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Scaling up Neural Networks

Infinite-width Observation:
2LP

» Scaling up compute budget of training NNs improves performance.
High-
dimensional

- > Several ways : more data, longer training, bigger models.

Deep ResNets 71—

4.2
6 —— L=(D/5.4-101%)799% | 5.6 —— L=(N/8.8+10%)0076
3.9
Large L, M, D w5 v 4.8
limit § 4 ’ 4.0
13' 33 12
Conclusion s .
N 24
oo L=(Crinf2.3-108)70050
2 2.7
io° 107 10% 10 101 10! 108 10° 10° 107 10°
Compute Dataset Size Parameters
PF-days, non-embedding tokens non-embedding

Performance vs compute [Kaplan et al’20]
N parameters, dataset size D, compute C

— Classify large-scale limits wrt hyper-parameter (HP) scalings.

= Improve choices of HP.
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Residual Neural Networks

Infinite-width
2LP

High-
dimensional

2LP L (depth)

Deep ResNets
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Application: HP transfer [Yang et al'22]

Infinite-width

2LP " SP / uP CompleteP (@ =1)
§ Depth
: 2
High- Sas- \,/_4 \/
dimensional § ——8
2LP = =19 4
> 4.0- = ﬁ =
Deep ResNets E 128 - =
Large L, M, D ¢ 2°° 27 25 20 277 2"
limit n g
V, SP / uP CompleteP (a=1)
: 3 Depth
Conclusion Ss50- __e“z
f =
-0 A
T 45- 773 \
z — 16
2 /—_ 2 h
=4.0- —— —— 64
E o 128 S ~—
o 279 277 %5 i3 279 %7 %S 253
Tinit Oinit

From “CompleteP"” paper [Cerebras Al et al.,’25]. Transformer of varying
depth trained on 300M tokens — here CompleteP = critical scale.
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Large-scale limit in the MLU regime

Infinite-width

2LP

Tensor Program/DMFT

Neural Mean ODE

Approach

M x D — oo then L — oo

M, L — oo with D fixed

High-

Other limitations

qualitative, 2nd step heuristic

loose upper bound

dimensional
2LP

Main refs

[Yang et al., Bordelon et al.,...]

[Lu et al., Ding et al.,...]

Deep ResNets

Large L, M, D
limit

Conclusion

Nb of params. 8B 70B 405B
L 32 80 126
D 4,096 | 8,192 | 16,384
M 14,336 | 28,672 | 53,248
M/D 35 35 3.25
ML/D 112 280 410

Shape hyperparameters of Llama 3.1 (MLP blocks)

L.-P. Chaintron

ResNets of All Shapes and Sizes

< Unified theory for joint limits L, M, D — +0c0? Quantitative
rigorous rates?




B Infinite-width 2LP

m Phase diagram
High- m Limit dynamics
dimensional

- High-dimensional 2LP

Deep ResNets u Scalings

Large L, M, D [ Limit dynamics
limit m Cavity method
Conclusion Deep ResNets

m Backward pass
m Stochastic approximation

Large L, M, D limit
m Scalings
m Phase diagram

Conclusion
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Infinite-width
2LP

Phase dia
Limit dyna
High-

dimensional
2LP

Deep ResNets

Two-Layer Perceptrons

Large L, M, D
lit in the large-width limit

Conclusion
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Definition and parameters

Infinite-width Two-layer perceptrons (2LP):
2LP

Phas n Rdin — R,
s fo

Limit dyna
1 M T
X = 7 imy vip(ug ).

High-
dimensional

_ M d; M
1P Parameters 0 = (u;, v;)2; € (R% x R)M.
- Training set (x;,y;)"_,, objective:

Large L, M, D
limit

£(0) = % > loss(yi ().

Conclusion

— After k GD steps on L, what is the behaviour as M — +o00?

{ué ~ N(0,021dg,,), {w = ul, = 1MV L(0k),

Vé ~ N(O’Ue)a Vi+1 = Vi - nVMvvf‘c(ak)'
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1. Phase diagram: scaling criteria

Infinite-width — How to scale 0, 0y,74,7, as M — +00?
2Lp

RN > Pre-activations: Pi(x) = (u)Tx

Limit dynamics

- > Activations/Features: A (x) = p(PL(x)).
dimensional

- Criterion 1 — Feature Diversity: P5(x) = ©(1)

Deep ResNets i .

- E[P(x)] =0,  E[Py(x)’] = a|x|3 = ©(1).
limit

< oy~ 1 |Ix]l ~ 1.
Conclusion

Criterion 2 — Non-explosion: fy(x) = & > VAL = O0(1)

<N

Efh(x)] =0,  Elh(x)] =15 Za

— 0, = O(VM).
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2. Phase diagram: GD dynamics

Let g¢ = dhloss(y, fp,(x)). Continuous-time GD for n = 1:

Infinite-width

2LP i .
Phase diagram Vi =7 M- vvjﬁ(et) ="M M- %gt ' p(P{)’ .
= ML) = g M g (Pl

Limit dynamics

High-
dimensional
2LP

Evolution of pre-activations, predictor and loss:

PL=xT(id) =~ Vi g 0 (PDIXIB,

Deep ResNets

Large L, M, D ft — |:7]_A;I ZP(P{“)Z + n_/\;ll ZPI(PD2||XH%(V1{)2:|gt7
i J

limit
J
Conclusion

Lo=frge=—n M- [VLO)Z~nu M- [[VuLl(0:)lI3

v j Nu j .
S g2 2Pl - 1 Y g2 (Pl IR
j j

~ o+ ne (o) + PR).
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3. Phase diagram: loss decay

Infinite-width Criterion 3 — Balanced loss decay: £; = ©(1)
2Lp

H 2
Phase diagram — Ny ~ 17 Ny ~ mm(17 1/gv)'
Limit dynamics
Criterion 4 — Feature learning: under criteria 1, 2, 3,
High-
dimensional

2LP l/av if o, > 1,

P{ ~ Ny - V{ ~ Tlu(03 + t2773)1/2 ~i=1

Deep ResNets 1 if o, < 1.
Large L, M. D Phase diagram:
limit

Critical scale NTK scaling

Conclusion

Explosion

EE )

Complete feature Iearnin* Lazy/kernel regime

0 () o

(total) output scale ¥

L) +00
VM

[Dey et al.25]
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4. Phase diagram: operator viewpoint

Infinite-width
2LP

» « =1/M can be absorbed into o, by adjusting 7,.
> The effective HPs are the effective scale oo, and LR a?7).

Phase diagram
Limit dynamics
For a vector output fs(x) = 7 Vp(Ux) with V € R%uxM,

High- ) .
L a perturbation da leads to

dimensional
2LP

1
o Ioflos = | V3| < 451 Virws-ass - [oal s
RMS
Large L, M, D
limit Heuristics using the operator norm of random matrices,

Conclusion

VM VM
[ Vollrmssrms = [[Vollz2 - —=—= = 04 (/dowt + VM) -

dout out

ﬁ

1
— ||6f||RMS < ||5a||RM5 o (\/—_ OUt>.

= Critical scale o, ~ min(m, Vdout)-
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Limit dynamics in feature learning regime

Infinite-width Neural network
2LP
o(z,%) = vp(uTx)

M
1 . )
Phase diagram f x) = — Z‘I7X 7 . . . y
9( ) M ;tb( ) {zf =(/,V) e R%n+dout —- RP.

Limit dynamics

High-
dimensional GD Step
2LP 5 5 . n 5 . R
iy =4 — 135 Ve d( Ly, xi)  Valoss(yi, fi(xi),
Deep ResNets 5 o
2y ~iia o € P(RP).

Large L, M, D
v Limit Dynamics: on some (Q, F,P), let Z € [?(Q; R”) and

Conclusion n
fz(x) = E[o(Z,x)],  L(Z)= %Zloss(y,-, f2(x;)).
i=1
GD in L2

Zk+1 =2 — % Z?:l vz¢(Zk,Xi)TV2IOSS(yi, ?k(Xi)),
Zy ~ po-
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Quantitative limit theorem

Infinite-width Theorem
- If Update(Z, fi) is bounded-Lipschitz, then for every § € (0, 1],

Phase diagram

Limit dynamics
~ n, D
- Vk € N,3¢, >0 max. [fic(xi) — fi(xi)] < ciey[log (S)M’

dimensional

- with proba > 1 — 4.

Deep ResNets

> Closed dynamics for Law(Z,) — Wasserstein gradient flow.

Large L, M, D X . ..
In 2018: [Chizat,Bach], [Mei et al.], [Rotskoff et al.], [Sirignano et al.]...

limit

Conclusion » In the 2LP-case, the bound becomes

... < cilog(n/d)\/D/M, provided RHS < c,.

> Converges to the limit we described iff D/M — 0, which does not
hold for deep ResNets architecture.

> Local convergence of the limit
[Chizat,Colombo,Colombo,Fernandez-Real'26]
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Proof sketch

Infinite-width Let (Zf)k>1 be i.i.d. copies of (Zx)k~1 coupled such that ZJ ZJ
- Define Ay = max; ||Z, — Z1||. Since Update is Lipschitz,

Phase diagram

Limit dynamics Ak+1 < Ak + C[Ak + max |?k(xi) _ fk(Xi)l] .

High-

dimensional For each i
2LP '

Deep ResNets

o)~ )] < |5 S 0Ehox) — 3 Y o(zhon)
J i

Large L, M, D
limit

1 .
Conclusion + ‘M Z ¢(Z{(7 Xi) - E[¢(Z7 Xi)]‘ < CAk + gk,i‘
J

Hoeffding's inequality + union bound:

max |&k,i| < ¢

n, D
= i >1-35.
max. log (5) v with proba >1—0

« Conclusion: discrete Gronwall’'s lemma.
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Lazy regime and empirical NTK

Infinite-width

2LP Lazy Regime for o, > 1. Dynamics of the output:

Phase diagram

imi namics d ~ 1 n n .
I:igI:—dy Eft(x) T h ; Ki(x, xi) Valoss(yi, fe(xi)),

dimensional

- where K is the Empirical Neural Tangent Kernel (NTK):

Deep ResNets

M
e ~ 1 s s
Large L, M. D Re(xx') = 0 D V202 x)Ve0( 2, x') T
Jj=1

Conclusion

As M — oo, since P, — P} = o(1) and V/ — V] = o(1),
Relxx') 5 Kolx,X') = BIV20( 20, X)V26(Z0,X') ]
—+00

< Dynamics closed in the predictor.
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Infinite-width
2LP

Phase N — Criteria for scaling NN:

Limit dynamics

Non-explosion, feature diversity at initialisation, balanced loss decay,

High- feature learning.
dimensional
2LP — Phase diagram.

Deep ResNets
Large L, M, D — For 2LP: Infinite width limit at rate O(/D/M).

limit . .
o — Mean-equation, Wasserstein GF.

Conclusion

— Converges to the limit we described — in the feature learning
regime — iff D/M — 0, which does not hold for deep ResNets
architecture.
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Infinite-width

Limit dynamics
High-
dimensional

2LP

Deep ResNets

Large L M, D High-dimensional 2LP

limit

Conclusion
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Infinite-width
2LP

High-
dimensional
2LP

Scalings
Limit dynamics

Cavity method
Deep ResNets

Large L, M, D
limit

Conclusion

Embedding

h(x) =

Two-layer perceptrons (2LP):

1M . .
= Zp(w, R (x)s)v e RP.

Parameters 0 = (u;, vj)[2; € (RP x RP)M,

(Un)embedding matrices:

Predictor:

Initialisation

uh ~ N(0,2Idp),
V(J; ~ N(Ov UEIdD)v

L.-P. Chaintron

— After k GD steps on L, behaviour as M, D — 400, D < M ?

Win € RP x RYn . W, € RP x R%ut,

out hy (X) € Rt

~ N(O, J; Idd )
out ~ N(O’ UoutIddout)

ResNets of All Shapes and Sizes



Infinite-width
2LP

High-
dimensional

2LP
Scalings
Limit dynamics

Cavity method
Deep ResNets

Large L, M, D
limit

Conclusion

Scaling wrt dimension D

> Pre-activations: Pj(x) = (u}, B°(x))5

DZd 1”’ hOd(X)

> Activations/Features: A (x) = p(PL(x)).

Criterion 1 — Non-explosion: h(x) = & > VAL = 0(1)

S Ié‘w

]E[” VVinX”B] = @(1), E[h(X M2 ZU

o = O(1) (convention), o, = O(VM), oou = O(VD).

Criterion 2 — Feature Diversity: PJ(x) = ©(1)
. . 1 Z
E[P(x)] =0,  E[R(x)] = 5z >_ou(x*)* = (1),
j=1

< o, = O(VD).
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Training GD dynamics

Let g¢ = dhloss(y, fp,(x)). Continuous-time GD for n = 1:

Infinite-width

2LP v{ =-n-D-M-V,L(0;)= —UvP(P{_) . Woutgh
High- U{b =-—n,-D-M-V,L(0,)= —ﬂuP'(PD <V£’ WOUtgt>5ho'

dimensional

- Evolution of pre-activations, predictor and loss:

Scalings .. . . .
Limit dynamics P‘i]' = <u{'? h0>5 = _nu : p,(P{') <V{7 WOUtgt)E ||h0||25’

Cavity method

Deep ResNets ft = — Dn/‘\/ﬂ P(P{L)zw(:lrlt Woutgt
Large L, M, D J n i X .
limit — D/l\lﬂ ZpI(P{)2||hO”%<V{7 Woutgt>EWo—[1tV{a
Conclusion J

E.t = ft - 8t

v j Ny : .
= =7 2 P (POIWogells — 17 > 2 0P - 10115 - (v Wowg)
i J

03 + tzna

~ v + Nu D

L.-P. Chaintron ResNets of All Shapes and Sizes



Phase diagram wrt dimension

'2"“""0’“’““" Criterion 3 — Balanced loss decay: £; = ©(1)

LP

- =0 =0(1), g =0(1),  nu=0(D/]).
dimensional

2LP Criterion 4 — Feature learning: under criteria 1, 2, 3,
Scalings
Limit dynamics Oout = e(].),

Cavity method P{_ ~ Ny Vg ~ "7“( V/D —+ t2 2)]'/27 Ny =Ny = @(1)7
Deep ResNets gy = O(\/E)

Large L, M, D

- Phase diagram:

Conclusion Critical scale NTK scaling

e

Complete feature Iearnin* Lazy/kernel regime Explosion
0 vD L +00
o (%) o (7m)

0'v

(total) output scale
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Limit dynamics

Infinite-width Neural-mean equation
2LP

hO(x) = Winx,  hi(x) = E[p({Ur, B(x))5) Vic| Win, Woe] € RP.

High-
dimensional

2LP Predictor: Fu(x) = LW,

out

hy (X) € Rdout,

Scalings

Limit dynamics Training dynamics for n =1
Cavity method

AVier = =1y p({Ur, B°(x)) 5) Wour D2L(y, fi(x)),

Deep ResNets {
AUicr = =0up (Ui, B ())5)02Ly , ic(x))(Vie, Wort DL, fi(x))) 51 (x).-

Large L, M, D
limit

Theorem (Quantitative convergence)

1 2 : 7 1 n, D
Vk € N,3ci,cg >0 1r21;1§xn|fk(x,-) — fi(xi)| < cxy/log (S)M,

with proba > 1 — §, provided that RHS < c2.

Conclusion

L.-P. Chaintron ResNets of All Shapes and Sizes



Tracking correlations

Infinite-width NEW GOAL: sending D — +o0.
2LP

For the d-th coordinate:
High-
dimensional

2Lp hi (x) = E[p((U\"), BP)(x))5) Vi | Win, Wong],

Scalings

where

Limit dynamics

Cavity method U;(j _ \/Eud + Aug’ V,:J' — \/Evd + Avlg’
Deep ResNets

for U9 ~ N(0,02), V9 ~ N(0,02). Consequently,

Large L, M, D
limit

. D D
Conclusion (U’(( )’ hf( )>B —

CLT term LLN term
1 VE CORRELATED

= How to track correlations along the training?

L.-P. Chaintron ResNets of All Shapes and Sizes



Skeleton maps

Infinite-width
2LP

High-
dimensional
2LP

Scalings
Limit dynamics

Cavity method
Deep ResNets

Large L, M, D
limit

Conclusion

CLT-type sums
1 D 1 D
(s",8") := <(— U’hi(s), == Vd[WoutV£(fi(X))]d)>
VD ; D ; 0<i<K—1
Skeleton maps
(AUk, A\/k) = (Fk . hO(X), Gk . WoutV,C(fk(X))
Fic = Fi(S", S [[1°]13, [|Wou VL(fi(x))[13)-
Definition
Functions F, G : RX x RX x R2 — RX such that
Fit1 = Fic = nup'(2f + Fi- [|1°]1%)
[2¢ + Fic - | Wour VL(fi(x))[15],
Grr1 = Gk — nup(z + Fic- | 1°)12),

evaluating at (2", 2% [|1°|12, || Wou VL(fi(x))|3)-

L.-P. Chaintron ResNets of All Shapes and Sizes



Infinite-width
2LP

High-
dimensional
2LP

Scalings
Limit dynamics

Cavity method
Deep ResNets

Large L, M, D
limit

Conclusion

Cavity method

Taylor expansion - recalling S” = (7 S VI ocick 1 -

E[p((UP), B> PY VDV | Wi, Weut]
= E[p(SF + (F(S", 8", ), ") 5) VDV Win, Wout]

h h b 0,(D d
B v ) D iy ou

+E[0(S!+ (F(S",5", ), 2PN 5) (v, F(S", ", ) [V, AP 5 v
+0(D™1%),
S’ :=S*— VvIb/\/D, using

~

where S
(Shvgb) J-I— Vd | (V‘/iny Wout)-
Quantitative CLT

E[F(S",5", )| Wn, Woue] = E[F(Z", 2%, )| Whn, Woue] + O(D /7).

L.-P. Chaintron
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Quantitative convergence

— As D — +00, coordinates become independent:
Infinite-width

2LP
F(x) —— f d 0.(D) 12 2
High- fk(X) D—+oc0 f(X)7 hk m Hk7 Hh HD m IE[HO]7

dimensional D ~ -
WSV LGOI - EWou VLR ()]

Scalings
Limit dynamics lelt dynam|Cs

Cavity method

Hy = o3B[0 (Pi(5))E[Ho(s) V. F1 (2" 2" )2, Z°] |- [Wous VL(F(x)) i<k -1
- FE[p(Pr(5)) G(s, 2", Z°, B[ HI ] B [Wo VL)) Wan, W,
it Pu(s) := ZI'(s) + E[Ho(s)Fu(Z", 2, -)|Z", 2°).

Deep ResNets

Conclusion

Theorem

1+ log(1/5)

V5 € (0,1], Ik, cp > 0: [|AP — HP)||5 < ¢ 7
(0,1], 3ex, ck Iy v llp < e 7o

proba > 1 — 4, provided RHS < c;,.

L.-P. Chaintron ResNets of All Shapes and Sizes



Infinite-width
2LP

— Criteria for scaling NN:

Non-explosion, feature diversity at initialisation, balanced loss decay,

High- .
feature learning.

dimensional

2LP

Scalings — For 2LP:

Limit dynamics

S nfinite width limit at rate O(\/D/M).

RIEEREIESE T <+ Mean-equation, Wasserstein GF.

Large L, M, D
limit

» High-dimensional limit at rate O(1/v/D).

SR < Cavity method, history-dependent dynamics.

< Converges with rate O(1/L + D/M) when D < M, which does not
hold for deep ResNets architecture.

< But this is still a useful toy model.

L.-P. Chaintron ResNets of All Shapes and Sizes



Infinite-width
2LP

High-
dimensional

2LP
Scali
Limit dynamics

Cavity method

Deep ResNets ResNets in the large-depth limit

Large L, M, D
limit

Conclusion

L.-P. Chaintron ResNets of All Shapes and Sizes



Definition and parameters

Infinite-width
2LP

Residual Network with initial state h3(x) = x € RP:

High-

M
- 1 _ i
;I:ill;cnsmnal (X) — hZ 1 _M E he 1(X),ZJ’Z)7 V4 € [[1, L]]

Deep ResNets )
rd pass Parameters 0 = (z/'Y); , € (RP)L*M.
Stochas
Example (2LP blocks): ¢(h,z) = vp(u'x).

Large L, M, D
limit Training set (x;, y;)/—;. objective:

Conclusion

£(0) = > oss(yi b ().

— After k GD steps on L, what is the behaviour as L, M — +00?
— Discretised ODE!

L.-P. Chaintron ResNets of All Shapes and Sizes



Backward pass and training Dynamics

Infinite-width Chain rule
2LP

oL oL on' 1

_ I~ _ = (=1 _jNT 1l
ozt~ oht oz = Y= - FT) b

High-
dimensional

- The backward pass

Deep ResNets

.

Backward pass 0. 8hk

Stochastic b T |:ah£ vﬁ(fk(x))

Large L, M, D satisfies the adjoint equation

limit

Conclusion b[_l = bl + ﬁ Zjl\il[vh(b(hé_l’ zj’z)]TbZ’
bt = Vyloss(y, ht).

Training dynamics:
)6 ).t 20-1 b\ T ]
Zliy = 20" =0V (bt 200 b

— Limit L, M — +oc for fixed s = ¢/L € [0,1].

L.-P. Chaintron ResNets of All Shapes and Sizes



Quantitative Limit

Limit dynamics: the Mean ODE

Infinite-width
- 9shic(s) = E[¢(hi(s), Zi(s))],
Ha he(0) = x,

2LP Osbi(s) = —E[V o (hi(s), Zk(s)) " bk(s)],

Deep ResNets bk(]-) = V2IOSS(}/, hk(l))

© | Initalising LM copies Z}"(s) = 24", let AF := sup, , |12 () = 21"
Theorem (Chizat'25)

Large L, M, D

limit If Update(Z{, hi(1)) is bounded-Lipschitz, then for every § € (0,1],

Conclusion
Vk € N, 3¢ > 0 max {AZ, Al AL} < ck[% + ,/M}

with proba > 1 — 4.

Stochastic
approximation

» This bound is empirically tight for small k.
» L — 400 is enough to ensure convergence for fixed M.

L.-P. Chaintron ResNets of All Shapes and Sizes



Infinite-width

2LP

High-

dimensional

2LP

Deep ResNets
Backward pass
Stochastic

approximation

Large L, M, D
limit

Conclusion

Stochastic approximation for Mean ODEs

Consider the general mean ODE
dsa(s) = E[f (s, a(s), Z(s))],

for z — Z(s) Lipschitz and f bounded-Lipschitz.
Integration using inexact Euler-Monte Carlo method

Al _ sl al—1 Zje
= g —-1)/L Z
d a LM )/ 7a ) )7

Let (Z/*);4 be i.i.d. samples such that |[Z/:/ — Z/(//L)] < .
Proposition
For every § € (0,1/2], with proba > 1 — ¢,

2 1 log(1/6
sup 3° — a(se)| < [18° = a(0)| + | — Fll += 4+ 7 + A,

< Applied to £(s, a, z) = ¢(z, a), £2(s,a,z) = D,¢(z, h(s)) " a
+ propagation of Lipschitz-regularity for s — Z(s).

L.-P. Chaintron ResNets of All Shapes and Sizes



Proof sketch

Infinite-width Gronwall lemma from A1 < A+ +E0 S+ L where:
2Lp
> 5, &L (discretization):
High-
dimensional Se+1 1
2LP Z/ E[f(s, a(s), Z(s))] — E[f (se, a(se), Z(s¢))]ds = O(Z)
¢ e

Deep ResNets

Backward pass

Stochastic > 3, &L (Monte-Carlo fluctuation):

approximation

: 1 : log(L/0
e JZ,;]E[f(Sea a(se), Z(se))—f(se, a(se), 27 (se)) = O( %)
Conclusion 7

via Hoeffding / martingale argument to control sup,.

> 50, & L (approximation):

approx

1 . N n 1 n
—N'f Zh(sp))—F(sp, 85, 200 < = F—Flloo+A0].
LMsz (s, a(se), Z2°°(se))—f(se, 8", 2°) < L[€+|| lloot+A¢]

L.-P. Chaintron ResNets of All Shapes and Sizes



Infinite-width
2LP

High- For Residual Neural Networks:

dimensional

- » Limit dynamics: the Neural Mean ODE.

Deep ResNets . . .

- — Stochastic approximation lemma.
Stochastic
Jdedesian > ODE discretisation error O(1/L).
Large L, M, D

- » Monte-Carlo error O(1/+/LM).

Conclusion

— Deep architecture converge to the feature learning limit
even when D oc M !
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Infinite-width
2LP

High-
dimensional L (depth)

2LP «< >

Deep ResNets

\ o
< VAN - ” 4\ AN 4‘»"!'! Wi &
Large L, M, D 2 e whLeee &
limit w AN B AR NN r'
- N YA AN m

5 @ ) ",’cm\ R K

W W 24 W
Scal a 4 N 4 /i : o A
k= T ORI s, ¢
Phase di /)A‘\\'/,‘A\\ /)A‘\\\'/'A\\ %‘\{}\{\\Q =

X O W ‘Q

Conclusion

ResNets in the large L, M, D limit
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Infinite-width
2LP

High-
dimensional
2LP

Deep ResNets

Large L, M, D
limit
Scalings

Phase diagram

Conclusion

Definition and parameters

Residual Network with 2LP blocks and embedding

RO(x) = Winx,
h(x) =R (x) + g oM (R (x))5), L€ [, L,
Fix) = SWJIhA(x).

Parameters 0

VVin c RDxdi,., Wout c RDxdout’ (uj,l’ Vj,Z) c (]RD % RD)MXL.
Initialisation
VVln[’;_/] ~i.id N(Oa Ui2|-|)7 Lf67£7 u’,{‘fe ~i.id N(0705)7
Wout[iaj] ~i.id N(O’ Ugut)’ Vé,éa V;'l’e ~i.id N(Ov 03)

GD Updates:
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Infinite-width
2LP

High-
dimensional

2LP
Deep ResNets

Large L, M, D
limit
Scalings

Phase diagram

Conclusion

Scaling criteria

Criterion 1 — Non explosion:  [|h*[|5=0©(1), |fll5 = O(1).

= oim = O(1/[|x]2) ~ 1 Tout = O(VD).

(convention),

Criterion 2 — Feature diversity: E(P)“)? = ©(1)
— Under Criterion 1, o, = O(VD).
— Signal propagation at initialisation:

hg Z Z ((u5", ho~)p):

e/ 1j=1

so that E[h§] = E[A3] = 0, and conditionally on W/, and

E|hgll% = Ellhg — h§ + h||% = E|lh° —

ho %+ El A1

L.-P. Chaintron
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Infinite-width
2LP

High-
dimensional
2LP

Deep ResNets

Large L, M, D
limit
Scalings

Phase diagram

Conclusion

Signal propagation at initialisation

and 7y := o(W,, 21, ...,
012
h°ll5

z01),

Let A2 .= E|h’ —
E[”hZ—H _

02
h°lI5

|5 | Fol = ||h° ~

s M
i 0+1 i 6+1
¢ 0 ¢

LM ’ ’ D//'D
Jj=1

() ¥

For simplicity, if |p(x)| < c|x|, then

M

> o H) )

j=1

2

]-}] :

D

M- o o 2
]Ehé+1_h02_ :hl_hOZ_ v, U.he_
[l 15 | Fel = | 5+ (LM)2 ‘\75 Ih°ll5
— 1A~ N+ S, (o, ~ VD)
Hence, taking E and using (x),
2 2
AZ+1 S (1 L2M> L2M H
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Learning Criterions

Infinite-width
2LP Integrating,

High- o\ ¢ 2
dimensional co col
- AF < <<1+ LzAV/,) —1)||h°||25: [exp <L2X4(1+O(1))>—1:|~||h0||25.

Deep ResNets

Hence, ,
Large L M. D A {e([’Ty), if o, = O(VLM),
Scalings explodes otherwise.
Phase diagram
Conclusion Criterion 3 — Balanced local decay:

(U5*) and (V#+*) contribute to loss decay in O(1).

Criterion 4 — Feature learning:
E[|0:P/¢?] = ©(1) = oo = O(1).

Criterion 5 — Complete feature learning: ~ Maximal Local Update.

L.-P. Chaintron ResNets of All Shapes and Sizes



Computing updates

Infinite-width
2LP

High-
dimensional
2LP

Deep ResNets

Large L, M, D
limit
Scalings

Phase diagram

Conclusion

. . T
— Gradient flow equations: let b¢ := D - [25]

rescaled backward pass, so that ||b¢||5 ~ 1.

O’ = —nup/(PI) - QI bt KT [PI =
ok’ = .- o(PL) B, Qi = (' b g

For small t: E(Q))? ~ % .y t2n2.

denote the

E(P{)? ~ 1,
— Pre-activation updates:
OePLE = (0" h )+ (Wl 0eht g

global update

(P - Q- 10

local update

OePL = (O W) = -/

(1613

— Loss decay:
Nu FTINAY i, 0\2 0—1)2 v i, 0\2
atctz—LM;p(P{ ) (@I ||5—LM;;)(P4 )
Iy J

2

~
nu-(05/D+t217)
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Infinite-width
2LP

High-
dimensional
2LP

Deep ResNets

Large L, M, D
limit
Scalings

Phase diagram

Conclusion

Phase diagram

Criteria 3 — Loss decay: n ~1, n,~min(D/c21).

Criteria 5 — MLU:

2 1/2 .
; 1/0, ifo,>+VD,
E[OP PP~y - (ﬂ + t2773> ~ Mo Tov2

D 1 if o, < VD.
400
Forward pass explosion
8
H
; G(\%) i NTK scaling
8
@ Lazy kernel
- &0
5 critical scale E
b @(L) 4 TN 8
z % (g z
a
7]
Maximal Local Updates Lazy ODE
0 \ \
0 vD oL +00
(1) (7i)

Blocks™ output scale 75

[Chizat et al 18], [Yang et al.21], [Dey et al.25], [Chizat'25]...
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Conclusion

Infinite-width

2LP — Criteria for scaling NN:

High- Non-explosion, feature diversity at initialisation, balanced loss decay,

dimensional feature Iearning.
2LP

Deep ResNets

— For 2LP:
Large L, M, D
limit > Infinite width limit at rate O(y/D/M).
Conclusion <+ Mean-equation, Wasserstein GF.

> High-dimensional limit at rate O(1/v/D).

— Cavity method, history-dependent dynamics.

— For Deep ResNets: convergence allows for M o« D,

and we will prove the O (1/L + /D/(LM) +1/v/D) rate.
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Large Depth ResNet with D Dependence

Infinite-width

2LP Theorem (informal)

High- Assume the Feature Learning regime and gradient clipping hold.

dimensional

2LP
O < of L, VD Flog(1/6) 1
Deep ResNets OrggaSXL ”hk Hk (SE)“D - C(L + vV LM * \/5 ’

Large L, M, D
limit

Conclusion Optimal Scaling Under Budget Constraint

Fix total number of parameters P = D(d\, + doyt) + 2MLD. The
error bound is minimized by selecting the scaling dimensions:

D=PY3 M-LxP3 L>PpHe

Conjecture: ||fi — fllg=0 (% + 2+ %)
This leads to the Optimal Shape: L~ PY5 D ~ P2/5 M ~ P?/5,

L.-P. Chaintron ResNets of All Shapes and Sizes



Proof Intuition & Open Directions

Infinite-width Proof Intuition: Cavity Method (DMFT)

2LP

- Decompose the coordinates of the hidden states h¢:
igh-
dimensional

2P Ud(s) = VDU + AU(s),

Deep ResNets D 1 D
D D
Large L, M, D <U( )(5) h( )(5) Z 5 Z Uk h (S) .
limit =1 d=1
Conclusion CLT term LLN‘;erm

Open Directions

» Unified theory for all joint limits L, M, D — oc.
» Complete phase diagram tracking SDE limits vs local limits?

» Learning properties: understanding mathematically why this
specific architecture is so special.

> Tightening theoretical connections to empirical practice.
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