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Preliminary setup
Let Xn = {Xi}ni=1 be an IID sample of n replicates of the
random variable X ∈ X⊆ Rq, where:

The DGP of X has parametric PDF f (x|θθθ).
The parameter θθθ ∈ T has prior PDF π (θθθ).

Conditional on θθθ , the likelihood of Xn is

f (xn|θθθ) =
n

∏
i=1

f (xi |θθθ) .

We aim to compute the PDF of the posterior distribution:

π (θθθ |xn) = c−1 (xn) f (xn|θθθ)π (θθθ) ,

where xn is a realization of Xn, and

c (xn) =
∫
T
f (xn|θθθ)π (θθθ)dθθθ .
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Simulation-based inference

Suppose that f (x|θθθ) is infeasible to compute, but it is feasible
to simulate size m IID samples Ym = {Yi}mi=1 with PDF

f (yn|θθθ) =
m

∏
i=1

f (yi |θθθ) .

Let θθθ k be simulated from PDF π (θθθ), and let Ym,k be the
corresponding sample simulated from PDF f (yn|θθθ k) and
generate N pairs Zm,k = (Ym,k ,θθθ k):

ZN =
{

Zm,k
}N

k=1 .

We wish to approximate the posterior π (θθθ |xn) using ZN .
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Approximating the posterior
Let D (xn,ym)≥ 0 be a discrepancy function that measures
the difference between the distributions of xn and ym.

Let w (d ,ε)≥ 0 be a weight function, decreasing in d ≥ 0 and
calibrated by ε > 0.

Approximate the likelihood f (xn|θθθ) by

Lm,ε (xn|θθθ) =
∫
Xm

w (D (xn,ym) ,ε) f (ym|θθθ)dym.

In the language of Jiang et al. (2018), we have the
pseudo-posterior PDF approximation

πm,ε (θθθ |xn) = c−1
m,ε (xn)π (θθθ)Lm,ε (xn|θθθ) ,

where cm,ε (xn) =
∫
T π (θθθ)Lm,ε (xn|θθθ)dθθθ .
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The ABC algorithm

Input: Data xn; Discrepancy function D ; Weight function w ;
Calibration parameter ε; Sample size m.

For k ∈ {1, . . . ,N};
Simulate θθθ k from PDF π (θθθ);
Simulate Ym,k from PDF f (ym|θθθ k) ;

Compute discrepancy Dk = D (xn,Ym,k);
Put Zm,k = (Ym,k ,θθθ k) into ZN and Dk into DN = {Dk}Nk=1.

Output: ZN and DN ; Approximate the pseudo-posterior
distribution by the discrete measure

ΠN
m,ε (θθθ |xn) =

[
N

∑
k=1

w (Dk ,ε)

]−1 N

∑
k=1

w (Dk ,ε)I{θθθ = θθθ k} .
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The energy distance
For x,y ∈ X, let δ (x,y) be a semi-metric of negative type,
in the sense of Sejdinovic et al. (2013).

For independent X ,X ′ and Y ,Y ′ with probability measures
ΠX and ΠY , respectively, the energy distance (ED) based on
δ is E

1/2
δ

, where:

Eδ (ΠX ,ΠY ) = 2E [δ (X ,Y )]−E
[
δ
(
X ,X ′

)]
−E

[
δ
(
Y ,Y ′

)]
.

Szekely and Rizzo (2017) states that the ED satisfies:
1. Eδ (ΠX ,ΠY )≥ 0,
2. Eδ (ΠX ,ΠY ) = 0 ⇐⇒ ΠX = ΠY ,

under the condition that

E
[
δ
(
X ,X ′

)]
+E

[
δ
(
Y ,Y ′

)]
< ∞.
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The Euclidean case

The original paper of Szekely and Rizzo (2004) studied the
δ (x,y) = ‖x−y‖2 case, and we denote the squared ED, in
this case, by E .

Let ϕX and ϕY be the characteristic functions of ΠX and ΠY ,
respectively. Then, under the condition that
E‖X‖+E‖Y‖< ∞, E has the closed form:

E (ΠX ,ΠY ) =
Γ
(d+1

2
)

π(d+1)/2

∫
Rd

|ϕX (t)−ϕY (t)|2

‖t‖d+1
2

dt.

Via the characterization, E 1/2 is a metric over set space of
probability measures with finite first moment.
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The energy statistic
Given samples Xn and Ym, from measures ΠX and ΠY , one
can estimate Eδ (ΠX ,ΠY ) by the energy V-statistic (ES):

Vδ (Xn,Ym) =
2
mn

n

∑
i=1

m

∑
j=1

δ (Xi ,Yj)

− 1
n2

n

∑
i=1

n

∑
j=1

δ (Xi ,Xj)

− 1
m2

m

∑
i=1

m

∑
j=1

δ (Yi ,Yj) .

For brevity, we write Vδ = V when δ is the Euclidean norm,
and note that V 1/2 is a metric over the set of finite discrete
measures (Szekely and Rizzo, 2017).
We call the use of D (Xn,Ym) = V (Xn,Ym) the ES ABC
algorithm.
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Relationship to the MMD ABC
In Park et al. (2016), Jiang et al. (2018), and Bernton et al.
(2019), the maximum mean discrepancy (MMD) ABC
algorithms were considered, where one uses

D (Xn,Ym) = − 2
mn

n

∑
i=1

m

∑
j=1

χ (Xi ,Yj)

+
1
n2

n

∑
i=1

n

∑
j=1

χ (Xi ,Xj)

+
1
m2

m

∑
i=1

m

∑
j=1

χ (Yi ,Yj) ,

for some Mercer kernel χ.
Sejdinovic et al. (2013) established that Mercer kernels
generative relationship between Mercer kernels and
semi-metrics of negative type.
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A general asymptotic result

Let Xn and Ym be IID samples with PDFs f (xn|θθθ 0) and f (ym|θθθ).
Assume that D (Xn,Ym) converges to D∞ (θθθ 0,θθθ), almost surely as
n,m (n)→ ∞. If w (d ,ε) is piecewise continuous and bounded for
all d ,ε > 0, and if w (·,ε) is continuous at D∞ (θθθ 0,θθθ), then

πm(n),ε (θθθ |Xn)→ π (θθθ)w (D∞ (θθθ 0,θθθ) ,ε)∫
T π (θθθ)w (D∞ (θθθ 0,θθθ) ,ε)dθθθ

,

almost surely, as n→ ∞.

Jiang et al. (2018) proved the rejection case:

w (d ,ε) = I{d < ε} .
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Verification of the ES case

A sufficient condition to verify the almost sure convergence of
D (Xn,Ym) to D∞ (θθθ 0,θθθ) is for ΠX and ΠY to have finite
second moments:

E
(
‖X‖22

)
+E

(
‖Y‖22

)
< ∞.

In this case, we have:

D (Xn,Ym)→
Γ
(d+1

2
)

π(d+1)/2

∫
Rd

|ϕ (t;θθθ 0)−ϕ (t;θθθ)|2

‖t‖d+1
2

dt,

almost surely, as n→ ∞, where ΠX and ΠY are characterized
by ϕ (t;θθθ 0) and ϕ (t;θθθ).
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A toy example

Suppose that θ ∼ N
(
0,τ2)

We observe a sample Xn of IID replications of
X |θ0 ∼ N

(
θ0,σ

2), with θ0 = 2.

The analytic solution for the posterior is that
θ |Xn ∼ N

(
θ̂ , σ̂2

)
, where

θ̂ =
nX̄n

n+ σ2/τ2 , σ̂
−2 =

1
τ2 +

n
σ2 .

Note that D∞ (θ0,θ) = (θ0−θ)2 in the ES case.

We consider the ES ABC pseudo-posterior, when we use
simulated samples Ym of IID replications of Y |θ ∼ N

(
θ ,σ2).
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A toy example

−1 θ0 = 2 3

0
6

ES ABC pseudo-posterior limit using the rejection weights:
w (d ,ε) = I{d < ε}.
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A toy example

−1 θ0 = 2 3

0
4

ES ABC pseudo-posterior limit using the Gaussian weights:
w (d ,ε) = exp

(
−d2/2ε2).
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A finite sample result

Let n = m, and w (d ,ε) = I{d < ε}. Assume that f (xn|θθθ) is
continuous and exchangeable, and that

sup
θθθ∈T\{Θ⊂T:

∫
Θ π(θθθ)dθθθ=0}

f (xn|θθθ) < ∞,

and
sup

θθθ∈T\{Θ⊂T:
∫

Θ π(θθθ)dθθθ=0}
sup

{yn:D(xn,yn)≤ε̄}
f (yn|θθθ) < ∞,

for some ε̄ > 0. Then, for fixed xn, the ES ABC pseudo-posterior
PDF converges strongly to π (θθθ |xn), as ε → 0.

This result along with others regarding convergence when
ε → 0 and n→ ∞, simultaneously, can be taken directly from
Bernton et al. (2019), due to the metric property of V 1/2.
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Numerical setup

Set w (d ,ε) = I{d < ε} and D = V ;

Set N = 105;

Set m = n;

Set ε = QN (0.05), where QN is the quantile empirical quantile
function of DN .

For comparison, we also consider the following alternative for D :

the MMD discrepancy, with Gaussian kernel χ (Park et al.,
2016),

the Kullback–Leibler (KL) discrepancy (Jiang et al., 2018),

the “swapping distance”, approximation to the L2

Wasserstein (WA) discrepancy (Bernton et al., 2019).
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Numerical study: Gaussian mixture

We observe realization xn of Xn, n = 500, containing
observations

Xi ∼ p∗N(µµµ
∗
0,ΣΣΣ0) + (1−p∗)N(µµµ

∗
1,ΣΣΣ1) ,

where p∗ = 0.3, µµµ∗0 = (0.7,0.7), µµµ∗1 =−µµµ∗0,

ΣΣΣ0 =

[
0.5 −0.3
−0.3 0.5

]
, and ΣΣΣ1 =

[
0.25 0
0 0.25

]
.

We wish to approximate π (θθθ |xn), where θθθ = (p,µµµ0,µµµ1).

Simulate pk ∼ U(0,1); µµµ0,k ,µµµ1,k ∼ U(−1,1)2;

Simulate Yn,k ∼ pkN
(
µµµ0,k ,ΣΣΣ0

)
+ (1−pk)N

(
µµµ1,k ,ΣΣΣ1

)
.
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Numerical study: Gaussian mixture

Kernel density estimates of the ABC-obtained posterior samples.
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Numerical study: moving average
We observe realization xn of Xn, n = 200, containing
observations Xi ∈ R10, such that

Xi ,t = Zt +
2

∑
j=1

θ
∗
j Zt−j , (1)

where {Zt}t∈Z is an IID sequence of Student-t noise, with 5
degrees of freedom, and

θθθ
∗ = (θ

∗
1 ,θ

∗
2 ) = (0.6,0.2) .

We wish to approximate π (θθθ |xn).

Simulate θ1,k ∼ U(−2,2); θ2,k ∼ U(−1,1);
Simulate Yn,k ∈ R10 from (1), with θθθ

∗ replaced by

θθθ k = (θ1,k ,θ2,k) .
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Numerical study: moving average

Kernel density estimates of the ABC-obtained posterior samples.
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Numerical study: bivariate beta distribution
We observe realization xn of Xn, n = 500, containing
observations Xi ∈ R2, such that

Xi ,1 ∼ Beta(θ
∗
1 + θ

∗
3 ,θ

∗
4 + θ

∗
5 ) , Xi ,2 ∼ Beta(θ

∗
2 + θ

∗
4 ,θ

∗
3 + θ

∗
5 ) ,
(2)

where θθθ
∗ = (θ ∗1 , . . . ,θ

∗
5 ) = 1.

We wish to approximate π (θθθ |xn).
Simulate θθθ k = (θk,1, . . . ,θk,5)∼ U(0,5)5;
Simulate Yn,k ∈ R2 from (2), with θθθ

∗ replaced by θθθ k , by
simulating Uk,j ∼ Gamma

(
θk,j ,1

)
and setting

Yn,k,1 = Vk,1/(1+Vk,1) , and Yn,k,2 = V2/(1+Vk,2)

where
Vk,1 =

Uk,1 +Uk,3
Uk,4 +Uk,5

, and Vk,2 =
Uk,2 +Uk,4
Uk,3 +Uk,5

.
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Numerical study: bivariate beta distribution

Kernel density estimates of the ABC-obtained posterior samples.
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Computational complexities

Discrepancy D Complexity
All methods (univariate) O ((n+m) log (n+m))

KL (multi.) O ((n+m) log (n+m))

ES/MMD, approx. WA (multi.) O
(

(n+m)2
)

WA (multi.) O
(

(n+m)5/2 log (n+m)
)
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Timing simulations

Left: results for Gaussian mixture study. Right: results for moving
average study.
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Why not KL?

Jiang et al. (2018) proposed to use the discrepancy

D (xn,ym) =
q
n

n

∑
i=1

log

(
minj∈{1,...,n} ‖xi −yj‖2

minj 6=i ‖xi −xj‖2

)
+ log

m
n−1,

where D (Xn,Ym) converges, almost surely, to KL(ΠX‖ΠY ).

Cannot be used for discrete distributions, since
minj 6=i ‖xi −xj‖2 = 0 with non-zero probability.

Cannot be used for quantized real data, for the same reason.

27 / 31



A linear time estimator for ES/MMD
We can write

Vδ (xn,ym) =
n

∑
i1=1

n

∑
i2=1

m

∑
j1=1

m

∑
j2=1

κδ (xi1 ,xi2 ;yj1 ,yj2)

m2n2 , where

κδ (xi1 ,xi2 ;yj1 ,yj2) = δ (xi1 ,yj1) + δ (xi2 ,yj2)

−δ (xi1 ,yj2)−δ (xi2 ,yj1) .

When m = n, Gretton et al. (2012) observed we can estimate
Eδ , unbiasedly, by

Uδ (Xn,Ym) = bn/2c−1
bn/2c

∑
i=1

κδ (X2i−1,X2i ;Y2i−1,Y2i ) .

We can construct a biased estimator Bδ ≥ 0 that converges
to Eδ , almost surely, by setting

Bδ (Xn,Ym) = max{0,Uδ (Xn,Ym)} .
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