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Path-space Feynman—Kac models

Setup & notation:
» path-space formulation: x, .= x1.,, = (X1, 2,) € E, = E, 1 X F,
» Markov kernels: M, (x,,_1,dx,,),
» bounded potential functions: G,,(x,) € (0, 1].

Goal: approximate distributions (7,),>1 on (Ej)n>1:

Nn(dx;,) o %(an) = mQ1n(dxy),
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Qpn an Xp (Xq—17 dw(])?

» unknown normalising constant: Z,, = v,(1),
» recursive definition: 7, = @' where

Gn—l(xn—1>
N(Gn—l)

P (dx,,) = p(dxg, 1) My (x,-1, dxy,).

Standard particle filter (PF) & MCMC-PF

Algorithm (PF). Attimen > 1, given 7.’ | : NZZ 1 0gi
1. independently sample £ ... £ from
(Dﬁév_l(d ) i Gn—l(&i@—l) 5 (d )M ( d )
n Xn) = N ~ £ | Xn—1 n\Xn—1, ATy ),
i=1 Zj—l Gn—l( 371—1)

2. approximate 7, by 0 = NZZ 1 Og:

Algorithm (MCMC- PF) At time n > 1, given 1’ :

1. initialise £} ~ /-s;Z” : CPZ” g

2. for 2 <i < N, sample
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3. approximate 7, by 1’ =

» Versions of MCMC-PFs a.k.a. sequential MCMC methods proposed in
Berzuini et al. (1997); Septier and Peters (2016).

» Reduce to standard PFs if K/(x,, - ) = ¢! = kH
» Usual estimates of v, (y,) and Z,;:
n—1
Y (en) =0 (o) | [ ) (Gy)
n—1 p_lN
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1
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Application to state-space models

Example (bootstrap PF (BPF)-type flow).

Gn(Xn) = g(YulTn),
M, (x,1,dz,) = f(dx,|z,—1).

In this case, n,(dx,,) = p(dxin|yin_1), Zni1 = p(y1,) and
N

1 (dx,) = 9(yn11&1)
) =D e

= can typically implement both BPF and MCMC-BPF.

X g (dxn—1)f (d@nl&yy).

Example (fully-adapted auxiliary PF (FA-APF)-type flow).

Gn(Xn) = p(Yns1|Tn), < typically intractable!
9(Yn|Tn) f(ATp|Tn—1)
P(Yn|Trn-1) |
= p(y1.n) and

M. (Xn 1,d$n) = p(d$n|ynaxn 1)'

In this case, n,(dx;,) = p(dx1,|y1,), 2

@Z&ﬁl(dxn) _ i\f: p(yn’&—ﬁ
i=1 Zﬁlp(yn\ﬁi_l)
N

X Zg(yn‘xn> X 55%_1(dxn—1>f(dxn|£jz—1)-

i=1
= can implement MCMC-FA-APF even it FA-APF cannot be used.

X 557@1_1(Xn_1)p(d33n’yn7 %—1)

» More general auxiliary PF flows could be considered.

Analysis of MCMC-PFs

» Assumptions (informally stated; similar to Bercu et al. (2012)):
A1l Uniform ergodicity: K# is uniformly geometrically ergodic,
uniformly in u € P(E,_1).
A2 Lipschitz property: we can suitably control | K¥ — K¥|| by
controlling ||u — v||.

Proposition (unbiasedness).
if the chains are initialised from stationarity, i.e. if /{Z@L — CD]@‘, for 1 < p <n,

1. E[%]zv(gpnﬂ — ’Yn(%pn)v
2. E[ZY] =2,

Proposition (strong law of large numbers).
n>1and ¢, € B(E,), as N — o0,

1. %{LV(SOTL) —7as. Wn(Spn)'

2. 775(@%) —7as. 77%(90?1)-

Foranyn > 1, N > 1and ¢, € B(E,),

Under A1, for any
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Analysis of MCMC-PFs, continued

For any v-invariant Markov kernel K define the integrated autocorrelation time

iactilpl =142 Z Covﬂ;,iﬂ,yﬁ](go)].

Proposition (central limit theorem). Under A1 and A2, for any

n > 1 and any ¢, € B(E,),
L. VN[ /(1) = 0al(n) =4 N(O, 072 [n)),
2. VN[nY — mi)(¢n) —4 N(0, 05 [¢on —
as N — oo, with asymptotic variance

Ma(@n)]),

(typically) > 1 for MCMC-PFs

- — 1 for standard PFs

o2l =3 vany, [Qpal@)] X iact o1 [Qpn()]

p=1

Here, Q) = %EB

» Under further (e.g. strong mixing) assumptions, the convergence
rate/asymptotic variance is bounded uniformly in n.
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