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Task: Fit a curve to Arctic Sea Ice data

Annual Arctic Sea Ice Minimum Area
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General question: How do we fit a curve to data?

A simple example...

Adapted from https://xkcd.com/2048 W



How do we fit a curve to data? Linear...

"HEY, I DDA
REGRESSION!

Adapted from https://xkcd.com/2048



How do we fit a curve to data? ..

. Quadratic...

"HEY, I DDA “T ANTED A CURVED
REGRESSION. LINE, 50 T MADE ONE
UITH MATH"

Adapted from https://xkcd.com/2048



How do we fit a curve to data? ... Logarithmic...

"HEY, I DDA “T WUANTED A CURVED “LOOK, IT'S
REGRESSION. LINE, 50 T MADE ONE TAPERING OFF""
UITH MATH"

Adapted from https://xkcd.com/2048



How do we fit a curve to data? ... Exponential...

"HEY, I DDA “T \UANTED A CURVED “LOOK, IT'S “LOOK, IT'S GROWING
REGRESSION. LINE, 50 I MADE ONE TAPERING OFF" UNCONTROLLABLY"
UITH MATH"

Adapted from https://xkcd.com/2048 W



Many ways to fit a curve to data... But which one is best?

"TM SOPHISTICATED, NOT “T CLICKED ‘SMOOTH “T HAD AN IDEA FOR HOW "AS YOU CAN SEE, THIS
LIKE. THOSE BUMBLING LINES IN EXCEL TO CLEAN UP THE DATA. MODEL SMOOTHLY FiTs

POLYNOMIAL PEOPLE \WHAT DO YOU THINK?" THE— WAIT MO MO DON'T
EXTEND IT ARARAA!N"

"HEY, I DDA “T \UANTED A CURVED “LOOK, IT'S “LOOK, IT'S GROWING
REGRESSION. LINE, 50 I MADE ONE TAPERING OFF™™ UNCONTROLLABLY"
UITH MATH""

Adapted from https://xkcd.com/2048 W



Task: Fit a curve to the Arctic Sea Ice data

Sea Ice Extent in Millions km?

Annual Arctic Sea Ice Minimum Area
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Fit a curve to the Arctic Sea Ice data: Attempt 1

Linear fit

Sea Ice Extent in Millions km?
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Fit a curve to the Arctic Sea Ice data: Attempt 2

Linear fit
——— Quadratic fit

Which model is best?

Sea lce Extent in Millions km?

Annual Arctic Sea Ice Minimum Area
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Fit a curve to the Arctic Sea Ice data: Attempt 2

Linear fit
——— Quadratic fit

Which model is best?

Model captures the
explainable aspects of
the relationship.

The deviations should
be random.

Sea lce Extent in Millions km?

Annual Arctic Sea Ice Minimum Area

1980 1990 2000 2010 2020

Year




What is randomness?

Definitions:

* [awlessness: absence of arule

* Maximal difficulty of prediction: no available prediction method
does better than chance




What is randomness?

Definitions:

* [awlessness: absence of arule

* Maximal difficulty of prediction: no available prediction method
does better than chance

Examples: sequences of coin tosses, rolling dice, spinner

In theory, knowing all initial and environmental conditions coint
tosses would follow the rules of mechanics and be predictable,
but in practice this is not feasible, hence they are random (our

epistemic position).






A statistical court room

Null hypothesis:
The sequence stems from genuine coin flips.

Defense position: assumption of innocence.

Alternative hypothesis:
The sequence does not stem from genuine coin flips.
Prosecutors position: evidence of guilt.

We reject the null hypothesis if there is sufficient evidence
against it.

Image source: pixabay W



What characteristics might we use to establish “guilt”?

Measurable evidence against the Null?

Sequence #1:

THTTHHTHTHTTHTHTTHHHTHUHTT
HTHHHTHTTHTTTHTTHHTHUHUHRTTT
HTHHTHTHHTTTHTTTHTTHTUHTTT
HHTHHTTHTTTHHTTHTTHTHTTHH




What charateristics might we use to establish “guilt”?

Measurable evidence against the Null, e.g.:

» Number of heads

» Number of switches

» Number of runs

» Longest run

Sequence #1:
THTTHHTHTHTTHTHTTHHHTHHTT
HTHHHTHTTHTTTHTTHUHTHUHHTTT
HTHHTHTHUHTTTHTTTHTTHTHTTT
HHTHHTTHTTTUHHTTHTTHTUHTTHH




Number of heads

Assuming the sequence is a genuine (coin flips),
how many heads do we expect to see on average?

A mathematical model:
100 independent coin flips: Number of trials N = 100.

* In each coin flip, the probability of heads occurring is 7.
Success probability p = %.

e Number of heads X has a Binomial distribution:
X ~ Bin(100, %).




0.06

0.04

0.02

0.00

X = Number of heads

Probability mass function:
Shows the probability of observing a specific number of
heads in 100 independent fair coin flips.
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0.06

0.04

0.02

0.00

X = Number of heads

P(X <40) 2.8% P(X =50) | 46.0%
P(X < 41) 4.4% P(X >51) | 38.2%
P(X < 42) 6.7% P(X 252) |30.9%
P(X < 43) 9.7% P(X 253) |24.2%
P(X < 44) 13.6% P(X = 54) 18.4%
P(X < 45) 18.4% P(X = 55) 13.6%
P(X <46) |24.2% P(X = 56) 9.7%
P(X <47) |30.9% P(X = 57) 6.7%
P(X <48) |38.2% P(X = 58) 4.4%
P(X <48) | 46.0% P(X = 59) 2.8%
P(X < 50) 54.0% H P(X = 60) 1.8%
_ HnrﬂHH H_hﬂn.-._ _
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0.06

0.04

0.02

0.00

X = Number of heads

Significance level a = probability of falsely accusing the innocent of guilt

P(X < 40) 2.8%
P(X < 41) 4.4%
P(X < 42) 6.7%
P(X < 43) 9.7%
P(X <44) | 13.6%
P(X <45) | 18.4%
P(X <46) | 24.2%
P(X <47) |30.9%
P(X <48) |38.2%
P(X <48) | 46.0%
P(X <50) | 54.0%

mrnﬂﬂ

a=10%

I,

P(X >50) | 46.0%
P(X >51) | 38.2%
P(X >52) |30.9%
P(X >53) |24.2%
P(X >54) | 18.4%
P(X >55) | 13.6%
P(X > 56) 9.7%
P(X = 57) 6.7%
P(X > 58) 4.4%
P(X = 59) 2.8%
P(X = 60) 1.8%
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0.06

0.04

0.02

0.00

X = Number of heads

Significance level a = probability of falsely accusing the innocent of guilt

P(X < 40) 2.8%
P(X < 41) 4.4%
P(X < 42) 6.7%
P(X < 43) 9.7%
P(X <44) | 13.6%
P(X <45) | 18.4%
P(X <46) | 24.2%
P(X <47) |30.9%
P(X <48) |38.2%
P(X <48) | 46.0%
P(X <50) | 54.0%

mrnﬂﬂ

a=10%

I,

P(X >50) | 46.0%
P(X >51) | 38.2%
P(X >52) |30.9%
P(X >53) |24.2%
P(X >54) | 18.4%
P(X >55) | 13.6%
P(X > 56) 9.7%
P(X = 57) 6.7%
P(X > 58) 4.4%
P(X = 59) 2.8%
P(X = 60) 1.8%

024628 11 14 17 20 23 26 29 32 35 38 41 44 5053‘

Seq. #1 46 heads Seq.#2 56 heads

Example:

59 62 65 68 71 74 77 80 83 86 89 92 95 98

Not significant
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Run lengths

» Arunisasubsequence of equal outcomes

Sequence #1:
T H T T H

THHHTHT
1 2
3
THTTTHT
HTTTHTT

HTTHTHT

T

T H T H

HHTH

T H T

H H

T THTHTTHUHHTHHT TH

LY_}

HHTTTHTHHTHTHHTTT

T THHTHUHTTHTTTHHTT

W



Number of runs

» Arunisasubsequence of equal outcomes

Sequence #1:

Length of run 1 2 3 4 6 7
Number of runs 33 20 9 0 0
Sequence #2:
. Length of run 1 2 3 7
Number of runs 25 11 9 0 0
Expected from 100 independent coin flips, on average:
Length of run 1 2 3 4 5 7
Number of runs 2550 1262 6.25 3.09 1.53 0.38

W



Number of runs

» Arunisasubsequence of equal outcomes

Sequence #1:

Length of run 1 2 3 4 6 7
Number of runs 33 20 9 0 0
Sequence #2:
Length of run 1 2 3 4 7
Number of runs 25 11 9 0 0
Expected from 100 independent coin flips, on average:
Length of run 1 2 3 4 5 7
Number of runs 2550 1262 6.25 3.09 1.53 0.38

W



Number of runs

=
b ® Sequence #1
® Expected number of runs (for coin flips)
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Number of runs: deriving the distribution

A mathematical exercise

(doable e.g. with content from ST118 Introduction to Probability Theory)

-

\_

variables X; (¢ = 1,...,n) with values in {0,1} and with P(X; = 1) = p and
P(X;=0)=1—-p=gqforali=1,...,n.

coin. Calculate the expectation of Z,.

~

Model a sequence of n fair coin tosses by a sequence of independent random

Let Z, be the number of runs of heads or of tails of length r in n tosses of the

J

W



Longest run and number of switches

Sequence #1.:

 Longestrunis of length 3
 Number of switches is 61

Sequence #2:

 Longestrunis of length 5
* Number of switches is 50




Longest run frequency distribution (via simulation)

10,000 repetitions of 100 coin flips

Frequency
1500 2000 2500

1000

500
|
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I I I
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|
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A A length of longest run in 100 coin flips
Sequence #1  Sequence #2




Number of switches frequency distribution (via simulation)

10,000 repetitions of 100 coin flips

Frequency
400 600 800
| | |

200
|

ﬁnnHﬂHH N”“ﬂﬂnnn

rr r r v 1 1. 11 1.1 1111171711
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0

number of switchr in 100 coin ﬂipi

Sequence #2  Sequence #1




Both criteria

Number of switches

Increased evidence
based on joint
distribution

18

16

14

12

Longest run

3 4 5 6 7 &8 9 10

32 34 36 38 40 42 44 46 48 B0 52 54 56 58 60|62 64 66

Sequence #2  Sequence #1 W



Where is this being used?

» Random number generators
» Random sampling from probability distributions
(“Monte Carlo simulations”)

Applications include:
« weather modelling, climate change predictions

* option pricing, default risk assessment

* radiation therapy dosimetry

 protein folding

e structural engineering (reliability and risk)
 search and rescue operations

* policy evaluation and decision support




Spotting true randomness: a spatial example

Complete spatial randomness (CSR)
= a point pattern that has no underlying systematic structure
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Which of the above patterns is CSR?
What about the others?




Spotting true randomness: a spatial example

Complete spatial randomness (CSR)
= a point pattern that has no underlying systematic structure
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Thank you - You are welcome to talk to me about randomness or other aspects of
this presentation or the courses by the Department of Statistics.

UNIVERSITY

Study Research Business Alumni News Engagement Search Warwick ‘
OFWARWICK o 9ag

= Department of Statistics

Study Here~ | Current Students~ | Postgraduate~ | Research~ | Statistics Alumni | Working with Us~ | News~ | Events | People~ |

Contact | Intranet &~

Welcome to Warwick Statistics

]

Statistics and probability theory are key to understanding data and underlying
processes involving risk and uncertainty. Founded in 1972, the Department of
Statistics is internationally renowned for wide-ranging research and innovative
undergraduate and postgraduate degree programmes.
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