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Scaling Laws and Scaling Limits
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Central Limit Theorem:

X; % P with EX; = 0,EX2 = 1. Then

Sy = — S X B N(©,1).
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n = "=
/n 4
Question: What is the convergence rate?

Answer: Depends on largest o € (0,1/2]
such that E|X;|2(1+%) is bounded, in which
case the Kolmogorov distance behaves like a
power law
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Scaling Laws and Scaling Limits
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Scaling Laws and Scaling Limits
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Figure 1: GPT-4 scaling law [Ope+24].



Scaling Laws and Scaling Limits

Roughly speaking
Compute &< Width? x Depth x Batch Size x Number of Training Steps .

This would correspond to studying the joint limit of width, depth, data, and training iterations.

Due to the technical challenges of studying the full joint limit, most existing work primarily focuses on
the depth and width limits, where data and training remain finite.

However, even within this limited range, we already understand several distinct limiting regimes, with
vastly different behaviours.



Kernel and Feature Learning Regimes

The most tractable and well studied infinite-width limit is the kernel regime first introduced by Neal

[Nea95]. However, it was quickly understood that the features were not learned (or updated)
throughout training in the limit.
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Figure 2: Figure from [YH21].



Kernel and Feature Learning Regimes

Yang and Hu [YH21] then proposed the pP-scaling, which strengthens the updates of the hidden layers
while maintaining stability, to remedy this problem.
More precisely, for a linear layer with width n (to be taken to infinity)
h 1
41 = 7
the authors considered the change AW, = Wy (k + 1) — Wy (k) and defined the maximal update
condition as

Wihye ,

1
Aw,her1 = —=AW,hy = O(1
W le41 n chye (1),
where ©(1) refers to entries of the vector being asymptotically tight and not converging to zero as
width n — oco. Later, for infinite-depth ResNets with
1 1
hevr =he+ ——=

do \/ﬁ

we would require Ay, hyi1 € O(3) instead for stability [Bor+23; Yan-+24; Dey+25].

Wehe , 046[1/2,1],



Kernel and Feature Learning Regimes

One of the most important empirical consequences of feature learning is hyperparameter transfer

S
aon o o N
o v o

Training Los

he
n

Standard Practice

A\

Width
128
256
512
— 1024
—— 2048

Our Work

— 409 4
— 8192 optimum shifts

-20 -18 -16 -14 -12 -10
logaLearningRate

(@

optimum stable ==

-16 -14 -12 -10
log,LearningRate

-20 -18

Figure 3: Figure from [Yan+22].



The Proportional Scaling Limit

However, uP is not the only scaling regime that yields feature learning.

Hanin and Nica [HN19; HN20] also showed that increasing depth proportionally to width will also yield
the neural tangent kernel updating, i.e. feature learning, albeit the result is only a scale computation for
one data point and one step of training.

In an earlier work [LNR22], we showed that it is necessary to weaken the non-linearities as depth
increases, a method first introduced by Martens et al. [Mar+21] and Zhang et al. [ZBM22].

Furthermore, we provide a precise characterization of the forward pass via a limiting SDE for the feature
covariance matrix.

We further extended this approach to Transformers [Noc+23], which resolved the rank collapse and
vanishing gradient problems in deep Transformers.

In this work, we will finally extend this SDE approach to one step of training, and prescribe the exact
learning rate scaling required for feature learning.



The Proportional Scaling Limit

Let us briefly review the SDE approach of Li et al. [LNR22].

Starting with a linear network with only one input data point

1 1
h = —Wihy, h; = —W,
I4+1 \/ﬁ e, 41 \% oL ,

where hy € R,z € R™ and W, ;; i N(0,1).

Observe that hyy1|o(he) ~ N(O, L|e||?L,). Letting @, = L||hy|? be the feature kernel, we have

d 1
Wehy HheH2 Xi‘bz =&, 4+ Py (nxi - 1) ;

o - vl

where we note that %X?L — 1 has zero mean and variance .

Essentially @44 4 P, + \/%@& is a discretization of the SDE d®, = /2®, dB, with step size %

d

Therefore the total depth time is number of layers multiplied by the step size, which is 7 = ..
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The Proportional Scaling Limit

We can further extend this to multiple data points, which requires us to consider
1 m nxm 1 T mxm
he=[hp,....hy'l e R"™™ &y =—h, hy €R .
n

If we view ®; as the upper triangular entries flattened into a vector in R"(™+1)/2 e can show that &,
is a discretization of an SDE again with step size %

Ao, = 2(®,)2dB,, %(9)*° = e 4 p*IPhT

Similarly, activation functions must therefore also contribute a factor of step size % as well in order to
remain stable, e.g. a leaky ReLU with slopes 1 + ﬁ which turns out to yield a drift term in the SDE

b(Pe) , 1
N

b(®) can be interpreted as an instantaneous or downscaled version of the Cho and Saul kernel [CS09].

N(®)V2% = d®, = b(®,)dT + X(P,)?dB; .

Qri1 =

11



ped Activation

Martens et al. [Mar+21] and Zhang et al. [ZBM22] proposed numerically optimizing the shape of
activation functions to achieve a target output correlation.

We observed the resulting activations are closer to linear as the network size increases.
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Neural Covariance SDE - Remarks

To recover the output distribution, observe that we can condition on the penultimate layer to get

[fa]nl 1|]:d ~ N (0 5 (I)d & I’n,out) .

=
Therefore we can sample @, from the covariance SDE at time % — T, then sample [f*]7_, conditioned
on ¢?.
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Application - Shaped Transformer

We extended the shaping approach to Transformer layers, remedying vanishing gradients [NLL+23].
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Spectrum of the Covariance SDE

Let us consider a linear neural network, which leads to d®, = X(®,)'/2dB,.

It turns out that X is the affine-invariant cometric, which arose from the following property. Let
P, : &y — ®. be the random flow map of the SDE, then

AP (D)AT £ P.(ADAT), VA€ GL(m).

Without loss of generality, we can start the diffusion at &y, = I,,, since ®.; 4 CID(l)/QPT(Im)fbé/z. This
invariant property also allows us to derive the following.

Theorem (LDN+-26)

Let \; be the i-th smallest eigenvalue of @, then

i\
d\; = V2)\;dB; + Y —L-dr.
P
L., de Dios Pont, Nica, and Roy. “Geometric Dyson Brownian Motion...” In Prep.
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Spectrum of the Covariance SDE

In order for the m — oo limit to exist, we need to consider the time change 7 — % which corresponds
to maintaining the ratio % = 7, also considered in Bayesian neural network settings [HZ23; HZ24].

Let pi™ (dz) = L 37,6, be the empirical spectral distribution, and let G (2) = e dp{™ (z) be

the T-transform. Then we have the following result.

Theorem (LDN+-26)

As m — oo, we have that Ggm)(z) — G- (z) which is the unique (viscosity) solution to
0:-G-(2) = —2G,(2)0.G(2) .

Furthermore, if po(dx) = 01(dz), then we have that G (z) solves the following fixed point equation

1

Gr(2) = 7e—7G- () _1°

Let v, be the distribution with T-transform G (z), then p; = v, X pg.
16
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Spectrum of the Covariance SDE

The fixed point equation allows us to recover a small 7 approximation

V@0, —2)

T) = -
pr(@) 2T
and observe it is almost the Marchenko—Pastur law.

Density

0.5-

+O(t

i

%),

Eigenvalue

where 02 =147, \ ,
1+7

Ar =21+ VA)?,

T

— Fixed Point Iteration
— Small t Approx.

| Support Pred.

[ Linear Network

17



Gaussian Conditioning and the Backward Pass

So far we have relied on the weights being iid. Gaussian, so how can we extend this to training?

Lemma (Gaussian Conditioning)
Let W € R™*™ have iid N(0, 1) entries, and let ¢, g € R"*™ be deterministic. Denote by P,,, P, the
orthogonal projections onto their column spans. Then

W|o(Weo,WTg) £ WP, + P,W — PBWP, + P;WPL,

where the first three terms are measurable with respect to o(Wy, W Tg), and W is an independent iid
Gaussian copy of W.

This lemma allows us to isolate exactly which part of the weight matrix has been used in a previous
forward or backward pass, and which part remains (almost) iid Gaussian.

In particular, Gerbelot et al. [Ger+24] used this conditioning approach to derive a rigorous version of
DMFT equations.

18



Gaussian Conditioning and the Backward Pass

Let us consider the first backward pass of a linear
T i network with one data point, where we have for output

f= dehd with Wy € R™" and the backward pass
hf—#—l > Jri1 is given by
1 af 1
\ het1 = %the, ge = \/ﬁmv ge = %WJQHL
Wy
Conditioning on the forward passes {h}¢11, we have
v heh[)
—~ 1eh
h¢ » ge Welo(Wehe)) £ WPy, + WePL, Py, = H;WIT? .
T Note this conditioning essentially makes the backward
v pass look like a “Markov chain” update, where all the

randomness comes from Wg which is independent of the
forward pass.
19



Gaussian Conditioning and the Backward Pass

In this linear one sample case, it so happens that

\}(hi,gﬁ =f,

Q¢ =

which means Qg is ©(1) and constant in /.

This further gives us the backward recursion

_ (g1, 9041)

Iz
.

1 —
TP e = S+ G PiGe

2 and ¢, ~ N(0,1,,) independent of the forward pass.

where Gy = %ng‘

A similar calculation to the forward pass leads us to

2
Ge= G“l -+ @ _ Ger1 + — (QI G£+1> + \/7Ge+1fz +0,(n"?),
n q)f '1’[ n

where &, are iid with zero mean and unit variance.
20



Gaussian Conditioning and the Backward Pass

Consequently, we can view G as a discretization of the SDE

2
dGT = (% - G7—> dr + \/§GT .dBT )
where e denotes the right hand It integral, since we are going backwards in depth.

Remark: We can derive a backward version of the covariance SDE for GG without requiring the weights
Wy to be iid. Gaussian.

We further note the neural tangent kernel has an interesting form if we normalize it by depth

T

d

1 1

gHvOfW = p E DGoy1 — o G, dr.
(=1 0

In general @D, is not constant in 7, but instead @, G, together satisfy a system of backward
(matrix) SDEs (in the right hand It6 sense) with drift terms from the activation.

21



One Step of Training

To study the scaling limit of training dynamics, we need to choose a learning rate scale to ensure the
output update is stable

d
Af(z) = —n Y ®Gen(f(z) - y),
Ny o)

o(d)

then we necessarily need to choose 1 = (—)(é), or more precisely let 1 = 2= for some 7pase = O(1).

We note this is distinct from the uP prescription of 17 = 9pasen, which is increasing with scale.

One can analyze the update of the feature kernel by splitting it into three terms

1 1 1
AP, = E<Ahe> he) + g<hz, Ahyg) + E<Ahfv Ahy)

::Rf ::Rf <i>[

We will also need to analyze an additional kernel RY = ﬁ(AhZ,gﬁ.

22



One Step of Training

For example, let us consider the recursion for dhy

1
—WyAhy.

7 ase 1 ase
Ahgyq = b —Wghg( ( ) y) + —WyAh, = 77b3/2 ng((I)g + R ) \/ﬁ

d vn Vi

Turns out the first term is lower order so we have the recursion

. 1 1 1
Py = — < WeAhy, V[//gAh[> + lower order terms.
n \/ﬁ

NG

Using Gaussian conditioning we can derive

RA'?
1 Ry R} — 5-Q0 goyn J—
%WZA}LZ:@}L@+1+T+§% 7P92+1I/I/p h(Ah/'

Finally expanding the inner product gives us the desired recursion for dy.

23



One Step of Training

The final formulae look a bit complicated...

dRrY = T2 g @, dr,

- 2 R : , 0
dR? = (g RY — @QG R‘P> dr + 55 dPr + /O & — (RF)?dB],

. ((R9)? QIR (o (RE)? (r¢)?
d(I)T_< eRm TR —<<17— 5 ))d + g

1 : (RF)? R? : (]EIW)Q @
Ly _ _ T
+ 2R7. \/ B (@T 7_ ) dBT —+ \/i @7— B dBT 5

where r = f(z) — y is the residual, and B%”, B® are independent Brownian motions.

Remark: The convergence to SDEs implies the current scaling of learning rate is stable.

We have also derived the full non-linear and multiple data point version of this SDE system.
Furthermore, we believe this process can be further iterated inductively to yield a characterization of
finitely many steps of training, in a similar spirit to the DMFT equations.

24



Hyperparameter Transfer

Hyperparameter transfer sweep (x=eta0, y=val_loss)
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Figure 6: Preliminary Hyperparameter Transfer Results in the proportional limit.
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On the Notion of Maximal Update

However, one can show that this scaling does not satisfy maximal update

1 1
AVVth'Fl — EAWUM <M> < @ < >

The reason is a bit subtle: the forward and backward neuron inner product is on the CLT scale

%(lu,g@ %<Ah5,gg> =0(1).

In fact, we can show that this is the maximum scale of update to the kernels ®,, such that the update

ge \/77ﬁ = Q¢=

o, =0(1) and R} =

it retains the most number of terms in the limit, while also does not lead to any diverging terms.

Furthermore, we note our notion of maximal learning is not a measure of the update scale on neurons
he directly as in pP.

Given that there is hyperparameter transfer and that feature kernel updates in this regime, we should
rethink the desiderata of feature learning in terms of kernels.

26



Summary and Future Directions

Analyzing scaling limits allows us to prescribe how to scale up the architecture and algorithms,
providing cheap estimates for optimal hyperparameters of large networks.

In particular, we derive a system of forward-backward SDEs that characterize the one step of training
in the proportional limit, and show that this scaling exhibits feature learning and hyperparameter
transfer.

There are several interesting directions to explore given this set of results:

e Extend the scaling to Shaped Transformers [Noc+23], and test the scaling performance against
uP and CompleteP [Dey+25].

e Using our new results on spectrum of linear network covariance kernel [Li+26], we can analyze the
effect of one step of update in this regime where the number of data points also diverges.

e Extend the framework to finitely many steps of training, forming a DMFT like system of
forward-backward SDEs.
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Appendix - Neural Covariance SDE

Theorem (LNR22)

Consider the shaped Rel U-like activation

vs(z) = 54 max(z,0) + s_ min(z,0), with s =1+ \/—iﬁ :
As d,n — oo and ¢ © — T > 0, the upper triangular entries of the covariance matrix
Oy = £[(07, ¢y >]a§5 (flattened to a vector) converge to the solution of the following SDE

1
AP, = b(®,)dr + 2(®,)/2dB,, ®g=—[(a% 2")]azs,

nln

where £(®) 5.5 = PVDP 4 VDAY b(D) o5 = v(p*P)VPPBB with p*P = 2 and

Voo ps

) (4 —c )2 —
v(p) = — |V 1 — p# — arccos(p)p

4

L., Nica, and Roy. “The Neural Covariance SDE...” NeurlPS 2022 (Oral).
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