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Motivation
The following SDE is of interest for quantum mechanic models:

dXt =
λ2

2
(ε − b · Xt) dt + λXt dBt, X0 = x > 0

with b, λ, ε > 0. λ→∞ acts as time acceleration and by ε → 0
the positive dri� is reduced.

Simulations

Figure: Scaling limit to Poisson process. Graphic taken from first reference.

Result by M. Bauer and D. Bernard

In scaling limit λ→∞, ε → 0, λ2εb+1 = J hi�ing time Tz has law:
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Conjecture by M. Bauer and D. Bernard

Appropriately scaled the corresponding assertion holds
for a larger class of SDEs with form

dXt =
λ2

2
(ε · b1(Xt) − b2(Xt)) dt + λ · σ (Xt) dBt .

Conceptual idea

Cycle decomposition:
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Assumptions

(A1) The given SDE allows for a (weak) solution unique in
law.

(A2) Eα(ε)[σ̃1] −−→
ε↓0

κ−1 ∈ (0,∞).

(A3) lim supε↓0 Eα(ε)[σ̃ 2
1 ] < ∞.

(B1) For all values z > 0 and starting points 0 < x < z

Tα(ε) ∧ Tz
D
−−−−−→
scaling

0,

and the law of Tα(ε) under Px(· | Tα(ε) < Tz) converges
to δ0 and

(B2) Px(Tα(ε) < Tz) −−−→
ε→0

αx,z ∈ (0, 1).

Main result
If all assumptions (A1)–(A3), (B1) and (B2) are met, the law of
the hi�ing time Tz when started at 0 < x < z converges in the
generalized scaling limit λ→∞, ε → 0, λ2Pβ(ε)(Tz < Tα(ε)) = J to

(1 − αx,z)δ0 + αx,z ExpJκ .

Asymptotic linear SDEs

Consider the class of coe�icient functions given by
(E1) b1 is positive and continuously di�erentiable with

inf b1 > 0 and sup b1 < ∞.
(E2) b2 is nonnegative twice continuously di�erentiable with

b2(0) = 0 and b′2(0) > 0.

(E3) σ is twice continuously di�erentiable with

σ (x) = 0⇔ x = 0 and σ ′(0) > 0.

Homodyne detection of Rabi oscillation

Of independent interest is the case

b1(x) = 1, b2(x) = b · x (b > 0), σ (x) = x2.
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