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- What about everything else?
- “Discretize” diffusion dynamics.
- Euler discretization, for instance (PJS09, Jav05).

X ny — u(Xe) At + o (Xi) N(0, At) w.p. e A% )At
t+At = u(Xi) At + o (X)) N(0, At) + v (Xi-) w.p. 1 — e~ A(X-)At

- Miltstein, Shoji & Ozaki,. . .

- Drawbacks?
- Implicit error.
- Computationally expensive.
- Moving beyond ‘bootstrap’?
- Performance evaluated using (finely discretised) simulated data.
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Expectations of Positive RVs

Goal...

m Evaluate E(P) for somer.v. Pe Ry
Suppose for now...

m Pe0,1]

m u~ U[0,1]
Consider a biased coin C;, ...

m Heads (1)ifu<P

m Tails (0)ifu> P

Murray Pollock (University Of Warwick) Filtering for jump diffusions SMC 2012 — Warwick



Expectations of Positive RVs

Why is this interesting...?

P(Co=1) = IE(]l(u < P)) “P(X) = E(1x)
- E(E(l(u < P)|P)) - Tower Property
= E(lP(Cp = 1|P)) - P(X) = E(1x)
- 5(e)

To estimate E( P ) unbiasedly we can simply throw a C, coin
(o]
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m Let’s consider an example... Suppose we want to evaluate,

E(P) := E[exp{ - fOT f(t) dt}l

m If0<f(t) < Mthen P:= exp{ - fOT f(t)dt} €[0,1]
» [E(P) = P = find and flip Cp

m Consider a Poisson process with instantaneous rate f(t) on [0, T],
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m Let’s consider an example... Suppose we want to evaluate,

E(P) := E[exp{ - fOT f(t) dt}l

m If0<f(t) < Mthen P:= exp{ - fOT f(t)dt} €[0,1]
» [E(P) = P = find and flip Cp

m Consider a Poisson process with instantaneous rate f(t) on [0, T],
T
P(N =0) = exp{ - f (1) dt}
0

= P(N =0)=P =E(P)
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Transition Denisty

- First consider no jumps
- Transform Diffusion - Lamperti Transform

dXt = Q’(Xt) dt + dBt

- Propose sample paths (which can be simulated) - Brownian motion.
- Absolutely continuous.
- Accept or reject.
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( )= = (X)

dW"

Domm/a:mg
Measure

BM/]BM
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Transition Density VI

Target Diffusion
Target Transition Density
Measure {
Pl dW" T W s(x y) d’\W
Dominating
Measure Dominating Diffusion
BM/)BM Transition Density
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Transition Density VII

Target Diffusion .
Target Transition Density Ending Value
Measure
Pl dW" Wt s(X y) dWV
Dominating X
Measure Dominating Diffusion Ending Time
BM /BM Transition Density
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Transition Density VIII

A p-s(x.y) dQ57
Eruxy | —2(X)| = Eqox. (X
ws,ry[dW’s‘ ( )] Ws”yIWt—s(X’)’) dW)s(’{( )

Expectation wrt |

Conditioned
Dominating Measure
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Transition Density IX

1

/

A p-s(x.y) dQ57
Eruxy | —2(X)| = Eqox. (X
ws,ry[dW’s‘ ( )] Ws”yIWt—s(X’y) dW)s(’{( )
Expectation wrt

Conditioned
Dominating Measure
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Transition Density X

Pra(xy) = Wes( ) Bay | S 00
'

Transition Density
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Transition Density XI

BB/ |JBB
R-N Derivative

/
Prs(xy) = sl Buy | S 00
T S

Transition Density BB /BB
Measure

BB / |BB
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Transition Density XI|

BB/ |JBB
R-N Derivative

d X
Pra(x.y) = WSl V) Brgzy |-So ()
T S

Transition Density BB /BB
Measure

BB /BB
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Transition Density XII|

Brownian Bridge

- No Jumps

Dachuna-Castelle

Pres(x.y) = Nice (r=X) P A(X) ~ A(Ke) =€t - 5)) Euyzy oo {- [ st au|

1

Transition Density
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Transition Density XIV

Brownian Bridge

- No Jumps

Dachuna-Castelle

Normal pdf Modified end point

Pres(x.y) = Nics (r=X) P IACX) T A(Ke) =€t - 5)) Euyzy oo {- [ a0 au|

1

Transition Density
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Transition Density XV

Brownian Bridge

- No Jumps

Dachuna-Castelle

Normal pdf Modified end point

Pres(x.y) = Nics (r=X) P IACX) T A(Ke) =€t - 5)) Euyzy oo {- [ a0 au|

1

Transition Density

@?(Xy) + o (Xy) _

where, ¢(Xu) = >
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Transition Density XVI

Brownian Bridge

- No Jumps

Dachuna-Castelle

t
Pr-s(x.9) = Nics (=X) P (AQX) = ACKS) - €t = 5)) By [ono (- [ o) au|
? ht-s(x.y)

Transition Density

@?(Xy) + o (Xy) B

where, ¢(Xu) = >
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Transition Density XVII

Brownian Bridge

- No Jumps

Dachuna-Castelle

t
Pr-s(x.9) = Nics (=X) B (A(X) = ACXS) =€t = ) By fowo - [ o) au|
f ht-s(x.y) ’

Transition Density

weight

(X)) + (X))
! _

where, #(Xu) :== t
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Exact Algorithm

Exact Algorithm
1 Simulate end point-y ~ h
2 Propose sample bridge
3 Accept or Reject proposed sample bridge (and GOTO 1)
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Exact Algorithm |

0.0 05 1.5

Time (t)z'o

25 3.0
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Exact Algorithm I

0.0 05 1.5

ti'ime (t)2o

25 3.0
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Exact Algorithm IlI

™ - e Jd
0
©
2
~ 4
~
X .
e
x =
g
o
o e
N
o
- =
S
T T T T T T T T T T T
0.0 05 15 25 3.0 0.0 05 25 3.0

Time (t)w
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Exact Algorithm IV

X
Phi(X)

04

T
0.0 05 1.0 . 15 20 25 3.0 0.0 05 25 3.0
Time (t)

Murray Pollock (University Of Warwick) Filtering for jump diffusions SMC 2012 — Warwick



Exact Algorithm V

3
I
1.0
1

08

06

X
Phi(X)

0.4

T

0.0 05 1.0 15 20 25 3.0 0.0 05 25 3.0
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Time (t)
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Exact Algorithm VI

© - o 2
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Exact Algorithm VII
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Exact Algorithm VIl

o . e |
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2
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S
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o
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Exact Algorithm IX

© - .
. .
.
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o e
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Exact Algorithm X

0.0 05 1.5

ti'ime (t)2o

25 3.0
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Exact Algorithm Xl

T T
0.0 05 1.0 . 15 20 25 3.0 0.0 05 25 3.0
Time (t)
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Random Weights |

Brownian Bridge

- No Jumps

Dachuna-Castelle

Pi-s(X,¥) = Ni-s (y—x) exp{A(X;) — A(Xs) — £(t - s)} Eyyry [exp {— fst #(Xu) du}]
1 hi-s(x.y) ’

Transition Density

weight

2(X,) + o' (X, 4
where, (Xu) = w 4
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Random Weights |l

M

0 Time (t) 1

Murray Pollock (University Of Warwick) Filtering for jump diffusions SMC 2012 — Warwick



Random Weights I

M

0 Time (t) 1
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Poisson Estimator |

Brownian Bridge

- No Jumps

Dachuna-Castelle

Pi-s(X,¥) = Ni-s (y—x) exp{A(X;) — A(Xs) — £(t - s)} Eyyry [exp {— fst #(Xu) du}]
4 h-s(x.y) ’

Transition Density

weight

2(X,) + o' (X, 4
where, (Xu) = w 4
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Poisson Estimator

- Key Idea: Poisson Estimator - Simulate unbiased importance weight,

Ewg’,ty [exp {— fs t ¢(Xu)du}]
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Poisson Estimator

- Key Idea: Poisson Estimator - Simulate unbiased importance weight,

Ewg’,ty [exp {— fs t ¢(Xu)du}]

- What if ¢(X,) € [0, M]?
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Poisson Estimator

- Key Idea: Poisson Estimator - Simulate unbiased importance weight,

Ewg’,ty [exp {— fs t ¢(Xu)du}]

- What if ¢(Xu) € [O, I\/I]?
- Broader class of Poisson Estimators
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Poisson Estimator

- Key Idea: Poisson Estimator - Simulate unbiased importance weight,

E\Nﬁjty [exp {— fs t ¢(Xu)du}]

- What if ¢(Xu) € [O, I\/I]?
- Broader class of Poisson Estimators
- Unbiased
- Finite Variance (Generalised Poisson Estimators (FPR08))
- Positivity (Wald Generalised Poisson Estimator (FPRS10))
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Poisson Estimator

- Key Idea: Poisson Estimator - Simulate unbiased importance weight,

E\Nﬁjty [exp {— fs t ¢(Xu)du}]

- What if ¢(Xu) € [0, I\/I]?
- Broader class of Poisson Estimators
- Unbiased
- Finite Variance (Generalised Poisson Estimators (FPR08))
- Positivity (Wald Generalised Poisson Estimator (FPRS10))
- Auxiliary Poisson Estimators (APES (PJR12b))
- Generalised APES (GRAPES (PJR12b) - Jump Diffusions)
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Particle Filter |

mo(XtlXt-1, Y1)
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Particle Filter Il

mo(XtlXi-1, Y1) = Go(yilxe)fo(XilXi-1)
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Particle Filter Il

mo(Xtlxt—1, ¥t) = Go(Velxe)fo(XelXt-1)
t
= 9o(VilXt)he—(1-1) (X1, Xt) Byyrrn [eXp {— ft 1 ¢(Xu) dU}]
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Particle Filter IV

mo(Xelxt—1, ¥t) = Go(Velxe)fo(XelXt-1)
t
= Go(yielXt)he—(t-1)(Xt-1, Xt) Eyse1 [exp {— ft 1 ¢(Xu) du}]

proposal

weight
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Jump Transition Density
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Jump Transition Density |

BB/ JBB
R-N Derivative

d X
Prs(xy) = Ws(x ) Bay | S 00
T s

Transition Density BB / |BB
Measure

BB / JBB
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Jump Transition Density Il

Jump Process

d X
pr-s(x,y) = EsEyg wi—s(X,y) f((X) tJ1,...,tJM,AXtJ1 e, AXtJM
1 st dW}

Transition Density
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Jump Exact Algorithm |

Jump Diffusion Dominating Jump Times

Simulate jumps from
dominating measure

o

» [] (N [

Time
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Jump Exact Algorithm |l

Provisional Jump Diffusion

Use EA to simulate
diffusion

“x

Time
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Jump Exact Algorithm I

Provisional Jump Diffusion

Sequentially evaluate
diffusion at dominating
jump times
T

A

V-
7 Time
Reject jump w.p.
1 Atarget (X1, 6)

/ldomina(ing
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Jump Exact Algorithm IV

Provisional Jump Diffusion

Sequentially evaluate
diffusion at dominating
jump times
/’\

A

[ ] mm [ ]
Time

Accept jump w.p.

Atarger(X:. 60)

/ldominaﬁng

Murray Pollock (University Of Warwick) Filtering for jump diffusi SMC 2012 — Warwick



Algorithm V

Provisional Jump Diffusion

Simulate accepted

Sequentially evaluate jumps jump size

diffusion at dominating
jump times /
/_\\ ~——
a ~ Tha
4
Re-apply EA

V\ to remaining
—— interval
]

Time
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Jump Exact Algorithm VI

Sequentially evaluate
diffusion at dominating
jump times
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Jump Exact Algorithm VII

Accepted Jump Diffusion

Output Skeleton

/\\,Ax

Time
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Example: Particle Filtering for Jump Diffusions |

An Example...
m Exact Particle Filtering for Jump Diffusions In Practice!
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Example: Particle Filtering for Jump Diffusions I

Murray Pollock (University Of Warwick)

State Space Dynamics

Xo ~ N(0.,5) dX; = sin(X,) dr + dB, + dJ;
Y(X; = x;) ~ N(x;, 10) AXy) = cos(X;)
1 € [0,100] u(Xz) ~ N(sin(Xy), 1)

Filtering for jump diffusions
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Example: Particle Filtering for Jump Diffusions Il

Diffusion Location

Murray Pollock (University Of Warwick)

State Space Dynamics
Xo ~ N(0,5) dX; = sin(X;)dr + dB, + dJ;
Yil(X: = x) ~ N(x, 10) AXy) = COSZ(X/)
t € [0, 100] u(X;) ~ N(sin(Xy), 1)

Process and Particle Filter Estimates
Process

—— Latent

—— Observation

—— Rejection PF

~— Random Weight PF

Time

Filtering for jump diffusions
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Example: Particle Filtering for Jump Diffusions IV

State Space Dynamics

Xo ~ N(0,5) dX; = sin(X;)dt + dB; + dJ;
Yil(X; = x¢) ~ N(x;, 10) AXp) = cos“(X;)
t € [0, 100] u(X;) ~ N(sin(Xy), 1)

Exact Rejection PF - Particle Paths

Diffusion Location

Time
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Example: Particle Filtering for Jump Diffusions V

State Space Dynamics

Xo ~ N(0,5) dX; = sin(X;) dt + dB; + dJ;
Yi|(Xr = x1) ~ N(xz,10) AXy) = cosz(X,)
t € [0,100] u(Xy) ~ N(sin(X;), 1)

Exact Random Weight PF - Particle Paths

Diffusion Location
5

Time
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Example: Particle Filtering for Jump Diffusions VI

Variance Reduction with Increased Particles Variance Reduction with Increased Computation
Process Process
—— Rejection PF. ——  Rejection PF
—— Random Weight PF ——  Random Weight PF
—— Euler PF —— Euler PF
¥ 4 ¥ A
@ @ o
) v
o9 M
c c
] ]
£ -
g = S v
=J =)
) £
@ @
2 @ o
° °
" T T T T T T T ‘T T T T T T T T
5 6 7 8 9 10 1" -2 -1 o 1 2 3 4
log(Particles) log(Computation (s))
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Other (Related) Work
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Other (Related) Work

Current Work
- Poisson Estimator

- As discussed. . .
- MiNyg[s @ (Xy) + ' (Xu)
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Other (Related) Work

Current Work
- Poisson Estimator
- As discussed. ..
- minue[s,t] a'2(Xu) +a'(Xu)
- Exact Algorithm

- Alternative to EA3 (EA4 - ‘Mondrian’ EA)
- EAS3 Implementation
- Jump EA
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Other (Related) Work

Current Work

- Poisson Estimator
- As discussed. ..
- minue[s,t] a'2(Xu) +a'(Xu)

- Exact Algorithm
- Alternative to EA3 (EA4 - ‘Mondrian’ EA)
- EAS3 Implementation
- Jump EA

- e-Strong Simulation (BPR12)
- Initialisation
- Various Sampling Steps
- Extensions
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