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Stochastic differential equations (SDEs)

® We consider the n-dim SDE with parameter vector 6 = (041,..., 0))

dX(t)=f(t,X(t);0) dt+9(t,X(t);0) dW(t), t>0
X(0) = Xp.

Stochastic solution process: X = (X(t))¢>0 € R”
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Partially observed SDEs

® We consider the n-dim SDE with parameter vector 6 = (041,..., 0))

dX(t)=f(t,X(t);0) dt+9(t,X(t);0) dW(t), t>0
X(0) = Xp.

Stochastic solution process: X = (X(t))¢>0 € R”

® The n-dimensional solution process X is partially observed through
the one-dimensional output process

Yo=(Ye(t))e=0=8(X), g:R"—=R.
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Partially observed SDEs with an invariant distribution

® We consider the n-dim SDE with parameter vector 6 = (041,..., 6))
dX(t)=1f(t,X(t);0) dt+9(t,X(t);0) dW(t), t>0
X(0) = Xo.
Stochastic solution process: X = (X(t))¢>0 € R”

® The n-dimensional solution process X is partially observed through
the one-dimensional output process

Yo=(Yo(t))=0=g(X), g:R"—R.

©® The output process Yg admits an invariant distribution 7y, .
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Parameter inference for partially observed SDEs with an
invariant distribution

® We consider the n-dim SDE with parameter vector 6 = (041,..., 0))

dX(t)=1f(t,X(t);0) dt+9(t,X(t);0) dW(t), t>0
X(0) = Xp.

Stochastic solution process: X = (X(t))¢>0 € R”

® The n-dimensional solution process X is partially observed through
the one-dimensional output process

Yo=(Ye(t))e=0=8(X), g:R"—=R.
©® The output process Yg admits an invariant distribution 1y, .

© Our goal: Inference of 6 (via ABC) based on observations of the
output process Yg and using 7y, .
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Motivating example
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Stochastic Jansen and Rit Neural Mass Model (JR-NMM)?

Model: n = 6-dimensional stochastic JR-NMM
Q1)) _ P(t) 03
d (P(t) = =r2qy—2rp(e)+ 6(Qe)0)) 7 + (5, ) W)
with parameters 6 = (o, 1, C) and non-linear G: R3 — R3

Solution process: X = (Q,P)7 with (unobserved) components
Q = (X17X27X3) and P = (X4,X5,X6)

Output process: The process X = (Q,P)7 is observed through

Yo =X,—X3 (EEG)

Property: The process Yg admits an invariant distribution 1y,

IM. Ableidinger, E. Buckwar, and H. Hinterleitner.
" A Stochastic Version of the Jansen and Rit Neural Mass Model: Analysis and Numerics.” J!U
Journal of Mathematical Neuroscience 7(8) (2017)
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Figure: T =20 seconds of an a-rhythmic EEG segment recorded with a
sampling rate of 173.61 Hz.

2 ; .
Data available at: J!U

http://epileptologie-bonn.de/cms/front_content.php?idcat=193&lang=3 Jones e
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ABC Algorithm
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Notation

e Observed reference data: y = (y(t;))

Simulated synthetic data: yg = (yg(t;))
Prior: m(0)
Posterior: m(6|y)

ABC posterior: (6|y) ~ magc(6]y)
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Algorithm

Reference table acceptance-rejection ABC

Input: Observed data y
Output: Samples from the posterior Tagc(60]y)

Precompute a vector of summary statistics s(y)
Choose a prior distribution (6) and a percentile p
for i=1to N do
Draw 6’ = (61,...,6}) from the prior 7(0)
Conditionally on ', simulate synthetic data Yoi
from the output process Yy
Compute the summaries s(yg;)
Calculate the distance D; = d(s(y),s(ygi))
end for
Compute € as the percentile p of the calculated distances
10: If Dj < &, keep 8/ as a sample from the posterior,
fori=1,....,N

g H e nNe
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Key ingredients

® How to choose the summaries s?
@ How to simulate synthetic data yy?
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Challenge: Internal randomness of the model

5 vo(t)

Figure: 3 realisations of the output process Yg.

Observed dataset: blue trajectory (simulated), Opserved = 135
Synthetic datasets: grey and red trajectories, Osynthetic = 135.1/139

Question: Which distance is smaller, d(blue,red) or d(blue,grey)?

J¥U

JOHANNES KEPLER
URIVERSITY LINZ

Slide 16/46 — Tubikanec — Spectral density-based and measure-preserving ABC — June 4, 2020



JOHANNES KEPLER UNIVERSITY LINZ INSTITUTE FOR STOCHASTICS

How to choose the summaries?

Proposal 1: Use the property of an invariant distribution 7y,
and map the realisation yy of the output process Yg to its

1) Invariant density fy, (kernel estimator '?ye)

2) Invariant spectral density Sy, (periodogram estimator §y9)
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Summaries: Invariant density and spectral density
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Summaries: Invariant density and spectral density
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Question: Which distance is smaller, d(blue,red) or d(blue,grey)?
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Summaries: Invariant density and spectral density
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Question: Which distance is smaller, d(blue,red) or d(blue,grey)?
Parameter values: Oypserved = 135, Osynthetic = 1351, Osynehetic = 139
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ABC distance

Data: Observed dataset y and synthetic dataset yy

Summaries: Invariant densities and spectral densities
S(y) = (§}’7f§’)’ 5(}/9):: (§yo7f/jve)
Distance: Weighted sum of the areas between the densities
D = d(s(y),s(v0)) := IAE(S,. $y,) + w - 1AE(,.£,)

Integrated absolute error:

|AE(g1,g2)1:/ ‘gl(X)*gz(X) dx
R
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Spectral density-based ABC

Reference table acceptance-rejection ABC

Input: Observed data y resulting from M datasets y1,...,yum
Output: Samples from the posterior magc(60]y)

Precompute the summaries s(y;) = (SA},J.7 fi,l) j=1....M
Choose a prior distribution (6) and a percentile p
for i=1to N do
Draw 6’ = (61,...,6}) from the prior 7(0)
Conditionally on ', simulate synthetic data Ypi from the
output process Yy o
6:  Compute s(ygi) = (Sy,,.fy,)

7. D; = median {IAE(§yj., Sy,)+w-1AE(f,. )}

8: end for

9: Compute € as the percentile p of the calculated distances

10: If Dj < &, keep 8/ as a sample from the posterior,
fori=1,....N

g H N

M

Jj=1
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Simulation from the model
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Numerical simulation methods for SDEs
Time discretisation:
e Time interval: [0, T]
e Discrete points: t;, i=0,....,n, tg=0, t, =T
e Time step: A=1t;—tj_1

® Exact simulation of the process at t;: yg = (Yp(t;))

n(0ly) = mac(6ly)

® Approximation of the process at t;: yg = (%(t,-)) ~ (Yu(t;))

num

n(0ly) = magc(8ly) ~ magc(0ly)
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Numerical simulation methods for SDEs

Time discretisation:
e Time interval: [0, T]
e Discrete points: t;, i=0,....,n, tg=0, t, =T
e Time step: A=1t;—tj_1

® Exact simulation of the process at t;: yg = (Yp(t;))

n(0ly) = mac(6ly)

@ Approximation of the process at t: 7 = (Yo(t;)) = (Yo(t;))
m(6ly) ~ magc(6ly) ~ magc(6ly)

2.1 Measure-preserving method: Yjy(t;) ~ )N/e(t,-) ~ 1y,
2.2 Non-preserving method: Yy (t;) ~ Yo(t;) = 1Y,
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Challenge: Standard methods (Euler-Maruyama) may be
non-preserv ing

X(tiz1) = X(t)+ F(t;, X(t;); 0)A+9(t;, X(t;); ) AW
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Toy Model

Model: n= 2-dimensional damped stochastic harmonic oscillator

¢ (gg;) B (—lza(f)(t—) 2yP(t)) dat+ (2) dW(e),

with 8 = (1,7,0) and 2 —y? > 0 (weak damping)
Qutput process: The process X = (Q,P)T is observed through Yo = Q
Property: The output process admits an invariant distribution 7y,

Simulation: Exact

nnnnnnnnnnnnnn

Slide 27/46 — Tubikanec — Spectral density-based and measure-preserving ABC — June 4, 2020



JOHANNES KEPLER UNIVERSITY LINZ INSTITUTE FOR STOCHASTICS

Spectral density-based ABC: Toy Model

ABC Results: 8 =(4,7,0),
Exact simulation, Time step A = 1072

!

— () N — n(y) X — m{o)
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ABC Setup:

e Uniform priors: 4 ~ U(18,22), v~ U(0.01,2.01), 6 ~ U(1,3)

e Observed data: M =10 paths, using A =102 and T =103
e Synthetic data: N = 2-10° paths, using the same A and T
e th ;
e Threshold level: € =0.05"" percentile J¥U
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Spectral density-based and measure-preserving ABC:
Toy Model

ABC Results: 8 =(4,7,0),
Measure-preserving simulation, Time step A =102
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Can we use Euler-Maruyama?

ABC Results: 8 =(4,7,0),
Measure-preserving simulation, Time step A =102

— ) ] — 1 — o)
o h = ﬂﬁgfg(xw) 1 o~ “égnq(“{h') b N — “@Eng(cl)’)
< o meey) | o | h - - Mage(My) ' - - mge(aly)
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~]
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Euler-Maruyama is NOT APPLICABLE for A = 1072
Yg(t;) a2 oo (Computer overflow)
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Simplest task: Inferring only one parameter

ABC Results: 6 =2,

Different numerical
«
3

<
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ABC Setup:

Uniform priors:
Observed data:
Synthetic data:

Threshold level:

methods, Smaller time step A =103
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Same as before
N = 10° paths, using a smaller A =103
£ =1 percentile JXU
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Simplest task: Inferring only one parameter

ABC Results: 6 =2,
Different numerical methods, Smaller time step A =103

1 — ()
s — ﬂé\gfﬁ(MY)
- n/é\ac(MY)
2 A o TEABc(My)
| 71
T T T T
18 19 20 21 2

A

Even smaller A required for Euler-Maruyama
== Highly inefficient
= ABC: computationally infeasible
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How to simulate from the model?

Proposal 2: Use a measure-preserving numerical method.
— Splitting method
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Measure-preserving splitting for the stochastic JR-NMM?*

Model:
d(o(ﬂ) _ —FzQ(t)—2F,;’((?)+G(Q(t)'9) dt + <@3> dW(t)
P(t) - %//V_/ 29
Splitting:

® Equation 1: linear SDE

¢ (ggg) - (—r2o(f)(i)2rp(t)) dt + (%) dw(t)

® Equation 2: non-linear (but simple) ODE
Q(t)\ _ 03
1(509) = (ctatir o)

IM. Ableidinger, E. Buckwar, and H. Hinterleitner.
" A Stochastic Version of the Jansen and Rit Neural Mass Model: Analysis and Numerics.” J!U
In: Journal of Mathematical Neuroscience 7(8) (2017) s e
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Measure-preserving splitting for the stochastic JR-NMM

® Equation 1: The linear SDE can be written as
dX(t) = AX(t)dt+ BdW(t)
Explicit solution: Exact paths are obtained through
X(tip1) = 2 X(t) +&,

where &; are 6-dimensional Gaussian vectors with mean 0Og and
variance C(A), where C(t) = AC(t)+ C(t)AT + BBT, C(0) = Qs.

® Equation 2: non-linear (but simple) ODE

(56) = (ecatinm)

Explicit solution: Exact paths are obtained through

X(ti+1) = X(ti)+ (AG(QO?t,-);O)) .

ssssssssssssss
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Measure-preserving splitting for the stochastic JR-NMM
Splitting:
@ Explicit solution of Equation 1:

X(tip1) =M X(t)+&

® Explicit solution of Equation 2:

X(tiy1) = X(t) + (AG(S?#); 9))

Composition (Strang approach):
Given X(t;), how to obtain X( tiy1)?

- 0
1 Xp=X(t;)+ <% G(Q?t;): 9))

nnnnnnnnnnnnnn
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Application: Spectral density-based and
measure-preserving ABC

;;;;;;;;;;;;;
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Spectral density-based and measure-preserving ABC

Reference table acceptance-rejection ABC

Input: Observed data y resulting from M datasets y1,...,yum
Output: Samples from the posterior TAE¢(0]y)

Precompute the summaries s(y;) = (SA},J.7 fi,l) j=1....M
Choose a prior distribution (6) and a percentile p
fori=1to N do
Draw 6’ = (61,...,6}) from the prior 7(0)
Conditionally on 6/, simulate synthetic data Vi using a
measure-preserving numerical method (Splitting)

6:  Compute s(7y:) = (5y, f;,g,.)

7. D;=median{IAB(S,,57,) + w-1AE(f,. ) }
8: end for

9: Compute € as the percentile p of the calculated distances

10: If Dj < &, keep 8/ as a sample from the posterior,
fori=1,....N

g H e nNe

M
j=t
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Parameter inference of the JR-NMM via the proposed ABC

ABC results: 6 = (o,u, C),
Using the measure-preserving splitting method
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ABC Setup:
e Priors: ¢ ~ U(1300,2700), u ~ U(160,280), o ~ U(129,141)

o Observed data: M = 30 paths, using A =2- 10_3, T =200
e Synthetic data: N = 2.5.100 paths, using the same A and T
e Threshold level: & =0.05" percentile JVU
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Parameter inference based on the non-preserving
Euler-Maruyama method

ABC results: 6 = (o,u,C),
Using the non-preserving Euler-Maruyama method
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ABC results: A comparison of splitting and Euler-Maruyama
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Figure: T =20 seconds of an a-rhythmic EEG segment recorded with a
sampling rate of 173.61 Hz.
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Parameter inference from real EEG data

ABC Results: 8 =(o,u,C),
Using the measure-preserving splitting method
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ABC Setup:
e Priors: o ~ U(500,3500), u ~ U(70,370), o ~ U(120,150)

e Observed data: M =3 a-rhythmic EEG recordings,
sampled with A =173.61"1 ~5.76-1073 and T = 23.6 seconds
e Synthetic data: N =5-10° paths, using A =2-10"3 and same T
e Threshold level: &€ =0.02"9 percentile Jv¥vuU
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Conclusions

@ The proposed ABC approach yields successful inference when
combining:

e invariant measure-based summaries (density and spectral density)

o efficient and measure-preserving numerical methods (splitting)

® The inference returned using standard non-preserving numerical
methods (Euler-Maruyama) fails. Its performance may improve for
»small enough" time steps = Computationally infeasible.

® Successful results under the basic acceptance-rejection ABC.
— The proposed techniques can be applied to more advanced
algorithms.
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Thank you for your interest
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