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= Traditional approach: Kalman filters (eg, KF, EnKF, EKF, Gen
Bayes KF etc) assuming a state-space model (SSM).

= Recently deep generative forecasting models (DGFM) like

GenCast (2024) etc. have gained popularity.
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What is a DGFM ?



Deep generative forecasting

models (DGFMs)

= \We observe atemporal process up to
timet—1 - Yt_l — (Yll Yz, Yt—l) ~ P.

* We want a probability distribution for Y, —
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Fig 3: Qf is a conditional generative model which predicts
V given the past observations y4,y,, *** V¢_1.
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Observed sequence
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Fig 3: Qf is a conditional generative model which predicts
V given the past observations y4,y,, *** V¢_1.

= Qur simulator model QY is defined by a class of conditional probability
distributions which produces the forecast Yt conditionedonY! lfort =1,2,...

Vi, ~Q?, Q2= Qo(lyt™1)



How to train a
DGFM ?
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Fig 4: The loss {’? is calculated between the predictions

Q Pacchiardi, L., Adewoyin, R. A., Dueben, P., & Dutta, R. (2024). Probabilistic forecasting with generative networks via scoring rule minimization.

Journal of Machine Learning Research, 25(45), 1-64



How to train a
DGFM ?

Observed sequence

Ve-1| Yt

: : y
= Giventhe observations Y' = (Y, Y,,..Y;), = L .
we define the OPSdewatiO"
. window
prequential loss, Generative net
Noise 9
NOD|gwz | Qf

T
Lr(0) = ) £,(6)
t=1

e —_—

ytr

) weusn

Predictions for y;

from the model Qf and the observed y;.

Prequential loss minimizer: 8 = arg mingece L7(6)
v" Outlier-robust adversarial-free training

Can we prove consistency property for @T ?

Q Pacchiardi, L., Adewoyin, R. A., Dueben, P., & Dutta, R. (2024). Probabilistic forecasting with generative networks via scoring rule minimization.

Journal of Machine Learning Research, 25(45), 1-64

Fig 4: The loss {’? is calculated between the predictions



Marginal versus
conditional expected loss

Traditional approach: Marginal expected loss
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Fig 5: Area under the curve attime t = E£,(6).
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Consistency ??



Prediction focused view of consistency
via conditional expectation

Lemma 1 : [Martingale uniform law of large numbers]
Under some regularity conditions, a uniform law of large numbers (ULLN) for
martingales holds which implies with probability one under P,

1
SuPoce |Ly(8) —L7(8)] » 0asT — oo,

where A7 is a normalizing constant.

O Skouras, K., Dawid, A. (2000), Consistency in misspecified models. Research Report No.218, Department of Statistical Science, University
College London
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Lemma 1 : [Martingale uniform law of large numbers]
Under some regularity conditions, a uniform law of large numbers (ULLN) for
martingales holds which implies with probability one under P,

1
SuPoce |Ly(8) —L7(8)] » 0asT — oo,

where A7 is a normalizing constant.
d(éT, 9;) — 0, with probability one under P, where 8 = arg mingcg L7 (0)

@T converges to a data dependent limit which minimizes the conditional predictive risk.

O Skouras, K., Dawid, A. (2000), Consistency in misspecified models. Research Report No.218, Department of Statistical Science, University
College London



Data assimilation for DGFM?



Data
assimilation
for DGFMs?

v Qe
* How to define a
posterior distribution on 1 1
the parameter space
when the likelihood n®e) — ['ITGP(G)IyT)]—> [ﬂGP(GIyZT)J
function for the
simulator model is not

tractable?

Fig 7: Data assimilation through posterior update.



??

posteriors for DGFMs

Generalized Bayesian posterior Prequential loss for DGFM
s (0y) x w(8)e YOy Can simulate data: x ~ Q°
£(6,y) - Loss But cannot evaluatep(y | 8) —
y > 0 — Scale of £ wrt the prior standard posterior not available




Prequential
posteriors for DGFMs

Generalized Bayesian posterior Prequential loss for DGEM
n;(0]y) x m(0)e v *(@) + Can simulate data: x ~ Q°
£(6,y) — Loss But cannot evaluatep(y | 8) —
y > 0 — Scale of £ wrt the prior standard posterior not available

Prequential posterior: mp(0]yT) o« m(8)eYET®)

where (0) is a prior distribution on the model parameters and y is a free parameter.

Q Sinha-Roy, S., Everitt, R. G., Robert, C. P., Dutta, R. (2025). Prequential posteriors. Preprint arXiv:2511.17721.



Bernstein-von Mises (BvM) theorem
for the prequential posterior

= Suppose, there exists a function L(6) such thatas T — co we have, AiL*T(H) - L(0)
T

uniformly with probability one under P.
0* = arg mingeg L(6)



Bernstein-von Mises (BvM) theorem
for the prequential posterior

= Suppose, there exists a function L(6) such thatas T — co we have, ALL*T(H) — L(0)
T

uniformly with probability one under P.
0" = arg mingee L(0); d(@T,H*) - 0asT - o

Theorem 1:[BvM theorem for prequential posterior]

Under some regularity conditions, letting g be the density of /A7 (8 — 67) when
0 ~ m:p(0 |y"), we have with probability one under P,

[olar(8) = N(8]10,H™1)|d6 - 0asT — oo.

1

r’
ATLT (6*)>H,as T — oo.

where



Example loss function:
Proper scoring rules

= Examples of some loss functions: Proper scoring rules like log score, energy score, kernel score etc.
= Energy score:

S@%y) =2-Ege |IX —yl|) —Ege |IX —X'1|]; XX ~ Q%8 € (0,2).

= Calculating the expectation is difficult but we can simulate from the model Q¢: x ~Q?°.
= We use these simulations to unbiasedly estimate the score as,

m

$(Q%,y) = %Z |Ix; —yllf m(m 0 z “xl —xj”

i=1 [,j=1

where, X1, X, ... X, ~Q°



Sequential Inference ?



Inference via
sequential Monte Carlo (SMC)
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Fig 8: We use SMC to propagate the particles from proposal distribution(pink) to the target posterior
(purple). We define intermediate target distributions (curve in lighter shade) by tempering the target.
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U Dau, H.D., Chopin N. Waste-free sequential Monte Carlo.
JRSS B: Statistical Methodology, 84(1):114—148, 2022

Fig 8: We use SMC to propagate the particles
from proposal distribution(pink) to the target
posterior (purple). We define intermediate
target distributions (curve in lighter shade) by
tempering the target.

QO — ’:j Keep all
- N=MxP
0o— 0 particles

Algorithm 1: Preconditioned forward kernel

~

Input: Learning rate 7, parameters o, A, noise {¢; ~ N(0,1,)}
Initialize: 6y, up = /7 - N(0,I,), ag = \/71-C, vo =0
forn=1,2,...

P do

Compute stochastic gradlent £, « VoU (Bn-1);
Vi — O0Vp_1 + _”f G)f

gn — 10 \/A+/Vy;

0p  0p1 + %gn ®up-1;

Oy < Qp—1 + % (Up—1 @ Up_1 —7);

W, ¢ exp(—an/2) © up_1:

Wy Uy =080 O F + /2 g 12 © s
Uy < eXp(_an/z) © up;

Qo (*an+%(un®unfn);

0, 0, + %gn © Up;

end

U Chen C. et al. Bridging the gap between stochastic gradient MCMC and stochastic

optimization. In Artificial Intelligence and Statistics,1051-1060. PMLR, 2016



Prequential posteriors in practice



Time series data
Lorenz 96

= Toyrepresentation of atmospheric behaviour with fast (x) and slow (y) evolving variables.

The original process

k]
h
y(k) = —y(k =Dk =2 —yk+ D)=y +F —— > x(),
j=](k=1)+1

h -1
£(j) = —ebx(j + D(x( +2) = x(j = D) = ex() + y(jT + 1) ;

here y(k) and x(j) denote the k th and the j th component of the corresponding variablesfork = 1, 2, ... K;
j=1,2,..JK;withK =8,] =32,h=1,b = 10,c = 10, F = 20.

We integrate the system using fourth order Runge-Kutta (RK4) method and keep only the y values
as observations.



Time series data
Lorenz 96

=  Toy representation of atmospheric behaviour
with slow (y) and fast evolving variables.

= DGFM: A single-layer generative gated
recurrent unit (GRU) with last 10 values as
covariate.

= Energy score (proper scoring rule) to define
the prequential Posterior.

= We define an episode of length 100
observations and update the posterior at
every episode.



Time series data
Lorenz 96

Toy representation of atmospheric behaviour
with slow (y) and fast evolving variables.

DGFM: A single-layer generative gated
recurrent unit (GRU) with last 10 values as
covariate.

Energy score (proper scoring rule) to define
the prequential Posterior.

We define an episode of length 100
observations and update the posterior at
every episode.
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Fig 10: We measure the predictive accuracy of the
posterior predictive (orange line) after every episodic
update interms of calibration error, normalised RMSE
(NRMSE), and R? calculated on a test dataset of length
2000. For reference, the maximum achievable values of
the metrics are shown in green dashed line.

Successful data assimilation : We can see improved predictive performance of the posteriors

over training episodes.



Lorenz 96:

Preq posterior + SMC vs Kalman filter

The original process
y (k)
3

B
= k- Dk -2 —yk+ D)=y +F == Y x()

j=J(k—-1)+1

withK =8, ] =32, h=1, b=10, ¢ =10, F = 20.

State space model (SSM) representation

v(k) [latent]
= —v(k — 1)(v(k —2) —v(lk + 1)) —v(k) + F

y(k) = v(k) + Py
with F,, ~ NV(20, 1), ¢, ~N(0,1).

[noisy obs]



Lorenz 96:
Preq posterior + SMC vs Kalman filter

The original process State space model (SSM) representation
y(k) .
e v(k) [latent]
= —y(k=D(y(k =2) —ylk + D) =y() + F — — z x() | = vk = D(vlk = 2) = vk + 1)) = v(k) + Fy
j=J(k-1)+1
y(k) = v(k) + Yy [noisy obs]
withK =8, J =32, h=1, b =10, c = 10, F = 20. with F, ~ V'(20,1), ¥, ~N(0,1).
0 6 Fig 11: Posterior predictive performance across
PN . episodes for the Lorenz 96 model. The prequential

I
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Real life weather data
WeatherBench (European region)

= Data: 500 hPa geopotential height

IR e e e E L L LT

0.4 0.9 1

* DGFM: generative U-net, conditioned on last L . k X

NRMSE

3 values.

041 - = Opt value

Posterior

00— m e 0.000 === m e = ]

0.2 4= .
1 20

= Episode: 362 datapoints (~1 year)

Fig 12: We measure the predictive accuracy of the
posterior predictive (orange line) after every episodic
update in terms of calibration error, normalised RMSE
(NRMSE), and R?. For reference, the maximum
achievable values of the metrics are shown in green
dashed line.



Real life weather data

WeatherBench (European region)

= Data: 500 hPa geopotential height

= DGFM: generative U-net, conditioned on last
3 values.

= Episode: 362 datapoints (~1 year)

Fig 13:Top left:
target. Rest are
predictions
from the final
posterior
samples.
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Fig 12: We measure the predictive accuracy of the
posterior predictive (orange line) after every episodic
update in terms of calibration error, normalised RMSE
(NRMSE), and R?. For reference, the maximum
achievable values of the metrics are shown in green
dashed line.

= Successful data assimilation : We can see improved predictive performance of the posteriors

over training episodes.



Application in model-based
reinforcement learning (RL)
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Fig 14: Diagram explaining Generalized Bayesian deep
RL using Expected Thompson Sampling.

Q Roy, S. S., Everitt, R. G., Robert, C. P, Dutta, R. (2024). Generalized Bayesian deep reinforcement learning.
arXiv preprint arXiv:2412.11743.



Application in model-based
reinforcement learning (RL)
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Fig 14: Diagram explaining Generalized Bayesian deep Fig 15: Examples where model based gen Bayes RL algorithm (red)
RL using Expected Thompson Sampling. learns an optimal policy faster than the modelfree(pink) approach.

Q Roy, S. S., Everitt, R. G., Robert, C. P, Dutta, R. (2024). Generalized Bayesian deep reinforcement learning.
arXiv preprint arXiv:2412.11743.



Conclusion

= Alikelihood-free data assimilation framework for deep generative forecasting
models (DGFMs) via prequential posteriors.

= Theoretical analysis of the prequential posterior, establishing predictive
consistency under model misspecification.

= Ascalable and computationally efficient SMC algorithm (Wastefree SMC +
preconditioned kernel + symmetric splitting scheme) for training high-
dimensional neural network parameters.



Thank you!
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