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Biology is heterogeneous
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Biology is heterogeneous
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How to describe heterogeneous populations?



Mixed Effects Modelling
M(¢;) generative model for individual i

x ¢l = 91 + bi
Ny e Fixed Effects 0,
(e.g. mean effect of some drug)
( o Random Effects b; ~ p, ()
(variability of an effect)
Population Model ¢ ~ p(¢ | 9)
But observations are noisy
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Mixed Effects Modelling
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M(¢;) generative model for individual i

¢; =06 +b
Ny e Fixed Effects 0,
(e.g. mean effect of some drug)
( o Random Effects b; ~ p, ()
(variability of an effect)
Population Model ¢ ~ p(¢ | 9)
But observations are noisy

— all individuals must be estimated simultaneously




Mixed Effects Modelling

e What is the likelihood of observing y; = ﬁusing our model M(¢)? — p(y; | ¢)
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Mixed Effects Modelling

e What is the likelihood of observing y; = <Rusing our model M(¢)? — p(y; | ¢)

e How are random effects distributed? — p(¢ | 0)
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Mixed Effects Modelling

e What is the likelihood of observing y; = (Rusing our model M(¢)? — p(y; | ¢)

e How are random effects distributed? — p(¢ | 0)
e What is the likelihood of observing & = m ?—-p(D | 0)

Random effects are unobserved quantities

p@10)=T] |pos1 d6 1010

l
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Current Estimation Methods P(&2 | 0) = H‘p(y,- | P)p(d | 0) dep

l

1. “Estimate” the missing variables ¢;

2. Find best parameters of the overall model
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Current Estimation Methods P(&2 | 0) = H[p(y,- | P)p(d | 0) dep

l

1. “Estimate” the missing variables ¢;

2. Find best parameters of the overall model
We can do this

- Deterministically — biased

- Stochastically — computationally intensive
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Deterministic Approach p(2|0) = H [p(y,- | p)p(@ | 0)d

l
Linearisation-based or Laplace methods
1. For every individual i
A. Estimate mode qgl- of p(y; | ¢)p(@ | 6,) based on the best current 0,

B. Use approximation to the integral based on the mode qgl-

2. Compute likelihood for population

3. Repeat until convergence
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Deterministic Approach p(2|0) = H [p(y,- | p)p(@ | 0)d

l

Linearisation-based or Laplace methods

1. For every individual i
A. Estimate mode qgi of p(y; | ¢)p(@ | 6,) based on the best current 0,

B. Use approximation to the integral based on the mode qgl-

2. Compute likelihood for population

3. Repeat until convergence

Biased, unreliable and sensitive

Qs (Pinheiro 1994, Comets & Mentré 2001)




Stochastic Approach p@|0)=1] [p(y,- | p)p(@ | 0)dg

l
Stochastic expectation maximisation algorithm (SAEM)

1. Expectation step
QO | 6) = Eppppy.ollogpy; | ¢) +1logp(e | 0)]

¢ ~ p(¢ | y;, 0,) samples must be generated with a MCMC procedure
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Stochastic Approach p@|0)=1] [p(y,- | p)p(@ | 0)dg

l
Stochastic expectation maximisation algorithm (SAEM)

1. Expectation step
QO | 6) = Eppppy.ollogpy; | ¢) +1logp(e | 0)]

¢ ~ p(¢ | y;, 0,) samples must be generated with a MCMC procedure

2. Maximisation step

0,,, = argmax Q(0 | 6,)
0
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Stochastic Approach p@|0)=1] [p(y,- | p)p(@ | 0)dg

l
Stochastic expectation maximisation algorithm (SAEM)

1. Expectation step
Q0| 6) = E g pigly.0)108 P(Y; | ¢) +logp(¢ | )]

¢ ~ p(¢p | y;, 6,) samples must be generated with a MCMC procedure

2. Maximisation step

0,,, = argmax Q(0 | 6,)
0

Refinement in every step: Q(Q |1 60) = (1 - /”tt)Q(H | 60_)+40@0106)
UNIVERSITAT" w 7




Stochastic Expectation Maximisation Algorithm

Scalabilit
e State of the art method 101 . Ny
, _ _ --x-=- SAEM
e EM provides unbiased estimates ;
= 8 /
(Savic et. al. 2010) =
e Computationally demanding g 61
e Sensitive to initial values = )
S 4
(local minima) E
Q{ //
S
04 »----- *——=== X-—==T ')(/
50 100 200 500 1000 5000 10000
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Stochastic Expectation Maximisation Algorithm

Scalabilit
e State of the art method 101 e Ny
| _ _ --x-= SAEM /
e EM provides unbiased estimates
= 8 /
(Savic et. al. 2010) =
e Computationally demanding g 61
e Sensitive to initial values = )
S 49
(local minima) E
5
Can we be more scalable? S A — "
50 100 200 500 1000 5000 10000

UNIVERSITAT" w Number of cells
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Bayesian Inference

—— prior
3 41 —— likelihood

—— posterior

e Posterior distribution

p(@|y) xply| d)p(ep)

e Computed with methods like
Markov chain Monte Carlo
methods (MCMC)

e Computationally demanding 0
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Bayesian Approach for Single Individual

+ sacto p(@10) =[] [ por 1 9@ 1 01

l

) " w Thanks to Jan Hasenauer & Yannik Schalte
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Bayesian Approach for Single Individual

e Backto p(9|0) = HJ PO | ¥ p(@ | 0)do

p(P)

e Rewrite marginal likelihood p(y; | @) in terms of the
individual-specific posterior distribution

) " w Thanks to Jan Hasenauer & Yannik Schalte
UNIVERSITAT
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Bayesian Approach for Single Individual

pOIP(P | )
e Backto p(2|0) = HJ () p@ | 0)de
e Rewrite marginal likelihood p(y; | @) in terms of the

individual-specific posterior distribution

p(@|0)

arg max p(< | 8) = arg max E._ i [
0 0 H d~p(Ply;) p(¢)

) " w Thanks to Jan Hasenauer & Yannik Schalte
UNIVERSITAT
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Bayesian Approach for Single Individual

pOIP(P | )
e Backto p(2|0) = HJ () p@ | 0)de
e Rewrite marginal likelihood p(y; | @) in terms of the

individual-specific posterior distribution

p(p10)]
arg mgx p(D | 0) = arg mGaX H[E¢~p(¢|yi) [ p(p)
P(¢i,j o)
~ arg mglx H Z [ p(gbl-,j) ]

i Cbi,j ~p(d|y)

e Use Monte-Carlo approximation by sampling from individual-specific posterior

) " w Thanks to Jan Hasenauer & Yannik Schalte
UNIVERSITAT
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How do we get the individual-specific posterior in a
scalable way?

Real Data

obs
¥y ~py | ¢) Posterior Distributions

"""""""
"
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How do we get the individual-specific posterior in a
scalable way?

Real Data

obs
¥y ~py | ¢) Posterior Distributions

...........
"
]

S —  Neural Posterior ' =
2 Estimation
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Neural Density Estimation

e Generative models
e Known for faithfully constructing e.g. portrait images

e N "-, 'S
Training Data Generated Data

UNI\/ERSITAT" w Pictures taken from Dinh et. al. 2016
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Neural Posterior Estimation

Posterior Distributions

Training
Normalizing Flowf(;1

Normal
Distribution

UNIVERSITAT

v @ BayesFlow by Radev et. al. 2020 13




Neural Posterior Estimation

Conditional normalizing flows
e sample from latent distribution z ~ p(z)
e get sample from desired distribution by invertible mappings f(z)

X = fO(Z) °f1(Z) o °f;¢(Z) Posterior Distributions
Normal _
Distribution
Training
Normalizing Flowf;l

UNIVERSITAT

v @ BayesFlow by Radev et. al. 2020 13




Neural Posterior Estimation

Conditional normalizing flows
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sample from latent distribution z ~ p(z)

get sample from desired distribution by invertible mappings f(z)

x:fo(z) ofl(z)o...of;l(z) X |

eval denSity by Distribution
p() = p(z)| det

Posterior Distributions

Training
Normalizing Flowfag1

v @ BayesFlow by Radev et. al. 2020
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Neural Posterior Estimation

Conditional normalizing flows

e f parameterized by

UNIVERSITAT

sample from latent distribution z ~ p(z)

get sample from desired distribution by invertible mappings f(z)

x:fo(z) ofl(z)o...of;l(z) X |

eval denSity by Distribution
p() = p(z)| det

invertible neural networks

Posterior Distributions

Training
Normalizing Flowfag1

v @ BayesFlow by Radev et. al. 2020
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Example of Invertible Neural Networks

e affine coupling layers, split input u = (u,, u,), s;, f; can be any neural network
Vl — Ml @ eXp(Sl(Mz)) + tl(uz)
V2 = I/lz O eXp(Sz(Vl)) + tz(vl)

|/
UNWEstAT‘ M’ Example based on Radev et. al. 2020
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e affine coupling layers, split input u = (u,, u,), s;, f; can be any neural network
Vl — Ml @ eXp(Sl(Mz)) + tl(uz)
V2 = M2 O eXp(Sz(Vl)) + tz(vl)

e inversion
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Example of Invertible Neural Networks

e affine coupling layers, split input u = (u,, u,), s;, f; can be any neural network
Vl — Ml @ eXp(Sl(Mz)) + tl(uz)
Vs = Uy @ exp(s,(vy)) + 1,(vy)

e inversion
Uy = (vy — H(vy)) © exp(—s,(vy))
u; = (vi — t;(u,)) © exp(—s;(u,))

e Jacobian of the affine transformation is a strictly upper or a lower triangular matrix
— easy to compute

|/
UNNERsm\T‘ M’ Example based on Radev et. al. 2020
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg minE,,, |[KL (p( | I, (@ | )|
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg minE,,, |[KL (p( | I, (@ | )|

= argmin £, [, [log (6 | ) — log p, (6 Y]]

@
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg minE,,, |[KL (p( | I, (@ | )|
= argmin £, |E,qp, [log (@ | 1) = log p, (¢ 1 9]

@

= arg max [Ep(y) [[Ep(d)ly) [lngw(¢ | y)]]
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg minE,,, |[KL (p( | I, (@ | )|
= argmin £, |E,qp, [log (@ | 1) = log p, (¢ 1 9]

@

= argmax [, [[Ep(cbly) [log PP |y )]]
= arg max [ Jp(y, Plogp, (P | y)dyde

w
UNIVERSITAT w

15



Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg max J [p(y, Plogp, (P | y)dyde
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg max J [p(y, Plogp, (P | y)dyde

— arg max ”p<y, H)dog p(f,(.y) + log| det J, ) dydp

()
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg max J [p(y, Plogp, (P | y)dyde

— arg max ”p<y, H)dog p(f,(.y) + log| det J, ) dydp

1 & (™, ™13
~ arg min — @ — log| det J
& M Z ( 2) gl fa)l

@
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Learning a Normalizing Flow

Minimize KL-divergence between true posterior and approximation
for all possible data y

arg max J [p(y, Plogp, (P | y)dyde

— arg max ”p<y, H)dog p(f,(.y) + log| det J, ) dydp

1 & (™, ™13
~ arg min — @ — log| det J
& M Z ( 2) gl fa)l

()
UNI\/ERSITAT" w We need Sample pail’S (¢(m)9 y(m))'

m=1
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Neural Posterior Density Estimation

e Minimize KL-divergence between true posterior and approximation for all
possible data y

e Generate samples ¢ from prior and produce simulations ys'm

Posterior Distributions

Training
Normalizing Flowfa—)1

UNIVERSITAT w 17

Normal
Distribution




Neural Posterior Density Estimation

e Minimize KL-divergence between true posterior and approximation for all
possible data y

e Generate samples ¢ from prior and produce simulations ys'm

Summary statistics

sim _
y M(¢) Posterior Distributions
Normal
Distribution
Training
Normalizing Flowfa—)1
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How do we get the individual-specific posterior in a
scalable way?

Real Data
o p(y | ) Posterior Distributions

...........
",

Sl =8 Neura! Po§terior —
. Estimation

A
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How do we get the individual-specific posterior in a
scalable way?

Real Data ::{> Summary statistics
Yy ~p(y | 9) lL Posterior Distributions

Latent
Distribution
X Inverting
Normalizing Flow

N ERW-" m sample from normal distribution and condition on real data .




Choices to be made

Depth of invertible neural networks

Type of summary networks

Duration of training (early stopping)

Loss function (e.g. Wasserstein instead of KL-divergence)
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Choices to be made

Depth of invertible neural networks

Type of summary networks

Duration of training (early stopping)

Loss function (e.g. Wasserstein instead of KL-divergence)

Other types of neural density estimators
e Conditional variational autoencoders (Kingma & Welling, 2022)
e Conditional generative adversarial neural networks (\WWang & RoCkova 2022)

UNIVERSITAT @
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Example Application

living cells show molecular and phenotypic
differences at the single-cell level

mass cytometry can provide snapshots in
thousands to millions of cells

time-lapse microscopy measurements of
single-cells after transfection with
synthetic mMRNA to assess mRNA lifetime

UNIVERSITAT w
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Amortized Approach to Non-Linear Mixed-Effects

Generative ODE Model

1. Simulate individual cells with generative model from prior
2. Train neural density estimator with simulations

3. Infer population parameter from real data

UNIVERSITAT @ 21




Inference Results

Neural Density Estimator Population Estimation
103 B Amoritzed NLME
0.81 Baseline method
£ 0.6 1
= ©
] QO
= 1021 £ 0.4
2 =
g A
= 0.2
x  real cell
1 95% credible region 0.0
104 % —— posterior median
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Time (in hours)
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Current Limitations

Neural Density Estimator

e Expressivity of the normalizing flow
(Hagemann et. al. 2023)

e Misspecification of the model
(Schmitt et. al. 2022)

e Non-conservative posteriors
(Hermans et. al. 2022)

UNIVERSITAT w

Population Estimation

e Robust inference of parameters with
no variability
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Comparison to MCMC

Bayesflow MCMC

)
—_
<
1l

B 95% credible region : B 95% credible region

fluorescence intensity [a.u.
—_
S
[\
1

—— median | | —— median
10 E 4 measurement data E J x measurement data
0 10 20 30 0 10 20 30
t [h] t[h]

4
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_ Sampling Time for Single Cell
Comparison to MCMC MCMC: 30min run time

BayesFlow: 1s
For ODE Model

0 ~ k-mg-scale

I BayesFlow 0.10 4
s MCMC 50 -
0.08
0.06

0.04 1

0.02 1

0.00-

0.05 0.10 0.15
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_ Sampling Time for Single Cell
Comparison to MCMC MCMC: 30min run time

BayesFlow: 1s
For ODE Model

g Y k-myg-scale o
60
“0- HEE BayesFlow 0.101 200 A
s MCMC 50
0.08
150
0.06
100
0.04 4
50 4

0.02 1

0.00-
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Scalable Method B

Training time (in hours

UNIVERSITAT

amortization

10 -

Cco

(@)

B

— Amortized NLME
--x--- Baseline (SAEND

Number of cells

" w Thanks to Clemens Peiter for contribution

° ° ® o——0— )
50 100 200 500 1000 5000 10000
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50 -

Scalable Method B

Training time (in hours
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" w Thanks to Clemens Peiter for contribution

Baseline (SAEM) /x
Amortized NLME /
B Small ODE model /
B Large ODE model /
SDE mOdel II”
@ ® ° . .- : /
/,,//,/ /X
° o ® — o .
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Flexible Method

Correlation
51 B '1
scale 1 . . -0

offset 1 . . .

N A N N
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Flexible Method

Correlation Fitting Correlation in Large ODE Model
1 . —— without correlation
01 0.1 wi
. - % A —— with correlation
=
v B £ 0.0]
<
£
scale 1 - . 0 2 011
= —0.
g
b = B
= —0.21
A
offset 1 . X
N A \@' ,@' X 0 5 10 15 20 25 30
F gi@@ Time (in hours)

"@ Basically no additional computational cost!
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Easy Uncertainty Analysis

Uncertainty Analysis

var-offset 1 ) B Amortized NLME
var-tg - ot Baseline (SAEM)
var-k-my-scale - ' x  True Parameters
var--y -
var-0 1 o
median-o *
median-offset X
median-t ¥
median-k-mg-scale X
median- -
median-o 1 -
102 107! 10" 10?

UNIVERSITAT w

Parameter Value
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Pes

Conclusion

e Mixed effect models can describe heterogenous populations

e Scalable inference is computationally challenging

e Amortized approach by %

e Training a neural posterior density estimator on simulated data
e Cheap inference

e Flexible population model, uncertainty analysis, ...

v Paper is coming soon :)
UNIVERSITAT w
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