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This paper examines the eﬀect on valuation and incentives of allowing executives receiving
options to trade on the market portfolio. We propose a continuous time utility maximization
model to value stock and option compensation from the executive’s perspective. The executive
may invest non-option wealth in the market and riskless asset but not in the company stock
itself, leaving them subject to ﬁrm-speciﬁc risk for incentive purposes. Since the executive is
risk averse, this unhedgeable ﬁrm risk leads them to place less value on the options than their
cost to the company.
By distinguishing between these two types of risks, we are able to examine the eﬀect of stock
volatility, ﬁrm-speciﬁc risk and market risk on the value to the executive. In particular,
options do not give incentive to increase total risk, but rather to increase the proportion of
market relative to ﬁrm-speciﬁc risk, so executives prefer high beta companies. The paper also
examines the relationship between risk and incentives, and ﬁnds ﬁrm-speciﬁc risk decreases
incentives whilst market risk may decrease incentives depending on other parameters. The
model supports the use of stock rather than options if the company can adjust cash pay when
granting stock-based compensation.

1. Introduction
Stock based compensation now represents a signiﬁcant
proportion of executive remuneration. In 2002, stock
options represented 24% of CEO pay in the UK and
58% in the US. Average CEO compensation was $2.5
million in the US compared with $1.5 million in the
UKy. Ferrarini et al. (2003) use data from 2001 on
FTSE Eurotop300 companies and report that 47%
(France and Germany), 38% (Italy), 41% (Netherlands)
and 33% (Sweden) of CEO pay is performance related.
This paper proposes a continuous time utility maximization model to value stock and option compensation to
the executives receiving itz. The novel feature of our
model is that the executive is able to invest in the market

portfolio whilst being restricted from trading in the
stock of his own company. The executive is exposed to
total risk but can only hedge market risk. Firm-speciﬁc
risk cannot be hedged, although the executive must be
exposed to it for incentive purposes. It is this exposure
to unhedgeable risk, combined with the risk aversion of
the executive which leads to a drop in value compared
with the market value. The diﬀerence in the cost to the
company and the value to the executive is the loss due to
non-tradeability.
This framework enables us to consider the eﬀect of
both market and ﬁrm-speciﬁc risk on the executive’s
valuation and incentives, with interesting ﬁndings. We
ﬁnd systematic relationships between diﬀerent types of
risk and the value of the option to the executive. First,

*Email: vhenders@princeton.edu
yHay Group Study 2002 cited in Skapinker (2003).
zOur model is adapted and extended from those developed in Henderson (2002) and Henderson and Hobson (2002a) and the reader
is referred to those papers for further technical details. A practitioner summary of these papers may be found in Henderson and
Hobson (2002b). Teplá (2000) considers a related model where investors receive stock rather than options and the stock price
is normally distributed.
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executives awarded options do not necessarily want to
increase stock volatility in general, when correlation is
held constant, since their risk aversion can outweigh the
convexity eﬀect of the options. Secondly, executives do
have an incentive to increase the proportion of market
versus ﬁrm-speciﬁc risk, and thus prefer high beta
companies. However, if instead market risk is held
constant, ﬁrm-speciﬁc risk again generally has a negative
eﬀect on option value, but not necessarily for out-ofthe-money options. This depends on the importance of
convexity. Finally, holding ﬁrm-speciﬁc risk constant, a
generally positive relationship between market risk and
option value is demonstrated, although for some parameter values it is possible to conclude the reverse. For
stock, market risk does not seem to have much eﬀect on
value. All these eﬀects can occur in the one model and
indicate that it is diﬃcult to make general statements
about ‘risk’ and value without clarifying exactly what
variables are being held constant and which vary. See
section 4 for more details.
By employing a richer model, we are able to make
conclusions about the relationship between ﬁrm-speciﬁc
and market risk and incentives. Our ﬁrst conclusion that
incentives (and optimal incentives) decrease with total
stock volatility (when other parameters are held constant)
is consistent with principal agent theory. We ﬁnd ﬁrmspeciﬁc risk decreases incentives (and optimal incentives),
regardless of whether total risk or market risk are kept
ﬁxed. However, we ﬁnd incentives (and optimal incentives) may increase or decrease with market risk, depending on whether total or ﬁrm risk are kept ﬁxed. These
results extend those of Jin (2002) to options. Jin (2002)
examines the relationship between risks and optimal
incentives for restricted stock in a static principal agent
model. Our last result on market risk is in contrast to Jin
(2002) who found for stock compensation, market risk
has no eﬀect on optimal incentives.
In our set-up, we can also recover a number of
known features of executive stock option valuation.
First, the value to the executive is much less than the
Black–Scholes value or company cost of the options.
The Black–Scholes value overstates the value that
executives place on the options, due to restrictions
they face in trading the stock of their own company.
This has been highlighted in a number of papers,
including Lambert et al. (1991), Kulatilaka and
Marcus (1994), Huddart (1994), Detemple and
Sundaresan (1999) and Hall and Murphy (2002).
These papers argue that there is an asymmetry between
the cost to shareholders and the certainty equivalent
value to the executive caused by trading restrictions.
Short sales are restricted and private wealth is invested
in the riskless asset. Each ﬁnds that under a power

utility framework, the value to a manager can be
signiﬁcantly less than the cost perceived by shareholdersy.
Our framework allows us to ﬁnd explicitly a utility
indiﬀerence, or certainty equivalence value the executive
places on the stock or option compensation. This value
depends primarily on the risk aversion parameter and
the correlation between the company stock and the
market, but also on the volatilities and expected returns
of the stock and the market. As the size of the correlation between the stock and the market approaches one,
the value of the stock or options to the executive tends
to their market value. This is an important feature, and
Meulbroek (2001) has pointed out that not all utility
models recover the Black–Scholes option value. Of
course, our valuation formula depends on the preference
assumption of exponential utility. However, results in
Henderson (2002) for power utility indicate that similar
qualitative conclusions still hold.
Secondly, we can ask in our framework with the
market asset, what strike the company should set on its
options to maximize incentives to executives to act to
raise the stock price? Hall and Murphy (2002) ﬁnd in
a one-asset model that companies should grant stock
rather than options, if the executive’s cash pay is adjusted
when the stock compensation is awarded. We observe the
same in our richer two-asset model. In that way, our
results generalize Hall and Murphy (2002) to include
the market asset. Although neither set of conclusions
are emerging from a principal-agent framework, they
do arise from making a fair comparison between granting
stocks versus options. Given the imminent expensing of
options, this is an important and timely question.
Both Detemple and Sundaresan (1999) and Cai and
Vijh (2004) also study utility based valuation of executive
stock options when the executive can invest in the market
portfolio. However, their treatment is via binomial or
trinomial trees. Trees and associated numerical schemes
give these models ﬂexibility to use alternative utility functions, and in Cai and Vijh (2004), to cope with American
exercisez. However, for ease of numerical calculations,
Cai and Vijh (2004) assume the executive cannot modify
his chosen investment in the market over time. This is
a signiﬁcant restriction and in our model the executive
rebalances his portfolio continuously. The option price
obtained in this paper is additionally simpler to calculate
than prices in either Detemple and Sundaresan (1999)
or Cai and Vijh (2004). Kahl et al. (2003) study valuation
of restricted stock in a utility based model with power
utility. Whilst they also allow for investment in the
market portfolio, they solve their problem numerically
and do not treat options. In a similar framework with
options, Ingersoll (2002) assumes the executive holds

yAll these papers are structural models which maximize expected utility subject to restrictions. It is worth noting that another strand
of literature models early exercise as an exogenous stopping time, see Carpenter (1998) and Carr and Linetsky (2000). Carpenter
(1998) examines two models where non-option wealth is invested in the Merton no-option portfolio. The ﬁrst has an exogenous
stopping state where the executive must optimally forfeit or exercise. The second model is a utility model where the executive is
offered a reward for leaving the ﬁrm each instant.
zDetemple and Sundaresan (1999) only consider American exercise in a simpler model without the market asset.
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a restricted portfolio with at least a certain fraction in
the ﬁrm’s stock and does not solve for this portfolio in
a full utility maximization. Earlier, Meulbroek (2001)
considered a two asset framework, again concentrating
on restricted stock (although this is extended by Merton
(2001) to options) and a mean-variance set-up. Each of
these papers observes that non-tradability reduces the
value of stock or options to the executive, but none investigate systematic relationships between value or incentives
and diﬀerent risks.
The paper is structured as follows. Section 2 sets up
the model to value executive stock and option compensation. The next section uses a utility indiﬀerence approach
to value options or stock using the exponential utility
model. Features of this valuation are explored and
numerical examples given. Section 4 separates market
and ﬁrm-speciﬁc risk and examines their eﬀect on the
value to the executive of the options. Incentive beneﬁts
are introduced in section 5 and maximized for a ﬁxed
cost to the company and ﬁxed (pre-grant) value to the
executive. The relationship between risk and incentives
is explored in section 6. Concluding remarks are in the
ﬁnal section and details of derivations are placed in the
Appendix.

2. A utility maximization model for executive stock
option valuation

where W is a standard Brownian motion independent
of the Brownian motion B driving the marketz. The
total variance of S is 2 and using the above, this
can be split into the market or systematic risk 2 2 and
the remaining ﬁrm-speciﬁc or non-systematic risk
ð1  2 Þ2 . When  ¼ 0, the risk is all ﬁrm risk, and
when jj ¼ 1 the risk is solely market risk, which can be
diversiﬁed away. For jj < 1 the presence of a second
Brownian motion W and the fact that no trading is
allowed on S means that the ﬁrm-speciﬁc risk cannot be
hedged away.
The executive is able to invest in the riskless asset
r and the market M. Cash amount  is invested in the
market and the remainder earns the riskless rate, giving
dynamics for the wealth X of
dX ¼  dM=M þ rðX  Þ dt:
The aim of the executive is to maximize expected utility
of wealth, where, in addition to funds generated by trading, the executive receives  units of the call option with
payoﬀ ðST  KÞþ §. The value function of the executive
is given by
Vðt, Xt , St ; Þ ¼ sup Et ½UðXT þ ðST  KÞþ Þ

ð3Þ

ðu Þut

The executive receives European call options on the
company’s stock S, with expiry T and strike K. These
are traditional executive stock options as deﬁned in
Johnson and Tian (2000). Often in practice these options
are issued at-the-money, we allow for this, but retain
strike K to examine the eﬀect of moneyness on
valuationy. We can easily consider stock compensation
in the model by setting K ¼ 0.
We restrict ourselves in this paper to European style
options which are an approximation to the American
style (with vesting period) usually granted in practice.
Our valuation will represent an upper bound to the true
valuation of an American option with vesting, since the
American feature can only reduce the option value.
An American valuation model would be computationally
more challenging and we would lose the pleasing representation of the option price obtained in the following
section.
We make the assumption that the executive cannot
trade the stock, but is able to take positions in the market
portfolio, denoted by M. The dynamics for the market
index M are given by a geometric Brownian motion
dM=M ¼  dt þ  dB

where B is a standard Brownian motion. Assume the
company’s stock S also follows a lognormal process


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dS
¼  dt þ   dB þ 1  2 dW ,
ð2Þ
S

ð1Þ

and is used in the following section to obtain a certainty
equivalence or utility indiﬀerence value for the options.
In the remainder of the paper, we will consider utilities
with constant absolute risk aversion of the form UðxÞ ¼
ð1=Þ expðxÞ,  > 0. Choice of  is discussed in the
next section. Some justiﬁcation for this choice is
the research of Bliss and Panigirtzoglou (2004) who
estimate empirically the market’s or representative agent’s
degree of risk aversion from option prices. They conclude
CARA is more consistent with the data. The lack of
dependence on wealth can also be an advantage if empirical work were to be done, since the manager’s wealth
is unobserved. However, the main advantage gained here
from CARA utility is its tractability, as it enables closed
form solutions to be found.

3. Valuing stock and option compensation
Using the model outlined in section 2, we can ﬁnd the
amount of cash the executive would forego to receive
the stock options. This certainty equivalence or utility
indiﬀerence amount represents the value of the options

yWe use the terminology ‘at-the-money’ throughout the paper to refer to options with an exercise price equal to the grant-date
stock price. These are sometimes called fair market value options. Out-of and in-the-money options are also deﬁned with respect
to the grant-date stock price.
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zWe can generalize the dynamics of the stock price S to dS ¼ ðSt ; tÞ dt þ ðSt ; tÞð dB þ 1  2 dWÞ provided ðS; tÞ and ðS; tÞ
satisfy suitable boundedness and regularity conditions. Details of this extension are available from the author upon request.
§We make the standard assumption that the executive’s option grant does not have an effect on the value of the company stock.
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to the executive. More speciﬁcally, the idea is to
compare the expected utility for an executive who does
not receive any options to the expected utility of the
executive who receives the calls. The adjustment to the
initial wealth which makes these two values equal
gives the utility indiﬀerence value. Given an initial wealth
of x, the utility indiﬀerence amount p is the solution to the
equation Vð0, x  p, S; Þ ¼ Vð0, x, S; 0Þ (see Hodges and
Neuberger (1989)).
We write the value function of the executive given
in (3) as

options, , to give
pe ¼ exp½rðT  tÞ



0
þ
2
þ
 E ðST  KÞ  ð1   ÞVar½ðST  KÞ  þ    :
2
ð7Þ

The ﬁrst term in the expansion is exactly the value of
the option under the measure P0 , but there are correction terms to this. We now show that when the market
and stock are perfectly correlated, this valuation method
gives the correct value for the option, its Black–Scholes
1
or market value. Putting jj ¼ 1 into the expansion
Vðt, Xt , St ; Þ ¼  exp½Xt expðrðT  tÞÞgðT  t, log St Þ
for pe above eliminates the second order term. Ignoring

higher order terms, the value appears to be simply the
where gð0, log sÞ ¼ exp½ðS  KÞþ . It follows (see price under the measure P0 . However, on closer inspecAppendix, Derivation of value function) that
tion, to avoid arbitrage in the model, the relationship
  r ¼ ð  rÞ= must hold, with either  ¼ 1 or
1
Vðt, Xt , St ; Þ ¼  exp½Xt expðrðT  tÞÞ
 ¼ 1. This implies the drift under P0 is actually just

the riskless rate, and hence the value becomes simply
 exp½ð  rÞ2 ðT  tÞ=2 2 
the Black–Scholes price (as P0 becomes the risk neutral
measure). In this case, there is no ﬁrm-speciﬁc risk and
2 1
 ½E0 expðð1  2 ÞðST  KÞþ Þð1 Þ : the executive is fully diversiﬁed.
We have established that the limiting case of perfect
ð4Þ
correlation between the stock and the market gives
Solving Vðt, Xt  pe , St , Þ ¼ Vðt, Xt , St , 0Þ for the value the Black–Scholes value, or company cost. However, for
the more realistic case of non-perfect correlation, how
pe of  calls gives the representation
does the value diﬀer from the company cost? Let us ﬁrst
e
exp½rðT  tÞ
e
0
2
þ
log E ½expðð1   ÞðST  KÞ Þ: recognize that the value p solves a partial diﬀerential
p ¼ 
2
ð1   Þ
equation (pde). We write
ð5Þ
exp½rðT  tÞ
pe ðt, sÞ ¼ 
log Wðt, sÞ,
ð8Þ
ð1  2 Þ
Notice the expectation in (4) and (5) is no longer taken
with respect to the original probability measure P. Under where Wðt, St Þ ¼ E0 exp½ð1  2 ÞðST  KÞþ . Using
this new probability measure denoted P0 , the rate of the pde for W developed in the Appendix, we may derive
return on the market is r, but the return on innovations a pde for the executive value pe
!
orthogonal to the market are left unchanged. This is the
 e 2
e
2 e
minimal martingale measure of Föllmer and Schweizer @p þ 1 2 S 2 @ p  @p ð1  2 Þ exp½rðT  tÞ
2
@t
@S
@S2
(1990). Speciﬁcally, the market follows
dM
¼ r dt þ  dB0 ,
M
where B0 ¼ B þ ½ð  rÞ=t, a P0 Brownian motion and
the stock follows



dS
  r ð  rÞ
¼ rþ

dt
S


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð6Þ
þ  dB0 þ  1  2 dW,
where we deﬁne
¼ r þ ½ð  rÞ=  ð  rÞ= ¼
  ð  rÞ= to be the drift of the stock under P0 .
As mentioned earlier in the second footnote on p. 3, the
stock dynamics can be generalized and in this case, (5)
will still hold as the representation for the value to the
executive.
It is important to observe that we have not priced
under this measure, it is merely appearing in the expression for executive value, which was derived using utility
maximization arguments. To reinforce this, we could
expand the value in (5) in terms of the number of

þ S

@pe
¼ rpe
@S

ð9Þ

with pe ðT, sÞ ¼ ðs  KÞþ . Again, we can see that taking
jj ¼ 1 and ¼ r in (9) gives back the Black–Scholes pde.
We return to the question of non-perfect correlation
between the stock and the market. We can show the
value pe is lower than the company cost and increasing
in the size of the correlation. As correlation tends to
one, the value to the executive tends to the company
cost. This is shown in the Appendix, Eﬀect of correlation
on executive value.
The risk aversion parameter  plays an important
role. When the executive is awarded options ( > 0),
higher risk aversion results in him placing a lower value
on them. This can be shown using a similar comparison
argument to that used for the correlation.
We now illustrate some of the features of our analytical formula for executive valuation further by varying
the parameters in (5). Dividing (5) by the number of
units , gives a per-unit value pe =. We can observe
that the parameters  and  only appear together in
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the per-unit value, and we set q ¼ . We motivate
our numerical choice of this parameter by equating
local absolute risk aversion with the more popular
power utility with constant relative risk aversion.
This is useful since many authors use values of R around
3–4 and we can adopt similar values in our numerical examplesy. The equating of local risk gives the
relation  ¼ R=x, where R is the coeﬃcient of
relative risk aversion in the power utility and x is private
wealth.
Say the initial value of the stock is 100 cents. Now
consider a number of scenarios concerning the ratio
of options or stock to private wealth of the executive.
Suppose the executive receives $25 000 worth of
shares so  ¼ 25 000. If this represents a very small
fraction of his wealth, say 1=40, then x ¼ $1000 000 or
x ¼ 108 cents and a suitable risk aversion parameter
is  ¼ 4=108 and  ¼ 4  25 000=108 ¼ 1=1000. This
scenario might describe a wealthy CEO. At the
other extreme, if the shares represent 1=4 of the executive’s wealth, then x ¼ $100 000,  ¼ 4=107 and
 ¼ 4  25 000=107 ¼ 1=100. This would be more suitable for ﬁrms such as Internet ﬁrms where many
employees have a large part of their wealth in options or
stock of the company. Other values between these two
values of q that we use later are q ¼ 4=2500
and q ¼ 4=1500. Of course, these numbers can be scaled.
The executive who receives $2500 000 worth of shares
has  ¼ 2500 000 and if this represents 1=40 of his wealth,
x also gets multiplied by 100. This results in the same
value for q ¼ . This provides some justiﬁcation for
our choices of risk aversion  and shows how implicitly,
this choice may reﬂect private wealth.
In each of the graphs (unless speciﬁed otherwise) we
use parameters T ¼ 10 yr,  ¼ 0:8,  ¼ 0:10,  ¼ 0:45,
 ¼ 0:35, r ¼ 0:05. We set the drift of S,
under
P0 to be r and let  vary according to the relationship
given earlier. Despite having the closed form representation in (5), we need to use numerical integration to
compute values. Equivalently, we could have solved the
pde in (9).
Figure 1 is a plot of the value per unit option. The
Black–Scholes or company cost represented by the
highest line on the graph is signiﬁcantly higher than
either of the executive values, the two broken lines. The
executive values use two values of q. This represents two
executives with the same number of options  and
diﬀerent risk aversion parameters, but can also be
thought of as representing two executives with the same
risk aversion parameters but holding diﬀerent numbers
of options. As predicted from the valuation formula,
as risk aversion increases (moving from the higher to
lower of the two broken lines), the value placed on the
options falls. A similar picture can be obtained for stock
compensation.

100
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Figure 1. Per-unit option value. The top line is the risk neutral
value or company cost and the lowest line is the option payoﬀ.
The two inner lines represent the value to the executive using the
model, the higher line uses q ¼  ¼ 1=1000 whilst the lower
line uses q ¼  ¼ 4=1500. Parameters are T ¼ 10, K ¼ 100,
 ¼ 0:80,  ¼ 0.10,  ¼ 0:45,  ¼ 0:35, r ¼ 0:05 and ¼ r.

We can also examine the eﬀect of changing the option’s
expiry, correlation between the market and stock and q,
representing risk aversion and number of options, in
a table. Table 1 considers an at-the-money option and
reports the ratio of the executive value to the company
cost for 3, 5 and 10 year options. We ﬁx  and  and
vary , which also changes the beta of the company.
As predicted, when correlation tends to one, the ratio
approaches one, as the executive value tends to the
company cost. In this case, the executive is fully diversiﬁed and will not require a return premium. Higher
risk aversion leads to a lower executive value. A CEO
with much wealth outside the ﬁrm may value 10 year
options at 80% of the Black–Scholes value (when
 ¼ 0:75), but the same options may only be worth
39% say to an Internet company employee using
q4 ¼ 1=100. Qualitatively similar results are obtained by
looking at stock compensation and options are less
eﬃcient than stocks in terms of their executive value
versus company cost. For the same parameters (although
not in the table), the stock compensation has ratio
0.97 for T ¼ 3 and 0.81 for T ¼ 10. This is due to the
convexity of the options.

4. The eﬀect of total, market and ﬁrm-speciﬁc risk on
option value
By separating the ﬁrm-speciﬁc and market risks in the
model we are able to examine the eﬀect of each on
value and gain insights into the nature of the relationship

yMany papers, including Jenter (2001), Nohel and Todd (2001), Lambert et al. (1991) and Hall and Murphy (2002) use R about 3–4.
Although there is a debate as to whether R should be much larger, (see the discussion of the equity premium puzzle in Cochrane
(2001)) this would only magnify the effects observed in our model.

40

V. Henderson

Table 1. Ratio of executive value to company cost for at-the-money option compensation. We vary expiry (in years), q ¼ ,
and correlation between stock and market. Parameters: q1 ¼ 1=1000, q2 ¼ 4=2500, q3 ¼ 4=1500 and q4 ¼ 1=100: Take  ¼ 0:22,
 ¼ 0:45, risk premium   r ¼ 0:075 and S0 ¼ K ¼ 100.
T¼3
q3

q4

q1

q2

q3

q4

q1

q2

q3

q4

0.92
0.93
0.96
0.98
0.99
1.0

0.87
0.90
0.93
0.97
0.98
1.0

0.81
0.84
0.90
0.95
0.97
1.0

0.55
0.60
0.71
0.85
0.91
1.0

0.85
0.88
0.92
0.96
0.98
1.0

0.79
0.82
0.88
0.94
0.97
1.0

0.71
0.75
0.83
0.91
0.95
1.0

0.43
0.48
0.60
0.76
0.85
1.0

0.68
0.72
0.80
0.89
0.93
1.0

0.6
0.64
0.74
0.85
0.90
1.0

0.5
0.55
0.65
0.78
0.86
1.0

0.26
0.30
0.39
0.56
0.68
1.0

60
40

between risk and option value. The analysis in this
section observes how the value of an option with given
moneyness varies with diﬀerent exogenous levels of
either stock volatility , correlation , ﬁrm-speciﬁc risk
or market risk. All other parameters are held constant.
Note we are not allowing the option grant to alter the
ﬁrm’s risk but are observing how option values change
if risk is altered. This allows us to ask whether an executive would prefer a high or low exogenous risk (of the
various types) to give them the highest option value.
Extrapolating from this, we can decide whether an executive will want to inﬂuence the various risks to increase
the value of his options, or equivalently, whether the
executive has an incentive to alter risk. For instance, it
is commonly believed (see, for example, Johnson and
Tian (2000)) that executives have a desire to increase
stock volatility. We show in this section that this is not
the case, but rather that executives want to increase the
proportion of market relative to ﬁrm-speciﬁc risk. These
new observations can only be made in a model such
as ours which considers market and ﬁrm-speciﬁc risk
separately.
By varying the stock volatility , we can observe the
eﬀect on executive value. By ﬁxing the correlation, varying  will have an impact on both ﬁrm-speciﬁc and
market risks. Some thought tells us that increasing volatility will have two eﬀects on value. First, ﬁrm-speciﬁc
risk rises, and since this is unhedgeable and executives
are risk averse, value falls. But volatility also has the eﬀect
of increasing value via the convexity of the call option
payoﬀ. Therefore we can expect a mixed eﬀect on value,
depending on which dominates. This will depend on the
option moneyness and other parameters.
Figure 2 depicts this using options with various
degrees of moneyness. The three solid lines represent the
company cost for in-the-money, at-the-money and out-ofthe-money options, in order from highest to lowest. Each
is increasing with volatility, since this only takes the
convexity eﬀect into account. The remaining three lines
represent value to the executive for the same three
options. For the out-of and at-the-money options, when
 is low, the convexity eﬀect dominates ﬁrm-speciﬁc risk
and value is increasing. However, this reverses for higher
volatility, leading value to decrease with volatility. The
convexity is less important for the in-the-money option
(the extreme case being stock with no convexity eﬀect),
and value is decreasing in volatility for the entire range.

80

q2

20
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T¼5

0.0

0.2

0.4

0.6

0.8

1.0

h

Figure 2. Eﬀect of volatility on value, ﬁxing  ¼ 0:8. Graph
for three options: the three increasing solid lines are, from
highest to lowest, in-the-money (K ¼ 60), at-the-money
(K ¼ 100), out-of-the-money (K ¼ 140) Black–Scholes values.
The executive value for the same three options are represented
by the dashed lines, with the same ordering highest to lowest.
Risk aversion q ¼  ¼ 4=1500 is used and S0 ¼ 100. Other
parameters are those used in ﬁgure 1.

At high values of total volatility, the executive’s risk aversion dominates any convexity eﬀect, resulting in falling
values.
Empirical evidence supporting the idea that options do
not always encourage risk taking is available but limited.
Firstly, Cohen et al. (2000) test for evidence of risk shifting behaviour and ﬁnd it to be a very small eﬀect, regardless of direction. In the oil and gas industries, Rajgopal
and Shevlin (2002) ﬁnd managers are motivated to take
on exploration risks but hedge oil price risk. Empirical
evidence supporting our conclusion may also be found in
Meulbroek (2000). She examines insider transactions in
high volatility internet ﬁrms. The study ﬁnds negative
information is not the primary motivation for insider
selling. Rather, the evidence suggests executives place a
high value on having a diversiﬁed portfolio and attribute
a lower value to the options when volatility is high.
The second analysis we consider is varying correlation
whilst keeping total volatility  constant. We relate
the eﬀect of correlation on value to ﬁrm-speciﬁc and
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Figure 4. Eﬀect of ﬁrm-speciﬁc risk on option value, ﬁxing
market risk. The three lines represent in-the-money (S0 ¼ 100,
K ¼ 60), at-the-money (S0 ¼ 100 ¼ K) and out-of-the-money
(S0 ¼ 100, K ¼ 140) options from highest to lowest. Each uses
q ¼  ¼ 4=1500. Other parameters are those used in ﬁgure 1.

30

market risks. Figure 3 plots the value (per unit option) to
the executive against correlation between the market and
stock. The three lines represent three diﬀerent options
(from highest to lowest) in-the-money, at-the-money
and out-of-the-money, with parameters given in the
caption to ﬁgure 3. Firstly observe that the value
increases with correlation, for each option moneyness.
This extends also to the case of stock. Altering correlation whilst keeping total volatility  ﬁxed changes
the proportion of ﬁrm-speciﬁc and market risks.
As correlation increases, less of the risk is ﬁrm-speciﬁc
and more is market risk, leading to an increase in the
option value to the executive. By varying ﬁrm-speciﬁc
risk as a proportion of total risk, we obtain a negative
relationship between ﬁrm-speciﬁc risk and value. Varying
market risk as a proportion of total risk gives a positive
relationship between market risk and value. These conclusions also hold if the executive receives the stock
itself. Therefore, when an executive receives options or
stock, there is an incentive for him to act such that
more of the total risk is market, rather than ﬁrm risk.
Equivalently, the executive will act to increase the beta
of the company.
We can also try to isolate the eﬀect of ﬁrm-speciﬁc risk
on value by keeping market risk constant. Here, two
forces are interacting and increasing ﬁrm-speciﬁc risk is
reducing value, whilst the corresponding increase in
total risk  will increase value via convexity. This convexity eﬀect should have less of an impact than in ﬁgure 2
however as market risk is constant, although the overall
impact is not obvious and may depend on the parameter
values. Figure 4 substantiates this claim. The lines from
highest to lowest represent in-the-money, at-the-money
and out-of-the-money options. The ﬁgure shows option
value to the executive is generally decreasing with

0.15

h2(1 − r2)

Value (per unit)

Figure 3. Eﬀect of correlation on value to the executive,
ﬁxing  ¼ 0:45. The three lines represent in-the-money
(S0 ¼ 100, K ¼ 60), at-the-money (S0 ¼ 100 ¼ K) and outof-the-money (S0 ¼ 100, K ¼ 140) options from highest to
lowest. Each uses q ¼  ¼ 4=1500. Parameters are T ¼ 10,
 ¼ 0.10,  ¼ 0:35, r ¼ 0:05, ¼ r.
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0.10
h2
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Figure 5. Eﬀect of market risk on option value, ﬁxing ﬁrmspeciﬁc risk. The three lines represent in-the-money (S0 ¼ 100,
K ¼ 60), at-the-money (S0 ¼ 100 ¼ K) and out-of-the-money
(S0 ¼ 100, K ¼ 140) options from highest to lowest. Each
uses q ¼  ¼ 4=1500. Other parameters are those used in
ﬁgure 1.

ﬁrm-speciﬁc risk when market risk is ﬁxed, although for
out-of-the-money options it is possible for the value to
increase when ﬁrm-speciﬁc risk is very low. The convexity
does have an eﬀect at low values of ﬁrm-speciﬁc risk
in this case.
A ﬁnal graph will ﬁx ﬁrm-speciﬁc risk and vary market
risk . Increasing market risk 2 2 whilst keeping
ﬁrm-speciﬁc risk constant involves increasing both 
and . The same three options appear in ﬁgure 5
as those used in ﬁgure 4. For this example, as market
risk increases, the value to the executive rises for the at
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and out-of-the-money options. For the far in-the-money
option (or stock) however, the value seems to be fairly
constant as market risk increases. This is really a combination of the eﬀects in ﬁgures 2 and 3 and therefore
the value to the executive may increase or decrease with
market risk, contrary to intuition.
Thus depending on which parameters are held ﬁxed,
diﬀering but not inconsistent conclusions may be drawn
about the eﬀect of risks on the executive’s valuation of
the options. In particular, options do not give incentive
to increase total risk, but rather to increase the proportion of market relative to ﬁrm-speciﬁc risk. If ﬁrm-speciﬁc
risk is ﬁxed however, the eﬀect of market risk on value
can be ambiguous.
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5. Optimal choice of strike
We will now turn to the incentive beneﬁts of stock-based
compensation, focusing on the impact of the market portfolio. Following Hall and Murphy (2002) and others, we
consider incentives to be the options’ eﬀect on motivation
of a manager to increase the company’s stock price.
The idea is that by giving stock-based compensation to
executives, they will act like an owner of the company.
In common with Hall and Murphy (2002) and Jenter
(2001), we deﬁne incentives as the derivative of the utility
value with respect to stock price. However in contrast to
these papers, we allow for trading in the market portfolio
in continuous time. Using the expression for value in (8),
we diﬀerentiate to obtain
@ e
exp½rðT  tÞ Ws ðt, sÞ
p ðt, sÞ ¼ 
:
@S
ð1  2 Þ Wðt, sÞ

ð10Þ

where the details of the expression for Ws are given in
the Appendix, Calculation of incentives.
We see in ﬁgure 6, just as the company cost overstates
the value of the options to managers, the Black–Scholes
delta overstates their incentive eﬀects. The plot shows
incentives for an option with stock price 100, for two
values of q ¼ . Incentives decrease with risk aversion
level, the lower line uses the larger of the two parameters.
Thus options give much less incentive to increase stock
price than is reﬂected by the naive Black–Scholes delta.
Another observation that can be made from ﬁgure 6 is
that incentives are greatest for in-the-money options
(and the extreme case of stock) on a per-unit basis.
A caveat is in order here. To compare incentives as
measured by (10) across diﬀerent strikes K, we must
assume that the initial stock price and dynamics of S
are the same in each case. That is, we cannot have a feedback eﬀect from the option grant to the stock price,
see third footnote on p. 3 earlier. Clearly this is an
approximation, but one that is widely accepted.
We now ask the question ‘what is the best strike K
for the company to set so as to maximize incentives to
executives for a ﬁxed cost?’ For the same amount of
money, the company could grant a larger number of
out-of-the-money options or fewer stocks, with diﬀering
incentives from each. We allow the company to grant

80

100
K

120

140

Figure 6. Option incentives (the change in the executive
value (per option)pe = for a 1 unit change in the stock price).
The solid line corresponds to the risk neutral delta whilst the
two lower lines use the utility model with q ¼  ¼ 1=1000
and q ¼  ¼ 4=1500 (lowest line). Parameters are those used
in ﬁgure 1. with S = 100.

diﬀering numbers of options and stocks and compare to
see which strike maximizes incentives for a ﬁxed cost.
Equivalently, incentives could be ﬁxed, and compensation
chosen to minimize cost, as in Jenter (2001). Note in our
formulation we do not allow for the situation where an
executive receives both stock and options, although the
analysis could be extended to cover this case.
Our analysis of this problem is based on that of Hall
and Murphy (2002) earlier. We extend their work to
include the market asset and ask the same question that
they consider in their Case 2. It is worth noting here that
neither their nor our analysis takes place in a principalagent framework. We assume, as do Hall and Murphy
(2002), that stock-based compensation is to be granted
and then solve for the best strike to maximize incentives
for a ﬁxed-cost.
As in Case 2 of Hall and Murphy (2002), we will make
an assumption, made in eﬃcient contracting theory, that
when stock-based compensation is given, the executive’s
base salary is reduced. The relevant amount of cash to be
deducted from salary is exactly the executive’s valuation
of the additional options or stock. If we think of the
executive starting with $100 000 cash, then the option
grant must be such that the value of the options pe plus
cash pay a total $100 000. In this scenario, the executive is
indiﬀerent between additional stock or options (and less
cash) and the status quo. We also ﬁx the cost to the
company of the compensation, which is the Black–
Scholes value of the options plus cash pay.
Returning to our illustration, assume the company paying the executive $100 000 cash decides to grant stock or
options. Say the company gives options with Black–
Scholes value $10 000, but the executive values these at
only $6000. The company gives the executive $94 000 cash
and the options, leaving the total value to him unchanged
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max
K

@pe ðKÞ
@S

such that

BS K  pe ðKÞ ¼ c,

ð11Þ

3
2
150

1

100

K

0.2
50

0.4
h

0.6
0.8 0

Figure 7. Incentives for  options or stock across strike K and
total volatility , with ﬁxed  ¼ 0.8. A ﬁxed c is chosen and
 determined for each K,  pair such that (11) is satisﬁed. Fix
 ¼ 4=1:5  107 , S0 ¼ 100 and other parameters same as ﬁgure 1.
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where c is a ﬁxed constant.
In the following analysis we choose a ﬁxed c such that
for typical parameters and an at-the-money option,  is
around 10 000 when  ¼ 4=1:5  107 and  ¼ 0.4. Once c
is selected, the choice of  satisfying the constraint in (11)
will vary with choice of K. We will ﬁx risk aversion,
option expiry, , volatility of the market, riskless rate
and initial stock value. The remaining parameters of
stock volatility and correlation are varied in a number
of ways. This enables us to investigate the conditions
under which diﬀerent option strikes may be optimal
and the robustness of our conclusions.
Figure 7 ﬁxes correlation and varies the stock volatility
 and strike K to plot incentives for receiving  options.
We ﬁx c as described. For each combination of volatility and strike, the constraint in (11) is solved for .
When  ¼ 0.4, the company can grant around 10 000
at-the-money options or more than 10 000 out-of-themoney options but fewer than 10 000 options if they are
in-the-money. For the moment, we are interested in the
behaviour of incentives across various strikes, for a given
. Later in section 6, we will also consider behaviour across diﬀerent  for a given strike to analyse the
relationship between risk and incentives.
The ﬁgure shows that for a ﬁxed volatility , incentives
(for  options or stock) are decreasing in strike K. To
maximize incentives according to the optimization in
(11), the company should grant stock rather than options.
We also veriﬁed that this conclusion was robust to
changes in risk aversion. We can also verify this is the
case when we consider varying market and ﬁrm-speciﬁc
risks, both together and in turn. First we ﬁx stock volatility  and vary the correlation and strike. Again, this is
done such that c is ﬁxed and (11) is solved for  for each
combination of correlation and strike. This implies total
risk is ﬁxed but the proportion of ﬁrm-speciﬁc and market

4

∂ R (l)
∂S

at $100 000. The total cost to the company is now
$104 000. When deciding on whether to grant stock,
in-the-money, at-the-money or out-of-the-money options,
the company keeps the $100 000 value to the executive
constant and the $104 000 cost to themselves constant.
We now observe that the two constraints mentioned
above can be combined into one single constraint. The
ﬁrst constraint denoted (i), is that the value to the executive is equal to the cash pay plus pe ðKÞ, and this is
kept constant. The second constraint labelled (ii), is that
the company cost (also kept constant) equals the cash pay
plus the Black–Scholes value of  options. Subtracting (i)
from (ii) eliminates cash pay and gives a single constraint
— to keep ﬁxed the diﬀerence in the Black–Scholes and
executive value of the compensation. In the example
above, it is equivalent to keeping a diﬀerence of $4000
constant.
If we denote the executive value of this compensation
by pe ðKÞ and the Black–Scholes value (of  options) by
BS K (where in both cases the K refers to the dependence
on the strike) then we maximize incentives by
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Figure 8. Incentives for  options or stock across strike K and
correlation, with ﬁxed  ¼ 0.4. A ﬁxed c is chosen and  determined for each K,  pair such that (11) is satisﬁed. Fix also
 ¼ 4=1:5  107 , S0 ¼ 100 and other parameters same as
ﬁgure 1.

risk changes with . Figure 8 shows that for ﬁxed ,
incentives are still maximized by the choice K ¼ 0.
Figures 9 and 10 ﬁx market risk and ﬁrm-speciﬁc risk in
turn, whilst varying the remaining risk. Again, K ¼ 0 is
optimal to maximize incentives in both cases. Thus
for typical volatilities the model concludes that stock
compensation is optimal and options are an ineﬃcient
means of creating incentives, in agreement with Jenter
(2001) and Hall and Murphy (2002). Our result is also
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Figure 9. Incentives for  options or stock across strike K and
ﬁrm-speciﬁc risk, with ﬁxed market risk 2 2 . A ﬁxed c is chosen
and  determined for each K, 2 ð1  2 Þ pair such that (11) is
satisﬁed. Fix  ¼ 4=1:5  107 , S0 ¼ 100 and other parameters
same as ﬁgure 1.

Figure 10. Incentives for  options or stock across strike K
and market risk, with ﬁxed ﬁrm-speciﬁc risk 2 ð1  2 Þ. A ﬁxed
c is chosen and  determined for each K, 2 2 pair such that (11)
is satisﬁed. Fix  ¼ 4=1:5  107 , S0 ¼ 100 and other parameters
same as ﬁgure 1.

consistent with that of Hemmer et al. (2000) who ﬁnd in a
principal-agent framework, introducing options with
CARA preferences is not optimal.

ﬁrm-speciﬁc risk driving the relation between risk and
incentives.
We extend the investigation of these issues to options in
a continuous time utility model. The model makes predictions about the optimal compensation structure and we
may analyse how this changes with risk. Potentially different conclusions, not inconsistent with each other may
be drawn if we consider ﬁrm-speciﬁc and market risks
separately.
Returning to ﬁgures 7–10, we now consider how incentives vary with risk for any strike, where risk can be total,
market or ﬁrm-speciﬁc. Figure 7 shows option incentives
decrease with total volatility  when other parameters,
including correlation are kept constant. Recall we have
imposed constraint (11), which means the incentives are
those achievable with varying numbers of options giving
a ﬁxed c. Optimal incentives (where incentives are
maximized at K ¼ 0) also decrease with total volatility,
consistent with the conclusions of principal agent theory.
Fixing total volatility and for any strike K, ﬁgure 8
shows incentives are increasing with correlation. Thus
incentives are higher when more of the total risk is
market risk, and lower when ﬁrm-speciﬁc risk makes
up a larger proportion of the overall risk. Relating
this to a company’s beta, incentives are higher for a
company with higher beta, when all other variables
are the same. This is also true for optimal incentives,
seen on the graph when K ¼ 0, so optimal incentives are
higher when market risk makes up a larger proportion
of total risk, or equivalently, when the company has a
higher beta. However, since total risk is being held
constant, increasing market risk (via increasing correlation) is also simultaneously reducing ﬁrm-speciﬁc risk,
and market risk is reduced when ﬁrm-speciﬁc risk

6. The impact of market and ﬁrm-speciﬁc risk on
incentives
We can analyse the eﬀect of the various risks on incentives in our framework with some interesting new results.
Firstly however, we discuss the existing literature. The
trade-oﬀ between risk and incentives is at the centre of
agency theory. The principal agent model predicts that
executive’s pay-for-performance sensitivity is decreasing
in the variability of the ﬁrm’s performance. The empirical
evidence testing this hypothesis is mixed. Aggarwal and
Samwick (1999) and Lambert and Larcker (1987) both
ﬁnd executives at riskier ﬁrms have lower incentive levels,
supporting the conclusion of the principal agent model.
Many papers however ﬁnd no signiﬁcant relationship,
or even a positive one, see table 1 in Prendergast (2000).
A possible explanation for the weak empirical link is that
the literature focuses on total risk, when the eﬀects
of ﬁrm-speciﬁc and market risks are potentially very
diﬀerent. More seriously, the theoretical models also
attempt to draw conclusions based solely on total risk,
which (at least in the context of allowing the executive
to trade) is not the only way to examine the link between
risks and incentives. There is one exception to this. In a
static principal agent framework, Jin (2002) ﬁnds optimal
incentives decrease with ﬁrm-speciﬁc risk and are
unaﬀected by market risk, when considering stock rather
than option compensation. Empirically, he ﬁnds it is the
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is increased. Thus we cannot distinguish the true eﬀect
of the individual risks separately.
In ﬁgure 9, market risk is held constant whilst ﬁrmspeciﬁc risk varies. For all strikes, incentives are seen to
decrease with ﬁrm-speciﬁc risk. Optimal incentives (when
K ¼ 0) also decrease with ﬁrm-speciﬁc risk. This result
recovers the conclusion of Jin (2002) for the case of
stock and extends his conclusions to options also.
We now attempt to isolate the eﬀect of market risk by
holding ﬁrm-speciﬁc risk constant, refer to ﬁgure 10.
Incentives across all strikes and therefore optimal incentives actually decrease with market risk when ﬁrm-speciﬁc
risk is ﬁxed and for the chosen parameters. This conclusion diﬀers from that made in Jin (2002) for stock compensation, that market risk has no eﬀect. One explanation
is that for stock compensation in our model, market risk
does not aﬀect value signiﬁcantly, see ﬁgure 5. Figure 5
showed market risk could increase option value to the
executive (and was ﬂat for stock), and we commented
that for other parameters and ranges it was possible
that market risk decreased value. This eﬀect appears to
carry over to optimal incentives so that market risk
decreases optimal incentives, at least for the examples
we examine.

7. Conclusions
This paper proposes a continuous time utility model to
value stock and option compensation, under the assumption that executives cannot trade in the stock of the company. Trading in the market ensures that executives
may diversify away market risk, but remain exposed to
ﬁrm-speciﬁc risk.
The model exhibits the well-known result that the cost
of the compensation to the company and the resulting
incentives overstate the value and incentives that executives perceive, due to restrictions faced by executives in
trading their own company’s stock. However unlike many
one asset models, we can examine the eﬀect of market and
ﬁrm-speciﬁc risks separately on value. By distinguishing
between the two types of risk, it is clear that the drop in
value compared with Black–Scholes or company cost is
due to the executive not being able to trade away ﬁrmspeciﬁc risk. There are two opposing forces at play.
On the one hand, the board aims to tie managers’ reward
to company performance. However, this exposure reduces
the private value they place on the stock-based compensation as they are risk averse and exposed to ﬁrm-speciﬁc
risk.
Our model predicts that options do not encourage
executives to increase total risk, but rather to increase
the proportion of market relative to ﬁrm-speciﬁc risk,
or the beta of the company. If ﬁrm-speciﬁc risk is ﬁxed,
the eﬀect of market risk on option value is ambiguous.
Future empirical work could test this implication.
The paper draws conclusions about the relationship
between various types of risk and incentives. We ﬁnd
systematic relationships exist between the executives’
incentives to increase the stock price, and total, market

and ﬁrm-speciﬁc risks. First, consistent with principal
agent theory, incentives and optimal incentives decrease
with total volatility or risk. Second, we ﬁnd optimal
incentives decrease with ﬁrm-speciﬁc risk but may
increase or decrease with market risk, depending on
which parameters are held ﬁxed. This second conclusion
diﬀers from that made by Jin (2002) in the case of stocks.
Empirical testing of these conclusions would involve an
extension of the work of Jin (2002) to cover non-linear
payoﬀs.
Although the calculations in the paper rely heavily on
the assumption of exponential utility, we would expect
using power utility that many qualitative results would
remain unchanged. See Henderson (2002) for approximate option prices under power utility. Finally, future
directions for research include incorporating American
style exercise into the framework of the paper and explicitly modeling the executive’s eﬀort. Agliardi and
Andergassen (2003) have attempted to extend the model
in this paper to include an eﬀort variable.
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Appendix
Derivation of value function
From (3) the value function is written as
Vðt, Xt , St ; Þ ¼ sup Et ½UðXT þ ðST  KÞþ Þ
ðu Þut

¼

1
expðXt exp½rðT  tÞÞ


 gðT  t, log St Þ,
where gð0, log sÞ ¼ exp½ðS  KÞþ  and for UðxÞ ¼
1= expðxÞ. We know V is a supermartingale under
any strategy  and a martingale under the optimal
strategy. Applying Ito’s formula to V and optimizing
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Consider h ¼ f~  f^ so that hðT, sÞ ¼ 0. Then, using (A5)

over values of  gives
1
1
ðg0 þ ð  rÞgÞ2
g_ þ ð  2 Þg0 þ 2 g00 
¼0,
2
2
2 2 g
ðA 1Þ
a non-linear pde. The optimal strategy is given by
r
g0 
:
 ¼ 2
þ
 exp½rðT  tÞ g exp½rðT  tÞ


ðA 2Þ

Using the approach in Henderson (2002), we consider
the transformation gð , zÞ ¼ expð ÞGð , z þ ð  2 =2Þ Þb .
If we take b ¼ ð1  2 Þ1 , ¼ ð  rÞ2 =2 2 and ¼
r þ ðð  rÞ=  ½ð  rÞ=Þ we get the heat equation

^h ¼ L
^ ð f~  f^ Þ ¼ L
~ f~  L
^ f^  ðL~  L
^ Þf~
L
1
@f~
¼  2 S 2  exp½rðT  tÞð~ 2  ^ 2 Þ
2
@S

:

By the Feynman–Kac representation (see Duﬃe (1996))
2
!2
ZT
~
1
@
f
2
2
2
2
hðt, sÞ ¼ f~  f^ ¼ E^ 4
 S  exp½rðT  tÞð~  ^ Þ
@S
t 2
#
 dujSt ¼ s  0:
We have shown the executive’s value is increasing in jj,
up to the Black–Scholes value or company cost.

1
G_ ¼ 2 G00
2
subject to Gð0, zÞ ¼ exp½ðez  KÞþ =b.
The solution is

Calculation of incentives

Gð , xÞ ¼ EGð0, x þ Z Þ

We begin with (8) and diﬀerentiate to obtain (10):

for Brownian motion Z and hence
2

!2

@ e
exp½rðT  tÞ Ws ðt, sÞ
p ðt, sÞ ¼ 
:
@S
ð1  2 Þ Wðt, sÞ

2

gðT  t, log St Þ ¼ exp½ð  rÞ ðT  tÞ=2 
 E0 exp½ð1  2 ÞðST  KÞþ 

ð12 Þ1

Using the pde (A4) for W we can develop an expression
for Ws. Setting zðt, sÞ ¼ Ws ðt, sÞ we see z satisﬁes

ðA 3Þ

z_ þ 122 S2 zss þ Szs ð2 þ Þ þ z ¼ 0

giving (4).
We deﬁne Wðt, SÞ ¼ E0 exp½ð1  2 ÞðST  KÞþ 
and hence using (A3) obtain the relationship

with
zðT, sÞ ¼ ð1  2 ÞIðsKÞ exp½ð1  2 Þðs  KÞþ .
z
0
2
0
0
0
Deﬁne
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃdP
ﬃ =dP 0¼ expðB  ð1=2Þ tÞ, where zB ¼0B þ
p
2
2 1
1   W is P Brownian motion and W ¼ B  t.
gðT  t, log SÞ ¼ exp ð  rÞ2 ðT  tÞ=2 2 Wðt, SÞð1 Þ :
Then S is an exponential Brownian motion with volatility
2
z
Diﬀerentiating and substituting into the pde (A1), gives  and drift ð þ  Þ under P . Now we may write (using
the Feynman–Kac representation, see Duﬃe (1996))
the following pde for W
1
W_ þ 2 S2 Wss þ SWs ¼ 0
2

z

ðA 4Þ

with WðT, SÞ ¼ exp½ð1  2 ÞðS  KÞþ .

2
zðt, sÞ ¼ Ws ðt, sÞ ¼ exp½ ðT  tÞEP
t ðð1   ÞIðST KÞ

 exp½ð1  2 ÞðST  KÞþ Þ

ðA 6Þ

and thus combining (A 6) with (10), we have an explicit
expression for incentives. Note that as Ws < 0, @pe =@S is
always greater than zero.

Eﬀect of correlation on executive value
We use a comparison argument. Take ð^ Þ2 < ð~ Þ2 . Denote
by f^ (and f~) the value pe evaluated with ^ (or ~ ) respec^ f^ ¼ 0 subject to
tively. Fix . The function f^ solves L
þ
^
f ðT, sÞ ¼ ðs  KÞ where
^ ¼ r þ @ þ 1 2 S 2
L
@t 2
"
 2 #
@2
@
@
2

 ð1  ^ Þ exp½rðT  tÞ
þ S :
@S
@S
@S 2
~ f~ ¼ 0 with f~ðT, sÞ ¼ ðs  KÞþ , where
Similarly, f~ solves L
~
^ by replacing ^ with ~ . As a conseL is obtained from L
quence, for any g, we have
 2
~  L^ Þg ¼ 1 2 S 2  exp½rðT  tÞð~ 2  ^ 2 Þ @g : ðA 5Þ
ðL
2
@S

Optimal strategy
From (A2) we have an expression for  in terms of g.
Using the above relationship between g and W, we see
g0 =g ¼ SWs =ðWð1  2 ÞÞ and
 ¼

r
SWs
þ
:
 exp½rðT  tÞ  exp½rðT  tÞWð1  2 Þ
ðA 7Þ
2
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