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Simulation-Based Inference

The basic Bayesian ingredients
o Data X = {X;}]., realized from Pé:) indexed by 6y € ©
@ Prior IN(+)
 Model P, for each 6 ¢ ©, admits a density p”

We focus on posterior

7(0]X) o< pi” (X) x7(6)

———
too costly to evaluate ®
but can be readily sampled from ©

~ Heston model: Stochastic volatility dynamics in finance
~ Lotka-Volterra model: Predator-prey population dynamics in ecology.
~ SIR model: Disease spreading dynamics in epidemiology.



Lotka-Volterra (LV) model with 0 = (61, 602,03,04)’

d X
—= XY - 60X
dt N N
predator being born  predator dying
dv;
—t= 0 - 0XY
dt N N
prey being born  prey dying

Despite easy to sample from (using the Gillespie algorithm), the likelihood for this model

is unavailable.

Stochastic Markov Jump Process
(X1, Y1)

(X3, Ya)

(Xo, Yo)

(X2, Y2)

>
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Approximate Bayesian Computation (ABC)

@ Simulate pair (6, X" from the joint distribution p(¢, X") = (8) x p{™ (X
@ Picks ¢; if X; looks “similar” to X

One solution: Accept 0; if “8(7(0’) -S(X)| <e.

® Reliance on summary statistics
® Posterior shapes vary with how the ABC draws are weighted

© Parallel computation feasible
© Not sensitive to initialization



Adversarial Learning

A good classifier can tell us how “similar” the two datasets are.
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Our Approaches

o IID data
» In the LV model, each observation is a time series and we observe n iid copies
= Po(Xi)

P o (X) x
(X) = T1i%1 Po(Xi) = Py, (X) EPOU(XI)

» ABC via Classification!
Wang, Kaji, and RoCkova [2022]. JMLR.

@ Dependent data
» For the LV model, we only observe one time series

p{™ (X) has no product form

> Bayesian Generative Adversarial Networks (B-GANs)!
Wang and Roc¢kova [2022]. arXiv:2208.12113.



ABC via Classification!

'Wang, Kaji, and Rogkova [2022]. JMLR



The Classification Trick
Now we have niid ‘real’ observations, and we simulate m ‘fake’ observations from P,

We consider a classification problem as
max| 1 im D(X;) + 1 im (1-D(X?))
DeD n pac g 1 m & g 1 9
where D: X — (0,1) (1 for ‘real’ and 0 for ‘fake’ data).

@ When ¢ is close to 0y, Py and Py, are very similar

= Hard to distinguish X’ from X.
= D(X?) close to 0.5

@ When ¢ is far from 6y, P, and Py, are very different

— Easy to distinguish X’ from X.
= D(X?) close to 0



Estimating KL via Classification

We adopt KL divergence K(py,. py) inside ABC, first proposed by Jiang et al. [2018].

Oracle discriminator to the log loss in Eq. (1) is

DO(X) = b X) - m(x) = L0

 Poy (X)+pe (X)) 1-DP(X)
I
l replace DS with Dp, l

KL estimator R Likelihood Ratio estimator
- S0\ 1 D m(X;) N D m(X) N
K(X,X):-Zlog;— _DOnm(X) o (—nK X, X )

iz 1= Dnm(Xi) /1} 1= Dnm(X) P ( / )
=Accept-Reject ABC =Exponential-Weighted ABC
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Accept and Reject ABC (AR-ABC)

For a pre-determined tolerance level ¢, > 0, repeat for j=1,... N:
@ Simulate 6; from = (9).

O Simulate X - (X{",...,X;4)' through i.i.d sampling from the model Ps,.
@ Construct K(X, )N(O/) by training a classifier distinguishing X and X"
@ Accept 0 when K(X,X") < .

[ (@) X (k(x.X") < e,)a X’
[ x@p (X (kX .X") < e,)dX a0

A0 X) =

© Posterior concentration rate depends on estimation error 6, and threshold ¢,. Consistency is
guaranteed as long as ¢, -~ 0 @

® The proper choice of ¢, is still unclear for complex models
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Exponential-Weighted ABC

Motivated by the connection between KL and the likelihood ratio, we propose a scaled exponential
kernel that requires no ad hoc scaling

[ 7(@)p (X Yexp (- nk (X, X"))a X’
[ 7@ (X yexp(-nk (X, X"))a X do

(0] X) =

We can rewrite the approximated posterior as

FOIXD) o pP (X)X x(0), )
—————
Model mis-specification

where 0y (X) =log [ e—nx(k(X,Ye)—% EiLileg %)(X’))d)?e.
Eq.(2) can be characterized as a posterior under a mis-specified likelihood py.

~ Concentration around 6* (KL projection point)
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Lotka-Volterra: Likelihood is Spiky!

Simulation starts at Xy = 50 and Yy = 100 and is over 20 time units with intervals of 0.1, resulting in
a series of T =201 observations each. Fix 62 = 0.5,603 = 1 and only change 6 and 6,.

0.100 0.020
0.015
3 0010

0.005

e e — e -
0-08%00 X 0.050 0.075 0.100

61 o1

0.0 9000 0.005 0.010 0.015 0.020

@ Narrow range of likely parameter values
@ Interaction patterns are very sensitive to parameter changes

@ MCMC convergence speed is very sensitive to the initialization
12/38



ABC Results
True values 6, = (0.01,0.5,1,0.01). Uniform Prior on [0,0.1] x [0,1] x

—

0,2] x[0,0.1]
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Conclusions: Part |

© We have developed an ABC approach which obviates the need for summary
statistics.

© We adopt two versions of ABC

> Accept-Reject ABC
> New! Exponential-Weighted ABC that requires no ad hoc thresholding

Yet limitations?

@ How to construct a reasonable classifier for dependent data is unclear

@ The computation costs for training a new classifier after each ABC draw is daunting.
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Even Better!

Adversarial Bayesian Simulation?

2Wang and Rogkova [2022]. arXiv:2208.12113.
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Generative Adversarial Networks (GANS)

Generator against Discriminator

https://this-person-does-not-exist.com/
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https://this-person-does-not-exist.com/

Generator against Discriminator

When training begins, the generator produces obviously fake data, and the discriminator quickly learns to tell that it's
fake:

Generated Data Discriminator Real Data

e . FAKE REAL — -
oy i

10 . FAKE

Finally, if generator training goes well, the discriminator gets worse at telling the difference between real and fake. It
starts to classify fake data as real, and its accuracy decreases.

Scredit to https://developers.google.com/machine-learning/gan/gan_structure 17738


https://developers.google.com/machine-learning/gan/gan_structure

GANs

“generate a fake human face image”

Real
Images

Images

The two-player min-max game with Generator g and Discriminator d

Predicted Labels

Disciminator (Real / Generated)

minmax Pyco..x(x) log d(X (MY + Py.ry(2y log(1 - d(g(2)))

The generator g learns to approximate the marginal distribution 7(X(").

Draws from the implicit distribution 7(X(") are obtained by passing a random noise vector
Z € Z ¢ R% through a non-stochastic mapping g: Z - X.
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Conditional GANs (cGANSs)

What if we want to generate distribution conditioned on some extra information, like labels for
images (‘cat’, ‘dog’ etc.)?

oa Predicted Label
Images L redicted Labels

? (Real / Generated)
Labels

Generated
. Generator
Noise Images

@ The generator generates fake images given the labels.
“generate a fake cat image"

@ The discriminator distinguishes pairs of (real image, label) and (fake image, label).
“how is (real cat image, cat) different from (fake cat image, cat)”
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Generate ‘fake’ 6 given X("

Input {image;, label,}]| {6, Xg?)}f;l
Generator fake image; given label, ?0\2 = Q(Zi, X 512))
(image;, label,) (ﬂi,Xéﬁ”)
nn : @ "‘“ -/\/\

Discriminator

(fake _image,, label,) (@i,ng))

llol!
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cGANs

Consider the two-player min-max game

geG deD

MinMax Py g.x(xm ¢ 109 (X, 0) + Py xm) zomy(zy 109 (1 - d(X?, g(Z. X))
(X(™.0) (X(™M),Z~72(2)
@)

Now X" enters both discriminator and generator.
o Fix the marginal distribution 7(X(™),

matching the joint distribution < matching the conditional distribution

@ With flexible enough D and G, the solution (g*, d*) to the minimax game satisfies

(n g

g1 x(my - TXE,0) (n) (n)

g (0] X)) = XY m(0| XV") forany X\ e X
(XM 9)

ax (XM g) =
g (X0) = 2 X, 0) + g (X6
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g(-, X(M) is a pushforward mapping from 7z to 7(6 | X(M)

The observed data Xé”) is not used in the training process.

g(Z,xXm)
Tz (6] X(M)
Normal location? ~ Z ~ N(0,1) XM ~ N( ,’:jf(",,fﬁ)
Pg = N(‘Ine7 ln)
7T((9)=N(0,1) [9 Z,1X]
\/_ n+1

= The approximate posterior is then obtained as
01X" ~9(Z.X")
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Wasserstein GANs

However, conditional GANs suffer from training issues.

@ The gradients of the generator vanish when discriminator is too strong [Arjovsky
etal., 2017].

@ cGAN does not work well with continuous conditions [Zhou et al., 2022].

Consider the Wasserstein variant

geigr‘ rpee]l:x Px(n)w(x(n)),zWZf(g(Z» X(n)): X(n)) - P(91x(n))w7r(y,x(n))f(97 X(n))

where F is the class of functions that are 1-Lipschitz with respect to 6.
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Bayesian Simulation via WGANs (B-GANSs)

The generator class G is parametrized with 5 and the critic class F is parametrized with w.

Initialize networks £, and gg.

@ Generate the ABC reference table. )
Simulate {X",6;}T, where 6; ~ =(¢) and X" ~ ng_”), and {Z}], ¥ 7z()

Q@ Train the empirical version of Wasserstein loss.

;
B =arg mm [max Zf (X(”),gg(Z,X(”))) sz(X.(”),Hj) ]
B:95€G L wif,eF = 1

© Simulate posterior.
Generate {Z}M, ' 7,(Z), Predict §; = = 95, (Z, X™).

We obtain approximated posterior draws {61,...,0)}.
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Convergence in TV: Three Terms
Our result is built on oracle inequalities established in Liang [2021].

Theorem. Denote the solution with 57 where F = {f: |f|__ < B} for some B > 0. Assume

N[Bn(bo;€)] > e %" for some C, >2 and ¢ > 0.

For T > Pnax We have for any C > 0
PR 0B ((0 | XS), 75, (0 | X§)) < CF (Br €, ©),

where for some C > 0
1 e(1+C+C2)n62

T, 7= B - BA>(G) ~ 109 T x Prax
Cl(Br.e,C) = s + — [2,41 (F B+ =5 +aCpy [ 29T

The prior concentration condition ensures we have enough mass around the truth.
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Convergence in TV: Three Terms
Our result is built on oracle inequalities established in Liang [2021].

Theorem. Denote the solution with 57 where F = {f: |f|__ < B} for some B > 0. Assume

MN[Bn(6o; €)] > &% for some C>>2ande>0.
For T > Pnax we have for any C > 0

PR iy (6| X)), 75, (6| X§™)) < C] (Br. e, C),

where for some C > 0

T 1 g(1+0+Ca)ne? > BAx(G) = log T x Prax
= 2 F, 22 L 46By [ 2 I |
C! (Br,¢,0C) Fd Z A (F,Br) |+ 75 +4C =

The ability of the critic to express the class of density ratios

T(0]X™)

Iog —
ﬂ-gET (0 | X(n))

A1 (f7 BT) - w:ifng

- fw(97 X(n))

[}
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Convergence in TV: Three Terms
Our result is built on oracle inequalities established in Liang [2021].

Theorem. Denote the solution with 57 where F = {f: |f|_ < B} for some B > 0. Assume

MN[Bn(bo; €)] > &% for some C>>2ande>0.
For T > Pnax we have for any C > 0

PRy By (7(0 | X7), 75,0 | X)) < CT (Br. e, C),
where for some C > 0

- 1 e(1+C+Co)né? N Bl A>(G) B log T x P,
T _ / max
Cn (ﬂT7 €, C) = Czn€2 + 4 2A1 (fa/BT) + \/§ + 4CB T .

The ability of the generator to approximate the average true posterior

A2(G) = ﬁ:igr;feg [Px<n> log

g, (0] XY [ 17
(0] X)) |,
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Convergence in TV: Three Terms
Our result is built on oracle inequalities established in Liang [2021].

Theorem. Denote the solution with 57 where F = {f: |f|_ < B} for some B > 0. Assume

MN[Bn(bo; €)] > &% for some C>>2ande>0.

For we have for any C >0
P(S:)Pxém d%v(W(G | X$™), 75 (0] Xé”))) < Cl(Br,¢, C),

where for some C > 0

;o R g(1+C+Ca)ne® _ BAx(G) . log T x
Co(Br.e,C) = oz * 7 2A(F,Br) + ~ 5 +4CB\| ———— |-
Complexity in Pseudo Dim [Bartlett et al., 2017]
Prax= Pdim(F) v Pdim(g)\*
- composition of critic and discriminator
critic class

{hw,ﬁ(zvx) = fw(gg(Z,X),X)}
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Toy Example

We observe bi-variate Gaussians X(™ = (Xi, Xz, X, X4) with X; ~ N (119, X¢) parametrized by
0= (91,92, 93,94,95)’, where

2
_ ’ _ S5 pPS1S2
pe = (01,02)" and Xg= (pS1 % & )

with s1 = 62, s, = 03, p = tanh(6s), and n = 4.

[dBGaNn —ss®7 w2 |sne[[) Truth
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Local Enhancements

Our goal is to find a high-quality approximation to the conditional (6| X\"), which is not
necessarily uniformly over the entire domain X.

The vanilla B-GAN is not trained on the observed data XO(").

Can we do better? Yes!
o X" in proposal = 2-Step Refinement

o X" in training = Adversarial Variational Bayes
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2-Step Refinement

Discriminator .
ABC reference table 00000
(X", 6}]1,, where 6, ~ x(6), X ~ P{" ‘00008 ©0000r
- 90000 Simulation g,g(Z | Xé")) = 7(0)
y ecooe from Generator(1)
I ;00000 00000~
B-GAN (1) o i I
# i
B-GAN-2S R e,
posterior ettt ()
3 00000
Simulation 100000 90000~
_ from Generator(2) New ABC reference table
I ~ eeeee® (X6} 1, where 6, ~ 7(0), X" ~ P{"
00000
oo 00000 00000"
n(0)
< (Z | XM 2L B-GAN (2)
83(Z | X} )ﬁ( 9
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B-GAN-2S

If we zoom in the area close to 6, the precision of g(-) around Xé”) can be improved.

@ A pilot generator g5(Z, Xé”)) learned under the original prior 7(#) can be used to
guide the “promising” region for the next round = 7(0).

@ We adjust the “wrong” prior by reweighting with importance weights
m(0)

#(6)

@ The new B-GAN returns weighted approximated posterior sample pairs

(6.80)), - (B, 7 (Fm))-

r(0) =
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Adversarial Variational Approximation

Implicit distributions are explored within the variational framework to obtain finer and
tighter posterior approximations.

Find a set of parameter 3* that maximizes the Evidence Lower Bound (ELBO) as
B* =argmaxs L(B) =argming KL(qﬁ (0 | X)) | (0] Xé”)))

@
=argming |P M

d* X(n)ﬁ
simulation from gg (Z, Xé”)) implicit = classification trick log %

—a; (X,
= replace dj with ds
= train dg on 7 (X(",6) and 74 (XM, 0)

Discriminator learns globally, generator learns locally! @
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Toy Example (contd)

B-GAN-2S and B-GAN-VB have smaller biases and tighter credible regions.

"] B-gan-vB [[] B-GAN-2S [[] Truth . | SNL
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Toy Example (cont'd)

We report the Maximum Mean Discrepancies (MMDs) between the approximated posteriors and
the true posterior.

{
|

B-GAN B-GAN-2S B-GAN-VB SNL SS w2
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Lotka-Volterra Revisited

We follow the same setup as before, except that now Xé") is a single time-series.

600
9
400
6
200 )
\ 3
0 0

0.00

025 050 075 100 00 05 1.0 15

[1BGAN _ss.wz_|sN[]BGAN-2s

06 0.8

0 055 U.é(l
"] B-Gan-vB ] B-GAN-2S

1.0

400

300

200

100

~

000 001 002 003 004 005
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Conclusions: Part Il

@ We propose a Bayesian GAN sampler

© can be applied to dependent data and/or very few observations
© convergence results in terms in total variation distance is provided

@ Two types of local performance enhancements are considered

> 2-Step Refinement
> Adversarial Variational Bayes

Thank you!
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AR-ABC: Posterior Concentration
Our results can be viewed as a special case of Frazier et al. [2018].

Theorem. Under some mild assumptions, as n — oo and ¢, = o(1) and Cp0, = 0(ep) for some
arbitrarily slowly increasing sequences M, C, > 0,

~ ~0
P IIK (Poy, po) > An | K(X, X)) < en] = 0(1),

where
An=MaCp 6n €% +\/Mun 16,2 1 ¢, (4)
[R—ki|

Using Kaji et al. [2020] we show

~ n
ROCK') = 237109 P2 ()] = 0,(5,).
i=1 Po

The rate §, depends on the choice of the discriminator, smoothness of the model, and the
dimension of the data space d.
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AR-ABC: Posterior Concentration
Our results can be viewed as a special case of Frazier et al. [2018].

Theorem. Under some mild assumptions, as n — oo and ¢, = o(1) and Cp0, = 0(ep) for some
arbitrarily slowly increasing sequences M, C, > 0,

~ ~0
P IIK (Poy, po) > An | K(X,X) < en] = 0(1),

where
An=MoCpn 6n €7 +/Myn e 4, (5)
L N —’
|R7Kn |Kn—K]|

Estimation error between the empirical KL and true KL.
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AR-ABC: Posterior Concentration
Our results can be viewed as a special case of Frazier et al. [2018].

Theorem. Under some mild assumptions, as n — oo and ¢, = o(1) and Cp0, = 0(ep) for some
arbitrarily slowly increasing sequences M, C, > 0,

N ~0
PSONK (g, Po) > An | K(X,X') < en] = 0(1),
where

An=MoCpn 6n €7+ /M, n 12 524 ¢
—~— N——

—
|f(—Kn |[Kn—K] threshold

© Consistency is guaranteed as long as ¢, -~ 0

® The proper choice of ¢, is unclear for complex models
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Other ABC Methods

@ (CA) Classification Accuracy [Gutmann et al., 2018]
@ (W2) 2-Wasserstein distance [Bernton et al., 2019]

@ (SS) />-distance between summary statistics and we use the (SA) semi-automatic method
[Fearnhead and Prangle, 2012] if no candidate summary statistics are given

@ (DNN) approximated posterior mean of the parameters predicted by trained deep neural
network [Jiang et al., 2017]

@ (MM) Maximum Mean Discrepancy [Park et al., 2016]
@ (ES) Energy Statistics [Nguyen et al., 2020]
@ (AL) Auxiliary Likelihood [Drovandi et al., 2011]

For each ABC method, we ran 100,000 samples and accepted the top 1%.
@
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Lotka-Volterra: A Closer Look

@ Patterns in the predator-prey interactions are very sensitive to parameter changes

Population Size

500

300

100

6=(0.01,0.5,1,0.01)

| Predators

B— Prey

Time

Population Size

150 250 350

50

6=(0.01,0.2,1,0.01)'

| Predators
B— Prey

Time
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B-GAN-VB
We implement the Wasserstein analogue.
The generator function is updated only locally on XO(”).
@ Update the critic function £, globally on {9/-,)(;")}]11
MaX Pxo).r(x) 2o, 1o(95(Z, XMy, xmy
=P g x (o x) £ (8, XT).

e Update the generator g locally on Xé”)

i (MY y(m
BI:];;DQ PZ~7rZ fw(gﬁ(z7 Xo )7 XO )
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