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-/IC vs MCMC debate...

@ MCMC is more versatile
@ SMC is more specialised, but better at what it does

e PMCMC (and related approaches) ~ MCMC+SMC: best of
both worlds?
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- theme of this talk

At first glance, PMCMC and related methods may be understood
as: some magic which allows to replace in MCMC an intractable
quantity by an unbiased Monte Carlo estimate, while preserving
the validity of the approach.

However, this is only half of the story:

@ various variations and extensions of PMCMC cannot be
derived from this unbiasness property only: Particle Gibbs,
SMC?, etc.

@ Worse, unbiasedness is not sufficient: a ‘blind’ replacement
may lead to invalid algorithms.

Of course, an ‘invalid’ algorithm may remain valid in a ‘double
asymptotics’ sense (number of MCMC iterations, and number of
MC samples used at ach iteration, both goes to infinity), but this
is much less appealing.
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To fix ideas, consider joint distribution 7(6, x), where x is often
much bigger than 6, and

O either we are interested only in w(0) = [ (6, x) dx:

@ or we would like to construct a sampler that would behave
almost as well as a "good” marginal sampler.

In Bayesian Statistics, one typically has:

(0, x) o p(8)p(x|0)p(y|x, 0)

N. CHOPIN Warwick 6/ 67
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In addition, consider the foIIowing unbiased estimator of m(6):
N;; dwﬁ
GIMH (Beaumont, 2003) is Metropolis with () replaced by 7(6):

GIMH

From current point 6,
Q Sample 0, ~ T(0m, 0y)
@ With probability 1 A r, take 0,11 = 0y, otherwise 0,11 = 0,
where R
_ F(0x) T (O, Om)
#(Om) T (6 0.) )

Is GIMH a non-standard HM sampler w.r.t. standard target =(0)?

XEN 12 g(x)
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 Validity of GIMH

Property 1

The following quantity

N

#(60,xN) = [T ax")(6)

n=1

is a joint probability density, whose §-marginal is 7(0).

Proof: Direct consequence of unbiasness; fix 6 then

N
[ TLater)(s) ™ =B [i(6)) = =(0)
n=1

N. CHOPIN Warwick 8/ 67
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-s a Metropolis sampler

Property 2

GIMH is a Metropolis sampler with respect to joint distribution
7(0,x1N). The proposal is T (0m, 6y) H,’Yzl q(x]).

Proof: current point is (0, xx"V), proposed point is (6, xN) and
HM ratio is
__ TIraGD)#(6.) T(0s, 0 Tyra5g)

T g0) 7 (Om) T (O, 0:) T (X7

Thus, GIMH is a standard Metropolis sampler w.r.t. non-standard
(extended) target (0, x1V).

N. CHOPIN Warwick 9/ 67
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- more to life than this

Property 3

Extend 7(0, x1'V) with k|0, x*N oc (0, x¥)/q(x¥), then,
o the marginal dist. of (6, x¥) is 7(6, x).
o Conditional on (6, x¥), x, ~ q for n # k, independently.

Proof: let

N
7(0,x*N k) = {H q(X")}

n=1

= [ atx™) ¢ (6, x%)

n#k

then clearly the sum w.r.t. k gives 7(#, x"V), while the above
properties hold.
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 Main lessons

@ Unbiasedness (of p(6)) has just been used as an intermediate
result.

@ Unbiasedness does not provide any intuition on Proposition 3;
i.e. (a) how to sample not only ¢, but (¢, x) ; and (b) ability
to do Gibbs sampling.

@ Finally, unbiasedness does not necessary lead to a valid
algorithm.

N. CHOPIN Warwick 11/ 67
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-sness without an auxiliary variable representation

This time, consider instead a target 7(6) (no x), involving an
intractable denominator; an important application is Bayesian
inference on likelihoods with intractable normalising constants:

w(6) x pO)P(Y10) = p(0) 51

Liang & Lin (2010)'s sampler
From current point 6,
Q Sample 6, ~ T(0m, 0y)

@ With probability 1 A r, take 0,41 = 05, otherwise 0,11 = 0,
where

—

,:(ﬂ%wp@MMmU%%J
2(0.) ) DO}, () T (O, 0.) |

N. CHOPIN Warwick 12/ 67
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-: introduction

PMCMC (Andrieu et al., 2010) is akin to GIMH, except a more
complex proposal mechanism is used: a PF (particle filter). Thus,
the same remarks will apply:

@ Unbiasness (of the likelihood estimated provided by the PF) is
only an intermediate result for establishing the validity of the
whole approach.

@ Unbiasness is not enough to give you intuition on the validity
of e.g. Particle Gibbs.

N. CHOPIN Warwick 14/ 67
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A system of equations

smc?
@ Hidden states (Markov): p(x1]0) = pg(x1) and for t > 1

Conclusion

P(Xt+1’X1:t, 9) = P(Xt+1|Xt, 9) = fO(Xt—i-l‘Xt)
o Observations:
P(Yt|Y1:t—1,X1:t—1, 9) = P(}/t‘Xta 9) = ge(}/t|Xt)

o Parameter: 6 € ©, prior p(f). We observe y1.7 = (y1,...y71),
T might be large (~ 10%). x and 6 will also be of several
dimensions.

y

There are several interesting models for which fy cannot be written
in closed form (but it can be simulated).

N. CHOPIN Warwick 15/ 67
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Some interesting distributions

smc?
Bayesian inference focuses on:

Conclusion

static: p(0|y1.7) dynamic: p(f|y1.t),t€1: T
Filtering/Smoothing (traditionally) focus on (Vt € 1: T):

po(Xely1:e)  Po(xely1:T)

More challenging:

static: p(0, x1.7|y1.7) dynamic: p(0,x1.¢|y1e),t€1: T

N. CHOPIN Warwick 16/ 67
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Population growth model

Yt =Xt + owet

logxe11 = log x¢ + bo + b1(x¢)?2 + oene

0 = (bo, b1, b2, 0¢,0w).

N. CHOPIN Warwick 17/ 67
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Stochastic Volatility (Lévy-driven models)

@ Observations (“log returns”):

Yt:M‘F/BVtvLth/zGt,tZl

e Hidden states (“actual volatility” - integrated process):

k
1
Vigl = X(Zt — Zty1 + Zl &)
J:

N. CHOPIN Warwick 18/ 67
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...where the process z; is the “spot volatility":

k
Zt11 = e_AZt + Z e_>‘(t+1_°f)ej

Jj=1

k ~Poi (A2/w?)  cru UL t+1) e 2 Bxp (£/w?)

The parameter is 0 € (i, 3,&,w?, \), and x; = (v, z¢)'.

N. CHOPIN Warwick 19/ 67
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_ose models challenging?

... It is effectively impossible to compute the likelihood

p(y1:7|0) = [/ . p(y1:7|x1.7,0)p(x1.7]0) dx1. 7
X

Similarly, all other inferential quantities are impossible to compute.

N. CHOPIN Warwick 20/ 67
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- with MCMC approaches

@ Metropolis-Hastings:
@ p(b)y1.7) cannot be evaluated point-wise (marginal MH)
Q p(x1.7,0|y1.7) are high-dimensional and it is hard to design
reasonable proposals
@ Gibbs sampler (updates states and parameters):
© The hidden states x;.7 are typically very correlated and it is

hard to update them efficiently in a block
@ Parameters and latent variables highly correlated

@ Common: they are not designed to recover the whole
sequence p(xi.t,0 | y1.¢) fort € 1: T.

N. CHOPIN Warwick 21/ 67
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Consider the simplified problem of targeting

Po(Xe+1y1:t+1)

This sequence of distributions is approximated by a sequence of
weighted particles which are properly weighted using importance
sampling, mutated /propagated according to the system dynamics,
and resampled to control the variance.

Below we give a pseudo-code version. Any operation involving the
superscript n must be understood as performed for n =1 : N,
where N, is the total number of particles.

N. CHOPIN Warwick 22/ 67
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Step 1: At iteration t =1,
(a) Sample x{" ~ g1 0(-).
(b) Compute and normalise weights

~ pe(x{)ge(y1]x7) n wi o(x])

wr () = Wi, = _
o0d) qro(xf) Lo SN wae(x))

Step 2: At iteration t =2: T
(a) Sample the index af_; ~ M(th_qlxe) of the ancestor

aj_
(b) Sample x{ ~ q¢o(-|x,7")-
(c) Compute and normalise weights

E an_
fo(x{1x.27")go (yelxf) W weo(x, 7' x4
S Wea(x; 7 s xd)

t?
N. CHOPIN Warwick 23/ 67
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' + + + > time

Figure: Three weighted trajectories xi.; at time t.
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- time

Figure: Three proposed trajectories xj.;+1 at time t + 1.
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. Partile filtering

- time

Figure: Three reweighted trajectories x.;+1 at time t 4+ 1

N. CHOPIN Warwick 26/ 67
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 Observations

o At each t, (w),x7)Nx, is a particle approximation of
p@(Xt|.y1:t)-
@ Resampling to avoid degeneracy. If there were no interaction

between particles there would be typically polynomial or worse
increase in the variance of weights

o Taking gy = fy simplifies weights, but mainly yields a feasible
algorithm when fy can only be simulated.

N. CHOPIN Warwick 27/ 67
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-elihood estimator

A by-product of PF output is that
TN
2 =11 (W > W§'>)
t=1 X =1

is an unbiased estimator of the likelihood Z:(6) = p(y1.+|0) for all
t.

(Not trivial, see e.g Proposition 7.4.1 in Pierre Del Moral's book.)
The variance of this estimator grows typically linealy with T.

N. CHOPIN Warwick 28/ 67
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- PMCMC

Breakthrough paper of Andrieu et al. (2011), based on the
unbiasedness of the PF estimate of the likelihood.

Marginal PMCMC
From current point 6, (and current PF estimate p(y|6m)):
@ Sample 6, ~ T(0p,, db,)
@ Run a PF so as to obtain p(y|f,), an unbiased estimate of
p(y[0).
© With probability 1 A r, set 0,41 = 0y, otherwise 0,11 = 0,

wieh p(6.)P(110.) T (6 00
P(0m)b(y|0m) T (0m, 04)

r =
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Property 1

Let 1 o(xi N, al:N ) be the joint distribution of all the the
random variables generated by a PF (for a fixed ) up to time t,
then the following quantity

. : p(0 : .
re(0, N, SN ) = p(( ))wte(x NN ) p(6lyae)

is a pdf, such that the -marginal is p(6|y1:¢).

Proof: unbiasedness

[rrdedtaty = PO g o)
0

_ P( )P(yl:t|‘9) _ p(e

n TE |.y1:t)
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-ct proof for T =2 (and gy = f)
N n n
o 6(x Huo x{ {H fe(Xﬁ'lel)Wﬁla}
n=1

with Wiy = wis()/ Sopis wae (), wis(xa) = go(yilx)- So

1:N p(@ 1 u n
(0, X1 2 apt) = p(y1. ¢2 o() N Z wi g(x7) N Z w2,0(x2)
n=1

po) & !
= > &(yag)f( (%) o(x1)
N2p(y1:t) <= W

a
X g ( X1 H fo( Xl) Hfg X2|X11)W !
i#a] i#n
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N
. 1 1 n
7T2('97X11:-2 ) %N) = N x N Zp(aaxflax2n|yl:2)
n=1
[T ro<d) { TT oilywst
i#n i#n

which is a mixture distribution, with probability 1/N that path n
follows p(6, x1:2|y1:2), and other paths follows a conditional SMC
distribution (and af is Uniform in 1: N).

From this calculation, one easily deduce the unbiasedness property
(directly!) but also properties similar to those of the GIMH.

N. CHOPIN Warwick 32/ 67
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-nal properties (similar to GIMH)

o If we add component k € 1: N with conditional distribution
x W , then the joint pdf (6, x1V, al'V, k) is such that (a)

(9,X1 , x5) follows the target distribution p(6, x1.2|y1:2); and
(b) the N — 1 remaining trajectories admit some conditional
dist. knwown as the conditional SMC distribution.

@ Marginal PMCMC is a Metropolis sampler with invariant
distribution (6, x1 N al'N), and proposal distribution
T(0,60.)26, (x5, a™).

@ We can do a Gibbs step, by re-generating the N — 1
trajectories that differ from trajectory k.

N. CHOPIN Warwick 33/ 67
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- resampling schemes

Calculations are easier when the standard multinomial scheme is
considered, but most results carry over to any resampling scheme
that is marginally unbiased (that is, the marginal probability that
al =jis W).

The conditional SMC step is slightly more involved when
alternative resampling schemes are used, but (up to some simple
modifications), it is still doable, and seems to lead to better mixing
properties (ongoing work with Sumeet Singh).

N. CHOPIN Warwick 34/ 67
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@ As announced, unbiasedness is not sufficient to motivate
theoretically PMCMC, nor to give intuition on how it works.

@ In fact, direct calculations obtain unbiasedness as a
by-product, rather than an useful result per se.

N. CHOPIN Warwick 35/ 67
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Q smc?
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So far, we have played with replacing intractable quantities with
unbiased estimated within Metropolis samplers. Note however we
could do the same within an importance sampler. For instance, the
following approach has been used in Chopin and Robert (2007).

To compute the evidence p(y) of some state-space model

@ Sample points 6" from the prior p(6).

@ For each 0", run a PF (for fixed § = ") to obtain an estimate
p(y|0") of the likelihood.

o Compute

.

N. CHOPIN Warwick 37/ 67
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@ to derive sequentially
PO, xuelyre), plyie), forall te{1,.... T} J

@ to obtain a black box algorithm (automatic calibration).

N. CHOPIN Warwick 38/ 67
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_ of our approach

o Particle filter algorithms for state-space models (this will be to
estimate the likelihood, for a fixed 6).

o lterated Batch Importance Sampling for sequential Bayesian
inference for parameters (this will be the theoretical algorithm
we will try to approximate).

Both are sequential Monte Carlo (SMC) methods

N. CHOPIN Warwick 39/ 67
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SMC method for particle approximation of the sequence p(6 | yi.¢)
for t =1: T. PF is not going to work here by just pretending that
0 is a dynamic process with zero (or small) variance. Recall the
path degeneracy problem.

In the next slide we give the pseudo-code of the IBIS algorithm.
Operations with superscript m must be understood as operations
performed for all m € 1: Ny, where Ny is the total number of
f-particles.

N. CHOPIN Warwick 40/ 67
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Sample ™ from p(#) and set w™ <— 1. Then, attimet=1,..., T
(a) Compute the incremental weights and their weighted
average

1
uf(em) = p()/t‘}/l:t—lyem), I—t = Ny X Z w’"ut(em),

(b) Update the importance weights,
W wmu(0™). (1)

(c) If some degeneracy criterion is fulfilled, sample gm
independently from the mixture distribution

Finally, replace the current weighted particle system:

(0™, w™) « (6™.1).
N. CHOPIN Warwick 41/ 67
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@ Cost of lack of ergodicity in #: the occasional MCMC move

@ Still, in regular problems resampling happens at diminishing
frequency (logarithmically)

o K;is an MCMC kernel invariant wrt @(0 | y1.¢). Its
parameters can be chosen using information from current
population of #-particles

o L; is a MC estimator of the model evidence

o Infeasible to implement for state-space models: intractable
incremental weights, and MCMC kernel

N. CHOPIN Warwick 42/ 67
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-hm: SMC?

We provide a generic (black box) algorithm for recovering the
sequence of parameter posterior distributions, but as well filtering,
smoothing and predictive.

We give next a pseudo-code; the code seems to only track the
parameter posteriors, but actually it does all other jobs.
Superficially, it looks an approximation of IBIS, but in fact it does
not produce any systematic errors (unbiased MC).

N. CHOPIN Warwick 43/ 67
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Sample 0™ from p(#) and set w™ <— 1. Then, at time
t=1,...,T,
(a) For each particle ™, perform iteration t of the PF: If
t = 1, sample independently xll:NX’m from 41 gm, and

compute
P(»1[0™) = Z wio(x"");
If t > 1, sample (th Nx’m ak Nx’m) from 1) gm

i 1:Nyg,m _1:Ny,m
conditional on <X1 P P > and compute

R 1 ",
P(}/t|)’1:t—179m) = WX Z Wtﬂ Xe_ 11 7X:’m)-

N. CHOPIN Warwick 43/ 67
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(b) Update the importance weights,
W = w"p(yelyr:e-1,0™)

(c) If some degeneracy criterion is fulfilled, sample

<9’", s o, 5ﬂvjl> independently from

1 No
m m _L:Ny,m _1:Ny,m
N w Kt{<0 X a1y )v}
P
m=1 m=1

Finally, replace current weighted particle system:

m _L:Ny,m _1:Ny,m m am ~1:Nym ~1:Nym
(07 X " Ay w™) = (07 X 0 Ay, )

N. CHOPIN Warwick 44/ 67
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@ It appears as approximation to IBIS. For N, = oo it is IBIS.

@ However, no approximation is done whatsoever. This
algorithm really samples from p(é|y1.:) and all other
distributions of interest. One would expect an increase of MC
variance over IBIS.

@ The validity of algorithm is essentially based on two results: i)
the particles are weighted due to unbiasedness of PF estimator
of likelihood; ii) the MCMC kernel is appropriately constructed
to maintain invariance wrt to an expanded distribution which
admits those of interest as marginals; it is a Particle MCMC
kernel.

@ The algorithm does not suffer from the path degeneracy
problem due to the MCMC updates

N. CHOPIN Warwick 44/ 67
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(a) Sample & from proposal kernel, 6 ~ T (8, df).
(b) Run a new PF for §: sample independently
(33:0, 31N ) from 4, 5, and compute
Z-“(é? )?11:::VX7 éiiiv—xl :
(c) Accept the move with probability
p(0)Z:(6, 517", 3111 T(8,6)
P(0)2:(0, 1™ 2 2%1) T(0,0)
It can be shown that this is a standard Hastings-Metropolis kernel
with proposal

N ~1:Ny ~1:Ny n ~1:Ny ~1:Ny
qo(0, 532, 815 7) = T(e,e)th,é(Xl:t 811 )

invariant wrt to an extended distribution (6, x>, a1 ).

N. CHOPIN Warwick 45/ 67
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-tages of the algorithm

Immediate estimates of filtering and predictive distributions
Immediate and sequential estimator of model evidence
Easy recovery of smoothing distributions

Principled framework for automatic calibration of Ny

Population Monte Carlo advantages

N. CHOPIN Warwick 46/ 67
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SMC? is simply a SMC sampler with respect to the sequence:

N
(0, X1t7a%t 1)

o the reweigthing step t — t 4+ 1 (a) extends the dimension, by

sampling x2iY, al'N; and (b) computes 7 11(+)/me(").

@ The move step is a PMCMC step that leaves 7; invariant.

N. CHOPIN Warwick 47/ 67
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As in PMCMC, one may extend 7 by adding index k that picks
some trajectory, which, jointly with 6, is sampled from the current
posterior p(6, x1.¢t|y1:¢). However, it is more difficult to define an
importance sampling step with respect to the extended space (that
includes k), so, we must discard k before progressing to time t + 1.

N. CHOPIN Warwick 48/ 67
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_Ilustrations: SV

Squared observations

200 600 8o 1000 o 200 80 1000 0 200 a0 600
Iterations

o oo
Iterations

do_
Time

(a) (b) (c)

Figure: Squared observations (synthetic data set), acceptance rates, and
illustration of the automatic increase of N,.
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_ustrations: SV

T=250 T =500 T =750 T=

. X
| |
| | |
| | |
| | |
6 1 1 1
h h h
2| h H H
g h h h
h h
H H
2- 1 1
h
\
o y y ] |
4o 9s do o5 o es b o5 apdo <5 o o5 fods s o o5 o

Figure: Concentration of the posterior distribution for parameter p.

N. CHOPIN Warwick




Introduction
GIMH
PMCMC
smc?

Conclusion

-al illustrations: SV

Multifactor model

ko

k1
1/2
Yt =M+5Vt+vt/ €t+p1 g e1j+p2 E e j—&(wpr A1+ (1—w)pars
j=t j=t

where v¢ = vy ¢ + vo ¢, and (v}, zi)p=1,2 are following the same
dynamics with parameters (w;¢, wiw?, Ai) and wy = w,
wr =1 — w.
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-al illustrations: SV

out leverage
— Multi factor with leverage

Squared observations
8 g
o ~ IS

@

Evidence compared to the one factor model
|
W

100 200 300 400 500 600 700 100 200 300 400 500 600 700
Time Iterations

(a) (b)

Figure: S&P500 squared observations, and log-evidence comparison
between models (relative to the one-factor model).
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-cal illustrations
Athletics records model

§,0)
yl t|#ta£a )

g(yl:Z,tliu’tvgao-) = {1 - }’2 t|ﬂt7£a

xe = (e, i)', Xe1 | xe,v ~ N (Fxe, Q)
11 L (1/3 1/2
F_(O 1) and Q = v (1/2 1)

G(ylp,&0) =1 —exp [_ {1 ¢ <%> };1/1
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Figure: Best two times of each year, in women's 3000 metres events
between 1976 and 2010.
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-erical illustrations: Athletics records

Motivating question

How unlikely is Wang Junxia’s record in 19937

A smoothing problem

We want to estimate the likelihood of Wang Junxia's record in
1993, given that we observe a better time than the previous world
record. We want to use all the observations from 1976 to 2010 to
answer the question.

We exclude observations from the year 1993.

N. CHOPIN Warwick 55/ 67
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-I illustrations

Some probabilities of interest

p{ = P(y: < ylyio76:2010)
B /e/x G(y|e, 0)p(pet|y1976:2010, 0)P(6]y1976:2010) dpiedf

486.11 ,502.62

The interest lies in pfosstt, p292:62 and pgond .= pi8o-11 /p202.62.

:pt
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-Ilustrations

107t~

H
S

Probability
5

R R

H
S
IS

1980 1985 1990 1995 2000 2005 2010
Year

Figure: Estimates of the probability of interest (top) p292:52, (middle)
p"? and (bottom) p#8%-11, obtained with the SMC? algorithm. The
y-axis is in log scale, and the dotted line indicates the year 1993 which

motivated the study.
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-emarks on SMC?

A powerful framework

@ A generic algorithm for sequential estimation and state
inference in state space models: only requirements are to be
able (a) to simulate the Markov transition fp(x¢|x:—1), and (b)
to evaluate the likelihood term gp(y¢|x¢).

@ The article is available on arXiv and our web pages

@ A package is available at:

http://code.google.com/p/py-smc2/.
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© Conclusion
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o Auxiliary variables algorithms are not so complicated, when
they are understood as standard samplers on extended spaces.

o offers excellent performance, at little cost (in the user's time
dimension); almost magic.

@ Many applications not yet fully explored; e.g. variable
selection, see C. Schafer's PhD. thesis.

@ Many avenues for future research, e.g. the active particle
framework of Anthony Lee (work with Arnaud and
Christophe).
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-vork? - Intuition for t = 1

At time t = 1, the algorithm generates variables 6™ from the prior
p(0), and for each 0™, the algorithm generates vectors x%:NX’m of
particles, from 1y gm(xt ™).
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Thus, the sampling space is © x XM« and the actual “particles” of
the algorithm are Ny independent and identically distributed copies
of the random variable (6, x; "), with density:

Ny
p(0) 1,006 ™) = p(0) T ] qro(x1)-
n=1
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Then, these particles are assigned importance weights
corresponding to the incremental weight function

Z1(0, 3 My = N SN w ().

This means that, at iteration 1, the target distribution of the
algorithm should be defined as:

21(0, x)

1 Nyy 1:Ny
1 ( ) P(9)¢1 0( ) P(Yl)

where the normalising constant p(y1) is easily deduced from the
property that Z; (6, x;"¥) is an unbiased estimator of p(y1|0).
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Direct substitutions yield

m(0, ") = p(8) H qie { Z“G(Xl)f% YI|X1)}

P(y q1 9(X1
Ny
S P

and noting that, for the triplet (6, x1, y1) of random variables,

Db TI o)

n=1,i%#n

p(0)po(x1)go(yi|x1) = p(0,x1,y1) = p(y1)p(8y1)p(x1ly1,6)

one finally gets that:

N, N
) 9 X X .
m(@d%) = PSS pebn 0! T awod)
x n=1

n=1,i%#n
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By a simple induction, one sees that the target density 7; at
iteration t > 2 should be defined as:

Z(0, x4, atity)

1:N,  1:Ny 1Ny LNy
me(0, X155 ariey) = P(O) ety s a1ty ) X P()/1-t)

and the following Proposition
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The probability density w may be written as:
TN, 1Ny
me(0, X3¢ 5 aery) = P(O]y1:e)
N N.
1 & plfye) | 15 -
x _Z ltt 1 : H q1,0(x1)
N NE
n=1 . n=1
i#h{(1)
t Ny ;
a ioas_
X H H ‘/Vsiﬁaqs,b?(xs'|X5711
i)
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