Stochastic volatility models, correlation and the q-optimal measure

David Hobson Department of Mathematical Sciences, University of Bath, Claverton Down, Bath BA2 7AY. UK.

17th May 2004

The aim of this paper is to study the minimal entropy and variance-optimal martingale measures for stochastic volatility models. In particular, for a diffusion model where the asset price and volatility are correlated, we show that problem of determining the q-optimal measure can be reduced to finding a solution to a representation equation. The minimal entropy measure and variance-optimal measure are seen as the special cases q = 1 and q = 2 respectively.

In the case where the volatility is an autonomous diffusion we give a stochastic representation for the solution of this equation. If the correlation ρ between the traded asset and the autonomous volatility satisfies ρ^2 < 1/q, and provided certain smoothness and boundedness conditions on the parameters are satisfied, then the q-optimal measure exists. If ρ^2 ≥ 1/q then the q-optimal measure may cease to exist beyond a certain time horizon. As an example we calculate the q-optimal measure explicitly for the Heston model.

Keywords: Martingale measures, variance-optimal measure, minimal entropy measure, stochastic volatility, correlation, Heston model.

Acknowledgement: The author wishes to thank Vicky Henderson and especially Thorsten Rheinländer for valuable comments on an early version of this paper.

1 Introduction and main results.

In this article we consider stochastic volatility models for asset prices. The typical stochastic volatility model is incomplete and there are no unique preference-independent option prices. Instead there are various approaches to derivative claim pricing. One approach, motivated by the analysis of complete markets, is to postulate that the prices of options should be given as the expectation under an equivalent martingale measure. This approach has the advantage that it leads to a linear pricing scheme which is also arbitrage free. However, since the market is incomplete, there are many such martingale measures, and we need to specify a criterion by which to justify a particular choice.

One choice of measure is the variance-optimal measure. Under certain regularity conditions this is the mean-variance option pricing measure introduced in the martingale case by Föllmer and Sondermann (1986), and extended to the general case by Duffie and Richardson (1991), Schweizer (1991) and Gouriéroux et al (1998) amongst others. The use of the variance-optimal measure in stochastic volatility models has been extensively investigated by Laurent and Pham (1999), Biagini et al (2000) and Heath et al (2001) and these studies provide a starting point for our investigations. The variance-optimal measure has links with quadratic utility functions, and has the distinct advantage that it is convenient for calculations (due to the quadratic structure) but has the disadvantage that it may cease to be defined beyond a certain time horizon. Furthermore, in models with jumps it may lead to a signed measure, see Schweizer (1996), although this problem will not concern us here.

A second choice of pricing measure is the minimal entropy measure, see Frittelli (2000) and Rouge and El Karoui (2000). There are links between pricing under the minimal entropy measure and pricing under an exponential (constant absolute risk aversion) utility function. This link is via the dual problem, see Delbaen et al (2002). Moreover, the minimal relative entropy measure exists in many circumstances when the variance-optimal measure is not defined, see for example Rheinländer (2002), and indeed some of the results below.

The connection between these two theories is provided by the q-optimal measure, Delbaen et al (1997). The q-optimal measure minimises the q^{th} moment of the Radon- Nikodym derivative of the pricing measure with respect to the original real-world measure. When q = 2 we have the variance-optimal measure and under certain technical conditions (see for example Grandits and Rheinländer (2002)) the minimal entropy measure arises in the limit q ↓ 1. Our aim is to study the q-optimal measure for stochastic volatility models with correlation.

For the purposes of this section, and in order to state the main results, we define the model as follows. Let S be the traded asset (we work in a world with zero interest rates, so that S is really a discounted price) and let Y be the stochastic volatility. In principle both S and Y could be vector valued quantities, but in this paper we will only consider the univariate case. Then S and Y solve dS_t S_t = Y_t(λ_tdt + dB_t) dY_t = α_tdt + β_tdW_t (1) subject to initial conditions, where λ_t, α_t and β_t are previsible processes, and B, W are correlated Brownian motions with correlation co-efficient ρ_t taking values in (−1, 1). We write ρ_t = √ 1 − ρ^2_t so that W is given by dW_t = ρ_tdB_t + ρ_tdZ_t for a Brownian motion Z independent of B. The form of the SDE for the traded asset, and in particular the fact that it is driven by a Brownian motion and the drift can be written as λ_tY_tS_t, means that this model satisfies the ‘structure condition’ (Pham et al (1998)). It will turn out that the increasing process K_t := ∫_t 0 λ^2_t dt is a key quantity of interest. K_t is often called the ‘mean-variance tradeoff process’.

Theorem 1.1 Suppose there are previsible processes η_t = η^{(q)}_t , ξ_t = ξ^{(q)}_t and a finite constant c = c^{(q)} such that q 2 K_T = M_T −

(q − 1) 2 [M]_T + L_T + 1 2 [L]_T + c (2) where M_t = ∫_t 0 η_u(dB_u + qλ_udu), L_t = ∫_t 0 ξ_udZ_u. Then, provided certain regularity assumptions are satisfied (see later sections for more details), the q-optimal martingale measure Q^{(q)} is given by dQ^{(q)} dP = E(−λ · B − ξ · Z)_T (3) and then E [( dQ^{(q)} dP )_q] = e^{(q−1)c}; (4) moreover the q-optimal measure is of the form dQ^{(q)} dP = C exp (∫_T 0 χ_tdS_t − (q − 1) 2 ∫_T 0 χ^2_t d[S]_t ) (5) for the process χ_t = (η_t − λ_t)/(S_tY_t) and constant C = e^c. The expressions for (3), (4) and (5) hold for the relative entropy measure Q^{(1)} on taking q = 1, save that in that case the expression in (4) becomes E [ dQ^{(1)} dP ln dQ^{(1)} dP ] = c. Remark 1.2 We will call (2) the fundamental representation equation. As Rheinländer (2002) remarks, this equation corresponds to a non-trivial martingale representation theorem because of the presence of the square bracket processes [M] and [L].

Remark 1.3 Many of the conclusions of Theorem 1.1 are not new, except perhaps in the case q ≠ 1, 2. However the cases q = 1 and q = 2 are usually treated separately, and in different papers, and the unifying role of the fundamental equation (2) which is key for all q ≥ 1 has not previously been recognised. The representation equation (2) is a generalisation of Equation (2.2) in Biagini et al (2000) in the variance-optimal case (q = 2) and Equations (4.1) in Rheinländer (2002) and (3.31) in Mania et al (2003) for the minimal entropy problem (q = 1). Further, (5) extends the results of Delbaen and Schachermeyer (1996) and Gouriéroux et al (1998) in the variance-optimal case, and Grandits and Rheinländer (2002) in the q-optimal case. Again one of the advantages of considering the q-optimal measure is that the minimal relative entropy measure arises as a special case.

It remains to identify the parameters η and ξ which help define the q-optimal measure, and the main contribution of this paper is to do exactly this for stochastic volatility models with correlation. To date most explicit formulae have been derived in the zero correlation case, see Laurent and Pham (1999) and Biagini et al (2000). The only exception to this of which the author is aware is the result in Rheinländer (2002) for the Stein-Stein model in the minimal entropy case. (Laurent and Pham (1999) have some results in the varianceoptimal case with correlation. They are able to reformulate the problem in terms of a new stochastic control problem D, but they are only able to solve this reformulated problem when the correlation is zero.)

Suppose that the model is Markov, and that the model parameters are functions of the volatility Y_t and time alone. Then the volatility process is an autonomous diffusion, and the dynamics become dS_t S_t = Y_t(λ(Y_t, t)dt + dB_t) dY_t = α(Y_t, t)dt + β(Y_t, t)dW_t (6) Theorem 1.4 Suppose that ρ is constant and let R = 1 − qρ^2.

Then the process ξ involved in the definition of the q-optimal measure is given by ξ_t ≡ ξ(Y_t, t) = ρf^′(Y_t, t)β(Y_t, t) where, for R ≠ 0, f(y, t) = − 1 R log Ê [ exp ( − q 2 R ∫_T t λ(Y_u, u)^2du )| | | Y^t = y ] , (7) and for R = 0, f(y, t) = Ê [( q 2 ∫_T t λ(Y_u, u)^2du )| | | Y^t = y ] . Here the measure P̂ is such that the dynamics of Y are modified to become dY_t = (α(Y_t, t) − qρβ(Y_t, t)λ(Y_t, t)) dt + β(Y_t, t))dŴ_t (8) for a P̂ Brownian motion Ŵ .

Furthermore the constant c is given by c = f(Y_0, 0).

Remark 1.5 It is clear from Theorem 1.4 that the case ρ = 0 is very much a special case (more so than q = 2) because when correlation is zero the dynamics of Y used to calculate the function f, and indirectly the Girsanov change of drift on the Brownian motion Z, are the real-world dynamics. In contrast, when the correlation is non-zero, the dynamics in (8) are modified versions of the real-world dynamics in (6).

Remark 1.6 In the special case q = 2 and ρ = 0, so that R = 1, the formula in (7) and its relationship with ξ_t and the variance-optimal measure are given in Biagini et al (2000, Proposition 2.5) and Laurent and Pham (1999, Theorem 6.1). According to Heath et al (2001, p396): ‘It would be highly desirable to remove these restrictions and allow in particular nonzero correlation, but . . . this problem awaits further research.’ Theorems 1.1 and 1.4 combine to give the variance-optimal measure when ρ is nonzero.

In many ways this paper is based on the paper by Rheinländer (2002) on the minimal entropy measure in a stochastic volatility model. In his paper Rheinländer shows how the fundamental representation equation (2), with q = 1, can be used to characterise the martingale measure with minimal entropy with respect to the original real world measure. Further, he outlines a method for solving this equation which can be used for the Stein- Stein stochastic volatility model.

This paper extends Rheinländer (2002) in two significant ways. Firstly, we show how for all values of q > 1, the equation (2) can be used to characterise the q-optimal measure, with the entropy measure arising when q = 1. This highlights the fact that the minimal entropy measure can be thought of as the limit of the q-optimal measures. (The fact that we can characterise the q-optimal measures using similar equations facilitates comparisons between the various measures. For an interesting application of such comparisons see the recent papers by Henderson (2002) and Henderson et al (2003) which compare option prices in a stochastic volatility model under the various q-optimal measures.) Secondly, in the setting of Theorem 1.4, we also provide a more general method for solving the fundamental representation equation (2), which allows us to give the form of the q-optimal measure for a general stochastic volatility model. Broadly speaking, for a diffusion model, there is a solution to (2) if and only if there exists a martingale measure which has a density with respect to P which has finite q^{th} moment.

The remainder of this paper is structured as follows. The next section describes the model in more detail and introduces the concepts of the variance-optimal, minimal entropy and q-optimal martingale measures. In Section 3 we show how a solution of the representation equation (2) leads to an expression for the q-optimal measure. The subject of Section 4 is the solution of (2) for a general stochastic volatility model. Using the Feynman-Kac formula we give a stochastic representation for this solution. In the final section we discuss the Heston volatility model in detail and derive explicit forms for various quantities of interest. We are then able to check some of the integrability assumptions which form part of the full statements of the main theorems.

2 The model and the q-optimal measure.

We suppose we have a complete filtered probability space (Ω, F, (F_t)_{0≤t≤T} , P) satisfying the usual conditions and generated by a pair of Brownian motions B and Z . P is the real world measure and T ∈ (0, ∞) is a termination date for the economy. In this model we have a single traded asset S although of course generalisations to the multi-dimensional problem are possible and indeed standard in the literature. We however, will concentrate later on specific solutions to one-dimensional problems. By default the interest rate has been set to zero, so we work with discounted price processes. Clearly in the case of deterministic interest rates this assumption is made without any loss of generality, but if interest rates are stochastic then there is some debate as to what is the appropriate functional to minimise, see the discussion in Gouriéroux et al (1998).

The dynamics of the asset price process are given by the pair of stochastic differential equations (1) which we assume to have sufficient regularity properties to guarantee the existence of a pathwise unique non-explosive strong solution. In the case of a diffusion process a Lipschitz condition is sufficient, (Rogers and Williams (1987, Theorems 11.2, 12.1)).

In general the information set available to an agent is F^S_t = σ({S_u; u ≤ t}). However Y^2_t is clearly measurable with respect to F^S_t . If further Y_t is measurable with respect to F^S_t , for example if Y is necessarily non-negative, then B_t, W_t and Z_t are measurable with respect to F^S_t and F^S_t ≡ F_t. Henceforth we will make this assumption, although it rules out some common cases from the literature. For further remarks on this issue, with special reference to the Stein-Stein volatility model, see Rheinländer (2002).

In general stochastic volatility models are incomplete, and there are derivative assets which cannot be replicated via a hedging strategy based on the stock alone. In turn this means that there will exist several probability measures under which the traded asset process becomes a (local) martingale. (The absence of arbitrage typically guarantees the existence of at least one such measure). Our goal now is to follow the analysis in Frey (1997) and to characterise the family of equivalent local martingale measures.

Let V be a local martingale with V_0 = 1. Then V_tS_t is a positive local martingale if and only if V_t = E(−λ · B − ψ · Z)_t ≡ E(−λ · B)_tE(−ψ · Z)_t for some process ψ. Here E denotes the Doléans exponential and the expression factorises since [B, Z] = 0, see Protter (1990, p79). V is itself a non-negative local martingale and hence supermartingale. Hence if E(V_T ) = 1 then V is a true martingale.

For such a process V , we identify V_T with the density of a (local) martingale measure Q via dQ dP | | |_{FT} = V^T = exp (∫_T 0 [ −λ_tdB_t − 1 2 λ^2_t dt − ψ_tdZ_t − 1 2 ψ^2_t dt ]) (9) If both ∫_T 0 λ^2_t dt < ∞ and ∫_T 0 ψ^2_t dt < ∞, P-almost surely then V_T is strictly positive and if V is a true martingale then Q is equivalent to P. The space of equivalent martingale measures is parameterised by the process ψ which governs the change of drift of Z.

Under Q, both B^Q and Z^Q are Brownian motions where dB^Q_t = dB_t + λ_tdt dZ^Q_t = dZ_t + ψ_tdt and S and Y solve the equations dS_t = S_tY_tdB^Q_t and

dY_t = (α_t − β_tρ_tλ_t − β_tρ_tψ_t)dt + β_t(ρ_tdB^Q_t + ρ_tdZ^Q_t ).

(10)

In particular S is a Q-local martingale, but not in general a martingale. For many volatility models Sin (1996) investigates whether S is indeed a true martingale.

In principle any martingale measure Q could be used to define arbitrage-free prices for derivatives and provides a possible consistent extension from complete to incomplete markets. One such choice of pricing measure is the minimal martingale measure. Under the minimal martingale measure traded assets become (local) martingales but the drifts of all processes orthogonal to the traded assets are left unchanged. This corresponds to the choice ψ ≡ 0, and can be summarised as assuming that non-hedgeable risk is not priced. But other processes ψ are possible and each choice of ψ corresponds to a potential pricing measure.

In order to fix on a particular choice of martingale measure one strategy is to choose Q to possess some additional optimality property. In particular we can choose Q so that it is ‘as close as possible to P’. Thus, for q > 1 we can define^1 H_q(P, Q) = { E [(V_T )^q] if Q ≪ P ∞ otherwise

and the q-optimal measure is the measure Q^{(q)} which minimises H_q(P, Q). When q = 1 we can define the relative entropy

H_1(P, Q) = { E [V_T ln (V_T )] if Q ≪ P ∞ otherwise

and the minimal entropy measure Q^{(1)} as the local martingale measure which minimises H_1(P, Q). Of course it may be that there is no martingale measure Q for which H_q is finite in which case the q-optimal measure is not well defined.

As far as the literature is concerned the two most popular choices are q = 2 and q = 1. When q = 2 we have the variance-optimal martingale measure. Under certain (non-trivial) technical conditions the expected value of a contingent claim under the variance-optimal measure is precisely the ‘approximation’ price of Schweizer (1996). (In that case we can identify an optimal hedge for a derivative as well as an option price.) Conversely, the

1In fact these definitions can be modified to cover all real q, see Henderson et al (2003). Many of our conclusions and results have extensions to general q.

utility indifference price of a contingent claim under exponential utility is related via the dual problem to the solution of a minimal entropy problem, see Delbaen et al (2002), and in the limit as the co-efficient of risk aversion tends to zero, the utility indifference price tends to the expected value under the minimal entropy martingale measure. With these links between martingale measures and pricing in mind, the focus of this article will be on finding the q-optimal measure. The tasks of justifying its use for derivative pricing, of determining an appropriate hedge and of making a choice between the various q-optimal measures will not concern us at all.

3 Sufficiency of the Fundamental Representation Equation

Recall the fundamental representation equation (2): q 2 K_T = M_T −

(q − 1) 2 [M]_T + L_T + 1 2 [L]_T + c

(11)

Here M_t = ∫_t 0 η_u(dB_u + qλ_udu), L_t = ∫_t 0 ξ_udZ_u and c = c(Y_0) is a constant which is measurable at time 0. Note that (11) is an identity of random variables and not of processes. The goal of this section is to show that if we can find a solution to (11) which holds P almost surely, then we can use that solution to construct the q-optimal measure.

Theorem 3.1 Fix q ≥ 1. Suppose that we can find a solution to (11) for which K_T , [M]_T , [L]_T and c are finite. Define the local martingale V^{(q)} via V^{(q)}_t = E (−λ · B − ξ · Z)_t and suppose that V^{(q)} is a true martingale. Define Q^{(q)} via (dQ^{(q)} /dP)|_{FT} = V^{(q)}_T . Then Q^{(q)} is equivalent to P.

Suppose q > 1. Define the local martinagle Ṽ^{(q)} via Ṽ^{(q)}_t = E (((q − 1)η − qλ) · B − ξ · Z)_t and suppose that Ṽ^{(q)}_t is a true martingale. Then H_q(Q^{(q)} , P) = exp((q − 1)c), and Q^{(q)} is the q-optimal measure.

Now suppose q = 1. If (η − λ) · B^{Q(1)} is a Q^{(1)} -martingale and if (η − λ) · B^Q is a true Q-martingale for every martingale measure Q with finite entropy with respect to P, then H_1(Q^{(1)} , P) = c and Q^{(1)} is the minimal entropy measure.

Proof:

For q ≥ 1 let Q^{(q)} be as given in the theorem. Since K_T and [L]_T are finite, P almost surely, we have V^{(q)}_T > 0, and since E [V^{(q)}_T ] = 1 by assumption, it follows that Q^{(q)} is a probability measure, equivalent to P. Then

ln V^{(q)}_T = ∫_T 0 [ −λ_tdB_t − 1 2 λ^2_t dt − ξ_tdZ_t − 1 2 ξ^2_t dt ]

= − ∫_T 0 λ_tdB^{Q(q)}_t + 1 2 K_T − ∫_T 0 ξ_tdZ^{Q(q)}_t + 1 2 ∫_T 0 ξ^2_t dt (12)

where B^{Q(q)} and Z^{Q(q)} are Q^{(q)} -Brownian motions. If we also rewrite the representation equation (11) in terms of B^{Q(q)} and Z^{Q(q)} we get q 2 K_T = ∫_T 0 η_tdB^{Q(q)}_t + (q − 1) ∫_T 0 [ η_tλ_t − 1 2 η^2 ] dt + ∫_T 0 ξ_tdZ^{Q(q)}_t − 1 2 ∫_T 0 ξ^2_t dt + c. Note that since Q^{(q)} is equivalent to P this equation holds Q^{(q)} -almost surely. Using the trivial decomposition 1 2 K_T = q 2 K_T − (q − 1) 2 K_T we can substitute this expression into (12) to obtain

ln V^{(q)}_T = c + ∫_T 0 ( (η_t − λ_t)dB^{Q(q)}_t − (q − 1) 2 (η_t − λ_t)^2dt ) . (13)

Now suppose q > 1. Then

H_q(Q^{(q)} , P) = E [(V^{(q)}_T )^q] = E^{Q(q)} [(V^{(q)}_T )^{q−1}] = e^{(q−1)c}E^{Q(q)} [ E ( (q − 1)(η − λ) · B^{Q(q)} ) T ] = e^{(q−1)c}E [E (((q − 1)η − qλ) · B − ξ · Z)_T ] = e^{(q−1)c} where we have used the fact that Ṽ^{(q)} is a true martingale.

In particular the density of the martingale measure Q^{(q)} has a finite q^{th} moment. Hence, (Delbaen and Schachermayer (1996, Theorem 1.3), Grandits and Rheinländer (2002, Proposition 4.3)) the q-optimal measure exists and is equivalent to P. Moreover we can write

V^{(q)}_T = e^c { E ( (q − 1)(η − λ) · B^{Q(q)} ) T }_{1/(q−1)}

so that by Delbaen and Schachermayer (1996, Lemma 2.2) and Grandits and Rheinländer (2002, Proposition 4.2) Q^{(q)} is the q-optimal measure.

Now consider the case q = 1. Then, from (13),

H_1(Q^{(1)} , P) = E[V^{(1)}_T ln V^{(1)}_T ] = E^{Q(1)} [ln V^{(1)}_T ]

= c + E^{Q(1)} ∫_T 0 (η_t − λ_t)dB^{Q(1)}_t = c.

Hence, Q^{(1)} has finite entropy, and we conclude that the minimal entropy measure exists and is equivalent to P. Further

V^{(1)}_T = e^c exp (∫_T 0 (η − λ)dB^{Q(1)} )

so that by Frittelli (2000, Theorems 2.2, 2.3) and Grandits and Rheinländer (2002, Theorems 3.1, 3.2), Q^{(1)} is the martingale measure of minimal entropy. The assumption that E^Q [ ∫_T 0 (η_t − λ_t)dB^Q_t ] = 0 for all martingale measures with finite entropy is used to check the final condition of Theorem 2.3 in Frittelli (2000).

Remark 3.2 Given that we have a solution to (11) we will describe the measure Q^{(q)} given by V^{(q)}_T = E(−λ · B − ξ · Z)_T as the candidate q-optimal measure. Q^{(q)} is the true q-optimal measure provided the remaining assumptions of Theorem 3.1 are satisfied.

By construction, for any measure Q which makes the price process into a martingale we must have dB^Q_t = dB_t + λ_tdt = dS_t/(S_tY_t). As a corollary we can use the representation (13) to write the expression for the q-optimal measure in terms of the asset price process S. Corollary 3.3 Assume the conditions of Theorem 3.1 are satisfied. The q-optimal measure is of the form dQ^{(q)} dP | | | F_t = C exp (∫_T 0 χ_tdS_t − (q − 1) 2 ∫_T 0 χ^2_t d[S]_t )

Here the constant C equals e^c and the process χ_t is given by (η_t − λ_t)/(S_tY_t).

In the proof of Theorem 3.1 we quoted results from Delbaen and Schachermayer (1996), Grandits and Rheinländer (2002) and Frittelli (2000) to show that Q^{(q)} is indeed the q-optimal martingale measure (or the minimal entropy martingale measure if q = 1). However, modulo certain technical assumptions, we can sketch a proof of the optimality of Q^{(q)} directly. We begin with a simple lemma.

Lemma 3.4 For any α > 0, adapted integrand θ_t, measure Q, and Q-Brownian motion W^Q , E^Q [{ E ( θ · W^Q ) T }_{−α}] ≥ 1 and E^Q [∫_T 0 θ_tdW^Q_t + 1 2 ∫_T 0 θ^2_t dt ] ≥ 0. Proof:

Note that if θ has suitable integrability properties then the result is immediately true. More generally, let N_t = E(−θ · W^Q )_t. Then N_t is a non-negative local Q-martingale, and hence a supermartingale for which E^Q (N_T ) ≤ 1.

Now take f : R_+ → R decreasing and concave. By Jensen’s inequality and the monotonicity we have E^Q [f(N_T )] ≥ f(E^Q [N_T ]) ≥ f(1).

The results follow if we take f(x) = x^{−α} and f(x) = − ln x.

Let Q be any equivalent local martingale measure with Radon-Nikodym derivative V_T with respect P where V_t = E(−λ · B − ψ · Z)_t. Then, as in (12)

ln V_T = ∫_T 0 [ −λ_tdB_t − 1 2 λ^2_t dt − ψ_tdZ_t − 1 2 ψ^2_t dt ]

= − ∫_T 0 λ_tdB^Q_t + 1 2 K_T − ∫_T 0 ψ_tdZ^Q_t + 1 2 ∫_T 0 ψ^2_t dt (14)

where B^Q and Z^Q are Q-Brownian motions. Rewriting (11) in terms of B^Q and Z^Q , and decomposing K_T /2 into two parts as before we obtain

ln V_T = c + ∫_T 0 ( (η_t − λ_t)dB^Q_t − (q − 1) 2 (η_t − λ_t)^2dt )

+ ∫_T 0 ( (ξ_t − ψ_t)dZ^Q_t + 1 2 (ξ_t − ψ_t)^2dt ) . (15)

Suppose q > 1. Then

H_q(Q, P) = E^Q [(V_T )^{q−1}] = e^{(q−1)c}E^Q [ E ( (q − 1)(η − λ) · B^Q ) T { E ( −(ξ − ψ) · Z^Q ) T }_{−(q−1)}]

If Q is a martingale measure, then we can think about E(((q − 1)(η − λ)) · B^Q )_T as a change of measure acting on B^Q alone. In particular Z^Q is still a Brownian motion after this change of measure, and from Lemma 3.4 we deduce H_q(Q, P) ≥ e^{(q−1)c} = H_q(Q^{(q)} , P).

Conversely, if q = 1, then for any measure with finite entropy with respect to P, (15) yields

H_1(Q, P) = E^Q [ln V_T ]

= c + E^Q [∫_T 0 (η_t − λ_t)dB^Q_t ] + E^Q [∫_T 0 (ξ_t − ψ_t)dZ^Q_t + 1 2 ∫_T 0 (ξ_t − ψ_t)^2dt ]

By assumption the middle term in this expression is zero, and the final term is non-negative and equal to zero when ξ = ψ. Hence, for any martingale measure Q, H_1(Q, P) ≥ c = H_1(Q^{(1)} , P), and we have demonstrated the optimality of our candidate measure.

The key conclusion from Theorem 3.1 is that the fundamental representation equation can be used to define a candidate q-optimal measure, and that measure is indeed optimal if certain regularity conditions are met. In the remainder of this section we discuss a set of sufficient conditions under which the regularity conditions can be seen to hold.

When q = 1 we need a result that guarantees that a family of local martingales are simultaneously true martingales. The following result adapted from Delbaen et al (2002) and Rheinländer (2002) provides a sufficient condition.

Proposition 3.5 Suppose ∫_T 0 (η_s − λ_s)^2ds has an exponential moment under P. Let Q be any equivalent martingale measure of the form (9) with finite entropy with respect to P, and let B^Q be a Q-Brownian motion. Then (η − λ) · B^Q is a Q-martingale.

Proof: For x > 0 we have ln x ≤ x − 1. Hence, for a positive random variable X and a change of measure V_T

E^Q [ln X] = E [V_T ln X] ≤ E [V_T (X − 1)] = E [V_T X] − 1.

Now, for α > 0 let X = e^{αU} /V_T . Then

αE^Q [U] − E^Q [ln V_T ] ≤ E[e^{αU} ] − 1.

In particular, if E[e^{αU} ] < ∞, then E^Q [U] < ∞ for any Q with finite entropy with respect to P.

Let Q be a measure with finite relative entropy. Clearly (η − λ) · B^Q is a local Qmartingale. Further, if we set U = ∫_T 0 (η_s − λ_s)^2ds then by assumption for some suitable choice of α we have E [e^{αU} ] < ∞, and then we deduce that E^Q [U] < ∞. Hence (η − λ) · B^Q is a true martingale.

Now we discuss conditions under which the local martingales V^{(q)} and, when q > 1, Ṽ (q) are true martingales. The following Proposition is adapted from Hobson and Rogers (1998).

Suppose Y_t is an autonomous diffusion. In particular, to be consistent with (6) and our correlated stochastic volatility model, suppose Y_t solves Y_0 = y and dY_t = α(Y_t, t)dt + β(Y_t, t)(ρ(Y_t, t)dB_t + ρ(Y_t, t)dZ_t), where B and Z are independent Brownian motions. Let θ and ϕ be Markov functions of Y_t, which are continuous where finite, and are such that ∫_T 0 [θ(Y_t, t)^2 + ϕ(Y_t, t)^2]dt is finite, P almost surely. Let V solve V_0 = 1 and dV_t V_t = θ(Y_t, t)dB_t + ϕ(Y_t, t)dZ_t (16)

so that V_t = E(θ · B + ϕ · Z)_t. Now let Ỹ_t solve Ỹ_0 = y and dỸ_t = {α(Ỹ_t, t) + ρ(Ỹ_t, t)β(Ỹ_t, t)θ(Ỹ_t, t) + ρ(Ỹ_t, t)β(Ỹ_t, t)ϕ(Ỹ_t, t)}dt +β(Ỹ_t, t)(ρ(Ỹ_t, t)dB_t + ρ(Ỹ_t, t)dZ_t). Suppose that the co-efficients of this stochastic differential equation are such that it has a pathwise unique strong solution.

Proposition 3.6 Define A_t ≡ A^{θ,ϕ}_t = {y : |θ(y, t)| + |ϕ(y, t)| = ∞}. Suppose that P(Ỹ_t ∈ A_t, for some t) = 0. Then V is a true martingale.

Proof.

Since V given by (16) is a non-negative local martingale it is sufficient to prove that E [V_T ] = 1. Let τ_n = inf{t : ∫_t 0 [θ(Y_u, u)^2 + ϕ(Y_u, u)^2]du ≥ n} ∧ T , and define τ̃_n = inf{t : ∫_t 0 [θ(Ỹ_u, u)^2 + ϕ(Ỹ_u, u)^2]du ≥ n} ∧ T . Let Q^{<n>} be the measure with density V^{<n>} with respect to P given by V^{<n>}_t = V_{t∧τn} . For t ≤ τ_n, the law of Y under Q^{<n>} is the same as the law of Ỹ under P, and moreover, Q^{<n>} [τ_n < T ] = P[τ̃_n < T ], and this term tends to zero by assumption.

By the Novikov criterion, V^{<n>} is a true martingale. It follows that

1 = E [V^{<n>}_T ] = E [V_T ; τ_n = T ] + E[V^{<n>}_T ; τ_n < T ] = E [V_T ; τ_n = T ] + Q^{<n>} [τ_n < T ]

Hence 1 ≥ E [V_T ] ≥ E [V_T ; τ_n = T ] → 1 and V is a true martingale.

In order to apply the proposition and to decide whether V^{(q)}_t is a martingale, it is sufficient to consider the diffusion whose dynamics are given by (10) with ψ_t = ξ^{(q)}_t , and to determine whether this diffusion Y reaches the set A^{λ,ξ(q)}_t .

4 An autonomous diffusion model for volatility

In the previous section we saw how the representation equation (2) is key to determining the q-optimal measure. The purpose of this section is to show how to solve (2), beginning with a couple of special cases before moving on to the Markovian volatility models which are the main subject of this paper.

If λ_t = λ(t) then the left-hand-side of (2) is deterministic and there is a simple solution involving the choice η ≡ ξ = 0 and c = q 2 ∫_T 0 λ(t)^2dt. In this case the q-optimal measure, the minimal entropy measure and the minimal martingale measure (amongst others) all coincide.

The second special case is the set of almost complete models of Pham et al (1998) and Laurent and Pham (1999). Suppose λ_t is adapted to the filtration generated by B alone. Then for each q ≥ 1 there is a solution to (2) with ξ ≡ 0, and hence the candidate q-optimal measure is the same for each q, and equal to the minimal martingale measure. To see that there is such a solution consider first the case q = 1. If we take ξ ≡ 0 then (2) becomes 1 2 K_T = ∫_T 0 η_tdB^{P(1)}_t + c where dB^{P(1)}_t = dB_t + λ_tdt. But under suitable integrability conditions this equation has a solution by the Martingale Representation Theorem for the Brownian motion B^{P(1)}. In particular c = E^{P(1)} [K_T /2]. Now suppose q > 1, and let P^{(q)} be a measure under which B^{P(q)} given by dB^{P(q)}_t = dB_t + qλ_tdt is a Brownian motion. The equation we want to solve is exp ( q(q − 1) 2 K_T ) = e^{(q−1)c}E ( (q − 1)η · B^{P(q)} ) T Again, provided E^{P(q)} [exp(q(q − 1)K_T /2)] < ∞ the Martingale Representation Theorem guarantees that we have a solution.

Now we consider the case where the mean-variance trade-off process K_t depends on the volatility process Y . In order to solve (2) it is necessary to make some simplifying assumptions. In particular we assume that the stochastic dynamics are Markov, and moreover that the parameters of the model depend on Y alone and not on the asset price S. In this case the model becomes dS_t S_t = Y_t(λ(Y_t, t)dt + dB_t), dY_t = α(Y_t, t)dt + β(Y_t, t)dW_t. (17)

where B and W are correlated Brownian motions with correlation co-efficient ρ(Y_t, t). We assume |ρ_t| < 1. The volatility Y is now an autonomous diffusion.

Suppose temporarily that the Brownian motions B and W are uncorrelated. Then the dynamics for Y depend on the Brownian motion Z = W alone, and it follows that we can take M_t ≡ 0 and (2) simplifies to q 2 K_T = L_T + 1 2 [L]_T + c.

(18)

It is easy to identify the constant c in this case also. Multiplying by −1, exponentiating and taking expectations yields

c = − ln E [ exp ( − q 2 K_T )] (19)

Further we can identify ξ by representing exp(−qK_T /2) as the constant c plus a stochastic integral with respect to the Brownian motion Z. In the case of variance-optimal measures this analysis is carried out in Biagini et al (2000). Our goals are to deduce the form of ξ and η in the general case (with correlation) and to show that (19) is a special case of a more general formula.

Rearranging (2) we get q 2 ∫_T 0 λ^2_t dt = ∫_T 0 η_tdB_t + ∫_T 0 ξ_tdZ_t + ∫_T 0 [ qη_tλ_t − (q − 1) 2 η^2_t + 1 2 ξ^2_t ] dt + c (20)

Y is an autonomous diffusion and, by assumption, the left-hand-side of this expression is measurable with respect to the filtration generated by W alone. Conversely, on the right-hand-side there are stochastic integrals with respect to both B and Z. Our best hope of finding a solution is to write the sum of the integrals against B and Z as a single integral against W , ie to choose η = ρθ and ξ = ρθ for some process θ_t. The equation becomes q 2 ∫_T 0 λ^2_t dt = ∫_T 0 θ_t(ρ_tdB_t + ρ_tdZ_t) + ∫_T 0 ( qρ_tθ_tλ_t − (q − 1) 2 ρ^2_t θ^2_t + 1 2 ρ^2θ^2 ) dt + c and finally, if we emphasise the dependence of certain parameters on Y_t, 1 2 ∫_T 0 [ qλ(Y_t, t)^2 − 2qρ(Y_t, t)θ_tλ(Y_t, t) + (q − 1)ρ(Y_t, t)^2θ^2_t − ρ(Y_t, t)^2θ^2_t ] dt = ∫_T 0 θ_tdW_t+c. (21) We expect this equation to have a solution of the form θ_t = θ(Y_t, t).

Consider a function f = f(y, t) ∈ C^{2,1} such that f(y, T ) = 0. Then, by Itô’s formula,

−f(Y_0, 0) = ∫_T 0 df(Y_t, t) = ∫_T 0 f^′β(Y_t, t)dW_t + ∫_T 0 f^′α(Y_t, t)dt + ∫_T 0 1 2 f^{′′}β(Y_t, t)^2dt + ∫_T 0 ḟdt Rearranging and adding c to both sides: ∫_T 0 f^′(Y_t, t)β(Y_t, t)dW_t + c = c − f(0, Y_0) − ∫_T 0 ( f^′(Y_t, t)α(Y_t, t) + 1 2 f^{′′}(Y_t, t)β(Y_t, t)^2dt + ḟ(Y_t, t) ) dt If we choose θ_t = f^′(Y_t, t)β(Y_t, t) then we have an equation of the form (21) provided 1 2 ∫_T 0 dt ( qλ^2_t − 2qρ_tλ_tf^′β_t − (ρ^2_t − (q − 1)ρ^2_t )f^{′2}β^2_t )

= c − f(Y_0, 0) − ∫_T 0 ( f^′α_t + 1 2 f^{′′}β^2_t + ḟ ) dt. This holds if

c(Y_0) − f(Y_0, 0) =

(22) ∫_T 0 [ q 2 λ^2_t − qρ_tf^′β_tλ_t − 1 2 R_t(q, ρ)f^{′2}β^2_t + f^′α_t + 1 2 f^{′′}β^2_t + ḟ ] dt where R_t = R(q, ρ_t) = ρ^2_t − (q − 1)ρ^2_t = (1 − qρ^2_t ).

The left-hand-side of (22) is independent of the process Y , (given the starting value Y_0) so if we can choose f so that the term in square brackets depends only on t then we are done.

Hence we have a solution provided we can solve q 2 λ^2_t − qρ_tf^′β_tλ_t − 1 2 R_tf^{′2}β^2_t + f^′α_t + 1 2 f^{′′}β^2_t + ḟ = H(t)

(23) for some function H of time alone, and then θ_t ≡ f^′(Y_t, t)β(Y_t, t). Moreover, since f is only determined up to the addition of a function of time we may and shall take H ≡ 0. In terms of our original variables this means that

c ≡ c(y_0) = f(y_0, 0) η_t = ρf^′(Y_t, t)β(Y_t, t) ξ_t = ρf^′(Y_t, t)β(Y_t, t).

(24)

Note that the change of drift parameters induced by the switch to the q-optimal measure Q^{(q)} are Markov functions of the autonomous volatility coefficient Y_t.

Remark 4.1 (i). Recall that in the definition of (2) we assumed that the constant c was finite. This is equivalent to the existence of a finite solution f to (23) with H ≡ 0. (ii). Note that if ρ = 0, we find that η ≡ 0. In particular (2) simplifies to (18) in this case.

In order to complete the process of solving (2) and hence to construct the q-optimal measure it remains to solve the non-linear partial differential equation (23). This nonlinearity is controlled by the parameter R_t. Henceforth we assume that the correlation is constant in both time and space so that ρ_t = ρ with |ρ| < 1. Further, in order to ensure the existence of a unique solution with a stochastic representation, we need to assume that the co-efficients satisfy suitable regularity conditions. Sufficient conditions are that λ, α and β are smooth bounded functions and β is bounded below. See Karatzas and Shreve (1988, Remark 5.7.8) or the remarks before Theorem 6.1 in Laurent and Pham (1999) for a discussion of these conditions and how they may be relaxed.

We first solve (23) (with H = 0) when R = 0. In this special case (23) is linear and by the Feynman-Kac formula (Karatzas and Shreve (1988, Theorem 5.7.6)) the solution f takes the form f(y, t) = Ê [( q 2 ∫_T t λ(Y_u, u)^2du )| | Y_t = y ] , where under Ê the volatility process Y has modified dynamics dY_t = (α(Y_t, t) − qρλ(Y_t, t)β(Y_t, t)) dt + β(Y_t, t)dŴ (25)

for a P̂-Brownian motion Ŵ . Note that f is necessarily positive, but not necessarily finite.

Now we consider the solution of (23) when R ≠ 0. Consider the transformation g = e^{−Rf} , so that g(y, T ) = 1. Then (23) becomes q 2 R(q, ρ)λ(y, t)^2g = −qρβ(y, t)λ(y, t)g^′ + α(y, t)g^′ + 1 2 g^{′′}β(y, t)^2 + ġ(y, t). (26)

By the Feynman-Kac formula this has solution g(t, y) = Ê [ exp ( − q 2 R(q, ρ) ∫_T t λ(Y_u, u)^2du )| | Y_t = y ] . (27)

Here the dynamics of Y are as in (25). It follows that f(t, y) = − 1 R log Ê [ exp ( − q 2 R(q, ρ) ∫_T t λ(Y_u, u)^2du )| | | Y^t = y ] .

Remark 4.2 (i). Note that if ρ = 0 then the measure P̂ introduced above is just the original measure P. Hence f takes a particularly transparent form in this case. Conversely if q = 1 then the dynamics in (25) are the stochastic dynamics of Y_t under the minimal martingale measure.

(ii). If R > 0 then 0 < g ≤ 1 and f is positive and finite. Conversely, if R < 0 then certainly g > 1, and depending on the dynamics of Y under P̂ we may have that g explodes in finite time. Combining this observation with the results in the R = 0 case we find that if R ≤ 0 then 0 < f ≤ ∞ and additional conditions are necessary to ensure that c is finite or that the change of drift parameter ψ exists.

(iii). The condition R > 0 is equivalent to ρ^2 < 1/q. For example, if ρ = 0 or q = 1 then we have R > 0 and the candidate q-optimal measure is defined over all time-horizons. Further, for any given model we can find q > 1 such that R > 0 and the candidate q-optimal measure is defined for all time.

5 An Example: The Heston Stochastic Volatility Model

In this section we investigate the form of the q-optimal martingale measure for a stochastic volatility model of type proposed by Heston (1993). In particular we find the solution of the fundamental representation equation. This allows us to write down the candidate qoptimal measure, and the modified dynamics of the volatility process under this measure. Finally we check that we do indeed have the q-optimal and minimal entropy measures.

In the Heston model the squared volatility Σ_t is given by a squared Bessel process: dS_t S_t = μ_0(Σ_t)dt + √ Σ_tdB, dΣ_t = 2κ(m − Σ_t)dt + 2β_0 √ Σ_tdW. (28)

where the Brownian motions B and W are imperfectly correlated with constant correlation coefficient ρ. We will consider a particular version of this model where μ_0(Σ_t) = μΣ_t. If we write Σ = Y^2 and m = m − β^2_0 /2κ then the dynamics become dS_t S_t = μY^2_t dt + Y_tdB, dY_t = κ ( m Y_t − Y_t ) dt + β_0dW. (29)

We assume that β_0 and m are strictly positive parameters and that κ is non-negative. The condition on m guarantees that a strictly positive solution for Σ exists in (28). In terms of our original formulation this model is equivalent to the choice β(y, t) = β_0, α(y, t) = κ((m/y) − y) and λ(y, t) = μy. Note that we have specified the dynamics under the real world probability measure P, and in particular we have specified the drift of the traded asset under P. Often authors only specify the market price of volatility risk (or equivalently the change of drift ψ on Z), which is enough to determine the pricing measure Q since we know that the traded asset is a (local) martingale under Q. We must specify the complete P-dynamics since we want to choose the martingale measure closest to P in the appropriate metric.

We begin by finding the solution to (2). The equation we have to solve is, see (23),

qμ^2y^2 − 2qρβ_0μyf^′ − R(q, ρ)β^2_0 f^{′2} + 2κ ( m y − y ) f^′ + β^2_0 f^{′′} + 2ḟ = 0.

We look for a solution of the form f(y, t) = y^2F (T −t)/2 +G(T −t) with F (0) = 0 = G(0). Then [ qμ^2 − 2qρβ_0μF − R(q, ρ)β^2_0 F^2 − 2κF − Ḟ ] y^2 + 2κmF + β^2_0 F − 2Ġ = 0.

(30)

Equating co-efficients of y we find

Ġ = ( κm + 1 2 β^2_0 ) F = κmF where F solves Ḟ = qμ^2 − 2(κ + qρβ_0μ)F − R(q, ρ)β^2_0 F^2.

Proposition 5.1 Let the constants A, B, D be given by

A^2 = |R(q, ρ)|β^2_0 B = κ + qρβ_0μ β^2_0 |R(q, ρ)| D = qμ^2 +

(κ + qρβ_0μ)^2 β^2_0 R(q, ρ)

(31)

and let C = + √ D if D > 0 and C_− = + √ −D if D < 0. For the Heston model the function F used in the construction of the q-optimal measure (observe that θ(y, t) = yF (T − t) ) is given by:

Case 1: R(q, ρ) = 0; if κ + qρβ_0μ_2 = 0 then F (τ) = qμ^2τ, otherwise

F (τ) = qμ^2 2(κ + qρβ_0μ)

(1 − exp (−2(κ + qρβ_0μ_2)τ)) .

Case 2: R(q, ρ) > 0;

F (τ) = C A tanh ( ACτ + tanh^{−1} ( AB C )) − B. (32)

Case 3: R(q, ρ) < 0; if D > 0 we have

F (τ) = C A tan ( ACτ − tan^{−1} ( AB C )) + B. (33)

Conversely, if D < 0, we have

F (τ) =

(A^2B^2 − C^2_−) ( e^{2AC−τ} − 1 ) 2AC_− + A(AB + C_−) (e^{2AC−τ} − 1) (34)

Finally, if D = 0 then F (τ) =

B^2A^2τ 1 + BA^2τ .

Proof:

If R(q, ρ) = 0 then F solves

Ḟ = qμ^2 − 2(κ + qρβ_0μ)F

and the result follows easily.

If R(q, ρ) > 0 then it follows that F solves

Ḟ = D − [A(F + B)]^2

which has the solution given in (32). Note that A^2B^2 < C^2 = D in this case. Conversely if R(q, ρ) < 0 then F solves Ḟ = [A(F − B)]^2 + D

which has the solutions given, depending on the sign of D. Note that if D < 0 then A^2B^2 > C^2_−.

Remark 5.2 (i). It is interesting to consider when the non-negative increasing function F has a solution which is defined for all time, and when the solution explodes. From Proposition 5.1 we find that F has a solution which explodes to infinity in finite time if and only if R(q, ρ) < 0 and either D > 0 or B < 0.

(ii). Recall that Ġ = κmF . Since κ, m and F are all non-negative, so is G. Further G is finite on [0, τ) if and only if F is finite over that same interval, and if F and G explode at all then they explode at the same instant. It follows that if F is bounded for all time then c = G(T ) + F (T )Y^2_0 /2 is finite. However, if F explodes in finite time, then so does c and there is no martingale measure with density in L^q(P). Given the first remark above a simple sufficient condition for the existence of a candidate martingale measure with finite q^{th} moment is R ≥ 0.

(iii). The change of drift of Z under the q-optimal measure is governed by

ξ^{(q)}_t = ρβ_0F (T − t)Y_t

and the q-optimal measure Q^{(q)} , if it exists, is of the form dQ^{(q)} dP = E ( −μY · B − ξ^{(q)} · Z ) T . Here F depends on q. The dynamics of Y under Q^{(q)} are dY_t = κ ( m Y_t − Y_t ) dt − ρβ_0μY_tdt − ρ^2β^2_0 F (T − t)Y_tdt + β_0(ρdB^{Q(q)} + ρdZ^{Q(q)} ) where B^{Q(q)} and Z^{Q(q)} are independent Q^{(q)} -Brownian motions. Note that although the real-world dynamics of the model under P are time-homogeneous, the dynamics under the q-optimal measure are time-inhomogeneous.

(iv). Note that the function F does not depend on the value of the parameter m which determines the mean reversion level. As a corollary the form of q-optimal measure is also independent of the value of m, although since the dynamics of Y do depend on m, the constant c and equivalently the q^{th} moment of the density of the q-optimal measure do depend on the value of m.

(v). The constants A, B, C which implicitly depend on q are continuous in q and we deduce that F which also implicitly depends on q converges uniformly over finite time horizons as q ↓ 1 to the function F_1 from the minimal entropy problem.

(vi). Henderson (2002) (see also Henderson et al (2003)) investigates the dependence of the q-optimal measure on q to deduce comparison theorems for option prices under different martingale measures.

Example 5.3 (Minimal Entropy) Suppose q = 1. Then R > 0 and the candidate qoptimal measure is well defined over all time horizons. In this case the function F takes the form

F (τ) = Δ β^2_0 ρ^2 tanh ( Δτ + tanh^{−1} ( (κ + ρβ_0μ) Δ )) − (κ + ρβ_0μ) β^2_0 ρ^2

where Δ^2 = κ^2 + 2ρκβ_0μ + β^2_0 μ^2. Then

dQ^{(1)} dP = E ( −μY · B − ξ^{(1)} · Z ) (35)

where ξ^{(1)}_t = ρβ_0F (T − t)Y_t.

Example 5.4 (Zero Correlation) Suppose ρ = 0. Then R = 1 and the function F is given by F (τ) = Γ β^2_0 tanh ( Γτ + tanh^{−1} ( κ Γ )) − κ β^2_0 . where Γ^2 = (κ^2 + qμ^2β^2_0 ). When q = 2 and we are interested in the variance-optimal measure then up to a change of labels we recover the expression in Heath et al (2001). In particular if we write parameters from Heath et al (2001) with a check-mark then 2β_0 ≡ Σ̂, 2κ = κ̂, 2Γ = Γ̂, μ = γ̂, F = 2γ̂^2α̂.

Example 5.5 (Stein and Stein) If we take m = 0 then the model is a variant of the Stein and Stein (1991) model. If we take q = 1 and consider the minimal entropy measure then we can recover the result of Rheinländer (2002) who shows that ξ(y, t) = y(c_1 tanh(c_2(T − t) + c_3) + c_4) but does not identify the constants.

To complete the analysis of the Heston model it remains to check that the conditions of Theorem 3.1 are satisfied. We have λ_t = μY_t, η_t = ρβ_0F (T − t)Y_t and ξ_t = ρβ_0F (T − t)Y_t.

Consider the processes Y_t, Ŷ_t and Ỹ_t, each with initial value y and dynamics dY_t = β_0(ρdB + ρdZ) + κ ( m Y_t − Y_t ) dt dŶ_t = β_0(ρdB + ρdZ) + ( κ ( m Ŷ_t − Ŷ_t ) − β_0ρμŶ_t − ρ^2β^2_0 F (T − t)Ŷ_t ) dt dỸ_t = β_0(ρdB + ρdZ) + ( κ ( m Ỹ_t − Ỹ_t ) − qβ_0ρμỸ_t − R(q, ρ)β^2_0 F (T − t)Ỹ_t ) dt Suppose T is such that F (T ) < ∞. Then there exists a solution to (2) with c < ∞.

Further, it is clear from the above dynamics that each of Y_t, Ŷ_t and Ỹ_t is non-explosive to either 0 or ∞. It follows from Proposition 3.6 that V^{(q)} and Ṽ^{(q)} are true martingales and hence that for q > 1, the candidate q-optimal measure is the q-optimal measure.

For the minimal entropy case it remains to check that (η−λ)·B^Q is a true Q martingale both for Q ≡ Q^{(1)} and more generally for each martingale measure Q with finite entropy with respect to P. Note first that ∫_T 0 (η_t − λ_t)^2dt = ∫_T 0 (ρβ_0F (T − t) − μ)^2Y^2_t dt ≤ K ∫_T 0 Y^2_t dt

for some finite constant K. To show that (η − λ) · B^{Q(1)} is a Q^{(1)} martingale it is sufficient to observe that E^{Q(1)} ∫_T 0 Y^2_t dt < ∞, or equivalently that the continuous function J(t) = E^{Q(1)} Y^2_t is finite for each t, and this follows by a stochastic comparison theorem.

Finally we show that (η − λ) · B^Q is a true Q martingale for each martingale measure Q with finite entropy with respect to P. By Proposition 3.5 it is sufficient to show that ∫_T 0 (η_t − λ_t)^2dt has an exponential moment under P. If we define g̃(y, t) via g̃(y, t) = E [ exp ( αK ∫_T t Y^2_s ds | | | Y^t = y )] , then we can solve for g̃ exactly as in Section 4 of this paper. We find

g̃(y, t) = exp ( y^2 2 F̃ (T − t) + G̃(T − t) )

where F̃ solves (33) for some suitable values of the constants A, B and C. Finally we can choose α sufficiently small so that F̃ does not explode by time T and g(y, 0) is finite. Hence ∫_T 0 (η_t − λ_t)^2dt has an exponential moment under P and Q^{(1)} as given by (35) is the minimal entropy measure.

References Biagini, F., Guasoni, P. and Pratelli, M. (2000); Mean-variance hedging for stochastic volatility models. Mathematical Finance, 10, 109-123.

Delbaen, F., Grandits, P., Rheinländer, T., Samperi, D., Schweizer, M. and Stricker, C. (2002); Exponential hedging and entropic penalties. Mathematical Finance, 12, 99-123.

Delbaen, F., Monat, P., Schachermayer, W., Schweizer, M. and Stricker, C. (1997); Weighted norm inequalities and hedging in incomplete markets. Finance and Stochastics. 1, 181-227.

Delbaen, F. and Schachermayer, W. (1996); The variance-optimal martingale measure for continuous processes. Bernoulli, 2, 81-106.

Duffie, D. and Richardson, H.L. (1991); Mean-variance hedging in continuous time. Annals of Applied Probability. 1, 1-15.

Föllmer, H. and Sondermann, D. (1986); Hedging of non-redundant contingent claims. In Contributions to Mathematical Economics: Essays in Honour of G. Debreu, Editors: Hildenbrand W. and MasColell, A., North-Holland. 203-205.

Frey, R. (1997); Derivative asset analysis in models with level-dependent and stochastic volatility. CWI Quarterly, Amsterdam, 10, 1-34.

Frittelli, M. (2000); The minimal entropy measure and the valuation problem in incomplete markets. Mathematical Finance, 10, 39-52.

Gouriéroux, L., Laurent, J.P. and Pham, L. (1998); Mean-variance hedging and numéraire. Mathematical Finance, 8, 179-200.

Grandits, P. and Rheinländer, T. (2002); On the minimal entropy martingale measure. Annals of Probability, 30, 1003-1038.

Heath, D., Platen, E. and Schweizer, M. (2001); A comparison of two quadratic approaches to hedging in incomplete markets. Mathematical Finance, 11, 385-413.

Henderson, V. (2002); Analytical comparisons of option prices in stochastic volatility models. Preprint 2002-MF-03. OCIAM, University of Oxford.

Henderson, V., Hobson, D.G., Howison, S. and Kluge, T. (2003); A comparison of q-optimal option prices in a stochastic volatility model with correlation. Preprint 2003-MF-02. OCIAM, University of Oxford.

Heston, S. (1993); A closed form solution for options with stochastic volatility, with applications to bond and currency options. Review of Financial Studies, 6, 327-343.

Hobson, D.G. and Rogers, L.C.G. (1998); Complete models with stochastic volatility. Mathematical Finance, 8, 27-48.

Karatzas, I. and Shreve, S.E. (1988); Brownian motion and stochastic calculus. Springer- Verlag, New York.

Laurent, J.P. and Pham, L. (1999); Dynamic programming and mean-variance hedging. Finance and Stochastics, 3, 83-110.

Mania, M., Santacroce, M. and Tevzadze, R. (2003); A semimartingale BSDE related to the minimal entropy martingale measure. Forthcoming in Finance and Stochastics.

Pham, H., Rheinländer, T. and Schweizer, M. (1998); Mean-variance hedging for continuous processes: new proofs and examples. Finance and Stochastics, 2, 173-198.

Protter, P. (1990); Stochastic integration and differential equations: a new approach. Springer- Verlag.

Rogers, L.C.G. and Williams, D. (1987); Diffusions, Markov Processes and Martingales: Itô Calculus, Wiley.

Rouge, R. and El Karoui, N. (2000); Pricing via utility maximisation and entropy. Mathematical Finance, 10, 259-276.

Rheinländer, T. (2002); An entropy approach to stochastic volatility models. Preprint, April 2002. ETH Zürich.

Schweizer, M. (1991); Option hedging for semimartingales. Stochastic Processes and Applications, 37, 339-363.

Schweizer, M. (1996); Approximation pricing and the variance-optimal measure. Annals of Probability, 24, 206-236.

Sin, C.A. (1996); Strictly local martingales and hedge ratios on stochastic volatility models, PhD Thesis, Cornell University.

Stein, E.M. and Stein, J.C. (1991); Stock price distributions with stochastic volatility: an analytic approach. Review of Financial Studies, 4 727-752.