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REMARQUES. Méme si nous avions utilisé un mouvement brownien hy-
perbolique avec dérive (défini dans I'article suivant) ou une généralisa-
tion d-dimensionnelle des coordonnées équidistantes, oli le rayon r reste
défini par
sinh () = ] ;
Td

nous aurions été incapable de faire apparaitre un terme en v / cosh (7}
dans la diffusion B. Par contre, nous pourrions atteindre d’autres

valeurs de g demi-entidres.
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An explanation of a generalized
Bougerol’s identity in terms of

hyperbolic Brownian motion

Larbi Alili and Jean-Claude Gruet

Abst.ract‘. In this paper, we state some new results about exponential
functloz‘la}s of Brownian motion, and give an explanation relying on the
three dimensional hyperbolic Brownian motion.

0. Introduction.

The aim of this paper is to investigate some relationships between

hyperbolic geometry and exponential functionals of Brownian motion,
i.e. the random variables

H
(0.1) ‘ AW = / dsexp2(B, + vs),
0

W}}ere By is a linear Brownian motion started at 0; in the case v = 0,
this functional is simply denoted A;. More precisely, we generalize the

following identity obtained by Bougerol [B] and valid for each fixed time
t>0

law)

(0.2) sinh (B;) "7 v, ,
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where (v, t > 0) is an independent linear Brownian motion started
at 0. It may be worth recalling that Ph. Bougerol was concerned with
convolution powers of probabilities on some solvable groups and that his
identity is a property of Brownian motion on the Lie group 5§00(2,1),
whose solvable part N A is isomorphic to the hyperbolic plane.

In the third paragraph, we state a generalized Bougerol's identity
for Brownian motion with drift; hence we don't restrict ourselves to
the functional 4,. Contrary to Yor’s paper [Y2], we don’t use the
complicated expression of the conditional density

(0.3) a(z,y)dy 'L P4, e dy | B, = 1),

since we work directly with Laplace transforms. Hence we begin the
paper with a new proof of the known double Laplace transform

[} e (- 5ol (- 5 47).

see for example Yor [Y2].

Next, we examine some consequences of the Kantorovich-Lebedev
inversion formula. The use of Kantorovich-Lebedev transform in prob-
ability begun in McKean’s paper [McK]. McKean studied the law of

(,|B(7)|) where 7 is the first hitting time of a level a by fe Bsds. As
a matter of fact, (B, fg B, ds) has something to do with (B, A;) since
the derivative at 0 of fg exp (26 B;) ds with respect to € is 2 fo B, ds.

In the second part, we interpret the generalized Bougerol’s identity
with the help of hyperbolic geometry in dimension 3. We also give a

geometric proof of Dufresne’s result on the law of A( ") = = 1My oo A( ¥)
when v = (1~ n)/2. In fact, a better way of recovering this result for
every negative v is to deduce it from the semigroup of a planar hyper-
bolic Brownian motion with drift. This can be done via the spectral
analysis of the operator

52 8% 1 8
2 o : .
(0.4) y ('3“932 + 8y2>+(2 +b) Yor
This yields

2(v+2n)

E(exp (mm/%t")\} = Z exp(tn(y+ﬂ}7 Tt v "1>

O<n<—~v/2
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24 24
y (‘;‘g) K»—u«?n(u)

Fileed
L

(0.5) e | g2 v+is, )2
on? J, s8in (7;3);}?( 5 );
(3) Kewas

Eor instance, we refer to C. Monthus [M]. M. Yor pointed out to us that
similar computations already appeared in [W].

I. The generalized Bougerol’s Identity.
L1. Determination of the law of Agi’),

We first recall some basic results about the laws of exponential
Brownian functionals found in De Schepper and al. [SGD] and M. Yor

[Y2]. For (0,v) reals, we put i = +/82 1 12 and we define the function
G, R? — RT by

T .
(1.0) Gulu,v) = { 2L ()Eu(v),  fugw,
L2 (0Ku(w), o<y

Theorem 1. The following formula holds

+co

(1.1) j{mdtexp<~%i é) E(exp(m%iﬂgw)) = jii dy e"V G, (u, ue?y.

To be quickly convinced of the validity of this result, we give below a
new proof relying on the skew product representation of planar Brow-
nian motion.

In fact, this proof which relies on the computation of a Green

function (see [HW, Section 5]) avoids new calculations because the work

on Green functions and winding numbers was already done in [IMcK].
Let (Z;, t > 0) be a complex Brownian motion starting from Zy =

a 5 0; we then have

ds
o R’
where Ry = |Z;], (6¢, t > 0) is the winding number of Z around ZETro,
and (By, u > 0) is a standard Brownian motion independent of R. Here

(1.2)  Z; = Ryexp (16;) = Ryexp (i By,) with H =
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R is obviously a two dimensional Bessel process starting from |a|. We
recall that the law of §, conditionally on R, (see Revuz and Yor [RY];
also Yor [Y2]) is characterized by

i }
(1.3) Eq(exp (ia(f: — 0o)) | Re = p) = %;ﬂ (%f) '

We also recall that (H,,) is the inverse process of (4;). In order to sim-
plify the notation, we call F(0,u) the left side of the relation (1.1). By
virtue of the Cameron-Martin relation, we can write, if g = /8% + 12

Ff,u) = /f[w dt 6‘925/21}2(6};;3 ( - -%%At +vB; — E;t))
4G b

roo 2
- },’ dt 8"”23/2E(exp ( — %Ai + I/Bi))
40 N

f@@ UZ
= f diE(exp ( - -§~Ag +vB; + éuﬁt)) ,

0
where (;, £ > 0) is another Brownian motion independent of (B, £>0).
The change of variables A; = v gives

£o° o
F(Q, ‘LL) = j dve-—u%/QE(eméﬁ, (Rv)(v-2)>

g

) P 1 2
:j’i dzz”"lj{} %e”“zﬂ/zexp(m -;)z )LL('E)?

where we have conditioned on R, and used relations (1.2) and (1.3).
The integral in dv is precisely equal to G,(u,uz) and we only need to
malke the further change of variable z = exp (y) to find the result (1.1).

1.2. Some consequences of formula (1.1).

1.2.1. Bougerol’s identity plays an important role in several domains.
We recall, for example, the work of C. Monthus [M], where different
applications to physics are developed. As another application, we show
that the density of A; may be deduced from (0.2). Taking Fourier
transforms, we obtain :

2

(1.4) ]E(exp ( - %AJ) = \/’%/:O dz exp ( - %) cos (€ sinh (z)) .
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_ With the help of the Fourier-Plancherel formula, we may write

E(exp ( — %Ai)) = §j4£+w dy exp ( - %Z‘t) cosh (gy)Kz-y(E).

Thus the preceding Laplace transform is also a Kantorovich-Lebedev
transform; this fact will be generalized later to the drifted case in pars-
graph 4. Now, using again Fourier-Plancherel formula (but differently),
we find that

PQ (At & d%)
(1.5) _dz [% » cosh (2)
V2Tt J oo V23

e cosh®(z)/2z €~—(Z+iﬂ'/2)2/2i .

Corollary. (A local limit result).
. 1 1
gt_1)1+mo<3 V2t Py(Ag € dz) = — exp ( - iﬁﬂ;) dx.

PROOF. Perform the change of variable y = sinh (z) in (1.5).

An open question about the law of the exponential functional Ay
of a Brownian motion, is whether it is determined by its integral mo-
ments. In order to study this problem, we have considered a sequence
of measures u,,(dz) defined by

pin (dz)
(1.8) de [ d cosh (z)

B 2
Vort J oo 2wz

for any integer n. It is easy to show that for every pair (m, n) of integers,
we have

o~ cosh®(z)/2z e~ (z+i(dnt1)n/2)% /2t

B((A)™) = [ a™un(dm).

We now wish to show, from the injectivity of the Laplace transform,
that the law of the functional A, is different from pn(dz) if n # 0.
Indeed, the Laplace transform

“+00 -+ 00
PR / e——z:cun (d.?;) — f 8——\/5:.7cosh(a)6—-(a+i(4n+1)7r/2)2/2t da
0 —00 3/ 2t
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defines an analytic function on the vertical strip Rez > 1, but this
guantity can be expressed as

/ oo o= (cosh M ) ki(an-+1)m/2)2 3¢~/ 37y jy '
1 Vot (y? - 1)

The last step is the study of the positivity of u,(dz) for n > 1; unfor-
tunately, numerical simulations show that the sign of the density is not
constant.

REMARKS. a) The residue formula applied to the function

3 3 ~cash®(2)/2r ,~(z4i(dnt+ 1w /2)? /2
F(z) = cosh (2)e™ 90N (2)/26 o= (shildnt1)w/2)°/

3 3 < VRNV T gy §
on a rectangular loop with edges Rez = 0 or 2w, Imz = £ doesn’t
lead to the absurdity u, = pny1 since the contributions of the vertical
segments do not vanish when B increases to infinity.

b) Denote by f the density function of A;. We obtain easily from

-R00 g, F O]
_ [T s lf(=)
Jg AT
Unfortunately G. D. Lin’s [Li] new criteria about the moment deter-
" ) . . . N/ i
minacy (Theorem 4) is of no avail here since —zf'(z)/f(z) has a finite
limit when r increases to infinity.

1.2.2. As an application of formula (1.1) we compare with Monthus
computations [M]. In the paper [OMM], the authors have shown the
validity of formula (1.5), in the case v = 0, with the help of the Fokker-
Planck equation. In order to generalize formula (1.5), C. Monthus [M]
has obtained the following

(e (- 7 41))
T 4 . :// 9 \ u\—¥
PR ooty (5) Koot
" L g vAisn 2 run v
+§Z,~*f?§ 0 o (v +s }t/i%i;{‘(mmﬁsz)i (—25) Kio(u) ssinh (ns) ds.
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Now, we show how to obtain the preceding formula with the help of
(1.5).We mention that this approach is carried out only in the case
of a positive drift in which case the discrete sum over n such that
0 <n < —v/2 disappears

2

o (- £ 4]

(1.7) :“]:“ we*(”2+52)é/2
272 Jo

()

- Kis(u) ssinh (ms) ds .

We begin with the fact that the function G, defined by (1.0) enjoys the
following integral representation, see [DP, formula 11.279]

7’ y © dpp P
(1.8) Z-Gﬂ(u,ue )= ; msmh (o) Kip(u) K p(ue?) .

Hence, it is easy to obtain

u? ¢, AR —(piy? . |
Bloe (=5 4)) =2 | oo st )il
(1.9) oo
/’f dy eV K, (ue?) .
—00

From the well-known result

") v

¥

(1.10) A dz 2”7 K, (z) = 2v~2

we find the sought formula (1.7). It is convenient to remark the impor-
tance of the sign of the drift v. As a matter of fact, the passage from
(1.8) to (1.9) requires the use of Fubini’s Theorem, easily justified. In
the case ¥ < 0, one cannot use this argument since the integral with
respect to dy in (1.9) diverges.

I.3. The generalized Bougerol’s Identity.

We give here a new representation of the conditional law of 4,
given By, The following elementary proposition will help us to obtain
a new identity in law.
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Lemma 2.

i) The law of the functional AS’} is characterized by for allu > 0,

3o (- 5 47)

- Y 2t/2 dx e’ J[ dz zmewzzt/zj ud(z, 2)),
(1.11) f " e P onp ol

where we have denoted

(%) ¢(z,z) = /2exp (z) cosh (z) — exp (2z) — 1.
Jor z > |zl
i) In particular, for u > 0 and z € R, we have
2

exp ( - %)E(exp - (%%At) /Bi = x)
= eroo dz —;-e“’?t/ng(uqb(m, 2)),
!

=

(1.12)

ProOF. To prove the assertion i), we need to invert the double Laplace
transform in (1.1). We may do this directly by using the following
integral representation (see Lebedev [L, problem 8, p. 140])

I (2) K, (y)

o0
(1.13) _ Ejf dre " Jo (/2 cosh (r) zy — 2% — 42 ),
2 Jiogty/=)

with y > x. We get the second assertion with the help of the Cameron-
Martin relation.

In order to give an interpretation to the preceding lemma, we in-
troduce the following classical representation of the Bessel function of
the first kind

1“

(1.14) Jo(z) = e €08 (27)

V1—r?

Let Z be an arcsine distributed variable. Then we have, for all real £

(1.15) Jo(€) = E(exp (€(2Z - 1)) ,
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In the following proposition, we present a generalization of Bougerol’s
identity which, in fact is an interpretation of Lemma 2.

Proposition 3. We denote by (BY, ¢ > 0) a Brownian motion with
drift v. Let (v, t > 0) be a standard Brownian motion independent of
BY, (R, t > 0) a two-dimensional Bessel process started at zero and Z
an arcsine variable such that BY, R and Z are independent. Let ¢ be
the function defined by

(%) oz, z) = \/2 e® cosh (2) — ** —
for z > |z|. Then, we have for any fized time t

(law)

(1.16) (2Z - 1) ¢(BY,+/R? + (BY)?),

In particular if we put v = 0, we recover Bougerol’s identity in the form

(1.17) va, "2 (22 = 1) $(By, /B2 + B2) "2 sinh (B,).

1.4. The formula (1.1) as a Kantorovich-Lebedev transform.

In this paragraph, we write (1.1) as a Kantorovich-Lebedev trans-
form; hence the inverse formula (1) below enables us to extend formula
(1.4) to the drifted case. Finally we give another extension of Bougerol’s
identity, which is more developed in [ADY].

1.4.1. Although the formula (1.12) about the conditional density of
A given B, has nice consequences, it does not enable us to verify the
simple identity in law

(1.18) exp (—2B;) A; (f2w) A,

due to the independence of increments of B. It may be helpful to con-
sider this fact as a consequence of the Kantorovich-Lebedev inversion
formula. Below, we recall the basic results about this transform found
in Lebedev [L] or [DP]. Given a regular function f: R* — R (see [L]
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for the hypotheses on f), its Kantorovich-Lebedev transform is defined
on Rt by

prhoo

F(r) = jg F(z) Kip(z) dz .
0
Its inverse may be defined by the integral formula
2 [t
() fle)=—3 A sinh (w7) Ky, (z) F(7) dr,

which is valid at every continuity point in R — {0} of the function f.
Hence,

2 ?f"“’odm

4-c0
Fir) = L Kool f dp F(p) psinh (rp) Kip(z) .

m? Jo

1.4.2. Let us combine both (1.1) and (1.8). The left hand side of (1.1)

1
e (- T e (e (rms 4 )

whereas the right side is, by (1.8), equal to

4 oo 400 p dp ]
Fj;oo dy exp (vy)JC P sinh (7p) K;p(u) Kip(uexp (y)) .
Hence, inverting the Laplace transform in ¢, we obtain that for every
real ¢,

E[BXQ ("“ EL;"A&) IBt = C]pf:(c)

2 [ )
(1.19) == pe=P 2 ginh (mp) K;p(u) Kip(uexp () dp,
0
where we have denoted by p; the probability density of B;. Fix now
z > 0 and consider f such that
4

Fp) = exp (= £2) Kiyl2).

Now, according to the Kantorovich-Lebedev inversion formula (1), we
get '
2

(1.20) E(exp ( - %— e"w‘x‘it) Kip(zewBt)) = eﬂﬁzt/zKip(Z) .
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Using time reversal, one can rewrite (1.20) in the form

(1.21) ]E(exp ( - f;At)Kiﬁ(zeB*)) = e“"’%/zKip(z) ,

which is readily confirmed by observing that the process (Mgt > 0)
defined by

K’i Bt 2 2
M, = Kinlze™) p )’

Z
~Z o4+
K, (2) eXp( g et gt

is a true martingale.

1.4.3. REMARK. As a matter of fact, (1.18) may be viewed as a direct
consequence of the symmetry in z and u of the formula

g (2) el = o ()]

2 (o)
= %—5]{) pe"’zﬁ/z sinh (mp) Kip(u) Kip(2) dp .

As a consequence of the preceding computations, we state the fol-
lowing

Proposition 4. For every real a, the following identity in low holds

(1.22) Ya, + sinh (a) B 02 Ginh (Bt +a),
where (7y,,u > 0) is an auziliary Brownian motion independent of B.

Proor. With the help of Fubini’s Theorem and the classical formula

(1.23) /(;oo dz K (y) cos (az) cosh (g x) = g cos (y sinh (a)),

we obtain

IE( coS ( - i;At) cos (zsinh (a)eB‘)>

2 [ 2 iy
(1.24) = ;/{) dpe™? /2K, () cosh (5 p) cos {ap) .
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The last integral may be evaluated by the use of Fourier-Plancherel
formula; we find

2
]E{ o8 ( - %Ai) cos (k sinh (a)eB*)) = E(cos (ksinh(B; + a))),

we conclude by the injectivity of the Fourier transform.

11. Links with hyperbolic Geometry.
11.0. Background on hyperbolic Brownian motions.

The n-dimensional half-space H, = R*~! x Rt is equipped with
its hyperbolic metric

(2.1) ds? = :c;l"Zde?
=1

and its Laplace-Beltrami Ay, operator.
The hyperbolic Brownian motion infinitesimal generator is

Lo 19 n>$ﬁ,
(2.2) jgjﬂmn~§%'m;5$g "2/ bz,
P

More precisely, if B denotes a n-dimensional Fuclidean Brown-
ian motion, we call B-hyperbolic Brownian motion started at p =

(z1,...,2,) in Hy, the unique strong solution of the following system
rt ]
X9 =, *‘j; XMdB® | 1<i<n-1,
(2.3) 0

t n t
x™ =g, "‘L’j[ XM dB™ + (1~§)f ds X{M.
0 0

We find that Xt(n) = Epexp (Bt(ﬂ) +vt) if v = (1~-n)/2 and more-
over there exists a (n — 1)-dimensional Brownian motion (%(1)’ qft&}, ey

%(”*1)) independent from B(™ such that

X, = (z1+ 7AYo+ 1PAD), .,

9.4 )
@4) En1 + YDA, zhexp (BM +v1)) .
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More generally, if we replace 1-n/2 by a+1-~n/2 the process (Xt(“), >
0) is called a n-dimensional hyperbolic Brownian motion with drift c.
Thus, for any real number v, v (A"} is the horizontal component of
a planar hyperbolic Brownian motion with drift o= 1/2 4+ ».

Note that Fourier inversion on H,, in rectangular coordinates can
be deduced from the Kantorovich-Lebedev inversion formula (if n = 2
see [T, p. 138]).

11.1. An explanation of Proposition 3.

Proposition 5. Let (Xt(c’) = (Z¢, Ys, 2¢)) be a 3-dimensional hyperbolic
Brownian motion with drift @ = 1 — u started ot (0,0,1). Suppose that
the third component satisfies the equation

1
dz, = 2 dB, + (5 - ;.L)Z,g dt.
Let Dy, be the hyperbolic distance between Xf,(a} and Xéa), i.e.

(2.5) D, = cosh™! (}? (M + 2 + l)) .

2t 2

Then, the pair (By, D) has the same low as (Bt, \/th + (B — #t)z)
for every fized time t > 0, where (R, t > 0) is an independent Bessel
process of dimension two started at 0.

REMARKS.

a) The function ¢ introduced in Lemma 2 appears again here since

vzt + y? = ¢(log(ze), Di) .

b) This result, like Bougerol’s identity, is only valid for fixed times.
For instance, if g = 0, (D¢, ¢t > 0) is not at all a 3-dimensional Bessel
process.

c¢) Hence, we partially recover and only at fixed times that the
process (Dy, ¢ > 0) has the same law as a Bessel process with drift as
defined by Pitman and Rogers [PR].
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d) In the sequel, we interpret the identity (1.12) as a Hankel trans-
form of index 0 or equivalently as a radial Fourier transform in dimen-
sion two. Thus, our geometric interpretation critically relies on the réle
of the three dimensional hyperbolic space. We are unable to give a
significant generalization to other dimensions.

Let us begin by explaining how Proposition 3 is a consequence of
Proposition 5.

First step. If © denotes a uniform random variable on the circle st
then V and the projection of © on an axis have the same distribution.
Hence the result contained in Proposition 2 is in fact a two-dimensional
one: it should be read as

(26) R(‘Agﬂ)) (lg(’) ¢(Bi - /J'ta \/R% + (Bt - /J't):!) ’

where (Ru, v > 0) is a two dimensional Bessel process independent
from B.

Second step. Proposition 5 implies (2.6). Since the Euclidean distance

between X; and the (Oz) axis can be realized as }A{(AE” )) where R is a
two dimensional Bessel process independent from B, we have

1 - 1
ZCOSh<Dg) = ;;' RZ(AEM)) + z + ‘z;‘ .

Moreover z; = exp (B — ut), thus fZ(Ag”)) = ¢(B; — pt,Dy). By '

applying our Proposition 4, the result follows.

PROOF OF PROPOSITION 5. By Girsanov theorem, we only have to
establish the result for a single p. From now on, we choose y = 0,
hence (2, t > 0) is a geometric Brownian motion, 2 = exp (By).

On one hand, the conditional density P(\/R? + z? € dy/B; = x)
L{je],+oof (¥) €XP ( 5

T )%dy

i.e. a two dimensional Bessel law at time ¢ conditioned to be greater
than |z|. On the other hand, we show that the conditional density

ki(z,v) (e P(8 € dy/B; = z) is equal to the former if we set S (def)
cosh™ (exp (—z) R2(A)/2 + cosh(x)).

is
22—y
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We first deduce ky(z,y) from formula (1.12)

2

E(exp ( - %iﬁge))/& = 3:) = ;: dz f; exp (az ;fzz).fo(uqb(m,z)).

By an obvious change of variable, we rewrite the right hand side as a
Hankel transform

/ " Jo(ua) (@) da
with ( ) ( ) 3
expl{—z) z{a —~z°\a z?
fla)= pt sinhZ(a)eXp ( 25 ))EXP (ﬁ)
and

z(a) = cosh™* (% a%exp (—z) + cosh(sc)) .

Since f0+°° o lf(a)| da is finite, the Hankel inversion formula with v =
0 (see [L, identity {5.14.11)]) gives

+00 +00
fr)= /{ yJo(yr) dng Jo(ye)fla)da.

Hence, ki(z,y) is identified with f(y) and we obtain P(S € dy/B; = z).

I1.2. A geometric explanation of Dufresne’s result.

We aim at giving a geometric explanation, at least in some special
cases, of the following result

Theorem (Dufresne, [D]). Let (8,) a linear Brownian motion started
at 0. If v is a negative real number

+oo
AY = [ exp (2, + 20vs) ds
0

has the same low as 1/2Z_,,, where Z__,, denotes a gamma variable with
parameler —v, i.e.

—pr— 1

P(Z., €ds)= ) exp (—s) Ig+(s)ds.
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Dufresne’s complicated proof based on discrete approximations was sim-
plified by M. Yor [Y1] who showed that this theorern is another formula-
tion of the distribution of last exit times for sransient Bessel processes.

We give here a new proof relying on the exit distribution of the
hyperbolic Brownian motion. In fact, we are only able to prove for
some values of v the following equivalent form

Proposition 6. If2v=1-n, with n an integer greater than or equal
to 2 then, for every positive real A,

o e (- 242)) = it ()R

reMARK. For instance, Ag{.fl/ 2) follows the stable law of index 1 /2,
since
. S
K—-i/z(k) = Kl/?(/\) =€ 3

ProOOF. Let (X¢, £ > 0) bea hyperbolic Brownian motion in H, started
at (0,...,0,1). From the representation (2.4), when ¢ increases t0 in-
finity,

X 25 KXo = (DAY, .., 7" (AL, 0),

where (v, ..., ~(=1) B) is a Brownian motion in R™. Thus the pro-
jection X, of X on the hyperplane {z, = 0} is isotropic and is
characterized by its Fourier transform

Fitul) = 2o (- 1 49))

where u is an arbitrary n — 1 dimensional vector. On the other hand,
the law of X/ is easily found if we consider the spherical model of the
hyperbolic space, that is to say the open ball D of radius 1 equipped
with the metric

dSzz%ﬁidﬂ)?
(1-p")*

where p = ||lz||. Let J be the inversion with southern pole defined on
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i3
R — {(0,...,0,-1)} by

J(yla”'vyﬂ):z(mls“wwn)
2—‘(0,,..,0,-~1)

-1 -1
2
+2<§:yk+(yn+1)2) (yla'--vyn-—~1>yn+1)'
f==1

The J-image of the spherical model is exactly the half space one
thus the hyperbolic Brownian motion X is the J-transform of the D:
hyperbolic motion. See also in [H, p. 226] the equivalence of three
models of H,,. Now, by rotational invariance of the sphere, the law of
X! is the image of the uniform measure on 9B, a radial distribution
on the hyperplane {z, = 0}.

A straightforward computation shows that

7%= Zmﬁ = cotg2(§>

11 Yn = co§(9). 2Since the density of the colatitude @ in |0, n[ is propor-
tional to sin™"“(0), the Euclidean norm of J(Xs) has the density

1\t » gn-17 (2
fnlr) = Cn(m) pn2 with Cp = };;T.?%.)f}.

Recaili that'the characteristic function of an isotropic d-dimensional
density k with respect to dp is radial and given by the formula

e Fo=1(3) [ (D) rseivi o,

where Jg/o_1 is the Bessel function of index d/2 — 1.
Then (2.7) is obtained with the help of (2.8) where k(p) = f.(p)

and d = n — 1. To finish the proof, we use the identity ([L, E:
¥ a 1
p. 133]) with a = n/2 — 3/2 y ([L, Example 3,

/-’roo pa—f—lJa(pu) 3 uz““
0 (,02 + 1)2a+2 p= 22a+11‘(2a + 2) Ka+1(u)

and the duplication formula for the gamma function.
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REMARKS. a) Recall that the characteristic function of the Cauchy
isotropic law in RY ig

F(a) = exp (—[luf]).
Hence, the density of the norm is proportional to

1 (d+1)/2
()
1472

which differs from our fg4q unless d = 1. In fact, f, is the radial
density of a conformal random variable (invariant by symmetries and
inversions) on R"~1. Moreover, an isotropic Cauchy random vector
does not admit a first moment, whereas X/ is integrable unless n = 2,
precisely when it is Cauchy too.

b) Note also that the density of the random variable x$ =
YD (AL is

D(1/2-v); 1 V¥V
Ao )

Beware of mistaking it for the radial (n — 1)-dimensional Cauchy den-
sity, indeed the exponent of 1/(1 + r?) is the same.
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