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What is Sequential Monte Carlo (SMC)
Some things we know about SMC

What is Divide-and-Conquer SMC?
(D& C-SMC; Lindsten et al. (2017))

What knowledge can we transfer from SMC to D&C-SMC?

Some Theoretical Properties of D&C-SMC
(Kuntz et al., 2024)



Sequential Monte Carlo



The Essential Problem and SMC Solution

SMC Ingredients:
e Sequence of unnormalized (pathwise) targets g on Ex = ®L_,Es.

e Normalizing constants Z; = 0t(E¢)

e Normalized counterparts i+ = p¢/Zt.

e Proposals K;: conditional laws over E; given x;—1 € E;_1.
e Importance weights / potentials:

dpe

Gt = —————.
‘ dpt—1 @ Kt

Goals

e Estimate 21, o Z, o

e Approximate 1, ..., [t ...
Algorithm

e lterative importance sampling (IS) and resampling. 3



The Sequential Importance Resampling Algorithm

Initialise: for n < N, draw Xg'N independently from Kj.

=

2. fort=1,..., T do
3 Correct: compute
NN f)N
AN t—1 n,N AN t—1
P = —— Ge—1(XE 1 )oynn fi 1= =
o N ; e ' prl1(Ee-1)
4:  Resample: e.g., for n < N, draw X} N ciid ﬂ’t\’ 1-

Mutate: for n < N, draw X"V ~ Kt(X{LN, dx¢) and set
Xn /\/ (Xn N Xn N)
6:  Estimate:
1N
plY = NZ(SX?‘N’ zN = ol(Ey) and pl .= pN/ZN.

i=1
7: end for



SIR Example: Simple Particle Filters

e Unobserved Markov chain {X,} transition f.
e Observed process {Y,} conditional density g.
e The joint density is available:

n
p(x1n, yi:nl0) = (1) g% (alxa) [ | FO(xilxio1)d® (il xi).
i=2
e Natural SIR target distributions:

,ug(Xl:n) ::p(Xl:nD/l:nv 9) X P(X1:n,)/1:n\9) = pg(Xl:n)

z? :/p(xlznxyl:nle)dxlzn = p(y1:09)



Bootstrap PFs and Similar

e Choosing

/:L?;(Xlzn) ::P(Xl:nb/l:n, 9) X P(Xlzn, )/1:n|9) = ﬁf;(xl:n)

20 _ / Dt Vin|B)Bn = Bnl0)

e and Kp(xp|x1.p—1) = FO(xp|xp—1) yields the bootstrap particle
filter of Gordon et al. (1993),

e whereas Kp(xp|x1:p—1) = pP(Xp|Xp—1, ¥p, 0) yields the “locally
optimal” particle filter.

e Note: Many alternative particle filters are SIR algorithms

with other targets. Cf. Johansen and Doucet (2008);
Doucet and Johansen (2011).



Sequential Monte Carlo Samplers: Another SIR Class

Given a sequence of targets [i1, ..., @, on arbitrary spaces, Del
Moral et al. (2006) extend the space:

1

fn(X1:n) =Hn(xn) H Lp(Xp+1, Xp)
p=n—1

Pn(X1:n) =Pn(Xn) H Lp(Xp+1. Xp)
p=n—1

Zn :/Pn(xl:n)dxlzn

1
:/ﬁn(Xn) H Lp(Xp+1xXp)Xm:n :/ﬁn(Xn)an: _n,

p=n—1

and applies SMC to these extended targets.



Some dynamic semigroups

Linear p, = pp,Qp.n Where

Qn:n =Id
Qp:n 3:Qp+1 Qp+1:n
Qp(x, dy) :=Gp(x)Mp(x, dy)

Non-linear p, = ®,.,(1p) where

(Dn:n(,uf) =

Ppn(i) =Ppi1:a(Ppr1(p))
Sp()(dy) ;:/Wu(d@

Correspondence ®,.,(up) = uf&ff::(nl)-




On stability and semigroups

pr = p2=p12 = p3=p1CQ1z — ... —p1Quy
3
oy = PrQ  — P Qus = ... —p)Qun
\
oY — Qs = .. =) Qun
2
pé\’ — o —>,0§’Q3m
|
Pn1 —0n-1Qn
, \
We have: oY — o, = Z(pﬁl - pﬁ,l @N)@n oy
p=1



Theorem (Del Moral 2004: Theorem 7.4.2)
Under regularity conditions, for any n > 1, ¢ € CpEp:

E[o" ()] = pn(p).

10



Law of Large Numbers and Weak Convergence

Theorem (Del Moral 2004: Theorem 7.4.4)
Under regularity conditions, for any n > 1, p > 1, ¢, € Cp(Epn):

VE [|¥(0n) = ma(@n)l”] " < collonlloo

By a Borel-Cantelli argument:

lim /J'nN((pn) B Mn(‘ﬂn)-
N—oco

11



Central Limit Theorem

Proposition (Del Moral 2004: Proposition 9.4.2)
Under regularity conditions, for any n > 1:

VN (0n) — tn(0n)) > N (0,02(0n))

where
O',%((,Dn) = Z Hq [(Qq,n((pn - /J'ﬂ((p”)))ﬂ

q=1

where

C_)q,n(‘Pn)(Xq) = Qq.n(pn)(xq)/1qQq,n(1).

12



SIR: Theoretical Justification — Some Of

In summary, under regularity conditions we have:

unbiasedness
E[Z)] = Z,
slin
lim 7)/(0) = ma(e)

N—o0

clt For a normal random variable W;¥ of appropriate
variance:

lim VN[N () — Ta(0)] < W¢

N—oo

13



Auxiliary sequential importance resampling

Ingredients:

e Unnormalized targets p; on E; = ®L_Es.
e Normalized counterparts us = p¢/Zt.
e Normalizing constants Z; = p¢(E¢)

e Sequences of auxiliary targets v+ and v := v ® Kt.

e Auxiliary normalizing constants Zy = y+(E¢)

e Normalized auxiliary targets 7 = ¢/ Z:.

e Proposal kernels K;: conditional laws over E; given E;+_.

e Importance weights / potential functions:

- dvye.
dye—1

We

Algorithm: iterative importance sampling and resampling
targeting auxiliary targets and an extra importance sampling step. 14



Auxiliary sequential importance resampling

o

1: Propose: for n < N, draw Xg'N independently from Kj.
2: Compute: vl = N"1 3N By

3:
4

fort=1,..., T do
Correct: compute v (dx;_1) := w; (xt,l)’yﬁl(dxt,l) and
Moo= /v (Ee-a).
Resample: for n < N, draw X" independently from 7/
Mutate: for n < N, draw X”‘N independently from
Ke(XPN, dx;) and set ), G (X”’V Xy,
Compute: 4N .= 2t anl Oy where ZN = yN(E;_y).
end for
Note: At each step t, one obtains estimates of p¢, Z;, and
Mt

15



Auxiliary Particle Filters

In the filtering setting, take:

L ’Yt,(dxt—l) = P(Xt—LYt—l)lA)(Yt|Xt—1)dXt—1
o . =t /7t (Et-1).

and one recovers the auxiliary particle filter of Pitt and Shephard
(1999).

16



Divide-and-Conquer SMC
see Lindsten et al. (2017)



Divide-and-Conquer

Many models admit natural (or unnatural) decompositions:
Level 0:

Level 1:

- 333 {38 03l

To which we can apply a divide-and-conquer strategy:

Kr

Wt /.\

17



A few formalities. ..

e Use a tree, T of models (with rootward variable inclusion):

Koy )
&}
/'.\ & B o
Ut ® 06
®
G®  ©
® @
® ®©
/J'Cl /J'CC
e t € T denotes a node; r € T is the root.
e C; ={c1,...,cc} denotes the children of t.
e [, is the space of variables included in t but not its children.
e E;: = £+ X ®C€C(t)EC is the space of all variables included in

T;: the subtree rooted at t.
D& C-SMC can be viewed as a recursion over this tree.

18



The Divide-and-Conquer SMC Algorithm

dac_smc(u) for v in T.
1: if uis a leaf (i.e. u € T9) then
Propose: for n < N, draw XZ”V independently from K,,.
Return: N .= N~1 SN | Oy
. else

Recurse: set v := dac_smc(v).

end for

Obtain: fy(/}l/ﬁ =TTvec, v

Correct: compute YN = w,_-ye, and T =N /4N (Ec,).
10:  Resample: for n < N, draw X7V ~ 7/ independently.
11:  Mutate: for n < N, draw XN ~ K,(X™N dx,) and set

Xn N (Xn N Xn N)
12 Return: 4N .= N"1ZNSNV dynn where ZJ = [/ (Ec,).
13: end if

2
3
4
5. forvinC, do
6
7
8
9

19



Theoretical Properties
see Kuntz et al. (2024)



Theoretical Properties: Regularity Assumptions

Assumption (1. Absolute Continuity)

For all u in T and v in T?, p, is absolutely continuous w.r.t. 7y,
Yv_ Is absolutely continuous w.r.t. ~ye,, and the Radon-Nikodym
derivatives w, := dp,/dvy, and w,_:= dv, /dvye, are positive
everywhere.

Assumption (2. Boundedness)

For all u inT? and v in T, w, = dvyu_/dve, and w, = dp,/dvy,
are bounded: ||w,_||co < 00 and [|wy||eo < 0.

20



Unbiasedness of NC Estimates (Kuntz et al., 2024, Theorem 3)
If Assumptions 1-2 hold, then for all u € T:

E o) (9)] = pule). E[Z)]=2Z, VYN>0, @€ ByEy).

21



Dealing with product approximations: some motivation

e Given vlV € P(E1) and v} € P(E1) which are empirical
measure approximations of «y; and y»...we need to control
Y XAl =1 x .

e Naively, we could try, e.q.

XA = Xt X —mx 1y
=71 X (¥ = 1) + (1 —m) x 12
but this is displeasing asymmetric, so:
Y x (¥ =)+ x—mx71
=(7Y =) x (B =)+ x (¥ =)+ (0 — ) x %2
is more appealing and suggests a general approach.

22



Dealing with product approximation: key ingredients

Hoeffding’s Canonical Decomposition
Fix any v in T? and ¢ in Bp(Ec,). Note that,

Y=o, = [ —w+wl—ve, = D aXx~f, (1)
veCy P#£ACC,

where AN =TT, ca(¥) — ) and fyél =Y \a forall AC Cy.

See Kuntz et al. (2022) for connections with U-statistics etc..

23



Product approximations: L” error control

Lemma (L” error control for product approximations)

Suppose that (ni')3%_, and (n))3°_, are independent sequences
of random probability measures on (2, F,P), over (S1,51) and
(S2,S2), respectively, and satisfying

1
5  C
E[Ind(0) (@)’ < Iy >0, pemys), ke 1),

for a p > 1, with limits m1 and m, that are also probabilities, then:

»_ Clle
2 [|(n{V x 03 )(e) — (m % nz)(w)lp} < N‘LQH VN >0, ¢ € By(S1xS2).

Proof Sketch.
Follows from the Hoeffding decomposition, Minkowski's inequality

and judicious conditioning. (]
24



LP Error Control

Theorem (LP Error Bounds (Kuntz et al., 2024, Theorem 5))
If Assumptions 1-2 hold, then, for each p > 1 and u in T, there

exist constants CF, Ct' < oo such that

1 CP o

E|[o}(¢) - o(e)|’]* S”,lll(p/!
1 CM o

E(|ul(¢) - pul(0)]")” SM

for all N > 0 and ¢ in By(E,). In particular,
E[|Z) — ZuIP]/P < CH/NY2

for all N > 0.

25



Laws of Large Numbers

Strong Law of Large Numbers (Kuntz et al., 2024, Theorem 1)
If Assumptions 1—2 are satisfied, u belongs to T, and ¢ belongs

to By(E,), then

lim o) (p) = pu(®),  lim wl)(p) = u(p), AJ@OOZUN = Z,,

N—o0 N—o00

almost surely.

Strong Law of Large Numbers (Kuntz et al., 2024, Theorem 2)
If, in addition to Assumptions 1-2, the spaces (E,) et are Polish
and (€,)uer are the corresponding Borel sigma algebras, then

py = Dy uy — Wy, almost surely,

for each v in T, where — denotes weak convergence as N — .

26



Towards a CLT: Local Error Control

Lemma (Local errors)

Fix any u in T and a collection (¢, )yeT, wWith @, belonging to
B,(E,) for each v inT,. Let

VYN >0, veT,.
(2)
Under Assumptions 1-2, the collection (VN (¢, ))ver, converges

weakly as N — oo to a collection (V,(¢v))ver, of independent
zero mean random variables with Gaussian laws:

VN(py) = NY2(ml(p,) — Ko(py))  if v is a leaf
) N2 (r(p,) — 7 (Ku0,))  otherwise

Vi(ov) ~ N (O' T ([ov — 7r\/(‘PV)]z)) Vv eT,. (3)

27



Towards a CLT: A semigroup for the tree

In our context we have a 2 parameter semigroup indexed by the
vertices of a tree; Iy, is defined when v is a descendent of u.

r
rV,U(XVv dYU) = xv(dYV)Wgu(dyCL/)Wu_ (YCU)KU(YCU, dyu) Vv € CuV

where ’yé/u = [1,ccr¥r with ¢y :=c,\ {v}. For all other
descendants v # u, we set

rv,u - rv,ﬁrﬂ,l’z s rr,,uY

where v, 1, ..., r;, u is the branch of T, connecting v and wu.

28



Central Limit Theorem

Central Limit theorem (Kuntz et al., 2024, Theorem 6)
If Assumptions 1-2 hold, then, as N — oo,

N2 (ol () — pu()) = N(O,
NY2 (ul (0) — pu(e)) = N(0,

for any given v in T and ¢ in By(E,), where = denotes
convergence in distribution,

o2 (0) = Y m([ZFv.ulwue] — pu(@)?).
veT,

Uiu(‘p) = Z T (2o v.ulwuZ, o — pu(@)11P).
veT,

29



Some (Importance) Extensions

1. (Lightweight) Mixture Resampling [with Rejection Sampling]
2. Tempering (Del Moral et al., 2006).
3. Adaptation e.g., Zhou et al. (2016).

Skip to Conclusions

30



lllustrative Application:
High-dimensional Filtering
See Crucinio and Johansen (2024)



DaC-SMC for High-Dimensional Filtering i

Rough idea:

/ e Decompose space at

each time.

e |mplement marginal

analogue of SMC

(over time) — see
Kiick et al. (2006)
: and Crucinio and
o ' o Johansen (2023).
Use, at node u at time t:
“Ye.u(Ztw) = Gt,u(Zewi (Ve(1) 11 € Vi) Z fru(Zl 1o Zt,u)”

where f; , and g; , approximate approprlate marglnal quantities.

31



DaC-SMC for High-Dimensional Filtering ii

Leaf nodes: IS from with proposal K, ,, weights are:

gtu(Ztu (ve(1))iev,) Zrlyzl fe.u(Zi_1 ;0 Zt,u)
>t K22y 30 Zt0)

choosing Kt,, = ft,, somewhat simplifies computation.

Wt,u(Zt,uy Xl:tfl,u) =

Intermediate nodes: IS using product of child nodes:

9, u(Zt Gy (J/t(/))/evu)
r.0(u) (Zt e (uy (Ve(1))ievyy ) 9t.r(u) (2t r(uy. (Ve (1))iev,q,)

‘1Zn 1 2y ;0 Zecy)
N~ 12,7 1fte u)( t—1.: Ztl(u )N Zn 1ftr(u)( ?_1,9¢§vzt,r(u))

with O(N) computation cost. . . for each of N2 particle pairs
(strategy in paper has O(N°/?) cost overall).

X

mt,u(zt,cu) =

32



D&C Filtering: Spatial Example i

Lattice V = {1,..., d}?. We take d = 8 and d = 16.
Dynamics X:(v) = Xe_1(v) + Ug(v), where Us(v) %' N(0, 02).
Observation Y; = X; + V4; V; to be multivariate t-distributed
with v = 10 d.o.f., and precision structure
vt =7PUif D(j,v) < r, and 0 otherwise. D
denotes graph distance.
Data Simulated with 62 =1, 7 = —0.25, r, = 1 and
t = 10.

38)



D&C Filtering: Spatial Example ii

8 x 8

d=

16 x 16

d=

Runtime / s

Runtime / s

 dac @ dac-ada

Figure 1: Filtering mean
estimates for two nodes for a

8 x 8 and a 16 x 16 lattice at
time t = 10. 50 repetitions for
N = 100, 500, 1000 and 5000.
The reference lines for the 8 x 8
grid show the average value of
the filtering mean estimate and
the interquartile range obtained
with 50 repetitions of a
bootstrap PF with N = 10°
particles.
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lllustrative Application:
Hierarchical Monte Carlo Fusion
See Chan et al. (2023)



Monte Carlo Fusion i

Objective: combine approximations of “subposteriors”:

f(x) o [ ] fe(x). (4)

Proposition (Dai et al. (2019))
If pc is f2-invariant on RY then the density proportional to

. 1
9c (%9, y9) =] [ff(x(c)) - pe(yOx9) - oy ®
ceC e/

admits marginal density f(©) oc [ cc f- over y(©) € RY.

&5



Monte Carlo Fusion ii

This can be exploited by taking a proposal distribution
proportional to:

©) — xCNTASL(y(©) — %(©)
fe (XO,y©) o= ch(x(c),exp{_(y ROVAZ OO - )}

ceC

where

. (ZI\;1>1 (Zl\glx(c)> A =YA

ceC ceC ceC

36



Monte Carlo Fusion iii

Proposition

If pe (y(c)|x(5)) is the transition density of a suitable Langevin diffusion

20) y(©)
9e(X9),y B
C(“(C); p0(R9) - pr(Z) y(©),

he(X©), y
%) — x(NTA-1(%(C) _ x(c)
O (x xINTAZL (X x\9))
po(x( )) __exp{—z 276_ ,
ceC
-
p1( )_('C) y(© HEW/\C [exp{ / o (X(tC)) dt}} ,
ceC 0

Bc(x) ::% (Vlog fo(x)TAV log fe(x) + Tr(NV? log f(x))) ,

where Ti(-) denotes the trace of a matrix, and W_ denotes the law of
a Brownian bridge {X(f), t€[0, T]} with XE)C) = x(9), X({f) = y(© and
covariance matrix Nc.

37



Merging Subposteriors

general . fusion(C, {{chl) WI(C)}iAil' Ncleee N, T)
Input: Samples {xéi), W,-(C)},-’\i1 for ¢ € C, matrices, {Ac: c € C},
particle count, N, and time horizon, T > 0.

1. Partial proposal: Compose samples {XOJ WJ M

W = ([ece w'?) - po(%5)) for j € {1,..., M}.
2. Foriinlto N,
(C) _ (C)

2.1 Xo/ Sample | ~ categorical(Wy. M) and set x =Xy -

2.2 Complete proposal: S|mulatey ~ Ny (x TI\C)

2.3 p : Compute |mportance We|ght p(c) = p(lb)( (C,) yl(c))

3. For /in1to N compute W = ﬁ(lc,)/zk 1ﬁ(16k

N
Output: {)’(’é ,),y( ), W’(C)}/:l'

~, where

38



Some Decompositions Leading to an Algorithm

f
.../ \...
/ fif fc-1fc
f fa fc—1 fc
A balanced-binary tree. / £
P | g 2
/

ff

/7
f fa e fc-1 fc

A progressive tree.



d&c.fusion(v, N, T)

Given: Sub-posteriors, {f,} crcaf(r), and preconditioning
matrices {A,}yer.

Input: Node in tree, v, the number of particles N, and time
horizon T > 0.

1. For u € Ch(v),
1.1 {xf“), y“) W,-(“)}:\il + d&c.fusion(u, N, T).
2. If v € Leaf(T),
2.1 Fori=1,..., N, sample y,(-v) ~ f,(y).
2.2 Output: {@,yfv),%},’\’zl.
3. If v ¢ Leaf(T),
3.1 Output: Call
general . fusion(Ch(v), {{y,(u), WI_(U)}I/_\/:P No}uecn) N, T).

40



An lllustration of the Impact of the D&C Approach

o 4 <~ fork-and-join — fork-and-join i
g - balanced 5 -.. balanced -
g4 -- e
s s progressive B = = progressive T
2 8 P
8¢ 8 ol -
g @ -
3 £
S5z °
EE [
< g4 /
B g ° i
g @ i
g 4 E~7 i
gz E |
£ ° | 8-
S b T T T T T T
2 16 32 6 128 256 2 % w2 6 28 26
Number of sub-posteriors (C) Number of sub-posteriors (C)

[llustrative comparison of the effect of using different hierarchies,
with f oc [T, fe, where o ~ N'(0, C) forc=1,...,C
(averaged over 50 runs).
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Some Results for a Logistic Regression Example

05 o8
L
10 12

02 03 04
L L L
4

log(Time elapsed in seconds)

2

01
{

Integrated Absolute Distance

00
o

o 12
Number of sub—posteriors (C) Number of sub-posteriors (C)

[CMC=Consensus Monte Carlo; KDEMC=kernel density
averaging approach of Neiswanger et al. (2014);
WRS=Weierstrass Rejection Sampler]

* The ‘Default of credit card clients’ data set available from
https://archive.ics.uci.edu/ml/datasets. The data set comprised

m = 30000 records of response: whether a default had occurred

and binary covariates Gender and Education. 42


https://archive.ics.uci.edu/ml/datasets

Conclusions

e SMC ~ SIR
e D&C-SMC =~ SIR + Coalescence
e Distributed implementation is often straightforward
e D&C strategy can improve even serial performance
e D& C-SMC inherits many theoretical guarantees from SMC
e Some questions remain unanswered, e.g.:
e How can we construct (near) optimal tree-decompositions?

e Some recent applications include:

e Parallel (in time) Smoothing (Ding and Gandy, 2018;
Corenflos et al., 2022)

e High-dimensional Filtering (Crucinio and Johansen, 2024)

e Fusing Bayesian analyses (Chan et al., 2023)
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