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1. MOTIVATION

Rough path theory, broadly speaking, aims to extend Stieltjes-type calculus from
paths with finite variation to paths with finite p-variation. In the literature, while
there have been plenty of bounds on p-variation, there have been very few examples
where the exact values of p-variation are calculated. One situation where it would
be helpful to have such exact value is the study of isoperimetric-type inequality

</ /R (v, (ﬂf,y))|qudy)‘17 < (;) <g (;q) - 1) UVl p—var) ¥ |

where v : [0, 1] — R? is a continuous loop, 7 (7, (z,y)) is its winding number around

the point (z,y), ||7|lp—vaer is the p-variation of v and (¢ is the classical zeta function.
1

The constant (%) a (C (%) — 1) is likely to not be optimal, so in order to find

the optimal constant, it would be useful to have the exact value of ||||p—var for a

reasonably large class of «v. The goal of this two-day project is to try and calculate

[|7]lp—var when 7 is the boundary of a regular polygon.

2. THE ESSENTIAL PROBLEM

Let
X =((z1,11), (z2,92) s, (Tn,Yn))

be a sequence of n points in the z-y plane. We define the norm of a vector (u,v) as

[ (u, 0) | = Vu? + 0.

Here the square root is the positive square root.
For each ordered subset

(2.1) I'= (i, ¥ir) s 5 (@i, Yiy,))

of ((xlvyl)a"' 7(xn7yn))v with il = ]-7 'Lk = n and Z.1 < Z.2 < - < ikv the p-
variation with respect to I is defined as

S

k—1
(22) HX|I||IJ—UG”' = Z || (xij«}»l Ly Yij — ylj) ||p
j=1

(2.3) = Z ((:Eij+1 - xij)Q + (yijﬂ - yij)2>
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The p-variation of X, ||X||p—var, is defined as the maximum of || X|||p—vqr across
all the different subsets I in (2.1) such that i; = 1 and 5, = n.!

Example 1. Let X = ((0,0),(1,2),(2,3)). Since we only consider subsets of
{(0,0),(1,2),(2,3)} where (0,0) and (2, 3) are in the subset, so there are only two
possible subsets that we will consider

I = {(070) ’ (2’ 3)}

e I = {(0,0),(1,2),(2,3)}.
Note that
1X1 5 lo—var = (I (2,3) = (0,0) |2)*
~ (@07 +@E-07))’
_ VI3
and

HX|12||2—va7" = (H (2’3) - (1’2) ||2 + H (1’2) - (O’O) HZ)%

- (((2— 1%+ (3- 2)2) + ((1 — 02+ (2 —0)2))
= (2+5)?.
Since v13 > V7 , we have

Nl

Nl=

||X||2—var =V13.

In this two-day workshop, we investigate the p-variation of a regular n-gon

with side lengths 1. From now on, let (z1,91),...,(Zn,yn) be the coordinates
of the vertices of a regular m-gon, arranged in the anti-clockwise direction. Let
(Znt1,Yn+1) = (21,y1) . With such a choice of (z1,y1), .., (®n+1,Ynt1), the quant-

ity (2.2) is called the p-variation of the regular n-gon.?
Research Question: Can we calculate the p-variation of a regular n-gon ex-
actly for certain range of p?

Example 2. For regular 3-gon, or equivalently an equilateral triangle, one way to

choose X is as
X = ((0,0), (;\f) ,(1,0)7(0,0)> :

For later calculation purpose, we denote

(xlvyl) = (an) ’ (l'g,yg) = (;7 ?)

(30372/3) = (170) ) (x4,y4) = (070)~

11f we consider the piecewise linear path connecting the n-points in X in order, then || X||p—var
coincides with the p-variation of the piecewise linear path as defined in [2].

2Although there is more than one way to choose which vertex can be the starting vertex, the
choice of starting vertex does not affect the calculation of p-variation as it is rotationally invariant.
The p—variation is also translation invariant, which means that the location of the n-gon does not
affect the p-variation.
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Here there are four points so we will need to think about the possible subsets for
(1,2,3,4) that contains 1 and 4. They are

L = (174)712: (1a274)a13: (1a374)

L= (1,2,3,4).
We denote
1
11l var = (4 =20+ (s - )7) )
L
_ (((0— 0)2+ (0 — 0)2) 2)
= 0.
X2 llp—var

y
2

(NS

(((334 —22)” + (g4 — y2)2) + <($2 —21)” + (12 - y1)2) )é

3=

I
/N
(aw]
|
N | =
S~

[\v]
+
/N
(aw]
|
ol%
~_

1
=27,
Similarly,
1
X 13 lp—var = 27
and )
X1, lp-var = 37
The p-variation ||X||,—var is the biggest of these numbers, so
1
1Xlp—var = 37.

Example 3. For a regular 4-gon, or equivalently a unit square, one way to choose
the vertices is as
X = ((0 0) ’ (0’ 1) ) (17 1) ’ (1,0) ) (070)) )

where (z1,y1) = (0,0), (z2,92) = (0,1),..., (25,¥5) = (0,0).

Possible ordered subsets of (1,2, 3,4, 5) that includes 1 and 5 are I} = (1,5), [ =
(1,2,5), Iy = (1,3,5), I = (1,4,5), I = (1,2,3,5), I = (1,2,4,5), I = (1,3,4,5)
and Iy = (1,2,3,4,5). To calculate the p-variation of X note in particular that

X1 lp—var
= <<($3 - xl)z + (y3 — y1)2)
_ ((12 +12)% 4 (01 + (0 1)2)5);
—259% .

and ,
X[ 15 llp—var = 27.
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It can be checked that ||X|r, |lp—var, | X5 lp=var, - - - Will all be less than or equal
to 2723 or 27. Therefore,
1Xlp—var

would be equal to 2523 or 2%, whichever one is bigger. This means in particular

that
2
2v, if p<?2
||XHp—var = 1.1 .
2722, iftp>2.

2.1. Regular Pentagon or Hexagon. In this report, we will use log to denote
the natural logarithm log, to the base e. This is different from A-level textbooks
where the notation was usually In.

A direct calculation has concluded that, for regular pentagon, the p-variation is

1

5% lfp < log2 .,

||X||p—var = 7p E 112?57

(2eP +1)7 ifp> 52,

For regular hexagon, the p-variation is
1 . 1 4

67, if p < g3 0

1,1 .. log4 2log( 3
||X||p—var = {33z if log 3 <ps log(3) ’

% . 210g(%)
2-2» if E) <p

2.2. General values of n. The study of regular pentagon and hexagon in the pre-
vious section suggest a pattern, that for a general regular n-gon and for p sufficiently
close to 1, we should expect

1
1X - var =
2.2.1. Distance between vertices of regular n-gons. Let (x1,y1), ..., (Zn,yn) be the

vertices of a regular n-gon ordered in the anti-clockwise direction. Let (11, Ynt+1) =
(21,y1). Recall that if I = (iy,--- ,ix) where i; =1 and i, = n + 1 we have

1
P

k—1
1X]rllp-var = Z [ (xijJrl — Ligy Yij yij) ks
j=1

Therefore it would be helpful to compute

| (J%H — Tijs Yij1 — yz‘j) I
Note that (z1,y1),---, (@n,Yn) s (Tnt1, Ynt1) all lies on the circle with radius
1
2sin (%)
and a centre which we will call O. Note that || (€, ym)— (21, y1) || is the length of the

cord for the sector with vertices (2, ym), O and (z;,y;). By applying trigonometry
to the triangle with vertices (2, ym), O and (x;,y;), we have that for [ > m,

sin (W)

” (xmaym) - (xhyl) H = sin (%)
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Therefore, given a subset I = {(zi,,¥i,), -, (T, ¥a)} of {(x1,91) 5+, (Tng1, Yng1) }
with iy =1, iy =n+1 and i1 < iy < --- < i}, we have

1
k—1 gin? ((ijJrl;ij)ﬂ') »

sin® (%)

||X|1Hp—mr =
j=1

k—

1 z:lsinp ((ij+1 - ij)W)

sin(%) =

2.2.2. Maximising over the different partitions. In order to work out the subsets I
that would maximise

we first consider

which is

=— max
n 1<k<n k%

™ sin® ()
=— max .
N gel{zx 2z Lnﬂ' } X

n’mn 2

To find the maxmiser, consider the function

fla) =

Lemma 4. Let p > 1. Let zg be the unique real number such that 0 < zo < 5 and

sin (x) .

pzp — tan (z9) = 0.

The function
sin® (x)

xTr) =

fa) ="

is strictly increasing for 0 < x < zg and strictly decreasing for zo < x < .
Proof. To maximise the function, we compute its derivative

f' (@)

_px sin? ! (z) cos (z) — sin® ()

22
_ o (2) [px cos (22— sin (x)} |

Now if § <2 <, then cos (x) < 0 and sin (z) > 0, so
pxcos (x) — sin (z) < 0.
If 0 < 2o < 7 and satisfies f' (x9) = 0, then 0 < 29 < 5. We now re-write f’ () as
—t
f' (z) = sin?~* () cos (z) [pxx;m(ac)] .
Let
g () = pr —tan (x).
Then
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J (2) = p - sec (z).
Since cos () is strictly decreasing for 0 < 2 < 7, the function z — ¢’ (z) is
strictly decreasing. There is therefore only one yo such that ¢’ (yo) = 0 and

, >0 if z < yo;
g (x) :
<0 ifx >y

This means g is strictly increasing for = < yo and strictly decreasing for x > yq.
Since ¢ (0) = 0 and g is strictly increasing for x < yg, we have g (z) > 0 for
0 < x < yo. Since g (yo) > 0 and z — g (z) is strictly decreasing when yo < z < %
and g (z) approaches —oo as & approaches 7, there must only be one zy that satisfies
Yo <20 < 35 and g (20) = 0.
In summary, we have

=0 =0

>0 0<zxz<z
g(z)

=0 x=2

<0 Z()<.T<%.

Since g has the same sign as f’ for 0 <z < 7, we have

=0 z=0
(@) >0 0<z<z
=0 x=2

<0 zo<aj<g.

This means the function f has a maximum at the point zg, where zg is the unique
point where 0 < 29 < 5 and

pzp — tan (z9) = 0.

O
2.2.3. Location of zg.
Lemma 5. If
tan (2=
p < Z(W” ) ;
n
then the maximum
sin (x)
max
xe{%,%,...,%"} X

is attained at T = % orxr = 27”

Proof. In the previous section, we saw that the function
sin® (x)
z)=——"-+
fa) ="
is maximised at a unique point 0 < zg < 7 satisfying
pzp — tan (z9) = 0.
(z

Since for p > 1 the function z — pz — tan (z) is non-negative for small and positive
z, if x is a number such that pz — tan (z) < 0, then zy < z.
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2 2
p— —tan| — | <0
n n

tan (2—”)
PS

n

Note that

if and only if

27
Therefore if p < <: ( 5 , then zg < 2”

Since f (x) is 1ncreablng for x < 2 and decreasing for x > zp, the maximum

sin® ()
max e
:I:G{ = 27? ..., nm €T
must be attained at k” or (ktll)”, where k is the unique integer such that
km kE+1m
kb o < EEDT
n n
tan( ) ( . .
If p < —324, then 2z < . This means the maximum

n

inP
(2.4) max sin” (@)
ze{rm 2n )%} X

nn

is attained at T or 27”

Lemma 6. Let zg be the unique real number 0 < zg < § satisfying
pzp — tan (z9) = 0.
Then zy increases with p.

Proof. Note that if

then for 0 < 2z < §

zsec? (z) — tan (2)

W (z) = ;

z

_ zsec(z) —sin(z)
N 22 cos (2) > 0.

We have that as p increases, zp increase.

3. CONCLUSION

27
We assume throughout this section that p < tan(ﬂ )

n

Case 1: If n is even.

Case 1a: % > p.
mEey
n(Z)

In this case
sin? (%) sin? (27”)

s = 27

n n
and so, by Lemma 5, the maximum (2.4) is attained at = = T.
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Since

1
k—1 ginP ((ij+1—ij)7f) P

SOTM § i St
| |I||p var et sin? (%)
1
k=1 «inP ( Gir1—ig)m) . P
__ ! o ( T )(%’H—%‘)W
sin (Z) = (i.7‘+1n—ij)7f n
k-1 . . . »
<! 3 sin” (7) (ij1 —i5) 7
“sin (Z) = - n
1
=nr.

The maximum is attained by choosing

. Jm
15 = ;
and so
1Xllp—var = max [[X]rl[p—var

1

=nr.

27
Case 1b: —1982 __ «p< M

: — 2m
" 2

In this case the maximum (2.4) is attained at = =7, then a similar argument
gives

1
k=1 . p(2m . . P
B — Zsmz(n)um i)
sin (%) j:1 Tﬂ' n
1
1 [Ssin? () >
< Al (i — )

sin (%) =
n% sin(%—’;)
- 2% sin (%) .

This maximum is attained by the partition

. 25m
iy
for j =1,2,..., 5. Therefore, in this case,
n¥ sin (27”) nr cos (%)
HXHP—UW‘ = 1 . = T
27 sin (%) 27
Case 2: If n is odd and n > 3.
Case 2a: —A%82 __ > p.

()
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This is exactly the same as Case la. The maximum (2.4) is attained at z = T
and leads to )
1Xllpvar = n.
Case 2b: — 982 ___ << los3 __
log<sm(T)> log<sm(T))
sin(f/) sin(%)
The % < p condition ensures that
log( )

(%)

3A

—|

3R

sin? (2) _ s (3)

313

and the

condition ensures that

In this case by Lemma 5, the maximum (2.4) is attained at x = 27” Since n is
odd, there is at least one j such that 4,11 —%; is odd. Choose one such j. Then

. . sop ((Gira—ij)m) .
gie ((Garr —d)m _ ( " ) (ij41 —ij)m
n (fj41—95)m n
n
inP (%ﬂ*lj)ﬂ) ) )
(ij4+1—i5)m m
n
2 sin® ((ij+1*ij)7f)
n 1
+ (ijr1—ij)m %ﬂ
n
. 2 . .
& 25t (5F) (i =4 = 1)
- 2r 2n
n
2 sin? (%) 1
% 2n7T

In the final inequality, we used that because 7,11 —i; is odd, it cannot be 2 and so

sop ( Ggrr—ig)m .
sin? (42727) e (2)

(tj41—ij)m - s
n

We therefore have

1
1 -1 2 »
||X|1||p—var < - ((n ) sin? (7‘() + sin? (ﬂ.))
sin (%) 2 n n

and since this upper bound is attained with the partition iy = 1,i5 = 3,i3 =
ST 7inT+1 =n, i# = n + 1.Therefore

1
1 -1 2 v
1Xlp—var = = ((n >sinp <W> + sin? (ﬂ-)> .
sin (1) 2 n n
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