spirit to the
deep network case where the random matrices W generate features and gradients that are used to
update the weights, which then change the features and gradients. We consider the matrix Mg
after S spike steps. Expanding out the weight dynamics, we find the following

1
Level 1 Dynamics: v,+1 = v, — nMpv, — 1 Z Y Um s Y = an . (99)

m<n
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We additionally introduce the usual dynamics on the probe vector h(t)
d S
Level 2 Dynamics: —h(t) = Mg h(t) = Moh(t) + > Cr(tyvn (100)
n=1

Our goal is to now characterize the typical case behavior of this joint two-level system as N — oc.
We will first do so in a naive way and then in a way that is correct and compare the two results.

Problem 19: Naive Approach to the BBP Transtion (Easy)

First, we will make the approximation that the matrix My that appears in the level 2 dynamics
is a different, uniquely independent GOE matrix M than the random GOE matrix M,
appearing in the level one dynamics. Argue that we can now treat these levels as separate dynamical
systems. Perform the DMFT average over M( and derive the DMFT process for the spikes

ov
i1 = 00 = 10 = 13 Rt =17 3 S+ o = (52 S = (o) (101)
m

m<n aXm

Suppose that you have solved the above equations for ¥ € RS> argue that the level 2 dynamics
is a specific instance of our previous exogenously spiked BBP calculation and that the candidate
outliers z of Mg satisfy the secular equation

det (z — R(z) —vX") =0 (102)

This would be nice if true! Unfortunately, the fact that both level one and level 2 share the same
matrix M generates additional terms that alter the BBP criterion. Let’s now try to identify the
correct rule.
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Problem 20: Accurate Two Level DMFT (Hard)

Now do it correctly, using the fact that the same matrix Mj in the probe dynamics for h(t) is also
driving the dynamics for v,,. Show that the v dynamics satisfy the same DMFT as above

ovy,

)y = G
aXm> ’ nm <Un’l)m> ( 03)

Un4+1 = Un — N Xn — 772 wanvm —n Z szvm ) Rzm = <
m

m<n

However, the dynamics for the probe variable h(t) are modified with additional response and cross
correlation

d

g =&+ /dt’R(ta t)h(t') + zﬂ: RyX(t)vn + vzn: CR(tyon , (E(t)xn) = C°(1)  (104)

Show that the Laplace transformed equations give

z— R(z z) = z) + z)+y z) +
R(z))C™ R'C"(z) + Z"R™ 'C"(z) + Cg" 105
(2 = R(2))R™(2) = (R") R™(2) + 7(R") C"(2) (106)
Argue that the new secular equation for candidate outliers has the form of a zero-determinant

condition on 2S5 x 25 matrix that can be populated by the order parameters XV and RY from the v
dynamics

dot z—R(z) — R" — X -3 _ (107)

Hint: Use Novikov/Stein for (£(t)xn).

11.2 Dynamics of Spiked Matrices in P Infinite Width Networks
Key reference
e Lauditi, Pehlevan®, Bordelon* 2026 [34]

We can use the same technology to compute the outlier dynamics and BBP transitions for infinite
width feature learning networks.
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Problem 20: Weight Singular Values in Infinite Width Networks (Very Hard)

Start from the defining equations on a super-index a = (u,t) and b = (v, ).

1 1
Xa = 7W(0)¢a ) €a = ﬁ

VN
coupled with the rule that ¢, = ¢, ({&}) and g, = g ({xp}) where ¢,(-) and g,(-) are functions
that act elementwise. Without loss of generality, we can assume that g, absorbs a factor of A,.
Define the weights after S spikes as

W(0)'ga (108)

S
o ny T
W@—W@+¢N;?ma (109)

Introduce the following flow on a probe variable v to track the eigenvalues of M = %WST Wy
1
VN

Perform the average over W (0) and argue that the outlier candidate condition is a secular equation
over 45 x 4S5 block matrix A(z). Provide the formula for det A(z) = 0 in terms of the correlation
functions C?, CY and the response functions R® and RY for the original DMFT.

1

0p(t) = S WI W (6) = —=WIthi(0) , 1(0) = ——Wsth(1 (110)

G(2)~\I 0 —(R°+C?%  -C°?
o)1 _(pAT _(pNT
(BT —(R)T 0 (1 -G

2z
evaluated for z > 4 (outside the bulk).
Optional: extend this result to the case where W € RN *M ig rectangular with aspect ratio
a = N1 /Ny. See the result of [34].

where G(2) = & [z — V22— 42] is the resolvent of the Wishart matrix with aspect ratio v =1

12 Summary and Main takeaways

1. DMFT reduces high-dimensional disordered dynamics to self-consistent stochastic processes.
2. The central order parameters are two-time correlations and responses.
3. For linear systems, the response is a random matrix resolvent.

4. In Hermitian systems, spectra often determine loss curves; in non-Hermitian systems, correla-
tions and responses must both be tracked.

5. Random feature regression gives a clean learning-theoretic example where the Marchenko—
Pastur law and train/test loss dynamics arise from DMFT.

6. Feature learning creates structured low-rank updates to hidden weights.

7. Trained-network spikes are generally dependent on the random initialization, unlike classical
BBP spikes.
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8. A two-level DMFT gives a generalized BBP criterion involving both correlations and responses.

9. Large-output regimes may require theories of bulk deformation rather than finite-rank outliers.
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