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Abstract

Real options problems have recently attracted much attention worldwide. One such
problem is how to deal with claims on ‘non-traded’ assets. Often there is another
traded asset which is correlated to the non-traded asset, and this traded asset is used
as a proxy for hedging purposes.

We introduce a second (non-traded) log Brownian asset into the well known Merton
investment model with power-law utility. The investor has a claim on units of the
non-traded asset and the question is how to price and hedge this random payo:.
The presence of the second Brownian motion means that we are in the situation of
incomplete markets. We propose an approximation to the solution for the ‘optimal’
reservation price and hedge which is accurate when the position is small in comparison
to wealth. The resulting loss when a suboptimal proxy strategy is followed is shown
to be approximately quadratic in 1 − �. ? 2002 Elsevier Science B.V. All rights
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1. Introduction

In the Merton investment model (Merton, 1969) the agent seeks to max-
imise expected utility of terminal wealth, where utility is constant relative
risk aversion, U (x) = x1−R=(1− R). Under the assumption of a log-Brownian
share, the optimal behaviour for an agent in the model is well known: a
constant proportion of wealth is invested in the risky asset.

Now introduce a second log-Brownian asset into this scenario, on which
no trading is allowed. Suppose the investor has an option on this second
asset, payable at time T . The problem is how to price and hedge this ran-
dom payo: when trading in the second asset is not permissible. The pres-
ence of the second Brownian motion means that we are in an incomplete
markets situation and replication is not possible. The risk that arises from
being unable to hedge perfectly in this situation is often referred to as ‘basis
risk’.

This is a mathematical idealisation of a so-called ‘real options’ problem. Of
course in practice, the two assets are speciGed in reverse; the agent expects
to receive an unhedgeable claim on an asset, and chooses a correlated asset
with which to hedge. We are particularly interested in the case where the
correlation between the two asset price processes is close to 1. An example
given by Davis (2000) is an option on Dubai oil, where the liquid market is
in Brent crude. Other examples are a portfolio of illiquid shares hedged with
index futures, or a Gve year futures contract hedged with a one year futures
contract.

In Gnance, the term ‘real options’ covers a wider range of problems, see the
recent article by Dunbar (2000) and the book by Dixit and Pindyck (1994).
Busby and Pitts (1997) describe real options as focusing on the value of
managerial Hexibility in handling real asset investments. Some examples of
real options problems include extraction rights to an oil reserve or the option
to start up an R& D venture. Often development can be immediate, delayed
or abandoned, until either a Gxed date, or an open period in the future. More
pertinent to our analysis of real options is the study by Johnson and Tian
(2000) of executive stock options. These are options on the stock of the
company, and are given to executives as part of their compensation package.
However, frequently executives are not permitted to trade away the risk using
the stock or derivatives on the stock, so that they are essentially receiving
options on a non-traded asset.

This paper will consider the speciGc real options problem of an option on a
non-traded asset and will use the modelling framework outlined in the opening
paragraphs. A starting point in solving this problem might be to investigate
pricing using only the assumption of no arbitrage. However, Hubalek and
Schachermayer (2001) showed that this gives no information about the price
of the claim, leading us to consider a utility based approach.
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For a general utility function it is possible to characterise optimal hedging
behaviour in terms of the value function, see for example DuJe (1992).
DuJe et al. (1997) attempt to characterise solutions in a Markovian model
and Cuoco (1997) considers a more general model. Zariphopoulou (2001)
uses separable utility to model prices with additional stochastic factors. In
order to determine the value function it is necessary to specify a particular
utility. DuJe and Jackson (1990) and Svensson and Werner (1993) each
consider a number of simple examples and DuJe and Richardson (1991)
Gnd explicit solutions under a quadratic utility.

An attractive utility for which explicit solutions can sometimes be found
is the exponential utility which has constant absolute risk aversion. The
choice of exponential utility yields a separation of the value function into
wealth and trading components which makes it particularly tractable. Davis
(2000) applies the ‘dual approach’ to non-traded assets with this utility. With
lognormal asset prices he obtains an expression for the optimal hedge in-
volving the solution to a non-linear pde. The dual approach converts the
problem into a minimisation over measures, see Schachermayer (2001) for
references.

In this paper, we consider agents with constant relative risk aversion or
equivalently a Cobb–Douglas or power-law utility. It seems there is no closed
form solution for the general utility maximisation problem facing the agent in
our model. Consequently we make two simplifying assumptions. Firstly we
assume that the option on the non-traded asset is a multiple � of units of the
share, and secondly we assume that � is small, or rather that the position in
the non-traded asset is small compared with wealth. Under these assumptions,
we obtain a series expansion for the optimal hedge and reservation price. See
Rogers (2001) for a recent use of such expansion techniques in a liquidity
problem. Since our payo: is proportional to the asset price, we may use
scaling in the style of Davis and Norman (1990) to reduce the dimension of
the problem.

Although our series expansion is only an approximation to the true solution
we can use it both to value claims and more importantly to examine the
sensitivity of options prices to changes in parameter values. Without a series
expansion we would be forced to examine the problem numerically, and it
would be much more diJcult to interpret our results.

The remainder of the paper is organised as follows. Section 2 outlines
the original Merton problem for later reference and to establish notation.
The next section sets up our model with an additional non-traded asset and
deGnes the value function for the problem. We consider a power law utility
of the form U (x) = x1−R=(1 − R). It should be noted that the case R= 1
corresponds to logarithmic utility. All our pricing and hedging results extend
to this utility function on substitution of R= 1. The complete markets case
when the non-traded asset can be perfectly replicated is treated in Section 4.
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Section 5 considers the incomplete case and we give an expansion for the
value function of the agent as well as for her reservation price and the optimal
strategy. In Section 6 we give a discussion of the results obtained from the
model and in Section 7 we compare our results with exponential utility. In
the penultimate section we consider the e:ect of hedging with a suboptimal
strategy. Section 9 concludes, and an appendix contains the proofs relating
to the expansion and approximation.

2. The Merton investment problem

The classical Merton wealth problem involves an agent investing in a risky
share with price P, growth rate 
 and volatility �, and a riskless bank account
with constant interest rate r. Here � and 
 are constants and we assume r = 0
for simplicity. This is equivalent to using discounted variables.

The agent chooses to invest the cash amount 
t in the risky share and
starting with initial wealth x, her wealth evolves as

dXt = 
t
dP
P

= 
t(� dBt + 
 dt); (1)

where B is a standard Brownian motion. The agent’s aim is to maximise
expected utility of terminal wealth

sup
{
t ;0≤t≤T}

EU (XT ) (2)

with T ¿ 0, a Gxed horizon. A closely related problem is to maximise ex-
pected utility of consumption over a Gnite or inGnite horizon, see Svensson
and Werner (1993) and the references therein.

In (2) the supremum is taken over a suitable class of trading strategies. In
this case we mean that 
 is previsible with respect to the agent’s Gltration, or
equivalently the Gltration generated by the Brownian motion (Brownian mo-
tions in later sections). Further 
 is such that E[

∫ T
0 
2

s ds]¡∞; see Karatzas
and Shreve (1987), Chapter 5.8.

We will primarily consider utilities with constant relative risk aversion of
the form U (x) = x1−R=(1 − R) for R¿ 0; R �= 1. For this choice of family
of utility functions, utility is only deGned for positive wealth. Hence, the
class of admissible strategies 
 is the set of adapted strategies for which the
corresponding wealth process, deGned via (1) is non-negative.

Let

V (t; x) =
x1−R

1 − R
exp

{
1
2

2

�2

(1 − R)
R

(T − t)
}
: (3)
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Then, applying Itô’s formula to V (t; Xt) we Gnd, with m=
2=2�2R,

dV =
(

dX
X

− R
2

(dX )2

X 2 − 
2

�2R
dt
)
X 1−Rem(1−R)(T−t)

= X 1−Rem(1−R)(T−t)

(

t

Xt
� dB− R

2

(


�R

− 
�
Xt

)2

dt

)
(4)

so that V is a supermartingale for any strategy 
 and a martingale for the
optimal strategy 
= (
=�2R)Xt . In particular,

V (t; Xt) = sup


EtV (T; XT ) = sup



EtU (XT )

so that V as given in (3) is the value function for the utility maximisation
problem.

Note that if �t = 
t=Xt is the proportion of wealth invested in the risky
asset, then

�t =



�2R
(5)

which is constant, the so called ‘Merton proportion’, see Merton (1969). In
particular in a complete market an agent with constant relative risk aversion
has a simple optimal strategy.

3. Merton with an additional non-traded asset

The purpose of this section is to introduce another risky share with price
S on which no trading is allowed. We seek the answer to the question: how
best to price and hedge a random payo: on this non-traded asset? In this
article we are interested in the problem where the random payo: is units of
the underlying asset itself.

Assume S follows

dS
S

= � dt + � dW+;

where W+ is a Brownian motion and �; � are constants. We assume W+ is
correlated to the Brownian motion B, the process driving P, with correlation
�. It is convenient to think of W+ as a linear combination of two independent
Brownian motions B and W . Thus

W+
t =�Bt +

√
1 − �2Wt:
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For |�|¡ 1 the presence of a second Brownian motion W , and the fact that no
trading is allowed on S, means that we are in an incomplete market situation.

In this problem, our agents’ aim is to maximise expected utility of wealth,
where, in addition to funds generated by trading, the agent is to receive �
units of the share S. The value function of the agent is given by

V (t; Xt ; St; �) = sup

u
Et[U (XT + �ST )] (6)

which is a modiGcation of (2) to include the additional payo:. Here XT =Xt+∫ T
t 
u(dPu=Pu) for some adapted 
 which is constrained to ensure that XT +

�ST ¿ 0 almost surely. The deGnition of the wealth process X reHects the
fact that the only strategies available to the agent involve investment in the
share P alone, and these strategies must be used to hedge the position in S.
Again 
u is the cash amount invested in the asset P at time u.

When � is positive it is not too diJcult to show that V exists in (−∞;∞).
Firstly note that, for �¿ 0, we have V (t; Xt ; St; �) ≥ V (t; Xt ; St; 0), which we
determined in the previous section. Secondly we can get a simple upper bound
for V by considering the dual problem; we show later that

V (t; x; s; �) ≤ V (t; x; s; 0)
(

1 +
�
x
E0
t (ST )

)1−R

;

where P0 is the minimal martingale measure which makes the price process
P into a martingale without a:ecting the Brownian motion W .

However, when �¡ 0 (and |�|¡ 1) we have that V is identically mi-
nus inGnity. (This problem is common to many utility functions.) This is
because the potential obligation �ST is unbounded, and no hedging strategy
can completely remove this risk. Henceforth we will assume that �¿ 0; this
corresponds to an investor who is receiving a positive number of units of the
claim ST .

The main purpose in Gnding the value function is that it can be used to Gnd
the price that the agent is prepared to pay for the claim �ST . Given an initial,
time 0, wealth of x0, the reservation price is the solution to the equation
V (0; x0−p; s0; �) =V (0; x0; s0; 0), see Hodges and Neuberger (1989). In other
words the reservation price is the price which leaves the agent indi:erent (in
the sense that her expected utility is unchanged) between paying p to receive
the claim �ST , and doing nothing.

4. The complete markets case

If �= 1 then W+ =B and we have a complete market, with only one
source of risk. In this case, the price and hedge may be computed directly,
as there will be a unique martingale measure. We discuss this case as a useful
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point of comparison for the next section, the incomplete case. If �= 1 then
dS=S = � dB + � dt and the share prices S and P are related by

dS
S

=
�
�

dP
P

+
(
�− 
�

�

)
dt:

Further, since S can now be replicated using P, it must follow that the
change of measure which makes P into a martingale, must also make S
into a martingale. Hence �= �
=�.

Now consider the utility maximisation problem (6). By writing X and S
in terms of the Brownian motion B and considering the new wealth variable
Yt =Xt + �St we can solve the problem explicitly in this case. Y solves

dY =
(

 +

�St�
�

)
� dB +

(

 +

�St�
�

)

 dt = 
̃t(� dB + 
 dt);

where 
̃= (
 + �St�=�), and the agent seeks to maximise EU (YT ). This is
exactly the usual Merton problem as stated in Section 2, with a modiGed
strategy. So, from the results of Section 2, the optimal 
̃ is (
=�2R)Yt and

 ∗, the optimal amount of cash invested in P, is


 ∗
t =



�2R

Yt − �
�
�St =



�2R

Xt + �St

( 

�2R

− �
�

)
: (7)

We can also write down the value function for this problem:

V (t; x; s; �) =
x1−R

1 − R
e(1−R)m(T−t)

(
1 +

�s
x

)(1−R)

and use this formula to Gnd the price the investor is prepared to pay at time 0
to receive �ST at time T . Following the arguments at the end of the previous
section, the price is p= �s0 independently of the initial wealth x0. This is
the expected value of the claim under the risk neutral measure, as is to be
expected as we are in a complete market.

5. The incomplete case

We return to the case of interest, when |�|¡ 1. As described earlier, the
market is incomplete as the position in S cannot be replicated with P. To
begin with, we look for solutions when the size of the claim �ST is small
relative to current wealth x. Later we will investigate the common practice
of attempting to hedge the claim when the true correlation is high using the
�= 1 hedge given in (7).

The reason that we concentrate on the case where the claim is proportional
to the share price ST is that this allows us to exploit scalings within the
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problem to reduce the dimensionality by one. SpeciGcally the value function
can be written

V (t; Xt ; St; �) = sup



1
(1 − R)

Et

(
X 1−R

t

(
XT

Xt
+

�St

Xt

ST

St

)1−R
)

=:
X 1−R

t

(1 − R)
g(T − t; Zt); (8)

where g(0; z) = (1+�z)1−R and Zt = St=Xt . Using Itô on V and the fact that V
is a supermartingale under any strategy 
, and a martingale under the optimal
strategy, gives

X 1−R
t

(1 − R)

[
−ġ + �zgz +

1
2
�2z2gzz + 


(


Xt

(1 − R)g− z
Xt

gz(
 + R���)

− z2���
Xt

gzz

)
+ 
 2

(
−1

2
g
X 2

t
(1 − R)R�2 +

zgzR�2

X 2
t

+
1
2
�2z2

X 2
t

gzz

)]
≤ 0:

Optimising over 
 and substituting this value into the above equation gives
the pde:(

−ġ +
1
2
gzzz2�2 + gzz�

)

−1
2

(���(−gzzz2 + zgz(−R)) + 
(−zgz + (1 − R)g))2

�2(2zgzR + gzzz2 − g(1 − R)R)
= 0

with boundary condition g(0; z) = (1 + �z)1−R.
Given the form of the boundary condition, it is convenient to use the

substitution g("; z) = h("; z)1−R where " is deGned to be "=T − t, giving

−ḣ +
1
2
z2�2

(
hzz − R

h2
z

h

)
+ z�hz − 1

2
1
�2

(
E(h; hz; hzz)2

D(h; hz; hzz)

)
= 0; (9)

where E = − z2���hzz + z2���R( h2
z
h ) + zhz(−
 − R���) + 
h and D= z2hzz −

( h2
z
h )z2R + 2Rzhz − Rh.
We are interested in solutions for the problem where the exposure is small

relative to current wealth, or equivalently when �z is small. Accordingly, we
consider solutions of the form

h("; z) =A(") + �zB(") + �2z2C(") + · · · :

We show in the Appendix A that such an expansion exists, at least when
�¿ 0.
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Proposition 1. The coe=cients in the above expansion for the value function
h("; z) are:

A(") = em";

B(") = em"e(";

C(") = − 1
2
R
(
�2(1 − �2)

)

)
em"e2("[e)" − 1]

with m= 1
2


2=�2R; (= �− 
��=�; )= �2 − (2
��=�R) + (
2=�2R2).

Remark 2. We can place interpretations on these parameters as follows.
(1−R)m is the rate of growth of the expected utility in the Merton problem
with no random endowment. ( is the rate of growth of E0(St), or equivalently
the expected rate of growth of the claim under the minimal martingale mea-
sure. Finally, ) is (the square of) the volatility of the process formed by the
ratio of S and X 0 where X 0 is the optimal wealth process when �= 0. Some-
times a more convenient expression for ) is )= �2(1 − �2) + (��− 
=�R)2.

Proof of Proposition 1. If we substitute h("; z) =A(") into the Eq. (9) above
and neglect terms of order � and above we Gnd that A solves the di:erential
equation

Ȧ=

2

2�2R
A:

Further, from the boundary condition we want the solution for which A(0) = 1.
To Gnd the next term we proceed inductively. Letting h("; z) =A(") +

�zB("), and ignoring terms of order �2 or above, we Gnd that the constant
terms cancel, and that the terms of order � give an equation

Ḃ=
((

�− 
��
�

)
+

1
2


2

�2R

)
B:

The solution with B(0) = 1 is B(") = e(m+()".
Higher order terms can be found in a similar fashion.

We can now compute the value function. DeGne

V2(t; x; s; �) =
x1−R

1 − R
e(1−R)m"

×
(

1+�
s
x

e("−�2 s
2

x2

(
1
2�

2R(1−�2)
)

)
e2("(e)"−1)

)(1−R)

:

(10)
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Theorem 3. For �¿ 0 the value function V (t; x; s; �) is given by

V (t; x; s; �) =V2(t; x; s; �) + o(�2): (11)

The time t reservation price p the agent would be willing to pay for � units
of S delivered at time T is

p(t; x; s; �) =p= �se(" − �2 s
2

x

(
1
2�

2R(1 − �2)
)

)
e2("[e)" − 1] + o(�2):

(12)

The expansion for the optimal strategy 
 ∗
t ; the optimal cash amount invested

in the traded asset is


 ∗(t; x; s; �) =

x
�2R

+ s�e("
(
−��

�
+



�2R

)
− 2�2 s

2

x
(1 + R)

R

×
(��

�
− 


�2R

)(�2R(1 − �2)
2)

)
e2("[e)" − 1] + o(�2):

(13)

Proof. The result for the value function follows from Proposition 1, provided
that the expansion is valid. We provide a full proof of Theorem 3 in the
appendix.

Remark 4. Note that when �= 1 we recover the price in the complete market
case, provided (= 0. However, as was argued in the previous section, in a
complete market (= 0 is necessary to preclude arbitrage.

The Grst term in the expansion for 
 ∗ is the wealth multiplied by the
Merton proportion given in (5). In contrast to the Merton result, for � �= 0,
we have that the optimal 
 is not a constant proportion of wealth. If �= 1
we recover the expression in (7) which was obtained directly. Whether the
agent’s strategy is to invest more (or less) than the Merton proportion of her
wealth in the traded asset depends on the sign of (�R− 
=��).

6. Discussion

If we consider the reservation price for the random payment of �ST , as
given in Theorem 3, and convert it into a unit price, we Gnd

1
�
p(t; x; s; �) = se(" − �

s2

x

(
1
2�

2R(1 − �2)
)

)
e2("[e)" − 1] + o(�):

The ‘marginal’ price of a derivative is the price at which diverting a little
money into the derivative at time zero, has a neutral e:ect on the achievable
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utility. This is given by

lim
�↓0

p
�

= se(": (14)

In particular, the marginal price is independent of the risk-aversion parameter
R. This is an example of a general result which states that the marginal price
is independent of the utility function. See Davis (1997, 1999), or Hobson
(1994). Further the marginal price is the expectation of the payo: under a
risk-neutral measure. Indeed the marginal price is the expected payo: under
the minimal martingale measure P0 of FUollmer and Schweizer (1990).

Under the minimal martingale measure, processes contained within the span
of the traded assets (such as �Bt + 
t) become martingales, and martingales
which are orthogonal to this space are unchanged in law. Thus

dS
S

= � dt + ��dB + �
√

1 − �2 dW

=
(
�− ��


�

)
dt +

��
�

(� dB + 
 dt) + �
√

1 − �2 dW;

where the Gnal two terms in the last expression are both martingales under
the minimal martingale measure P0. Hence E0

t (ST ) = Ste((T−t), which is the
marginal price of the claim.

Importantly, and unlike in the complete market scenario of Section 4, the
marginal price the agent is prepared to pay for ST depends on the drift 
 of
the traded asset. Ceteris paribus, if 
¿ 0, then the marginal price decreases
as the correlation � increases. Intuitively, converting to a risk neutral measure
generally deHates the price P and if �¿ 0 this also deHates S. Hence, the
expected value of �ST decreases as � increases, see Fig. 1. This appears
paradoxical, as one might expect the price to drop with lower correlation and
perceived higher risk. This e:ect however, is a second order one. In (12) we
see the �2 term is an increasing function of �.

As is to be expected, the marginal price is increasing in �, the drift of
the non-traded asset. Again this contrasts with the complete market situation
where the parameter � must be related to the other drift and volatility pa-
rameters to preclude arbitrage. As we remarked above, conclusions about the
marginal price the agent is prepared to pay for the asset are independent of
the agent’s utility. However the reservation price for a non-negligible quantity
of non-traded asset does depend on the utility as expressed in the �2 term in
the expansion (12).

First, note that the correction term to order �2 is negative. This is because
utilities are concave, so that the agent is prepared to pay a lower (unit)
price for larger quantities. Second, note that the order of the correction term
expressed as a proportion of the leading term depends on the variables �; St ; Xt
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Fig. 1. The reservation price of the claim for 0:70 ≤ � ≤ 1. Parameter values are �s0 = 1:0,
x0 = 500, T = 1, R= 0:5, 
 = 0:04, �= 0:30, � = 0:35 and �= 
�=� = 0:0343. Note that since
(= 0 in this case, the price when �= 1 is unity.

only through the ratio �St=Xt . Thus the key variable is the ratio of the claim
value and the current wealth.

We can also note the e:ect of initial wealth on the price, for various risk
aversion levels, R. In Fig. 2 we graph the reservation price as a function
of initial wealth X , for R equal to 0.1, 0.5, 1.0 and 2.0. As expected, for
each R, the larger the proportion of wealth held in the non-traded asset, the
lower the buying price, i.e., the agent is less willing to take on more risk.
On the graphs, if wealth increases, with Gxed S and �, then the holding
in derivatives is diluted, and the price larger. This is as expected with our
choice of the power-law utility function. For the exponential utility which has
constant absolute risk aversion, the price would be independent of wealth.
For the Merton utility, the absolute risk aversion −U ′′(x)=U ′(x) =R=x is a
decreasing function of wealth and thus the higher wealth, the higher price
the agent is willing to pay.

Now we consider the dependence of the reservation price on the risk aver-
sion parameter with surprising results. In Fig. 3 we graph the reservation
price as a function of R. We see that over most of the parameter range, as
risk aversion increases so the reservation price falls. The agent is willing to
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Fig. 2. Price p for initial wealth 100 ≤ x0 ≤ 2000. In fact, in order to show clearly the scale of
prices the graph shows (Price − 1) × 103. Parameters are �= 0:01, �= 0:8, s0 = 100, 
 = 0:04,
�= 0:3, � = 0:35, �= 0:0343.

pay less for the non-traded stock as she becomes less tolerant of risk. How-
ever, unexpectedly this relationship reverses as R gets very small. For the
parameter choices in Fig. 3 this happens for R below approximately 0.1. As
R decreases below this value the agent is prepared to pay less for the risky
non-traded asset even though she is becoming more tolerant of risk.

A clue to the cause of this surprising result is given in the expression for
the optimal strategy given in Theorem 3


 ∗
t =



�2R

x + �se((T−t)
( 

�2R

− ��
�

)
+ O(�2):

As R ↓ 0, both the Grst term, the Merton proportion, and the Grst order cor-
rection term become large. Fluctuations in the value of P and S are magniGed
into large Huctuations in the Gnal wealth. The price an agent is prepared to
pay for a random payo: depends on two factors. The Grst is her level of risk
aversion, but the second is the magnitude of the unhedgeable component of
the random payo:. Thus even though the agent is only mildly risk averse,
the large Huctuations in Gnal wealth have a non-negligible e:ect on expected
utility, and hence price.
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Fig. 3. The quantity {(Price − 1) × 103} as a function of the risk aversion parameter R for
0:05 ≤ R ≤ 1. Parameters are �= 0:8, �s0=x0 = 0:002, T = 1, �= 0:0343 = �
=�, 
 = 0:04, r = 0,
�= 0:30, � = 0:35.

7. A comparison with exponential utility

Another popular utility function widely used in the literature is the expo-
nential utility, U (x) = − (1=-)e−-x, see for example, Hodges and Neuberger
(1989), Svensson and Werner (1993), DuJe and Jackson (1990) and Davis
(2000). This utility has constant absolute risk aversion, and its popularity is
derived in part from its tractability. In particular, it is separable in the sense
that current wealth can be factored out of any problem.

By analogy with previous sections but now with utility U (x) = − -−1e−-x,
let V (t; Xt ; St; �) be the value function for the agent who at time t has wealth
Xt and who will receive �ST at time T . Then

V (t; Xt ; St; �) = sup


EtU (XT + �ST )

= − 1
-

e−-Xt inf


Et(e−-

∫ T
t 
u(dPu=Pu)−-�ST )

=: −1
-

e−-Xt g(T − t; log St);
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where g(0; z) = e−�-ez . Using the fact that V is a supermartingale for any
strategy, and a martingale for the optimal strategy, we Gnd that g solves the
pde:

ġ− �gz +
1
2
�2gz − 1

2
�2gzz +

1
2

(���gz + 
g)2

�2g
= 0:

To solve this equation we mimic Hobson (1994). If we set g("; y) =
e/"G("; y + 1")b then we Gnd that G solves

bĠ − 1
2
�2bGyy − 1

2
�2(b(b− 1) − �2b2)

G2
y

G

+
[
b
(
1 +

1
2
�2 − � +

��

�

)]
Gy +

[
/ +


2

2�2

]
G = 0:

In particular, if we choose parameter values

b=
1

(1 − �2)
; /= − 
2

2�2 ; 1= �− ��

�

− 1
2
�2 = (− 1

2
�2

we Gnd that G solves

Ġ =
1
2
�2Gyy:

This is the heat equation, with solution

G("; y) =
∫ ∞

−∞
G(0; y + z)

e−z2=2�2"

�
√

2�"
dz

so that

g("; y) = e−
2"=2�2

[∫ ∞

−∞
G
(

0; y+
(
(− 1

2
�2
)
"+z

)
e−z2=2�2"

�
√

2�"
dz

]1=1−�2

;

= e−
2"=2�2
[
E
(
G
(

0; y +
(
(− 1

2
�2
)
" + �

√
"N
))]1=1−�2

;

where N is a standard normal random variable. This solution was given in
Hobson (1994) and extends to general payo:s which are functions of ST . In
particular, using the boundary condition G(0; y) = e−(�-=b)ey = e−�-(1−�2)ey :

V (t; Xt ; St; �) = −1
-

e−-Xt− 
2

2�2 (T−t)[E(exp(−�-(1 − �2)St

×e((T−t)e�
√

T−tN− 1
2 �2(T−t)))]1=1−�2

:
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It follows that the reservation price for receiving a random payo: �ST ,
given as the solution to V (0; x0 − p; s0; �) =V (0; x0; s0; 0), is

p(0; x0; s0; �) = − 1
-(1 − �2)

log E
[
exp

{
−�-(1 − �2)s0e(Te�

√
TN− 1

2 �2T
}]

:

We want to Gnd an expansion in terms of small � which we can compare
to our results using the Merton utility. The expansion is

p= �s0e(T − -
2
�2s2

0e
2(T (1 − �2)(e�2T − 1) + O(�3):

Note that the expansion is only valid for positive �.
Again we Gnd that to leading order the price is precisely the expected value

of the claim under the minimal martingale measure. Hence we concentrate
on the correction term. Note that the second order correction is linear in the
risk aversion parameter -. To facilitate comparisons it is convenient to equate
the local absolute risk aversion in the Merton and exponential utility models.
This involves identifying the parameter - with R=x0. The price becomes

p= �s0e(T − R
2
�2 s

2
0

x0
e2(T (1 − �2)(e�2T − 1) + O(�3): (15)

If we compare this price with Theorem 3 we Gnd that the prices under the
two models agree if

e�2T − 1
�2 =

e)T − 1
)

or equivalently if �2 =). This happens in the limit as R ↑∞, but also, since
) is non-monotonic as a function of R, when R= (
=2���).

From Fig. 4 we see that when the risk aversion factor is large, the price
correction under the exponential utility model is larger, but that the price
corrections under the two models are of comparable size. For small values
of the risk aversion parameter the price correction under the Merton model
is signiGcantly larger. In particular the remarkable feature of the power-law
utility, namely that the price for the random endowment is not monotonic
in the risk aversion parameter, is not a feature of the constant absolute risk
aversion model.

It is interesting in this context to compare the forms of the exponential and
power-law utilities in the limit as the risk aversion parameter tends to zero.
In both cases

lim
-↓0

1 − e−-x

-
= x = lim

R↓0

x1−R

1 − R
;
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Fig. 4. A comparison of the reservation price for Merton (power-law) utility and exponen-
tial utility, over a range of values of risk aversion parameters. The solid line represents the
price under power-law utility, and the dotted line exponential utility. The vertical scale is
(Price− 1)× 103. Parameters are �= 0:8, �s0 = 1, x0 = 500, T = 1, �= 0:0343 = �
=�, 
 = 0:04,
r = 0, �= 0:30, � = 0:35.

but in the former case the domain of deGnition is R whereas in the latter it
is R+. Hence there is no reason to expect identical behaviour in the limit as
risk aversion decreases to zero.

8. The e%ect of using the ‘wrong’ hedge

In this section we wish to consider the pricing decisions of an agent who
uses a suboptimal strategy when hedging the claim. This may be because
of a lack on information on parameter values, and especially the correlation
coeJcient �. We are interested in Gnding the impact this has on the agent’s
expected utility, and on her reservation price for the random payment.

The strategies we consider have the form


(t; x; s; �) =



�2R
x + �s ; (16)

where  =  (t) is a function of time alone. For example, the choice  = 0 is
equivalent to using the hedging strategy which would have been optimal had
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there been no random endowment, and the choice

 (t) =
(
−�
�

+



�2R

)
(17)

corresponds to using the strategy which is optimal if the traded asset is
perfectly correlated with the non-traded claim.

Let V ( ) =V (t; x; s; �;  ) be the expected Gnal utility of an agent with
wealth x at time t who is due to receive the random payment �ST at time T
and who follows the strategy given by (16). Let "=T − t.

Theorem 5. The value function of the agent who uses the strategy  is
given by

V (t; x; s; �;  )

=
x1−R

1 − R
e(1−R)m"

(
1 + �

s
x

e(" − �2s2

x2 e2("f(T − t) + o(�2)
)1−R

;

where f(") solves ḟ(") =)f(") + A(") subject to f(0) = 0; with

A(") =
1
2
)R− e−(" (T − ")(
 − R���) +

1
2

e−2(" (T − ")2�2R:

This has solution

f(") = e)"
∫ "

0
e−)sA(s) ds:

The price the agent is willing to bid for the claim �ST at time t is

p= �se((T−t) − �2 s
2

x
e2((T−t)f(T − t) + o(�2):

Proof. The proof proceeds as the proof of Theorem 3 except that it is not
necessary to optimize over strategies 
.

Corollary 6. If  ≡ 0 then the price this agent is prepared to pay is

p(t; x; s; �;  ≡ 0) =p= �se((T−t) − �2 s
2

x
e2((T−t) R

2
(e)(T−t) − 1) + o(�2):

Note Grst that to order � the price the agent is prepared to bid for the claim is
independent of �. Again this reHects the fact that perturbations in the strategy
of order � only have a second order e:ect on pricing decisions.

The function f is minimised by choosing  to minimise A(·). With this
choice of  , f solves ḟ(") =)f+ 1

2�
2R(1−�2) and we recover the expression

in Theorem 3. In this way we can deduce the optimal strategy to Grst order
in �.
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We concentrate in the above theorem and corollary on calculating the price
the agent will charge because the di:erence between the price bid by the
agent who hedges optimally, and the price bid by an agent who hedges
in an alternative fashion represents a loss of initial wealth from hedging
suboptimally. By expressing quantities in terms of wealth they can be more
readily compared across di:erent utilities.

Corollary 7. Using the strategy given in (16) is equivalent to a reduction
in initial wealth of magnitude �2(s2

0=x0)e2(TL(T;  ) + o(�2) where

L(T;  ) = e)T
∫ T

0
e−)t 1

2
R
{( 


�R
− ��

)
− e−(" �

}2
dt:

L is necessarily non-negative.

Consider Grst the loss that arises from using the Merton hedge which takes
no account of the random endowment. Applying Corollary 7 with  = 0 we
Gnd a loss in wealth of

�2 s
2
0e

2(T

x0

R
2

(e)T − 1)
(
��− 


�R

)2
+ o(�2):

In particular, if �= (
=��R) then there is no loss to order �2. This is to be
expected since if �= (
=��R), the optimal strategy to order � (as given in
Theorem 3) is to invest the Merton proportion of wealth in the traded asset.

Now consider the impact of using the strategy presented in (17). This is
the strategy of the naive investor who follows the strategy which is optimal
in the case when the market is complete, even though in this case the market
is incomplete. The resulting loss in wealth is given by �2(s2

0=x0)e2(TL(T;  ) +
o(�2) where

L(T;  ) = e)T
∫ T

0
e−)t 1

2
R
{( 


�R
− ��

)
(1 − e−((T−t))

+ �(1 − �)e−((T−t)
}2

dt: (18)

We are interested in the dependence of this quantity on the correlation �.
If �= 1 then arbitrage forces that (= 0 and we Gnd that L ≡ 0. Now

suppose |�|¡ 1. The dependence of L on � is complicated by the fact that
( and ) both depend on �. If �= �
=�, then (= (1 − �)�
=�. If ( is small
then (1 − e−((T−t)) ∼ ((T − t) and we can remove a factor (1 − �)2 from
the integrand in (18). Essentially, for reasonable sets of parameter values, the
loss will grow as the square of (1−�), i.e. L ∼ c0(1−�)2. This behaviour is
illustrated in Fig. 5. This observation supports the use of the naive strategy
when the correlation is close to unity, but warns that the performance deterio-
rates markedly as the correlation decreases. If � �= �
=� then the loss will not



348 V. Henderson, D.G. Hobson / J. Economic Dynamics & Control 27 (2002) 329–355

Fig. 5. A plot of the e:ective loss su:ered by an agent who hedges the random endowment
ST using the trading strategy which is optimal in the complete market case. The plot shows
the loss (as represented by the function L given in (18)) as a function of the correlation �.
Parameters are T = 1; �= 0:0343 = �
=�; 
 = 0:04; �= 0:30; � = 0:35; R= 0:5.

decrease to zero as the correlation increases to unity, except for some special
choices of parameter values. However, if 
; ���2; �2, then for � not too close
to 1, the dominant term in the loss L will be of order 1

2R�
2(1−�)2T , so that

again L ∼ c1(1 − �)2.

9. Conclusion

In this paper, we have addressed the problem of pricing and hedging a
random payo: on a non-traded asset by making use of another, correlated,
asset which is traded. This situation is very common in the area of real
options, where one of the assets involved cannot be traded.

By extending the investment problem of Merton (1969) to include an addi-
tional asset, we formulated a utility maximisation problem. Since the random
payo: was units of the non-traded asset (rather than, for example, a call
option on the non-traded asset) we could use a scaling to reduce the di-
mensionality of the problem. This allowed us to express the solution of the
utility maximisation problem as an expansion in the number of units of the
non-traded asset which formed the claim.
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The disadvantage of using a random payo: which was a multiple of the
non-traded asset, was that this claim is unbounded. As a consequence, if
�¡ 0 no expansion exists. However, when �¿ 0, or equivalently when the
agent receives units of the non-traded asset, an expansion does exist. This
expansion was used to derive expressions for the reservation price of the
agent, and the optimal strategy she should use.

Our expansion can be used to deduce the marginal price for the non-traded
asset. As shown by Davis (1999) this price is the expected value of the claim
under the minimal martingale measure of FUollmer and Schweizer (1990). In
particular the marginal price for the asset is independent of the utility function.
However, unlike in the complete markets case, the marginal price does depend
on the real world measure and the drifts of the two assets.

If we consider the reservation price as a function of � we Gnd that the unit
price of the claim per unit of claim is a decreasing function. This represents
the phenomena of diminishing marginal returns, or convexity (in �) of the
value function V .

An unexpected result was that the reservation price is a non-monotonic
function of the risk aversion parameter, R. There is a value of R for which
the price is maximised. This seems to be a peculiar property of the power-law
utility since it does not occur with the exponential utility.

The paper also examined the e:ect of using a suboptimal hedge on the price
the agent is prepared to pay. If the agent uses the strategy which is optimal
when the two assets are perfectly correlated, then the e:ect is that she needs
to overcharge for the claim by an amount proportional to �2(1 − �)2. This
lends some support to the practice of using this naive hedge when correlation
is very high, but warns of signiGcant losses as the correlation falls.

In this paper we have concentrated on the linear payo: �ST . This linearity
has greatly simpliGed some of the analysis, at some technical cost. It is natural
to consider option payo:s such as �(K − ST )+. Since this payo: is bounded
some of the technical problems will not arise (but note that the payo: from a
call option is not bounded). However, the loss of the scaling property would
complicate the computations. This is left for further research.
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Appendix A.

In Section 5 we derived expansions for the value function to order �2. In
this appendix we prove that these expansions are valid for positive �. This
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is a subtle question, since if |�|¡ 1 and �¡ 0 then the expansions do not
exist.

We begin by justifying this last remark. If |�|¡ 1 then the market is in-
complete and ST is the product of a variable which is measurable with respect
to the Gltration of B, or equivalently P, and the random quantity e�

√
1−�2WT .

This last quantity is independent of B and unbounded above, so that it is im-
possible to super-replicate ST using trades in P alone. In particular, for any
XT which can be generated from a Gnite initial fortune x0, and investments
in the traded asset P, we have

P(XT + �ST ¡ 0)¿ 0

for �¡ 0. Since U ≡ −∞ on the negative real line, we have

V (t; x; s; �) = −∞; |�|¡ 1; t ¡T; �¡ 0:

It remains to show that, for �¿ 0 the expansion in Theorem 3 holds. We
demonstrate this by exhibiting upper and lower bounds for the supremum of
expected utility which agree to order �2. For the lower bound we use the fact
that �ST ≥ 0 almost surely.

A.1. The lower bound

Consider Grst the zero endowment problem where (X 0
t ; 


0
t ) is the optimal

wealth, strategy pair. Then dX 0
t = 
0

t dPt=Pt with 
0
t = (
X 0

t )=(�2R) and

X 0
t = x0 exp

(


�R

Bt +

2

�2R
t − 
2

2�2R2 t
)
:

Now consider the problem with a random endowment of �ST at time T . We
would like to consider the strategy in Theorem 3 to order �. However, with
this strategy we cannot guarantee that wealth remains positive, so we use a
localised version.

Fix K and let

HK = inf
{
u:
∫ u

0

Ste((T−t)

X 0
t

(��
�

− 

�2R

)(dP
P

− 
 dt
R

)
=K

}
:

Suppose �¡ (1=2)K−1. Consider the wealth process X 1;K generated from an
initial fortune x0 using the strategy


1;K
t =



�2R

X 1;K
t + �

(
−��

�
+



�2R

)
Ste((T−t)I(t¡HK ):

Then X 1;K
t is given by

X 1;K
t =X 0

t

{
1 + �

∫ t∧HK

0

Su

X 0
u

e((T−u)
(
−��

�
+



�2R

)(dP
P

− 

R

du
)}

:
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Note that on HK ¡T we have X 1;K
T =X 0

T (1−�K) and indeed more generally
X 1;K

T ≥ X 0
T (1−�K). In particular the localisation times HK allow us to bound

the wealth process from below.
Now consider the sum of the wealth process and the random endowment.

It is convenient to consider Z�;K
t =X 1;K

t + �Ste((T−t). On t ≤ HK we have

dZ�;K
t =



�2R

Z�
t

dP
P

+ �Ste((T−t)�
√

(1 − �2) dW

so that, still with t ≤ HK ,

Z�;K
t =X 0

t

{
1 + �

(
s0e(T

x
+
∫ t

0

Su

X 0
u

e((T−u)�
√

(1 − �2) dW
)}

:

Also, Z�;K
T =X 1;K

T + �ST ≥ X 0
T (1 − �K) + �ST ≥ X 0

T (1 − �K). This inequality
makes crucial use of the fact that �ST ¿ 0.

From Taylor’s expansion we have U (y+h) =U (y)+hU ′(y)+1=2h2U ′′(y+
;h) with ;= ;(�; K;!)∈ [0; 1]. We will take y =X 0

T and h=Z�;K
T − X 0

T , and
consider the expected value of this expansion term by term. The Grst term
yields E(U (X 0

T )) =V (0; x0; s0; 0). For the second term, note that

U ′(X 0
T ) = x−R

0 exp
(


2

2�2

(1 − R)
R

T
)

dP0

dP ;

where (dP0=dP) = exp(−(
=�)BT − 1=2(
2T=�2)) so that P0 is the minimal
martingale measure. Then since both X 0 and X 1;K are martingales under P0,
we have

E[(Z�;K
T − X 0

T )U ′(X 0
T )] = x−R

0 e(1−R)mTE0(�ST ) = �x−R
0 e(1−R)mT s0e(T :

For the Gnal term in the Taylor expansion we have that for ;= ;(�; K;!)
∈ [0; 1],

X 0
T + ;(Z�;K

T − X 0
T ) ≥ X 0

T (1 − �K):

Then, since U ′′ is increasing,

1
�2 (Z�;K

T − X 0
T )2U ′′(X 0

T + ;(Z�;K
T − X 0

T ))

≥
{

(X 0
T )2
(
s0e(T

x0
+
∫ T

0

St

X 0
t

e((T−t)�
√

(1 − �2) dW
)2

I(HK≥T )

+(ST − X 0
T K)2I(HK¡T )

}
U ′′(X 0

T (1 − �K)):

By the dominated convergence theorem, on taking expectations and letting
� ↓ 0, we Gnd for each K that �−2(EU (Z�

T ) − EU (X 0
T ) − �E[STU ′(X 0

T )]) is
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bounded below by

E
[
(X 0

T )2U ′′(X 0
T )
(
s0e(T

x0
+
∫ T

0

St

X 0
t

e((T−t)�
√

(1 − �2) dW
)2

I(HK≥T )

]

+ E[(ST − X 0
T K)2U ′′(X 0

T )I(HK¡T )]:

Letting K ↑∞ this expression becomes

E
[
U ′′(X 0

T )(X 0
T )2
(
s0e(T

x0
+
∫ T

0

St

X 0
t

e((T−t)�
√

(1 − �2) dW
)2]

: (19)

We can interpret U ′′(X 0
T ) as a constant multiplied by a change of mea-

sure which a:ects the drift of dP=P. With this interpretation it is a long
but straightforward exercise to show that (19) becomes

−RE
[
(X 0

T )1−R
(
s0e(T

x0
+
∫ T

0

St

X 0
t

e((T−t)�
√

(1 − �2) dW
)2]

= − Rx1−R
0 em(1−R)T Ê

[(
s0e(T

x0
+
∫ T

0

St

X 0
t

e((T−t)�
√

(1 − �2) dW
)2]

= − Rx1−R
0

s2
0e

2(T

x2
0

em(1−R)T
[
1 +

�2(1 − �2)
)

(e)T − 1)
]
; (20)

where P̂ is the measure under which both B̂t ≡ Bt − (
(1 − R)=�R)t and
Ŵ t ≡ Wt are Brownian motions.

In conclusion

lim sup
K↑∞

lim
�↓0

1
�2 (EU (Z�

T ) − EU (X 0
T ) − �E[U ′(X 0

T )ST ])

is greater than the expression (20). Further manipulations yield that

sup
XT

EU (XT + �ST ) ≥ EU (Z�
T ) ≥ V2(0; x0; s0; �) + o(�2);

where V2 is as given above Theorem 3. Hence V2 is a lower bound to order
�2. Note that we can extend this result to prove that the correction is O(�3)
rather than just o(�2) by considering higher order Taylor expansions of the
utility function.

A.2. The upper bound

We Gnd an upper bound on the value function by considering the dual
problem. For each =¿ 0 we show V2 + =�2 is an upper bound. This argument
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is easier than the lower bound in the sense that no restriction on the sign of
� is necessary.

The problem is to maximise E(U (XT + �ST )) over feasible values of the
terminal wealth XT . For a positive random variable W consider

E
{
U (XT + �ST ) −>

(
XT −

(
x0 +

∫ T

0

t

dP
P

))}
= E{U (XT + �ST ) −>(XT + �ST )}

+ E{>(x0 + �ST )} + E
{
>
∫ T

0

t

dP
P

}
:

Suppose > is of the form >= / dQ=dP for some change of measure Q and
some positive constant /. Suppose Q is such that P is a Q-martingale. Then,
with Ũ (y) = supx(U (x) − xy),

sup
XT

E{U (XT + �ST )}

≤ inf
>
E{Ũ (>) + >(x0 + �ST )}

= inf
/¿0

inf
Q

{
EP
(
Ũ
(
/

dQ
dP

))
+ /x0 + �/EQ(ST )

}
:

For the power law utility U (x) = x1−R=(1 − R) we have Ũ (y) = (R=(1 −
R))y(R−1)=R. The problem is now to choose > in an optimal fashion.

Let Mu = �
√

1 − �2
∫ u

0 (St=X 0
t )e((T−t) dWt and for any K ¿ 0 deGne

TK = inf
{
u:
∫ u

0

Ste((T−t)

X 0
t

dt +
∫ u

0

S2
t e2((T−t)

(X 0
t )2

dt =K
}
:

Now choose K large enough so that

Ẽ
∫ T

TK∧T

Ste((T−t)

X 0
t

dt + Ê
∫ T

TK∧T

S2
t e2((T−t)

(X 0
t )2

dt ¡ =;

where P̃ is a measure under which B̃t =Bt − (�� − 
=�)t and W̃ t =Wt −
�
√

1 − �2t are Brownian motions, and P̂ is the measure which arose in the
calculation of the lower bound.

Let QK be given by

dQK

dP = exp
(
−

�
BT − 
2

2�2 T
)

exp
(
−R�MTK − 1

2
R2�2[M ]TK

)
:

Then

EP
(
Ũ
(
/

dQK

dP

))
=

R
1 − R

/(R−1)=RAK ;
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where

AK = E
[
exp
(

(1 − R)

�R

(
BT +


T
2�

))

exp
(

(1 − R)�
(
MTK +

1
2
R�[M ]TK

))]

= e{m(1−R)=R}T Ê
[
exp
(

1
2

(1 − R)�2[M ]TK

)]
:

Here [M ]TK
is bounded and AK may be written as

AK = e{m(1−R)=R}T
[
1+

1
2

(1−R)�2�2(1−�2)Ê
∫ TK

0

S2
t e2((T−t)

(X 0
t )2

dt+O(�4)
]

≤ e{m(1−R)=R}T

×
[
1+

1
2

(1−R)�2�2(1−�2)
(
s2

0e
2(T

x2
0

(
e)T −1

)

)
− =I(R¿1)

)
+O(�4)

]
:

(21)

Similarly,

EQK (ST ) = s0e(T Ẽ
[
exp
(
−R�MTK − 1

2
R2�2[M ]TK

)]

≤ s0e(T
(

1 − �R�2(1 − �2)
(
s0e(T

x0

(
e)T − 1

)

)
− =
))

: (22)

The minimisation over / involves Gnding the minimum of
R

1 − R
/(R−1)=RAK + /(x0 + �EQK (ST )):

The minimum is easily seen to be
1

1 − R
AR

K(x0 + �EQK (ST ))1−R:

Substituting the expansions we derived in (21) and (22) above we Gnd

sup
XT

E(U (XT + �ST )) ≤ V2(0; x0; s0; �) + c0=�2;

where V2 is as given at (10). Hence V2 is an upper bound.

A.3. Higher order expansions

By combining the upper and lower bounds we conclude that, for �¿ 0, the
expansion given to order �2 given in Theorem 3 is valid. In order to extend
this result, and to prove that the expansion can be continued to higher orders,
it is necessary to reGne the strategy 
 1 used in calculating the lower bound,
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and the martingale measure Q for the upper bound. There are no obvious
problems with this approach, although the calculations would become very
involved.
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