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8.2 Lévy-Khintchine type generators 192

8.3 Jump type models 201

8.4 Estimates for Smoluchovski’s equation 209

8.5 Propagation and production of moments for the

Boltzmann equation 216

8.6 Estimates for Boltzmann’s equation 218

PART THREE APPLICATIONS TO INTERACT-

ING PARTICLES 223

9 The dynamic Law of Large Numbers 225

9.1 Manipulations with generators 226

9.2 Interacting diffusions, stable-like and Vlasov

processes 231

9.3 Pure jump models: probabilistic approach 236

9.4 Rates of convergence for Smoluchovski’s coagulation 245

9.5 Rates of convergence for Boltzmann’s collisions 249

10 The dynamic Central Limit Theorem 251

10.1 Generators of fluctuation processes 251

10.2 Weak CLT with error rates: Smoluchovski’s and

Boltzmann’s models, mean field limits and evolu-

tionary games 261

10.3 Summarizing the strategy followed 266

10.4 Infinite dimensional Ornstein-Uhlenbeck processes 266

10.5 Full CLT for coagulation processes (a sketch) 269

11 Developments and comments 273

11.1 Measure-valued processes as stochastic dynamic

LLN for interacting particles; duality of one-

dimensional processes 273

11.2 Discrete nonlinear Markov games and controlled

processes; modeling deception 277

11.3 Nonlinear quantum dynamic semigroups and

nonlinear Schrödinger equation 281



vi Contents

11.4 Curvilinear Ornstein-Uhlenbeck processes (linear

and nonlinear) and stochastic geodesic flows on

manifolds 291

11.5 The structure of generators 299

11.6 Bibliographical comments 308

12 Appendices 318

12.1 Appendix A. Distances on measures 318

12.2 Appendix B. Topology on càdlàg paths 323
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0.1 Preface vii

0.1 Preface

A nonlinear Markov evolution is just a dynamical system generated by

a measure-valued ordinary differential equation (ODE) with the specific

feature of preserving positivity. This feature distinguishes it from a gen-

eral Banach space valued ODE and yields a natural link with probability

theory, both in interpreting results and in the tools of analysis. On the

other hand, nonlinear Markov evolution can be regarded as a particular

case of measure-valued Markov processes. Even more important (and al-

ready not so obvious) is the interpretation of nonlinear Markov dynamics

as a dynamic law of large numbers (LLN) for general Markov models

of interacting particles. This interpretation is both the main motivation

and the main theme of the present monograph.

The power of nonlinear Markov evolution as a modeling tool and its

range of applications are immense, including non-equilibrium statistical

mechanics (e.g. classical kinetic equations of Vlasov, Boltzmann, Smolu-

chovski, Landau), evolutionary biology (replicator dynamics), popula-

tion and disease dynamics (Lotka-Volterra and epidemic models), and

dynamics of economic and social systems (replicator dynamics and games).

With certain modifications it carries over to the models of quantum

physics.

The general objectives of the book are: (1) to make the first systematic

presentation of both analytic and probabilistic techniques used in the

study of nonlinear Markov processes, semigroups and kinetic equations,

providing a basis for future research, (2) to show how the nonlinear

theory is rooted in the study of the usual (linear) Markov semigroups

and processes, and (3) to illustrate general methods by surveying some

applications to very basic nonlinear models from statistical (classical and

quantum) physics and evolutionary biology.

The book is devoted to the most fundamental questions in the the-

ory of nonlinear Markov processes: existence, uniqueness, constructions,

approximation schemes, regularity, LLN limit, and probabilistic interpre-

tation. By giving a probabilistic interpretation of a nonlinear equation or

the corresponding evolution we mean specifying the underlying random

process, whose marginal distributions evolve according to this equation,

or in other words, finding a path integral representation for the solu-

tions. This interpretation yields much more than just time dynamics,

as it also specifies the correlations between various periods of evolution

and suggests natural schemes for numerical solution such as nonlinear

versions of the Markov chain Monte Carlo (MCMC) algorithm. Techni-
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cally, a probabilistic interpretation is usually linked with an appropriate

stochastic differential equation (SDE) underlying the given nonlinear

dynamics.

Of course many important issues are beyond the scope of this book.

The most notable omissions are: (1) long-term behavior and related

questions about stationary regimes and self-similar solutions; (2) ef-

fects of irregular behavior (say, gelation for the coagulation process); (3)

DiPerna-Lions theory of generalized solutions; and (4) numerical meth-

ods (though we do discuss approximation schemes). All these themes are

attentively studied in the modern literature.

A particular feature of the exposition is the systematic combination

of analytic and probabilistic tools. We use probability to obtain better

insight into nonlinear dynamics, and we use analysis to tackle difficult

problems in the description of random and chaotic behavior.

Whenever possible we examine the main objects from various points

of view, in particular we present several methods for tackling the key

results: analytic and probabilistic approaches to proving LLN; direct and

approximative schemes for constructing the solutions to SDE; various

approaches to the construction of the solutions to kinetic equations,

discussing uniqueness via duality, positivity and the Lyapunov function

method; and construction of Ornstein-Uhlenbeck semigroups via Riccati

equations and SDE.

One of the original aims of this book was to give a systematic presen-

tation of all tools needed to grasp the proof of the central limit theorem

(CLT) for coagulation processes from Kolokoltsov [138]. By putting this

into a general framework the plan was expanded essentially. Apart from

bringing together results and tools scattered through the journals liter-

ature, the main novelties are the following:

(1) The analysis of nonlinear Lévy processes, interacting degenerate

stable-like processes, nonlinear Markov games and nonlinear quantum

dynamic semigroups is initiated (Sections 1.4, 7.1,7.2 11.2, 11.3).

(2) A method of constructing linear and nonlinear Markov processes

with general Lévy-Khintchine type generators (including flows on man-

ifolds such as curvilinear Ornstein-Uhlenbeck processes and stochastic

geodesic flows) via SDE driven by nonlinear distribution-dependent Lévy

type noise is put forward. In particular, a solution is suggested to the

long-standing problem of identifying the continuity class of Lévy kernels

such that the corresponding Lévy-Khintchine type operators generate

Feller processes: these kernels are to be continuous in the Wasserstein-

Kantorovich metricW2 (Chapter 3). A modification of Feller semigroups
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fitted to the analysis of linear and nonlinear processes with unbounded

coefficients is proposed (Chapter 5).

(3) A class of pseudo-differential generators of ’order at most one’ is

singled out, for which both linear and nonlinear theory can be developed

by a direct analytic treatment (Sections 4.4, 7.2).

(4) A class of infinite-dimensional Ornstein-Uhlenbeck semigroups and

related infinite-dimensional Riccati equations, which arises as the limit of

fluctuations for general mean field and kth-order interactions, is singled

out and its analysis is initiated (Chapter 10).

(5) A theory of smoothness with respect to initial data for a wide class

of kinetic equations is developed (Chapter 8).

(6) This smoothness theory is applied to obtain laws of large num-

bers (LLN) and central limit theorems (CLT) with rather precise con-

vergence rates for Markov models of interactions with unbounded co-

efficients, including nonlinear stable-like processes, evolutionary games,

processes governed by Vlasov type equations, Smoluchovski’s coagula-

tion and Boltzmann collision models.

I am indebted to Diana Gilooly from CUP and Ismael Bailleul who de-

voted the time and energy to read extensively and criticize early drafts.

Let me thank my colleagues and friends from all over the globe, from

Russia to Mexico, for useful discussions that helped me to better un-

derstand the crucial properties of stochastic processes and interacting

particles.

Readers and prerequisites

The book is aimed at researchers and graduate students in stochastic

and functional analysis with applications to mathematical physics and

systems biology (non-equilibrium statistical and quantum mechanics,

evolutionary games), as well as at natural scientists with strong math-

ematical backgrounds interested in nonlinear phenomena in dynamic

modeling. The exposition is a step-by-step account meant to be acces-

sible and comprehensible. A few exercises, mostly straightforward, are

placed at the end of sections to illustrate or clarify points in the text.

The prerequisites for reading the book are basic notions of functional

analysis (a superficial understanding of Banach and Hilbert spaces is

sufficient; e.g. everything needed is covered in the beginning chapters

of a standard treatise such as Reed and Simon [208] or Yosida [252]),

abstract measure theory and the Lebesgue integral (including Lp spaces
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and preferably Fourier transforms), probability theory and random pro-

cesses (elementary distributions, characteristic functions, convergence

of random variables, conditioning, Markov and Lévy processes, martin-

gales; see e.g. Kallenberg [116], Shiryayev [223], Jacod and Protter [108],

Applebaum [7], Kyprianou [155]).

The book is designed in such a way that, depending on the background

and interests, some readers may choose a selective path of reading. For

instance, if interested only in jump-type processes (including evolution-

ary games and spatially trivial Smoluchovski and Boltzmann models),

one does not need SDE and ΨDO and can read Sections 2.1, 2.3, 4.2,

4.3, Chapter 6, Sections 8.3 –8.6, and then look for the relevant bits of

Part III. On the other hand, if interested in nonlinear Lévy, diffusions

and stable-like processes, one can look at Chapters 2, 3, Sections 4.4,

4.7, Chapters 5, 7, Sections 8.2, 9.1, 9.2 and the relevant bits of Sections

10.1, 10.2.

The plan of the book

In Chapter 1, the first four sections introduce nonlinear processes in

the simplest situations, where either space or time is discrete (nonlinear

Markov chains) or the dynamics has the trivial space dependence (the

constant coefficient case describing nonlinear Lévy processes). The rest

of this introductory chapter is devoted to a rather informal discussion

of the limit of the LLN in Markov models of interaction. This limit is

described by kinetic equations and its analysis can be considered the

main motivation for studying nonlinear Markov processes.

As the nonlinear theory is deeply rooted in the linear theory (in-

finitesimal transformations are linear), Part I of the book is devoted to

background material on the usual (linear) Markov processes. Here we

systematically build the ’linear basement’ for the ’nonlinear skyscrap-

ers’ to be erected later. Chapter 2 recalls some particularly relevant tools

from the theory of Markov processes stressing the connection between

their analytic (semigroups, evolution equations) and probabilistic de-

scriptions. Chapters 3 to 5 deal with methods of constructing Markov

processes that serve as starting points for subsequent nonlinear exten-

sions. The three cornerstones of our analysis – the concepts of positivity,

duality and perturbation – are developed here in the linear setting.

Nonlinear processes per se are developed in Part II. Chapters 6 and

7 open with basic constructions and well-posedness results for nonlinear
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Markov semigroups and processes and the corresponding kinetic equa-

tions. The rather technical Chapter 8 is devoted to the regularity of

nonlinear Markov semigroups with respect to initial data. Though these

results are of independent interest, the main motivation for their devel-

opment here is to prepare a sound basis for the analytic study of LLN

undertaken later in the book.

Part III is devoted to the application of nonlinear processes to the

study of dynamic LLN and the corresponding CLT for fluctuations

(Chapters 9 and 10).

In Chapter 11 we sketch possible directions for further development of

the ideas presented here, namely the stochastic law of large numbers and

connected measure-valued processes, nonlinear Markov games, nonlinear

quantum dynamic semigroups and processes, linear and nonlinear pro-

cesses on manifolds, and finally the analysis of generators of positivity

preserving evolutions. Section 11.6 concludes with historical comments

and a short review of the (immense) literature on the subject and related

results.

The appendices collect technical material used in the main text.

Definition of kernels and propagators

Kernels and propagators are the main players in our story. We recall

here the basic definitions. A transition kernel from a measurable space

(X,F) to a measurable space (Y,G) is a function of two variables µ(x,A),

x ∈ X,A ∈ G, which is F-measurable as a function of x for any A and is

a measure in (Y,G) for any x. It is called a transition probability kernel

or simply a probability kernel if all measures µ(x, .) are probability mea-

sures. In particular, a random measure on a measurable space (X,F) is

a transition kernel from a probability space to (X,F). We shall distin-

guish also the Lévy kernels from a measurable space (X,F) to Rd, which

are defined as above, but with each µ(x, .) being a Lévy measure on Rd,

i.e. a (possibly unbounded) Borel measure such that µ(x, {0}) = 0 and∫
min(1, y2)µ(x, dy) <∞.

For a set S, a family of mappings U t,r from S to itself, parametrized

by the pairs of numbers r ≤ t (resp. t ≤ r) from a given finite or infinite

interval is called a propagator (resp. a backward propagator) in S, if U t,t

is the identity operator in S for all t and the following chain rule, or

propagator equation, holds for r ≤ s ≤ t (resp. for t ≤ s ≤ r): U t,sUs,r =

U t,r. A family of mappings T t from S to itself parametrised by non-
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negative numbers t is said to form a semigroup (of the transformations

of S) if T 0 is the identity mapping in S and T tT s = T t+s for all t, s. If

the mappings U t,r forming a backward propagator depend on only the

differences r − t, then the family T t = U0,t forms a semigroup.

0.2 Basic notations

N, Z, R, C sets of natural, integer, real and complex numbers; Z+ =

N ∪ {0}
N∞, Z∞, R∞, C∞ sets of sequences from N, Z, R, C

Cd, Rd complex and real d-dimensional spaces,

(x, y) or xy scalar product of the vectors x, y ∈ Rd; |x| or ∥x∥ standard
Euclidean norm

√
(x, x) of x ∈ Rd

Re a, Im a real and imaginary parts of a complex number a

[x] integer part of a real number x (maximal integer not exceeding x)

Sd- d-dimensional unit sphere in Rd+1; Br(x) (resp. Br) ball of radius

r centred at x (resp. at the origin) in Rd

R+ (resp. R̄+) set of positive (resp. non-negative) numbers

Ω̄, ∂Ω closure and boundary respectively of the subset Ω in a metric

space

C(S) (resp. B(S)), for a complete metric space (S, ρ) (resp. for a mea-

surable space (S,F)), the Banach space of bounded continuous (resp.

measurable) functions on S equipped with the sup norm ∥f∥ = ∥f∥C(S) =

supx∈S |f(x)| (resp. with ess sup instead of sup for B(S))

BUC(S) closed subspace of C(S) consisting of uniformly continuous

functions

Cf (S) (resp. Bf (S)), for a positive function f on X, denotes the Ba-

nach space of continuous (resp. measurable) functions on S with finite

norm ∥g∥Cf (S) = ∥g/f∥C(S) (resp. with B instead of C); Cf,∞(S) (resp.

Bf,∞(S)) subspace of Cf (S) (resp. Bf (S)) consisting of functions that

tend to zero as f(x) tends to infinity

Cc(S) ⊂ C(S) functions with a compact support

CLip(S) ⊂ C(S) Lipschitz continuous functions f , i.e. |f(x)− f(y)| ≤
κρ(x, y) with a constant κ; CLip(S) Banach space under the norm ∥f∥Lip =

supx |f(x)|+ supx̸=y |f(x)− f(y)|/|x− y|
C∞(S) ⊂ C(S) functions f such that limx→∞ f(x) = 0, i.e. ∀ϵ∃ a

compact set K : supx/∈K |f(x)| < ϵ (it is a closed subspace of C(S) if S

is locally compact)
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Csym(Sk) or Csym(S
k) symmetric continuous functions on Xk, i.e.

functions invariant under any permutations of their arguments

Ck(Rd) (sometimes for short Ck) Banach space of k times continu-

ously differentiable functions with bounded derivatives on Rd with the

norm being the sum of the sup norms of the function itself and all

its partial derivatives up to and including order k; Ck∞(Rd) ⊂ Ck(Rd)

functions with all derivatives up to and including order k being from

C∞(Rd)

CkLip(R
d) subspace of Ck(Rd) with derivative of order k being Lips-

chitz continuous; it is a Banach space equipped with norm ∥f∥CkLip
=

∥f∥Ck−1 + ∥f (k)∥Lip
Ckc (R

d) = Cc(R
d) ∩ Ck(Rd)

∇f = (∇1f, ...,∇df) = ( ∂f∂x1
, ..., ∂f∂xd ), f ∈ C1(Rd)

Lp(Ω,F , µ) or Lp(Ω,F , µ), p ≥ 1, usual Banach space of (equiva-

lence classes of) measurable functions f on the measure space Ω such

that ∥f∥p =
(∫

|f |p(x)µ(dx)
)1/p

<∞; Lp(R
d) corresponds to Lebesgue

measure

L∞(Ω,F , P ) Banach space of (equivalence classes of) measurable func-

tions f on the measure space Ω with a finite sup norm ∥f∥ = ess supx∈Ω |f(x)|
W l

1 = W l
1(R

d) – Sobolev Banach spaces of integrable functions on

Rd with derivatives up to and including order l (defined in the sense

of distributions) being also integrable and equipped with the norms

∥f∥W l
1
=
∑l
m=0 ∥f (m)∥L1(Rd)

S(Rd) = {f ∈ C∞(Rd) : ∀k, l ∈ N, |x|k∇lf ∈ C∞(Rd)} Schwartz

space of fast-decreasing functions

M(S) (resp. P(S)) set of finite Borel measures (resp. probability mea-

sures) on a metric space S; Msigned(S) Banach space of finite signed

Borel measures on S; µn → µ weakly in Msigned(S) means (f, µn) →
(f, µ) for any f ∈ C(S)

Mf (S) for a positive continuous function f on S is the set of Radon

measures on S with the finite norm ∥µ∥Mf (S) = sup∥g∥Cf (S)≤1(g, µ);

µn → µ weakly in Mf (S) means (f, µn) → (f, µ) for any f ∈ Cf (S);

if S is locally compact and f → ∞ as x → ∞, then Mf (S) is the

Banach dual to Cf,∞(S), so that µn → µ ⋆-weakly in Mf (S) means

(f, µn) → (f, µ) for any f ∈ Cf,∞(S)

M+
hδ(S) set of finite linear combinations of Dirac’s δ-measures on S

with coefficients hk, k ∈ N

µf pushforward of µ by the mapping f : µf (A) = µ(f−1(A)) = µ{y :

f(y) ∈ A}
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|ν| for a signed measure ν is its (positive) total variation measure

(f, g) =
∫
f(x)g(x) dx scalar product for functions f, g on Rd

(f, µ) =
∫
S
f(x)µ(dx) for f ∈ C(S), µ ∈ M(S)

AT or A′ transpose of a matrix A

A⋆ or A′ dual or adjoint operator

KerA, Sp(A), trA kernel, spectrum and trace of the operator A

1M indicator function of a set M (equals one or zero according to

whether its argument is in M or otherwise); 1 constant function equal

to one and also the identity operator

f = O(g) means |f | ≤ Cg for some constant C

f = o(g)n→∞ ⇐⇒ limn→∞(f/g) = 0

E,P expectation and probability of a function or event; Ex,Px for

x ∈ S (resp. Eµ,Pµ for µ ∈ P(S)) expectation and probability with

respect to a process started at x (resp. with initial distribution µ)

Standard abbreviations

r.h.s. right-hand side

l.h.s. left-hand side

a.s. almost sure

i.i.d. independent identically distributed

LLN law of large numbers

CLT central limit theorem

ODE ordinary differential equation

SDE stochastic differential equation

ΨDO pseudo differential operator
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Introduction

Sections 1.1-1.4 introduce nonlinear processes in the simplest situations,

where either space or time is discrete (nonlinear Markov chains) or the

dynamics has trivial space dependence (the constant coefficient case de-

scribing nonlinear Lévy processes). The rest of the chapter is devoted to

a rather informal discussion of the LLN of particles in Markov models of

interaction. This limit is described by kinetic equations and its analysis

can be considered as the main motivation for studying nonlinear Markov

processes.

1.1 Nonlinear Markov chains

A discrete-time, discrete-space nonlinear Markov semigroup Φk, k ∈ N,

is specified by an arbitrary continuous mapping Φ : Σn → Σn, where

the simplex

Σn = {µ = (µ1, ..., µn) ∈ Rn
+ :

n∑
i=1

µi = 1}

represents the set of probability laws on the finite state space {1, ..., n}.
For a measure µ ∈ Σn the family µk = Φkµ can be considered an

evolution of measures on {1, ..., n}. But it does not yet define a random

process, because finite-dimensional distributions are not specified. In

order to obtain a process we have to choose a stochastic representation

for Φ, i.e. to write it down in the form

Φ(µ) = {Φj(µ)}nj=1 = {
n∑
i=1

Pij(µ)µi}nj=1, (1.1)
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where Pij(µ) is a family of stochastic matrices,1 depending on µ (non-

linearity!), whose elements specify the nonlinear transition probabilities.

For any given Φ : Σn 7→ Σn a representation (1.1) exists but is not

unique. There exists a unique representation (1.1) with the additional

condition that all matrices Pij(µ) are one dimensional:

Pij(µ) = Φj(µ), i, j = 1, ..., n. (1.2)

Once a stochastic representation (1.1) for a mapping Φ is chosen we

can naturally define, for any initial probability law µ = µ0, a stochastic

process il, l ∈ Z+, called a nonlinear Markov chain, on {1, ..., n} in the

following way. Starting with an initial position i0 distributed according

to µ we then choose the next point i1 according to the law {Pi0j(µ)}nj=1,

the distribution of i1 becoming µ1 = Φ(µ):

µ1
j = P(i1 = j) =

n∑
i=1

Pij(µ)µi = Φj(µ).

Then we choose i2 according to the law {Pi1j(µ1)}nj=1, and so on. The

law of this process at any given time k is µk = Φk(µ); that is, it is given

by the semigroup. However, now the finite-dimensional distributions are

defined as well. Namely, say for a function f of two discrete variables,

we have

Ef(ik, ik+1) =

n∑
i,j=1

f(i, j)µki Pij(µ
k).

In other words, this process can be defined as a time nonhomogeneous

Markov chain with transition probabilities Pij(µ
k) at time t = k.

Clearly the finite-dimensional distributions depend on the choice of

representation (1.1). For instance, for the simplest representation (1.2)

we have

Ef(i0, i1) =

n∑
i,j=1

f(i, j)µiΦj(µ),

so that the discrete random variables i0 and i1 turn out to be indepen-

dent.

Once representation (1.1) is chosen, we can also define the transition

1 Recall that a d× d matrix Q is called stochastic if all its elements Qij are

non-negative and such that
∑d

j=1 Qij = 1 for all i



1.1 Nonlinear Markov chains 3

probabilities P kij at time t = k recursively as

P kij(µ) =

n∑
m=1

P k−1
im (µ)Pmj(µ

k−1).

The semigroup identity Φk+l = ΦkΦl implies that

Φkj (µ) =

n∑
i=1

P kij(µ)µi

and

P kij(µ) =

n∑
m=1

P lim(µ)P k−lmj (µl), l < k.

Remark 1 In practical examples of the general model (1.1) the tran-

sition probabilities often depend on the law µ via its basic characteris-

tics like standard deviation or expectation. See e.g. Frank [80], where

we can also find some elementary examples of deterministic nonlinear

Markov chains, for which the transitions are certain once the distribution

is known, i.e. where Pij(µ) = δjj(i,µ) for a given deterministic mapping

(i, µ) 7→ j(i, µ).

We can establish nonlinear analogs of many results known for the

usual Markov chains. For example, let us present the following simple

fact about long-time behavior.

Proposition 1.1.1 (i) For any continuous Φ : Σn → Σn there exists

a stationary distribution, i.e. a measure µ ∈ Σn such that Φ(µ) = µ.

(ii) If a representation (1.1) for Φ is chosen in such a way that there

exist j0 ∈ [1, n], time k0 ∈ N and positive δ such that

P k0ij0(µ) ≥ δ (1.3)

for all i, µ, then Φm(µ) converges to a stationary measure for any initial

µ.

Proof Statement (i) is a consequence of the Browder fixed point prin-

ciple. Statement (ii) follows from the representation (given above) of

the corresponding nonlinear Markov chain as a time nonhomogeneous

Markov process.

Remark 2 The convergence of Pmij (µ) as m → ∞ can be shown by a

standard argument. We introduce the bounds

mj(t, µ) = inf
i
P tij(µ), Mj(t, µ) = sup

i
P tij(µ),
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then we deduce from the semigroup property thatmj(t, µ) (resp.Mj(t, µ))

is an increasing (resp. decreasing) function of t, and finally we deduce

from (1.3) that

Mj(t+ k0, µ)−mj(t+ k0, µ) ≤ (1− δ) (Mj(t, µ)−mj(t, µ)) ,

implying the required convergence. (See e.g. Norris [198], Shiryayev [223],

and Rozanov [213] for the time homogeneous situation.)

We turn now to nonlinear chains in continuous time. A nonlinear

Markov semigroup in continuous time and with finite state space {1, ..., n}
is defined as a semigroup Φt, t ≥ 0, of continuous transformations of

Σn. As in the case of discrete time the semigroup itself does not spec-

ify a process. A continuous family of nonlinear transition probabilities

on {1, ..., n} is a family P (t, µ) = {Pij(t, µ)}ni,j=1 of stochastic matrices

depending continuously on t ≥ 0 and µ ∈ Σn such that the following

nonlinear Chapman-Kolmogorov equation holds:

n∑
i=1

µiPij(t+ s, µ) =
∑
k,i

µkPki(t, µ)Pij(s,

n∑
l=1

Pl.(t, µ)µl). (1.4)

This family is said to yield a stochastic representation for the Markov

semigroup Φt whenever

Φtj(µ) =
∑
i

µiPij(t, µ), t ≥ 0, µ ∈ Σn. (1.5)

If (1.5) holds, equation (1.4) represents just the semigroup identity

Φt+s = ΦtΦs.

Once a stochastic representation (1.5) for the semigroup Φk is chosen

we can define the corresponding stochastic process started at µ ∈ Σn
as a time nonhomogeneous Markov chain with transition probabilities

from time s to time t

pij(s, t, µ) = Pij(t− s,Φs(µ)).

To show existence of a stochastic representation (1.5) we can use the

same idea as in the discrete-time case and define Pij(t, µ) = Φtj(µ).

However, this is not a natural choice from the point of view of stochas-

tic analysis. The natural choice should arise from a generator that is

reasonable from the point of view of the theory of Markov processes.

Namely, assuming the semigroup Φt is differentiable in t we can de-

fine the (nonlinear) infinitesimal generator of the semigroup Φt as the
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nonlinear operator on measures given by

A(µ) =
d

dt
Φt|t=0(µ).

The semigroup identity for Φt implies that Φt(µ) solves the Cauchy

problem

d

dt
Φt(µ) = A(Φt(µ)), Φ0(µ) = µ. (1.6)

As follows from the invariance of Σn under these dynamics, the map-

ping A is conditionally positive in the sense that µi = 0 for a µ ∈ Σn
implies Ai(µ) ≥ 0 and is also conservative in the sense that A maps the

measures from Σn to the space of signed measures

Σ0
n = {ν ∈ Rn :

n∑
i=1

νi = 0}.

We shall say that such a generator A has a stochastic representation if

it can be written in the form

Aj(µ) =

n∑
i=1

µiQij(µ) = (µQ(µ))j , (1.7)

where Q(µ) = {Qij(µ)} is a family of infinitesimally stochastic matrices

depending on µ ∈ Σn.
2 Thus in its stochastic representation the gener-

ator has the form of a usual Markov chain generator, though depending

additionally on the present distribution. The existence of a stochastic

representation for the generator is not as obvious as for the semigroup,

but is not difficult to obtain, as shown by the following statement.

Proposition 1.1.2 For any nonlinear Markov semigroup Φt on Σn
differentiable in t, its infinitesimal generator has a stochastic represen-

tation.

An elementary proof can be obtained (see Stroock [229]) from the

observation that as we are interested only in the action of Q on µ we

can choose its action on the space transverse to µ, Σ0
n, in an arbitrary

way. Instead of reproducing this proof we shall give in Section 6.8 a

straightforward (and remarkably simple) proof of the generalization of

this fact for nonlinear operators in general measurable spaces.

In practice, the converse problem is more important: not to construct

2 A square matrix is called infinitesimally stochastic if it has non-positive (resp.
non-negative) elements on the main diagonal (resp. off the main diagonal) and
the sum of the elements of any row is zero. Such matrices are also called
Q-matrices or Kolmogorov’s matrices.
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the generator from a given semigroup, but to construct a semigroup

(a solution to (1.6)) from a given operator A, which in applications is

usually given directly in its stochastic representation. This problem will

be one of the central concerns in this book, but in a much more general

setting.

1.2 Examples: replicator dynamics, Lotka-Volterra,
epidemics, coagulation

Nonlinear Markov semigroups abound among the popular models in the

natural and social sciences, so it would be difficult to distinguish the

most important examples. We shall discuss briefly here three biological

examples (anticipating our future analysis of evolutionary games) and

an example from statistical mechanics (anticipating our analysis of ki-

netic equations) illustrating the notions introduced above of stochastic

representation, conditional positivity, and so forth.

The replicator dynamics of the evolutionary game arising from the

classical game of rock-paper-scissors has the form



dx

dt
= (y − z)x

dy

dt
= (z − x)y

dz

dt
= (x− y)z

(1.8)

(see e.g. Gintis [85], where also a biological interpretation can be found;

in section 1.6 the general equations of replicator dynamics are discussed).

Its generator has a clear stochastic representation (1.7) with the infinites-

imal stochastic matrix

Q(µ) =

 − z 0 z

x − x 0

0 y − y

 (1.9)

where µ = (x, y, z) ∈ Σ3.

The famous LotkaVolterra equations describing a biological system
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with two species, a predator and its prey, have the form
dx

dt
= x(α− βy)

dy

dt
= −y(γ − δx)

(1.10)

where α, β, γ, δ are positive parameters. The generator of this model is

conditionally positive but not conservative, as the total mass x + y is

not preserved. However, due to the existence of the integral of motion

α log y−βy+γ log x− δx, the dynamics (1.10) is pathwise equivalent to

the dynamics (1.8); i.e. there is a continuous mapping taking the phase

portrait of system (1.10) to that of system (1.8).

One of the simplest deterministicmodels of an epidemic can be written

as a system of four differential equations:
Ẋ(t) = −λX(t)Y (t)

L̇(t) = λX(t)Y (t)− αL(t)

Ẏ (t) = αL(t)− µY (t)

Ż(t) = µY (t)

(1.11)

where X(t), L(t), Y (t) and Z(t) denote respectively the numbers of sus-

ceptible, latent, infectious and removed individuals at time t and the

positive coefficients λ, α, µ (which may actually depend on X,L, Y, Z)

reflect the rates at which susceptible individuals become infected, latent

individuals become infectious and infectious individuals are removed.

Written in terms of the proportions x = X/σ, y = Y/σ, l = L/σ,

z = Z/σ, i.e. normalized on the total mass σ = X + L + Y + Z, this

system becomes 
ẋ(t) = −σλx(t)y(t)

l̇(t) = σλx(t)y(t)− αl(t)

ẏ(t) = αl(t)− µy(t)

ż(t) = µy(t)

(1.12)

with x(t) + y(t) + l(t) + z(t) = 1. Subject to the common assumption

that σλ, α and µ are constants, the r.h.s. is an infinitesimal generator of

a nonlinear Markov chain in Σ4. This generator depends again quadrat-

ically on its variable and has an obvious stochastic representation (1.7)

with infinitesimally stochastic matrix
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Q(µ) =


− λy λy 0 0

0 − α α 0

0 0 − µ µ

0 0 0 0

 (1.13)

where µ = (x, l, y, z), yielding a natural probabilistic interpretation for

the dynamics (1.12), as explained in the previous section. For a detailed

deterministic analysis of this model and a variety of extensions we refer

to the book by Rass and Radcliffe [204].

We turn now to an example from statistical mechanics, namely the

dynamics of coagulation processes with discrete mass distribution. Un-

like the previous examples, the state space here is not finite, but rather

countable. As in the linear theory, the basic notions of finite nonlinear

Markov chains presented above have a straightforward extension to the

case of countable state spaces.

Let xj ∈ R+ denote the amount of particles of mass j ∈ N present

in the system. Assuming the rate of coagulation of particles of masses

i and j is proportional to the present amounts of particles xi and xj
with proportionality coefficients given by positive numbers Kij , one can

model the process by the system of equations

ẋj =
1

2

∞∑
i,k=1

Kikxixk(δ
i+k
j − δij − δkj ), j = 1, 2, ..., (1.14)

or equivalently

ẋj =
1

2

j−1∑
i=1

Ki,j−ixixj−i −
∞∑
k=1

Kkjxkxj , j = 1, 2, ... (1.15)

These are the much studied Smoluchovski’s coagulation equations for dis-

crete masses. The r.h.s. is again an infinitesimal generator in the stochas-

tic form (1.7) with quadratic dependence on the unknown variables, but

now with a countable state space of all natural numbers N.

In the next section we introduce another feature (or another facet,

or another probabilistic interpretation) of nonlinear Markov semigroups

and processes. They turn out to represent the dynamic law of large num-

bers for Markov models of interacting particles. In particular, this rep-

resentation will explain the frequent appearance of the quadratic r.h.s.

in the corresponding evolution equations, as this quadratic dependence

reflects the binary interactions that are most often met in practice. The
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simultaneous interaction of groups of k particles would lead to a poly-

nomial of order k on the r.h.s.

1.3 Interacting particle approximation for discrete
mass exchange processes

We now explain the natural appearance of nonlinear Markov chains as

the dynamic law of large numbers for the example of discrete mass ex-

change processes that include coagulation, fragmentation, collision break-

age and other mass-preserving interactions. This will be the last time

we work with a discrete (countable) state space, trying to visualize the

idea of the LLN limit for this easier-to-grasp situation. Afterwards we

shall embark on our main journey devoted to general (mostly locally

compact) state spaces.

We denote by Z∞
+ the subset of Z∞ with non-negative elements equipped

with the usual partial order: N = {n1, n2, ...} ≤ M = {m1,m2, ...}
means that nj ≤ mj for all j. Let R∞

+,fin and Z∞
+,fin denote the subsets

of R∞
+ and Z∞

+ respectively containing sequences with only a finite num-

ber of non-zero coordinates. We shall denote by {ej} the standard basis

in R∞
+,fin and will occasionally represent sequences N = {n1, n2, ...} ∈

Z∞
+,fin as linear combinations N =

∑∞
j=1 njej .

Suppose a particle is characterized only by its mass m, which can take

only integer values. A collection of particles is then described by a vector

N = {n1, n2, ...} ∈ Z∞
+ , where the non-negative integer nj denotes the

number of particles of mass j. The state space of our model is the set

Z∞
+,fin of finite collections of particles. We shall denote by |N | = n1 +

n2+ · · · the number of particles in the state N , by µ(N) = n1+2n2+ · · ·
the total mass of particles in this state, and by supp (N) = {j : nj ̸= 0}
the support of N considered as a measure on {1, 2, ...}.
Let Ψ be an arbitrary element of Z∞

+,fin. By itsmass exchange transfor-

mation we shall mean any transformation of Ψ into an element Φ ∈ Z∞
+,fin

such that µ(Ψ) = µ(Φ). For instance, if Ψ consists of only one parti-

cle, this transformation is pure fragmentation, and if Φ consists of only

one particle, this transformation is pure coagulation (not necessarily bi-

nary, of course). By a process of mass exchange with a given profile

Ψ = {ψ1, ψ2, ...} ∈ Z∞
+,fin we shall mean the Markov chain on Z∞

+,fin

specified by a Markov semigroup on the space B(Z∞
+,fin) of bounded
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functions on Z∞
+,fin with the generator

GΨf(N) = CΨ
N

∑
Φ:µ(Φ)=µ(Ψ)

PΦ
Ψ (f(N −Ψ+Φ)− f(N)), (1.16)

where CΨ
N =

∏
i∈ supp (Ψ) C

ψi
ni (Ckn here denote the binomial coefficients)

and {PΦ
Ψ} is any collection of non-negative numbers parametrized by

Φ ∈ Z∞
+,fin such that PΦ

Ψ = 0 whenever µ(Φ) ̸= µ(Ψ) and where it is

understood that GΨf(N) = 0 whenever Ψ ≤ N does not hold. Since

mass is preserved, this Markov chain is effectively a chain with a finite

state space, specified by the initial condition, and hence it is well defined

and does not explode in finite time. The behavior of the process defined

by the generator (1.16) is the following: (i) if N ≥ Ψ does not hold, then

N is a stable state, (ii) if N ≥ Ψ, then any randomly chosen subfamily Ψ

of N can be transformed to a collection Φ with the rate PΦ
Ψ . A subfamily

Ψ of N consists of any ψ1 particles of mass 1 from a given number n1
of these particles, any ψ2 particles of mass 2 from a given number n2,

etc (notice that the coefficient CΨ
N in (1.16) is just the number of such

choices).

More generally, if k is a natural number, a mass exchange process of

order k, or k-ary mass exchange process, is a Markov chain on Z∞
+,fin

defined by the generator Gk =
∑

Ψ:|Ψ|≤kGΨ. More explicitly

Gkf(N) =
∑

Ψ:|Ψ|≤k,Ψ≤N

CΨ
N

∑
Φ:µ(Φ)=µ(Ψ)

PΦ
Ψ (f(N −Ψ+Φ)− f(N)),

(1.17)

where PΦ
Ψ is an arbitrary collection of non-negative numbers that vanish

whenever µ(Ψ) ̸= µ(Φ). As in case of a single Ψ, for any initial state N ,

this Markov chain lives on a finite state space of all M with µ(M) =

µ(N) and hence is always well defined.

We shall now perform a scaling that represents a discrete version of the

general procedure leading to the law of large numbers for Markov models

of interaction, which will be introduced in Section 1.5. The general idea

behind these scalings is to make precise the usual continuous state space

idealization of a principally finite model with an extremely large number

of points (water consists of a finite number of molecules, but the general

equation of thermodynamics treats it as a continuous medium).

Choosing a positive real h, we shall consider instead of a Markov chain
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on Z∞
+,fin, a Markov chain on hZ∞

+,fin ⊂ R∞ with the generator

(Ghkf)(hN) =
1

h

∑
Ψ:|Ψ|≤k,Ψ≤N

h|Ψ|CΨ
N

∑
Φ:µ(Φ)=µ(Ψ)

PΦ
Ψ (f(Nh−Ψh+Φh)−f(Nh)).

(1.18)

This generator can be considered to be the restriction to B(hZ∞
+,fin) of

an operator in B(R∞
+,fin) that we shall again denote by Ghk and that acts

as

(Ghkf)(x) =
1

h

∑
Ψ:|Ψ|≤k

ChΨ(x)
∑

Φ:µ(Φ)=µ(Ψ)

PΦ
Ψ (f(x−Ψh+Φh)− f(x)),

(1.19)

where the function ChΨ is defined as

ChΨ(x) =
∏

j∈ supp (Ψ)

xj(xj − h)...(xj − (ψj − 1)h)

ψj !

when xj ≥ (ψj − 1)h for all j and ChΨ(x) vanishes otherwise. Clearly, as

h → 0, operator (1.19) converges on smooth enough functions f to the

operator Λk on B(R∞
+,fin) given by

Λkf(x) =
∑

Ψ:|Ψ|≤k

xΨ

Ψ!

∑
Φ:µ(Φ)=µ(Ψ)

PΦ
Ψ

∞∑
j=1

∂f

∂xj
(ϕj − ψj), (1.20)

where

xΨ =
∏

j∈ supp (Ψ)

x
ψj
j , Ψ! =

∏
j∈ supp (Ψ)

ψj !.

Operator (1.20) is an infinite-dimensional first-order partial differential

operator. It is well known from the theory of stochastic processes that

first-order partial differential operators generate deterministic Markov

processes whose evolution is given by the characteristics of this partial

differential operator. The characteristics of the operator (1.20) are de-

scribed by the following infinite system of ordinary differential equations

ẋj =
∑

Ψ:|Ψ|≤k

xΨ

Ψ!

∑
Φ:µ(Φ)=µ(Ψ)

PΦ
Ψ (ϕj − ψj), j = 1, 2, .... (1.21)

This is the general system of kinetic equations describing the dynamic

law of large numbers of k-ary mass exchange processes with discrete mass

distributions. In particular, in the case of binary coagulation, PΦ
Ψ do not

vanish only for |Ψ| = 2 and |Φ| = 1, and one can write PΨ = Kij = Kji

for Ψ consisting of two particles of mass i and j (which coagulate to
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form a particle of the mass i + j). Hence in this case (1.21) takes form

(1.14).

Let us stress again that the power of the polynomial xψ in (1.21)

corresponds to the number of particles taking part in each interaction.

In particular, the most common quadratic dependence occurs when only

binary interactions are taken into account.

Similarly equations (1.10) and (1.12) can be described (or better to

say deduced) as the dynamic law of large numbers for the corresponding

system of interacting particles (or species).

Of course convergence of the generator Ghk to Λk on smooth func-

tions does not necessarily imply convergence of the corresponding semi-

groups or processes (especially for systems with an infinite state space).

Additional arguments are required to justify this convergence. For the

general discrete mass exchange model (1.21) convergence was proved

in Kolokoltsov [131], generalizing a long series of results for particular

cases by various authors; see the detailed bibliography in Kolokoltsov

[131]. We shall not develop this topic here, as we aim to work with more

general models with continuous state spaces, including (1.21) as an easy

particular case.

1.4 Nonlinear Lévy processes and semigroups

Opening our discussion of processes with uncountable state spaces, which

generalize the nonlinear Markov chains introduced above, we shall define

here the simplest class of nonlinear processes with a Euclidean state

space, namely nonlinear Lévy processes. Their serious analysis will be

postponed to Section 7.1.

A straightforward constructive way to define a Lévy process is via

its generator given by the famous Lévy-Khintchine formula. Namely, a

Lévy process Xt is a Markov process in Rd with a generator of Lévy-

Khintchine form

Lf(x) =
1

2
(G∇,∇)f(x)+(b,∇f(x))+

∫
[f(x+y)−f(x)−(y,∇f(x))1B1(y)]ν(dy),

(1.22)

where G = (Gij) is a symmetric non-negative matrix, b = (bi) ∈ Rd,
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ν(dy) is a Lévy measure, 3 and

(G∇,∇)f(x) =

d∑
i,j=1

Gij
∂2f

∂xi∂xj
, (b,∇f(x)) =

n∑
i=1

bi
∂f

∂xi
.

In other words, Xt is a stochastic process such that

E(f(Xt)|Xs = x) = (Φt−sf)(x), f ∈ C(Rd),

where Φt is the strongly continuous semigroup of linear contractions on

C∞(Rd) generated by L. This L has an invariant domains C2
∞(Rd) so

that for any f ∈ C2
∞(Rd) the function Φtf is the unique solution in

C2
∞(Rd) of the Cauchy problem

ḟt = Lft, f0 = f.

A Lévy process is not only a time-homogeneous Markov process (the

transition mechanism from time s to time t > s depends only on the

difference t− s), but also a space homogeneous Markov process, i.e.

ΦtTλ = TλΦ
t

for any λ ∈ Rd, where Tλ is the translation operator Tλf(x) = f(x+λ).

The existence (and essentially uniqueness, i.e. up to a modification) of

the Lévy process corresponding to a given L is a well-known fact.

Suppose now a family of Lévy-Khintchine generators is given:

Aµf(x) =
1

2
(G(µ)∇,∇)f(x) + (b(µ),∇f)(x)

+

∫
[f(x+ y)− f(x)− (y,∇f(x))1B1

(y)]ν(µ, dy), (1.23)

depending on µ ∈ P(Rd); for a Borel space X, P(X) denotes the set of

probability measures on X. By the nonlinear Lévy semigroup generated

by Aµ we shall mean the weakly continuous semigroup V t of weakly con-

tinuous transformations of P(Rd) such that for any µ ∈ P(Rd) and any

f ∈ C2
∞(Rd) the measure-valued curve µt = V t(µ) solves the problem

d

dt
(f, µt) = (Aµtf, µt), t ≥ 0, µ0 = µ. (1.24)

Once a Lévy semigroup is constructed we shall define the correspond-

3 i.e. a Borel measure in Rd such that ν{0} = 0 and
∫
min(1, |y|2)ν(dy) < ∞
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ing nonlinear Lévy process with initial law µ as the time nonhomoge-

neous Lévy process generated by the family

Ltf(x) = AV tµf(x) =
1

2
(G(V t(µ))∇,∇)f(x) + (b(V t(µ)),∇f)(x)

+

∫
[f(x+ y)− f(x)− (y,∇f(x))1B1

(y)]ν(V t(µ), dy). (1.25)

and started with law µ at t = 0.

We shall prove the existence of nonlinear Lévy semigroups in Section

7.1 under mild assumptions about the coefficients of L. Starting from

this existence result we can obtain nonlinear analogs of many standard

facts about Lévy processes such as transience-recurrence criteria and lo-

cal time properties as presented e.g. in Bertoin [33]. We can also extend

the theory to Hilbert and Banach space valued Lévy processes (see e.g.

Albeverio and Rüdiger [3] for the corresponding linear theory). How-

ever, we shall not go in this direction, as our main objective is to study

nonlinear processes with variable coefficients.

1.5 Multiple coagulation, fragmentation and
collisions; extended Smoluchovski and

Boltzmann models

We shall now embark on an informal discussion of the circle of methods

and tools arising in the analysis of Markov models of interacting particles

and their dynamic law of large numbers with an arbitrary (not neces-

sarily countable) state space. Technical issues about the well-posedness

of the evolutions and the justification of limiting procedures will be ad-

dressed systematically in later chapters. Here the aim is (1) to get a quick

and clear idea of what kinds of equations are worth studying and what

kinds of limiting behavior to expect, (2) to develop intuition about the

general properties of these evolutions and approaches to their analysis

and (3) to see how the analysis of various classical models in the natural

sciences (most notably statistical and quantum physics and evolutionary

biology) can be unified in a concise mathematical framework.

The ideas discussed go back to Boltzmann and Smoluchovski and were

developed in the classical works of Bogol’yubov, Vlasov, Leontovich,

McKean, Katz, Markus, Lushnikov, Dobrushin and many others. The

subject has attracted attention from both mathematicians and physicists
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and more recently from evolutionary biologists. The full model of kth-

order interactions leading to measure-valued evolutions (1.73) was put

forward in Belavkin and Kolokoltsov [25] and Kolokoltsov [134] and its

quantum analog in Belavkin [21].

Let us stress that in this book our aim is to introduce the law of large

numbers described by nonlinear Markov processes in the mathematically

most direct and unified way, not paying too much attention to the par-

ticulars of concrete physical models. A review of various relevant and

physically meaningful scaling procedures (hydrodynamic, low density,

weak coupling, kinetic, etc) can be found in the monograph [228]; see

also [16].

By a symmetric function of n variables we mean a function that is

invariant under any permutation of these variables, and by a symmetric

operator on the space of functions of n variables we mean an operator

that preserves the set of symmetric functions.

Further we denote by X a locally compact separable metric space.

Denoting by X0 a one-point space and by Xj the powers X×· · ·×X (j

times) considered with their product topologies, we denote by X their

disjoint union X = ∪∞
j=0X

j , which is again a locally compact space. In

applications, X specifies the state space of one particle and X = ∪∞
j=0X

j

stands for the state space of a random number of similar particles. We

denote by Csym(X ) the Banach spaces of symmetric bounded continu-

ous functions on X and by Csym(X
k) the corresponding spaces of func-

tions on the finite power Xk. The space of symmetric (positive finite

Borel) measures is denoted by Msym(X ). The elements of Msym(X )

and Csym(X ) are respectively the (mixed) states and observables for a

Markov process on X . We denote the elements of X by bold letters, say

x, y. For a finite subset I = {i1, ..., ik} of a finite set J = {1, ..., n}, we
denote by |I| the number of elements in I, by Ī its complement J \ I
and by xI the collection of variables xi1 , ..., xik .

Reducing the set of observables to Csym(X ) means in effect that our

state space is not X (or Xk) but rather the factor space SX (or SXk

resp.) obtained by factorization with respect to all permutations, which

allows the identifications Csym(X ) = C(SX ) and Csym(X
k) = C(SXk).

Clearly SX can be identified with the set of all finite subsets of X, the

order being irrelevant.

A key role in the theory of measure-valued limits of interacting particle

systems is played by the inclusion SX to M(X) given by

x = (x1, ..., xl) 7→ δx1
+ · · ·+ δxl = δx, (1.26)
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which defines a bijection between SX and the set M+
δ (X) of finite lin-

ear combinations of Dirac’s δ-measures with natural coefficients. This

bijection can be used to equip SX with the structure of a metric space

(complete whenever X is complete) by pulling back any distance on

M(X) that is compatible with its weak topology.

Clearly each f ∈ Csym(X ) is defined by its components (restrictions)

fk onXk so that for x = (x1, ..., xk) ∈ Xk ⊂ X , say, we can write f(x) =

f(x1, ..., xk) = fk(x1, ..., xk). Similar notations for the components of

measures from M(X ) will be used. In particular, the pairing between

Csym(X ) and M(X ) can be written as

(f, ρ) =

∫
f(x)ρ(dx) = f0ρ0 +

∞∑
n=1

∫
f(x1, ..., xn)ρ(dx1 · · · dxn),

f ∈ Csym(X ), ρ ∈ M(X ).

A useful class of measures (and mixed states) on X is given by the de-

composable measures of the form Y ⊗, which are defined for an arbitrary

finite measure Y (dx) on X by their components

(Y ⊗)n(dx1 · · · dxn) = Y ⊗n(dx1 · · · dxn) = Y (dx1) · · ·Y (dxn)

Similarly the decomposable observables (multiplicative or additive) are

defined for an arbitrary Q ∈ C(X) as

(Q⊗)n(x1, ..., xn) = Q⊗n(x1, ..., xn) = Q(x1) · · ·Q(xn) (1.27)

and

(Q⊕)(x1, ..., xn) = Q(x1) + · · ·+Q(xn) (1.28)

(Q⊕ vanishes on X0). In particular, if Q = 1, then Q⊕ = 1⊕ is the

number of particles: 1⊕(x1, ..., xn) = n.

In this section we are interested in pure jump processes on X , whose

semigroups and generators preserve the space Csym of continuous sym-

metric functions and hence are given by symmetric transition kernels

q(x; dy) that can thus be considered as kernels on the factor space SX .

To specify a binary particle interaction of pure jump type we have to

specify a continuous transition kernel

P 2(x1, x2; dy) = {P 2
m(x1, x2; dy1 · · · dym)}

from SX2 to SX such that P 2(x; {x}) = 0 for all x ∈ X2. By the
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intensity of the interaction we mean the total mass

P 2(x1, x2) =

∫
X
P 2(x1, x2; dy) =

∞∑
m=0

∫
Xm

P 2
m(x1, x2; dy1 · · · dym).

The intensity defines the rate of decay of any pair of particles x1, x2 and

the measure P k(x1, x2; dy) defines the distribution of possible outcomes.

Supposing that any pair of particles randomly chosen from a given set

of n particles can interact leads to the following generator of binary

interacting particles defined by the kernel P 2

(G2f)(x1, ..., xn) =
∑

I⊂{1,...,.n},|I|=2

∫
(f(xĪ ,y)−f(x1, ..., xn))P 2(xI , dy)

=

∞∑
m=0

∑
I⊂{1,...,.n},|I|=2

∫
(f(xĪ , y1, ..., ym)−f(x1, ..., xn))P km(xI ; dy1...dym).

The probabilistic description of the evolution of a pure jump Markov

process Zt on X specified by this generator (if this process is well de-

fined!) is the following 4. Any two particles x1, x2 (chosen randomly and

uniformly from n existing particle) wait for interaction an P 2(x1, x2)-

exponential random. The first pair that manage to interact produce in

their place a collection of particles y1, ..., ym according to the distri-

bution P 2
m(x1, x2; dy1 · · · dym)/P 2(x1, x2). Then everything starts again

from the new collection of particles thus obtained.

Similarly, a k-ary interaction or interaction of kth order of pure jump

type is specified by a transition kernel

P k(x1, ..., xk; dy) = {P km(x1, ..., xk; dy1 · · · dym)} (1.29)

from SXk to SX such that P k(x; {x}) = 0 for all x ∈ X , where the

intensity is

P k(x1, ..., xk) =

∫
P k(x1, ..., xk; dy) =

∞∑
m=0

∫
P km(x1, ..., xk; dy1 · · · dym).

(1.30)

This kernel defines the following generator of k-ary interacting particles:

(Gkf)(x1, ..., xn) =
∑

I⊂{1,...,n},|I|=k

∫
(f(xĪ ,y)−f(x1, ..., xn))P k(xI , dy).

(1.31)

4 see Theorem 2.3.2 for background on jump-type processes, and take into account
that the minimum of any finite collection of exponential random variables is
again an exponential random variable
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To model possible interactions of all orders up to a certain k, we can

take the sum of generators of type (1.31) for all l = 1, 2, ..., k leading to

the model with generator

G≤kf =

k∑
l=1

Glf. (1.32)

To ensure that operators of type (1.31) generate a unique Markov

process we have to make certain assumptions. Physical intuition sug-

gests that there should be conservation laws governing the processes of

interaction. Precise criteria will be given in Part III.

Changing the state space according to mapping (1.26) yields the cor-

responding Markov process on M+
δ (X). Choosing a positive parameter

h, we now perform the following scaling: we scale the empirical measures

δx1 + · · ·+ δxn by a factor h and the operator of k-ary interactions by a

factor hk−1.

Remark 3 Performing various scalings and analyzing scaling limits

is a basic approach to the analysis of models in physics and biology.

Scaling allows one to focus on particular aspects of the system under

study. Scaling empirical measures by a small parameter h in such a way

that the measure h(δx1
+ · · · + δxn) remains finite when the number of

particles n tend to infinity realizes the basic idea of continuous limit,

mentioned in Section 1.3 (when the number of molecules becomes large

and their individual sizes become negligible, we observe and treat a liq-

uid as continuously distributed mass). Scaling kth order interactions by

hk−1 reflects the idea that, say, simultaneous ternary collisions are rarer

events than binary collisions. This scaling is precisely the one that makes

these kth order interactions neither negligible nor overwhelming in the

approximation considered.

This scaling leads to the operator

ΛhkF (hδx) = hk−1
∑

I⊂{1,...,n},|I|=k

∫
X
[F (hδx−hδxI+hδy)−F (hν)]P (xI ; dy),

(1.33)

which acts on the space of continuous functions F on the set M+
hδ(X) of

measures of the form hν = hδx = hδx1
+· · ·+hδxn . Allowing interactions

of order ≤ k leads to the generator

Λh≤kF (hδx) =

k∑
l=1

Λhl F (hδx)
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=

k∑
l=1

hl−1
∑

I⊂{1,...,n},|I|=l

∫
X
[F (hδx − hδxI + hδy)− F (hν)]P (xI ; dy).

(1.34)

This generator defines our basic Markov model of exchangeable particles

with (h-scaled) k-ary interaction of pure jump type. As we are aiming at

the limit h→ 0 with hδx converging to a finite measure, the parameter h

should be regarded as the inverse of the number of particles. There also

exist important models with an input (i.e. with a term corresponding to

l = 0 in (1.34)), but we shall not consider them here.

The scaling above, which is usual in statistical mechanics, is not the

only reasonable. For the theory of evolutionary games (see Section 1.6)

or other biological models a more natural scaling is to normalize on

the number of particles, i.e. dividing of k-ary interaction by nk−1 =

(∥hν∥/h)k−1 (see e.g. the phytoplankton dynamics model in [8] or [214]).

This leads instead of (1.33) to the operator

Λ̃hkF (hδx) = hk−1
∑

I⊂{1,...,n},|I|=k

∫
X
[F (hν−hδxI+hδy)−F (hν)]

P (xI ; dy)

∥hδx∥k−1
,

(1.35)

or the more general

Λ̃h≤kF (hδx) =

k∑
l=1

Λ̃hl F (hδx). (1.36)

Applying the obvious equation∑
I⊂{1,...,n},|I|=2

f(xI) =
1

2

∫ ∫
f(z1, z2)δx(dz1)δx(dz2)−

1

2

∫
f(z, z)δx(dz),

(1.37)

which holds for any f ∈ Csym(X
2) and x = (x1, . . . , xn) ∈ Xn, one

observes that the operator Λh2 can be written in the form

Λh2F (hδx) = −1

2

∫
X

∫
X

[F (hδx−2hδz+hδy)−F (hδx)]P (z, z; dy)(hδx)(dz)

+
1

2h

∫
X

∫
X2

[F (hδx−hδz1−hδz2+hδy)−F (hδx)]P (z1, z2; dy)(hδx)(dz1)(hδx)(dz2).

(1.38)

On the linear functions

Fg(µ) =

∫
g(y)µ(dy) = (g, µ)
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this operator acts as

Λh2Fg(hδx) =
1

2

∫
X

∫
X2

[g⊕(y)−g⊕(z1, z2)]P (z1, z2; dy)(hδx)(dz1)(hδx)(dz2)

−1

2
h

∫
X

∫
X

[g⊕(y)− g⊕(z, z)]P (z, z; dy)(hδx)(dz).

It follows that if h→ 0 and hδx tends to some finite measure µ (in other

words, that the number of particles tends to infinity, but the ”whole

mass” remains finite due to the scaling of each atom), the corresponding

evolution equation Ḟ = Λh2F on linear functionals F = Fg tends to the

equation

d

dt
(g, µt) = Λ2Fg(µt) =

1

2

∫
X

∫
X2

(g⊕(y)−g⊕(z))P 2(z; dy)µ⊗2
t (dz), z = (z1, z2),

(1.39)

which is the general kinetic equation for binary interactions of pure jump

type in weak form. “Weak” means that it must hold for all g ∈ C∞(X)

(or at least its dense subspace).

A similar procedure with k-ary interactions (1.33), based on the k-ary

extension (12.49), (12.51) of (1.37), leads to the general kinetic equation

for k-ary interactions of pure jump type in weak form:

d

dt
(g, µt) = ΛkFg(µt) =

1

k!

∫
X

∫
Xk

(g⊕(y)−g⊕(z))P k(z; dy)µ⊗k
t (dz), z = (z1, ..., zk).

(1.40)

More generally, for interactions of order at most k, we start from gen-

erator (1.32) specified by the family of kernels P = {P (x) = P l(x),x ∈
X l, l = 1, ..., k} of type (1.30) and obtain the equation

d

dt
(g, µt) = Λl≤kFg(µt) =

k∑
l=1

1

l!

∫
X

∫
Xl

(g⊕(y)−g⊕(z))P l(z; dy)µ⊗l
t (dz).

(1.41)

The same limiting procedure with operator (1.35) yields the equation

d

dt

∫
X

g(z)µt(dz) =
1

k!

∫
X

∫
Xk

(g⊕(y)−g⊕(z))P k(z; dy)
(

µt
∥µt∥

)⊗k

(dz)∥µt∥.

(1.42)

In the biological context the dynamics are traditionally written in

terms of normalized (probability) measures. Because for positive µ the

norm equals ∥µ∥ =
∫
X
µ(dx), we see that for positive solutions µt of

(1.42)
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d

dt
∥µt∥ = − 1

k!

∫
Xk

Q(z)

(
µt

∥µt∥

)⊗k

(dz)∥µt∥, (1.43)

where

Q(z) = −
∫
X
(1⊕(y)− 1⊕(z))P k(z; dy). (1.44)

Consequently, rewriting equation (1.42) in terms of the normalized

measure νt = µt/∥µt∥ yields

d

dt

∫
X

g(z)νt(dz) =
1

k!

∫
X

∫
Xk

(g⊕(y)− g⊕(z))P k(z; dy)ν⊗kt (dz)

+
1

k!

∫
X

g(z)νt(dz)

∫
X

∫
Xk

Q(z)ν⊗kt (dz). (1.45)

It is worth noting that the re-scaling of interactions leading to (1.42)

is equivalent to a time change in (1.40). A particular instance of this re-

duction in evolutionary biology is the well-known trajectory-wise equiv-

alence of the Lotka-Volterra model and replicator dynamics; see e.g. [97].

We shall now consider some basic examples of interaction.

Example 1. Generalized Smoluchovski coagulation model. The

classical Smoluchovski model describes the process of mass-preserving bi-

nary coagulation of particles. In the more general context often called

cluster coagulation, see Norris [196], a particle is characterized by a pa-

rameter x from a locally compact state space X, where a mapping E :

X → R+, the generalized mass, and a transition kernel P 2
1 (z1, z2, dy) =

K(z1, z2, dy), the coagulation kernel, are given such that the measures

K(z1, z2; .) are supported on the set {y : E(y) = E(z1)+E(z2)}. In this

setting equation (1.39) takes the form

d

dt

∫
X

g(z)µt(dz) =
1

2

∫
X3

[g(y)−g(z1)−g(z2)]K(z1, z2; dy)µt(dz1)µt(dz2).

(1.46)

In the classical Smoluchovski modelX = R+, E(x) = x andK(x1, x2, dy) =

K(x1, x2)δ(x1 + x2 − y) for a certain symmetric function K(x1, x2).

Using the scaling (1.35) that would be more appropriate in a biological

context would lead, instead of (1.46), to the equation

d

dt

∫
X

g(z)µt(dz) =

∫
X3

[g(y)−g(z1)−g(z2)]K(z1, z2, dy)
µt(dz1)µt(dz2)

∥µt∥
.

(1.47)

Example 2. Spatially homogeneous Boltzmann collisions and
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beyond. Interpret X = Rd as the space of particle velocities, and as-

sume the process of binary collision (v1, v2) 7→ (w1, w2) preserves total

momentum and energy:

v1 + v2 = w1 + w2, v21 + v22 = w2
1 + w2

2. (1.48)

These equations imply that

w1 = v1−n(v1−v2, n), w2 = v2+n(v1−v2, n)), n ∈ Sd−1, (n, v2−v1) ≥ 0

(1.49)

(see Exercise 1.5.1 below). Assuming that the rates of collision are shift

invariant, i.e. depend on v1, v2 only via their difference, the weak kinetic

equation (1.39) describing the LLN dynamics for these collisions takes

the form

d

dt
(g, µt) =

1

2

∫
n∈Sd−1:(n,v2−v1)≥0

∫
R2d

µt(dv1)µt(dv2)

[g(w1) + g(w2)− g(v1)− g(v2)]B(v2 − v1, dn) (1.50)

with a certain collision kernel B(v, dn), which specifies a concrete phys-

ical model of collisions. In the most common models the kernel B has

a density with respect to Lebesgue measure on Sd−1 and depends on v

only via its magnitude |v| and the angle θ ∈ [0, π/2] between v and n.

In other words, one assumes B(v, dn) to have the form B(|v|, θ)dn for a

certain function B. Extending B to the angles θ ∈ [π/2, π] by

B(|v|, θ) = B(|v|, π − θ) (1.51)

allows us to finally write the weak form of the Boltzmann equation as

d

dt
(g, µt) =

1

4

∫
Sd−1

∫
R2d

[g(w1)+g(w2)−g(v1)−g(v2)]B(|v1−v2|, θ)dnµt(dv1)µt(dv2),

(1.52)

where w1, w2 are given by (1.49), θ is the angle between v2 − v1 and n,

and B satisfies (1.51).

Example 3. Multiple coagulation, fragmentation and collision

breakage. The processes combining pure coagulation of no more than

k particles, spontaneous fragmentation into no more than k pieces, and

collisions (or collision breakages) of no more than k particles are specified

by the following transition kernels:

P l1(z1, ..., zl, dy) = Kl(z1, ..., zl; dy), l = 2, ..., k,

called coagulation kernels,

P 1
m(z; dy1 · · · dym) = Fm(z; dy1 · · · dym), m = 2, ..., k,
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called fragmentation kernels and

P ll (z1, ..., zl; dy1 · · · dyl) = Cl(z1, ..., zl; dy1 · · · dy2), l = 2, ..., k,

called collision kernels. The corresponding kinetic equation (1.39) takes

the form

d

dt

∫
g(z)µt(dz) =

k∑
l=2

1

l!

∫
z1,...,zl,y

[g(y)−g(z1)−· · ·−g(zm)]Kl(z1, ..., zl; dy)

l∏
j=1

µt(dzj)

+

k∑
m=2

∫
z,y1,...,ym

[g(y1) + · · ·+ g(ym)− g(z)]Fm(z; dy1...dym)µt(dz)

+

k∑
l=2

∫
[g(y1)+· · ·+g(yl)−g(z1)−· · ·−g(zl)]Cl(z1, ..., zl; dy1 · · · dyl)

l∏
j=1

µt(dzj).

(1.53)

Exercise 1.5.1 Prove (1.49) and extend it to collisions of k particles

v = (v1, ..., vk) scattered to k particles w = (w1, ..., wk) preserving total

energy and momentum, i.e. satisfying

v1 + · · ·+ vk = w1 + · · ·+ wk, v21 + · · ·+ v2k = w2
1 + · · ·+ w2

k. (1.54)

Deduce the following version of the Boltzmann equation describing si-

multaneous collisions of k particles:

d

dt
(g, µt) =

1

k!

∫
S
d(k−1)−1
Γ,v

∫
Rdk

(g⊕(v − 2(v,n)n)− g⊕(v))Bk({vi − vj}ki,j=1; dn)µt(dv1) · · ·µt(dvl),
(1.55)

where

Γ = {u = (u1, ..., uk) ∈ Rdk : u1 + · · ·+ uk = 0},

S
d(k−1)−1
Γ = {n ∈ Γ : ∥n∥ = |n1|2 + · · ·+ |nk|2 = 1},

and

S
d(k−1)−1
Γ,v = {n ∈ S

d(k−1)−1
Γ : (n,v) ≤ 0}.

Hint: In terms of u = {u1, ..., uk} defined by w = u + v, conditions

(1.54) mean that u ∈ Γ and

∥u∥2 =

k∑
j=1

u2j = 2

k∑
j=1

(wj , uj) = 2(w,u) = −2

k∑
j=1

(vj , uj) = −2(v,u),
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or equivalently that u = ∥u∥n, n ∈ S
d(k−1)−1
Γ and

∥u∥ = 2(w,n) = −2(v,n),

implying, in particular, that (v,n) ≤ 0.

1.6 Replicator dynamics of evolutionary game
theory

This section discusses examples of kinetic equations appearing in evo-

lutionary game theory. These models are often simpler mathematically,

than the basic models of statistical physics (at least from the point of

view of justifying the dynamic law of large numbers), but we want to

make precise their place in the general framework. Readers who are not

keen on evolutionary biology applications, can skip to the next section.

We start by recalling the notion of a game with a compact space of

strategies, referring for general background to textbooks on game theory;

see e.g. Kolokoltsov and Malafeev [141], [142] or Gintis [85]. A k-person

game (in normal form) is specified by a collection of k compact spaces

X1, ..., Xk of possible pure strategies for the players and a collection of

continuous payoff functions H1,...,Hk on X1 × · · · × Xk. One step of

such a game is played according to the following rule. Each player i, i =

1, ..., k, chooses independently a strategy xi ∈ Xi and then receives the

payoff Hi(x1, ..., xk), which depends on the choices of all k players. The

collection of chosen strategies x1, ..., xk is called a profile (or situation)

of the game. In elementary models all Xi are finite sets. A game is

called symmetric if the Xi = X do not depend on i and the payoffs

are symmetric in the sense that they are specified by a single function

H(x; y1, ..., yk−1) onX
k symmetric with respect to the last k−1 variables

y1, ..., yk−1 via the formula

Hi(x1, ..., xk) = H(xi, x1, ..., xi−1, xi+1, ..., xk).

Hence in symmetric games the label of the player is irrelevant, only the

strategy is important.

By the mixed strategy extension of a game with strategy spaces Xi

and payoffs Hi, i = 1, ..., k, we mean a k-person game with the spaces of

strategies P(Xi) (considered as a compact space in its weak topology),

i = 1, ..., k, and the payoffs

H⋆
i (P ) =

∫
Xk

Hi(x1, ..., xk)P (dx1 · · · dxk), P = (p1, ..., pk) ∈ P(X1)×· · ·×P(Xk).
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Playing a mixed strategy pi is interpreted as choosing all pure strategies

randomly with probability law pi. The key notion in the theory of games

is that of Nash equilibrium. Let

H⋆
i (P∥xi) =

∫
X1×···×Xi−1×Xi+1×···×Xn

Hi(x1, ..., xn) dp1 · · · dpi−1dpi+1 · · · dpn.

(1.56)

A situation P = (p1, ..., pk) is called a Nash equilibrium, if

H⋆
i (P ) ≥ H⋆

i (P∥xi) (1.57)

for all i and xi ∈ Xi. For symmetric games and symmetric profiles

P = (p, ..., p), which are of particular interest for evolutionary games,

H⋆
i (P ) = H⋆(P ) =

∫
Xk

H(x1, ..., xk)p
⊗k(dx1 · · · dxk)

and

H⋆
i (P∥y) = H⋆(P∥y) =

∫
Xk−1

H(y, x1, ..., xk−1) p
⊗(k−1)(dx1 · · · dxk−1)

do not depend on i and the condition of equilibrium is

H⋆(P ) ≥ H⋆(P∥x), x ∈ X. (1.58)

The replicator dynamics (RD) of evolutionary game theory is sup-

posed to model the process of approaching the equilibrium from a given

initial state by decreasing the losses produced by deviating from the

equilibrium (thus adjusting the strategy to the current situation). More

precisely, assuming a mixed profile is given by a density ft with respect

to a certain reference measure M on X (ft can be interpreted as the

fraction of a large population using strategy x), the replicator dynamics

is defined as

ḟt(x) = ft(x)(H
⋆(ftM∥x)−H⋆(ftM)). (1.59)

The aim of this short section is to demonstrate how this evolution ap-

pears as a simple particular case of the law of large number limit (1.43)

of the scaled Markov model of type (1.31).

In the evolutionary biological context of interaction, particles become

species of a certain large population and the position of a particle x ∈
X becomes the strategy of a species. A key feature distinguishing the

evolutionary game setting in the general model developed in preceding

sections is that the species produce new species of their own kind (with

inherited behavioral patterns). In the usual model of evolutionary game
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theory it is assumed that any k randomly chosen species can occasionally

meet and play a k-person symmetric game specified by a payoff function

H(x; y1, ..., yk−1) on X
k, where the payoff measures fitness expressed in

terms of expected number of offspring.

Remark 4 Basic evolutionary models consider binary interactions

(k = 2) with finite numbers of pure strategies, that is, elementary two-

player games. However, arbitrary interaction laws and state spaces seem

to be quite relevant in the biological context; see [204]. Such models would

allow the analysis of animals living in groups or in large families.

To specify a Markov model we need to specify the game a bit further.

We shall assume that X is a compact set and that the result of the game

for player x playing against y1, ..., yk−1 is given by the probability rates

Hm(x; y1, ..., yk−1), m = 0, 1, ..., of the number m of particles of type x

that would appear in place of x after this game (one interaction). To fit

into the original model, the Hm can be chosen arbitrary, as long as the

average change equals the original function H:

H(x; y1, ..., yk−1) =

∞∑
m=0

(m− 1)Hm(x; y1, ..., yk−1). (1.60)

The simplest model is one, in which a particle can either die or produce

another particle of the same kind with given rates H0, H2; the prob-

abilities are therefore H0/(H0 +H2) and H2/(H0 +H2). Under these

assumptions equation (1.60) reduces to

H(x; y1, ..., yk−1) = H2(x; y1, ..., yk−1)−H0(x; y1, ..., yk−1). (1.61)

In any case, we have a model of Section 1.5 specified by the transition

kernels of the form

P km(z1, ..., zk; dy) = Hm(z1; z2, ..., zk)δz1(dy1) · · · δz1(dym)

+Hm(z2; z1, ..., zk)

m∏
j=1

δz2(dyj) + · · ·+Hm(zk; z1, ..., zk−1)

m∏
j=1

δzk(dyj)

(1.62)

so that ∫
X
(g⊕(y)− g⊕(z))P k(z; dy)

=

∞∑
m=0

(m− 1)[g(z1)H
m(z1; z2, ..., zk) + · · ·+ g(zk)H

m(zk; z1, ..., zk−1)]
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= g(z1)H(z1; z2, ..., zk) + · · ·+ g(zk)H(zk; z1, ..., zk−1).

Due to the symmetry of H, equation (1.42) takes the form

d

dt

∫
X

g(x)µt(dx) =
∥µt∥

(k − 1)!

∫
Xk

g(z1)H(z1; z2, ..., zk)

(
µt

∥µt∥

)⊗k

(dz1 · · · dzk),

(1.63)

and hence for the normalized measure νt = µt/∥µt∥ one gets the evolu-

tion

d

dt

∫
X

g(x)νt(dx) =
1

(k − 1)!

∫
X

(H⋆(νt∥x)−H⋆(νt))g(x)νt(dx), (1.64)

which represents the replicator dynamics in weak form for a symmetric k-

person game with an arbitrary compact space of strategies. It is obtained

here as a simple particular case of (1.45).

If a reference probability measure M on X is chosen, equation (1.64)

can be rewritten in terms of the densities ft of νt with respect to M as

(1.59).

Nash equilibria are connected with the replicator dynamics through

the following result.

Proposition 1.6.1 (i) If ν defines a symmetric Nash equilibrium for

a symmetric k-person game specified by the payoff H(x; y1, ..., yk−1) on

Xk, where X is a compact space, then ν is a fixed point for the replicator

dynamics (1.64).

(ii) If ν is such that any open set in X has positive ν-measure (pure

mixed profile), then the converse to statement (i) holds.

Proof (i) By definition, ν defines a symmetric Nash equilibrium if and

only if

H⋆(ν∥x) ≤ H⋆(ν)

for all x ∈ X. But the set M = {x : H⋆(ν∥x) < H⋆(ν)} should have

ν-measure zero (otherwise integrating the above inequality would lead

to a contradiction). This implies that∫
X

(H⋆(ν∥x)−H⋆(ν))g(x)νt(dx) = 0

for all g. (ii) Conversely assuming that the last equation holds for all g

implies, because ν is a pure mixed profile, that

H⋆(ν∥x) = H⋆(ν)
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on a open dense subset of X and hence everywhere, due to the continuity

of H.

Exercise 1.6.1 Consider the mixed strategy extension of a two-person

symmetric game with a compact space of pure strategies X for each

player and a payoff specified by an antisymmetric function H on X2,

i.e. H(x, y) = −H(y, x). Assume there exists a positive finite measure

M on X such that
∫
H(x, y)M(dy) = 0 for all x. Show that M specifies

a symmetric Nash equilibrium, and that, moreover, the function

L(f) =

∫
ln ft(x)M(dx)

is constant on the trajectories of the system (1.59). L(f) is called the

relative entropy of the measure M with respect to the measure ftM .

Hint:

d

dt
L(ft) =

∫
H⋆(ftM∥x)M(dx)−H⋆(ftM),

and both terms on the r.h.s. vanish by the assumptions made.

1.7 Interacting Markov processes; mean field and
kth-order interactions

Here we extend the models of Section 1.5 beyond pure jump interactions

(analytically, beyond purely integral generators).

As shown in Belavkin and Kolokoltsov [25] under rather general as-

sumptions, the parts of generators of Feller processes on X that are not

of pure jump type can generate only processes that preserve the num-

ber of particles. Hence, a general Feller generator in SX has the form

B = (B1, B2, ...), where

Bkf(x1, ..., xk) = Akf(x1, ..., xk)+

∫
X
(f(y)−f(x1, ..., xk))P k(x1, ..., xk, dy),

(1.65)

where P k is a transition kernel from SXk to SX and Ak generates

a symmetric Feller process in Xk. However, with this generator, the

interaction of a subsystem of particles depends on the whole system:

for the operator (0, B2, 0, ...), say, two particles will interact only in the

absence of any other particle). To put all subsystems on an equal footing

one should mix the interaction between all subsystems. Consequently,



1.7 Interacting Markov processes 29

instead of Bk one is led to the generator of k-ary interaction of the form

Ik[P
k, Ak]f(x1, ..., xn) =

∑
I⊂{1,...,n},|I|=k

BIf(x1, ..., xn)

=
∑

I⊂{1,...,n},|I|=k

[
(AIf)(x1, ..., xn) +

∫
(f(xĪ ,y)− f(x1, ..., xn))P

k(xI , dy)

]
,

(1.66)

where AI (resp. BI) is the operator A|I| (resp. B|I|) acting on the vari-

ables xI . In quantum mechanics, the transformation B1 7→ I1 is called

the second quantization of the operator B1. The transformation Bk 7→ Ik
for k > 1 can be interpreted as the tensor power of the second quanti-

zation (see Section 12.10 for the Fock space notation).

The generators of interaction of order at most k have the form

k∑
l=1

Il[P
l, Al]f(x1, ..., xn) = (G≤kf)(x1, ..., xn)+

∑
I⊂{1,...,n}

(AIf)(x1, ..., xn),

(1.67)

where G≤kf is given by (1.32). The corresponding kth-order scaled evo-

lution on C(SX ) is then governed by the equation

ḟ(t) = Ih[P,A]f(t), Ih[P,A] =
1

h

k∑
l=1

hlIl[P
l, Al]. (1.68)

Scaling the state space by choosing f on SX of the form f(x) =

F (hδx), one defines the corresponding generators Λkh on C(M+
hδ) by

ΛlhF (hδx) = hl−1
∑

I⊂{1,...,n},|I|=l

BlIF (hδx), x = (x1, ..., xn). (1.69)

Using combinatorial equation (12.49) for Fg(hν) with hν = hδx1
+ ...+

hδxn = hδx, one can write

1

h
hl

∑
I⊂{1,...,n},|I|=l

(AIFg)(hν) = hl
∑

I⊂{1,...,n},|I|=l

(Alg⊕(xI))

=
1

l!

∫
(Ag⊕)(z1, ..., zl)

l∏
j=1

(hν)(dzj) +O(h),

where the notation (Ag⊕)(z1, ..., zl) = (Alg⊕)(z1, ..., zl) is used. The

same limiting procedure as in Section 1.5 now leads, instead of (1.41),
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to the more general equation

d

dt

∫
g(z)µt(dz) =

k∑
l=1

1

l!

∫
Xl

[
(Ag⊕)(z) +

∫
X
(g⊕(y)− g⊕(z))P (z; dy)

]
µ⊗l
t (dz).

(1.70)

More compactly it can be written in terms of the operators Bk as

d

dt

∫
g(z)µt(dz) =

k∑
l=1

1

l!

∫
Xl

(Blg⊕)(z)µ⊗l
t (dz) (1.71)

or as
d

dt

∫
g(z)µt(dz) =

∫
X
(Bg⊕)(z)µ⊗̃

t (dz), (1.72)

where the convenient normalized tensor power of measures are defined

by

(Y ⊗̃)n(dx1 · · · dxn) = Y ⊗̃n(dx1 · · · dxn) =
1

n!
Y (dx1) · · ·Y (dxn).

Finally, one can allow additionally for mean field interaction, i.e. for

dependence of the family of operators A and transition kernels P in

(1.65) on a current empirical measure µ = hδx. In this case, one obtains

a generalized version of (1.70) with A, P depending additionally on µt:

d

dt
(g, µt) =

∫
X

[
(A[µt]g

⊕)(z) +

∫
X
(g⊕(y)− g⊕(z))P (µt, z; dy)

]
µ⊗̃
t (dz),

(1.73)

or more compactly

d

dt
(g, µt) =

∫
X
(B[µt]g

⊕)(z)µ⊗̃l
t (dz), (1.74)

which is the weak form of the general kinetic equation describing the

dynamic LLN for Markov models of interacting particles, or interacting

Markov processes, with mean field and kth-order interactions.

If the Cauchy problem for this equation is well posed, its solution µt
with a given µ0 = µ can be considered as a deterministic measure-valued

Markov process. The corresponding semigroup is defined as TtF (µ) =

F (µt). Using variational derivatives (12.33) the evolution equation for

this semigroup can be written as

d

dt
F (µt) = (ΛF )(µt) =

∫
X
B[µt]

(
δF

δµt(.)

)⊕

(z)µ⊗̃
t (dz)

=

∫
X
A[µt]

(
δF

δµt(.)

)⊕

(z)µ⊗̃
t (dz)
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+

∫
X 2

[(
δF

δµt(.)

)⊕

(y)−
(

δF

δµt(.)

)⊕

(z)

]
P (µt, z; dy)µ

⊗̃
t (dz), (1.75)

heuristically for the moment, as the assumptions of Lemma 12.6.1 should

be either checked or appropriately modified. Kinetic equation (1.73) is

nothing but a particular case of (1.75) for the linear functionals F (µ) =

Fg(µ) = (g, µ).

For a linear Markov process it is instructive to study the analytic prop-

erties of its semigroup. For instance the knowledge about the domain or

an invariant core is important. A core can often be identified with a cer-

tain class of smooth functions. Similar search for a core for the nonlinear

semigroup F (µt) specified by (1.75) leads naturally to the question of

differentiability of µt with respect to initial data µ0. We shall explore

this problem in Chapter 8, and later on its usefulness for the LLN and

CLT will be demonstrated.

If all transition kernels P (µ, z; dy) preserve the number of particles,

the components

Blf(x1, ..., xl) = Alf(x1, ..., xl)

+

∫
Xl

(f(y1, ..., yl)− f(x1, ..., xl))P
l(x1, ..., xl, dy1 · · · dyl) (1.76)

also preserve the number of particles, i.e. Bl : Csym(X
l) 7→ Csym(X

l). In

particular, the integral transformations specified by P k can be included

in Ak. For instance, in the important case with only binary interactions,

which preserve the number of particles, equation (1.74) takes the form

d

dt
(g, µt) =

∫
X

(B1[µt]g)(z)µt(dz)+
1

2

∫
X2

(B2[µt]g
⊕)(z1, z2)µt(dz1)µt(dz2)

(1.77)

with conditionally positive operators B1 and B2 in C(X) and C2
sym(X

2)

respectively.

It is worth stressing that the same kinetic equation can be obtained as

the LLN dynamics for quite different Markov models of interaction. In

particular, since A and P are symmetric, the equation (1.73) (obtained

as a limit for a complicated interactions allowing for the change of the

number of particles) can be written compactly as

d

dt
(g, µt) = (Ã[µt]g, µt) (1.78)

with a certain conditionally positive operator Ã in C(X), depending on

µ as on a parameter, which represents the mean field limit for a process
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preserving the number of particles. However, analyzing evolution (1.73)

(or more specifically (1.70)) it is often convenient to keep track of the

structure of the interaction and not to convert it to a concise form (1.78),

especially because some natural sub-criticality conditions can be given

in terms of this structure and may be lost in such a reduction. Having

said this, we stress that, when solving kinetic equations numerically via

scheme, arising from particle approximations, we can play with various

approximations to find the most appropriate from the computational

point of view.

In order to make all our heuristical calculations rigorous, we have

to perform at least two (closely connected) tasks: to show the well-

posedness of the Cauchy problem for equation (1.73), under certain as-

sumptions and possibly in a certain class of measures, and to prove

convergence of the Markov approximation processes in M+
hδ(X) to their

solutions. These tasks will be dealt with in Parts II and III respectively.

In the rest of this chapter we shall briefly discuss further classical ex-

amples and also introduce certain tools and objects (moment measures,

correlation functions, nonlinear martingale problem) linked with evolu-

tions of type (1.73) used in the physical and mathematical literature for

practical calculations, for the analysis of the qualitative behavior of such

evolutions and for comparisons of theoretical results with experiments

and simulations.

1.8 Classical kinetic equations of statistical
mechanics: Vlasov, Boltzman, Landau

Kinetic equations (1.41)

d

dt
(g, µt) = Λl≤kFg(µt) =

k∑
l=1

1

l!

∫
X

∫
Xl

(g⊕(y)−g⊕(z))P l(z; dy)µ⊗l
t (dz),

usually appear in spatially homogeneous models of interaction. Richer

models (1.66) allow us to include arbitrary underlying Markov mo-

tions, potential interactions, interdependence of volatility (diffusion co-

efficients), etc. We shall distinguish here some kinetic equations of type

(1.77) of particular interest for physics, showing how they fit into the

general framework discussed above.

Example 1. Vlasov’s equation. As a particle is described by its

position and momentum, let X = R2d and and both B1 and B2 be
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generators of deterministic dynamics (first-order differential operators).

The Vlasov equation in weak form

d

dt
(g, µt) =

∫
R2

(
∂H

∂p

∂g

∂x
− ∂H

∂x

∂g

∂p

)
µt(dxdp)

+

∫
R4d

(
∇V (x1 − x2),

∂g

∂p1
(x1, p1)

)
µt(dx1dp1)µt(dx2dp2) (1.79)

is obtained when B1 generates the Hamiltonian dynamics

B1 =
∂H

∂p

∂

∂x
− ∂H

∂x

∂

∂p

with a function H(x, p) called the Hamiltonian, say H = p2/2 − U(x)

with a given potential U , and B2 specifies the potential interaction

B2f(x1, p1, x2, p2) = ∇V (x1 − x2)
∂f

∂p1
+∇V (x2 − x1)

∂f

∂p2

with a given potential V .

Example 2. Boltzmann’s equation. Unlike the spatially homo-

geneous Boltzmann model leading to (1.50) the state space of the full

model of collisions is R2d as for the Vlasov equation. Assuming that

away from collisions particles move by the law of free motion and that

collisions may occur when the distance between particles is small we

obtain the mollified Boltzmann equation

d

dt
(g, µt) = (v

∂

∂x
g, µt) +

1

2

∫
R4d

∫
n∈Sd−1:(n,v1−v2)≥0

η(x1 − x2)

B(v1 − v2, dn)µt(dx1dv1)µt(dx2dv2)

[g(x1, v1−n(v1−v2, n)+g(x2, v2+n(v1−v2, n))−g(x1, v1)−g(x2, v2)],
(1.80)

where the mollifier η is a certain non-negative function with compact

support.

More interesting, however, is the equation obtained from (1.80) by

a limiting procedure leading to local collisions that occur only when

the positions of the particles coincide. Namely, suppose instead of η we

are given a family ηϵ of functions converging weakly to the measure

σ(x1)δx1−x2dx1 with continuous σ:

lim
ϵ→0

∫
R2d

f(x1, x2)η
ϵ(x1 − x2)dx1dx2 =

∫
Rd

f(x, x)σ(x)dx

for all f ∈ C(R2d). Assuming µt(dxdv) = µt(x, dv)dx (with an obvious



34 Introduction

abuse of notation) and performing a formal limit as ϵ → 0 in kinetic

equation (1.80) leads to the Boltzmann equation in weak form

d

dt

∫
Rd

g(x, v)µt(x, dv) =

∫
Rd

v
∂g

∂x
(x, v)µt(x, dv)

+
1

2

∫
R2d

∫
n∈Sd−1:(n,v1−v2)≥0

B(v1 − v2, dn)µt(x, dv1)µt(x, dv2)

[g(x, v1−n(v1−v2, n)+g(x, v2+n(v1−v2, n))−g(x, v1)−g(x, v2)]. (1.81)

A rigorous analysis of this limiting procedure and the question of the

well-posedness of equation (1.81) are important open problems.

Example 3. Landau-Fokker-Planck equation. This is the equa-

tion

d

dt
(g, µt) =

∫
R2d

[
1

2
(G(v−v⋆)∇,∇)g(v)+(b(v−v⋆),∇g(v))]µt(dv⋆)µt(dv)

(1.82)

with a certain non-negative matrix valued field G(v) and a vector field

b(v). Physically this equation describes the limiting regime of Boltz-

mann’s collisions described by (1.50) when they become grazing, i.e.

when v1 is close to v2. We will not describe this procedure in detail; see

Arseniev and Buriak [13], Villani [248] and references therein.

1.9 Moment measures, correlation functions and the
propagation of chaos

For completeness, we shall introduce here the basic notion used in physics

for describing interacting particle systems, namely correlation functions,

and the related effect of the propagation of chaos. Despite its wider im-

portance, this material is not much used later in the book and is not

crucial for understanding what follows; so this section can be skipped.

Let ρ = (ρ0, ρ1, ...) ∈ Msym(X ). The important role in the analysis of

interacting particles is played by the moment measures ν of ρ, defined

as

νn(dx1...dxn) =

∞∑
m=0

∫
Xm

(n+m)!

m!
ρ(dx1 · · · dxn · · · dxn+m), (1.83)

where the integral in each term is taken over the variables xn+1...xn+m.

If X = Rd and

ρn(dx1 · · · dxn) = ρn(x1, ..., xn)dx1 · · · dxn,
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the densities of νn with respect to Lebesgue measure given by

νn(x1, ..., xn) =

∞∑
m=0

∫
Xm

(n+m)!

m!
ρ(x1, ..., xn+m)dxn+1 · · · dxn+m

are called the correlation functions of the family of densities {ρn}. For
large number asymptotics one usually uses the scaled moment measures

νh of ρ defined as

νhn(dx1 · · · dxn) = hn
∞∑
m=0

∫
Xm

(n+m)!

m!
ρ(dx1 · · · dxn · · · dxn+m) (1.84)

for a positive parameter h.

Let us look at this transformation from the functional point of view.

For any gk ∈ C(Xk) let us introduce an observable Shgk ∈ Csym(X )

defined by Shgk(x) = 0 for x ∈ Xn with n < k and by

Shgk(x) = hk
∑

i1,...,ik∈{1,...,n}

′
g(xi1 , ..., xik)

for x ∈ Xn with n ≥ k, where
∑′

means summation over all ordered

k-tuples i1, ..., ik of different numbers from {1, ..., n}, and Shg0(x) = g0.

The function Sh has a clear combinatorial interpretation. For instance,

if g1 = 1A for a Borel set A ⊂ X, then Shg1(x) is the number (scaled

by h) of components of x lying in A. If gk = 1A1
· · ·1Ak for pairwise

disjoint Borel sets Ai ⊂ X, then

Shgk(x) = Sh1A1
(x) · · ·Sh1Ak(x)

is the number (scaled by hk) of ways to choose a particle from A1, a

particle from A2,... from a given collection x. So Sh defines a functional

extension of the well-known problem from elementary combinatorics of

counting the number of ways to choose a sequence of balls of prescribed

colors, say green, blue, red, from a bag containing a given number of

colored balls.

Clearly, if g ∈ Csym(X
k), then

Shgk(x) = hkk!
∑

I⊂{1,...,n}:|I|=k

g(xI).

We have already seen that these observables appear naturally when de-

ducing kinetic equations. The extension of the mapping gk 7→ Shgk to

the mapping C(X ) 7→ Csym(X ) by linearity can be expressed as

Shg(x) =
∑

I⊂{1,...,n}

h|I||I|!g(xI).
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Remark 5 It can be shown by induction that if f = Shg with g ∈
Csym(X ), then g is unique and is given by

g(x1, ..., xn) =
1

n!
h−n

∑
I⊂{1,...,n}

(−1)n−|I|f(xI).

Lemma 1.9.1 The mapping ρ 7→ νhk from Msym(X ) to Msym(X
k) is

dual to the mapping gk 7→ Shgk. That is for νh defined by (1.84) and

g = (g0, g1, ...) ∈ C(X )

(Shgk, ρ) = (gk, ν
h
k ), k = 0, 1, ..., (1.85)

and

(Shg, ρ) = (g, νh) =

∞∑
k=0

(gk, ν
h
k ). (1.86)

In particular, if x is a random variable in X distributed according to

probability law ρ ∈ P(X ), then

EShgk(x) = (gk, ν
h
k ). (1.87)

Proof

(Shgk, ρ) =

∞∑
m=0

Shgk(x1, ..., xk+m)ρk+m(dx1 · · · dxk+m)

=

∞∑
m=0

hk
∑

i1,...,ik∈{1,...,m+k}

′
g(xi1 , ..., xik)ρk+m(dx1 · · · dxk+m)

=

∞∑
m=0

hk
(m+ k)!

m!
g(x1, ..., xk)ρk+m(dx1 · · · dxk+m),

implying (1.85).

The crucial property of the moment measures is obtained by obsering

that they represent essentially the moments of empirical measures.

Lemma 1.9.2 Let x be a random variable in X distributed according

to probability law ρ ∈ P(X ), then

E(gk, (hδx)
⊗k) = (gk, ν

h
k ) +O(h)∥f∥max

l<k
∥νhl ∥ (1.88)

for gk ∈ Csym(X
k). In particular,

E(g1, hδx) = (g1, ν
h
1 ), (1.89)
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E(g2, (hδx)
⊗2) = (g2, ν

h
2 ) + h

∫
g2(x, x)ν

h
1 (dx). (1.90)

Proof

E(g1, hδx) = h

∫
X

g1(x1)ρ1(dx1)+h

∫
X2

(g1(x1)+g1(x2))ρ2(dx1dx2)+· · · ,

yielding (1.89). Similarly

E(g2, (hδx)
⊗2) = h2

∫
X

g2(x, x)ρ1(dx)

+h2
∫
X2

(g2(x1, x1)+g2(x1, x2)+g2(x2, x1)+g2(x2, x2))ρ2(dx1dx2)+· · · ,

yielding (1.90). And (1.88) is obtained by trivial induction.

Suppose now we can prove that as h → 0 the empirical measures

hδx of the approximating Markov process converge to the deterministic

measure-valued process µt that solves kinetic equation (1.73). By (1.89)

the limiting measure µt coincides with the limit of the first moment

measure νh1 . Moreover, once the convergence of hδx to a deterministic

limit is obtained, it is natural to expect (and often easy to prove) that

the tensor powers (hδx)
⊗k converge to µ⊗k

t . Hence, by (1.88) we can

then conclude that the moment measures νhk converge to the products

µ⊗k
t . The possibility of expressing the moment measures as products is

a manifestation of the so-called propagation of chaos property of the

limiting evolution.

Exercise 1.9.1 Prove the following results. (i) If µt satisfies (1.71),

then νt = (µt)
⊗̃ ∈ Msym(X ) satisfies the linear equation

d

dt
νlt(dx1 · · · dxl)

=

l∑
j=1

K∑
k=1

Cll+k−1

∫
xl+1,...,xl+k−1

(Bj,l+1,...,l+k−1
k )∗νk+l−1

t (dx1 · · · dxl+k−1),

(1.91)

where Clm are the usual binomial coefficients, B∗
k is the dual to Bk and

(BIk)
∗νt(dx1 · · · dxm) means the action of B∗

k on the variables with in-

dexes from I ⊂ {1, . . . ,m}.
(ii) If the evolution of νt ∈ Msym(X ) is specified by (1.91), then the
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dual evolution on Csym(X) is given by the equation

ġ(x1, . . . , xl) = (LBg)(x1, . . . , xl) =
∑

I⊂{1,...,l}

∑
j ̸∈I

(Bj,I|I|+1gĪ)(x1, . . . , xl),

(1.92)

where gI(x1, . . . , xl) = g(xI) and B
j1,...,jk
k means the action of Bk on the

variables j1, . . . , jk. In particular,

(LBg1)(x1, . . . , xl) = (Bl(g
1)+)(x1, . . . , xl).

Hint: Observe that the strong form of (1.71) is

µ̇t(dx) =

K∑
k=1

1

(k − 1)!
B∗
k(µt ⊗ · · · ⊗ µt)(dxdy1 · · · dyk−1),

which implies (1.91) by straightforward manipulations. From (1.91) it

follows that

d

dt
(g, νt) =

∞∑
l=0

K∑
k=1

∑
I⊂{1,...,l+k−1},|I|=k−1

∑
j ̸∈I

Bj,Ik gĪ(x1, . . . , xl+k−1)νt(dx1 · · · dxl+k−1)

=

∞∑
m=0

∑
I⊂{1,...,m}

∑
j ̸∈I

Bj,I|I|+1gĪ(x1, . . . , xm)νt(dx1 · · · dxm),

which implies (1.92).

1.10 Nonlinear Markov processes and semigroups,
nonlinear martingale problems

The aim of this chapter is to motivate the analysis of equations describ-

ing nonlinear positivity-preserving evolutions on measures. We can now

naturally identify the nonlinear analogs of the main notions from the

theory of Markov processes and observe how the fundamental connec-

tion between Markov processes, semigroups and martingale problems is

carried forward into the nonlinear setting.

Let M̃(X) be a dense subset of the space M(X) of finite (positive

Borel) measures on a metric space X (considered in its weak topol-

ogy). By a nonlinear sub-Markov (resp. Markov) propagator in M̃(X)

we shall mean any propagator V t,r of possibly nonlinear transforma-

tions of M̃(X) that do not increase (resp. preserve) the norm. If V t,r

depends only on the difference t − r and hence specifies a semigroup,
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this semigroup is called nonlinear or generalized sub-Markov or Markov

respectively.

The usual, linear Markov propagators or semigroups correspond to the

case when all the transformations are linear contractions in the whole

space M(X). In probability theory these propagators describe the evo-

lution of averages of Markov processes, i.e. processes whose evolution

after any given time t depends on the past X≤t only via the present po-

sition Xt. Loosely speaking, to any nonlinear Markov propagator there

corresponds a process whose behavior after any time t depends on the

past X≤t via the position Xt of the process and its distribution at t. To

be more precise, consider the nonlinear kinetic equation

d

dt
(g, µt) = (B[µt]g, µt) (1.93)

with a certain family of operators B[µ] in C(X) depending on µ as on

a parameter and such that each B[µ] generates a Feller semigroup. (It

was shown above that equations of this kind appear naturally as LLN

for interacting particles, and, as we shall see in Section 11.5, they also

arise from the mere assumption of positivity preservation.) Suppose that

the Cauchy problem for equation (1.93) is well posed and specifies the

weakly continuous Markov semigroup Tt in M(X). Suppose also that

for any weakly continuous curve µt ∈ P(X) the solutions to the Cauchy

problem of the equation

d

dt
(g, νt) = (B[µt]g, νt) (1.94)

define a weakly continuous propagator V t,r[µ.], r ≤ t, of linear trans-

formations in M(X) and hence a Markov process in X. Then to any

µ ∈ P(X) there corresponds a Markov process Xµ
t in X with dis-

tributions µt = Tt(µ) for all times t and with transition probabilities

pµr,t(x, dy) specified by equation (1.94) and satisfying the condition∫
X2

f(y)pµr,t(x, dy)µr(dx) = (f, V t,rµr) = (f, µt). (1.95)

We shall call the family of processes Xµ
t a nonlinear Markov process.

Thus a nonlinear Markov process is a semigroup of the transforma-

tions of distributions such that to each trajectory is attached a ’tangent’

Markov process with the same marginal distributions. The structure of

these tangent processes is not intrinsic to the semigroup, but can be

specified by choosing a stochastic representation for the generator.
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As in the linear case the process Xt with càdlàg paths (or the cor-

responding probability distribution on the Skorohod space) solves the

(B[µ], D)-nonlinear martingale problem with initial distribution µ, mean-

ing that X0 is distributed according to µ and the process

Mf
t = f(Xt)− f(X0)−

∫ t

0

B[L(Xs)]f(Xs) ds, t ≥ 0 (1.96)

is a martingale for any f ∈ D, with respect to the natural filtration of

Xt. This martingale problem is called well-posed if for any initial µ there

exists a unique Xt solving it.



PART ONE

TOOLS FROM MARKOV PROCESSES
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Probability and analysis

In this chapter we recall some particularly relevant tools from the theory

of Markov processes and semigroups, stressing the connection between

their analytic description in terms of evolution equations and their prob-

abilistic description. To begin with, we introduce the duality between

abstract semigroups and propagators of linear transformations at the

level of generality required for further application.

2.1 Semigroups, propagators and generators

This section puts together in a systematic way those tools from func-

tional analysis that are mostly relevant to random processes, which we

shall tackle starting from the next section. Apart from recalling the circle

of ideas around the notion of operator semigroups and their generators,

we shall discuss their nonhomogeneous analogs, propagators, and use

them to deduce a general well-posedness result for a class of nonlinear

semigroups. For completeness we first recall the notion of unbounded

operators (also fixing some notation) assuming however that the readers

are familiar with such basic definitions for Banach and Hilbert spaces as

convergence, bounded linear operators, dual spaces and operators.

A linear operator A on a Banach space B is a linear mapping A :

D 7→ B, where D is a subspace of B called the domain of A. We say

that the operator A is densely defined if D is dense in B. The operator

A is called bounded if the norm ∥A∥ = supx∈D ∥Ax∥/∥x∥ is finite. If A is

bounded and D is dense, then A has a unique bounded extension (with

the same norm) to an operator with the whole of B as domain. It is also

well known that a linear operator A : B → B is continuous if and only

if it is bounded. For a continuous linear mapping A : B1 → B2 between
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the two Banach spaces its norm is defined as

∥A∥B1 7→B2 = sup
x ̸=0

∥Ax∥B2

∥x∥B1

.

The space of bounded linear operators B1 → B2 equipped with this

norm is a Banach space itself, often denoted by L(B1, B2).

A sequence of bounded operators An, n = 1, 2, ..., in a Banach space

B is said to converge strongly to an operator A if Anf → Af for any

f ∈ B.

A linear operator on a Banach space is called a contraction, if its

norm does not exceed 1. A semigroup Tt of bounded linear operators

on a Banach space B is called strongly continuous, if ∥Ttf − f∥ → 0 as

t→ 0 for any f ∈ B.

Examples. (1) If A is a bounded linear operator on a Banach space,

then

Tt = etA =

∞∑
n=0

tn

n!
An

defines a strongly continuous semigroup.

(2) The shifts Ttf(x) = f(x+ t) form a strongly continuous group of

contractions on C∞(R), L1(R) or L2(R). However, it is not strongly

continuous on C(R). Observe also that if f is an analytic function, then

f(x+ t) =

∞∑
n=0

tn

n!
(Dnf)(x),

which can be written formally as etDf(x).

(3) Let η(y) be a complex-valued continuous function on Rd such that

Re η ≤ 0. Then

Ttf(y) = etη(y)f(y)

is a semigroup of contractions on the Banach spaces Lp(Rd), L∞(Rd),

B(Rd), C(Rd) and C∞(Rd), which is strongly continuous on Lp(Rd)

and C∞(Rd) but not on the other three spaces.

An operator A with domain D is called closed if its graph is a closed

subset of B × B, i.e. if xn → x and Axn → y as n → ∞ for a sequence

xn ∈ D, then x ∈ D and y = Ax. A is called closable if a closed extension

of A exists, in which case the closure of A is defined as the minimal closed

extension of A, i.e. the operator with the graph being the closure of the

graph of A. A subspace D of the domain DA of a closed operator A is

called a core for A if A is the closure of A restricted to D.
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Let Tt be a strongly continuous semigroup of linear operators on a

Banach space B. The infinitesimal generator or simply the generator of

Tt is defined as the operator

Af = lim
t→0

Ttf − f

t

on the linear subspaceDA ⊂ B (the domain of A), where this limit exists

(in the topology of B). If the Tt are contractions, then the resolvent of

Tt (or of A) is defined for any λ > 0 as the operator

Rλf =

∫ ∞

0

e−λtTtf dt.

For example, the generator A of the semigroup Ttf = etηf from ex-

ample (3) above is given by the multiplication operator Af = ηf on

functions f such that η2f ∈ C∞(Rd) (or resp. η2f ∈ Lp(Rd)).

Theorem 2.1.1 (Basic properties of generators and resolvents)

Let Tt be a strongly continuous semigroup of linear contractions on a

Banach space B and let A be its generator. Then the following hold:

(i) TtDA ⊂ DA for each t ≥ 0 and TtAf = ATtf for each t ≥ 0, f ∈
DA.

(ii) Ttf =
∫ t
0
ATsf ds+ f for f ∈ D.

(iii) Rλ is a bounded operator on B with ∥Rλ∥ ≤ λ−1, for any λ > 0.

(iv) λRλf → f as λ→ ∞.

(v) Rλf ∈ DA for any f and λ > 0 and (λ − A)Rλf = f , i.e. Rλ =

(λ−A)−1.

(vi) If f ∈ DA, then RλAf = ARλf .

(vii) DA is dense in B.

(viii) A is closed on DA.

Proof (i) Observe that for ψ ∈ DA

ATtψ =

[
lim
h→0

1

h
(Th − I)

]
Ttψ = Tt

[
lim
h→0

1

h
(Th − I)

]
ψ = TtAψ.

(ii) Follows from (i).

(iii) ∥Rλf∥ ≤
∫∞
0
e−λt∥f∥ dt = λ−1∥f∥.

(iv) Follows from the equation

λ

∫ ∞

0

e−λtTtf dt = λ

∫ ∞

0

e−λtf dt+λ

∫ ϵ

0

e−λt(Ttf−f) dt+λ
∫ ∞

ϵ

e−λt(Ttf−f) dt

observing that the first term on the r.h.s. is f , the second (resp. third)

term is small for small ϵ (resp. for any ϵ and large λ).
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(v) By definition

ARλf = lim
h→0

1

h
(Th − 1)Rλf =

1

h

∫ ∞

0

e−λt(Tt+hf − Ttf) dt

= lim
h→0

[
eλh − 1

h

∫ ∞

0

e−λtTtf dt−
eλh

h

∫ h

0

e−λtTtf dt

]
= λRλf − f.

(vi) Follows from the definitions and (ii).

(vii) Follows from (iv) and (v).

(viii) If fn → f as n→ ∞ for a sequence fn ∈ D and Afn → g, then

Ttf − f = lim
n→∞

∫ t

0

TsAfn ds =

∫ t

0

Tsg ds.

Applying the fundamental theorem of calculus completes the proof.

Remark 6 For all ψ ∈ B the vector ψ(t) =
∫ t
0
Tuψdu belongs to

DA and Aψ(t) = Ttψ − ψ. Moreover, ψ(t) → ψ as t → 0 always, and

Aψ(t) → Aψ for ψ ∈ DA. This observation yields another insightful

proof of statement (vii) of Theorem 2.1.1 (by-passing the resolvent).

Proposition 2.1.1 Let an operator A with domain DA generate a

strongly continuous semigroup of linear contractions TT . If D is a dense

subspace of DA of A that is invariant under all Tt, then D is a core for

A.

Proof Let D̄ be the domain of the closure of A restricted to D. We

have to show that for ψ ∈ DA there exists a sequence ψn ∈ D̄, n ∈ N,

such that ψn → ψ and Aψn → Aψ. By the remark above it is enough

to show this for ψ(t) =
∫ t
0
Tuψ du. As D is dense there exists a sequence

ψn ∈ D converging to ψ and hence Aψn(t) → Aψ(t). To complete the

proof it remains to observe that ψn(t) ∈ D̄ by the invariance of D.

An important tool for the construction of semigroups is perturbation

theory, which can be applied when a generator of interest can be rep-

resented as the sum of a well-understood operator and a term that is

smaller (in some sense). Below we give the simplest result of this kind.

Theorem 2.1.2 Let an operator A with domain DA generate a strongly

continuous semigroup Tt on a Banach space B, and let L be a bounded

operator on B. Then A+ L with the same domain DA also generates a
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strongly continuous semigroup Φt on B given by the series

Φt = Tt +

∞∑
m=1

∫
0≤s1≤···≤sm≤t

Tt−smLTsm−sm−1
L · · ·LTs1 ds1 · · · dsm

(2.1)

converging in the operator norm. Moreover, Φtf is the unique (bounded)

solution of the integral equation

Φtf = Ttf +

∫ t

0

Tt−sLΦsf ds, (2.2)

with a given f0 = f . Finally, if D is an invariant core for A that is

itself a Banach space under the norm ∥.∥D, the Tt are uniformly (for t

from a compact interval) bounded operators D → D and L is a bounded

operator D → D, then D is an invariant core for A+ L and the Φt are

uniformly bounded operators in D.

Proof Clearly

∥Φt∥ ≤ ∥Tt∥+
∞∑
m=1

(∥L∥t)m

m!
( sup
s∈[0,t]

∥Ts∥)m+1,

implying the convergence of the series. Next,

ΦtΦτf =

∞∑
m=0

∫
0≤s1≤···≤sm≤t

Tt−smLTsm−sm−1
L · · ·LTs1 ds1 · · · dsm

×
∞∑
n=0

∫
0≤u1≤···≤un≤τ

Tτ−unLTun−un−1
L · · ·LTu1

du1 · · · dun

=

∞∑
m,n=0

∫
0≤u1≤···un≤τ≤v1≤···≤vm≤t+τ

dv1 · · · dvmdu1 · · · dun

Tt+τ−vmLTvm−vm−1L · · ·LTv1−umL · · ·LTu1

=

∞∑
k=0

∫
0≤u1≤···≤uk≤t+τ

Tt+τ−ukLTuk−uk−1
L · · ·LTu1

du1 · · · duk = Φt+τf,

showing the main semigroup condition. Equation (2.2) is a consequence

of (2.1). On the other hand, if (2.2) holds, then substituting the l.h.s.

of this equation into its r.h.s. recursively yields

Φtf = Ttf +

∫ t

0

Tt−sLTsf ds+

∫ t

0

ds2Tt−s2L

∫ s2

0

ds1Ts2−s1LΦs1f
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= Ttf +
N∑
m=1

∫
0≤s1≤···≤sm≤t

Tt−smLTsm−sm−1
L...LTs1f ds1 · · · dsm

+

∫
0≤s1≤···≤sN+1≤t

Tt−sN+1
LTsN+1−sNL · · ·LTs2−s1LΦs1f ds1 · · · dsm

for arbitrary N . As the last term tends to zero, the series representation

(2.1) follows.

Further on, since the terms with m > 1 in (2.1) are of order O(t2) for

small t,

d

dt
|t=0 Φtf =

d

dt
|t=0

(
Ttf +

∫ t

0

Tt−sLTsf ds

)
=

d

dt
|t=0 Ttf + Lf,

so that d
dt |t=0 Φtf exists if and only if d

dt |t=0 Ttf exists, and in this

case
d

dt
|t=0 Φtf = (A+ L)f.

The last statement is obvious, because the conditions on D ensure that

the series (2.1) converges in the norm topology of D.

For the analysis of time nonhomogeneous and/or nonlinear evolutions

we need to extend the notion of a generator to propagators. A backward

propagator U t,r of uniformly (for t, r from a compact set) bounded linear

operators on a Banach space B is called strongly continuous if the family

U t,r depends strongly continuously on t and r. For a dense subspace

D of B that is invariant under all U t,r we say that a family of linear

operators At with common domain D is a (nonhomogeneous) generator

of the propagator U t,r on the common invariant domain D if

d

ds
U t,sf = U t,sAsf,

d

ds
Us,rf = −AsUs,rf, t ≤ s ≤ r, (2.3)

for all f ∈ D, where the derivative exists in the topology of B, and

where for s = t (resp. s = r) it is assumed to be only a right (resp. left)

derivative.

Remark 7 The principle of uniform boundedness (well known in func-

tional analysis) states that if a family Tα of bounded linear mappings

from a Banach space X to another Banach space is such that the sets

{∥Tαx∥} are bounded for each x, then the family Tα is uniformly bounded.

This implies that if U t,r is a strongly continuous propagator of bounded

linear operators, then the norms of U t,r are bounded uniformly for t, r

from any compact interval. This fact is not of particular importance for
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our purposes, as we can include uniform boundedness on compact in-

tervals in the definition. All our constructions of propagators yield this

boundedness directly.

The next result extends Theorem 2.1.2 to propagators.

Theorem 2.1.3 Let U t,r be a strongly continuous backward propagator

of bounded linear operators in a Banach space B, a dense subspace D ⊂
B is itself a Banach space under the norm ∥.∥D and U t,r are bounded

operators D → D. Suppose a family of linear operators At generates this

propagator on the common domain D (so that (2.3) holds). Let Lt be a

family of bounded operators both in B and in D that depend continuously

on t in the strong topology as operators in B. Then At +Lt generates a

strongly continuous propagator Φt,r in B, on the same invariant domain

D, where

Φt,r = U t,r +
∞∑
m=1

∫
t≤s1≤···≤sm≤r

U t,s1Ls1 · · ·LsmUsm,r ds1 · · · dsm

(2.4)

This series converges in the operator norms of both B and D. Moreover,

Φt,rf is the unique bounded solution of the integral equation

Φt,rf = U t,rf +

∫ r

t

U t,sLsΦ
s,rf ds, (2.5)

with a given fr = f .

Proof It is a straightforward extension of Theorem 2.1.2. the only dif-

ference to note is that in order to conclude that

d

dt
|t=r

∫ r

t

U t,sLsΦ
s,rf ds =

d

dt
|t=r

∫ r

t

U t,sLrΦ
s,rf ds = −Lrf

one uses the continuous dependence of Ls on s (since Ls are strongly

continuous in s, the function LsΦ
s,rf is continuous in s, because the

family Φs,rf is compact as the image of a continuous mapping of the

interval [t, r]).

For a Banach space B or a linear operator A one usually denotes by

B⋆ or A⋆ respectively its Banach dual. Sometimes the notations B′ and

A′ are also in use.

Theorem 2.1.4 (Basic duality) Let U t,r be a strongly continuous

backward propagator of bounded linear operators in a Banach space B

generated by a family of linear operators At on a common dense domain



50 Probability and analysis

D invariant under all U t,r. Let D be itself a Banach space with respect

to a norm ∥.∥D such that all At are continuous mappings D → B. Then

(i) the family of dual operators V s,t = (U t,s)⋆ forms a weakly contin-

uous in s, t propagator of bounded linear operators in B⋆ (contractions

if all U t,r are contractions) such that

d

dt
V s,tξ = −V r,tA⋆t ξ,

d

ds
V s,tξ = A⋆sV

s,tξ, t ≤ s ≤ r, (2.6)

holds weakly in D⋆, i.e., say, the second equation means

d

ds
(f, V s,tξ) = (Asf, V

s,tξ), t ≤ s ≤ r, f ∈ D; (2.7)

(ii) V s,tξ is the unique solution to the Cauchy problem of equation

(2.7), i.e. if ξt = ξ for a given ξ ∈ B⋆ and ξs, s ∈ [t, r], is a weakly

continuous family in B⋆ satisfying

d

ds
(f, ξs) = (Asf, ξs), t ≤ s ≤ r, f ∈ D, (2.8)

then ξs = V s,tξ for t ≤ s ≤ r.

(iii) Us,rf is the unique solution to the inverse Cauchy problem of the

second equation in (2.3), i.e. if fr = f , fs ∈ D for s ∈ [t, r] and satisfies

the equation

d

ds
fs = −Asfs, t ≤ s ≤ r, (2.9)

with the derivative existing in the norm topology of B, then fs = Us,rf .

Proof Statement (i) is a direct consequence of duality. (ii) Let g(s) =

(Us,rf, ξs) for a given f ∈ D. Writing

(Us+δ,rf, ξs+δ)− (Us,rf, ξs)

= (Us+δ,rf − Us,rf, ξs+δ) + (Us,rf, ξs+δ − ξs)

and using (2.3), (2.8) and the invariance of D, allows one to conclude

that
d

ds
g(s) = −(AsU

s,rf, ξs) + (Us,rf,A⋆sξs) = 0.

Hence g(r) = (f, ξr) = g(t) = (U t,rf, ξt) showing that ξr is uniquely

defined. Similarly we can analyze any other point r′ ∈ (s, r). (iii) Similar

to (ii) it follows from the observation that

d

ds
(fs, V

s,tξs) = 0.
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The following simple stability result for the propagators is useful.

Theorem 2.1.5 Suppose we are given a sequence of propagators U t,rn ,

n = 1, 2, ..., with the corresponding generators Ant and a propagator U t,r

with generator At. Suppose all these propagators satisfy the same condi-

tions as U t,r and At from Theorem 2.1.4 with the same D, B and with

all bounds being uniform in n. Moreover, let

∥Ant −At∥D→B ≤ ϵn

uniformly for bounded times t, where ϵn → 0 as n→ ∞. Then

∥U t,rn g − U t,rg∥B = O(1)ϵn∥g∥D

uniformly for bounded times t, r, U t,rn converge to U t,r strongly in B and

the dual propagators V r,tn converge to V r,t weakly in B⋆ and in the norm

topology of D⋆.

Proof The required estimate follows from the obvious representation

(U t,rn − U t,r)g = U t,sn Us,rg |rs=t=
∫ r

t

U t,sn (Ans −As)U
s,rg ds, g ∈ D.

Other statements follow by the usual approximation argument and du-

ality.

The following result represents the basic tool (used in Chapter 6)

allowing to build nonlinear propagators from infinitesimal linear ones1.

Recall that V s,t is the dual of U t,s given by Theorem 2.1.4.

Theorem 2.1.6 Let D be a dense subspace of a Banach space B that

is itself a Banach space such that ∥f∥D ≥ ∥f∥B, and let ξ 7→ A[ξ] be a

mapping from B⋆ to bounded linear operator A[ξ] : D → B such that

∥A[ξ]−A[η]∥D→B ≤ c∥ξ − η∥D⋆ , ξ, η ∈ B⋆. (2.10)

Let M be a bounded subset of B⋆ that is closed in the norm topologies

of both B⋆ and D⋆ and for a µ ∈M let Cµ([0, r],M) be the metric space

of the continuous in the norm D⋆ curves ξs ∈M , s ∈ [0, r], ξ0 = µ, with

the distance

ρ(ξ., η.) = sup
s∈[0,r]

∥ξs − ηs∥D⋆ .

Assume finally that for any µ ∈M and ξ. ∈ Cµ([0, r],M) the operator

curve A[ξt] : D → B generates a strongly continuous backward propa-

gator of uniformly bounded linear operators U t,s[ξ.], 0 ≤ t ≤ s ≤ r, in

1 reader may choose to read it later when needed
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B on the common invariant domain D (in particular, (2.3) holds), such

that

∥U t,s[ξ.]∥D→D ≤ c, t, s ≤ r, (2.11)

for some constant c > 0 and with their dual propagators V s,t preserving

the set M . Then the weak nonlinear Cauchy problem

d

dt
(f, µt) = (A[µt]f, µt), µ0 = µ, f ∈ D, (2.12)

is well posed in M . More precisely, for any µ ∈ M it has a unique

solution Tt(µ) ∈M , and the transformations Tt of M form a semigroup

for t ∈ [0, r] depending Lipschitz continuously on time t and the initial

data in the norm of D⋆, i.e.

∥Tt(µ)− Tt(η)∥D⋆ ≤ c(r,M)∥µ− η∥D⋆ , ∥Tt(µ)− µ∥D⋆ ≤ c(r,M)t.

(2.13)

Proof Since

(f, (V t,0[ξ1. ]− V t,0[ξ2. ])µ) = (U0,t[ξ1. ]f − U0,t[ξ2. ]f, µ)

and

U0,t[ξ1. ]− U0,t[ξ2. ] = U0,s[ξ1. ]U
s,t[ξ2. ] |ts=0

=

∫ t

0

U0,s[ξ1. ](A[ξ
1
s ]−A[ξ2s ])U

s,t[ξ2. ] ds,

and taking into account (2.10) and (2.11) one deduces that

∥(V t,0[ξ1. ]− V t,0[ξ2. ])µ∥D⋆ ≤ ∥U0,t[ξ1. ]− U0,t[ξ2. ]∥D→B∥µ∥B⋆

≤ tc(r,M) sup
s∈[0,r]

∥ξ1s − ξ2s∥D⋆

(of course we used the assumed boundedness of M), implying that for

t ≤ t0 with a small enough t0 the mapping ξt 7→ V t,0[ξ.] is a contrac-

tion in Cµ([0, t],M). Hence by the contraction principle there exists a

unique fixed point for this mapping. To obtain the unique global solu-

tion one just has to iterate the construction on the next interval [t0, 2t0],

then on [2t0, 3t0] etc. The semigroup property of Tt follows directly from

uniqueness.

Finally, if Tt(µ) = µt and Tt(η) = ηt, then

Tt(µ)−Tt(η) = V t,0[µ.]µ−V t,0[η.]η = (V t,0[µ.]−V t,0[η.])µ+V t,0[η.](µ−η).
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Estimating the first term as above yields

sup
s≤t

∥Ts(µ)− Ts(η)∥D⋆ ≤ c(r,M)(t sup
s≤t

∥Ts(µ)− Ts(η)∥D⋆ + ∥µ− η∥D⋆),

which implies the first estimate in (2.13) first for small times, which is

then extended to all finite times by the iteration. The second estimate

in (2.13) follows from (2.7).

Remark 8 For our purposes, the basic examples of the set M above

are the following:

(1) M is the ball of a fixed radius in B⋆, 2 which is natural to choose

when all propagators are contractions.

(2) If B = C∞(Rd) and D = C2
∞(Rd) or D = C1

∞(Rd) one can often

take M = P(Rd), which is closed in the norm topology of D⋆, because

it is weakly (not ⋆-weakly) closed in B⋆ and hence also in D⋆.

Remark 9 If M is closed only in B⋆, but not in D⋆, the same argu-

ment shows that there could exist at most one solution to (2.12), i.e. the

uniqueness holds.

We shall need also a stability result for the above nonlinear semigroups

Tt with respect to the small perturbations of the generator A.

Theorem 2.1.7 Under the assumptions of Theorem 2.1.6 suppose ξ 7→
Ã[ξ] is another mapping from B⋆ to bounded operators D → B satisfying

the same condition as A with the corresponding propagators Ũ t,s, Ṽ s,t

satisfying the same conditions as U t,s, V s,t. Suppose

∥Ã[ξ]−A[ξ]∥D→B ≤ κ, ξ ∈M (2.14)

with a constant κ. Then

∥T̃t(µ)− Tt(η)∥D⋆ ≤ c(r,M)(κ+ ∥µ− η∥D⋆). (2.15)

Proof As in the proof of Theorem 2.1.6, denoting Tt(µ) = µt and

T̃t(η) = η̃t one can write

µt − η̃t = (V t,0[µ.])− Ṽ t,0[η̃.])µ+ Ṽ t,0[η̃](µ− η)

and then

sup
s≤t

∥µs − η̃s∥D⋆ ≤ c(r,M)

(
t(sup
s≤t

∥µs − η̃s∥D⋆ + κ) + ∥µ− η∥D⋆
)
,

2 by the Banach-Alaoglu theorem it is weakly closed in B⋆, and hence also in D⋆,
since for bounded subsets of B⋆ weak closures in B⋆ and D⋆ coincide, and
consequently it is closed in the norm of D⋆
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which implies (2.15) first for small times, and then for all finite times by

iterations.

2.2 Feller processes and conditionally positive
operators

In this section we recall the basic properties of Feller processes and semi-

groups fixing our notations and stressing the interplay between analytic

and probabilistic interpretations.

A linear operator L on a functional space is called positive if f ≥
0 =⇒ Lf ≥ 0. A backward propagator (resp. a semigroup) of positive

linear contractions in either B(S), or C(S), or Lp(R
d) is said to be a

sub-Markov backward propagator (resp. a sub-Markov semigroup). It is

called a Markov (backward) propagator (resp. a Markov semigroup), if

additionally all these contractions are conservative, i.e. they take any

constant function to itself. The connection with the theory of Markov

processes is given by the following fundamental fact. For a Markov pro-

cess Xt (defined on a probability space and taking values in a metric

space), the transformations

Φs,tf(x) = E(f(Xt)|Xs = x). (2.16)

form a Markov propagator in the space B(S) of bounded Borel functions.

In particular, if this Markov process is time homogeneous, the family

Φtf(x) = E(f(Xt)|X0 = x) = Exf(Xt) (2.17)

forms a Markov semigroup.

Usually Markov processes are specified by their Markov transition

probability families pr,t(x,A) (which are the families of transition kernels

from S to S parametrized by an ordered pair of real numbers r ≤ t) so

that

ps,t(x,A) = (Φs,t1A)(x) = P (Xt ∈ A|Xs = x),

or equivalently

(Φs,tf)(x) =

∫
S

f(y)ps,t(x, dy), f ∈ B(S).

The basic propagator equation U t,sUs,r = U t,r written in terms of the

Markov transition families

pr,t(x,A) =

∫
S

ps,t(y,A)pr,s(x, dy). (2.18)
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is called the Chapman-Kolmogorov equation.

A strongly continuous semigroup of positive linear contractions on

C∞(S) is called a Feller semigroup.

A (homogeneous) Markov process in a locally compact metric space

S is called a Feller process, if its Markov semigroup reduced to C∞(S)

is a Feller semigroup, i.e. it preserves C∞(S) and is strongly continuous

there.

Theorem 2.2.1 For an arbitrary Feller semigroup Φt in C∞(S) there

exists a (uniquely defined) family of positive Borel measures pt(x, dy) on

S with norm not exceeding one, depending vaguely continuous on x, i.e.

lim
xn→x

∫
f(y)pt(xn, dy) =

∫
f(y)pt(x, dy), f ∈ C∞(S),

and such that

Φtf(x) =

∫
pt(x, dy)f(y). (2.19)

Proof Representation (2.19) follows from the Riesz-Markov theorem.

Other mentioned properties of pt(x, dy) follow directly from the defini-

tion of a Feller semigroup.

Formula (2.19) allows us to extend the operators Φt to contraction

operators in B(S). This extension clearly forms a sub-Markov semigroup

in B(S).

Let K1 ⊂ K2 ⊂ ... be an increasing sequence of compact subsets of S

exhausting S, i.e. S = ∪nKn. Let χn be any sequence of functions from

Cc(S) with values in [0, 1] and such that χ(x) = 1 for |x| ∈ Kn. Then

for any f ∈ B(S) one has (by monotone or dominated convergence)

Φtf(x) =

∫
pt(x, dy)f(y) = lim

n→∞

∫
py(x, dy)χn(y)f(y) = lim

n→∞
(Φt(χnf))(x)

(2.20)

(for positive f the limit is actually the supremum over n). This simple

equation is important, as it allows to define the minimal extension of Φt
to B(S) directly via Φt by-passing the explicit reference to pt(x, dy).

Theorem 2.2.2 If Φt is a Feller semigroup, then uniformly for x from

a compact set

lim
t→0

Φtf(x) = f(x), f ∈ C(Rd),

where Φt denote the extension (2.20).
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Proof By linearity and positivity it is enough to show this for 0 ≤
f ≤ 1. In this case, for any compact set K and a nonnegative function

ϕ ∈ C∞(Rd) that equals 1 in K

(f − Φtf)1K ≤ (fϕ− Φt(fϕ))1K ,

and similarly

(1− f − Φt(1− f))1K ≤ ((1− f)ϕ− Φt((1− f)ϕ))1K .

The second inequality implies

(Φtf − f)1K ≤ (Φt1− 1+ 1− f − Φt((1− f)ϕ))1K

≤ ((1− f)ϕ− Φt((1− f)ϕ))1K .

Consequently

|f − Φtf |1K ≤ |fϕ− Φt(fϕ)|1K + |(1− f)ϕ− Φt((1− f)ϕ)|1K ,

which implies the required convergence on the compact set K by the

strong continuity of Φt.

Corollary 1 If Φ is a Feller semigroup, then the dual semigroup Φ⋆t
on M(X) is a positivity preserving semigroup of contractions depending

continuously on t in both vague and weak topologies.

Proof Everything is straightforward from definitions except weak con-

tinuity, which follows from the previous theorem, since

(f,Φ⋆tµ− µ) = (Φtf − f, µ)

=

∫
|x|<K

(Φtf − f)(x)µ(dx) +

∫
|x|≥K

(Φtf − f)(x)µ(dx),

and for f ∈ C(Rd) the second integral can be made arbitrarily small by

choosing large enough K, and then the first integral is small for small t

by Theorem 2.2.2.

A Feller semigroup Φt is called conservative if all measures pt(x, .) in

the representation (2.19) are probability measures, or equivalently if the

natural extension of Φt to B(S) given by (2.20) preserves constants and

hence forms a Markov semigroup in B(S).

Another useful link between Markovianity and continuity is stressed in

the following modification of the Feller property. A C-Feller semigroup

in C(S) is a sub-Markov semigroup in C(S), i.e. it is a semigroup of

contractions Φt in C(S) such that 0 ≤ u ≤ 1 implies 0 ≤ Φtu ≤ 1. Note
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that, on the one hand, this definition does not include the strong conti-

nuity, and on the other hand, it applies to any topological space S, not

necessarily locally compact or even metric. Of course, a Feller semigroup

Φt is C-Feller, if the space C(S) is invariant under the natural exten-

sion (2.20), and a C-Feller semigroup Φt is Feller if C∞(S) is invariant

under all Φt and the corresponding restriction is strongly continuous. It

is worth stressing that a Feller semigroup may not be C-Feller and vice

versa, see examples at the end of Section 2.4.

Feller semigroups arising from Markov processes are obviously conser-

vative. Conversely, any conservative Feller semigroup is the semigroup

of a certain Markov process, which follows from representation (2.19)

for the kernels pt and a basic construction of Markov processes based on

Kolmogorov’s existence theorem.

Proposition 2.2.1 A Feller semigroup is C-Feller if and only if Φt
applied to a constant is a continuous function. In particular, any con-

servative Feller semigroup is C-Feller.

Proof By Proposition 12.1.1 the vague and weak continuity of pt(x, dy)

with respect to x coincide under the condition of continuous dependence

of the total mass pt(x, S) on x.

Theorem 2.2.3 If Xx
t is a Feller process in Rd with x denoting its

starting point, then (i) Xx
t → Xy

t weakly as x → y for any t, and (ii)

Xx
t → x in probability as t→ 0.

Proof Proposition 12.1.1 and the definitions imply statement (i) and

the weak convergence Xx
t → x as t → 0. In particular, the family of

the distributions of Xt, t ∈ [0, 1], is tight. Taking this into account, in

order to show the convergence in probability, one has to show that for

any K > ϵ > 0

lim
t→0

P(ϵ < |Xx
t − x| < K) = 0.

But choosing an arbitrary nonnegative function f(y) ∈ C∞(Rd) that

vanishes at x and equals one for ϵ < ∥x− y∥ < K, yields

P(ϵ < |Xx
t − x| < K) ≤ Ef(Xx

t ) → f(x) = 0,

as required.

Theorem 2.2.4 Let Xt be a Lévy process with characteristic exponent

η(u) = i(b, u)− 1

2
(u,Gu)+

∫
Rd

[ei(u,y)− 1− i(u, y)1B1
(y)]ν(dy). (2.21)



58 Probability and analysis

Then Xt is a Feller process with semigroup Φt s.t.

Φtf(x) =

∫
f(x+ y)pt(dy), f ∈ C(Rd), (2.22)

where pt is the law of Xt. This semigroup is translation invariant, i.e.

(Φtf)(x+ z) = (Φtf(.+ z))(x).

Proof Formula (2.22) follows from the definition of Lévy processes as

time homogeneous and translation invariant Markov process. Notice that

any f ∈ C∞(Rd) is uniformly continuous. For any such f

Φtf(x)− f(x) =

∫
(f(x+ y)− f(x))pt(dy)

=

∫
|y|>K

(f(x+ y)− f(x))pt(dy) +

∫
|y|≤K

(f(x+ y)− f(x))pt(dy),

and the first (resp. the second) term is small for small t and any K

by stochastic continuity of X (resp. for small K and arbitrary t by

uniform continuity of f). Hence ∥Φtf − f∥ → 0 as t → 0. To see that

Φtf ∈ C∞(Rd) for f ∈ C∞(Rd) one writes similarly

Φtf(x) =

∫
|y|>K

f(x+ y)pt(dy) +

∫
|y|≤K

f(x+ y)pt(dy)

and observe that the second term clearly belongs to C∞(Rd) for any K

and the first one can be made arbitrarily small by choosing large enough

K.

Remark 10 The Fourier transform takes the semigroup Φt to a mul-

tiplication semigroup:

Φtf(x) = F−1(etηFf), f ∈ S(Rd),

because

(FΦtf)(p) =
1

(2π)d/2

∫
e−ipx

∫
f(x+ y)pt(dy)

=
1

(2π)d/2

∫ ∫
e−ipz+ipy

∫
f(z)pt(dy) = (Ff)(p)etη(p).

This yields another proof of the Feller property of the semigroup Φt.
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Theorem 2.2.5 If Xt is a Lévy process with a characteristic exponent

(2.21), its generator is given by

Lf(x) =

d∑
j=1

bj
∂f

∂xj
+

1

2

d∑
j,k=1

Gjk
∂2f

∂xj∂xk

+

∫
Rd

[f(x+ y)− f(x)−
d∑
j=1

yj
∂f

∂xj
1B1(y)]ν(dy). (2.23)

on the Schwartz space S of fast decreasing smooth functions. Moreover,

the Lévy exponent is expressed via the generator by the formula

η(u) = e−iuxLeiux. (2.24)

Each space Ck∞(Rd) with k ≥ 2 is an invariant core for L.

Proof Let us first check (2.23) on the exponential functions. Namely,

for f(x) = ei(u,x)

Φtf(x) =

∫
f(x+ y)pt(dy) = ei(u,x)

∫
ei(u,y)pt(dy) = ei(u,x)etη(u).

Hence

Lf(x) =
d

dt
|t=0Φtf(x) = η(u)ei(u,x)

is given by (2.23) due to the elementary properties of the exponent. By

linearity this extends to the functions of the form f(x) =
∫
ei(u,x)g(u)du

with g ∈ S. But this class coincides with S by Fourier’s theorem. To see

that Ck∞(Rd) is invariant under Φt for any k ∈ N it is enough to observe

that the derivative ∇lΦtf for a function f ∈ C1
∞(Rd) satisfies the same

equation as Φtf itself. Finally Lf ∈ C∞(Rd) for any f ∈ C2
∞(Rd).

By a straightforward change of variable one obtains that the operator

L⋆ given by

L⋆f(x) = −
d∑
j=1

bj
∂f

∂xj
+

1

2

d∑
j,k=1

Gjk
∂2f

∂xj∂xk

+

∫
Rd

[f(x− y)− f(x) +

d∑
j=1

yj
∂f

∂xj
1B1(y)]ν(dy) (2.25)

is adjoint to (2.23) in the sense that∫
Lf(x)g(x) dx =

∫
f(x)L⋆g(x) dx
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for f, g from the Schwartz space S.

Remark 11 Operator (2.23) is a ΨDO (see Appendix 12.5) with the

symbol η(p), where η is the characteristic exponent (2.21). In fact, by

(12.26) one has to check that (FLf)(p) = η(p)(Ff)(p). Since

(FLf)(p) =
1

(2π)d/2
(e−ip., Lf) =

1

(2π)d/2
(L⋆e−ip., f),

this follows from the equation

L⋆e−ipx = η(p)e−ipx,

which in its turn is a direct consequence of the properties of the exponent

function.

The following are the basic definitions related to the generators of

Markov processes. One says that an operator A in C(Rd) defined on a

domain DA (i) is conditionally positive, if Af(x) ≥ 0 for any f ∈ DA

s.t. f(x) = 0 = miny f(y); (ii) satisfies the positive maximum principle

(PMP), if Af(x) ≤ 0 for any f ∈ DA s.t. f(x) = maxy f(y) ≥ 0; (iii)

is dissipative if ∥(λ − A)f∥ ≥ λ∥f∥ for λ > 0, f ∈ DA; (iv) is local if

Af(x) = 0 whenever f ∈ DA ∩Cc(Rd) vanishes in a neighborhood of x;

(v) is locally conditionally positive, if Af(x) ≥ 0 whenever f(x) = 0 and

has a local minimum there; (vi) satisfies a local PMP, if Af(x) ≤ 0 for

any f ∈ DA having a local non-negative maximum at x.

For example, the operator of multiplication u(x) 7→ c(x)u(x) on a

function c ∈ C(Rd) is always conditionally positive, but it satisfies PMP

only in the case of non-negative c.

The importance of these notions lie in the following fact.

Theorem 2.2.6 Let A be a generator of a Feller semigroup Φt. Then

(i) A is conditionally positive,

(ii) satisfies the PMP on DA,

(iii) is dissipative.

If moreover A is local and DA contains C∞
c , then it is locally condi-

tionally positive and satisfies the local PMP on C∞
c .

Proof This is very simple. For (i), note that

Af(x) = lim
t→0

Φtf(x)− f(x)

t
= lim
t→0

Φtf(x)

t
≥ 0

by positivity preservation. For (ii) note that if f(x) = maxy f(y), then by

Exercise 2.2.2 (see below) Φtf(y) ≤ f(x) for all y, t implying Af(x) ≤ 0.
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For (iii) choose x to be the maximum point of |f |. By passing to −f if

necessary we can consider f(x) to be positive. Then

∥(λ−A)f∥ ≥ λ∥f∥ ≥ λf(x)−Af(x) ≥ λf(x)

by PMP.

Let us observe that if S is compact and a Feller semigroup in C(S) is

conservative, then obviously the constant unit function 1 belongs to the

domain of its generator A and A1 = 0. Hence it is natural to call such

generators conservative. In case of noncompact S = Rd, we shall say

that a generator of a Feller semigroup A is conservative if Aϕn(x) → 0

for any x as n → ∞, where ϕn(x) = ϕ(x/n) and ϕ is an arbitrary

function from C2
c (R

d) that equals one in a neighborhood of the origin

and has values in [0, 1]. We shall see at the end of the next section, that

conservativity of a semigroup implies the conservativity of the generator

with partial inverse being given in Theorem 2.4.3.

We shall recall now the basic structural result about the generators of

Feller processes by formulating the following fundamental fact.

Theorem 2.2.7 (Courrège) If the domain of a conditionally pos-

itive operator L (in particular, the generator of a Feller semigroup)

in C∞(Rd) contains the space C2
c (R

d), then it has the following Lévy-

Khintchine form with variable coefficients:

Lf(x) =
1

2
(G(x)∇,∇)f(x) + (b(x),∇f(x)) + c(x)f(x)

+

∫
(f(x+y)−f(x)−(∇f(x), y)1B1

(y))ν(x, dy), f ∈ C2
c (R

d), (2.26)

with G(x) being a symmetric non-negative matrix and ν(x, .) being a

Lévy measure on Rd, i.e.∫
Rn

min(1, |y|2)ν(x; dy) <∞, ν({0}) = 0, (2.27)

depending measurably on x. If additionally L satisfies PMP, then c(x) ≤
0 everywhere.

The proof of this theorem is based only on standard calculus, though

requires some ingenuity (the last statement being of course obvious). It

can be found in [54], [42] [105] and will not be reproduced here. Let us

only indicate the main strategy, showing how the Lévy kernel comes into

play. Namely, as it follows from conditional positivity, Lf(x), for any x,
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is a positive linear functional on the space of continuous functions with

support in Rd \ {0}, hence by Riesz-Markov theorem for these functions

Lf(x) = L̃f(x) =

∫
f(y)ν̃(x, dy) =

∫
f(x+ y)ν(x, dy)

with some kernel ν such that ν(x, {x}) = 0. Next one deduces from

conditional positivity that L should be continuous as a mapping from

C2
c (R

d) to bounded Borel functions. This in turn allows us to deduce

the basic moment condition (2.27) on ν. One then observes that the

difference between L and L̃ should be a second-order differential op-

erator. Finally one shows that this differential operator should be also

conditionally positive.

Remark 12 Actually when proving Theorem 2.2.7 (see [42]) one ob-

tains the characterization not only for conditionally positive operators,

but also for conditionally positive linear functionals obtained by fixing

the arguments. Namely, it is shown that if a linear functional (Ag)(x) :

C2
c 7→ Rd is conditionally positive at x, i.e. if Ag(x) ≥ 0 whenever a

non-negative g vanishes at x, then Ag(x) is continuous and has form

(2.26) (irrespectively of the properties of Ag(y) in other points y).

Corollary 2 If the domain of the generator L of a conservative Feller

semigroup Φt in C∞(Rd) contains C2
c , then it has form (2.26) with

vanishing c(x). In particular, L is conservative.

Proof By Theorems 2.2.6 and 2.2.7 L has form (2.26) on C2
c (R

d) with

non-positive c(x). Conservativity of L means that Lϕn(x) → 0 for any

x as n→ ∞, where ϕn(x) = ϕ(x/n) and ϕ is an arbitrary function from

C2
c (R

d) that equals one in a neighborhood of the origin and has values

in [0, 1]. Clearly limn→∞ Lϕn(x) = c(x). So conservativity is equivalent

to c(x) = 0 identically. Since Φt is a conservative Feller semigroup it

corresponds to a certain Markov (actually Feller) process Xt.

The inverse question on whether a given operator of form (2.26) (or its

closure) actually generates a Feller semigroup, which roughly speaking

means the possibility to have regular solutions to the equation ḟ = Lf ,

(see the next section) is nontrivial and attracted lots of attention. We

shall deal with it in the next few chapters.

We conclude this section by recalling Dynkin’s formula connecting

Markov processes and martingales.

Theorem 2.2.8 (Dynkin’s formula) Let f ∈ D - the domain of the
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generator L of a Feller process Xt. Then the process

Mf
t = f(Xt)− f(X0)−

∫ t

0

Lf(Xs) ds, t ≥ 0, (2.28)

is a martingale (with respect to the same filtration, for which Xt is

a Markov process) under any initial distribution ν. It is often called

Dynkin’s martingale.

Proof

E(Mf
t+h|Ft)−M

f
t = E(f(Xt+h)−

∫ t+h

0

Lf(Xs) ds|Ft)−(f(Xt)−
∫ t

0

Lf(Xs) ds)

= Φhf(Xt)−E

(∫ t+h

t

Lf(Xs) ds|Ft

)
− f(Xt)

= Φhf(Xt)− f(Xt)−
∫ h

0

LΦsf(Xt) ds = 0.

This result motivates the following definition. Let L be a linear opera-

tor L : D → B(Rd), D ∈ C(Rd). One says that a process Xt with càdlàg

paths (or the corresponding probability distribution on the Skorohod

space) solves the (L,D)-martingale problem with the initial distribution

µ if X0 is distributed according to µ and the process (2.28) is a martin-

gale for any f ∈ D. This martingale problem is called well-posed if for

any initial µ there exists a unique Xt solving it. The following result is

a direct consequence of Theorem 2.2.8. It will be used later on for the

constructions of Markov semigroups.

Proposition 2.2.2 (i) A Feller process Xt solves the (L,D)-martingale

problem, where L is the generator of Xt and D is any subspace of its

domain.

(ii) If the (L,D)-martingale problem is well posed, there can exist no

more than one Feller process with a generator being an extension of L.

Exercise 2.2.1 Let Xt be a Markov chain on {1, ..., n} with transition

probabilities qij > 0, i ̸= j, which can be defined via the semigroup of

stochastic matrices Φt with the generator

(Af)i =
∑
j ̸=i

(fj − fi)qij .

Let Nt = Nt(i) denote the number of transitions during time t of a pro-

cess starting at some point i. Show that Nt−
∫ t
0
q(Xs) ds is a martingale,
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where q(l) =
∑
j ̸=l qlj denote the intensity of the jumps. Hint: to check

that ENt = E
∫ t
0
q(Xs) ds show that the function ENt is differentiable

and

d

dt
E(Nt) =

n∑
j=1

P (Xt = j)qj .

Exercise 2.2.2 Show that if Φ is a positive contraction in B(S) with

S being a metric space, then a ≤ f ≤ b for f ∈ B(S), a, b ∈ R implies

a ≤ Φf ≤ b. Hint: first settle the case when either a or b vanishes.

2.3 Jump-type Markov processes

In this section we consider in more detail bounded conditionally positive

operators that probabilistically correspond to the pure jump processes.

Proposition 2.3.1 Let S be a locally compact metric space and L be

a bounded conditionally positive operator from C∞(S) to B(S). Then

there exists a bounded transition kernel ν(x, dy) in S with ν(x, {x}) = 0

for all x, and a function a(x) ∈ B(S) such that

Lf(x) =

∫
S

f(z)ν(x, dz)− a(x)f(x). (2.29)

Vice versa, if L is of this form, then it is a bounded conditionally positive

operator C(S) 7→ B(S).

Proof If L is conditionally positive in C∞(S), then Lf(x) is a positive

functional on C∞(S\{x}) and hence by the Riesz-Markov theorem there

exists a measure ν(x, dy) on S \ {x} such that Lf(x) =
∫
S
f(z)ν(x, dz)

for f ∈ C∞(S \ {x}). As L is bounded, these measures are uniformly

bounded. As any f ∈ C∞(S) can be written as f = f(x)χ+(f − f(x)χ)
with χ being an arbitrary function with a compact support and with

χ(x) = 1, it follows that

Lf(x) = f(x)Lχ(x) +

∫
(f − f(x)χ)(z)ν(x, dz)

which clearly have form (2.29). Inverse statement is obvious.

Remark 13 Condition ν(x, {x}) = 0 is natural for the probabilistic

interpretation (see below). From the analytic point of view it makes rep-

resentation (2.29) unique.
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We shall now describe analytic and probabilistic constructions of pure

jump processes reducing attention to the most important case of contin-

uous kernels.

Theorem 2.3.1 Let ν(x, dy) be a weakly continuous uniformly bounded

transition kernel in a complete metric space S such that ν(x, {x}) =

0 and a ∈ C(S). Then operator (2.29) has C(S)) as its domain and

generates a strongly continuous semigroup Tt in C(S) that preserves

positivity and is given by certain transition kernels pt(x, dy)

Ttf(x) =

∫
pt(x, dy)f(y).

In particular, if a(x) = ∥ν(x, .)∥, then Tt1 = 1 and Tt is the Markov

semigroup of a Markov process that we shall call a pure jump or jump-

type Markov process.

Proof Since L is bounded, it generates a strongly continuous semigroup.

As it can be written in the integral form

Lf(x) =

∫
S

f(z)ν̃(x, dz)

with the signed measure ν̃(x, .) coinciding with ν outside {x} and with

ν̃(x, {x}) = −a(x), it follow from the convergence in norm of the expo-

nential series for Tt = etL that all Tt are integral operators. To see that

these operators are positive we can observe that Tt are bounded from

below by the resolving operators of the equation ḟ(x) = −a(x)f(x)
which are positive. Application of the standard constriction of Markov

process (via Kolmogorov’s existence theorem) yields the existence of the

corresponding Markov process.

Remark 14 An alternative analytical proof can be given by the per-

turbation theory (Theorem 2.1.2) when considering the integral part of

(2.29) as a perturbation. This approach leads directly to the representa-

tion (2.32) obtained below probabilistically. From this approach the pos-

itivity is straightforward.

A characteristic feature of pure jump processes is the property that

their paths are a.s. piecewise constant, as shows the following result on

a probabilistic interpretation of these processes.

Theorem 2.3.2 Let ν(x, dy) be a weakly continuous uniformly bounded

transition kernel in S (S being a metric space) such that ν(x, {x}) =

0. Let a(x) = ν(x, S). Define the following process Xx
t . Starting at a
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point x it sits there a random a(x)-exponential time τ (i.e. distributed

according to P(τ > t) = exp(−ta(x))) and then jumps to a point y ∈ S

distributed according to the probability law ν(x, .)/a(x). Then the same

repeats starting from y, etc. Let Nx
t denote the number of jumps of this

process during the time t when starting from a point x. Then

P(Nx
t = k) =

∫
0<s1<···<sk<t

∫
Sk
e−a(yk)(t−sk)ν(yk−1, dyk)

e−a(yk−1)(sk−sk−1) · · · e−a(y1)(s2−s1)ν(x, dy1)e−s1a(x)ds1 · · · dsk, (2.30)

P(Nx
t > k) =

∫
0<s1<···<sk<t

∫
Sk

(1− e−a(yk)(t−sk))ν(yk−1, dyk)

e−a(yk−1)(sk−sk−1) · · · e−a(y1)(s2−s1)ν(x, dy1)e−s1a(x)ds1 · · · dsk, (2.31)

and Nx
t is a.s. finite. Moreover, for a bounded measurable f

Ef(Xx
t ) =

∞∑
k=0

Ef(Xx
t )1Nxt =k =

∞∑
k=0

∫
0<s1<···<sk<t

∫
Sk
e−a(yk)(t−sk)ν(yk−1, dyk)

· · · e−a(y1)(s2−s1)ν(x, dy1)e−s1a(x)f(yk)ds1 · · · dsk, (2.32)

and there exists (in the sense of the sup norm) the derivative

d

dt
|t=0 Ef(Xx

t ) =

∫
S

f(z)ν(x, dz)− a(x)f(x).

Proof Let τ1, τ2, ... denote the (random) sequence of the jump times.

By the definition of the exponential waiting time,

P(Nx
t = 0) = P (τ1 > t) = e−a(x)t.

Next, by conditioning

P(Nx
t = 1) = P(τ2 > t−τ1, τ1 ≤ t) =

∫ t

0

P(τ2 > t−τ1|τ1 = s)a(x)e−sa(x) ds

=

∫ t

0

∫
S

P(τ2 > t− s|τ1 = s,X(s) = y)ν(x, dy)e−sa(x) ds

=

∫ t

0

∫
S

e−a(y)(t−s)ν(x, dy)e−sa(x) ds

and

P(Nx
t > 1) = P(τ2 ≤ t−τ1, τ1 ≤ t) =

∫ t

0

∫
S

(1−e−a(y)(t−s))ν(x, dy)e−sa(x) ds,
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and similarly one obtains (2.30), (2.31) with arbitrary k. Denoting M =

supx a(x) and taking into account the elementary inequality 1−e−a ≤ a,

a > 0, one obtains from (2.31)

P(Nx
t > k) ≤Mk+1t

∫ ∫
0<s1<...<sk<t

ds1...dsk ≤ (Mt)k+1/k!,

implying the convergence of the series
∑∞
k=0 P(Nx

t > k). Hence by the

Borel-Cantelli lemma Nx
t is a.s. finite. In particular, the first equation

in (2.32) holds. Next,

Ef(Xx
t )1Nxt =1 =

∫ t

0

∫
S

f(y)ν(x, dy)e−sa(x)P (τ2 > t− s|Xs = y) ds

=

∫ t

0

∫
S

e−a(y)(t−s)f(y)ν(x, dy)e−sa(x)ds.

Similarly one computes the other terms of the series (2.32). The equation

on the derivative then follows straightforwardly as only the first two

terms of series (2.32) contribute to the derivative (other terms being of

order at least t2).

Remark 15 The deduction of the expansion (2.32) given above shows

clearly its probabilistic meaning. As we mentioned above, it can be ob-

tained by analytical methods (perturbation theory). We shall dwell upon

this approach in Section 4.2 when analyzing pure jump processes with

unbounded rates a(x).

Exercise 2.3.1 If S in Theorem 2.3.1 is locally compact and a bounded

ν (depending weakly continuous on x) is such that limx→∞
∫
K
ν(x, dy) =

0 for any compact set K, then L of form (2.29) preserves the space

C∞(S) and hence generates a Feller semigroup.

2.4 Connection with evolution equations

From the definition of the generator and the invariance of its domain it

follows that if Φt is the Feller semigroup of a process Xt with a generator

L and domain DL, then Φtf(x) solves the Cauchy problem

d

dt
ft(x) = Lft(x), f0 = f, (2.33)

whenever f ∈ DL, the derivative being taken in the sense of the sup

norm of C(Rd). Formula (2.17) yields the probabilistic interpretation of

this solution and an explicit formula.
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In the theory of linear differential equations the solution G(t, x, x0) of

(2.33) with f0 = δx0
= δ(.− x0), i.e. satisfying (2.33) for t > 0 and the

limiting condition in the weak form

lim
t→0

(G(t, ., x0, g) = lim
t→0

∫
G(t, x, x0)g(x) dx = g(x0)

for any g ∈ C∞
c , is called the Green function or the heat kernel of the

problem (2.33) (whenever it exists of course, which may not be the case

on general). In probability language the Green function G(t, x, x0) is the

density at x0 of the distribution of Xt started at x.

Consequently, if the distribution of a Lévy process Xt has a density

ω(t, y), then Φtδx0
(x) = ω(t, x0 − x), as it follows from (2.22), so that

ω(t, x0 − x) is the Green function G(t, x, x0) in this case. The density of

the probability law of Xt can be found as the Fourier transform of its

characteristic function.

In particular, the Green function for pseudo-differential (fractional

parabolic) equation

∂u

∂t
= (A,∇u(x))− a|∇u|α

(see Section 12.5 for fractional derivatives) is given by the so called stable

density

S(x0 −At− x;α, at) = (2π)−d
∫
Rd

exp{−at|p|α + ip(x+At− x0)} dp.

Together with existence of a solution one is usually interested in its

uniqueness. The next statement shows how naturally this issue is settled

via conditional positivity.

Theorem 2.4.1 Let a subspace D ⊂ C(Rd) contains constant func-

tions, and let an operator L : D 7→ C(Rd) satisfying PMP be given.

Let T > 0 and u(t, x) ∈ C([0, T ] × Rd. Assume u(0, x) is everywhere

non-negative, u(t, .) ∈ C∞(Rd) ∩D for all t ∈ [0, T ], is differentiable in

t for t > 0 and satisfies the evolution equation

∂u

∂t
= Lu, t ∈ (0, T ].

Then u(t, x) ≥ 0 everywhere.

Proof Suppose inf u = −α < 0. For a δ < α/T consider the function

vδ = u(t, x) + δt.

Clearly this function also has a negative infimum. Since v tends to a
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positive constant δt as x → ∞, v has a global negative minimum at

some point (t0, x0), which lies in (0, T ]×Rd. Hence (∂v/∂t)(t0, x0) ≤ 0

and by PMP Lv(t0, x0) ≥ 0. Consequently(
∂v

∂t
− Lv

)
(t0, x0) ≤ 0.

On the other hand, from the evolution equation and PMP one deduces

that (
∂v

∂t
− Lv

)
(t0, x0) ≥

(
∂u

∂t
− Lu

)
(t0, x0) + δ = δ.

This contradiction completes the proof.

Corollary 3 Under the condition on D and L as in the above theorem

assume f ∈ C([0, T ]×Rd), g ∈ C∞(Rd). Then the Cauchy problem

∂u

∂t
= Lu+ f, u(0, x) = g(x), (2.34)

can have at most one solution u ∈ C([0, T ] × Rd) such that u(t, .) ∈
C∞(Rd) for al t ∈ [0, T ].

We shall touch now the problem of reconstructing a Feller semigroup

from a rich enough class of solutions to the Cauchy problem (2.33).

Theorem 2.4.2 Let L be a conditionally positive operator in C∞(Rd)

satisfying PMP, and let D be a dense subspace of C∞(Rd) containing

C2
c (R

d) and belonging to the domain of L. Suppose Ut, t ≥ 0, be a family

of bounded (uniformly for t ∈ [0, T ] for any T > 0) linear operators in

C∞(Rd) such that Ut preserve D and Utf for any f ∈ D is a classical

solution of (2.33) (i.e. it holds for all t ≥ 0, the derivative being taken in

the sense of the sup norm of C(Rd)). Then Ut is a strongly continuous

semigroup of positive operators in C∞ defining a unique classical solution

Ut ∈ C∞(Rd) of (2.33) for any f ∈ D.

Proof Uniqueness and positivity follows from the previous theorem, if

one takes into account that by Courrége’s Theorem 2.2.7 the operator

L naturally extends to constant functions preserving the PMP. On the

other hand, uniqueness implies the semigroup property, because Ut+s
and UtUs solves the same Cauchy problem. Finally, to prove strong con-

tinuity, observe that if ϕ ∈ D, then (as L and Us commute by Theorem

2.1.1)

Utϕ− ϕ =

∫ t

0

LUsϕds =

∫ t

0

UsLϕds,
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and

∥Utϕ− ϕ∥ ≤ t sup
s≤t

∥Us∥∥Lϕ∥.

Since D is dense, arbitrary ϕ are dealt with by the standard approxima-

tion procedure.

The next result gives a simple analytical criterion for conservativity.

It also introduces a very important formula (2.35) for the solution of

nonhomogeneous equations that is sometimes called the du Hamel prin-

ciple.

Theorem 2.4.3 (i) Under the assumption of the previous theorem

assume additionally that D is a Banach space itself under a certain

norm ∥ϕ∥D ≥ ∥ϕ∥ such that L is a bounded operator D 7→ C∞(Rd)

and the operators Ut are bounded (uniformly for t from compact sets) as

operators in D. Then the function

u = Utg +

∫ t

0

Ut−sfs ds (2.35)

is the unique solution to equation (2.34) in C∞(Rd).

(ii) Let L be uniformly conservative in the sense that ∥Lϕn∥ → 0 as

n → ∞ for ϕn(x) = ϕ(x/n), n ∈ N, and any ϕ ∈ C2
c (R

d) that it equals

one in a neighborhood of the origin and has values in [0, 1]. Then Ut is

a conservative Feller semigroup.

Proof (i) Uniqueness follows from Theorem (2.4.1). Since Ut are uni-

formly bounded in D it follows that the function u of form (2.35) is

well defined and belongs to D for all t. Next, straightforward formal dif-

ferentiation shows that u satisfies (2.34). To prove the existence of the

derivative one writes

∂g

∂t
= LUf + lim

δ→0

1

δ

∫ t

0

(Ut+δ−s − Ut−s)ϕs ds+ lim
δ→0

1

δ

∫ t+δ

t

Ut+δ−sϕs ds.

The first limit here exists and equals L
∫ t
0
Ut−sϕs ds. On the other hand,

lim
δ→0

1

δ

∫ t+δ

t

Ut+δ−sϕs ds = ϕt + lim
δ→0

1

δ

∫ t+δ

t

(Ut+δ−sϕs − ϕt) ds,

and the second limit vanishes.

(ii) Clearly the function ϕn solves the problem

∂u

∂t
= Lu− Lϕn, u(0, x) = ϕ(x),
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and hence by (i)

ϕn(x) = Utϕn +

∫ t

0

Ut−sLϕn ds

As n → ∞ the integral on the r.h.s. of this equation tends to zero in

C∞(Rd) and ϕn(x) tends to one for each x. Hence

lim
n→∞

Utϕn(x) = 1, x ∈ Rd,

implying that in the representation of type (2.19) for Ut (that exists due

to the positivity of Ut) all measures pt(x, dy) are probability measures.

This completes the proof.

We conclude this section with some simple exercises illustrating vari-

ous versions of the Feller property.

Exercise 2.4.1 Let Xt be a deterministic process in R solving the

ODE ẋ = x3. Show that (i) the solution to this equation with the initial

condition X(0) = x is

Xx(t) = sgn (x)

(
1

−2t+ x−2

)1/2

, |x| < 1√
2t
,

(ii) the corresponding semigroup has the form

Φtf(x) =


f(Xx(t)), |x| < 1√

2t

0, |x| ≥ 1√
2t

(2.36)

in C∞(R) and is Feller, (iii) the corresponding measures from represen-

tation (2.19) are

pt(x, dy) =


δ(Xx(t)− y)), |x| < 1√

2t

0, |x| ≥ 1√
2t

(2.37)

implying that this Feller semigroup is not conservative, as its minimal

extension takes the constant one to the indicator function of the interval

(−1/
√
2t, 1/

√
2t). (It is instructive to see where the criterion of conser-

vativity of Theorem 2.4.3 breaks down in this example.)

Exercise 2.4.2 Let Xt be a deterministic process in R solving the
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ODE ẋ = −x3. Show that (i) the solution to this equation with the

initial condition X(0) = x is

Xx(t) = sgn (x)

(
1

2t+ 1
x2

)1/2

,

(ii) the corresponding semigroup is conservative and C-Feller, but not

Feller, as it does not preserve the space C∞(Rd).

Exercise 2.4.3 Let Xt be a deterministic process in R+ solving the

ODE ẋ = −1 and killed at the boundary {x = 0}, i.e. it vanishes at

the boundary at the moment it reaches it. Show that the corresponding

semigroup on C∞(R+) (which is the space of continuous functions on

R+ tending to zero both for x→ ∞ and x→ 0) is given by (2.19) with

pt(x, dy) =

{
δ(x− t− y), x > t

0, x ≤ t
(2.38)

and is Feller, but not conservative, as its minimal extension to C(R+)

(that stands for killing at the boundary) takes the constant one to the

indicator 1[t,∞). On the other hand, if instead of a killed process, one

defines the corresponding stopped process that is supposed to stick to the

boundary {x = 0} once it reaches it, the corresponding semigroup is

given on C∞(R̄+) by (2.19) with

pt(x, dy) =

{
δ(x− t− y), x > t

δ(y), x ≤ t
(2.39)

This is a conservative Feller semigroup on C∞(R̄+) that is an extension

(but not a minimal one) of the previously constructed semigroup of the

killed process.

Exercise 2.4.4 This Exercise is aimed to show that the stopped process

from the previous one does not give a unique extension of a Feller semi-

group on C∞(R+) to C∞(R̄+). Namely, consider a mixed ’stopped and

killed’ process, where a particle moves according to the equation ẋ = −1

until it reaches the boundary, where it stays a θ-exponential random time

and then vanishes. Show that such a process specifies a non-conservative

Feller semigroup on C∞(R̄+) given by

Φtf(x) =

{
f(x− t), x > t

f(0)e−θ(t−x), x ≤ t
(2.40)
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Probabilistic constructions

We develop here the theory of SDE driven by nonlinear Lévy noise,

aiming at applications to Markov processes. To make the basic ideas

clearer, we start with symmetric square integrable Lévy processes and

then extend the theory to more general cases. One tool we use is the

coupling of Lévy processes. To avoid interrupting the exposition, all

relevant results on coupling are collected in Section 3.6.

3.1 Stochastic integrals and SDE driven by
nonlinear Lévy noise

Suppose Ys(η) is a family of symmetric square integrable Lévy processes

inRd with càdlàg paths, depending on a parameter η ∈ Rn and specified

by their generators

Lηf(x) =
1

2
(G(η)∇,∇)f(x) +

∫
[f(x+ y)− f(x)− (y,∇)f(x)]ν(η, dy),

(3.1)

where

ν(η)({0}) = 0, sup
η

(
trG(η) +

∫
|y|2ν(η, dy)

)
= κ1 <∞. (3.2)

Our first objective is to define the stochastic integral
∫ t
0
αsdYs(ξs) for

random processes α and ξ. We start with piecewise constant α and ξ. To

simplify the notation we assume that they are constant on intervals with

binary rational bounds. More precisely, suppose (Ω,F , P ) is a filtered

probability space with filtration Ft satisfying the usual conditions of
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completeness and right continuity. Let τk = 2−k. Processes of the form

αt =

[t/τk]∑
j=0

αj1(jτk,(j+1)τk], ξt =

[t/τk]∑
j=0

ξj1(jτk,(j+1)τk], (3.3)

where αj , ξj are Fjτk -measurable Rd and Rn valued random variables,

will be called simple. Our stochastic integral for such α, ξ is defined as∫ t

0

αsdYs(ξs) =

[t/τk]∑
j=0

αj(Ymin(t,(j+1)τk) − Yjτk)(ξ
j). (3.4)

However, for this formula to make sense for random ξt, some measure-

theoretic reasoning is required, as a natural question arises: on which

probability space is this process defined? Everything would be fine, if we

have all Lévy processes Ys(x) defined on a single probability space and

depending measurably on x. Can it be done? Of course each Ys(η) ex-

ists, say, on D(R+,R
d). But if one uses the usual Kolmogorov construc-

tion and defines Ys(x) on the infinite product space
∏
x∈Rn D(R+,R

d),

which mechanism ensures measurability with respect to x?

To move ahead, we apply the following randomization lemma and con-

ditional independence and randomization lemma (see Kallenberg [116],

Lemma 3.22 and Proposition 6.13 respectively):

Lemma 3.1.1 Let µ(x, dz) be a probability kernel from a measurable

space X to a Borel space Z. Then there exists a measurable function

f : X × [0, 1] → Z such that if θ is uniformly distributed on [0, 1], then

f(X, θ) has distribution µ(x, .) for every x ∈ X.

Lemma 3.1.2 Let ξ, η, ζ be random variables with values in measurable

spaces Z,X,U respectively, where Z is Borel. Then ξ is η-conditionally

independent on ζ if and only if ξ = f(η, θ) a.s. for some measurable

function f : X × [0, 1] → Z and some uniformly distributed on [0, 1]

random variable θ independent of η and ζ.

In order to apply these results, we should be able to compare the Lévy

measures. To this end, we introduce an extension of the Wasserstein-

Kantorovich distance to unbounded measures. Namely, let Mp(R
d) de-

note the class of Borel measures µ on Rd \ {0} (not necessarily finite)

with finite pth moment (i.e. such that
∫
|y|pµ(dy) < ∞). For a pair of

measures ν1, ν2 in Mp(R
d) we define the distance Wp(ν1, ν2) by (12.2)

Wp(ν1, ν2) =

(
inf
ν

∫
dp(y1, y2)ν(dy1dy2)

)1/p

,
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where inf is now taken over all ν ∈ Mp(R
2d) such that condition (12.1)∫

S×S
(ϕ1(x) + ϕ2(y))ν(dxdy) = (ϕ1, ν1) + (ϕ2, ν2)

holds for all ϕ1, ϕ2 satisfying ϕi(.)/|.|p ∈ C(Rd). It is easy to see that

for finite measures this definition coincides with the usual definition.

Remark 16 If measures ν1 and ν2 are infinite, the distance Wp(ν1, ν2)

is finite. In fact, Let a decreasing sequence of positive numbers ϵ1n be

defined by the condition that ν1 can be decomposed into the sum ν1 =∑∞
n=1 ν

n
1 of the probability measures νn1 having the support in the closed

shells {x ∈ Rd : ϵ1n ≤ |x| ≤ ϵ1n−1} (where ϵ10 = ∞). Similarly ϵn2 and νn2
are defined. Then the sum

∑∞
n=1 ν

n
1 ⊗ νn2 is a coupling of ν1 and ν2 with

a finite
∫
|y1 − y2|pν1(dy1)ν2(dy2).

Moreover, by the same argument as for finite measures (see [204], [247]

or Exercise 12.1.5) we can show that whenever the distance Wp(ν1, ν2)

is finite, the infimum in (12.2) is achieved; i.e. there exists a measure

ν ∈ Mp(R
2d) such that

Wp(µ1, µ2) =

(∫
|y1 − y2|pν(dy1dy2)

)1/p

. (3.5)

We now make the following crucial assumption about the family Ys(x):[
tr(
√
G(x1)−

√
G(x2))

2
]1/2

+W2(ν(x1, .), ν(x2, .)) ≤ κ2∥x1 − x2∥
(3.6)

for some constant κ2 and any x1, x2 ∈ Rd. By Proposition 3.6.1 the map-

ping from x ∈ Rn to the law of the Lévy process Ys(x) is then continuous

and hence measurable. Consequently, by Lemma 3.1.1 (with Z being the

complete metric space D(R+,R
d), a Borel space) one can define all pro-

cesses Ys(x) as measurable functions of x living on the standard prob-

ability space [0, 1] with Lebesgue measure. This makes expression (3.4)

well defined. However, this is still not quite satisfactory for our purposes,

as this construction does not control the dependence of the natural fil-

tration of Ys(x) on x. To settle this issue, let fks (x, ω) ∈ D([0, τk],R
d),

x ∈ Rd, ω ∈ [0, 1], s ∈ [0, τk], be the function from Lemma 3.1.1 con-

structed for the pieces of the Lévy processes Ys(x) on the interval of the

length τk. In particular, for each x ∈ Rd the random process fks (x, .),

defined on the standard probability space ([0, 1],B([0, 1])) with Lebesgue

measure, is a Lévy process on the time interval s ∈ [0, τk]. As the ba-

sic probability space for the construction of the integral we choose the
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space Ω × [0, 1]∞ with product σ-algebra and product measure (each

[0, 1] equipped with Lebesgue measure).

Let us now define process (3.4) as the random process on the proba-

bility space Ω× [0, 1]∞ (with points denoted by (ω, δ1, δ2, ....)) given by

the formula∫ t

0

αsdYs(ξs)(ω, {δj}∞1 ) =

[t/τk]∑
j=0

αj(ω)fkmin(τk,t−jτk)(ξ
j(ω), δj), (3.7)

and let Fα,ξ
t be the filtration on Ω×[0, 1]∞ generated by ξτ , ατ ,

∫ τ
0
αsdYs(ξs),

τ ≤ t. The following statement summarizes the basic properties of our

simple integral.

Theorem 3.1.1 Let (3.2), (3.6) hold for the family of Lévy generators

(3.1), let α, ξ be simple processes of form (3.3) and let α be bounded

by a constant A. Then formula (3.7) defines a càdlàg process on the

probability space Ω× [0, 1]∞ enjoying the following properties.

(i) It is adapted to the filtration Fα,ξ
t .

(ii) The random process fk. (ξ
j(ω), δj) conditioned either on ξj or on

the σ-algebra Fα,ξ
jτk

is distributed like the Lévy process Y.(ξ
j).

(iii) Process (3.7) is a square integrable Fα,ξ
t -martingale (notice that

we do not state that it is a martingale with respect to its own natural

filtration) and

E

(∫ t

0

αsdYs(ξs)

)2

≤ A2tκ1. (3.8)

(iv) Definition (3.7) is unambiguous with respect to the choice of par-

tition length τk. Namely, if one writes processes (3.3) as

αt =

[t/τk]∑
j=0

αj(1(2jτk+1,(2j+1)τk+1] + 1((2j+1)τk+1,2(j+1)τk+1]),

ξt =

[t/τk]∑
j=0

ξj(1(2jτk+1,(2j+1)τk+1] + 1((2j+1)τk+1,2(j+1)τk+1], (3.9)

then the integral (3.7) has the same distribution as the similar integral

for processes (3.9) defined with respect to the partition of length τk+1.

(v) Let α̃, ξ̃ be another pair of simple processes with the same bound

A for α̃t. Then

W 2
2,t,un

(∫ t

0

αsdYs(ξs),

∫ t

0

α̃sdYs(ξ̃s)

)
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≤ 4A2κ22W
2
2,t,un(ξ, ξ̃) + 4κ1W

2
2,t,un(α, α̃), (3.10)

where the distance W2,t,un is defined in Section 12.1 (equation (12.4)),

and where the usual Euclidean distance is used in Rd.

Proof (i) This is obvious.

(ii) On one hand side, fk. (ξ
j(ω), δj) conditioned on ξj is distributed

like the Lévy process Y.(ξ
j) by construction, and on the other hand,

fk. (ξ
j(ω), δj) is ξj conditionally independent of αj and

∫ jτk
0

αsdYs(ξs)

by Lemma 3.1.2, implying that the distributions of fk. (ξ
j(ω), δj) condi-

tioned on either ξj or Fα,ξ
jτk

are the same.

(iii) To prove the martingale property it is enough to show that

E

(∫ t

0

αsdYs(ξs) | Fα,ξ
τ

)
=

∫ τ

0

αsdYs(ξs), τ < t,

and it is sufficient to show this for jτk ≤ τ < t ≤ (j + 1)τk for any

j. But this follows from (ii), because all our Lévy processes have zero

expectation. Next, by conditioning and statement (ii) one has

E

(∫ t

0

αsdYs(ξs)

)2

=

[t/τk]∑
j=0

E(αj , fkmin(τk,t−jτk)(ξj , .))
2,

implying (3.8) by assumption (3.2) and again by statement (ii).

(iv) By conditioning with respect to the collection of all random vari-

ables αj , ξj the statement reduces to the i.i.d. property of increments of

Lévy processes.

(v) By (iv) we can put both processes on partitions of the same length,

say τk. Suppose first that the curves αt, ξt are not random. Then the

terms in the sum (3.7) are independent. Doob’s maximum inequality

allows us to estimate the l.h.s. of (3.10) by

2

[t/τk]∑
j=0

inf E
(
αjfkmin(τk,t−jτk)(ξ

j , .)− α̃jfkmin(τk,t−jτk)(ξ̃
j , .)
)2

≤ 4

[t/τk]∑
j=0

(αj − α̃j ,E[fkmin(τk,t−jτk)(ξ
j , .)])2

+4A2

[t/τk]∑
j=0

inf E[fkmin(τk,t−jτk)(ξ
j , .)− fkmin(τk,t−jτk)(ξ̃

j , .)]2,

where the infimum is taken over all couplings of fks (ξ
j , .) and fks (ξ̃

j , .)
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that yield a Lévy process inR2d (and hence a martingale) so that Doob’s

maximum inequality is applicable. This implies

W 2
2,t,un

(∫ t

0

αsdYs(ξs),

∫ t

0

α̃sdYs(ξ̃s)

)

≤ 4A2κ22

∫ t

0

(ξs − ξ̃s)
2 ds+ 4κ1

∫ t

0

(αs − α̃s)
2 ds

≤ 4A2κ22t sup
s≤t

(ξs − ξ̃s)
2 + 4κ1t sup

s≤t
(αs − α̃s)

2

by assumption (3.6) and estimate (3.60). This in turn implies the gen-

eral estimate (3.10) by conditioning with respect to the collection of all

random variables αj , ξj .

Recall now that any left continuous square integrable adapted process

can be approximated in L2 (on each bounded interval [0, t]) by simple left

continuous processes. We can now define the stochastic integral driven

by nonlinear Lévy noise
∫ t
0
αsdYs(ξs) for any left continuous adapted

(actually, more generally, predictable) square integrable processes α, ξ

with a bounded α as the limit in the sense of distribution on the Skoro-

hod space of càdlàg paths of the corresponding integral over the simple

approximations of α and ξ. We summarize below the basic properties of

this integral.

Theorem 3.1.2 (Stochastic integral driven by nonlinear Lévy

noise) Let (3.2), (3.6) hold for the family Ys defined by (3.1). Then

the above limit exists and does not depend on the approximation se-

quence, there exists a filtered probability space on which the processes

ξt, αt,
∫ t
0
αsdYs(ξs) are defined as adapted processes, the integral

∫ t
0
αsdYs(ξs)

is a square integrable martingale with càdlàg paths such that estimate

(3.8) holds and for any s the increments
∫ t
s
ατdYτ (ξτ ) and

∫ s
0
ατdYτ (ξτ )

are σ{ξτ , ατ , τ ≤ s}-conditionally independent. Finally, for another pair

of processes α̃, ξ̃ with the same bound A for α̃t estimate (3.10) holds.

Proof (i) The existence of the limit and its independence on the approx-

imation follows from Theorem 3.1.1 and estimates (3.8), (3.10). Notice

that the weak convergence deduced from convergence with respect to the

metric W2 is stronger than Skorohod convergence. As the required σ-

algebras Ft one then can choose the σ-algebras generated by the limiting

processes ξτ , ατ ,
∫ τ
0
αsdYs(ξs), τ ≤ t.
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Remark 17 For the purpose of constructing Markov processes assum-

ing the existence of a finite second moment of the Lévy measure involved

is satisfactory, because using perturbation theory we can always reduce

any given generator to a generator with Lévy measure having compact

support. It is natural however to ask whether the theory above extends to

general Lévy measures. In fact it does. The main idea is to substitute the

metric W2 by an equivalent one by choosing an appropriate equivalent

metric on Rd. The natural choice for dealing with Lévy measures are

metrics ρβ or ρ̃β introduced in Section 3.6. Alternatively, one can treat

the part of a Lévy process with a finite Lévy measure separately, since it

is defined as a usual Lebesgue integral.

Let us now approach the stochastic differential equation (SDE) driven

by nonlinear Lévy noise of the form

Xt = x+

∫ t

0

a(Xs−)dYt(g(Xs−)) +

∫ t

0

b(Xs−) ds. (3.11)

Theorem 3.1.3 (SDE driven by nonlinear Lévy noise) Let (3.2),

(3.6) hold for the family (3.1). Let b, g, a be bounded Lipschitz continuous

functions Rn → Rn, Rn → Rn and from Rn to n× d-matrices respec-

tively, with a common Lipschitz constant κ. Finally let x be a random

variable independent of all Ys(z). Then the solution to (3.11) exists in

the sense of distribution1 and is unique.

Proof It is based on the contraction principle in the complete metric

space M2(t) of the distributions on the Skorohod space of càdlàg paths

ξ ∈ D([0, t],Rd) with a finite second moment W2,t,un(ξ, 0) < ∞ and

with the metric W2,t,un. For any ξ ∈M2(t) let

Φ(ξ)t = x+

∫ t

0

a(ξs−)dYs(g(ξs−)) +

∫ t

0

b(ξs−) ds.

By Theorem 3.1.2, for an arbitrary coupling of the pair of processes

ξ1, ξ2

W 2
2,t,un(Φ(ξ

1),Φ(ξ2))

≤ E

∫ t

0

[8A2κ22(g(ξ
1
s )−g(ξ1s ))2+8κ1(a(ξ

1
s )−a(ξ2s ))2+2(b(ξ1s )−b(ξ2s ))2] ds

≤ κt(8A2κ22 + 8κ1 + 2)E sup
s≤t

(ξ1s − ξ2s )
2,

1 i.e. the equation means the coincidence of the distributions
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implying

W 2
2,t,un(Φ(ξ

1),Φ(ξ2)) ≤ κt(8A2κ22 + 8κ1 + 2)W 2
2 (ξ

1, ξ2).

Thus the mapping ξ 7→ Φ(ξ) is a contraction in M2(t) for tκ(8A2κ22 +

8κ1 + 2) < 1. This implies the existence and uniqueness of a fixed point

and hence of the solution to (3.11) for this t. For large t this construction

is extended by iterations.

Our main motivation for analyzing equations (3.11) lies in the fact

that the solution to its particular case

Xt = x+

∫ t

0

dYt(Xs−) +

∫ t

0

b(Xs−) ds (3.12)

specifies a Markov process with the generator

Lf(x) =
1

2
(G(x)∇,∇)f(x) + (b(x),∇f(x))

+

∫
[f(x+ y)− f(x)− (y,∇)f(x)]ν(x, dy), (3.13)

yielding not only the existence, but also a construction of such a process.

This is not difficult to see. We shall prove it in the next section as a by-

product of a constructive approach (Euler type approximations) to the

analysis of SDE (3.11).

To conclude this section, let us consider basic examples when the

assumptions of the above theorems hold.

To begin with let us observe that the assumption on the Lévy kernel

ν from (3.6) is satisfied if we can decompose the Lévy measures ν(x; .)

in the countable sums ν(x; .) =
∑∞
n=1 νn(x; .) of probability measures

so that W2(νi(x; .), νi(z; .)) ≤ ai|x− z| and the series
∑
a2i converges. It

is well known that the optimal coupling of probability measures (Kan-

torovich problem) can not always be realized via a mass transportation

(a solution to the Monge problem), thus leading to the examples when

the construction of the process via standard stochastic calculus would

not work. On the other hand, no non-degeneracy is built in this example

leading to serious difficulties when trying to apply analytical techniques

in these circumstances.

Another particular important situation is that of a common star shape

of the measures ν(x; .), i.e. if they can be represented as

ν(x, dy) = ν(x, s, dr)ω(ds), y ∈ Rd, r = |y| ∈ R+, s = y/r ∈ Sd−1,

(3.14)
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with a certain measure ω on Sd−1 and a family of measures ν(x, s, dr)

on R+. This allows us to reduce the general coupling problem to a

much more easily handled one-dimensional one, because evidently if

νx,y,s(dr1dr2) is a coupling of ν(x, s, dr) and ν(y, s, dr), then νx,y,s(dr1dr2)ω(ds)

is a coupling of ν(x, .) and ν(y, .). If one-dimensional measures have no

atoms, their coupling can be naturally organized via pushing along a

certain mapping. Namely, the measure νF is the pushing forward of a

measure ν on R+ by a mapping F : R+ 7→ R+ whenever∫
f(F (r))ν(dr) =

∫
f(u)νF (du)

for a sufficiently rich class of test functions f , say for the indicators of

intervals. Suppose we are looking for a family of monotone continuous

bijections Fx,s : R+ 7→ R+ such that νFx,s = ν(x, s, .). Choosing f =

1[F (z),∞) as a test function in the above definition of pushing yields

G(x, s, Fx,s(z)) = ν([z,∞)) (3.15)

for G(x, s, z) = ν(x, s, [z,∞)) =
∫∞
z
ν(x, s, dy). Clearly if all ν(x, s, .)

and ν are unbounded, but bounded on any interval separated from the

origin, have no atoms and do not vanish on any open interval, then this

equation defines a unique continuous monotone bijection Fx,s : R+ 7→
R+ with also continuous inverse. Hence we arrive to the following crite-

rion.

Proposition 3.1.1 Suppose the Lévy kernel ν(x, .) can be represented

in the form (3.14) and ν is a Lévy measure on R+ such that all ν(x, s, .)

and ν are unbounded, have no atoms and do not vanish on any open

interval. Then the family ν(x, .) depends Lipshitz continuous on x in W2

whenever the unique continuous solution Fx,s(z) to (3.15) is Lipschitz

continuous in x with a constant κF (z, s) enjoying the condition∫
R+

∫
Sd−1

κ2F (r, s)ω(ds)ν(dr) <∞. (3.16)

Proof By the above discussion the solution F specifies the coupling

νx,y(dr1dr2ds1ds2) of ν(x, .) and ν(y, .) via∫
f(r1, r2, s1, s2)νx,y(dr1dr2ds1ds2) =

∫
f(Fx,s(r), Fy,s(r), s, s)ω(ds)ν(dr),

so that for Lipschitz continuity of the family ν(x, .) it is sufficient to

have ∫
R+

∫
Sd−1

(Fx,s(r)− Fy,s(r))
2ω(ds)ν(dr) ≤ c(x− y)2,
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which is clearly satisfied whenever (3.16) holds.

It is worth mentioning that a coupling for the sum of Lévy measures

can be organized separately for each term allowing to use the above

statement for star shape components and, say, some discrete methods

for discrete parts.

If ν has a density, a more explicit criterion can be given, see Stroock

[229]. The following simple example is worth being mentioned.

Corollary 4 Let

ν(x; dy) = a(x, s)r−(1+α(x,s)) dr ω(ds), y ∈ Rd, r = |y| ∈ R+, s = y/r ∈ Sd−1,

(3.17)

where a, α are C1(Rd) functions of the variable x, depend continuously

on s and take values in [a1, a2] and [α1, α2] respectively with certain 0 <

a1 ≤ a2, 0 < α1 ≤ α2 < 2. Then the family of measures 1BK (y)ν(x, dy)

depends Lipschitz continuous on x in W2.

Proof Choose ν(z,K]) = 1/z − 1/K. Since now

G(x, s, z) =

∫ K

z

a(x, s)r−(1+α(x,s)) dr =
a(x, s)

α(x, s)
(z−α(x,s) −K−α(x,s)),

it follows that the solution to (3.15) is given by

Fx,s(z) = [K−α +
α

a
(
1

z
− 1

K
)]−1/α(x, s)

implying that F (1) = 1, Fx,s(z) is of order (az/α)1/α for small z and

|∇xF | is bounded by O(1)z1/α log z. Hence condition (3.16) rewrites as

the integrability around the origin of the function

z2(α
−1
2 −1) log2 z,

which clearly holds true.

The processes, whose generators have Lévy measures of form (3.17)

are often called stable-like.

3.2 Nonlinear version of Ito’s approach to SDE

We shall develop now a constructive approach to the proof of Theorem

3.1.3. It by-passes the previous results on the stochastic integral, yields a



3.2 Nonlinear version of Ito’s approach to SDE 83

process satisfying the equation strongly (not only in the sense of the co-

incidence of distributions) and makes explicit the underlying Markovian

structure, which is of major importance for our purposes.

This approach is a nonlinear version of Ito’s method (as detailed in

Stroock [229]) and can be regarded as the stochastic version of the Euler

approximation scheme for solving differential equations.

We shall deal again with equation (3.11) restricting attention for sim-

plicity to the case of g(x) = x and a(x) = 1, which, on the one hand,

is enough for the application we have in mind and, on the other hand,

catches all main difficulties, so that the extension to a general equation

(3.11) is more or less straightforward (though much heavier in notation).

For notational convenience we shall include now the drift in the noise.

Thus we shall deal with the equation

Xt = x+

∫ t

0

dYt(Xs−), (3.18)

where Yt(η) is a family of Lévy processes with the generators

Lηf(x) =
1

2
(G(η)∇,∇)f(x) + (b(η),∇f(x))

+

∫
[f(x+ y)− f(x)− (y,∇)f(x)]ν(η, dy), (3.19)

where

ν(η, {0}) = 0, sup
η

(
trG(η) + |b(η)|+

∫
|y|2ν(η, dy)

)
= κ1 <∞

(3.20)

and[
tr(
√
G(x1)−

√
G(x2))

2
]1/2

+|b(x1)−b(x2)|+W2(ν(x1, .), ν(x2, .)) ≤ κ2∥x1−x2∥.
(3.21)

As we mentioned the solutions will be constructed from a Euler type

approximation scheme. Namely, let Y lτ (x) be a collection (depending

on l = 0, 1, 2, ...) of independent families of the Lévy processes Yτ (x)

depending measurably on x, which were constructed in Lemma 3.1.1.

We define the approximations Xµ,τ by:

Xµ,τ
t = Xµ,τ

lτ + Y lt−lτ (X
µ,τ
lτ ), L(Xτ

µ(0)) = µ, (3.22)

for lτ < t ≤ (l + 1)τ , where L(X) means the law of X. Clearly these

approximation processes are càdlàg. If x ∈ Rd we shall write shortly

Xx,τ
t for Xδx,τ

t .
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Remark 18 Clearly, if the limit of Xµ,τk
t as k → ∞ exists in the metric

W2,t,un, it solves equation (3.18) in the sense of the previous section.

To avoid any appeal to the previous theory, we can simply define the

weak solution to (3.11) as the weak limit of Xµ,τk
t , τk = 2−k, k → ∞,

in the sense of the distributions on the Skorohod space of càdlàg paths

(which is of course implied by the convergence of the distributions in

the sense of the distance W2,t,un). This definition, as a limit of approx-

imations, is constructive and sufficient for the applications we have in

mind. It is not however very attractive aesthetically Alternatively, we

can define a solution to (3.11) in the martingale problem sense, i.e. as a

process Xµ
t , for which the processes (3.26) are martingales for smooth

functions f .

Theorem 3.2.1 [SDE driven by nonlinear Lévy noise revisited]

Suppose the assumptions of Theorem 3.1.3 hold, i.e. (3.2), (3.6) hold for

ν and G, and b is a bounded Lipschitz continuous functions Rn → Rn.

Then

(i) for any µ ∈ P(Rd) ∩M2(R
d) there exists a limit process Xµ

t for

the approximations Xµ,τ
t such that

sup
µ

sup
s∈[0,t]

W 2
2

(
Xµ,τk

[s/τk]τk
, Xµ

t

)
≤ c(t)τk, (3.23)

and even stronger

sup
µ
W 2

2,t,un (X
µ,τk , Xµ) ≤ c(t)τk, (3.24)

(ii) the distributions µt = L(Xµ
t ) depend 1/2-Hölder continuous on t

in the metric W2 and Lipschitz continuously on the initial condition:

W 2
2 (X

µ
t , X

η
t ) ≤ c(T )W 2

2 (µ, η); (3.25)

(iii) the processes

M(t) = f(Xµ
t )− f(x)−

∫ t

0

(Lf(Xµ
s ) ds (3.26)

are martingales for any f ∈ C2(Rd), where

Lf(x) =
1

2
(G(x)∇,∇)f(x) + (b(x),∇f(x))

+

∫
[f(x+ y)− f(x)− (y,∇)f(x)]ν(x, dy),
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in other words, the process Xµ
t solves the corresponding martingale prob-

lem;

(iv) the operators Ttf(x) = Ef(Xx
t ) form a conservative Feller semi-

group preserving the space of Lipschitz continuous functions and with

the domain of generator containing C2
∞(Rd).

Proof Step 1 (continuity of approximations with respect to initial data).

By the definition of the distance one has

W 2
2 (x1 + Yτ (x1), x2 + Yτ (x2)) ≤ E(ξ1 − ξ2)

2

for any random variable (ξ1, ξ2) with the projections ξi = xi + Yτ (xi),

i = 1, 2. Choosing the coupling given in Proposition 3.6.1 yields

E(ξ1 − ξ2)
2 ≤ (1 + cτ)(x1 − x2)

2.

Hence, taking infimum over all couplings, yields

W 2
2 (x1 + Yτ (x1), x2 + Yτ (x2)) ≤ (1 + cτ)W 2

2 (L(x1),L(x2)). (3.27)

Applying this inequality inductively, yields

W 2
2 (X

µ,τ
kτ , X

η,τ
kτ ) ≤ e1+2ckτW 2

2 (µ, η). (3.28)

Step 2 (subdivision).

We want to estimate the W2 distance between the random variables

ξ1 = x+ Yτ (x) = x′ + (Yτ − Yτ/2)(x), ξ2 = z′ + (Yτ − Yτ/2)(z
′),

where

x′ = x+ Yτ/2(x), z′ = z + Yτ/2(z),

and µ = L(x), η = L(z), η′ = L(z′). We shall couple ξ1 and ξ2 using

Proposition 3.6.1 twice. By (3.60)

W 2
2 (ξ1, ξ2) ≤ E(x′ − z′)2 + cτ [E(x′ − z′)2 +E(x− z′)2].

Hence, by (3.27) and (12.3), W 2
2 (ξ1, ξ2) does not exceed

W 2
2 (x, z)(1 + 2cτ)(1 + cτ) + cτE(x− z′)2

and consequently also

W 2
2 (x, z)(1 + cτ) + cτE(Yτ/2(z))

2

(with another constant c). Hence

W 2
2 (ξ1, ξ2) ≤W 2

2 (x, z)(1 + cτ) + cτ2
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(with yet another c). Consequently

W 2
2 (X

µ,τ
kτ , X

µ,τ/2
kτ ) ≤ cτ2 + (1 + cτ)W 2

2 (X
µ,τ
(k−1)τ , X

µ,τ/2
(k−1)τ ). (3.29)

Step 3 (existence of the limits of marginal distributions). By induction

one estimates the l.h.s. of the previous inequality by

τ2[1 + (1+ cτ) + (1+ cτ)2 + ...+ (1+ cτ)(k−1)] ≤ c−1τ(1+ cτ)k ≤ c(t)τ.

Repeating this subdivision and using the triangle inequality for distances

yields

W 2
2 (X

µ,τ
kτ , X

µ,τ/2m

kτ ) ≤ c(t)τ.

This implies the existence of the limit Xτk
x ([t/τk]τk), as k → ∞, in the

sense of (3.23).

Step 4 (improving convergence)

For f ∈ C2(Rd) the processes

Mτ (t) = f(Xµ,τ
t )−f(x)−

∫ t

0

L[Xµ,τ
[s/τ ]τ ]f(X

µ,τ
s ) ds, µ = L(x), (3.30)

are martingales by Dynkin’s formula, applied to Lévy processes Yτ (z).

Our aim is to pass to the limit τk → 0 to obtain the martingale char-

acterization of the limiting process. But first we have to strengthen our

convergence result.

Observe that the step by step inductive coupling of the trajecto-

ries Xµ,τ and Xη,τ used above to prove (3.28) actually defines the

coupling between the distributions of these random trajectories in the

Skorohod space D([0, T ],Rd), i.e. a random trajectory (Xµ,τ , Xη,τ ) in

D([0, T ],R2d). we can construct the Dynkin martingales for this coupled

process in the same way as above for Xµ,τ . Namely, for a function f of

two variables with bounded second derivatives the process

Mτ (t) = f(Xµ,τ
t , Xη,τ

t )−
∫ t

0

L̃sf(X
µ,τ
s , Xη,τ

s ) ds, µ = L(xµ), η = L(xη),

is a martingale, where L̃t is the coupling operator (3.58) constructed

from the Lévy processes Y with parameters Xµ,τ
[t/τ ]τ and Xη,τ

[t/τ ]τ . These

martingales are very handy for comparing different approximations. For

instance, choosing f(x, y) = (x−y)2 leads to the martingale of the form

(Xµ,τ
t −Xη,τ

t )2 +

∫ t

0

O(1)(Xµ,τ
s −Xη,τ

s )2 ds.
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Applying the martingale property in conjunction with Gronwall’s lemma

yields

sup
s≤t

E(Xτ,µ
s −Xτ,η

s )2 ≤ c(t)E(xµ − xη)
2,

giving another proof of (3.28). Moreover, applying Doob’s maximal in-

equality (with p = 2) to the martingale M̃τ constructed from f(x, y) =

x− y implies

E sup
s≤t

|M̃τ (s)|2 ≤ 4E(xµ − xη)
2

and consequently

E sup
s≤t

(Xµ,τ
s −Xη,τ

s +

∫ s

0

O(1)|Xµ,τ
v −Xη,τ

v |dv) ≤ 6E(xµ − xη)
2.

Applying Gronwall’s lemma yields

E sup
s≤t

(Xµ,τ
s −Xη,τ

s )2 ≤ c(t)E(xµ − xη)
2,

which allows to improve (3.28) to the estimate of the distance on paths:

W 2
2,t,un(X

µ,τ , Xη,τ ) ≤ c(t)W 2
2 (µ, η). (3.31)

Similarly we can strengthen the estimates for subdivisions leading to

(3.24).

Using the Skorohod’s representation theorem for the weak converg-

ing sequence of random trajectories Xµ,τk (let us stress again that the

convergence with respect to the distance W2,t,un implies the weak con-

vergence of the distributions in the sense of the Skorohod topology), we

can put them all on a single probability space forcing the processesXµ,τk

to converge to Xµ almost surely in the sense of the Skorohod topology.

Step 5 (Solving martingale problem and Markov property).

Passing to the limit τ = τk → 0 in (3.30), using the continuity and

boundedness of f and Lf and the dominated convergence theorem allows

to conclude that these martingales converge almost surely and in L1 to

the martingale

M(t) = f(Xµ
t )− f(x)−

∫ t

0

(Lf)(Xµ
s ) ds, (3.32)

in other words that the process Xµ
t solves the corresponding martingale

problem.
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Passing to the limit τk → 0 in the Markov property for the approxi-

mations

E(f(Xµ,τk
t ) | σ(Xµ,τk

u )|u≤jτk) = E(f(Xµ,τk
t ) | Xµ,τk

jτk
)

yields the Markov property for the limit Xµ
t .

Step 6 (Completion).

Observe now that (3.28) implies (3.25). Moreover, the mapping Ttf(x) =

Ef(Xx
t ) preserves the set of Lipschitz continuous functions. In fact, if f

is Lipschitz with the constant h, then

|Ef(Xx,τ
[t/τ ]τ )−Ef(Xz,τ

[t/τ ]τ )| ≤ hE∥Xx,τ
[t/τ ]τ −Xz,τ

[t/τ ]τ )∥

≤ h
(
E∥Xx,τ

[t/τ ]τ −Xz,τ
[t/τ ]τ )∥

2
)1/2

.

Taking the infimum yields

|Ef(Xx,τ
[t/τ ]τ )−Ef(Xz,τ

[t/τ ]τ )| ≤ hc(t0)W2(x, z).

Similarly one shows (first for Lipschitz continuous f and then for all

f ∈ C(Rd) via standard approximation) that

sup
t∈[0,t0]

sup
x

|Ef(Xx,τk
[t/τk]τk

)−Ef(Xx
t )| → 0, k → ∞, (3.33)

for all f ∈ C(Rd). From this convergence one deduces that Ttf(x) =

Ef(Xx
t ) is a positivity preserving family of contractions in C(Rd) that

preserve constants. Moreover, as the dynamics of averages of the approx-

imation processes clearly preserve the space C∞(Rd), the same holds for

the limiting mappings Tt. Consequently, the operators Ttf(x) = Ef(Xx
t )

form a conservative Feller semigroup.

From the inequality

W 2
2 (X

µ,τ
lτ , Xµ,τ

(l−1)τ ) ≤ E
[
Yτ (X

µ,τ
(l−1)τ )

]2
≤ cτ

it follows that the curve µt depends 1/2-Hölder continuous on t in W2.

Finally, it follows from the martingale property of (3.32) and the con-

tinuity of Lf(Xµ
s ) that for f ∈ C2(Rd)

1

t
(Ttf − f) = Lf + ot→0(1),

implying that f belongs to the generator of L.

It is worth noting that in the simpler case of generators of order at

most one the continuity of Lévy measures with respect to a more easily
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handled metric W1 is sufficient, as the following result shows. We omit

the proof because it is just a simplified version of the proof of Theorem

(3.2.1).

Theorem 3.2.2 For the operator

Lf(x) = (b(x),∇f(x))+
∫
(f(x+z)−f(x))ν(x, µ; dz), ν(x, .) ∈ M1(R

d).

(3.34)

where

∥b(x)− b(z)∥+W1(ν(x, .), ν(z, .)) ≤ κ∥x− z∥ (3.35)

holds true with a constant κ, there exists a unique Feller process Xµ
t

solving (3.18) such that

sup
µ
W1,t,int

(
Xτk
µ , Xµ

)
≤ c(t)τk, (3.36)

the distributions µt = L(X(t)) depend 1/2-Hölder continuous on t and

Lipschitz continuously on the initial condition in the metric W1.

3.3 Homogeneous driving noise

Usual stochastic calculus based on Wiener noise and Poisson random

measures yields a construction of Markov processes such that the Lévy

measures of the generator ν(x, dy) are connected by a family of regular

enough transformations, i.e.

ν(x, dy) = νFx(dy) ⇐⇒
∫
f(y)ν(x, dy) =

∫
f(Fx(y))ν(dy)

for some given Lévy measure ν and a family of measurable mappings

Fx. As we noted above such transformations yield natural coupling of

Lévy measures via∫
f(y1, y2)νx1,x2

(dy1dy2) =

∫
f(Fx1

(y), Fx2
(y))ν(dy).

Writing down the conditions of Theorem 3.2.1 or 3.1.3 in terms of this

coupling yields the standard conditions on F allowing one to solve the

corresponding SDE. Ito’s type construction in this case is presented in

detail in [229]. Let us discuss this matter shortly.

Let Y be a Lévy process with the generator

Lf(x) =
1

2
(G∇,∇)f(x) +

∫
[f(x+ y)− f(x)− (y,∇)f(x)]ν(dy),
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having
∫
|y|2ν(dy) <∞ and let Ñ(dsdx) be the corresponding compen-

sated Poisson measure of jumps. We are interested now in the stochastic

equation of the standard form

Xt = x+

∫ t

0

σ(Xs−)dB
G
s +

∫ t

0

b(Xs−)ds+

∫ t

0

∫
F (Xs−, z)Ñ(dsdz),

(3.37)

where F is a measurable mapping Rn ×Rd 7→ Rn and σ maps Rn to

n×d-matrices. The analysis of the previous section suggests the Ito-Euler

approximation scheme (3.22) for its solutions, where

Yt(z) = σ(z)BGt + b(z)t+

∫ t

0

∫
F (z, y)Ñ(dsdy). (3.38)

Clearly Yt(z) is a Lévy process with the generator

Lzf(x) =
1

2
(σ(z)σT (z)∇,∇)f(x) + (b(z),∇f(x))

+

∫
[f(x+ F (z, y))− f(x)− (F (z, y),∇f(x))]ν(dy).

Proposition 3.3.1 Let Yt be a Lévy process introduced above. Let

|b(y1)− b(y2)|2 + ∥σ(y1)− σ(y2)∥2

+

∫
|F (y1, w)− F (y2, w)|2ν(dw) ≤ κ|y1 − y2|2 (3.39)

and

sup
y

(
|b(y)|+ ∥σ(y)∥+

∫
|F (y, z)|2ν(dz)

)
<∞.

Then the approximations Xµ,τk
t converge to the solution of (3.37) in the

norm (E sups≤t |Ys|2)1/2. The limiting process is Feller with the genera-

tor L acting on C2(Rd) as

Lf(x) =
1

2
(σ(x)GσT (x)∇,∇)f(x) + (b(x),∇f(x))

+

∫
[f(x+ F (x, y))− f(x)− (F (x, y),∇f(x))]ν(dy). (3.40)

Proof This is a consequence of Theorem 3.1.3. It is worth noting that

the present situation enjoys an important simplification, both technical

and ideological, as compared with Theorem 3.1.3. Namely, now all Lévy

processes are directly defined on the same probability space. This allows

us to avoid lots of technical complications and to construct a solution
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strongly on the same probability space with the convergence holding in

usual L2-sense (without referring to Wasserstein-Kantorovich metrics).

Remark 19 It is not difficult to allow for a linear growth of the coeffi-

cients. One can also include a compound Poisson component, see Stroock

[229].

3.4 An alternative approximation scheme

Let us discuss shortly an alternative approximation scheme for con-

structing Markov processes based on nonlinear random integrals.

For a process Xt and a measurable function f let a nonlinear random

integral based on the noise dXt be defined as a limit in probability∫ t

0

f(dXs) = lim
maxi(si+1−si)→0

n∑
i=1

f(X(si+1)−X(si)) (3.41)

(limit is over finite partitions 0 = s0 < s1 < .... < sn = t of the interval

[0, t]) when it exists. In particular,
∫ t
0
(dYs)

2 is the quadratic variation of

Y .

Proposition 3.4.1 Let Y be a compound Poisson process and N(dsdz)

the corresponding Poisson random measure with intensity λdsdz, so that

Yt = Z(1) + ...+ Z(Nt) =

∫ t

0

∫
zN(ds dz)

with i.i.d. Z(i) and the Poisson process Nt. Let Ỹ , N, Ñ denote the

corresponding compensated processes.

(i) If the integral (3.41) is defined (as a finite or infinite limit) for

X = Y (in particular this is the case for either bounded or positive f),

then∫ t

0

f(dYs) =

∫ t

0

∫
f(z)N(ds dz) = f(Z(1)) + ...+ f(Z(Nt)); (3.42)

in particular, the quadratic variation of a compound Poisson process

equals the sum of the squares of its jumps;

(ii) If f ∈ C1(Rd), then∫ t

0

f(dỸs) =

∫ t

0

∫
f(z)N(dt dz)− tλ(∇f(0),EZ(1))
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=

∫ t

0

∫
f(z)Ñ(dt dz) + tλ[Ef(Z(1))− (∇f(0),EZ(1))]. (3.43)

Proof Statement (i) is obvious. For (ii) observe that since the number

of jumps of Y (t) is a.s. finite on each finite time interval, for partitions

with small enough maxi(si+1 − si), any interval si+1 − si will contain

not more than one jump implying that
∫ t
0
f(dỸ ) will equal

∫ t
0
f(dY )

plus the limit of the sums
∑n
i=1 f(−λEZ(1)(si+1)− (si))).

An alternative approximation scheme to construct a Markov process

with generator (3.40) can be obtained by considering stochastic equa-

tions with nonlinear increments:

X = x+

∫ t

0

σ(Xs−)dB
G
s +

∫ t

0

b(Xs−)ds+

∫
g(Xs, dY

red
s ),

where g is a measurable function and the reduced Lévy process Y red

is generated by the integral part of the full generator of Y . Natural

approximations are of course

Xµ,τ
t = Xµ,τ

lτ + σ(Xµ,τ
lτ )(BGt −BGlτ ) + b(Xµ,τ

lτ )(t− lτ) + g(Xµ,τ
lτ , Yt− Ylτ )

(3.44)

for lτ < t ≤ (l + 1)τ .

Proposition 3.4.2 Let g satisfy the same conditions as F in Proposi-

tion 3.3.1 and additionally have a bounded second derivative with respect

to the second variable. Then the scheme (3.44) converges to a Feller pro-

cess with the generator

Lf(x) =
1

2
(σ(x)GσT (x)∇,∇)f(x)+(b(x)+

∫
B1

[g(x, z)−(z,
∂g

∂z
(x, 0))]ν(dz),∇f(x))

+

∫
[f(x+ g(x, y))− f(x)− (g(x, y),∇f(x))]ν(dy). (3.45)

Proof Follows from Propositions 3.3.1 and 3.4.1.

3.5 Regularity of solutions

We shall discuss the regularity of the solutions to SDE reducing our

attention to the equation (3.37). Regularity for a more general equation

(3.18) is discussed in [139].

Recall that we denote by CkLip (resp. Ck∞) the subspace of functions

from Ck(Rd) with a Lipschitz continuous derivative of order k (resp.

with all derivatives up to order k vanishing at infinity).
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Theorem 3.5.1 Assume that the conditions of Proposition 3.3.1 hold

and put G = 1 for simplicity.

(i) Let b, σ ∈ C1
Lip(R

d) and

sup
z

∫
∥ ∂
∂z
F (z, w)∥βν(dw) <∞ (3.46)

hold with β = 2.

Then the approximations Xx,τ
t of (3.37) are a.s. differentiable with

respect to x and for β = 2

E

∥∥∥∥∂Xx,τ
τl

∂x

∥∥∥∥β ≤ (1 + cτ)l. (3.47)

(ii) Assume further that b, σ ∈ C2
Lip(R

d),

sup
z

∫
∥ ∂

2

∂z2
F (z, w)∥2ν(dw) <∞, (3.48)

and (3.46) holds with β = 4. Then (3.47) holds with β = 4, the approx-

imations Xx,τ
t of (3.37) are a.s. twice differentiable with respect to x

and

E

∥∥∥∥∂2Xx,τ
τl

∂x2

∥∥∥∥2 ≤ c(t), lτ ≤ t. (3.49)

Moreover, the solutions Xx
t of (3.37) are a.s. differentiable with respect

to x and the spaces C1
Lip and C1

Lip∩C1
∞ are invariant under the semigroup

Tt.

(iii) Assume further that b, σ ∈ C3
Lip(R

d),

sup
z

∫
∥ ∂

3

∂z3
F (z, w)∥2ν(dw) <∞, (3.50)

and (3.46) holds with β = 6. Then (3.47) holds with β = 6, the approxi-

mations Xx,τ
t of (3.37) are a.s. three times differentiable with respect to

x and

E

∥∥∥∥∂3Xx,τ
τl

∂x3

∥∥∥∥2 ≤ c(t), lτ ≤ t. (3.51)

Moreover, the solutions Xx
t of (3.37) are a.s. twice differentiable with

respect to x,

sup
s≤t

E

∥∥∥∥∂2Xx
s

∂x2

∥∥∥∥2 ≤ c(t), (3.52)

the spaces C2
Lip and C2

Lip∩C2
∞ are invariant under the semigroup Tt, and
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the latter represents an invariant core for Tt. Moreover, in this case the

Markov semigroup Tt and the corresponding process are uniquely defined

by the generator L.

Proof (i) Differentiating (3.38) yields

∂

∂z
Yt(z) =

∂

∂z
σ(z)Bt +

∂

∂z
b(z)t+

∫ t

0

∫
∂

∂z
F (z, y)Ñ(dsdy). (3.53)

Under our assumptions this expression is well defined and specifies a

Lévy process for any z. Consequently the approximations Xx,τ
t are dif-

ferentiable with respect to x a.s. and by the chain rule

∂Xx,τ
τl

∂x
=

[
1 +

∂

∂z
(Yτl(z)− Y(l−1)τ (z))

]
|z=Xx,τ

τ(l−1)

∂Xxτ
τ(l−1)

∂x
.

Consequently, by Exercise 3.6.1

E

∥∥∥∥∂Xx,τ
τl

∂x

∥∥∥∥2 ≤ (1 + cτ)E

∥∥∥∥∥∂X
x,τ
τ(l−1)

∂x

∥∥∥∥∥
2

,

implying (3.47) with β = 2 by induction.

(ii) Similarly, assumption (3.46) with any even number β (we need

β = 4 or β = 6) implies the corresponding estimate (3.47). Next

∂2Xx,τ
lτ

∂x2
=

[
1 +

∂

∂z
(Yτl(z)− Y(l−1)τ (z))

]
|z=Xx,τ

τ(l−1)

∂2Xxτ
τ(l−1)

∂x2

+

([
∂2

∂z2
(Yτl(z)− Y(l−1)τ (z))

]
|z=Xx,τ

τ(l−1)

∂Xxτ
τ(l−1)

∂x
,
∂Xxτ

τ(l−1)

∂x

)
,

so that this derivative exists and is continuous in x a.s. for all l and

E

∥∥∥∥∂2Xτ
x (τ l)

∂x2

∥∥∥∥2 ≤ (1 + cτ)E

∥∥∥∥∂Xτ
x (τ(l − 1))

∂x

∥∥∥∥2 + cτ(1 + cτ)l−1,

where we used (3.47) with β = 4 and the estimate

E

(
1 +

∂Yt(z)

∂z

)
∂2Yt(z)

∂z2
= O(t),

that follows from the well known formula

E

(∫ t

0

∫
{|x|≤1}

f(x)Ñ(dsdx)

∫ t

0

∫
{|x|≤1}

g(x)Ñ(dsdx)

)

= t

∫
{|x|≤1}

f(x)g(x)ν(dx) (3.54)
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for the stochastic integrals over random Poisson measures.

By induction one then obtains the estimate

E∥∂
2Xτ

x (τ l)

∂x2
∥2 ≤ lcτ(1 + cτ)l−1 ≤ c(t)

for lτ ≤ t.

Consequently the family of the first derivatives of the approximations

is Lipschitz continuous uniformly in finite times, so that we can choose a

converging subsequence as τk → 0, the limit being of course ∂
∂xX

x
t that

satisfies the same estimate (3.47) as the approximations. Furthermore,

if f ∈ C1
Lip,∣∣∣∣ ∂∂xEf(Xx,τ

s )− ∂

∂x
Ef(Xz,τ

s )

∣∣∣∣ ≤ E

∣∣∣∣(∂f∂x (Xx,τ
s )− ∂f

∂x
(Xz,τ

s )

)
∂Xx,τ

s

∂x

∣∣∣∣
+E

∣∣∣∣∂f∂x (Xz,τ
s )

(
∂Xx,τ

s

∂x
− ∂Xz,τ

s

∂z

)∣∣∣∣ ≤ c(t)∥x− z∥.

Hence from the sequence of the uniformly Lipschitz continuous functions
∂
∂xEf(X

x,τk
s ), k = 1, 2, ..., we can choose a convergence subsequence the

limit being clearly ∂
∂xEf(X

x
t ), showing that Ef(Xx

t ) ∈ C1
Lip. From the

uniform convergence also follows that Ef(Xx
t ) ∈ C1

Lip ∩ C1
∞ whenever

the same holds for f .

(iii) Similarly

∂3Xx,τ
lτ

∂x3
=

[
1 +

∂

∂z
(Yτl(z)− Y(l−1)τ (z))

]
|z=Xx,τ

τ(l−1)

∂3Xxτ
τ(l−1)

∂x3

+3

([
∂2

∂z2
(Yτl(z)− Y(l−1)τ (z))

]
|z=Xx,τ

τ(l−1)

∂2Xxτ
τ(l−1)

∂x2
,
∂Xxτ

τ(l−1)

∂x

)

+

[
∂3

∂z3
(Yτl(z)− Y(l−1)τ (z))

]
|z=Xx,τ

τ(l−1)

∂Xxτ
τ(l−1)

∂x

∂Xxτ
τ(l−1)

∂x

∂Xxτ
τ(l−1)

∂x
,

leading to (3.51) and to the invariance of the space C2
Lip ∩ C2

∞.

Finally, regularity implies uniqueness by Theorem 2.1.4.

Consider now an example describing possibly degenerate diffusions

combined with the mixtures of possibly degenerate stable-like process.

Namely, let

Lf(x) =
1

2
tr(σ(x)σT(x)∇2f(x))+(b(x),∇f(x))+

∫
(f(x+y)−f(x))ν(x,dy)
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+

∫
P

(dp)

∫ K

0

d|y|
∫
Sd−1

ap(x, s)
f(x+ y)− f(x)− (y,∇f(x))

|y|αp(x,s)+1
d|y|ωp(ds),

(3.55)

where s = y/|y|, K > 0 and (P, dp) is a Borel space with a finite measure

dp and ωp are certain finite Borel measures on Sd−1.

Proposition 3.5.1 (i) Let σ, b be Lipschitz continuous, ap, αp be C
1(Rd)

functions of the variable x (uniformly in s, p) that depend continuously

on s, p and take values in compact subintervals of (0,∞) and (0, 2)

respectively. Finally let ν be a uniformly bounded measure depending

weakly continuous on x and such that
∫
|y−x|≤A ν(x, dy) → 0 as x → ∞

for any A. Then L of form (3.55) generates a Feller process with the

domain of the generator of the corresponding Feller semigroup Tt con-

taining C2
c (R

d).

(ii) Suppose additionally that for a k > 2 one has σ, b ∈ CkLip(R
d),

a, α are of class Ck(Rd) as functions of x uniformly in s and the kernel

ν is k times differentiable in x with∫
Ba

k∑
l=1

|∂
lν

∂xl
|(x, dy) → 0

as x→ ∞ for any a. Then for each = l = 2, ..., k−1, the space ClLip∩Cl∞
is an invariant domain for the Feller semigroup and this semigroup is

uniquely defined.

Proof Perturbation theory reduces the problem to the case of vanish-

ing ν, in which case the result follows from Theorem 3.5.1 taking into

account Corollary 4.

3.6 Coupling of Lévy processes

We describe here the natural coupling of Lévy processes leading in partic-

ular to the analysis of their weak derivatives with respect to a parameter.

Recall that by CkLip we denote the subspace of functions from Ck(Rd)

with a Lipschitz continuous derivative of order k.

Proposition 3.6.1 Let Y is , i = 1, 2, be two Lévy processes in Rd

specified by their generators

Lif(x) =
1

2
(Gi∇,∇)f(x)+(bi,∇f(x))+

∫
(f(x+y)−f(x)−(∇f(x), y))νi(dy)

(3.56)
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with νi ∈ M2(R
d). Let ν ∈ M2(R

2d) be a coupling of ν1, ν2, i.e.∫ ∫
(ϕ1(y1) + ϕ2(y2))ν(dy1dy2) = (ϕ1, ν1) + (ϕ2, ν2) (3.57)

holds for all ϕ1, ϕ2 satisfying ϕi(.)/|.|2 ∈ C(Rd). Then the operator

Lf(x1, x2) =

[
1

2
(G1∇1,∇1) +

1

2
(G2∇2,∇2) + (

√
G2

√
G1∇1,∇2)

]
f(x1, x2)

+(b1,∇1f(x1, x2)) + (b2,∇2f(x1, x2))

+

∫
[f(x1+y1, x2+y2)−f(x1, x2)−((y1,∇1)+(y2,∇2))f(x1, x2)]ν(dy1dy2)

(3.58)

(where ∇i means the gradient with respect to xi) specifies a Lévy process

Ys in R2d with the characteristic exponent

ηx1,x2
(p1, p2) = −1

2

[√
G(x1)p1 +

√
G(x2)p2

]2
+ ib(x1)p1 + ib(x2)p2

+

∫
(eiy1p1+iy2p2 − 1− i(y1p1 + y2p2))ν(dy1dy2),

that is a coupling of Y 1
s , Y

2
s in the sense that the components of Ys

have the distribution of Y 1
s and Y 2

s respectively. Moreover, if f(x1, x2) =

h(x1 − x2) with a function h ∈ C2(Rd), then

Lf(x1, x2) =
1

2
((
√
G1−

√
G2)

2∇,∇)h(x1−x2)+ (b1− b2,∇h)(x1−x2)

+

∫
[h(x1−x2+y1−y2)−h(x1−x2)− (y1−y2,∇h(x1−x2)]ν(dy1dy2).

(3.59)

And finally

E(ξ+Y 1
t −Y 2

t )
2 = (ξ+t(b1−b2))2+t

(
tr(
√
G1 −

√
G2)

2 +

∫ ∫
(y1 − y2)

2ν(dy1dy2)

)
.

(3.60)

Proof Straightforward. The second moment (3.60) is found by twice

differentiating the characteristic function.

One can extend this result for Lévy measures without a finite second

moment using the equivalent metric on Rd with varying order for large

and small distances. We shall demonstrate this possibility on the case of

Lévy measures with a finite ’outer moment’ of at least first order. Let

ρ be any continuous increasing concave function R+ 7→ R+ such that
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ρ(0) = 0. As one easily sees the function ρ(|x− y|) specifies a metric in

any Rd, in particular the triangle inequality holds

ρ(|x+ y|) ≤ ρ(|x|) + ρ(|y|).

This metric is equivalent to (i.e. specifies the same topology as) the

Euclidean metric (Exercise: check it!). The natural choice for dealing

with Lévy processes is the function

ρβ(r) = min(r, rβ/2), β ∈ [0, 2].

However technically inconvenient is the fact that ρβ is not smooth. Thus

in intermediate calculations we shall often use its smooth approximation

ρ̃ defined as a smooth (at least twice continuously differentiable) increas-

ing concave function R+ 7→ R+ such that ρ̃β(r) ≥ ρβ(r) everywhere and

ρ̃β(r) = ρβ(r) for r ≤ 1 and r ≥ 2.

Proposition 3.6.2 Let β ∈ [1, 2] and let Y is , i = 1, 2, be two Lévy

processes in Rd specified by their generators (3.56) and∫
ρ2β(|y|)νi(dy) =

∫
min(|y|β , |y|2)νi(dy) <∞.

Let a Lévy measure ν on R2d have a finite ’mixed moment’∫
ρ2β(|(y1, y2)|)ν(dy1dy2) =

∫
min(|(y1, y2)|β |(y1, y2)|2)ν(dy1dy2) <∞

and be a coupling of ν1, ν2, i.e. (12.1) holds for positive ϕ1, ϕ2. Then the

operator (3.58) specifies a Lévy process Ys in R2d, that is a coupling of

Y 1
s , Y

2
s , such that

Eρ2β(|Y 1
t − Y 2

t |) = Emin(|Y 1
t − Y 2

t |β , |Y 1
t − Y 2

t |2)

≤ tc(t)

(
∥
√
G1 −

√
G2∥2 + |b1 − b2|2 +

∫ ∫
min(|y1 − y2|β , |y1 − y2|2)ν(dy1dy2)

)
(3.61)

and moreover

Eρ̃2β(|x+ Y 1
t − Y 2

t |) ≤ ρ̃2β(|x|)

+tc(t)

(
∥
√
G1 −

√
G2∥2 + |b1 − b2|2 +

∫ ∫
ρ2β(|y1 − y2|)ν(dy1dy2)

)
(3.62)

with a constant c(t) bounded for finite t.
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Proof Clearly (3.61) follows from (3.62). To prove the latter formula

observe that by Dynkin’s formula

Eρ̃2β(|x+ Y 1
t − Y 2

t |) = ρ̃2β(|x|) +E

∫ t

0

Lf(Y 1
s , Y

2
s ) ds,

where f(x, y) = ρ̃2β(|x − y|). If β = 1, then the first and the second

derivatives of ρ2β are uniformly bounded. Consequently, by (3.59), one

has

Eρ̃21(|x+Y 1
t −Y 2

t |) ≤ ρ̃21(|x|)+ct∥
√
G1−

√
G2∥2+ct|b1−b2| |∇ρ̃21(|x+Y 1

t −Y 2
t |)|

+ct

∫
{|y1−y2|≤1}

(y1 − y2)
2ν(dy1dy2) + ct

∫
{|y1−y2|>1}

|y1 − y2|ν(dy1dy2),

implying (3.62) by Gronwall’s lemma and the estimate

|b1 − b2| |∇ρ̃21(|x+ Y 1
t − Y 2

t |)| ≤ 2|b1 − b2|2 + 2|∇ρ̃21(|x+ Y 1
t − Y 2

t |)|2

≤ 2|b1 − b2|2 + cρ̃21(|x+ Y 1
t − Y 2

t |)|.

If β > 1, only the second derivative is bound and we have

Eρ̃2β(|x+ Y 1
t − Y 2

t |) ≤ ρ̃2β(|x|) + ct∥
√
G1 −

√
G2∥2

+ct|b1 − b2| |∇ρ̃21(|x+ Y 1
t − Y 2

t |)|

+ct

∫
{|y1−y2|≤1}

(y1 − y2)
2ν(dy1dy2) + cE

∫ t

0

ds

∫
{|y1−y2|>1}

ν(dy1dy2)

×[ρ̃2β(|x+Y 1
s −Y 2

s +y1−y2|)−ρ̃2β(|x+Y 1
s −Y 2

s |)−(y1−y2,∇ρ2β(|x+Y 1
s −Y 2

s |)].

Taking into account that∫
{|y1−y2|>1}

ν(dy1dy2) ≤
∫
{min(|y1|,|y2|)>1/2}

ν(dy1dy2) <∞;

ρ̃2β(|x+ Y 1
s − Y 2

s + y1 − y2|) ≤ 2ρ̃2β(x+ Y 1
s − Y 2

s ) + 2ρ2β(y1 − y2);

and (due to the Hölder inequality)

|(y1−y2,∇ρ̃2β(|x+Y 1
s −Y 2

s |)| ≤
1

β
|y1−y2|β+

β − 1

β
|∇ρ̃2β(|x+Y1−Y2|)β/(β−1)

≤ 1

β
|y1 − y2|β + c

β − 1

β
|ρ̃2β(|x+ Y1 − Y2|),
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we can conclude that

Eρ̃2β(|x+ Y 1
t − Y 2

t |) ≤ ρ̃2β(|x|) + ct(∥
√
G1 −

√
G2∥2 + |b1 − b2|2)

+ct

∫
min(|y1 − y2|β , |y1 − y2|2)ν(dy1dy2)+ cE

∫ t

0

ρ̃2β(|x+Y 1
s −Y 2

s |) ds,

implying (3.62) by Gronwall’s lemma.

Similarly one obtains

Proposition 3.6.3 Let Y is , i = 1, 2, be two Lévy processes in Rd

specified by their generators

Lif(x) = (bi,∇f(x)) +
∫
(f(x+ y)− f(x))νi(dy) (3.63)

with νi ∈ M1(R
d). Let ν ∈ M1(R

2d) be a coupling of ν1, ν2, i.e. (12.1)

holds for all ϕ1, ϕ2 satisfying ϕi(.)/|.| ∈ C(Rd). Then the operator

Lf(x1, x2) = (b1,∇1f(x1, x2)) + (b2,∇2f(x1, x2))

+

∫
[f(x1 + y1, x2 + y2)− f(x1, x2)]ν(dy1dy2) (3.64)

specifies a Lévy process Ys in R2d that is a coupling of Y 1
s , Y

2
s such that

for all t

E∥ξ + Y 1
t − Y 2

t ∥ ≤ ∥ξ∥+ t

(
∥b1 − b2∥+

∫ ∫
∥y1 − y2∥ν(dy1dy2)

)
.

(3.65)

Proof One approximates |y| by a smooth function, applies Dynkin’s

formula and then passes to the limit.

We add here a couple of simple exercises on estimates of Lévy pro-

cesses.

Exercise 3.6.1 Let Yt be a Lévy process with the characteristic expo-

nent of the form

Lf(x) =
1

2
(G∇,∇)f(x)+(b,∇f(x))+

∫
(f(x+y)−f(x)−(∇f(x), y))ν(dy).

(3.66)

(i) Show that

E(ξ + Yt)
2 = (ξ + tb)2 + t(trG +

∫
y2ν(dy)) (3.67)

for any ξ ∈ Rd. Hint: use characteristic functions.
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(ii) Show that if
∫
|y|>1

|y|kν(dy) < ∞, then E|Yt|k = O(t) for any

integer k > 1 and small t.

(iii) Show that

Eρ2β(|Yt|) ≤ tc(t)

(
∥G∥+

∫
ρ2β(|y|)ν(dy)

)
.

Hint. This is similar to the proof of Proposition 3.6.2.

Exercise 3.6.2 Let Ys be a Lévy processes with the generator

Lf(x) =

∫
[f(x+ y)− f(x)− (y,∇f(x))]ν(dy).

Then

E|Yt| ≤ 2t

∫
|y|ν(dy).

Hint: use Dynkin’s formula.



4

Analytic constructions

Chapter 3 is devoted to the construction of Markov processes by means

of SDE. Here we shall talk about analytic constructions. In the next

introductory section we sketch the content of this chapter, making, in

passing, a comparison between these two approaches.

4.1 Comparing analytic and probabilistic tools

Sections 4.2, 4.3 deal with the integral generators corresponding prob-

abilistically to pure jump Markov processes. The basic series expansion

(4.3), (4.4) is easily obtained analytically via the du Hamel principle,

and probabilistically it appears as the expansion of averages in the sum

of terms corresponding to a fixed number of jumps; see Theorem 2.3.2.

Thus for bounded generators both methods lead to the same, easily han-

dled, explicit formula for such processes. In the less trivial situation of

unbounded rates the analytic treatment given below yields in the fastest

way the general existence result and, subject to the existence of a second

bound, eventually to uniqueness and non-explosion. However, if the pro-

cess explodes in finite time (leading to non-uniqueness), specifying (or

classifying) the various processes that arise (or solutions to the evolu-

tion equation), requires us to fix ’boundary conditions at infinity’, which

is most naturally done probabilistically by specifying the behavior of a

process after it reaches infinity. We shall not develop the theory in this

direction; see, however, Exercise 2.4.4, where this is done in a simpler

situation.

In Section 4.4 we analyze generators of ’order at most one’, which

can be described in this way because they are defined on first-order dif-

ferentiable functions. We have chosen to give a straightforward analytic
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treatment in detail, though a probabilistic analysis based on SDE driven

by nonlinear Lévy noise (Theorem 3.2.2) would lead to the same results.

Having a domain containing C1
∞(Rd) (and not just C2

∞(Rd) as in the

general case, or C∞(Rd) as for integral generators) the class of opera-

tors of ’order at most one’ is naturally singled out as an intermediate

link between the integral and general Lévy-Khintchine generators. Its

nonlinear counterpart, which we consider later, contains distinguished

models including Vlasov evolution, the mollified Boltzmann equation

and interacting stable-like processes with index α < 1. Because an op-

erator of ’order at most one’ is defined on C1
∞(Rd), in regular enough

situations the corresponding evolution can be proved to have C1
∞(Rd)

as an invariant core. In this case the dual evolution on measures can

be lifted to the dual Banach space (C1
∞(Rd))⋆. Consequently we expect

that the continuity properties of this evolution, which are crucial for

nonlinear extensions, can be expressed in terms of the topology of the

space (C1
∞(Rd))⋆. This is indeed the case. To visualize this space, we

supply in Section 4.6 a natural representation of its elements in terms

of the usual measures.

M0ethods and results for constructions of Markov processes are nu-

merous and their full exposition is beyond the scope of this book. In

Section 4.7 we sketch briefly various analytic techniques used for deal-

ing with general Lévy-Khintchine type generators with variable coeffi-

cients. First we discuss basic results for the martingale problem approach

that lies at the crossroads of analytic and probabilistic techniques (via

Dynkin’s formula). It also plays a crucial role in the extensions to un-

bounded coefficients discussed later. Then we give some results on de-

composable generators are given as well as on heat kernel estimates for

stable-like processes.

As a general comparison between analytic and probabilistic approaches

to the study of Lévy-Khintchine type generators we observe that for ana-

lytic approaches some non-degeneracy should be assumed (either for the

diffusion coefficients or for the Lévy measure), and probabilistic con-

structions often require more regularity.

To illustrate partly this point, let us assess the analytic meaning of

the SDE-based construction of Feller semigroups given above in Section

3.2. Lifting the one-step approximation x 7→ x + Yτ (x) to the averages

yields the transformation

Φτf(x) = Ef(x+ Yτ (x)),
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so that the semigroup is constructed as the limit of the approximations

Tnt = Φt/n · · ·Φt/n (n times)

as n → ∞. Such a limit is often the T -product or chronological product

of the infinitesimal transformations Φτ (see [175] and also Sections 6.2,

(6.7)). Analytically the approximations Φτ can be written as

(Φτf)(x) =
(
etLxf

)
(x),

where Lx denotes the generator L of the limiting semigroup Tt with

coefficients fixed at x, i.e. the generator of the Lévy process Yτ (x). Thus

from the analytic point of view this choice of approximations Φτ is just

a version of the method of frozen coefficients, which is well established in

the theory of partial differential equations. The lack of a non-degeneracy

assumption makes it difficult to prove convergence of this T -product

analytically, but a probabilistic analysis does the job via the coupling

method. On the other hand, the conditions of Theorem 4.7.4, formulated

below, contain some non-degeneracy assumptions on the corresponding

Lévy measure. This allows us to prove convergence utilizing T -products

in a purely analytic manner.

4.2 Integral generators: one barrier case

This section starts an analytical study of positive evolutions with un-

bounded integral generators. Under the general assumption that (X,F)

is a measurable space consider the problem

u̇t(x) = Atut(x) =

∫
ut(z)νt(x; dz)−at(x)ut(x), ur(x) = ϕ(x), t ≥ r ≥ 0,

(4.1)

where at(x) is a measurable nonnegative function of two variables that

is locally bounded in t for any x so that the integral ξt(x) =
∫ t
0
as(x)ds

is well defined and is continuous in t, νt(x, ·) is a transition kernel from

R+×X toX (i.e. a family of finite measures onX depending measurable

on t ≥ 0, x ∈ X), and ϕ is a given measurable function.

By the Du Hamel principle (see e.g. Theorem 2.1.3), equation (4.1) is

formally equivalent to the integral equation

ut(x) = Irϕ(u)t = e−(ξt(x)−ξr(x))ϕ(x) +

∫ t

r

e−(ξt(x)−ξs(x))Lsus(x)ds,

(4.2)
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where Ltv(x) =
∫
v(z)νt(x, dz).

An obvious observation about (4.2) is the following: the iterations of

the mapping Irϕ from (4.2) are connected with the partial sums

St,rm ϕ = e−(ξt−ξr)ϕ

+

m∑
l=1

∫
r≤sl≤···≤s1≤t

e−(ξt−ξs1 )Ls1 · · · e
−(ξsl−1

−ξsl )Lsle
−(ξsl−ξr)ϕds1 · · · dsl

(4.3)

(where e−ξt designates the operator of multiplication by e−ξt(x)) of the

perturbation series solution

St,r = lim
m→∞

St,rm (4.4)

to (4.2) (see again Theorem 2.1.3) by the equations

(Irϕ)
m(u)t = St,rm−1ϕ

+

∫
r≤sm≤···≤s1≤t

e−(ξt−ξs1 )Ls1 · · ·Lsm−1
e−(ξsm−1

−ξsm )Lsmuds1 · · · dsm

(4.5)

and

Irϕ(S
.,r
m ϕ) = S.,rm+1ϕ.

For a measurable positive function f on X we denote by Bf (X) (resp.

Bf,∞(X)) the space of measurable functions g on X such that g/f ∈
B(X) (resp. g/f is bounded and tends to zero as f goes to infinity) with

the norm ∥g∥Bf = ∥g/f∥. In case when S is a Borel space, by Cf (X)

and Cf,∞(X) are denoted the corresponding subspaces of continuous

functions. By Mf (X) we denote the set of (positive, but not necessarily

finite) measures µ on (X,F) such that (f, µ) < ∞. The corresponding

space of signed measures ξ is a Banach space if equipped with the norm

(f, |ξ|).

Theorem 4.2.1 Suppose νt(x, .) ∈ Mψ(X) and

Atψ(x) ≤ cψ(x), t ∈ [0, T ], (4.6)

for a strictly positive measurable function ψ on X and a constant c =

c(T ). Then the following statements hold.

(i) For all 0 ≤ r ≤ t ≤ T

(Irψ)
m(ψ)t ≤

(
1 + c(t− r) + · · ·+ 1

m!
cm(t− r)m

)
ψ, (4.7)
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and consequently St,rψ(x) is well defined as a convergent series for each

t, x and

St,rψ(x) ≤ ec(t−r)ψ(x). (4.8)

(ii) For an arbitrary ϕ ∈ Bψ(X) the perturbation series St,rϕ =

limm→∞ St,rm ϕ is absolutely convergent for all t, x, the function St,rϕ

solves (4.2) and represents its minimal solution, i.e. St,rϕ ≤ u point-

wise for any other solution u to (4.2)).

(iii) The family St,r forms a propagator in Bψ(X) with the norm

∥St,r∥Bψ(X) ≤ ec(t−r), (4.9)

depending continuously on t in the following sense:

sup
∥ϕ∥Bψ(X)≤1

∥(St,r − Sτ,r)ϕ1Mk
∥Bψ(X) → 0, t→ τ, (4.10)

for any k, where

Mk = {x : sup
s∈[0,T ]

as(x) ≤ k}.

(iv) For any ϕ ∈ Bψ(X) the function St,rϕ(x) is differentiable in t for

each x and satisfies equation (4.1) point-wise, i.e. for any x.

Proof (i) This is given by induction in m. Suppose (4.7) holds for m.

Since (4.6) implies

Ltψ(x) ≤ (c+ at(x))ψ(x) = (c+ ξ̇t(x))ψ(x),

it follows that

(Irψ)
m+1(ψ)t ≤ e−(ξt(x)−ξr(x))ψ(x)

+

∫ t

r

e−(ξt(x)−ξs(x))(c+ ξ̇s(x))

(
1 + c(s− r) + · · ·+ 1

m!
cm(s− r)m

)
ψ(x) ds.

Consequently, as∫ t

r

e−(ξt−ξs)ξ̇s
1

l!
(s−r)l ds = 1

l!
(t−r)l− 1

(l − 1)!

∫ t

r

e−(ξt−ξs)(s−r)l−1 ds

for l > 0, it remains to show that

m∑
l=1

cl
[
1

l!
(t− r)l − 1

(l − 1)!

∫ t

r

e−(ξt−ξs)(s− r)l−1ds

]
+

m∑
l=0

cl+1 1

l!

∫ t

r

e−(ξt−ξs)(s− r)lds

≤ c(t− r) + · · ·+ 1

(m+ 1)!
cm+1(t− r)m+1.
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But this holds, because the l.h.s. of this inequality equals

m∑
l=1

cl

l!
(t− r)l +

cm+1

m!

∫ t

r

e−(ξt−ξs)(s− r)mds.

(ii) Applying statement (i) separately to the positive and negative

part of ϕ one obtains the convergence of series St,rϕ and the estimate

(4.9). From the definitions it follows that

Irϕ(S
.,r
m ϕ)t = St,rm+1ϕ,

implying that St,rϕ satisfies (4.2) and is minimal, as any solution u of

this equation satisfies the equation ut = (Irϕ)
m(u)t and hence (due to

(4.5)) also the inequality ut ≥ St,rm−1ϕ.

(iii) Once the convergence of the series St,r is proved, the propagator

(or Chapman-Kolmogorov) equation follows from the standard manipu-

lations with integrals given in the proof of Theorem 2.1.2.

The continuity of St,r in t follows from the formula

St,rϕ− Sτ,rϕ = (e−(ξt−ξτ ) − 1)e−(ξτ−ξr)ϕ

+

∫ τ

r

(e−(ξt−ξτ ) − 1)e−(ξτ−ξs)LsS
s,rϕds+

∫ t

τ

e−(ξt−ξs)LsS
s,rϕds

(4.11)

for r ≤ τ ≤ t. By the propagator property, it is enough to show (4.10)

for r = τ . But as it follows from (4.11),

|(St,rϕ− ϕ)| ≤ (1− e−(ξt−ξr))ψ + ec(t−r)
∫ t

r

e−(ξt−ξs)(cψ + asψ) ds.

(4.12)

Consequently

|(St,rϕ− ϕ)1Mk
| ≤ ec(t−r)(2k + c)(t− r)ψ, (4.13)

implying (4.10) for r = τ .

(iv) The differentiability of St,rϕ(x) for each x follows from (4.11).

Differentiating equation (4.2) one sees directly that St,rϕ satisfies (4.1)

and all required formulas hold point-wise.

The propagator St,r is called the minimal propagator associated with

the family At. It can be used to define the so called minimal jump sub-

Markov process specified by the generator At. However, for this and other

applications to time nonhomogeneous stochastic processes one usually
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needs equation (4.1) in inverse time, i.e. the problem

u̇t(x) = −Atut(x) = −
∫
ut(z)νt(x; dz)+at(x)ut(x), ur(x) = ϕ(x), 0 ≤ t ≤ r,

(4.14)

with the corresponding integral equation taking the form

ut(x) = Irϕ(u)t = eξt(x)−ξr(x)ϕ(x) +

∫ r

t

eξt(x)−ξs(x)Lsus(x)ds. (4.15)

All the statements of Theorem 4.2.1 (and their proofs) obviously hold

for the perturbation series St,r constructed from (4.15), with the same

estimate (4.9), but which form now of course a backward propagator,

called minimal backward propagator associated with At. Let us denote by

V t,r = (Sr,t)⋆ the dual propagator on the space Mψ(X). By the above

explicit construction and Fubbini’s theorem, the inverse propagator Sr,t

consists of integral operators specified by a family of transition kernels,

implying that the operators V t,r actually act on measures (and not just

on the dual space to Bψ(X)). In particular, if ψ = 1 and c = 0 in

Theorem 4.2.1, the minimal backward propagator Sr,t is sub-Markov and

specifies a sub-Markov process on X. Remarkably enough, the following

holds in full generality.

Proposition 4.2.1 Under the assumptions of Theorem 4.2.1 let Sr,t

denote the corresponding minimal backward propagator. Then the dual

propagator V t,r is strongly continuous in the norm topology of Mψ(X).

Proof Since V t,r is a propagator, it is sufficient to show that V t,rµ−µ

tends to zero as t → r, t ≥ r, in the norm topology of Mψ(X). Let

0 ≤ f ≤ ψ. One has

(f, V t,rµ− µ) = (Sr,tf − f, µ).

For any ϵ > 0 there exists k such that
∫
M̄k

ψ(x)µ(dx) < ϵ, where M̄k =

X \Mk. Consequently, by (4.12), (4.13)

sup
0≤f≤ψ

|(f, V t,rµ− µ)| ≤ ec(t−r)[(2ϵ+ (2k + c)(t− r)(ψ, µ)].

which can be made arbitrary small for small enough t− r.

Remark 20 Strong continuity of the dual propagator is a strong prop-

erty. The operator et∆ on P(Rd) does not enjoy this property.

Corollary 5 Under the assumptions of Proposition 4.2.1, µt = V t,rµ
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represents the minimal solution of the equation

µt = e−(ξt−ξr)µ+

∫ t

r

e−(ξt−ξs)L′
sµs ds, (4.16)

where L′
sµ(.) =

∫
µ(dx)νs(x, .).

Proof The series expansion for µt solving (4.16) is dual to the series

defining the backward propagator Sr,t.

Equation (4.16) is sometimes called the mild form of equation

d

dt
µt = −atµt + L′

tµt, (4.17)

dual to (4.14). It is of course natural to ask when the equation (4.17)

itself is satisfied. The condition introduced below is reminiscent of the

property of the infinity to be not an entrance boundary point to the

corresponding process (see [131]), as it ensures that the unbounded part

of the kernel νs(y, dz) is directed towards infinity and not inside the

domains Mk.

Proposition 4.2.2 Under the assumptions of Proposition 4.2.1 as-

sume additionally that for any k

sup
t∈[0,T ]

∥νt(.,Mk)∥Bψ(X) <∞. (4.18)

Then the minimal solutions µt to (4.16) satisfy equation (4.17) in the

sense of ’convergence in Mk’, i.e. for any k

d

dt
1Mk

µt = 1Mk
(−atµt + L′

tµt), (4.19)

where the derivative on the l.h.s. is defined in the sense of the Banach

topology of Mψ(X).

Proof Let us show (4.19) for r = t = 0, which is sufficient by the

propagator property of µt. To this end one observes that for any f ∈
Bψ(X) equation (4.16) implies

(f1Mk
, µt−µ) = ((e−ξt−1)f1Mk

, µ)+

∫
y∈Mk

∫
X

µ(dz)

∫ t

0

e−(ξt−ξs)(y)ν(z, dy)f(y) ds

+

∫
y∈Mk

∫
X

∫ t

0

e−(ξt−ξs)(y)ν(z, dy)(µs − µ)(dz)f(y) ds,

yielding (4.19) for t = 0, since the last term is of order o(t) as t→ 0 by

the norm continuity of µt and assumption (4.18).
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In the time nonhomogeneous case we can now fully describe the ana-

lytic properties of the corresponding semigroup on measures.

Proposition 4.2.3 Under the assumptions of Proposition 4.2.2 as-

sume additionally that neither νt nor at depend explicitly on t. Then the

domain DA′ of the generator A′ of the semigroup V t,0 (which is strongly

continuous in Mψ(X)) consists precisely of those µ ∈ Mψ(X) for which

the measure A′µ = −aµ+L′µ (which is σ-finite for any µ ∈ Mψ(X), as

it is finite on each Mk by (4.18)) belongs to Mψ(X). In particular, for

any µ ∈ DA′ , the whole curve µt = V t,0µ belongs to DA′ and constitutes

the unique solution in DA′ of equation (4.17) (with the derivative being

defined with respect to the Banach topology of Mψ(X)).

Proof The first statement is easily deduced from (4.19) and the defi-

nition of the generator. It implies the second statement by duality (see

Theorem 2.1.4 applied to V rather than U).

Finally let us give a criterion for the minimal propagator to preserve

the set of continuous function.

Proposition 4.2.4 Under the assumptions of Theorem 4.2.1 assume

that X is a metric space equipped with its Borel sigma algebra, at(x)

is a continuous function of two variables and νt(x, .) depends continu-

ously on x in the norm topology of Mψ(X). Then the propagator St,r

from Theorem 4.2.1 preserves the set of continuous function. In partic-

ular, if ψ = 1, c = 0 and all objects involved are time independent, the

propagator St,r specifies a C-Feller semigroup.

Proof If ut(x) = St,rϕ(x), then

ut(x)− ut(y) = e−(ξt(x)−ξr(x))ϕ(x)− e−(ξt(y)−ξr(y))ϕ(y)

+

∫ t

r

∫
X

(
e−(ξt(x)−ξs(x))νs(x, dz)− e−(ξt(y)−ξs(y))νs(y, dz)

)
us(z) ds.

(4.20)

Exercise 4.2.1 Suppose Atψ ≤ cψ + ϕ for positive functions ϕ and ψ

and all t ∈ [0, T ], where At is from (4.1). Then

St,rψ ≤ ec(t−r)[ψ +

∫ t

r

St,τ dτϕ].
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Hint: Using (4.7) yields

Irψ(ψ)t ≤ (1 + c(t− r))ψ +

∫ t

r

e−(ξt−ξs)ϕds,

(Irψ)
2(ψ)t ≤

(
1 + c(t− r) +

c2

2
(t− r)2

)
ψ +

∫ t

r

e−(ξt−ξs)(1 + c(s− r))ϕds

+

∫ t

r

e−(ξt−ξs)Ls

∫ s

r

e−(ξs−ξτ )ϕdτ ds,

etc, and hence

(Irψ)
m(ψ)t ≤ ec(t−r)

[
ψ +

∫ t

r

e−(ξt−ξs)ϕds+

∫ t

r

e−(ξt−ξs)Ls

∫ s

r

e−(ξs−ξτ )ϕdτds+ · · ·
]

= ec(t−r)
[
ψ +

∫ t

r

dτ

(
e−(ξt−ξτ ) +

∫ t

τ

e−(ξt−ξs)Lse
−(ξs−ξτ ) ds+ · · ·

)
ϕ

]
and the proof is completed by noting that

St,rψ = lim
m→∞

St,rm−1ψ ≤ lim
m→∞

(Irψ)
m(ψ)t.

4.3 Integral generators: two barriers case

We shall develop further the ideas of this section in the general discussion

of unbounded coefficients given in Chapter 5.

To get strong continuity of the backward propagator St,r itself (not

just its dual, as in Proposition 4.2.1 above), the existence of a second

bound for At can be helpful.

Theorem 4.3.1 Suppose that two functions ψ1, ψ2 on X are given

both satisfying (4.6) and such that 0 < ψ1 ≤ ψ2, ψ1 ∈ Bψ2,∞(X) and at
is bounded on any set where ψ2 is bounded. Then St,r, t ≤ r (constructed

above for (4.14), (4.15)) is a strongly continuous backward propagator

in Bψ2,∞(X).

Proof By Theorem 4.2.1 St,r are bounded in Bψ2(X). Moreover, as

St,rϕ tends to ϕ as t→ r uniformly on the sets where ψ2 is bounded, it

follows that

∥St,rϕ− ϕ∥Bψ2
(X) → 0, t→ r,

for any ϕ ∈ Bψ1
(X), and hence also for any ϕ ∈ Bψ2,∞(X), since Bψ1

(X)

is dense in Bψ2,∞(X).
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As the convergence of the above perturbation series for St,r is point-

wise, it does not provide a mechanism for preserving the continuity.

An exercise at the end of this section settles this matter under strong

continuity assumptions on ν.

From now on we shall assume that X is a locally compact metric space

equipped with its Borel sigma algebra. We shall discuss the conservativ-

ity, uniqueness and smoothness of the propagators constructed.

Theorem 4.3.2 Under the assumption of Theorem 4.3.1 assume that

X is a locally compact metric space equipped with its Borel sigma algebra,

the functions ψ1, ψ2 are continuous and such that ψ2 and ψ2/ψ1 tend to

infinity as x goes to infinity, at is a continuous mapping t 7→ Cψ2/ψ1,∞
and Lt is a continuous mapping from t to bounded operators Cψ1 7→
Cψ2,∞.

Then Bψ1
is an invariant core for the propagator St,r in the sense of

the definition given before Theorem 2.1.3, i.e.

Arϕ = lim
t→r,t≤r

St,rϕ− ϕ

r − t
= lim
s→r,s≥r

Sr,sϕ− ϕ

s− r
,

d

ds
St,sϕ = St,sAsϕ,

d

ds
Ss,rϕ = −AsSs,rϕ, t < s < r, (4.21)

for all ϕ ∈ Bψ1
(X), with all these limit existing in the Banach topology

of Bψ2,∞(X). Moreover, Bψ1 and Bψ2,∞ are invariant under St,r, so

that Cψ1
is an invariant core of the strongly continuous propagator St,r

in Cψ2,∞. In particular, if at, Lt do not depend on t, then A generates

a strongly continuous semigroup on Cψ2,∞ with Cψ1
being an invariant

core. Finally, if ψ1 = 1, Aψ1 = 0, then the propagator St,r preserves

constants and specifies a Markov process on X.

Proof (i) By Theorem 4.2.1 St,rϕ satisfies equations (4.14) point-wise.

To show that they hold in the topology of Bψ2,∞ one needs to show that

the operators At(ϕ) are continuous as functions from t to Bψ2,∞ for each

ϕ ∈ Bψ1 . But this follows directly from our continuity assumptions on

at and Lt.

To show that the space Cψ1
is invariant (and this implies remaining

statements), we shall approximate St,r by the evolutions with bounded

intensities. Let χn be a measurable functionX → [0, 1] such that χn(x) =

1 for ψ2(x) ≤ n and χn(x) = 0 for ψ2(x) > n + 1. Denote νnt (x, dz) =

χn(x)νt(x, dz), a
n
t = χnat, and let St,rn (resp. Ant ) denote the propa-

gators constructed as above, but with νnt and ant instead of νt and at.

Then the propagators St,rn converge strongly in the Banach space Bψ2,∞
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to the propagator St,r. In fact, as St,r and St,rn are uniformly bounded,

it is enough to show the convergence for the elements ϕ of the invariant

core Bψ1
. For such a ϕ one has

(St,r − St,rn )(ϕ) =

∫ r

t

d

ds
St,sSs,rn ϕds =

∫ r

t

St,s(As −Ans )S
s,r
n ϕds.

(4.22)

By invariance Ss,rn ϕ ∈ Bψ1 , implying (As − Ans )S
s,r
n ϕ ∈ Bψ2 and tends

to zero in the norm of Bψ2
, as n → ∞, and hence the r.h.s. of (4.22)

tends to zero in Bψ2
, as n→ ∞.

To complete the proof it remains to observe that as the generators

of St,rn are bounded, the corresponding semigroups preserves continuity

(as they can be constructed as the convergent exponential series). Hence

St,r preserves the continuity as well, as St,rϕ is a (uniform) limit of

continuous functions.

If A1 = 0, the constant functions solve equation (4.14). By the unique-

ness (that can be deduced either from Theorem 2.1.4 or Theorem 2.4.1)

it follows that St,r1 = 1.

We can also encounter situations when at have a higher growth rate

than ψ2. To get uniqueness in this case one has to bring in the martin-

gale problem. For simplicity, we shall discuss this extension for locally

compact X and time homogeneous kernels only.

Theorem 4.3.3 Under the assumptions of Theorem 4.3.1 let X be

locally compact, ψ1 = 1, Aψ1 = 0, at, Lt do not depend on t and ψ2(x) →
∞ as x → ∞. Then the martingale problem for the operator A is well

posed in Cc(X) and its solution defines a (pure jump) Markov process

in X such that

P( sup
0≤s≤t

ψ2(X
x
s ) > r) ≤ c(t, ψ2(x))

r
. (4.23)

Proof The proof is the same as that of a more general Theorem 5.2.1

(use ψ2 instead of fL and the approximation An(x) = χq(a(x)/n)A(x)

there) and hence is omitted.

Finally we shall discuss additional regularity for the dual to (4.14)

evolution on measures. To this end we shall introduce the notion of

the dual transition kernel. Recall that by a transition kernel in X one

usually means the family ν(x, .) of measures from M(X) depending

weakly measurably on x ∈ X so that
∫
f(y)ν(x, dy) is measurable for

any bounded measurable f . Let X be Rd or its open subset. A transition
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kernel ν′(x, dy) will be called dual to ν if the measures dx ν(x, dy) and

ν′(y, dx) dy coincide as Borel measures in X × X. Clearly, if a dual

exists, it is uniquely defined up to a natural equivalence. Though in

usual examples (like for the Boltzmann equation) that we shall deal

with, the dual kernels are given explicitly, let us state for completeness

the basic existence result.

Proposition 4.3.1 For a transition kernel ν(x, .) in X (where X is

Rd or its open subset) a dual exists if and only if the projection of the

measure dx ν(x, dy) ∈ M(X × X) on the second variable is absolutely

continuous with respect to Lebesgue measure.

Proof This is a direct consequence of the well know measure theoretic

result on the disintegration of measures (see e.g. [87]) stating that if ν

is a probability measure on X ×X with marginal (or projection) on the

first variable µ, then there exists a measurable mapping x 7→ ν(x, .) from

X to P(X) uniquely determined µ-a.s. such that∫
X×X

f(x, y)ν(dxdy) =

∫
X

(∫
X

f(x, y)ν(x, dy)

)
µ(dx), f ∈ C(X×X).

In the next proposition the continuity of the transitional kernel means

the weak continuity in Mψ2(X), i.e. that
∫
f(y)ν(x, dy) is continuous

(though may be unbounded) for any f ∈ Cψ2
(X).

Proposition 4.3.2 Under the assumptions of Theorem 4.3.2 assume

that X is either Rd or is open subset and that there exists a dual continu-

ous transition kernels ν′t(x, .) to νt(x, .) satisfying the same conditions as

ν. Then the (forward) propagator V t,s on measures which is dual to the

backward evolution specified by (4.14) preserves the space of absolutely

continuous measures, and, when reduced to densities, is bounded both in

Cψ1
(X) and Cψ2

(X) and for any g ∈ Cψ1
yields the unique solution

gs = V s,tg in Cψ1 to the Cauchy problem

d

ds
gs = A′

sgs, gt = g, (4.24)

for s ≥ t, where

A′
tg(x) =

∫
g(y)ν′t(x, dy)− at(x)g(x),

and the derivative in s in (4.24) is defined point-wise and uniform for x

from any subset where ψ2 is bounded.
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Proof Follows directly from Theorems 4.3.2 and 2.1.4.

4.4 The generators of order at most one: well
posedness

This section is devoted to a pure analytic construction of processes gen-

erated by integro-differential (or pseudo-differential) operators of order

at most one, i.e. by the operators

Lf(x) = (b(x),∇f(x)) +
∫
Rd\{0}

(f(x+ y)− f(x))ν(x, dy) (4.25)

with Lévy measures ν(x, .) having finite first moment
∫
B1

|y|ν(x, dy).

Theorem 4.4.1 Assume b ∈ C1(Rd) and that ∇ν(x, dy), gradient with
respect to x, exists in the weak sense as a signed measure and depends

weakly continuous on x. Moreover, assume

sup
x

∫
min(1, |y|)ν(x, dy) <∞, sup

x

∫
min(1, |y|)|∇ν(x, dy)| <∞,

(4.26)

and for any ϵ > 0 there exists a K > 0 such that

sup
x

∫
Rd\BK

ν(x, dy) < ϵ, sup
x

∫
Rd\BK

|∇ν(x, dy)| < ϵ, (4.27)

sup
x

∫
B1/K

|y|ν(x, dy) < ϵ. (4.28)

Then L generates a conservative Feller semigroup Tt in C∞(Rd) with

C1
∞(Rd) being its invariant core. Moreover Tt reduced to C1

∞(Rd) is also

a strongly continuous semigroup in the Banach space C1
∞(Rd).

Proof Notice first that (4.26) implies that for any ϵ > 0

sup
x

∫
Rd\Bϵ

ν(x, dy) <∞, sup
x

∫
Rd\Bϵ

|∇ν(x, dy)| <∞. (4.29)

Next, since the operator∫
Rd\B1

(f(x+ y)− f(x))ν(x, dy) (4.30)

is bounded in the Banach spaces C(Rd) and C1(Rd) (due to (4.26)) and

also in the Banach spaces C∞(Rd) and C1
∞(Rd) (due to (4.27)), by the

standard perturbation argument (see e.g. Theorem 2.1.2) we can reduce
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the situation to the case when all ν(x, dy) have support in B1, which we

shall assume from now on.

Let us introduce the approximation

Lϵf(x) = (b(x),∇f(x)) +
∫
Rd\Bϵ

(f(x+ y)− f(x))ν(x, dy). (4.31)

For any ϵ > 0 this operator generates a conservative Feller semigroup

T ϵt in C∞(Rd) with C1
∞(Rd) being its invariant cores, because so does

the first term in (4.31) and the second term is a bounded operator in

the Banach spaces C∞(Rd) and C1
∞(Rd) (due to (4.29)), so that the

perturbation theory (Theorem 2.1.2) applies (conservativity also follows

from the perturbation series representation). Differentiating equation

ḟ(x) = Lϵf(x) with respect to x yields the equation

d

dt
∇kf(x) = Lϵ∇kf(x)+(∇kb(x),∇f(x))+

∫
B1\Bϵ

(f(x+y)−f(x))∇kν(x, dy).

(4.32)

Considering this as an evolution equation for g = ∇f in the Banach

space C∞(Rd × {1, ..., d}) = C∞(Rd) × ... × C∞(Rd) observe that the

r.h.s. is represented as the sum of the diagonal operator that generates a

Feller semigroup and of the two bounded (uniformly in ϵ by (4.26)) op-

erators. Hence this evolution is well posed. To show that the derivative

of f(x) is actually given by the semigroup generated by (4.32), we first

approximate b, ν by a sequence of the twice continuously differentiable

objects bn, νn, n → ∞. The corresponding approximating generator of

type (4.32) would have an invariant core C1
∞(Rd), hence the unique-

ness of the solutions to the corresponding evolution equation would hold

(by Theorem 2.1.4) implying that this solution would coincide with the

derivative of the corresponding (T ϵt )nf . Passing to the limit n → ∞
would then complete the argument.

Hence ∇kT
ϵ
t f is uniformly bounded for all ϵ ∈ (0, 1] and t from any

compact interval whenever f ∈ C1
∞(Rd). Therefore, writing

(T ϵ1t − T ϵ2t )f =

∫ t

0

T ϵ2t−s(Lϵ1 − Lϵ2)T
ϵ1
s ds

for arbitrary ϵ1 > ϵ2 and estimating

|(Lϵ1 − Lϵ2)T
ϵ1
s f(x)| ≤

∫
Bϵ1\Bϵ2

|(T ϵ1s f)(x+ y)− (T ϵ1s f)(x)|ν(x, dy)

≤
∫
Bϵ1

∥∇T ϵ1s f∥|y|ν(x, dy) = o(1)∥f∥C1
∞
, ϵ1 → 0,
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by (4.28), yields

∥(T ϵ1t − T ϵ2t )f∥ = o(1)t∥f∥C1
∞
, ϵ1 → 0. (4.33)

Therefore the family T ϵt f converges to a family T ϵt f , as ϵ→ 0. Clearly the

limiting family Tt specifies a strongly continuous semigroup in C∞(Rd).

Writing

Tt − f

t
=
Tt − T ϵt f

t
+
T ϵt − f

t

and noting that by (4.33) the first term is of order o(1)∥f∥C1
∞

as ϵ→ 0

allows to conclude that C1
∞(Rd) belongs to the domain of the generator

of the semigroup Tt in C∞(Rd) and that it is given there by (4.25).

Applying to Tt the same procedure, as was applied above to T ϵt (differ-

entiating the evolution equation with respect to x), shows that Tt defines

also a strongly continuous semigroup in C1
∞(Rd), as its generator differs

from the diagonal operator with all entries on the diagonal being L by

a bounded additive term.

The conditions of the above result were designed to obtain a Feller

semigroup and a Feller process. However, a Markov process with a C-

Feller semigroup can be constructed under weaker assumptions.

Theorem 4.4.2 Assume all the conditions of Theorem 4.4.1 hold apart

from (4.27) and (4.28). Then there exists a unique Markov process in Rd

whose Markov semigroup reduces to a conservative C-Feller semigroup

Tt in C(R
d) of the form

Ttf(x) =

∫
f(y)pt(x, dy),

with a probability transition kernels pt, and such that

(i) Ttf(x) → f(x) as t→ 0 uniformly on x from compact subsets,

(ii) the space C1(Rd) is invariant under Tt and

(iii) Ṫtf(x) = Lf(x) for any f ∈ C1(Rd), t ≥ 0 and x ∈ Rd.

Proof The statement of the theorem clearly holds for the approximating

operators Lϵ of the form (4.31), which follows from the explicit form of

the perturbation series representation for the corresponding semigroup

(the integral part of Lϵ is considered as a perturbation, all terms of

the perturbation series are integral operators and hence so is the limit

T ϵt ). The existence of the Markov process then follows from the standard

construction of Markov processes. Passing to the limit as in the previous

Theorem (with all uniform limits being substituted by the uniform on
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compact sets limits) yields the required properties for Tt. The uniqueness

follows by the same duality arguments as in Theorem 2.1.4.

4.5 The generators of order at most one: regularity

In Theorem 4.4.2 the strong continuity was lost, which is a very conve-

nient property for analysis. In these situations a natural space for the

strong continuity to hold is the space BUC(X) of bounded uniformly

continuous functions on X.

Proposition 4.5.1 BUC(Rd) is a closed subspace in C(Rd) and C∞(Rd)

is dense in BUC(Rd).

Proof The first statement is obvious. For the second one, approximate

f ∈ BUC(Rd) by usual convolutions

fn(x) =

∫
f(y)ϕn(x− y)dy =

∫
f(x− y)ϕn(y)dy, n→ ∞

where ϕn(x) = nϕ(nx) and ϕ is a non-negative infinitely differentiable

function with a compact support and with
∫
ϕ(y)dy = 1; uniform conti-

nuity of f ensures that fn → f as n→ ∞ in C(Rd).

It is clear that under the conditions of Theorem 4.4.2 the semigroup

Tt is strongly continuous in BUC(Rd), because the space C1(Rd) is

invariant under Tt, dense in BUC(Rd) and Tt is strongly continuous

in C1(Rd) (in the topology of BUC(Rd)). However, as Lf need not

belong to BUC(Rd) for f ∈ C1(Rd), we cannot state that C1(Rd) is an

invariant domain. Further regularity is needed to get an easy to handle

invariant domain. For instance the following holds.

Theorem 4.5.1 Assume b ∈ C2(Rd), ν(x, dy) is twice weakly contin-

uous differentiable in x and

sup
x,i,j

∫
min(1, |y|)

(
ν(x, dy) + | ∂

∂xi
ν(x, dy)|+ | ∂2

∂xi∂xj
ν(x, dy)|

)
<∞.

(4.34)

Then L of form (4.25) generates a strongly continuous semigroup in

BUC(Rd) with C2(Rd) being its invariant core.

Proof The invariance of C2(Rd) is proved in the same way as the invari-

ance of C1(Rd) in Theorem 4.4.1. Moreover, Lf ∈ C1(Rd) ⊂ BUC(Rd)

for any f ∈ C2(Rd). Finally C2(Rd) is dense in BUC(Rd) by Proposi-

tion 4.5.1.
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For applications to nonlinear semigroups a nonhomogeneous extension

of Theorem 4.4.1 (or 4.4.2) is needed. As its proof is obtained by a

straightforward extension of the above, it is omitted.

Theorem 4.5.2 Assume the family of operators Lt have form (4.25)

with b and ν depending continuously on time t (ν weakly) and satisfying

all the conditions of the previous theorem as functions of x with all esti-

mates being uniform on compact time intervals. Then the corresponding

family of operators Lt generates a strongly continuous backward propa-

gator U t,s of linear contractions in C∞(Rd) with the invariant domain

C1
∞(Rd) (in the sense of the definition given before Theorem 2.1.3 so

that (2.3) are satisfied with Lt instead of At). Moreover U t,s is also a

bounded strongly continuous propagator in C1
∞(Rd).

Suppose ν in (4.25) have densities, i.e. ν(x, dy) = ν(x, y)dy, then the

dual operator (in the sense of the natural duality between measures and

functions) to the integral part of L is clearly given on functions g by∫
(g(x− y)ν(x− y, y)− g(x)ν(x, y)) dy.

In particular, if

sup
x

∫
(ν(x− y, y)− ν(x, y)) dy <∞, (4.35)

the dual to L can be written in the form

L⋆g(x) = −(b(x),∇g(x)) +
∫
Rd

(g(x− y)− g(x))ν(x, y) dy

+

∫
g(x− y)(ν(x− y, y)− ν(x, y)) dy − div b(x)g(x). (4.36)

We shall get now the following regularity result for both the initial

and the dual problems.

Theorem 4.5.3 Let k ∈ N, k ≥ 2. Suppose νt(x, dy) = νt(x, y) dy,

bt(.) ∈ Ck(Rd) uniformly in t, νt, bt depend continuously on t, νt(x, y)

is k times continuously differentiable in x and satisfies∫
min(1, |y|) sup

t≤T,x∈Rd

(
νt(x, y) + |∂νt

∂x
(x, y)|+ ...+ |∂

kνt
∂xk

(x, y)|
)
dy <∞.

(4.37)

Then the corresponding family of the operators Lt generates a strongly

continuous backward propagator U t,s of linear contractions in C∞(Rd)

such that
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(i) each space Cl∞(Rd), l = 1, ..., k, is invariant and U t,s is strongly

continuous in each of these Banach spaces;

(ii) its dual propagator V s,t on M(X) preserves the absolutely con-

tinuous measures and when reduced to the densities represent a strongly

continuous propagator both in L1(Rd) and C∞(Rd);

(iii) the spaces Cl∞(Rd) and the Sobolev spaces W l
1(R

d) (up to lth or-

der derivatives defined in the sense of distributions are integrable func-

tions), l = 0, ..., k − 1, are invariant under V s,t and the family V s,t

forms a bounded strongly continuous propagator in each of the Banach

spaces W l
1(R

d); the dual propagator V s,t extends to the ⋆-weakly contin-

uous propagator in (Cl∞(Rd))⋆, l = 1, ..., k, which for any l < k specifies

the unique solution to the Cauchy problem for the equation ṁut = L⋆µt
understood weakly in (Cl+1

∞ (Rd))⋆, i.e. in the sense that

d

dt
(g, µt) = (Lt, µt) ∀ g ∈ Cl+1

∞ (Rd).

Proof (i) First observe that (4.37) trivially implies (4.26) -(4.28). Dif-

ferentiating equation ḟ = Ltf shows that the evolution of the derivatives

is governed by the same generator (4.25) up to a bounded additive term

as long as (4.37) hold. Turning to (ii) and (iii) notice that the assump-

tion (4.37) ensures that L⋆, given by (4.36), has the same form as L

up to an additive term which is bounded in W 1
l (R

d), l = 1, ..., k − 1.

Hence we can apply Theorem 4.5.2 to L⋆. Results on the Sobolev spaces

are obtained in the same way as on the spaces Cl∞(Rd) (by noting that

the derivatives satisfy the same equation as the function itself up to an

additive bounded term). Note only that to get the strong continuity in

some integral norm, say in L1(R
d) one observes first that it is strongly

continuous when reduced to L1(R
d)∩C1

∞(Rd) and then (by the density

argument) in the whole space L1(R
d). (iv) One has

d

dt
(g, µt) =

d

dt
(U0,tg, µ) = (U0,tLtg, µ) = (Ltg, µt).

Uniqueness follows from Theorem 2.1.4 withB = Cl∞(Rd),D = Cl+1
∞ (Rd).

Exercise 4.5.1 State and prove a version of Theorem 4.5.2 for prop-

agators in C(Rd) (i.e. a nonhomogeneous version of Theorem 4.4.2).
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4.6 Spaces (C l
∞(Rd))⋆

Though this is not strictly necessary for our purposes, we would like to

visualize a bit the dual spaces (Cl∞(Rd))⋆ that play an important role

in our analysis.

Proposition 4.6.1 If ν ∈ (C1
∞(Rd))⋆, then there exist d + 1 finite

signed Borel measures ν0, ν1, ..., νd on Rd such that

ν(f) = (f, ν) = (f, ν0) +

d∑
i=1

(∇if, νi).

Conversely, any expression of this form specifies an element ν from

(C1
∞(Rd))⋆.

Proof Let us define an embedding C1
∞(Rd) to C∞(Rd)× ...×C∞(Rd)

(d+ 1 terms) by f 7→ (f,∇1f, ...,∇df). It is evident that this mapping

is injective and continuous and that its image is closed. Hence by the

Hahn-Banach theorem any continuous linear functional on C1
∞(Rd) can

be extended to a linear functional on the product-space (C∞(Rd))d+1

yielding the required representation.

Similar representations hold for other spaces (Cl∞(Rd))⋆. However,

this result does not give a full description of the space (C1
∞(Rd))⋆, as

the measures νi are not unique (integration by parts allows to transform

ν0 to other νi and vice versa). In particular, this circumstance makes

it not clear (unlike the case of the space C∞(Rd)) what is the natural

extension of a ν ∈ (C1
∞(Rd))⋆ to a functional on C1(Rd), because such

an extension depends on the choice of νi.

We shall use two natural topologies in (C1
∞(Rd))⋆: the Banach topol-

ogy given by the norm

∥ν∥(C1
∞(Rd))⋆ = sup

∥g∥
C1
∞(Rd)

≤1

(g, ν),

and the ⋆-weak topology with the convergence ξn → ξ as n→ ∞ meaning

the convergence (g, ξn) → (g, ξ) for any g ∈ C1
∞(Rd).

4.7 Further techniques: martingale problem,
Sobolev spaces, heat kernels, etc

In this and previous chapters we touched upon several methods of con-

structing Markov (in particular Feller) semigroups from a given formal
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(pre)-generator. Our exposition was of course far from being exhaustive.

Here we review shortly other methods only sketching the proofs and

referring to the literature for the full story.

Our main topic here will be the martingale problem approach. Having

in mind the basic connection between this problem and Feller processes,

see Proposition 2.2.2, it is natural to suggest that solving a martingale

problem could serve as a handy intermediate step for the construction

of a Markov process. As shows the following fact, we can obtain the

existence of a solution to a martingale problem under rather general

assumptions.

Theorem 4.7.1 Assume that L is defined on C2
c (R

d) by its usual

Lévy-Khintchine form, i.e.

Lu(x) = tr (G(x)
∂2

∂x2
)u(x) + (b(x),∇)u(x)

+

∫
(u(x+ y)− u(x)− 1B1(y)(y,∇)u(x))ν(x, dy) (4.38)

(as usual G is a non-negative matrix and ν is a Lévy measure) and that

the symbol of this pseudo-differential operator

p(x, ξ) = −(G(x)ξ, ξ)+ i(b(x), ξ)+

∫
(eiξy − 1− i1|y|≤1(y)(ξ, y))ν(x, dy)

is continuous. Moreover, let

sup
x

(
∥G(x)∥
1 + |x|2

+
|b(x)|
1 + |x|

+ (1 + |x|)−2

∫
B1

|y|2ν(x, dy) +
∫
{|y|>1}

ν(x, dy)

)
<∞.

(4.39)

Then the martingale problem has a solution for any initial probability µ.

This theorem is proved in Kolokoltsov [131] extending the previous

result from Hoh [98], where this existence was obtained under a stronger

assumption of bounded coefficients, i.e. if

sup
x

(
∥G(x)∥+ |b(x)|+

∫
min(1, |y|2)ν(x, dy)

)
<∞. (4.40)

Referring to these papers for a proof, let us indicate its main idea: there

is a very general existence result (see Ethier, Kurtz [75]) implying the

existence of the solution to our martingale problem with sample paths in

D(R+, Ṙ
d), where Ṙd is a one point compactification of Rd, so that one
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only needs to find an appropriate Lyapunov function to ensure that un-

der the assumption of the theorem the solution process can not actually

reach infinity in any finite time.

An important input from the martingale problem approach is the

following localization procedure allowing to show well posedness of a

martingale problem if it is well posed in a neighborhood of any point.

Let Xt be a process with sample paths in D([0,∞),Rd) and initial

distribution µ. For an open subset U ⊂ Rd define the exit time from U

as

τU = inf{t ≥ 0 : Xt /∈ U orX(t−) /∈ U}. (4.41)

We shall write τxU when stressing the initial point. Let L be an opera-

tor in C(Rd) with the domain D. One says that Xt solves the stopped

martingale problem for L in U starting with µ if Xt = Xmin(t,τ) a.s. and

f(Xt)−
∫ min(t,τ)

0

Lf(Xs) ds

is a martingale for any f ∈ D.

Theorem 4.7.2 Suppose the martingale problem is well posed for

(L,D). Then for any initial µ there exists a unique solution to the

stopped martingale problem and it does not depend on the definition of

Lf(x) for x /∈ Ū (as long as for this extension the martingale problem

is well posed).

We refer to Chapter 4 (Section 6) of Ethier, Kurtz [75] for a complete

proof. Let us sketch however a simple argument working in the most im-

portant case when D ⊂ C2(Rd) is a core of L and L generates a Feller

semigroup Tt. In this case we can approximate L on D by bounded Ln
generating pure jump processes with semigroups Tnt converging to Tt
as n → ∞. In view of the probabilistic construction of Tn (see Theo-

rem 2.3.2) the corresponding stopped processes do not depend on the

definition of Lnf(x) for x outside U . Hence the same is true for their

limit.

Theorem 4.7.3 Suppose L and Lk, k = 1, 2, ..., are operators of type

(4.38) defined on D = C2
c (R

d), and (Uk), k = 1, 2, ..., is an open covering

of Rd such that Lkf(x) = Lf(x) for x ∈ Uk, f ∈ D. Assume that for

any initial distribution µ the martingale problem for L has a solution

and that the martingale problems for all Lk are well posed. Then the

martingale problem for L is also well posed.
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We refer to Ethier, Kurtz [75] or Stroock, Varadhan [231] for a rigorous

proof, whose idea is quite transparent: in any domain Uk a solution to

a martingale problem for L coincides with that of Lk (and is unique

by Theorem 4.7.2). When leaving Uk the process finds itself in some

other set Uk′ and its behavior is uniquely specified by the solution to

the martingale problem for Lk′ , etc. This result is very handy, since by

Proposition 2.2.2 the uniqueness for a Feller problem can be settled via

the well posedness of the corresponding martingale problem.

The construction and analysis of the martingale problem and corre-

sponding Markov semigroups can be essentially fertilized by using ad-

vanced functional analytic techniques, especially Fourier analysis. As

these methods work more effectively in Hilbert spaces and the original

Feller semigroups act in the Banach space C∞(Rd), one looks for aux-

iliary Hilbert spaces where the existence of a semigroup can be shown

as a preliminary step. As these auxiliary spaces it is natural to use the

Sobolev spaces Hs(Rd) defined as the completions of the Schwartz space

S(Rd) with respect to the Hilbert norm

∥f∥2Hs =
∫
f(x)(1 + ∆)sf(x) dx.

In particular, H0 coincides with the usual L2. The celebrated Sobolev

imbedding lemma states that Hs is continuously imbedded in (C∞ ∩
Cl)(Rd) whenever s > l + d/2. Consequently, if we can show the exis-

tence of a semigroup in Hs, it supplies automatically an invariant dense

domain (and hence a core) for its extension to C∞. For a detailed dis-

cussion of Fourier analysis and Sobolev spaces in the context of Markov

processes we refer to Jacob [104].

As an example of the application of the techniques mentioned above,

we shall discuss the Markov semigroups with the so called decomposable

generators. Let ψn, n = 1, ..., N , be a finite family of generators of Lévy

processes in Rd, i.e. for each n

ψnf(x) = tr (Gn
∂2

∂x2
)f(x) + (bn,

∂

∂x
)f(x)

+

∫
(f(x+ y)− f(x)− (∇f(x), y)1B1

(y))νn(dy).

where Gn = (Gnij) is a non-negative symmetric d× d-matrix and νn is a

Lévy measure. Recall that the function

pn(ξ) = −(Gnξ, ξ) + i(bn, ξ) +

∫
(eiξy − 1− i(ξ, y)1B1

(y))νn(dy)
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is called the symbol of the operator ψn. We shall denote by pνn the

corresponding integral terms: pνn(ξ) =
∫
(eiξy − 1− i(ξ, y)1B1

(y))µn(dy)

and by p̃νn its part corresponding to νn reduced to the unit ball: p̃νn(ξ) =∫
B1

(eiξy − 1− i(ξ, y))νn(dy). We also denote p0 =
∑N
n=1 pn.

Let an be a family of positive continuous functions on Rd. By a de-

composable generator we mean an operator of the form
∑N
n=1 an(x)ψn.

These operators are simpler to deal with analytically, but at the same

time their properties capture the major qualitative features of the gen-

eral case. On the other hand, the decomposable generators appear in

many applications, say, in connection with the interacting particle sys-

tems (see e.g. Kolokoltsov [130]), where the corresponding functions an
are usually unbounded but smooth.

Theorem 4.7.4 Suppose there exist constants c > 0 and αn > 0,

βn < αn, n = 1, ..., N , such that for all n

|Impνn(ξ)| ≤ c|p0(ξ)|, |Re p̃νn(ξ)| ≥ c−1|prn(ξ)|αn , |∇p̃νn(ξ)| ≤ c|prn(ξ)|βn ,
(4.42)

where prn is the orthogonal projection on the minimal subspace contain-

ing the support of the measure 1B1
νn, and all an are positive s times

continuously differentiable functions with s > 2+ d/2 such that an(x) =

O(1 + |x|2) for those n where Gn ̸= 0 or 1B1
νn ̸= 0, an(x) = O(|x|) for

those n where βn ̸= 0, an(x) is bounded whenever 1Rd\B1
νn ̸= 0. Then

there exists a unique extension of the operator L =
∑N
n=1 an(x)ψn (with

the initial domain being C2
c (R

d)) that generates a Feller semigroup in

C∞(Rd).

Condition (4.42) is not very restrictive in practice. It allows, in par-

ticular, any α-stable measures ν (whatever degenerate). Moreover, if∫
|ξ|1+βnνn(dξ) <∞, then the last condition in (4.42) holds, because

∇p̃νn(ξ) =
∫
iy(eiξy − 1)νn(dy)

and |eixy − 1| ≤ c|xy|β for any β ≤ 1 and some c > 0. In particular, the

last condition in (4.42) always holds with βn = 1. As no restrictions on

the differential part of pn are imposed, all (possibly degenerate) diffusion

processes with smooth symbols are covered by our assumptions.

We refer to Kolokoltsov [131] for a detailed (rather lengthy) proof, the

idea being as follows. By the Localization theorem 4.7.3 and the basic

existence Theorem 4.7.1 we can reduce the situation to the case when

an ∈ Cs(Rd) and |an(x) − an(x0)| are small compared to an(x0) for
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some x0. And this case is dealt with via a non stationary perturbation

theory in Sobolev spaces for vanishing drifts supplemented further by

the analysis in the ’interaction representation’. In Hoh [98] the same

result is proved via the analysis of resolvents in Sobolev spaces under

additional assumption that all an are bounded, all symbols pn are real

and |p0(ξ)| ≥ c|ξ|α (thus excluding usual degenerate diffusions). In Jacob

[105] it was noted that the proof of Hoh [98] can be generalized to a

slightly weaker condition, where the reality of symbols is replaced by

the assumption that the imaginary parts of the symbols pn are bounded

by their real parts.

One should also mention an important activity on proving the exis-

tence and obtaining estimates of transition probability densities (called

also heat kernels) for Feller processes that specify Green functions for the

Cauchy problems of the corresponding evolution equations. Though heat

kernel estimates for diffusion equations is a well established domain, for

Feller processes with jumps much less is known. We shall formulate here

a result on the heat kernels for stable-like processes, i.e. for the equation

∂u

∂t
= −a(x)| − i∇|α(x)u, x ∈ Rd, t ≥ 0, (4.43)

referring for detail to the original paper Kolokoltsov [126]).

If a(x) and α(x) are constants, the Green function for this equation

is given by the stable density (see Section 2.4)

S(x0 − x;α, at) = (2π)−d
∫
Rd

exp{−at|p|α + ip(x− x0)} dp. (4.44)

In the theory of pseudo-differential operators, equation (4.43) is writ-

ten in the pseudo-differential form as

∂u

∂t
= Φ(x,−i∇)u(x) (4.45)

with the symbol

Φ(x, p) = −a(x)|p|α(x). (4.46)

As follows from direct computations (see equation (12.24)), an equiv-

alent form of equation (4.43) is the following integro-differential form of

Lévy-Khintchine type:

∂u

∂t
= −a(x)c(α)

∫ ∞

0

(u(x+ y)− u(x)− (y,∇u)) d|y|
|y|1+α

(4.47)

with a certain constant c(α). We shall not need this form much, but it

will be important for us to have in mind that the operator on the r.h.s.



4.7 Further techniques: martingale problem, etc 127

of (4.43) satisfies PMP, which is clear from the representation given in

(4.47), but is not so obvious from (4.43).

Naturally, one expects that for small times the Green function of equa-

tion (4.43) with varying coefficients can be approximated by the Green

function of the corresponding problem with constant coefficients, i.e. by

the function

G0(t, x, x0) = S(x− x0, α(x0), a(x0)t). (4.48)

This is in fact true, as shows the following result (see Kolokoltsov [126]

for the proof and a discussion of the related literature).

Theorem 4.7.5 Let β ∈ (0, 1] be arbitrary and let α ∈ [αd, αu],

a ∈ [ad, au] be β-Hölder continuous functions on Rd with values in com-

pact subsets of (0, 2) and (0,∞) respectively. Then the Green function

uG for equation (4.43) exists in the sense that it is a continuous for

t > 0 function defining a solution to equation (4.43) in the sense of

distributions, i.e. for any f ∈ C(Rd) the function

ft(x) =

∫
uG(t, x, y)f(y) dy (4.49)

satisfies the equation

(ft, ϕ) = (f, ϕ) +

∫ t

0

(fs, L
′ϕ) ds (4.50)

for any ϕ ∈ C2(Rd) with a compact support, where L′ is the dual operator

to the operator L staying on the r.h.s. of equation (4.43). Moreover, for

t ≤ T with any given T

uG(t, x, x0) = S(x−x0, α(x0), a(x0)t)(1+O(tβ/αu)(1+| log t|))+O(t)fdαd(x−x0)
(4.51)

and the resolving operator f 7→
∫
uG(t, x, x0)f(x0) dx0 of the Cauchy

problem for equation (4.43) specifies a conservative Feller semigroup. If

the functions α, a are of class C2(R2), then uG(t, x, x0) solves the equa-

tion (4.43) classically for t > 0 and the corresponding Feller semigroup

preserves the space C2(R2) and is bounded with respect to the Banach

norm of this space.

Of course, real life processes are often nonhomogeneous in time. On the

other hand, as we shall see, nonhomogeneous processes arise as natural

tools for the analysis of nonlinear Markov evolutions. Having this in

mind we present below a time nonhomogeneous version of the above

results including also drifts and sources (see Kolokolsov [136]).
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Theorem 4.7.6 Suppose α(x) ∈ [αd, αu] ⊂ (1, 2), at(x), a
−1
t (x),

At, Bt(x), ft(x, z)) are bounded and twice continuously differentiable

functions of t ∈ [0, T ], x, z ∈ Rd such that at, ft are non-negative and

ft(x, z) ≤ B(1 + |z|β+d)−1, where β,B > 0 are constants. Then

(i) the equation

d

dt
ut(x) = −at(x)|∇|α(x)ut(x) + (At(x),∇ut(x)) +Bt(x)ut(x)

+

∫
(ut(x+ z)− ut(x))ft(x, z) dz (4.52)

has a Green function uG(t, s, x, y), T ≥ t ≥ s ≥ 0, i.e. its solution with

the initial condition uG(s, s, x, y) = δ(x− y), such that

uG(t, s, x, y) = G0(t, s, x, y)(1 +O(1)min(1, |x− y|) +O(t1/α))

+O(t)(1 + |x− y|d+min(α,β))−1, (4.53)

where O(1), O(t1/α) depend only on T , C(T ),

G0(t, s, x, y) = (2π)−d
∫

exp

{
−
∫ t

s

ar(y) dr |p|α + i(p, x− y −
∫ t

s

Ar(y)dr)

}
dp

(4.54)

is a shifted stable density and where the last term in (4.53) can be omitted

whenever β ≥ α;

(ii) uG(t, s, x, y) is everywhere non-negative and satisfies the Chapman-

Kolmogorov equation; moreover, in case Bt = 0 one has
∫
uG(t, s, x, y)dy =

1 for all x and t > s;

(iii) if the coefficient functions are from the class C2(Rd), then uG(t, s, x, y)

is continuously differentiable in t, s and satisfies equation (4.52) classi-

cally; moreover, for any us ∈ C∞(X) there exists a unique (classical)

solution ut in C∞(X) to the Cauchy problem of equation (4.52) (i.e. a

continuous mapping t → ut ∈ C∞(X) that solves (4.52) for t > s and

coincides with us at t = s); moreover ut ∈ C1(X) for all t > s with

∥ut∥C1(X) = O(t− s)−1/α∥us∥C(X);

and if at, At, Bt, ft ∈ Ck(X), k > 0, the mapping us 7→ ut is a bounded

operator in Ck(X) uniformly for t ∈ [0, T ].

Remark 21 If the coefficients are not assumed to be differentiable, but

only Hölder continuous, then statements (i)-(ii) of the Theorem remain

valid if only one understands the solutions to (4.52) in the sense of

distributions (similar to Theorem 4.7.5).
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Corollary 6 Under the assumptions of Theorem 4.7.6 the mapping

us 7→ ut extends to the bounded linear mapping M(X) 7→ M(X) that is

also continuous in the vague topology and is such that its image always

has a density (with respect to Lebesgue measure) that solves equation

(4.52) for t > s.

To conclude this lengthy and rather sketchy section we shall mention

some other relevant methods whose exposition is beyond the scope of

this book.

1. Dirichlet forms. To a linear operator in a Banach space B there

corresponds a bilinear form (Ax, y), x ∈ B, y ∈ B⋆ (Banach dual to

B), which in case of B being a Hilbert space H (so that H and H⋆

are naturally identified) can be reduced to a bilinear form on H × H.

The forms arising from the generators of Markov processes are usu-

ally referred to as the Dirichlet forms. we can characterize this class of

forms rather explicitly (famous Beuring-Deny formula) similarly to the

Courrége characterization of the generators. In some situations it turns

out to be easier to analyze Markov semigroups via their Dirichlet forms

rather than the generators. We refer to monographs Fukushima et al

[82], Ma, Rökner [169] for the basic theory of Dirichlet forms and their

applications.

2. Resolvent and Hille-Yosida. There is a general result character-

izing the generators of bounded (in particular contraction) semigroups,

namely the Hille-Yosida theorem. Specified to Feller semigroups, it states

that a linear operator A in C∞(Rd) defined on a dense domain D is clos-

able and its closure generates a Feller semigroup iff it satisfies the PMP

principle and the range λ−A is dense in C∞(Rd) for some λ > 0. This

last condition is of course the most difficult to check, but we can get non-

trivial results on the existence of Feller semigroups via this approach by

analysing the resolvent (λ−A)−1 in Sobolev spaces via Fourier analysis,

see Jacob [104] and references therein.

3. Subordination. Changing in a random way the time scales of

processes yields a remarkable method of constructing new process, not

only Markovian ones, but also those with a memory that can be de-

scribed by differential equations fractional in time (see Evans, Jacob

[76], Kolokoltsov, Korolev, Uchaikin [140] and Kolokoltsov [136], Meer-

schaert, Scheffler [185] and references therein.

4. Semiclassical asymptotics. Scaling the derivatives of the differ-

ential or pseudo-differential equation often yields an approximation in

terms of the solutions of certain ODE called characteristics of the initial
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problem. The interpretation as quasi-classical or semiclassical approxi-

mation arises naturally from the models of quantum mechanics. In the

theory of diffusion similar approximation is often called small diffusion

approximation. This techniques allows one to obtain effective two-sided

estimates and small time asymptotics for the transition probabilities

of stochastic processes. We refer to Kolokoltsov [133] for an extensive

account and to Kolokoltsov [127] for the semiclassical approach to non-

linear diffusions, arising in the theory of super-processes.

5. Malliavin calculus. This was originally developed by P. Malliavin

in an attempt to obtain a probabilistic proof of the famous Hörmander

result on the characterization of degenerate diffusions having a smooth

Green function (or heat kernel). Later on it was developed to a very

effective tool for analyzing the transition probabilities of Markov pro-

cesses in both linear and nonlinear cases, see e.g. Nualart [199], Bichteler,

Gravereaux, Jacod [36], Guérin, Méléard, Nualart [92].



5

Unbounded coefficients

So far, apart from Section 4.2, we have discussed Levy type genera-

tors (4.38) with bounded coefficients, or slightly more generally under

assumption (4.39). However, unbounded coefficients arise naturally in

many situations, in particular when analyzing the LLN for interacting

particles. This chapter is devoted to a general approach to the analysis

of unbounded coefficients based on so-called Lyapunov or barrier func-

tions. It turns out that the corresponding processes are often not Feller,

and an appropriate extension of this notion is needed.

5.1 A growth estimate for Feller processes

In this introductory section we aim at an auxiliary estimate of the growth

and continuity of Feller processes via the integral moments of the Lévy

measures entering its generator. This estimate plays a crucial role in the

extension to unbounded coefficients given later.

Theorem 5.1.1 Let an operator L, defined in C2
c (R

d) by its usual

Lévy-Khintchine form (4.38)

Lu(x) = tr (G(x)
∂2

∂x2
)u(x) + (b(x),∇)u(x)

+

∫
(u(x+ y)− u(x)− 1B1

(y)(y,∇)u(x))ν(x, dy), (5.1)

satisfy the boundedness requirement (4.39):

sup
x

(
∥G(x)∥
1 + |x|2

+
|b(x)|
1 + |x|

+ (1 + |x|)−2

∫
B1

|y|2ν(x, dy) +
∫
{|y|>1}

ν(x, dy)

)
<∞.

(5.2)
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Suppose the additional moment condition

sup
x
(1 + |x|)−p

∫
{|y|>1}

|y|pν(x, dy) <∞ (5.3)

holds for p ∈ (0, 2]. Let Xt solve the martingale problem for L with the

domain C2
c (R

d) (a solution exists by Theorem 4.7.1). Then

Emin(|Xx
t − x|2, |Xx

t − x|p) ≤ (ect − 1)(1 + |x|2) (5.4)

for all t, where the constant c depends on the l.h.s. of (5.3) and (5.2).

Moreover, for any T > 0 and a compact set K ⊂ Rd

P(sup
s≤t

|Xx
s − x| > r) ≤ t

rp
C(T,K) (5.5)

for all t ≤ T , x ∈ K and large enough r with some constant C(T,K).

Proof Notice first that from the Cauchy inequality∫
{|y|>1}

|y|qν(x, dy) ≤

(∫
{|y|>1}

|y|pν(x, dy)

)q/p(∫
{|y|>1}

ν(x, dy)

)(p−q)/p

,

it follows that (5.3) together with (5.2) imply

sup
x
(1 + |x|)−q

∫
{|y|>1}

|y|qν(x, dy) <∞

for all q ∈ (0, p]. Now let fp(r) be an increasing smooth function on R+

that equals r2 in a neighborhood of the origin, equals rp for r > 1 and

is not less than r2 for r < 1. For instance, we can take f(r) = r2 when

p = 2. Also let χq(r) be a smooth non-increasing function [0,∞) 7→ [0, 1]

that equals 1 for r ∈ [0, 1] and r−q for r > 2. To get a bound for the

average of the function fxp (y) = fp(∥y − x∥) we approximate it by the

increasing sequence of functions gn(y) = fxp (y)χq(|y−x|/n), n = 1, 2, ...,

q > p. The main observation is that

|Lgn(y)| ≤ c(gn(y) + x2 + 1) (5.6)

with a constant c uniformly for x, y and n. To see this we analyze sepa-

rately the action of all terms in the expression for L. For instance,

|tr (G(y) ∂
2

∂y2
gn(y))| ≤ c(1 + |y|2)

[
min(1, |y − x|p−2)χq(|y − x|/n)

+fp(|y − x|)χ′′
q (|y − x|/n)/n2 + f ′p(|y − x|)χ′

q(|y − x|/n)/n
]
.
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Taking into account the obvious estimate

χ(k)
q (z) ≤ ck(1 + |z|k)−1χq(z)

(which holds for any k, though we need only k = 1, 2) and using |y|2 ≤
2(y − x)2 + 2x2 yields

|tr (G(y) ∂
2

∂y2
gn(y))| ≤ c(|gn(y)|+ x2 + 1),

as required. Also, as gn(x) = 0,∫
{|y|>1}

(gn(x+ y)− gn(x))ν(x, dy) =

∫
{|y|>1}

fp(|y|)χq(|y|/n)ν(x, dy)

≤
∫
{|y|>1}

|y|pν(x, dy) ≤ c(1 + |x|)p) ≤ c(1 + |x|2),

and so on.

Next, as q > p the function gn(y) belongs to C∞(Rd) and we can

establish, by an obvious approximation, that the process

Mgn(t) = gn(X
x
t )−

∫ t

0

Lgn(X
x
s ) ds

is a martingale. Recall that Mf (t) is a martingale for any f ∈ C2
c (R

d),

becauseXx
t is supposed to solve the martingale problem for L in C2

c (R
d).

Using now the dominated and monotone convergence theorems when

passing to the limit n → ∞ in the equation EMgn(t) = gn(x) = 0

(representing the martingale property of Mgn) yields the inequality

Efp(∥Xx
t − x∥) ≤ c

∫ t

0

[Efp(∥Xx
s − x∥) + x2 + 1] ds.

This implies

Efp(|Xx
t − x|) ≤ (ect − 1)(1 + |x|2)

by Gronwall’s lemma, and (5.4) follows.

Once the upper bound for Efp(|Xx
t − x|) is obtained it is straight-

forward to show, by the same approximation as above, that Mf is a

martingale for f = fxp . Moreover, passing to the limit in (5.6) we obtain

|Lfxp (y)| ≤ c(fxp (y) + x2 + 1) (5.7)

Applying Doob’s maximal inequality yields

P

(
sup
s≤t

|fxp (Xx
s )−

∫ s

0

Lfxp (X
x
τ ) dτ | ≥ r

)
≤ 1

r
tc(T )(1+|x|2) ≤ 1

r
tc(T,K)).
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Hence with a probability not less than 1− tc(T,K)/r

sup
s≤t

|fxp (Xx
s )−

∫ s

0

Lfxp (X
x
τ ) dτ | ≤ r,

implying by Gronwall’s lemma and (5.7)

sup
t≤T

fxp (X
x
t ) ≤ c(T )(r + x2 + 1) ≤ 2C(T )r

for x2 + 1 ≤ r, implying in turn (with a different constant C(T,K))

P(sup
s≤t

fp(|Xx
s − x|) > r) ≤ t

r
C(T,K).

Since |Xx
s − x| > r if and only if fp(|Xx

s − x|) > rp, estimate (5.5)

follows.

Exercise 5.1.1 Show that under the assumptions of Theorem 5.1.1 the

process Xt is conservative in the sense that the dynamics of averages pre-

serves constants, i.e. that limn→∞ Eχ(|Xx
t |/n) = 1 for any χ ∈ C∞(R+)

that equals one in a neighborhood of the origin. Hint: Clearly the limit

exists and does not exceed one. To show the claim use (5.5); choosing r,

n large enough one gets Eχ(|Xx
t |/n) arbitrarily close to one.

Exercise 5.1.2 Show that if the coefficients of L are bounded, i.e.

(4.40) holds, then

Emin(|Xx
t − x|2, |Xx

t − x|p) ≤ (ect − 1) (5.8)

uniformly for all x, and also that (5.5) holds for all x with C(T,K) not

depending on K.

5.2 Extending Feller processes

To formulate our main result on unbounded coefficients, it is convenient

to work with weighted spaces of continuous function. Recall that if f(x)

is a continuous positive function on a locally compact space S tending

to infinity as x → ∞, we denote by Cf (S) (resp. Cf,∞(S)) the space

of continuous functions g on S such that g/f ∈ C(S) (resp. g/f ∈
C∞(S)) with the norm ∥g∥Cf = ∥g/f∥. Similarly we define Ckf (S) (resp.

Ckf,∞(S)) as the space of k times continuously differentiable functions

such that g(l)/f ∈ C(S) (resp. g(l)/f ∈ C∞(S)) for all l ≤ k.

Theorem 5.2.1, the main result of this section, allows us to construct
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Markov processes and semigroups from Lévy type operators with un-

bounded coefficients subject to the possibility of localization combined

with the existence of an appropriate Lyapunov function. It is an abstract

version of a result from [131] devoted specifically to decomposable gener-

ators. The method based on the martingale problem is standard by now.

However, of importance for us is the identification of the space where

the limiting semigroup is strongly continuous. We shall use the function

χq defined in the proof of Theorem 5.1.1 above.

Theorem 5.2.1 Let an operator L be defined in C2
c (R

d) by (4.38) and∫
{|y|≥1} |y|

pν(x, dy) <∞ for a p ≤ 2 any x. Assume a positive function

fL ∈ C2
1+|x|p is given (the subscript L stands either for the operator L

or for the Lyapunov function) such that fL(x) → ∞ as x→ ∞ and

LfL ≤ c(fL + 1) (5.9)

for a constant c. Set

spL(x) = ∥G(x)∥+ |b(x)|+
∫

min(|y|2, |y|p)ν(x, dy).

Assume that for a given q > 1 the martingale problem for the ’normal-

ized’ operators Ln = χq(s
p
L(x)/n)L, n = 1, 2, ..., with bounded coeffi-

cients is well posed in C2
c (R

d) and the corresponding process is a con-

servative Feller process (for instance, one of the Theorems 4.4.1, 4.7.5,

3.2.1, 4.7.4 applies). Then the martingale problem for L in C2
c (R

d) is

also well posed, the corresponding process Xt is strong Markov and its

contraction semigroup preserves C(Rd) and extends from C(Rd) to a

strongly continuous semigroup in CfL,∞(Rd) with a domain containing

C2
c (R

d). Moreover,

EfL(X
x
t ) ≤ ect(fL(x) + c), (5.10)

and

sup
m

P( sup
0≤s≤t

fL(X
x
s ) > r) ≤ c(t, fL(x))

r
, (5.11)

implying in particular that this semigroup in CfL,∞(Rd) is a contraction

whenever c = 0 in (5.9).

Proof Let Xt,m be the Feller processes corresponding to Lm. Approx-

imating fL by fL(y)χp(y/n) as in the above proof of Theorem 5.1.1

and using the boundedness of moments (5.4) for the processes Xt with
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bounded generators, it is straightforward to conclude that the processes

Mm(t) = fL(X
x
t,m)−

∫ t

0

LmfL(X
x
s,m) ds

are martingales for all m. Moreover, since χp ≤ 1, it follows from our as-

sumptions that LmfL ≤ c(fL+1) for allm, implying again by Gronwall’s

lemma that

EfL(X
x
t,m) ≤ ect(fL(x) + c). (5.12)

Since by (5.9) and (5.12) the expectation of the negative part of the

martingale Mm(t) is uniformly (for t ≤ T ) bounded by c(T )(fL(x) +

1), we conclude that the expectation of its magnitude is also bounded

by c(T )(fL(x) + 1) (in fact, for any martingale M(t) one has M(0) =

EM(t) = EM+(t)−EM−(t), whereM±(t) are the positive and negative

parts of M(t) implying EM+(t) = EM−(t) +M(0)) and hence, by the

same argument as in the proof of (5.5) above, one deduces from Doob’s

inequality for martingales that

sup
m

P( sup
0≤s≤t

fL(X
x
s,m) > r) ≤ c(t, fL(x))

r

uniformly for t ≤ T with arbitrary T . Since fL(x) → ∞ as x→ ∞, this

implies the compact containment condition for Xt,m:

lim
r→∞

sup
m

P( sup
0≤s≤t

|Xx
s,m| > r) = 0

uniformly for x from any compact set and t ≤ T with arbitrary T .

Let us estimate the difference between the Feller semigroups ofXs,n, Xs,m.

By the compact containment condition for any ϵ > 0 there exists r > 0

such that for f ∈ C(Rd)

|Ef(Xx
t,m)−Ef(Xx

t,n)| ≤ |E[f(Xx
s,m)1t<τmr ]−E[f(Xx

s,n)1t<τnr ]|+ ϵ∥f∥,

where τmr is the exit of Xx
t,m from the ball Br (i.e. is given by (4.41)

with U = Br). Note that for large enough n,m the generators of Xx
t,m

and Xx
t,n coincide in Br and hence by Theorem 4.7.2 the first term on

the r.h.s. of the above inequality vanishes. Consequently,

|Ef(Xx
t,m)−Ef(Xx

t,n)| → 0

as n,m→ ∞ uniformly for x from any compact set. And this fact clearly

implies that the limit

Ttf(x) = lim
n→∞

Ef(Xx
t,n)
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exists and that Tt is a Markov semigroup preserving C(Rd) (i.e. is a

C-Feller semigroup) and continuous in the topology of uniform conver-

gence on compact sets, i.e. such that Ttf(x) converges to f(x) as t→ 0

uniformly for x from any compact set. Clearly the compact containment

implies the tightness of the family of the transition probabilities for the

Markov processes Xx
t,m leading to the conclusion that the limiting semi-

group Tt has form (2.19) for certain transitions pt and hence specifies a

Markov process, which therefore solves the required martingale problem.

Uniqueness follows by localization, i.e. by Theorem 4.7.3. It remains to

observe that (5.12) implies (5.10) and this in turn implies (5.11) by the

same argument as for the approximations Xt,m above. Consequently Tt
extends by monotonicity to a semigroup on Cf (R

d). Since the space

C(Rd) ⊂ Cf (R
d) is invariant and Tt is continuous there in the topology

of uniform convergence on compact sets it follows that Ttf converges to

f as t→ 0 in the topology of Cf (R
d) for any f ∈ C(Rd) and hence (by

standard approximation argument) also for any f ∈ Cf,∞(Rd) implying

the required strong continuity.

Let us consider an example of stable-like processes with unbounded

coefficients.

Proposition 5.2.1 Let L have form (3.55), where ωp, αp are as in

Proposition 3.5.1. Let σ, b, ap be continuously differentiable (ap as a

function of x), ap be positive, ν depends weakly continuous on x and∫
|y|ν(x, dy) <∞. Then Theorem 5.2.1 applies with fL(x) being a twice

differentiable function coinciding with |x| for large x whenever either

∥A(x∥+
∫
P

dp sup
s
ap(x, s) + |x|

∫
|y|ν(x, dy) + (b(x), x) ≤ c|x|2 (5.13)

with c > 0, or (b(x), x) is negative and

∥A(x∥+
∫
P

dp sup
s
ap(x, s) + |x|

∫
|y|ν(x, dy) ≤ R−1|(b(x), x)| (5.14)

for large x with a large enough constant R.

Proof Straightforward from Theorem 5.2.1 and Proposition 3.5.1.

5.3 Invariant domains

Theorem 5.2.1 has an important drawback. In the limit m → ∞ we

lost the information about the invariant domain of L. Let us describe a

method to identify such a domain.
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Consider the stochastic equation (3.37):

Xt = x+

∫ t

0

σ(Xs−)dBs +

∫ t

0

b(Xs−)ds+

∫ t

0

∫
F (Xs−, y)Ñ(dsdy)

(G = 1 for simplicity) under the assumptions of Theorem 3.5.1 (ii) (with

the corresponding generator given by (3.40)). Differentiating it twice

with respect to the initial conditions leads to the stochastic equations

Zt = 1+

∫ t

0

(
∂σ

∂x
(Xs−)Zs−dBs +

∂b

∂x
(Xs−)Zs− ds+

∫
∂F

∂x
(Xs−, y)Zs−Ñ(dsdy)

)
,

(5.15)

Wt =

∫ t

0

(
(
∂2σ

∂x2
(Xs−)Zs−, Zs−) +

∂σ

∂x
(Xs−)Ws−

)
dBs

+

∫ t

0

(
(
∂2b

∂x2
(Xs−)Zs−, Zs−) +

∂b

∂x
(Xs−)Ws−

)
ds

+

∫ t

0

∫ (
(
∂2F

∂x2
(Xs−, y)Zs−, Zs−) +

∂F

∂x
(Xs−, y)Ws−

)
Ñ(dsdy)

(5.16)

for

Z =
∂X

∂x
, W =

∂2X

∂x2
.

From Theorem 3.37 it follows that the solutions are well defined and

can be obtained via Ito-Euler approximation scheme. Moreover, one sees

from Proposition 3.3.1 that the solutions to equations (3.37) and (5.15)

form a Feller process with the generator

LX,∇Xf(x, z) = LdifX,∇Xf(x, z)

+

∫
[f

(
x+ F (x, y), z +

∂F

∂x
(x, y)z

)
−f(x, y)−(F (x, y),

∂f

∂x
)−∂F

∂x
(x, y)z

∂f

∂z
]ν(dy),

(5.17)

where

LdifX,∇Xf =
1

2
σilσjl

∂2f

∂xi∂xj
+ bi

∂f

∂xi
+
∂bi
∂xl

zlj
∂f

∂zij

+σil
∂σpl
∂xm

zmq
∂2f

∂xi∂zpg
+

1

2

∂σil
∂xr

zrj
∂σpl
∂xm

zmq
∂2f

∂zij∂zpq
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(summation over all indices is assumed), and solutions to equations

(3.37) and (5.15), (5.16) form a Feller process with the generator

LX,∇X,∇2Xf(x, z, w) = LdifX,∇X,∇2Xf(x, z, w)

+

∫
[f

(
x+ F (x, y), z +

∂F

∂x
(x, y)z, w +

∂F

∂x
(x, y)w + (

∂2F

∂x2
(x, y)z, z)

)
−f(x, z, w)

−(F (x, y),
∂f

∂x
)−
(
∂F

∂x
(x, y)z,

∂f

∂z

)
−
(
∂F

∂x
(x, y)w + (

∂2F

∂x2
(x, y)z, z)

)
∂f

∂w
]ν(dy),

(5.18)

where

LdifX,∇X,∇2Xf(x, z, w) = LdifX,∇Xf(x, z)+

(
∂2bi

∂xm∂xp
zmqzpl +

∂bi
∂xm

wmql

)
∂f

∂wiql

σjk

(
∂2σik
∂xm∂xp

zmqzpl +
∂σik
∂xm

wmql

)
∂2f

∂wiql∂xj

+
∂σjk
∂xn

znr

(
∂2σik
∂xm∂xp

zmqzpl +
∂σik
∂xm

wmql

)
∂2f

∂wiql∂zjr

+
1

2

(
∂2σik

∂xm1
∂xp1

zm1q1zp1l1 +
∂σik
∂xm1

wm1

q1l1

)

×
(

∂2σjk
∂xm2

∂xp2
zm2q2zp2l2 +

∂σjk
∂xm2

wm2

q2l2

)
∂2f

∂wiq1l1∂w
j
q2l2

.

The handy barrier functions for these processes have form

fkX(x) = |x|k, fkZ(z) = |z|k, fkW (w) = |w|k,

where for the arrays z and w

|z|2 =
∑
i,j

z2ij , |w|2 =
∑
i,j,k

(wijk)
2.

For these functions the action of the above generators writes down ex-

plicitly as

LX,∇X,∇2Xf
k
X(x) = k|x|k−2

(
(b, x) +

k − 2

2

∥∥∥∥σT x

|x|

∥∥∥∥2 + 1

2
∥σ∥2

)

+

∫ (
∥x+ F (x, y)∥k − ∥x∥k − k∥x∥k−2(x, F (x, y))

)
ν(dy),
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LX,∇X,∇2Xf
k
Z(x, z)

= k|z|k−2

tr(∂b
∂x

zzT) +
1

2
(k− 2)

∑
l

∑
i,r,j

∂σil
∂xr

zrj
|z|

2

+
1

2

∑
i,l,j

(
∑
r

∂σil
∂xr

zrj)
2


+

∫ (
∥z + F (x, y)z∥k − ∥z∥k − k∥z∥k−2(z,

∂F

∂x
(x, y)z)

)
ν(dy)

(where we used indices explicitly to avoid possible ambiguity in vector

notations for arrays) and

LX,∇X,∇2Xf
2
W (x, z, w) =

(
∂2bi

∂xm∂xp
zmqzpl +

∂bi
∂xm

wmql

)
wipl

+
∑
i,n,l,q

[∑
m,p

(
∂σin

∂xm∂xp
zmqzpl +

∂σin
∂xm

wmql

)]2

+

∫ [
∂F

∂x
(x, y)w + (

∂2F

∂x2
(x, y)z, z)

]2
ν(dy).

As here |z|4 is present, the estimate for the second moment of the second

derivatives can be obtained only in conjunction with the estimate to the

fourth moment of the first derivative (as one could expect from Theorem

3.5.1).

Using Hölder inequality yields the estimate

LX,∇X,∇2Xf
2
W (x, z, w) ≤

(
∂b

∂x
w,w

)
+ c sup

i,j,n

(
| ∂2bi
∂xn∂xj

|+ |∂σij
∂xn

|
)
∥w∥2

+c sup
i,j,n

|∂σij
∂xn

|2∥z∥4+
∫

∥∂F
∂x

(x, y)∥2ν(dy)∥w∥2+
∫

(
∂2F

∂x2
(x, y)z, z)2ν(dy).

(5.19)

Theorem 5.3.1 (i) Suppose the assumptions of Theorem 3.5.1 (iii)

hold locally (i.e. for x from any compact domain) and let

LX,∇X,∇2Xf
k
X(x) < 0

for an even positive k and large enough x. Then the process with gener-

ator (3.40), i.e.

Lf(x) =
1

2
(σ(x)GσT (x)∇,∇)f(x) + (b(x),∇f(x))
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+

∫
[f(x+ F (x, y))− f(x)− (F (x, y),∇f(x))]ν(dy),

is well defined and its semigroup Tt is strongly continuous in the space

C|.|k,∞(Rd) and E|Xx
t |k ≤ |x|k + ct holds true for all times t with a

constant c.

(ii) If additionally

LX,∇X,∇2Xf
4
Z(x, z) < 0

for large x (this is essentially a positivity condition for a certain 4-th

order form in z with coefficients depending on x), then

E∥∂X
x
t

∂x
∥4 ≤ cect (5.20)

for any x, t and the space C1(Rd) is invariant under Tt.

(iii) If additionally

LX,∇X,∇2X(f4Z + f2W )(x, z, w) < 0

for large x (due to (5.19) this is essentially a positivity condition for a

certain quadratic form in w and a fourth order form in z with coefficients

depending on x), then

E

∥∥∥∥∂2Xx
t

∂x2

∥∥∥∥2 ≤ cect (5.21)

for any x, t and the space C2(Rd) is invariant under Tt.

(iv) Finally, if additionally the coefficients of the operator L grow

slower than |x|k, i.e. they belong to C|.|k,∞(Rd), then C2(Rd) is an

invariant domain and a hence core for the semigroup Tt in C|.|k,∞(Rd).

Proof (i) This follows from Theorem 5.2.1.

(ii) Working as in Theorem 5.2.1 with the process Xt, Zt with the

generator LX,∇X we find that since

LX,∇Xf
4
Z(x, z) < c(1 + f4Z(z))

for all x, z with a constant c, it follows that

Ef4Z(X
x
t , Z

z
t ) ≤ cectf4Z(z),

implying (5.20) as ∂Xx
t /∂x = 1 for t = 0. Consequently, for an f ∈

C1(Rd) ∣∣∣∣ ∂∂xEf(Xx
t )

∣∣∣∣ ≤ E

∥∥∥∥∂f(Xx
t )

∂x

∥∥∥∥ ≤ cE∥∂X
x
t

∂x
∥ ≤ c(t),
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implying the invariance of the space C1(Rd).

(iii) Working as above with the process Xt, Zt,Wt and the generator

LX,∇X,∇2X we find that

E(f4Z + f2W )(Xx
t , Z

z
t ,Wt)) ≤ cect(∥z∥4 + ∥w∥2),

implying (5.21). As in (ii), this implies the invariance of functions with

bounded second derivatives under the action of Tt.

(iv) Under the assumptions made, the space C2(Rd) belongs to the

domain. By (iii) it is invariant.

As an example, let us consider the truncated stable-like generators.

Proposition 5.3.1 Let L have form (3.55), where ωp, αp are as in

Proposition 3.5.1 (ii) and σ, b, a be three times continuously differen-

tiable. Suppose ν = 0, all coefficients belong to C|.|k,∞, and for large x

and a large enough constant R the estimates

(b, x) +
1

2
(k − 2)

∥∥∥∥σT x

|x|

∥∥∥∥2 + 1

2
∥σ∥2 +R sup

p,s,x
ap(x, s) < 0,

tr(
∂b

∂x
zzT)+

∑
l

∑
i,r,j

∂σil
∂xr

zrj
|z|

2

+
1

2

∑
i,l,j

(
∑
r

∂σil
∂xr

zrj)
2+R sup

p,s,x
|∂aP(x, s)

∂x
|2 < 0,

(
∂b

∂x
w,w) + c sup

i,j,n
(| ∂2bi
∂xn∂xj

|+ |∂σij
∂xn

|)∥w∥2 + c sup
i,j,n

|∂σij
∂xn

|2∥z∥4+

+R sup
p,s,x

(
|∂

2aP (x, s)

∂x2
|2 + |∂aP (x, s)

∂x
|4
)
< 0

hold (constant R can be calculated explicitly). Then the process is well

defined, its semigroup Tt is strongly continuous in C|.|k,∞(Rd) and has

C2(Rd) as an invariant core.

Proof Follows from the previous theorem and the obvious estimates for

the derivatives of the mapping F from Corollary 4. Namely,

∂Fx,s(z)

∂x
= [K−α +

α

a
(
1

z
− 1

K
)]−(1+1/α)(x, s)(

1

z
− 1

K
)∇α

a
(x),

so that, say,∫ K

0

∥∥∥∥∂Fx,s(z)∂x

∥∥∥∥2 dzz2 =
∥∥∥∇(α

a
(x)
)∥∥∥2 ∫ K

0

[K−α+
α

a
(
1

z
− 1

K
)]−(2+2/α)(

1

z
− 1

K
)2
dz

z2
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=
∥∥∥∇α

a
(x)
∥∥∥2 ( a

α

)3 ∫ ∞

0

[K−α + r]−(2+2/α)r2dr,

which is of order ∥∇ax∥2 for bounded below a.





PART TWO

NONLINEAR MARKOV PROCESSES
AND SEMIGROUPS





6

Integral generators

This chapter opens the mathematical study of nonlinear Markov semi-

groups. It is devoted to semigroups with integral generators. This case

includes dynamics described by the spatially homogeneous Smoluchovski

and Boltzmann equations, as well as the replicator dynamics of spatially

trivial evolutionary games. We start with the introductory section giving

a more detailed description of the content of this chapter.

6.1 Overview

For nonlinear extensions of Markov semigroups, their dual formulation

is most handy. A Feller semigroup Φt on C∞(X) clearly gives rise to a

dual positivity preserving semigroup Φ⋆t on the space M(X) of bounded

Borel measures on X through the duality identity (Φtf, µ) = (f,Φ⋆tµ),

where the pairing (f, µ) is given by integration. If A is the generator of

Φt, then µt = Φ⋆tµ can be characterized by the equation in weak form

d

dt
(g, µt) = (Ag, µt) = (g,A⋆µt), (6.1)

where A⋆ is the dual to A. This equation holds for all g from the domain

of A.

In this book we are interested in the nonlinear analog of (6.1):

d

dt
(g, µt) = Ω(µt)g, (6.2)

which holds for g from a certain dense domain D of C(Rd), where Ω is

a nonlinear transformation from a dense subset of M(X) to the space

of linear functionals on C(X) with a common domain containing D.

As we observed in the introduction, when describing the LLN limit of a
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Markov model of interaction, the r.h.s. of (6.2) takes the form (Aµtg, µt)

with a certain family of conditionally positive linear operators Aµ of

Lévy-Khintchine type with variable coefficients, depending on µ as a

parameter. In Section 1.1, devoted to the case of measures on a finite

state space, we called this representation of Ω stochastic, as it leads

naturally to a stochastic interpretation of the evolution.

A natural question arises (posed explicitly in Stroock [229]): can this

representation be deduced, as in linear case, from the mere assumption

that the corresponding measure-valued evolution is positivity preserving.

This question was partially answered in [136], where a positive answer

was given under the additional assumption that Ω(µ) depends polyno-

mially on µ (which can be extended to analytic functionals Ω(µ)). In

order not to interrupt our main theme, we shall discuss this topic in

detail in Section 11.5 after developing a nonlinear analog of the notion

of conditional positivity, and only a simpler case for integral operators

will be settled in Section 6.8.

Let us recall that in Chapter 4 we specify three groups of Lévy-

Khintchine type operators (appearing in stochastic representation for the

r.h.s. of (6.2)): integral operators (without smoothness requirements for

the domain), operators of order at most one (the domain contains contin-

uously differentiable functions), and the full Lévy-Khintchine operators

(the domain contains twice differentiable functions). These groups dif-

fer in the methods of analysis used. In what follows, we shall develop

each new step in our investigation separately for these three types: well-

posedness in Chapters 6,7, smoothness with respect to initial data in

Chapter 8, LLN for particle approximations in Chapter 9, CLT in Chap-

ter 10. To simplify the discussion of the third type (full Lévy-Khintchine

operators) we shall reduce our attention to the most natural example of

possibly degenerate stable-like generators combined with second order

differential operators. The exposition is given in a form that allows to

read the whole story for each class almost independently of others. In

particularly, readers who are interested in pure jump models only (in-

cluding specially homogeneous Boltzmann and Smoluchovskii models, as

well replicator dynamics of evolutionary games) can skip the discussion

of other types of nonlinear stochastic evolutions.

This chapter is devoted to the well-posedness of the evolution equa-

tions (6.2) with the r.h.s. having an integral stochastic representation,

starting with the case of bounded generators and then discussing un-

bounded kernels with additive bounds for rates given in terms of a con-

servation law. This includes the basic spatially trivial models of coag-



6.2 Bounded generators 149

ulation and collision. Next we prove a couple of existence results only,

including unbounded kernels with multiplicative bounds for the rates.

Finally we give a characterization of bounded operators generating posi-

tivity preserving semigroups in terms of a nonlinear analog of the notion

of conditional positivity.

6.2 Bounded generators

As a warm-up we consider bounded generators, giving several proofs

of the following simple but important result. The methods are quite

instructive and can be applied in various situations.

Theorem 6.2.1 Let X be a complete metric space and let

Aµf(x) =

∫
X

f(y)ν(x, µ, dy)− a(x, µ)f(x), (6.3)

where ν(x, µ, .), x ∈ X,µ ∈ M(X), is a family of measures from M(X)

depending continuously on x, µ (µ, ν are considered in the weak topology)

and where a(x, µ) is a function continuous in both variables such that

∥ν(x, µ, .)∥ ≤ a(x, µ) ≤ κ(∥µ∥)

for a certain positive κ ∈ C1(R+). Finally, let a, ν be locally Lipschitz

continuous with respect to the second variable, i.e.

∥ν(x, ξ, .)−ν(x, η, .)∥+|a(x, ξ)−a(x, η)| ≤ c(λ0)∥ξ−η∥, ξ, η ∈ λ0P(X),

(6.4)

for any λ0 > 0 and λ0P(X) = {λµ : λ ≤ λ0, µ ∈ P(X)}. Then there

exists a unique sub-Markov semigroup Tt of (nonlinear) contractions in

M(S) solving globally (for all t > 0) the weak nonlinear equation

d

dt
(g, µt) = (Aµtg, µt), µ0 = µ ∈ M(X), g ∈ C(X). (6.5)

This solution is actually strong that is, the derivative µ̇t exists in the

norm topology of M(S) and depends Lipschitz continuously on the initial

state, i.e.

sup
s≤t

∥µ1
s − µ2

s∥ ≤ c(t)∥µ1
0 − µ2

0∥.

Finally, if ∥ν(x, µ, .)∥ = a(x, µ) identically, then this semigroup is Markov.

First proof. By Theorem 2.3.1 (more precisely, its obvious time non-

homogeneous extension), for any weakly continuous curve µt ∈ λ0P(X)
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there exists a backward propagator U t,s in C(X) solving the equation

ġt = Aµtg. Its dual propagator V s,t acts in λ0P(X). It is important

to stress that by the integral representation of U t,r, the dual operators

actually act in M(X) and not just in the dual space (C(X))⋆. Due

to assumption (6.4), the existence and uniqueness of the weak solution

follows from Theorem 2.1.6 with B = D = C(X) and M = λ0P(X).

Finally, the existence of the derivative Ṫt(µ) = µ̇t in the norm topology

follows clearly from the fact that A⋆µtµt is continuous (even Lipschitz

continuous) in t in the norm topology.

Second proof. By (6.4) A⋆µtµt is Lipschitz continuous in the norm as

long as ∥µ∥ remains bounded. Hence, by a standard result for ordinary

differential equations in Banach spaces (see Appendix 12.4) the solution

µt = Tt(µ) in the norm topology exists and is unique locally, i.e. as long

as it remains bounded, but possibly takes values in the whole space of

signed measures. As a bound for ∥Tt(µ)∥ we can take the solution to the

equation v̇t = 2κ(vt), v0 = ∥µ∥. Hence, the solution Tt(µ) is well defined

at least on the interval t ∈ [0, t0], where t0 is defined by the equation

vt0 = 2∥µ∥. However, (1, µt) does not increase along the solution. Hence,

if only we could show that the solution remains positive, then ∥µt∥ =

(1, µt) does not increase, and consequently after time t0 we can iterate

the above procedure producing a unique solution for t ∈ [t0, 2t0] and

so on, completing the proof. Finally, in order to get positivity, we can

compare µt with the solution of the equation ξ̇t = −a(x)ξt (i.e. µt is

bounded below by ξt), which has an obvious positive solution.

Third proof. This approach (seemingly first applied in the context of

the Boltzmann equation) suggests to rewrite our equation as

d

dt
(g, µt) = −K(g, µt) + [A⋆µtµt +K(g, µt)],

and then to represent it in integral form (so called mild or interaction

representation) by du Hamel principle (see e.g. (2.35))

µt = e−Ktµ+

∫ t

0

e−K(t−s) [A⋆µsµs +Kµs
]
ds.

This equation is a fixed point equation for a certain nonlinear operator

Φ acting in the metric space Cµ([0, r],M(X)) of continuous functions

on [0, r] such that µ0 = µ with values in the Banach space M(X) and

equipped with the sup norm ∥µ(.)∥ = sups∈[0,r] ∥µs∥. Under the condi-

tions of the theorem we see that ϕ is a contraction for any K > 0 and

small enough r, and consequently (by the fixed point principle) has a
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unique fixed point that can be approximated by the iterations. The cru-

cial observation is the following: if K > sup{a(x, µ) : µ ∈ λ0P(X)}, then
Φ preserves positivity, so that starting the iterations from the constant

function µs = µ one gets necessarily the positive fixed point. One then

can extend the solution to arbitrary times as in the previous proof.

Fourth proof. Finally let us use the method of T -mappings or T -

products (time ordered or chronological products). Let V s[µ] denote the

semigroup of contractions in λ0P(X) solving the Cauchy problem for

the equation ν̇ = A⋆µν (which is of course dual to the semigroup solving

ġ = Aµg). Define the approximations µτ to solution of (6.5) recursively

as

µτt = V t−lτ [µτ(l−1)τ ]µ
τ
(l−1)τ , lτ < t ≤ (l + 1)τ.

The limit of such approximations as τ → 0 is called the T -mapping

based on the family V s[µ]. When everything is uniformly bounded (as

in our situation) it is easy to see that one can choose a converging

subsequence and that the limit satisfies the equation (6.5). This approach

yields obviously positivity preserving solutions.

Let us stress again that locally (for small times) the well posedness of

(6.4) is the consequence of a standard result for ODEs in Banach spaces,

and the use of positivity is needed to obtain the global solution.

In application it is often useful to have the following straightforward

extension of the previous result.

Theorem 6.2.2 Let X, a, ν, A be as in Theorem 6.2.1 and let b ∈
C(X) with ∥b∥ ≤ c. Then the Cauchy problem

d

dt
(g, µt) = (Aµtg, µt) + (bg, µt), µ0 = µ ∈ M(X), g ∈ C(X),

has a unique global solution Φt(µ), which is strong, and with Φt forming

a semigroup of bounded nonlinear transformations of M(X) enjoying

the estimate ∥Φt(µ)∥ ≤ ect∥µ∥.

One is often interested in the regularity of the solution semigroup

Tt, in particular, when it can be defined on functions, and not only on

measures.

Theorem 6.2.3 Under the assumptions of Theorem 6.2.1 suppose X

is Rd or its open subset and that for measures µ with densities, say

fµ, with respect to the Lebesgue measure, the continuous dual kernel

ν′(x, µ, dy) exist so that

ν(x, µ, dy)dx = ν′(y, µ, dx)dy,
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and moreover that ∥ν′(x, µ, .)∥ are uniformly bounded for bounded µ.

Then the semigroup Tt from Theorem 6.2.1 preserves measures with a

density, i.e. it acts in L1(X).

Proof It is straightforward. Referring to the proof of Theorems 2.3.1

or 4.2.1 one observes that for a continuous curve µt ∈ L1(X), the dual

propagator V s,t would act in L1(X) due to the existence of the dual

kernel. Hence the required fixed point would also be in L1(X).

As a direct application let us get a simple well-posedness result for

the equations of Section 1.5 in case of bounded coefficients.

Theorem 6.2.4 Let in equation (1.41) (containing as particular cases

spatially homogeneous Smoluchovski and Boltzmann equations) all ker-

nels P are uniformly bounded and P l are 1-subcritical for l > 1. Then

for any µ ∈ M(X) there exists a unique global solution Tt(µ) of (1.41)

in M(X). This solution is strong (i.e. Ṫt(µ) exists in the norm topology)

and the resolving operators Tt form a semigroup. If P l are 1-subcritical

(resp. 1-critical) for all l, this semigroup is sub-Markov (resp. Markov).

Proof Note that equation (1.41) can be written equivalently as

d

dt

∫
X

g(z)µt(dz) =

k∑
l=1

1

l!

∫
X

∫
Xl

(g⊕(y)− lg(z1)P
l(z, dy)µ⊗l

t (dz),

(6.6)

which is of form (6.5), (6.3) with∫
g(y)ν(x, µ, dy) =

k∑
l=1

1

l!

∫
X

∫
Xl−1

g⊕(y)P l(x, z1, ..., zl−1, dy)µt(dz1)...µt(dzl−1),

so that in case of uniformly bounded kernels

∥ν(x, µ, .)− ν(x, η, .)∥ ≤ c∥µ− η∥

uniformly for bounded µ and η. In case of all P l being 1-subcritical, the

required result follows directly from Theorem 6.2.1. Otherwise, when P 1

is allowed not to be subcritical, Theorem 6.2.2 applies.

In order to apply Theorem 6.2.3 one has to know the dual kernel. In

the usual models these dual kernels are given explicitly. Consider, for

example, the classical Smoluchovski equation, i.e. equation (1.46) with

X = R+, E(x) = x and K(x1, x2, dy) = K(x1, x2)δ(x1 + x2 − y) with a
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certain specific symmetric function K(x1, x2):

d

dt

∫
R+

g(z)µt(dz) =
1

2

∫
(R+)2

[g(x1+x2)−g(x1)−g(x2)]K(x1, x2)µt(dx1)µt(dx2).

(6.7)

By the symmetry of the coagulation kernel K, this can be also written

as

d

dt

∫
R+

g(z)µt(dz) =
1

2

∫
(R+)2

[g(x+ z)− 2g(x)]K(x, z)µt(dx)µt(dz).

(6.8)

This has form (6.5), (6.3) with

ν(x, µ, dy) =

∫
z∈R+

K(x, z)δ(y − x− z)µ(dz)

and the dual kernel is

ν′(y, µ, dx) =

∫ y

0

µ(dz)K(y − z, z)δ(x+ z − y),

so that ∫
f(x, y)ν(x, µ, dy)dx =

∫
f(x, y)ν′(y, µ, dx)dy

=

∫ ∞

0

∫ ∞

0

f(x, x+ z)K(x, z)µ(dz)dx

for f ∈ C∞(R2
+) (i.e. continuous f vanishing at infinity and on the

boundary of (R+)
2. Hence the strong form of equation (6.7) for the

densities f of the measures µ reads as

d

dt
ft(x) =

∫ x

0

f(z)dzK(x−z, z)f(x+z)−ft(x)
∫
K(x, z)f(z)dz]. (6.9)

Theorem 6.2.3 implies that ifK is continuous and bounded, this equation

is well posed and the solutions specifies a semigroup in L1(R+).

Similarly the classical spatially homogeneous Botzmann equation in

the weak form (1.52) clearly rewrites equivalently as

d

dt
(g, µt) =

1

2

∫
Sd−1

∫ ∫
[g(w1)− g(v1)]B(|v1 − v2|, θ)dnµt(dv1)µt(dv2),

(6.10)

where, recall, B(|v|, θ) = B(|v|, π − θ),

w1 = v1 − n(v1 − v2, n), w2 = v2 + n(v1 − v2, n)),
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and θ is the angle between v2 − v1 and n. This equation has form (6.5),

(6.3) with∫
ψ(y)ν(v1, µ, dy) =

∫ ∫
ψ(v1 − n(v1 − v2, n))B(|v1 − v2|, θ)dnµ(dv2).

In order to find out the dual kernel observe that in case when µ has a

density f one has ∫
R2d

g(v1)ψ(y)ν(v1, f, dy)dv1

=

∫
Sd−1

∫
R2d

g(v1)ψ(w1)B(|v1 − v2|, θ)dndv1f(v2)dv2

=

∫
Sd−1

∫
R2d

g(w1)ψ(v1)B(|v1 − v2|, θ)dnf(w2)dv1dv2

=

∫
R2d

g(y)ψ(v1)ν
′(v1, f, dy)dv1 (6.11)

(we first relabeled (v1, v2) by (w1, w2) and then change the variable

of integration dw1dw2 to dv1dv2 noting that (i) the Jacobian of this

orthogonal (by (1.48)) transformation is one, (ii) |v1 − v2| = |w1 − w2|,
and (iii) the angle θ between v2−v1 and w1−v1 coincides with the angle

between w2 − w1 and v1 − w1). This implies that the dual kernel exists

and is given by∫
g(y)ν′(v1, f, dy) =

∫
g(v1 − n(v1 − v2, n))B(|v1 − v2|, θ)dnf(w2)dv2.

Hence the solution operator to the Boltzmann equation preserves the

space L1(R
d).

It is also useful to know, whether the solutions to kinetic equation

preserves the space of bounded continuous functions. To answer this

question for the Boltzmann equation, the Carleman representation is

handy. Namely, from equation (12.45) it follows that for bounded B one

has

ḟt(v) = O(1)

∫
ft(v)dv∥ft∥,

where ∥f∥ denotes as usual the sup norm. Consequently, Gronwall’s

inequality yields the following result.

Proposition 6.2.1 If f0 ∈ C(Rd), then the solution ft to the Boltz-

mann equation (12.39) with the initial condition f0 stays in C(Rd) for

all times and the semigroup Φt : f0 7→ ft is bounded in C(Rd).
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6.3 Additive bounds for rates: existence

The application of the fixed point principle in the spirit of Theorem

2.1.6 is very effective in solving nonlinear problems. It was used in the

first proof of Theorem 6.2.1 above and will be further demonstrated in

the next chapter. However, in some situations the corresponding linear

problem is not regular enough for this approach to be applicable, so

that other methods should be applied. This will be the case with the

problems considered further in this chapter.

In this section we are dealing with equations (1.73) for pure jump

interactions

d

dt
(g, µt) =

k∑
l=1

1

l!

∫
Xl

[∫
X
(g⊕(y)− g⊕(z))P (µt, z; dy)

]
µ⊗l
t (dz), µ0 = µ,

(6.12)

and its integral version

(g, µt)−(g, µ) =

∫ t

0

ds

k∑
l=1

1

l!

∫
Xl

[∫
X
(g⊕(y)− g⊕(z))P (µs, z; dy)

]
µ⊗l
s (dz),

(6.13)

with unbounded P , where X is a locally compact metric space.

Let us start with some basic definitions concerning the properties of

transition rates. Let E be a non-negative function on X. The number

E(x) will be called the size of a particle x (say, E stands for the mass

in mass exchange models like coagulation-fragmentation, and for the

kinetic energy when modeling Boltzmann type collisions). We say that

the transition kernel P = P (x; dy) in (1.29) is E-subcritical (resp. E-

critical), if ∫
(E⊕(y)− E⊕(x))P (x; dy) ≤ 0 (6.14)

for all x (resp. if the equality holds). We say that P (x; dy) is E-preserving

(resp. E-non-increasing) if the measure P (x; dy) is supported on the set

{y : E⊕(y) = E⊕(x)} (resp. {y : E⊕(y) ≤ E⊕(x)}). Clearly, if P (x; dy)
is E-preserving (resp. E-non-increasing), then it is also E-critical (resp.

E-subcritical). For instance, if E = 1, then E preservation (subcriti-

callity) means that the number of particles remains constant (does not

increase in average) during the evolution of the process. As we shall see

later, subcriticallity enters practically all natural assumptions ensuring

non-explosion of the models of interaction.

We shall say that our transition kernel P is multiplicatively E-bounded
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or E⊗-bounded (resp. additively E-bounded or E⊕-bounded) whenever

P (µ;x) ≤ cE⊗(x) (resp. P (µ;x) ≤ cE⊕(x)) for all µ and x and some

constant c > 0, where we used notations (1.27) and (1.28).

We shall deal now (and mostly) with additively bounded kernels. How-

ever, some existence for multiplicative bounds will be given later.

Lemma 6.3.1 The following elementary inequalities hold for all posi-

tive a, b, β:

(a+ b)β − aβ − bβ ≤ 2β(abβ−1 + baβ−1), (6.15)

(a+ b)β − aβ ≤ βmax(1, 2β−1)b(bβ−1 + aβ−1). (6.16)

Proof For β ≤ 1 inequality (6.15) holds trivially, as the l.h.s. is al-

ways non-positive. Hence, by homogeneity, in order to prove (6.15), it is

enough to show that

(1 + x)β − 1 ≤ 2βx, β ≥ 1, x ∈ (0, 1). (6.17)

Next, the mean value theorem implies

(1 + x)β − 1 ≤ β2β−1x, β ≥ 1, x ∈ (0, 1),

yielding (6.17) for β ∈ [1, 2]. For β ≥ 2 the inequality g(x) = (1 + x)β −
1− 2βx ≤ 0 holds, because g(0) = 0, g(1) = −1 and g′(x) is increasing.

To prove (6.16) observe that the mean value theorem implies

(a+ b)β − aβ ≤

{
β(a+ b)β−1b, β ≥ 1

βbaβ−1, β ∈ (0, 1).

Theorem 6.3.1 Suppose the transition kernels enjoy the following

properties:

(i) P (µ,x, .) is a continuous function

M(X)× ∪kl=1SX
l 7→ M(∪kl=1SX

l)

(i.e. not more than k particles can interact or be created simultaneously),

where the measures are considered in their weak topologies;

(ii) P (µ,x, .) is E-non-increasing and (1+E)⊕-bounded for some con-

tinuous non-negative function E on X such that E(x) → ∞ as x→ ∞;

(iii) P (µ,x, .) are 1-subcritical for x ∈ X l, l ≥ 2.

Suppose that
∫
(1 +Eβ)(x)µ(dx) <∞ for the initial condition µ with

some β > 1. Then there exists a global non-negative solutions of (6.13)
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not increasing E, i.e. with (E, µt) ≤ (E, µ), t ≥ 0, such that for an

arbitrary T

sup
t∈[0,T ]

∫
(1 + Eβ)(x)µt(dx) ≤ C(T, β, µ) (6.18)

with some constant C(T, β, µ).

Proof Let us first approximate the transition kernel P by the cutoff

kernels Pn defined by the equation∫
g(y)Pn(µ, z, dy) =

∫
1{E⊕(z)≤n}(z)g(y)1{E⊕(y)≤n}(y)P (µ, z, dy),

(6.19)

for arbitrary g. It is easy to see that Pn enjoys the same property (i)-

(iv) as P , but at the same time it is bounded, and hence the solution µnt
to the corresponding kinetic equations with initial condition µ exist by

Theorem 6.2.1. As the evolution defined by Pn clearly does not change

measures outside the compact region {y : E(y) ≤ n}, it follows that if∫
(1 + Eβ)(x)µ(dx) < ∞, then the same holds for µt for all t. Our aim

now is to obtain the bound for this quantity which is independent on n.

Recall that we denote by Fg the linear functional on measures Fg(µ) =

(g, µ) and by ΛFg(µt) the r.h.s. of 6.12. Notice first that by assumption

(iii)

ΛF1(µ) ≤ ckF1+E(µ), (6.20)

which by Gronwall’s lemma implies (6.18) for β = 1.

Next, for any y = (y1, ..., yl) in the support of P (µ,x, .)

(Eβ)⊕(y) ≤ (E⊕(y))β ≤ (E⊕(x))β

as P is E-non-increasing and the function z 7→ zβ is convex. Conse-

quently one has

ΛFEβ (µ) =

k∑
l=1

1

l!

∫
Xl

[(Eβ)⊕(y)− (Eβ)⊕(x)]P (µ,x, dy)µ⊗l(dx)

≤
k∑
l=2

1

l!

∫
[(E(x1)+...+E(xl))

β−E(x1)
β−...−Eβ(xl)]P (µ,x, dy)µ⊗l(dx).

Using the symmetry with respect to permutations of x1, ..., xl and the

assumption that P is (1+E)⊕-bounded one deduces that this expression
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does nor exceed

k∑
l=2

1

(l − 1)!

∫
[(E(x1)+...+E(xl))

β−Eβ(x1)−....−Eβ(xl)](1+E(x1))

l∏
j=1

µ(dxj).

Using (6.15) with a = E(x1), b = E(x2) + ... + E(xl) and induction

in l yields

(E(x1) + ...+ E(xl))
β − Eβ(x1)− ....− Eβ(xl) ≤ c

∑
i̸=j

L(xi)L
β−1(xj).

Using (6.15) yields

((E(x1) + ...+ E(xl))
β − Eβ(x1))E(x1)

≤ c
∑
i ̸=1

[E(x1)E(xi)
β + E(x1)

beE(xi)].

Again by the symmetry, this implies

ΛFEβ (µ) ≤ c

∫ k∑
l=2

(Eβ(x1) + Eβ−1(x1))E(x2)

l∏
j=1

(µ(dxj), (6.21)

which using Ebe−1(x1)E(x2) ≤ Eβ(x1) + Eβ(x2) rewrites as

ΛFEβ (µ) ≤ c

∫ k∑
l=2

Eβ(x1)(1 + E(x2))

l∏
j=1

(µ(dxj). (6.22)

By (6.20) it follows that

ΛF1+Eβ (µ) ≤ c

k∑
l=1

(Eβ(x1) + 1)(E(x2) + 1)

l∏
j=1

(µ(dxj)

and consequently, since (E, µnt ) ≤ (E, µ) and using (6.18) for β = 1, it

implies

d

dt
(1 + Eβ , µnt ) = ΛF1+Eβ (µ

n
t ) ≤ c(T, β, µ)(1 + Eβ , µnt )

and consequently by Gronwall’s lemma we get that for an arbitrary T

F1+Eβ (µ
n
t ) < C(T, β, µ)

with some C(T, β, µ) for all t ∈ [0, T ] and all n. This implies that the

family µnt is weakly compact for any t and any limiting point enjoys the

estimate (6.18). As the real-valued function
∫
g(x)µnt (dx) is absolutely

continuous for any g ∈ Cc(X) (follows directly from (6.13)), choosing
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a countable dense sequence of such functions allows us to find a sub-

sequence, denoted also µnt , which converges in the space of continuous

functions from [0, T ] to M(X), the latter taken with its weak topology.

It remains to show that its limit µt satisfies (6.13) by passing to the limit

in the corresponding equations for µnt . But this is obvious: all integrals

outside the domain {y : E(y) < K} can be made arbitrary small by

choosing large K (because of (6.18)), and inside this domain the result

follows from the weak convergence.

Remark 22 The assumption
∫
(1 + Eβ)(x)µ(dx) < ∞ with β > 1 is

actually not needed to prove the existence; see comments in Section 11.6.

Remark 23 A similar existence result holds for the integral version

of the equation

d

dt
(g, µt) =

k∑
l=1

1

l!

∫
X

∫
Xl

(g⊕(y)− g⊕(z))P l(z; dy)

(
µt
∥µt∥

)⊗l

(dz)∥µt∥.

(6.23)

To obtain existence, we have to show that any local solution cannot van-

ish at any finite time. To this end observe that any solution is bounded

from below by a solution to the equation

d

dt
µt(dz) = −

k∑
l=1

1

(l − 1)!

µt(dz)

∥µt∥l−1

∫
z1,...,zl−1

µt(dz1)...µt(dzl−1)P (µ; z, z1, ..., zl−1)

obtained from (6.23) by ignoring the positive part of the r.h.s. In their

turn, solutions to this equation are bounded from below by solutions to

the equation

d

dt
µt(dz) = −

k∑
l=1

1

(l − 1)!
(1+E(z))µt(dz)−

k∑
l=2

1

(l − 2)!
µt(dz1)

∫
(1 + E(u))µ(du)

∥µ∥
.

The solution to this equation can be found explicitly (see Exercise below)

and it never vanishes. Hence µT does not vanish, as required.

Exercise 6.3.1 Suppose X is a locally compact metric space, E is a

non-negative continuous function on it and a, b are two positive con-

stants. Then the solution to the measure-valued ordinary differential

equation

µ̇(dx) = −aE(x)µ(dx)− b

∫
E(u)µ(du)∫
µ(du)

µ(dx)
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on (positive) measures µ on a X with initial condition µ0 equals

µt(dx) = exp{−atE(x)}µ0(dx)

× exp{−b
∫ t

0

∫
E(u) exp{−asE(u)}µ0(du)∫

exp{−asE(u)}µ0(du)
ds}

and in particular it never vanishes whenever µ0 ̸= 0. Hint: this is ob-

tained by simple calculus, detail can be found in [134].

Exercise 6.3.2 Show (following the proof above) that the estimate

(6.18) can be written in a more precise form

sup
t∈[0,T ]

(Lβ , µt) ≤ c(T, β, (1 + L, µ0))(L
β , µ0) (6.24)

with some constant c.

6.4 Additive bounds for rates: well-posedness

Let us first discuss the regularity of the solutions constructed above.

Theorem 6.4.1 Let µt be a solution to (6.13) satisfying (6.18) with

some β > 1. Let the transition kernel P be (1+Eα)⊕-bounded for some

α ∈ [0, 1] and E-non-increasing. Then

(i) equation (6.13) holds for all g ∈ C1+Eβ−α(X);

(ii) µt is ⋆-weakly continuous in M1+Eβ (X);

(iii) µt is ⋆-weakly continuously differentiable in M1+Eβ−α(X);

(iv) µt is continuous in the norm topology of M1+Eβ−ϵ(X) with any

ϵ > 0;

(v) if the kernel P satisfies the additional condition

∥P (µ; z; .)− P (ν; z; .)∥ ≤ C(1 + Eα)⊕(z)∥(1 + E)(µ− ν)∥ (6.25)

(for all finite measures µ, ν and some constant C), then the function

t 7→ µt is continuously differentiable in the sense of the total variation

norm topology of M(X) so that the kinetic equation (6.12) holds in the

strong sense.

Proof (i) Approximating g ∈ C1+Eβ−α(X) by functions with a compact

support one passes to the limit in (6.13) using the dominated conver-

gence theorem and the estimate∫
g⊕(y)P (µs; z; dy)µ

⊗̃
s (dz) ≤ c

∫
(Eβ−α)⊕(y)P (µs; z; dy)µ

⊗̃
s (dz)
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≤
∫
(Eβ−α)⊕(z)(1+ Eα)⊕(z)µ⊗̃

s (dz)

when passing to the limit on both sides of (6.13).

(ii) It follows directly from (6.13) that the function
∫
g(x)µt(dx) is

absolutely continuous for any g from (i). The required continuity for

more general g ∈ C1+Eβ ,∞(X) is obtained again by approximating these

g by functions with a compact support using the observation that the

integrals of g and its approximations over the set {x : E(x) ≥ K} can

be made uniformly arbitrary small for all µt, t ∈ [0, T ], by choosing K

large enough.

(iii) One only needs to show that the r.h.s. of (6.12) is continuous

whenever g ∈ C1+Eβ−α∞
(X). But this is true, since by (ii), the integral∫

ϕ(z1, ..., zl)

l∏
j=1

µt(dzj)

is a continuous function of t for any function ϕ ∈ C(1+Eβ)⊗l,∞(X l).

(iv) From the same estimates as in (i) it follows that µt is Lipschitz

continuous in the norm topology of M1+Eβ−α(X). Required continuity

in M1+Eβ−ϵ(X) follows then from the uniform boundedness of µt in

M1+Eβ (X).

(v) It is easy to see that if a measure-valued ODE µ̇t = νt holds

weakly, then in order to conclude that it holds strongly (in the sense of

the norm topology), one has to show that the function t 7→ νt is norm

continuous. Hence in our case one has to show that

sup
|g|≤1

∫
Xl

∫
X
(g⊕(y)−g⊕(z))

[
P (µt, z; dy)µ

⊗l
t (dz)− P (µ0, z; dy)µ

⊗l
0 (dz)

]
→ 0

as t→ 0, and this amounts to showing

∥P (µt, z; dy)µ⊗l
t (dz)− P (µ0, z; dy)µ

⊗l
0 (dz)∥ → 0

as t→ 0, which follows from (6.25) and the continuity of µt.

The regularity of the solution µt (the number of continuous deriva-

tives) increases with the growth of β in (6.18). As this estimate for

µt follows from the corresponding estimate for µ0, the regularity of µt
depends on the rate of decay of µ = µ0 at infinity. For example, the

following result is easily deduced.

Proposition 6.4.1 If f1+Eβ (µ0) is finite for all positive β and P

does not depend explicitly on µ (e.g. no additional mean-field interaction
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is assumed), then the solution µt of (6.12) obtained above is infinitely

differentiable in t (with respect to the norm topology in M(X)).

We can now prove the main result of this chapter. It relies on a measure

theoretic Lemma 6.5.1, which is proved in detail in the next section.

Theorem 6.4.2 Suppose the assumptions of Theorem 6.3.1 hold, P

is (1 + Eα)⊕-bounded for some α ∈ [0, 1] such that β ≥ α + 1, and

(6.25) holds. Then there exists a unique non-negative solution µt to

(6.12) satisfying (6.18) and a given initial condition µ0 such that
∫
(1 +

Eβ)(x)µ0(dx) < ∞. This µt is a strong solution of the corresponding

kinetic equation, i.e. the derivative d
dtµt exists in the norm topology of

M(X).

Moreover, the mapping µ0 7→ µt is Lipschitz continuous in the norm

of M1+E(X), i.e. for any two solutions µt and νt of (6.12) satisfying

(6.18) with initial conditions µ0 and ν0 one has∫
(1 + E)|µt − νt| (dx) ≤ aeat

∫
(1 + E)|µ0 − ν0| (dx) (6.26)

for some constant a uniformly for all t ∈ [0, T ].

Proof By the previous results we only need to prove (6.26). By Theorem

6.4.1 (iv), µt and νt are strong (continuously differentiable) solutions of

(6.12), Lemma 6.5.1 can be applied to the measure (1+E)(x)(µt−νt)(dx)
(see also Remark after this lemma). Consequently, denoting by ft a

version of the density of µt − νt with respect to |µt − νt| from this

Lemma yields∫
(1 + E)(x)|µt − νt|(dx) = ∥(1 + E)(µt − νt)∥

=

∫
(1 + E)(x)|µ0 − ν0|(dx) +

∫ t

0

ds

∫
X

fs(x)(1 + E)(x)(µ̇s − ν̇s)(dx).

By (6.12) the last integral here equals∫ t

0

ds

k∑
l=1

∫ ∫ (
[fs(1 + E)]⊕(y)− [fs(1 + E)]⊕(z)

)

×

P (µs; z; dy) l∏
j=1

µs(dzj)− P (νs; z; dy)

l∏
j=1

νs(dzj)
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=

∫ t

0

ds

k∑
l=1

∫ ∫ (
[fs(1 + E)]⊕(y)− [fs(1 + E)]⊕(z)

)

×[P (µs; z; dy)

l∑
j=1

j−1∏
i=1

νs(dzi)(µs − νs)(dzj)

l∏
i=j+1

µs(dzi)

+(P (µs; z; dy)− P (νs; z; dy))

l∏
j=1

νs(dzj)]. (6.27)

Let us pick up arbitrary l ≤ k and j ≤ l and estimate the corresponding

term of the sum in the square bracket of (6.27). We have∫ ∫ (
[fs(1 + E)]⊕(y)− [fs(1 + E)]⊕(z)

)
P (µs; z; dy)

×(µs − νs)(dzj)

j−1∏
i=1

νs(dzi)

l∏
i=j+1

µs(dzi)

=

∫ ∫ (
[fs(1 + E)]⊕(y)− [fs(1 + E)]⊕(z)

)
P (µs; z; dy)

×fs(zj)|µs − νs|(dzj)
j−1∏
i=1

νs(dzi)

l∏
i=j+1

µs(dzi). (6.28)

As E is non-increasing by P (µ, z; dy),(
[fs(1 + E)]⊕(y)− [fs(1 + E)]⊕(z)

)
fs(zj)

≤ (1 + E)⊕(y)− fs(zj)[fs(1 + E)]⊕(z)

≤ 2k + E⊕(z)− E(zj)−
∑
i ̸=j

fs(zj)fs(zi)E(zi) ≤ 2k + 2
∑
i ̸=j

E(zi),

Hence (6.28) does not exceed∫
(2k+2

∑
i ̸=j

E(zi))(1+E
α(zj)+

∑
i ̸=j

Eα(zi))|µs−νs|(dzj)
j−1∏
i=1

νs(dzi)

l∏
i=j+1

µs(dzi).

Consequently, as 1 + α ≤ β and (6.18) holds, and since the second term

in the square bracket of (6.27) can be estimated by (6.25), it follows that

the integral (6.27) does not exceed

c(T )

∫ t

0

ds

∫
(1 + E)(x)|µt − νt|(dx)
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with some constant c(T ), which implies (6.26) by Gronwall’s lemma.

It can be useful to know both for practical calculations and theoretical

developments that the approximation µnt solving the cutoff problem used

in the proof of Theorem 6.3.1 actually converge strongly to the solution

µt. Namely the following holds.

Theorem 6.4.3 Under the assumptions of Theorem 6.4.2 the approx-

imations µnt introduced in Theorem 6.3.1 converge to the solution µt in

the norm topology of M1+Eω (X) for any ω ∈ [1, β −α) and ⋆-weakly in

M1+Eβ (X).

Proof It utilizes the same trick as in the previous theorem. To shorten

the formulas, we shall work only trough the case ω = 1 and k = l = 2

in (6.12).

Let σnt denote the sign of the measure µnt − µt (i.e. the equivalence

class of the densities of µnt −µt with respect to |µnt −µt| that equals ±1

respectively in positive and negative parts of the Hahn decomposition

of this measure) so that |µnt − µt| = σnt (µ
n
t − µt). By Lemma 6.5.1 one

can choose a representative of σnt (that we shall again denote by σnt ) in

such a way that

(1 + E, |µnt − µt|) =
∫ t

0

(
σns (1 + E),

d

ds
(µns − µs)

)
ds. (6.29)

By (6.12) (with k = l = 2), this implies

(1 + E, |µnt − µt|) =
1

2

∫ t

0

ds

∫
[(σns (1 + E))⊕(y)− (σns (1 + E))(x1)− (σns (1 + E))(x2)]

× [Pn(x1, x2, dy)µ
n
s (dx1)µ

n
s (dx2)− P (x1, x2, dy)µs(dx1)µs(dx2)].

(6.30)

The expression in the last bracket here can be rewritten as

(Pn − P )(x1, x2, dy)µ
n
s (dx1)µ

n
s (dx2)

+ P (x1, x2, dy)[(µ
n
s (dx1)− µs(dx1))µ

n
s (dx2) + µs(dx1)(µ

n
s (dx2)− µs(dx2))].

(6.31)

As µns are uniformly bounded in M1+Eβ and

(1+E(x1)+E(x2))

∫
X

(Pn−P )(x1, x2, dy) ≤ Cn−ϵ(1+E(x1)+E(x2))
2+ϵ

for 2 + ϵ ≤ β, the contribution of the first term in (6.31) to the r.h.s. of

(6.30) tends to zero as n→ ∞. The second and the third terms in (6.31)
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are similar. Let us analyze the second term only. Its contribution to the

r.h.s. of (6.30) can be written as

1

2

∫ t

0

ds

∫
[(σns (1 + E))(y)− (σns (1 + E))(x1)− (σns (1 + E))(x2)]

× P (x1, x2, dy)σ
n
s (x1)|µns (dx1)− µs(dx1)|µns (dx2),

which does not exceed

1

2

∫ t

0

ds

∫
[(1 + E)(y)− (1 + E)(x1) + (1 + E)(x2)]

× P (x1, x2, dy)|µns (dx1)− µs(dx1)|µns (dx2),

because (σns (x1))
2 = 1 and |σns (xj)| ≤ 1, j = 1, 2. Since P preserves E

and is (1 + E)⊕- bounded, the latter expression does not exceed

c

∫ t

0

ds

∫
(1 + E(x2))(1 + E(x1) + E(x2))|µns (dx1)− µs(dx1)|µns (dx2)

≤ c

∫ t

0

ds(1 + E, |µns − µs|)∥µns ∥1+E2 .

Consequently by Gronwall’s lemma one concludes that

∥µnt − µt∥1+E = (1 + E, |µnt − µt|) = O(1)n−ϵ exp

{
t sup
s∈[0,t]

∥µs∥1+E2

}
.

Finally, once the convergence in the norm topology of any M1+Eγ with

γ ≥ 0 is established, the ⋆-weak convergence in M1+Eβ follows from the

uniform (in n) boundedness of µn in M1+Eβ .

Exercise 6.4.1 Fill in the details needed for the proof of the above

theorem for ω ∈ (1, β − α).

Exercise 6.4.2 Under the assumption of Theorem 6.4.2 show the map-

ping µ0 7→ µt is Lipschitz continuous in the norm of M1+Eω (X) for any

ω ∈ [1, β−α] (in the theorem the case of ω = 1 was considered). Hint: for

this extension the estimates from the proof of Theorem 6.3.1 are needed.

6.5 A tool for proving uniqueness

The following Lemma supplies the main tool for proving uniqueness for

the kinetic equations with the jump type nonlinearities.
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Lemma 6.5.1 Let Y be a measurable space and the mapping t 7→ µt
from [0, T ] to M(Y ) is continuously differentiable in the sense of the

norm in M(Y ) with a (continuous) derivative µ̇t = νt. Let σt denote

a density of µt with respect to its total variation |µt|, i.e. the class of

measurable functions taking three values −1, 0, 1 and such that µt =

σt|µt| and |µt| = σtµt almost surely with respect to |µt|. Then there exists

a measurable function ft(x) on [0, T ]×Y such that ft is a representative

of class σt for any t ∈ [0, T ] and

∥µt∥ = ∥µ0∥+
∫ t

0

ds

∫
Y

fs(y)νs(dy). (6.32)

Proof Step 1. As µt is continuously differentiable, ∥µt−µs∥ = O(t−s)
uniformly for 0 ≤ s ≤ t ≤ T . Hence ∥µt∥ is an absolutely continu-

ous real-valued function. Consequently, this function has almost every-

where on [0, T ] a derivative, say ωs, and has an integral representation

∥µt∥ = ∥µ0∥+
∫ t
0
ωs ds valid for all t ∈ [0, T ]. It remains to calculate ωs.

To simplify this calculation, we observe that as the right and left deriva-

tives of an absolutely continuous function coincide almost everywhere

(Lebesgue theorem), it is enough to calculate only the right derivative

of ∥µt∥. Hence from now on we shall consider only the limits t→ s with

t ≥ s.

Step 2. For an arbitrary measurable A ⊂ Y and an arbitrary repre-

sentative σt of the density, we have

O(t− s) =

∫
A

|µt|(dy)−
∫
A

|µs|(dy) =
∫
A

σtµt(dy)−
∫
A

σsµs(dy)

=

∫
A

(σt − σs)µs(dy) +

∫
A

σt(µt − µs)(dy).

As the second term here is also of order O(t− s), we conclude that the

first term is of order O(t−s) uniformly for all A and s, t. Hence σt → σs
almost surely with respect to |µs| as t→ s. As σt takes only three values

(0, 1,−1), it follows that σ̇s(x) exists and vanishes for almost all x with

respect to |µs|.
Remark. Writing now formally

d

dt
∥µt∥ =

d

dt

∫
Y

σtµt(dy) =

∫
Y

σ̇tµt(dy) +

∫
Y

σtµ̇t(dy)

and noticing that the first term here vanishes (by Step 2) yields (6.32).

However, this formal calculation can not be justify for an arbitrary choice

of σt.
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Step 3. Let us choose now an appropriate representative of σt. For

this purpose let us perform the Lebesgue decomposition of νt into the

sum νt = νst + νat of a singular and an absolutely continuous measure

with respect to |µt|. Let ηt be the density of νst with respect to its total

variation measure |νst |, i.e. the class of functions taking values 0, 1,−1

and such that νst = ηt|νst | almost surely with respect to |νst |. Now let us

pick up an ft from the intersection σt ∩ ηt, i.e. f is a representative of

both density classes simultaneously. Such a choice is possible, because µt
and νst are mutually singular. From this definition of ft and from Step 2

it follows that ft → fs as t → s (and t ≥ s) almost surely with respect

to both µs and νs. In fact, let B be either a positive part in the Hahn

decomposition of νss or any its measurable subset. Then fs = 1 on B.

Moreover,

µt(B) = (t− s)νss(B) + o(t− s), t− s→ 0,

and is positive and hence ft = 1 on B for t close enough to s.

Step 4. By definition,

d

ds
∥µs∥ = lim

t→s

∥µt∥ − ∥µs∥
t− s

= lim
t→s

∫
ft − fs
t− s

µs(dy)+lim
t→s

∫
ft
µt − µs
t− s

(dy)

(6.33)

(if both limits exist, of course). It is easy to see that the second limit

here always exists and equals
∫
fsνs(dy). In fact,∫

ft
µt − µs
t− s

(dy) =

∫
fs
µt − µs
t− s

(dy)

+

∫
(ft − fs)

(
µt − µs
t− s

− νs

)
(dy) +

∫
(ft − fs)νs(dy),

and the limit of the first integral equals
∫
fsνs(dy), the second integral

is of order o(t− s) by the definition of the derivative and hence vanishes

in the limit, and the limit of the third integral is zero because (due to

our choice of ft in step 3) ft − fs → 0 as t → s (t ≥ s) almost surely

with respect to νs. Consequently, to complete the proof it remains to

show that the first term on the r.h.s. of (6.33) vanishes.

Remark 24 As we showed in Step 2, the function (ft − fs)/(t − s)

under the integral in this term tends to zero almost surely with respect to

µs, but unfortunately this is not enough to conclude that the limit of the

integral vanishes, and consequently an additional argument is required.
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Step 5. In order to show that the first term in (6.33) vanishes, it

is enough to show that the corresponding limits of the integrals over

the sets A+ and A− vanish, where Y = A+ ∪ A− ∪ A0 is the Hahn

decomposition of Y with respect to the measure µs. Let us consider

only A+ (A− is considered similarly). Hence, as fs = 1 on A+ almost

surely, we need to show that

lim
t→s

∫
A

ft − 1

t− s
µs(dy) = 0 (6.34)

where A is a measurable subset of Y such that (µs)|A is a positive

measure. Using now the Lebesgue decomposition of (νs)|A into the sum

of a singular and absolutely continuous parts with respect to µs, we can

and will reduce the discussion to the case when νs is absolutely with

respect to µs on A.

Introducing the set At = {y ∈ A : ft(y) ≤ 0} one can clearly replace

A by At in (6.34). Consequently, to get (6.34) it is enough to show that

µs(At) = o(t− s) as t→ s. This will be done in the next final step.

Step 6. From the definition of At it follows that µt(B) ≤ 0 for any

B ⊂ At and hence

µs(B) + (t− s)νs(B) + o(t− s) ≤ 0, (6.35)

where o(t − s) is uniform, i.e. ∥o(t − s)∥/(t − s) → 0 as t → s. Notice

first that if At = B+
t ∪B−

t ∪B0
t is the Hahn decomposition of At on the

positive, negative and zero parts of the measure νs, then µs(B
+
t ∪B0

t ) =

o(t − s) uniformly (as it follows directly from (A4)), and consequently

we can and will reduce our discussion to the case when νs is a negative

measure on A. In this case (6.35) implies that

µs(At) ≤ (t− s)(−νs)(At) + o(t− s)

and it remains to show that νs(At) = o(1)t→s. To see this we observe

that for any s, Y has the representation Y = ∪∞
n=0Yn, where |µs|(Y0) = 0

and

Yn = {y ∈ Y : ft = fs for |t− s| ≤ 1/n}.

Clearly Yn ⊂ Yn+1 for any n ̸= 0 and At ⊂ Y \Yn whenever t− s ≤ 1/n.

Hence At are subsets of a decreasing family of sets with an intersection

of µs-measure zero. As νs is absolutely continuous with respect to µs
the same holds for νs and hence νs(At) = o(1)t→s, which completes the

proof of the Lemma.
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Remark 25 Suppose the assumptions of Lemma 6.5.1 hold and L(y)

is a measurable, non-negative and everywhere finite function on Y such

that ∥Lµs∥ and ∥Lνs∥ are uniformly bounded for s ∈ [0, t]. Then (6.32)

holds with Lµt and Lνt instead of µt and νt respectively. In fact, though

s 7→ Lνs may be discontinuous in the sense of norm, one can write the

required identity first with the space Ym instead of Y , where Ym = {y :

L(y) ≤ m}, and then pass to the limit as m→ ∞.

The given proof of Lemma 6.5.1 is based on the original presentation

in Kolokoltsov [134]. An elegant and simpler proof, based on discrete ap-

proximations, is now available in Bailleul [14]. However, this proof works

under a bit less general assumptions and does not reveal the structure

of σt as a common representative of two Radon-Nikodyme derivatives.

6.6 Multiplicative bounds for rates

In many situations one can prove only the existence of a global solu-

tion to a kinetic equation (possibly in some weak form). In the next

two sections we shall discuss two such cases. Here we are dealing with

the equations (1.73) for pure jump interactions under the assumption

of multiplicatively bounded rates (definition of such kernels is given in

Section 6.3).

We shall work with the equations in weak integral form assuming for

simplicity no additional mean field dependence, i.e. with the equations

(g, µt − µ) =

∫ t

0

ds

k∑
l=1

1

l!

∫
Xl

[∫
X
(g⊕(y)− g⊕(z))P (z, dy)

]
µ⊗l
s (dz).

(6.36)

Assume X is a locally compact space and E is a continuous function on

X.

Theorem 6.6.1 Suppose that P is 1-non-increasing, E- non-increasing

and strongly (1 + E)⊗-bounded meaning that

∥P (z, .)∥ = o(1)(1 + E)⊗(z), z → ∞. (6.37)

Then for any T > 0 and µ ∈ M1+E(X) there exists a continuous (in

the Banach topology of M(X)) curve t 7→ µt ∈ M1+E(X), t ∈ [0, T ],

such that (6.36) holds for all g ∈ C(X) and even all g ∈ B(X).

Proof As in the proof of Theorem 6.3.1, we shall use the approxima-

tions Pn defined by equation (6.19). As the kernels Pn are bounded, for
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any µ ∈ M1+E(X) there exists a unique strong solution µnt of the corre-

sponding cut-off equation (6.36) (with Pn instead of P ) with the initial

condition µ such that (E, µnt ) ≤ (E, µ) and (1, µnt ) ≤ (1, µ) for all t,n,

implying that ∥µ̇nt ∥ are uniformly bounded. Hence the family of curves

µnt , t ∈ [0, T ], is uniformly bounded and uniformly Lipschitz continuous

in M(X) implying the existence of a converging subsequence that we

again shall denote µnt .

Let us denote by K(µ) the operator under the integral on the r.h.s.

of (6.36) so that this equation can be written in the concise form

(g, µ̇t) =

∫ t

0

(g,K(µs)) ds.

Let Kn denote the corresponding operators with the cut-off kernels Pn
instead of P . To prove the theorem it remains to show that

∥Kn(µ
n
t )−K(µt)∥ → 0, n→ ∞

uniformly in t ∈ [0, T ]. By (6.37)

∥Kn(µ)−K(µ)∥ → 0, n→ ∞

uniformly for µ with uniformly bounded (1+E, µ). Hence one only needs

to show that

∥K(µnt )−K(µt)∥ → 0, n→ ∞

Decomposing the integral definingK into two parts over the set L⊕(z) ≥
M and its compliment one sees that the first integral can be made arbi-

trary small again by (6.37) and the second one – by the convergence of

µnt to µt in the Banach topology of M(X).

Uniqueness of solutions does not hold generally under the above as-

sumptions. Neither (E, µt) is necessarily constant even if P preserves E.

Decrease of (E, µt) for coagulation processes under the latter condition

is interpreted as gelation (the formation of a cluster of infinite size).

This is a very interesting effect attentively studied in the literature (see

comments in Section 11.6).

Exercise 6.6.1 Show that the statement of the above theorem still

holds true if instead of assuming that P is 1- non-increasing one assumes

that it is E⊗-bounded.



6.7 Another existence result 171

6.7 Another existence result

Here we apply the method of T -products to provide a rather general

existence result for the weak equation

d

dt
(f, µt) = (Aµtf, µt) =

(∫
X

(f(y)− f(.))ν(., µt, dy), µt

)
(6.38)

of type (6.3), (6.5), where ν is a family of transition kernels in a Borel

space X depending on µ ∈ M(X), assuming only that the rate function

a(x, µ) = ∥ν(x, µ, .)∥ is locally bounded in the sense that

sup
∥µ∥≤M

a(x, µ) <∞ (6.39)

for a given M > 0. Under this condition the sets

Mk = {x : sup
∥µ∥≤M

a(x, µ) < k}

exhaust the whole state space. The mild form (compare with (4.16)) of

the nonlinear equation (6.38) can be written as

µt(dx) = exp{−
∫ t

0

a(x, µs) ds}µ(dx)

+

∫ t

0

exp{−
∫ t

s

a(x, µτ ) dτ}
∫
y∈X

ν(y, µs, dx)µs(dy). (6.40)

The following statement represents a nonlinear counterpart of the re-

sults of Section 4.2, though unfortunately the uniqueness (given either

in terms of minimality or in terms of the solutions to equation (4.17)) is

lost.

Theorem 6.7.1 Assume ν is a transition kernel in a Borel space X

satisfying (6.39) for an M > 0 and depending continuously on µ in the

norm topology, i.e. µn → µ in the Banach topology of M(X) implies

ν(x, µn, .) → ν(x, µ, .) in the Banach topology of M(X). Then for any

µ ∈ M(X) with ∥µ∥ ≤ M and T > 0 there exists a continuous in the

norm topology curve µt ∈ M(X), t ∈ [0, T ], with non-increasing in t

norm solving equation (6.40).

Proof For given µ ∈ M(X) with ∥µ∥ ≤ M , n ∈ N, τ = T/n, let us

define, for 0 ≤ s ≤ r ≤ t1 = τ , the minimal backward propagator Us,rn
on B(X) and its dual forward propagator V r,sn = (Us,rn )⋆ on M(X),
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associated with the operator

Aµf =

∫
X

(f(y)− f(x))ν(x, µ, dy)

according to Theorem 4.2.1. Next, let us define, for t1 ≤ s ≤ r ≤ t2 = 2τ ,

the minimal backward propagator Us,rn on B(X) and its dual forward

propagator V r,sn = (Us,rn )⋆ on M(X), associated with the operator

Aµnτ f =

∫
X

(f(y)− f(x))ν(x, µnτ , dy), µnτ = V t1,0n µ,

according to Theorem 4.2.1. Continuing in the same way and gluing

together the constructed propagators yields the backward propagator

Us,rn on B(X) and its dual forward propagator V r,sn = (Us,rn )⋆ on M(X),

0 ≤ s ≤ r ≤ T , associated according to Theorem 4.2.1 with the time

nonhomogeneous family of operators

Ans f =

∫
X

(f(y)− f(x))ν(x, µn[s/τ ]τ , dy),

where

µnkτ = V kτ,0n µ = V kτ,(k−1)τ
n µn(k−1)τ .

By Corollary 5, the curve µnt = V t,0n µ depends continuously on t in the

Banach topology of M(X), its norm is non-increasing, and it satisfies

the equation

µnt (dx) = exp{−
∫ t

0

a(x, µn[s/τ ]τ ) ds}µ(dx)

+

∫ t

0

exp{−
∫ t

s

a(x, µn[s/τ ]τ ) dτ}
∫
y∈X

ν(y, µn[s/τ ]τ , dx)µ
n
s (dy). (6.41)

By Theorem 4.2.1 (more precisely by (4.13)), the family Ur,sn is locally

equi-continuous in the sense that

sup
∥f∥≤1

∥(Ur,s1n − Ur,s2n )f1Mk
∥ ≤ 2k|s1 − s2|.

Hence, by the Arzela-Ascoli Theorem and the diagonalisation one can

chose a subsequence of backward propagators Ur,sn (which we shall again

denote by Un) converging to a propagator U
r,s on B(X) in the sense that

for any k

sup
∥f∥≤1, s≤r≤t

∥(Ur,s − Ur,sn )f1Mk
∥ → 0, n→ ∞.

By duality this implies that the sequence µnt = V t,0n µ will converge
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strongly to a strongly continuous curve µt. Passing to the limit in equa-

tion (6.41) and using the continuous dependence of ν(x, µ, .) on µ yields

(6.40).

Corollary 7 Under the assumptions of Theorem 6.7.1 assume addi-

tionally that for any k

sup
x∈X,∥µ∥≤M

νt(x, µ,Mk) <∞. (6.42)

Then a continuous (in the Banach topology of M(X)) solution µt to

(6.41) solves equation (6.38) strongly on Mk, i.e. for any k

d

dt
1Mk

(x)µt(dx) = −1Mk
(x)at(x, µt)µt(dx)+

∫
z∈X

µt(dz)1Mk
(x)νt(z, µt, dx)

with the derivative existing in the Banach topology of M(X).

Exercise 6.7.1 Prove this statement copying the argument from Propo-

sition 4.2.2.

6.8 Conditional positivity

In this section we shall show that bounded generators of measure-valued

positivity preserving evolutions have necessarily the form (6.3), which

was called in Section 1.1 a stochastic representation, as it leads directly

to a probabilistic interpretation of the corresponding evolution. For a

Borel space X we shall say that a mapping Ω : M(X) → Msigned(X) is

conditionally positive if the negative part Ω−(µ) of the Hahn decompo-

sition of the measure Ω(µ) is absolutely continuous with respect to µ for

all µ. This is a straightforward extension of the definition of conditional

positivity given in Section 1.1, and one easily deduces that continuous

generators of positivity preserving evolutions should be conditionally

positive in this sense.

Theorem 6.8.1 Let X be a Borel space and Ω : M(X) → Msigned(X)

be a conditionally positive mapping. Then there exists a nonnegative

function a(x, µ) and a family of kernels ν(x, µ, .) in X such that

Ω(µ) =

∫
X

µ(dz)ν(z, µ, .)− a(., µ)µ. (6.43)

If moreover
∫
Ω(µ)(dx) = 0 for all µ (condition of conservativity),



174 Integral generators

then this representation can be chosen in such a way that a(x, µ) =

∥ν(x, µ, .)∥, in which case

(g,Ω(µ)) =

∫
X

(g(y)− g(x))ν(x, µ, dy).

Proof One can take a(x, µ) to be the Radon-Nicodyme derivative of

Ω−(µ) with respect to µ and

ν(x, µ, dy) =

(∫
Ω−(µ)(dz)

)−1

a(x, µ)Ω+(µ)(dy).

Remark 26 The choice of a(x, µ) made in the proof is in some sense

canonical, as it is minimal, i.e. it yields the minimum of all possible

a(x, µ) for which a representation of type (6.43) can be given.
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Generators of Lévy-Khintchine type

This chapter is devoted to well-posedness for nonlinear semigroups with

generators of Lévy-Khintchine type. Two approaches to this analysis

will be developed. One is given in the first two sections and is based on

duality and fixed point arguments in conjunction with regularity of the

corresponding time nonhomogeneous linear problems. Another approach

is a direct SDE construction which is a nonlinear counterpart of the

theory developed in Chapter 3.

7.1 Nonlinear Lévy processes and semigroups

As a warm-up, we show how the first method works in the simplest sit-

uation, where the coefficients of the generator do not depend explicitly

on position, but only on its distribution, i.e. in the case of nonlinear

Lévy processes introduced in Section 1.4. Referring to Section 1.4 for

the analytic definition of Lévy processes, we start here with an obvi-

ous extension of this concept. Namely, we define time nonhomogeneous

Lévy processes with continuous coefficients, as a time nonhomogeneous

Markov process generated by the time-dependent family of the operators

of Lévy-Khintchine form

Ltf(x) =
1

2
(Gt∇,∇)f(x) + (bt,∇f)(x)

+

∫
[f(x+ y)− f(x)− (y,∇f(x))1B1

(y)]νt(dy), (7.1)

where Gt, bt, νt depend continuously on t (ν is taken in its weak topol-

ogy, i.e.
∫
f(y)νt(dy) depends continuously on t for any continuous f on
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Rd \ {0} with |f | ≤ cmin(|y|2, 1)). More precisely, by the Lévy process

generated by family (7.1) we mean a process Xt such that

E(f(Xt)|Xs = x) = (Φs,tf)(x), f ∈ C(Rd),

where Φs,t is the propagator of positive linear contractions in C∞(Rd)

depending strongly continuously on s ≤ t such that for any f ∈ (C∞ ∩
C2)(Rd) the function fs = Φs,tf is the unique solution in (C∞∩C2)(Rd)

of the inverse-time Cauchy problem

ḟs = −Lsfs, s ≤ t, ft = f. (7.2)

From the theory of Markov processes, existence of the family Φs,t with

the required properties implies existence and uniqueness of the corre-

sponding Markov process. Thus the question of existence of the pro-

cess for a given family Lt is reduced to the question of existence of the

strongly continuous family Φs,t with the required property. This issue is

settled in the following statement.

Proposition 7.1.1 For a given family Lt of form (7.1) with coeffi-

cients continuous in t, there exists a family Φs,t of positive linear con-

tractions in C∞(Rd) depending strongly continuously on s ≤ t such that

for any f ∈ C2
∞(Rd) the function fs = Φs,tf is the unique solution in

C2
∞(Rd) of the Cauchy problem (7.2).

Proof Let f belong to the Schwartz space S(Rd). Then its Fourier

transform

g(p) = (Ff)(p) = (2π)−d/2
∫
Rd

e−ipxf(x) dx

also belongs to S(Rd). As the Fourier transform of equation (7.2) has

the form

ġs(p) = −[−1

2
(Gsp, p) + i(bs, p) +

∫
(eipy − 1− ipy1B1

)νs(dy)]gs(p),

it has the obvious unique solution

gs(p) = exp

{∫ t

s

[−1

2
(Gτp, p) + i(bτ , p) +

∫
(eipy − 1− ipy1B1

)ντ (dy)] dτ

}
g(p),

(7.3)

which belongs to L1(Rd), so that fs = F−1gs = Φs,tf belongs to

C∞(Rd). The simplest way to deduce the required property of this prop-

agator is to observe that for any fixed s, t the operator Φs,t coincides with

an operator from the semigroup of a certain homogeneous Lévy process,
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implying that each Φs,t is a positivity-preserving contraction in C∞(Rd)

preserving the spaces (C∞ ∩ C2)(Rd) and C2
∞(Rd). Strong continuity

then follows as in the standard (homogeneous) case.

Corollary 8 Under the assumptions of Proposition 7.1.1 the family of

dual operators on measures V t,s = (Φs,t)′ depends weakly continuously

on s, t and Lipschitz continuously in the norm topology of the Banach

dual (C2
∞(Rd))′ to C2

∞(Rd). That is,

∥V t,s(µ)− µ∥(C2
∞(Rd))′ = sup

∥f∥
C2
∞(Rd)

≤1

|(f, V t,s(µ)− µ)|

≤ (t− s) sup
τ∈[s,t]

(
∥Aτ∥+ ∥bτ∥+

∫
min(1, |y|2)ντ (dy)

)
. (7.4)

Moreover, for any µ ∈ P(Rd), V t,s(µ) yields the unique solution of the

weak Cauchy problem

d

dt
(f, µt) = (Ltf, µt), s ≤ t, µs = µ, (7.5)

which is meant to hold for any f ∈ C2
∞(Rd).

Proof The weak continuity of V t,s is straightforward from the strong

continuity of Φs,t and duality. Next, again by duality

sup
∥f∥

C2(Rd)
≤1

|(f, V t,s(µ)− µ)| = sup
∥f∥

C2(Rd)
≤1

|(Φs,tf − f, µ)|

= sup
∥f∥

C2(Rd)
≤1

∥
∫ t

s

LτΦ
τ,tf dτ∥C(Rd) ≤ (t−s) sup

τ∈[s,t]

sup
∥f∥

C2(Rd)
≤1

∥Lτf∥C(Rd),

because Φs,t is also a contraction in C2(Rd) since, as we have noted, the

derivatives of f satisfy the same equation as f itself. This implies (7.4).

Equation (7.5) is again a direct consequence of duality. Only uniqueness

is not obvious here, but it follows from general duality argument; see

Theorem 2.1.4.

We now have all the tools we need to analyze nonlinear Lévy processes.

First let us recall their definition from Section 1.4. Suppose a family of

Lévy-Khintchine generators (1.23) is given:

Aµf(x) =
1

2
(G(µ)∇,∇)f(x) + (b(µ),∇f)(x)

+

∫
[f(x+ y)− f(x)− (y,∇f(x))1B1

(y)]ν(µ, dy), (7.6)
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depending on µ ∈ P(Rd). By the nonlinear Lévy semigroup generated by

Aµ we mean the weakly continuous semigroup V t of weakly continuous

transformations of P(Rd) such that for any µ ∈ P(Rd) and any f ∈
C2

∞(Rd) the measure-valued curve µt = V t(µ) solves the problem

d

dt
(f, µt) = (Aµtf, µt), t ≥ 0, µ0 = µ.

Once a Lévy semigroup is constructed we define the corresponding

nonlinear Lévy process with initial law µ as the time nonhomogeneous

Lévy process generated by the family

Ltf(x) = AV tµf(x) =
1

2
(G(V t(µ))∇,∇)f(x) + (b(V t(µ)),∇f)(x)

+

∫
[f(x+ y)− f(x)− (y,∇f(x))1B1

(y)]ν(V t(µ), dy).

and started with law µ at t = 0.

Theorem 7.1.1 Suppose the coefficients of a family (7.6) depend on µ

Lipschitz continuously in the norm of the Banach space (C2
∞(Rd))′ dual

to C2
∞(Rd), i.e.

∥G(µ)−G(η)∥+ ∥b(µ)− b(η)∥+
∫

min(1, |y|2)|ν(µ, dy)− ν(η, dy)|

≤ κ∥µ− η∥(C2
∞(Rd))′ = κ sup

∥f∥
C2
∞(Rd)

≤1

|(f, µ− η)| (7.7)

with constant κ. Then there exists a unique nonlinear Lévy semigroup

generated by Aµ, and hence a unique nonlinear Lévy process.

Proof Let us introduce the distance d on P(Rd) induced by its embed-

ding in (C2
∞(Rd))′:

d(µ, η) = sup{|(f, µ− η)| : f ∈ C2
∞(Rd), ∥f∥C2

∞(Rd) ≤ 1}.

Observe that P(Rd) is a closed subset of (C2
∞(Rd))′ with respect to this

metric. In fact, as clearly

d(µ, η) = sup{|(f, µ− η)| : f ∈ C2(Rd), ∥f∥C2(Rd) ≤ 1},

convergence µn → µ, µn ∈ P(Rd), with respect to this metric implies

the convergence (f, µn) → (f, µ) for all f ∈ C2(Rd) and hence for

all f ∈ C∞(Rd) and for f being constants. This implies tightness of

the family µn and that the limit µ ∈ P(Rd). Hence the set Mµ(t) of

continuous (with respect to distance d) curves s ∈ [0, t] 7→ P(Rd) such
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that µ0 = µ is a complete metric space with respect to the uniform

distance

dtu(µ[.], η[.]) = sup
s∈[0,t]

d(µs, ηs).

By Proposition 7.1.1 and its Corollary, for any curve µ[.] ∈ Mµ(t) the

nonhomogeneous Lévy semigroup Φs,t(µ[.]) corresponding to L(µt) and

its dual V t,s(µ[.]) are well defined and the curve V t,s(µ[.])µ belongs to

Mµ(t). Clearly to prove the theorem it is enough to show the existence

of the unique fixed point of the mapping Mµ(t) to itself given by µ[.] 7→
V .,0(µ[.])µ. By the contraction principle it is enough to show that this

mapping is a (strict) contraction. To this end, one writes

dtu(V
.,0(µ[.])µ, V .,0(η[.])µ) = sup

∥f∥
C2(Rd)

≤1

sup
s∈[0,t]

|(f, V s,0(µ[.])µ−V s,0(η[.])µ)|

= sup
∥f∥

C2(Rd)
≤1

sup
s∈[0,t]

|(Φ0,s(µ[.])f − Φ0,s(η[.])f, µ)|.

Now we use a well known trick (applied repeatedly in our exposition)

for estimating the difference of two propagators by writing

Φ0,s(µ[.])f−Φ0,s(η[.])f = Φ0,τ (µ[.])Φτ,s(η[.])f |τ=sτ=0 =

∫ s

0

dτ
d

dτ
Φ0,τ (µ[.])Φτ,s(η[.])f

=

∫ s

0

Φ0,τ (µ[.])(Aµτ −Aητ )Φ
τ,s(η[.])f,

where the differential equation for Φ was used. Consequently,

dtu(V
.,0(µ[.])µ, V .,0(η[.])µ)

≤ t sup
s∈[0,t]

sup
∥f∥

C2(Rd)
≤1

∥Φ0,τ (µ[.])(Aµτ −Aητ )Φ
τ,s(η[.])f∥C(Rd).

As the family Φs,t does increase neither the norm of C(Rd) nor the

norm of C2(Rd) (because, as we mentioned above, the derivatives of f

satisfy the same equation as f itself, due to the spatial homogeneity),

this expression is bounded by

t sup
s∈[0,t]

sup
∥f∥

C2
∞(Rd)

≤1

∥Aµτ −Aητ )f∥C(Rd)

≤ t sup
s∈[0,t]

(
∥G(µs)−G(ηs)∥+ ∥b(µs)− b(ηs)∥+

∫
min(1, |y|2)|ν(µs, dy)− ν(ηs, dy)|

)
,

which by (7.7) does not exceed tκdtu(µ[.], η[.]). Hence for t < 1/κ our
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mapping is a contraction showing the existence and uniqueness of the

fixed point for these t. Of course it can be extended to arbitrary times

by iterations (as usual in the theory of ordinary differential equations),

completing the proof of the theorem.

Remark 27 Condition (7.7) is not at all weird. It is satisfied, for

instance, when the coefficients G,b, ν depend on µ via certain integrals

(possibly multiple) with smooth enough densities, i.e. in a way that is

usually met in applications.

7.2 Variable coefficients via fixed point arguments

By Theorem 2.1.6 one can get well-posedness for a nonlinear problem of

type

d

dt
(g, µt) = (Aµtg, µt), µ0 = µ, (7.8)

from the regularity of the time nonhomogeneous problems obtained by

fixing µt in the expression Aµt , which yields natural nonlinear analogs

of all results from Part 1. Moreover, in case of Aµ being of the Lévy-

Khintchine form the dual operator has often a similar expression al-

lowing to deduce additional regularity of the dual problem and conse-

quently also of the nonlinear one. Yet the smoothing properties of a

linear semigroup (say, if it has continuous transition densities), which

is usually linked with a certain kind of non-degeneracy, has a nonlin-

ear counterpart. The results given in this section exemplify more or less

straightforward applications of this approach.

We start with nonlinear evolutions generated by integro-differential

operators of order at most one, i.e. by the operators

Aµf(x) = (b(x, µ),∇f(x)) +
∫
Rd\{0}

(f(x+ y)− f(x))ν(x, µ, dy). (7.9)

The nonlinear evolutions governed by the operators of this type in-

clude the Vlasov equations, the mollified Boltzmann equation and the

nonlinear stable-like processes with the index of stability being less than

1. Stable-like processes with higher indices are analyzed at the end of

this Section.

Theorem 7.2.1 Assume that for any µ ∈ P(Rd), b(., µ) ∈ C1(Rd)

and ∇ν(x, µ, dy) (gradient with respect to x) exists in the weak sense as
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a signed measure and depends weakly continuous on x. Let the following

conditions hold:

sup
x,µ

∫
min(1, |y|)ν(x, µ, dy) <∞, sup

x,µ

∫
min(1, |y|)|∇ν(x, µ, dy)| <∞,

(7.10)

for any ϵ > 0 there exists a K > 0 such that

sup
x,µ

∫
Rd\BK

ν(x, µ, dy) < ϵ, sup
x,µ

∫
Rd\BK

|∇ν(x, µ, dy)| < ϵ, (7.11)

sup
x,µ

∫
B1/K

|y|ν(x, µ, dy) < ϵ, (7.12)

and finally

sup
x

∫
min(1, |y|)|ν(x, µ1, dy)− ν(x, µ2, dy)| ≤ c∥µ1 − µ2∥(C1

∞(Rd))⋆ ,

(7.13)

sup
x

|b(x, µ1)− b(x, µ2)| ≤ c∥µ1 − µ2∥(C1
∞(Rd))⋆ (7.14)

uniformly for bounded µ1, µ2. Then the weak nonlinear Cauchy problem

(7.8) with Aµ given by (7.9) is well posed, i.e. for any µ ∈ M(Rd)

it has a unique solution Tt(µ) ∈ M(Rd) (so that (7.8) holds for all

g ∈ C1
∞(Rd)) preserving the norm, and the transformations Tt of P(Rd)

or more generally M(Rd), t ≥ 0, form a semigroup depending Lipschitz

continuously on time t and the initial data in the norm of (C1
∞(Rd))⋆.

Proof Straightforward from Theorems 4.5.2, 2.1.6 and Remark 4.4.1.

Alternatively one can use Theorem 3.2.2.

We shall say that a family of functions fα(x) on a locally compact

space S belong to C∞(Rd) uniformly in α, if for any ϵ > 0 there exists

a compact K such that |fα(x)| < ϵ for all x /∈ K and all α.

Remark 28 Clearly (7.13), (7.14) hold whenever b and ν have varia-

tional derivatives such that∣∣∣∣δb(x, µ)δµ(v)

∣∣∣∣+ ∣∣∣∣ ∂∂v δb(x, µ)δµ(v)

∣∣∣∣ ∈ C∞(Rd), (7.15)

∫
min(1, |y|)

(
∥ δν

δµ(v)
(x, µ, dy)∥+ ∥ ∂

∂v

δν

δµ(v)
(x, µ, dy)∥

)
∈ C∞(Rd)

(7.16)

as functions of v uniformly for x ∈ Rd, ∥µ∥ ≤M . Hint: use (12.31).
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We shall discuss now the regularity of the solution to (7.8) and its

stability with respect to the small perturbations of A, for which we need

the possibility to write down the action of the dual operator to (7.9)

on functions (not just on measures). Not striving for the most general

situation we shall reduce our attention to the case of Lévy measures with

densities.

Theorem 7.2.2 Let k ∈ N, k ≥ 2. Assume the assumptions of the pre-

vious theorem hold and moreover the measures ν(x, µ, .) have densities

ν(x, µ, y) with respect to Lebesgue measure such that∫
min(1, |y|) sup

x∈Rd,∥µ∥≤M

(
ν(x, µ, y) + |∂ν

∂x
(x, µ, y)|+ ...+ |∂

kν

∂xk
(x, µ, y)|

)
dy <∞.

(7.17)

(i) Then the nonlinear semigroup Tt of the previous theorem preserves

the space of measures with smooth densities, i.e. the Sobolev spacesW l
1 =

W l
1(R

d), l = 0, ..., k − 1, are invariant under Tt, and Tt is a bounded

strongly continuous semigroup (of nonlinear transformations) in each of

these Banach spaces.

With some abuse of notation we shall further identify the measures

with their densities denoting by Tt the action of Tt on these densities

(for a f ∈ L1(R
d), Tt(f) is the density of the measure which is the

image under Tt of the measure with the density f). Similar convention

will concern the notations for the coefficients b and ν.

(ii) If additionally∫
min(1, |y|) sup

x
| ∂

l

∂xl
ν(x, f1, y)−

∂l

∂xl
ν(x, f2, y)|dy ≤ c∥f1 − f2∥W l

1
,

(7.18)

sup
x

| ∂
l

∂xl
b(x, f1)−

∂l

∂xl
b(x, f2)| ≤ c∥f1 − f2∥W l

1
(7.19)

for l = 1, ..., k, then the mapping Tt reduced to any of the spaces W l
1 is

Lipschitz continuous in the norm of W l−1
1 , i.e. uniformly for finite times

∥Tt(f1)− Tt(f2)∥W l−1
1

≤ c(∥f1∥W l
1
+ ∥f2∥W l

1
)∥f1 − f2∥W l−1

1
(7.20)

with a continuous function c on R+. Moreover, for any f ∈ W l
1 the

curve ft = Tt(f) satisfies equation (7.8) strongly in the sense that

d

dt
ft = A⋆ftft (7.21)

in the norm topology of W l−1
1 .



7.2 Variable coefficients via fixed point arguments 183

Proof Statement (i) follows from Theorem 4.5.3. In particular, in order

to see that Tt is strongly continuous, i. e. ∥Tt(f)− f∥W l
1
→ 0 as t → 0,

one observes that Tt(f) = V t,0[f.]f and V t,0[f.] is strongly continuous

by Theorem 4.5.3. Statement (ii) is proved similarly to Theorem 2.1.6.

Namely, from (7.18), (7.19) it follows that (see (4.36) for the explicit

form of A⋆f )

∥(A⋆f −A⋆g)ϕ∥W l−1
1

≤ c∥ϕ∥W 1
1
∥f − g∥W l−1

1
. (7.22)

Since

ft − gt = Tt(f)− Tt(g) = (V t,0[f.]− V t,0[g.])f + V t,0[g.](f − g)

=

∫ t

0

V t,0[g.](A
⋆
fs −A⋆gs)V

s,0[f.]f ds+ V t,0[g.](f − g),

it implies

sup
s≤t

∥fs − gs∥W l−1
1

≤ tκ sup
s≤t

∥fs − gs∥W l−1
1

∥f∥W l
1
+ c∥f − g∥W l−1

1
.

Consequently (7.20) follows first for small t and then for all finite t by

iterations. Finally, in order to see that (7.21) holds inW l−1
1 for a f ∈W l

1

one needs to show that the rh.s. of (7.21) is continuous in W l−1
1 , which

is clear, because

A⋆ftft −A⋆ff = A⋆ft(ft − f) + (A⋆ft −A⋆f )f,

where the first (resp. the second) term is small inW l−1
1 due to the strong

continuity of ft = Tt(f) in W
l
1 (resp. due to (7.22)).

Theorem 7.2.3 Under the assumption of the previous theorem suppose

that we have additionally a sequence Anµ of the operators of form (7.9)

also satisfying all the conditions of Theorem 7.2.2 and such that

∥((Anf )⋆ −A⋆f )ϕ∥W l
1
≤ αnκ(∥ϕ∥Wm

1
) (7.23)

for certain l ≤ m ≤ k− 1 with a sequence αn tending to zero as n→ ∞
and a certain continuous function κ on R+. Then the corresponding

nonlinear semigroups Tnt converge to Tt in the sense that

∥Tnt (f)− Tt(f)∥W l
1
→ 0, n→ ∞, (7.24)

uniformly for f from bounded subsets of Wm
1 .

Proof Copying the proof of Theorem 2.1.7 one gets the estimate

∥Tnt (f)− Tt(f)∥W l
1
≤ αnc(∥f∥Wm

1
),

implying (7.24).
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Further regularity for this problem will be discussed in the next Chap-

ter.

The approach to general nonlinear generators of Lévy-Khintchine type

will be demonstrated on the model of nonlinear diffusions mixed with

stable-like processes dealt with in Proposition 3.5.1. One can of course

formulate more general results based on other linear models analyzed

in Part I. Moreover, using additional regularity of linear models (say,

by invoking Theorem 4.7.6 for non-degenerate spectral measure case),

yields additional regularity for the linear problem.

Assume

Aµf(x) =
1

2
tr(σµ(x)σ

T
µ (x)∇2f(x))+(bµ(x),∇f(x))+

∫
(f(x+y)−f(x))νµ(x,dy)

+

∫
P

dp

∫ K

0

d|y|
∫
Sd−1

ap,µ(x, s)
f(x+ y)− f(x)− (y,∇f(x))

|y|αp(x,s)+1
d|y|ωp,µ(ds),

(7.25)

where s = y/|y|, K > 0, (P, dp) is a Borel space with a finite mesaure

dp and ωp are certain finite Borel measures on Sd−1.

Theorem 7.2.4 Suppose the assumptions of Proposition 3.5.1 (ii) hold

uniformly for all probability measures µ and moreover

∥Aµ1
−Aµ2

∥C2
∞(Rd)7→C∞(Rd) ≤ c∥µ1 − µ2∥(C2

∞(Rd))⋆ , µ1, µ2 ∈ P(Rd)

(this condition is an easy to check assumption on the smooth dependence

of the coefficients on µ). Then the weak equation (7.8) with Aµ of form

(7.25) is well posed, i.e. for any µ ∈ M(Rd) there exists a unique weakly

continuous curve µt ∈ M(Rd) such that (7.8) holds for all g ∈ (C2
∞ ∩

C2
Lip)(R

d).

Proof Follows from Theorem 2.1.6 and an obvious nonhomogeneous

extension of Proposition 3.5.1.

Another example is supplied by nonlinear curvilinear Ornstein-Uhlenbeck

processes, discussed in Appendix 11.4.

7.3 Nonlinear SDE construction

Here we suggest a method of solving the weak equations of the form

d

dt
(f, µt) = (Aµtf, µt), µt ∈ P(Rd), µ0 = µ, (7.26)



7.3 Nonlinear SDE construction 185

that should hold, say, for all f ∈ C2
c (R

d), where

Aµf(x) =
1

2
(G(x, µ)∇,∇)f(x) + (b(x, µ),∇f(x))

+

∫
(f(x+ y)− f(x)− (∇f(x), y))ν(x, µ, dy) (7.27)

with ν(x, µ, .) ∈ M2(R
d), via SDE approach. This method is a natural

extension of the one used in Theorem 3.2.1.

Let Yt(z, µ) be a family of Lévy processes parametrized by points z

and probability measures µ in Rd and specified by their generators

L[z, µ]f(x) =
1

2
(G(z, µ)∇,∇)f(x) + (b(z, µ),∇f(x))

+

∫
(f(x+ y)− f(x)− (∇f(x), y))ν(z, µ, dy) (7.28)

where ν(z, µ, .) ∈ M2(R
d). Our approach to solving (7.26) is via the so-

lution to the following nonlinear distribution dependent stochastic equa-

tion with nonlinear Lévy type integrators:

X(t) = x+

∫ t

0

dYs(X(s),L(X(s))), L(x) = µ, (7.29)

with a given initial distribution µ and a random variable x independent

of Yτ (z, µ).

Let us define the solution through the Euler-Ito type approximation

scheme, i.e. by means of the approximations Xµ,τ
t :

Xµ,τ
t = Xµ,τ

lτ + (Y lt−lτ (X
µ,τ
lτ ,L(Xµ,τ

lτ )), L(Xµ,τ
0 ) = µ, (7.30)

for lτ < t ≤ (l + 1)τ , where Y lτ (x, µ) is a collection (depending on

l = 0, 1, 2, ...) of independent families of the Lévy processes Yτ (x, µ)

depending measurably on x, µ (which can be constructed via Lemma

3.1.1 under the conditions of the theorem given below). We define the

approximations Xµ,τ by:

Xµ,τ
t = Xµ,τ

lτ + Y lt−lτ (X
µ,τ
lτ ), L(Xτ

µ(0)) = µ,

for lτ < t ≤ (l + 1)τ , where L(X) means the probability law of X.

Clearly these approximation processes are càdlàg. Let us stress for

clarity that the increments ∆Yτ depend on x, µ only via the parameters
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of the generator, i.e., say, the random variable ξ = x + Yτ (x,L(x)) has
the characteristic function

Eeipξ =

∫
Eeip(x+Yτ (x,L(x))µ(dx).

For x ∈ Rd we shall write shortly Xx,τ
kτ for Xδx,τ

kτ .

By the weak solution to (7.29) we shall mean the weak limit of Xτk
µ ,

τk = 2−k, k → ∞, in the sense of the distributions on the Skorohod

space of càdlàg paths (which is of course implied by the convergence of

the distributions in the sense of the distance (12.4)). Alternatively one

could define it as a solution to the corresponding nonlinear martingale

problem or via more direct notions of the solutions, as in Section 3.1.

Theorem 7.3.1 Let an operator Aµ have form (7.27) and

∥
√
G(x, µ)−

√
G(z, η)∥+ |b(x, µ)− b(z, η)|+W2(ν(x, µ; .), ν(z, η, .))

≤ κ(|x− z|+W2(µ, η)) (7.31)

holds true with a constant κ. Then

(i) for any µ ∈ P(Rd) ∩M2(R
d) there exists a process Xµ(t) solving

(7.29) such that

sup
µ:∥µ∥M2(Rd)

<M

W 2
2,t,un (X

µ,τk , Xµ) ≤ c(t)τk; (7.32)

(ii) the distributions µt = L(Xt) depend 1/2-Hölder continuous on t

in the metric W2 and Xµ
t depend Lipschitz continuously on the initial

condition in the following sense:

W 2
2 (X

µ
t , X

η
t ) ≤ c(t0)W

2
2 (µ, η); (7.33)

(iii) the processes

M(t) = f(Xµ
t )− f(x)−

∫ t

0

(L[Xµ
s ,L(Xµ

s )]f(X
µ
s ) ds

are martingales for any f ∈ C2(Rd); in other words, the process Xµ
t

solves the corresponding (nonlinear) martingale problem;

(iv) the distributions µt = L(Xt) satisfy the weak nonlinear equation

(7.26) (that holds for all f ∈ C2(Rd));

(v) the resolving operators Ut : µ 7→ µt of the Cauchy problem (7.26)

form a nonlinear Markov semigroup, i.e. they are continuous mappings

from P(Rd)∩M2(R
d) (equipped with the metric W2) to itself such that

U0 is the identity mapping and Ut+s = UtUs for all s, t ≥ 0.
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Proof It is an extension of the corresponding result for Feller processes,

Theorem 3.2.1. Detail can be found in [139] and will not be reproduced

here.

7.4 Unbounded coefficients

The processes with unbounded coefficients are usually obtained by a lim-

iting procedure from the corresponding bounded ones. For example, this

was the strategy used in Section 6.4 for constructing pure jump inter-

actions with an additive (with respect to a conservation law) bound for

the rates. Usually this procedure yields only the existence result (one

proves the compactness of bounded approximations and then chooses

a converging subsequence) and uniqueness question should be settled

by other methods. However, if a corresponding linear problem with un-

bounded coefficients is regular enough, one can get well posedness by the

same direct procedure as used in Section 7.2 for the case of bounded co-

efficients. We just give here an example on nonlinear localized stable-like

processes with unbounded coefficients.

Theorem 7.4.1 Let

Aµf(x) =
1

2
tr(σ(x, µ)σT(x, µ)∇2f(x)) + (b(x, µ),∇f(x))

+

∫
P

(dp)

∫ K

0

d|y|
∫
Sd−1

ap(x, s, µ)
f(x+ y)− f(x)− (y,∇f(x))

|y|αp(x,s,µ)+1
d|y|ωp(ds),

(7.34)

where s = y/|y| and the coefficients satisfy the assumptions of Proposi-

tion 5.3.1 uniformly for all probability measures µ on Rd and

∥Aµ1
−Aµ2

∥C2
∞(Rd)7→C|.|k,∞

≤ κ∥µ1 − µ2∥(C2
∞(Rd))⋆ .

Then the weak equation (7.8) with Aµ of form (3.55) is well posed, i.e.

for any µ ∈ M(Rd) there exists a unique weakly continuous curve µt ∈
M(Rd) such that (7.8) holds for all g ∈ C2

∞(Rd).

Proof This is a consequence of Theorem 2.1.6 and an obvious nonho-

mogeneous extension of Proposition 5.3.1.
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Smoothness with respect to initial data

This chapter is devoted to the analysis of the derivatives of the solutions

to nonlinear kinetic equations with respect to initial data. Rather precise

estimates of these derivatives are given. As usual we analyze sequentially

our basic three cases of nonlinear integral, of order at most one and

stable-like generators. This chapter contains possibly the most technical

material in the book. Hence some motivation is in order, which is given

in the following introductory section.

8.1 Motivation and plan; a warm-up result

The main result on the convergence of semigroups states that a sequence

of strongly continuous semigroups Tnt converges to a strongly continuous

semigroup Tt whenever the generators An of Tnt converge to the gener-

ator A of Tt on the set of vectors f forming a core for A. If this core

is invariant, then precise estimates of the convergence can be obtained;

see Theorem 2.1.5 for a more general statement. Using this fact, a func-

tional central limit theorem can easily be proved as follows. Let Zt be a

continuous-time random walk on Z moving in each direction with equal

probability. It is the process specified by the generator

Lf(x) = a[f(x+ 1) + f(x− 1)− 2f(x)]

with coefficient a > 0. By scaling we can define a new random walk Zht
on hZ by the generator

Lhf(x) =
a

h2
(f(x+ h) + f(x− h)− 2f(x)).
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If f is thrice continuously differentiable, then

Lhf(x) = af ′′(x) +O(1) sup
y

|f (3)(y)|.

Hence for f ∈ C3
∞(Rd) the generators Lhf converge to the generator

Lf = af ′′ of a Brownian motion. Since C3
∞(Rd) is invariant for the

semigroup of this Brownian motion, we conclude that the semigroups

of Zht converge to the heat semigroup of the Brownian motion. We can

also apply Theorem 12.3.5 to deduce convergence in distribution on the

Skorohod space of càdlàg paths.

Remark 29 The process Zht is a random walk. Namely, when started

at the origin, it equals h(S1 + · · · + SNt), where Nt is the number of

jumps and the Si are i.i.d. Bernoulli random variables. By Exercise 2.2.1

E(Nt) = 2at/h2, so that h is of order 1/
√
Nt.

This argument has a more or less straightforward extension to rather

general classes of (even position dependent) continuous-time random

walks (see e.g. Kolokoltsov [137] for the case of stable-like processes).

The main nontrivial technical problem in implementing of this approach

lies in identifying a core for the limiting generator.

In Part III we are going to use this method twice in an infinite-

dimensional setting, showing first that the approximating particle sys-

tems converge to the deterministic limit described by the kinetic equa-

tions and second that the fluctuation process converge to a limiting

infinite-dimensional Gaussian process. In both cases we need a core for

the limiting semigroup, and to get the rates of convergence we need an

invariant core.

Looking at the generators in (1.75) we can conclude that for ΛF to

make sense, the function F on measures should have a variational deriva-

tive. But the limiting evolution is deterministic; i.e. it has the form

Ft(µ) = F (µt) with µt being a solution to kinetic equation. We there-

fore have

δFt
δµ

=
δF

δµt

δµt
δµ

,

which shows that in order to apply the general method outlined above,

we need first-order variational derivatives of the solutions to the ki-

netic equation that are regular enough with respect to the initial data.

Similarly generators of the fluctuation processes are written in terms

of second-order variational derivatives making it necessary to study the
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second-order variational derivatives of the solutions to the kinetic equa-

tion with respect to the initial data.

In this chapter we address this issue analyzing the smoothness of non-

linear Markov semigroups Tt(µ) = µt constructed in previous chapters

from equations of type

d

dt
(g, µt) = (Aµtg, µt), µ0 = µ ∈ M(S), g ∈ D ⊂ C(S), (8.1)

with respect to initial data, where Aµ is a Lévy-Khintchine type operator

depending on µ as on a parameter. Our aim is to identify an invariant

core for the usual (linear) Markov semigroup ΦtF (µ) = F (µt) of the

deterministic measure-valued Markov process µt. The strong form of

equation (8.1) is

d

dt
µt = A⋆µtµt, µ0 = µ ∈ M(S). (8.2)

We are concerned with derivatives of first and second order only, be-

cause they are responsible for the LLN (first-order stochastic approxi-

mation to the limiting kinetic equation) and CLT (second-order approx-

imation) for the corresponding interacting particle systems.

Namely we study the signed measures

ξt(µ0, ξ) = Dξµt(µ0) = lim
s→0+

1

s
(µt(µ0 + sξ)− µt(µ0)) (8.3)

and

ηt(µ0, ξ, η) = Dηξt(µ0, ξ) = lim
s→0+

1

s
(ξt(µ0 + sη, ξ)− ξt(µ0, ξ)), (8.4)

denoting (with some abuse of notation) the corresponding variational

derivatives by

ξt(µ0, x) = Dδxµt(µ0) =
δµt

δµ0(x)
= lim
s→0+

1

s
(µt(µ0+sδx)−µt(µ0)) (8.5)

and

ηt(µ0, x, w) = Dδwξt(µ0, x) =
δξt(µ0, x)

δµ0(w)
= lim
s→0+

1

s
(ξt(µ0+sδw, x)−ξt(µ0, x))

(8.6)

and occasionally omitting arguments in ξt, ηt to shorten the formulas.

In the following sections we shall analyze separately various classes of

kinetic equations, aiming at proving the existence of these derivatives

and obtaining effective estimates for them. The most subtle estimates
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are obtained in Sections 8.4 and 8.6 for the processes of coagulation and

collision.

The following general formal calculations will form the basis for this

analysis. Differentiating (8.1) with respect to initial data yields

d

dt
(g, ξt(µ0, ξ)) =

∫ (
Aµtg(v) +

∫
δAµt
δµt(v)

g(z)µt(dz)

)
ξt(µ0, ξ, dv)

(8.7)

and

d

dt
(g, ηt(µ0, ξ, η)) =

∫ (
Aµtg(v) +

∫
δAµt
δµt(v)

g(z)µt(dz)

)
ηt(µ0, ξ, η, dv)

+

∫ ∫ (
δAµt
δµt(u)

g(v) +
δAµt
δµt(v)

g(u) +

∫
δ2Aµt

δµt(v)δµt(u)
g(z)µt(dz)

)
ξt(µ0, ξ, dv)ξt(µ0, η, du),

(8.8)

where the variational derivative for the operator A is obtained by vari-

ational differentiation of its coefficients (see below concrete formulas).

In the strong form, if µt, ξt or ηt have densities with respect to

Lebesgue measure, which are again denoted µt, ξt, ηt with the usual

abuse of notation, and if the operator A⋆ and its variational deriva-

tives act in L1(R
d) (i.e. it preserves the set of measures with densities)

equations (8.7), (8.8) clearly take the form

d

dt
ξt(µ0, ξ, x) = A⋆µtξt(µ0, ξ, x) +

∫
ξt(µ0, ξ, v)dv

δA⋆µt
δµt(v)

µt(x) (8.9)

and

d

dt
ηt(µ0, ξ, η, x) = A⋆µtηt(µ0, ξ, η, x) +

∫
ηt(µ0, ξ, η, v) dv

δA⋆µt
δµt(v)

µt(x)

+

∫
ξt(µ0, ξ, v) dvξt(µ0, η, u) du

δ2A⋆µt
δµt(v)δµt(u)

µt(x),

+

∫
ξt(µ0, η, u) du

δA⋆µt
δµt(u)

ξt(µ0, ξ, x)+

∫
ξt(µ0, ξ, v) dv

δA⋆µt
δµt(v)

ξt(µ0, η, x).

(8.10)

To conclude this introductory section, let us warm up by analyzing

the simplest case of bounded generators, i.e. the problem (8.1) with Aµ
given by (6.3):

Aµf(x) =

∫
X

f(y)ν(x, µ, dy)− a(x, µ)f(x),

for which the required smoothness with respect to initial data is a direct
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consequence of the standard theory of ODEs in Banach spaces (once the

global existence is proved, of course).

Theorem 8.1.1 Under the assumptions of Theorem 6.2.1 suppose that

the variational derivatives

δν

δµ(x)
(z, µ, dy),

δa

δµ(x)
(z, µ)

exist, depend weakly continuously on x, z, µ and are bounded on bounded

subsets of µ. Then for any ξ ∈ M(X ) the derivative (8.3) exists strongly

(the limit exists in the norm topology of M(X)) and is a unique solution

of the evolution equation

d

dt
(g, ξt(µ0, ξ)) =

∫
ξt(µ0, x, dv)

×
(
Aµtg(v) +

∫ [∫
g(y)

δν

δµ(v)
(z, µ, dy)− δa

δµ(v)
(z, µ)g(z)

]
µt(dz)

)
(8.11)

with initial condition ξ0(µ0, ξ)) = ξ. If the second variational derivative

of ν and a exist and are continuous and bounded on bounded subsets of

µ, then the second derivative (8.4) exists and is a unique solution of the

equation obtained by differentiating (8.11).

Proof Equation (8.11) is obtained by differentiating (8.1) using the

chain rule for variational derivatives (12.34). By Theorem 6.2.1 this a

linear equation with coefficients that are bounded uniformly in time. The

rest follows from standard theory ODE in Banach spaces; see Section

12.4. The statement about the second derivative is proved similarly.

In the rest of this chapter our strategy will be the following: approxi-

mate a given equation by an equation with the same structure but with

a bounded generator, apply the standard result on smoothness with re-

spect to initial data to this approximation, then pass to the limit.

8.2 Lévy-Khintchine type generators

We shall start with the semigroup specified by the operator (7.9) with

all Lévy measure being absolutely continuous with respect to Lebesgue

measure:

Aµf(x) = (b(x, µ),∇f(x)) +
∫
Rd

(f(x+ y)− f(x))ν(x, µ, y)dy, (8.12)
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in which case clearly

δA

δµ(v)
g(z) = (

δb

δµ(v)
(z, µ),∇g(z))+

∫
Rd

(g(z+y)−g(z)) δν

δµ(v)
(z, µ, y)dy

with a similar expression for the second variational derivative.

An important for applications particular case is given by b, ν depend-

ing on µ as integral linear operators:

Aµf(x) = (b(x) +

∫
b̃(x, z)µ(dz),∇f(x))

+

∫
Rd

(f(x+ y)− f(x))(ν(x, y) +

∫
ν̃(x, z, y)µ(dz))(dy) (8.13)

with some functions b(x), b̃(x, y), ν(x, y), ν̃(x, y, z), where clearly

δA

δµ(v)
g(z) = (b̃(z, v),∇g(z)) +

∫
(g(z + y)− g(z))ν̃(z, v, y)dy,

δA2

δµ(v)δµ(u)
= 0.

This situation is already rich enough as it includes, say, the Vlasov equa-

tion (when ν and ν̃ vanish) and the LLN limit for binary interacting

α-stable process with α < 1.

In case of operators (8.12) the solution to (8.7) may not generally

belong to M(Rd), but to the larger Banach space (C1
∞(Rd))⋆.

Theorem 8.2.1 Let k ∈ N, k ≥ 2 and the coefficient functions b, ν be

k times continuously differentiable in x so that

sup
∥µ∥≤M,x∈Rd

(
b(x, µ) + | ∂b

∂x
(x, µ)|+ ...+ | ∂

kb

∂xk
(x, µ)|

)
<∞, (8.14)

∫
min(1, |y|) sup

∥µ∥≤M,x∈Rd

k∑
l=0

∣∣∣∣∂lν∂xl (x, µ, y)
∣∣∣∣ dy <∞. (8.15)

For a µ ∈ M(Rd) or µ ∈ W l
1(R

d), l = 0, ..., k − 1, we denote by µt
the corresponding unique solution to (8.1), (8.12) with the initial data

µ0 = µ given by Theorem 7.2.1. Moreover, let the variational deriva-

tives of b, ν exist and (7.15), (7.16) hold. Then the equation (8.7) is

well posed in (C1
∞(Rd))⋆. More precisely, for any µ ∈ M(Rd) and

ξ ∈ (C1
∞(Rd))⋆ there exists a unique ⋆-weakly continuous curve ξt ∈

(C1
∞(Rd))⋆ with ξ0 = ξ solving (8.7) ⋆-weakly in (C2

∞(Rd))⋆. More-

over, ξt depends continuously on µ in the sense that if µn → µ in the
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norm topology of (C1
∞(Rd))⋆, then the corresponding ξnt converge to ξt

in the norm topology of (C2
∞(Rd))⋆ and ⋆-weakly in (C1

∞(Rd))⋆. Fi-

nally, if ξ ∈ Msigned(X), then ξt represents the Gateaux derivative (8.3),

where the limit exists in the norm topology of (C2
∞(Rd))⋆ and ⋆-weakly

in (C1
∞(Rd))⋆.

Proof The equation

d

dt
(g, ξt(µ, ξ)) = (Aµtg, ξt(µ0, ξ))

is well posed by (8.14), (8.15) and Theorem 4.5.3. The conditions (7.15),

(7.16) ensure that the operator

g 7→
∫

δAµt
δµt(.)

g(z)µt(dz) (8.16)

appearing on the r.h.s. of (8.7) is a bounded linear mapping C1(Rd) 7→
C1

∞(Rd) uniformly for bounded µ, so that the stated well posedness of

(8.7) follows from the perturbation theory.

Remark 30 Notice that this operator is not defined on C(Rd), hence

the necessity to work with the evolution of ξt in (C1
∞(Rd))⋆ and not in

M(Rd).

The continuous dependence of ξt on µ follows from the continuous

dependence of µt on µ in the norm topology of (C1
∞(Rd))⋆, the stan-

dard propagator convergence (Theorem 2.1.5 with D = C2
∞(Rd), B =

C1
∞(Rd)) and the observation that

∥(Aµ1
−Aµ2

)g +

∫
δAµ1

δµ(.)
g(z)µ1(dz)−

∫
δAµ2

δµ(.)
g(z)µ2(dz)∥C1(Rd)

≤ c∥g∥C2(Rd)∥µ1 − µ2∥(C1
∞(Rd))⋆ , (8.17)

which follows from (7.15), (7.16) (or more precisely from their implica-

tions (7.13), (7.14)).

To prove (8.3) we shall approximate the operator Aµ by a sequence

of bounded in C∞(Rd) operators Anµ:

Anµf(x) = (f(x+b(x, µ)/n)−f(x))n+
∫
Rd\B1/n

(f(x+y)−f(x))ν(x, µ, y)dy,

(8.18)

n ∈ N, so that

∥(Anµ −Aµ)f∥ ≤ 1

n
c∥f∥C2(Rd) (8.19)
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uniformly for bounded µ. Since these operators enjoy the same properties

as Aµ, the well posedness holds for them in the same form as for Aµ. Let

us denote by µnt , ξ
n
t , η

n
t the analogous objects to µt, ξt, ηt constructed

from Anµ.

Since (Anµ)
⋆ are bounded linear operators inMsigned(Rd) and (C1

∞(Rd))⋆,

the equation for µt and ξt are both well posed in the strong sense in

(C1
∞(Rd))⋆ and Msigned(Rd). Hence the standard result on the differ-

entiation with respect to initial data is applicable (see Theorem 12.4.1)

leading to the conclusion that ξnt represent the Gateaux derivatives of

µnt with respect to initial data in the norm of (C1
∞(Rd))⋆. Consequently

µnt (µ+ hξ)− µnt (µ) = h

∫ 1

0

ξnt (µ+ shξ) ds (8.20)

holds as an equation in (C1
∞(Rd))⋆ (and in Msigned(Rd) whenever ξ ∈

Msigned(Rd)).

We aim at passing to the limit n → ∞ in this equation in the norm

topology of (C2
∞(Rd))⋆ in the case when ξ ∈ Msigned(Rd). Using The-

orem 2.1.7 with D = C2
∞(Rd) we deduce the convergence of µnt in the

norm of (C2
∞(Rd))⋆. Next,

∥ξnt (µ)− ξt(µ)∥(C2
∞(Rd))⋆ = sup

∥g∥
C2
∞(Rd)≤1

|(g, ξnt (µ)− ξt(µ))|

= sup
∥g∥

C2
∞(Rd)≤1

(U tg − U tng, ξ) ≤ ∥ξ∥M(Rd)∥U tg − U tng∥C(Rd),

where U t = U0,t denotes the backward propagator in C∞(Rd) that is

dual to the propagator on ξ given by equation (8.7). The last expres-

sion can now be estimated by the standard convergence of propagators

Theorem 2.1.5 with D = C2
∞(Rd), B = C∞(Rd) together with the

observation that combining the estimates (8.17), (8.19) yields

∥(Anµn −Aµ)g +

∫
δAnµn

δµn(.)
g(z)µn(dz)−

∫
δAµ
δµ(.)

g(z)µ(dz)∥C(Rd)

≤ c∥g∥C2(Rd)

(
1

n
+ ∥µn − µ∥(C2

∞(Rd))⋆

)
.

Consequently passing to the limit n → ∞ in (8.20) yields the equation

µt(µ+ hξ)− µt(µ) = h

∫ 1

0

ξt(µ+ shξ) ds, (8.21)

where all objects are well defined in (C1
∞(Rd))⋆.
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This equation together with the stated continuous dependence of ξt
on µ implies (8.3) in the sense required.

In the following Exercise the additional regularity of the variational

derivatives ξt are discussed.

Exercise 8.2.1 Under the assumptions of the above theorem let a m1 ∈
[1, k] exists such that

sup
∥µ∥≤M,x,v∈Rd

m1∑
l=0

∣∣∣∣ ∂l∂xl δb

δµ(v)
(x, µ)

∣∣∣∣ <∞, (8.22)

∫
min(1, |y|) sup

∥µ∥≤M,x,v∈Rd

m1∑
l=0

∣∣∣∣ ∂l∂xl δν

δµ(v)
(x, µ, y)

∣∣∣∣ dy <∞ (8.23)

(of course all the derivatives in these estimates are supposed to exist).

Show that for any µ ∈ W l
1, ξ ∈ Wm

1 , l = 1, ..., k − 1, m ≤ min(m1 −
1, l − 1), there exists a unique global solution ξt = ξt(µ0, ξ) ∈ Wm

1 of

the equation (8.9) considered as the equation on the densities ξt of the

measures ξt (we are now identifying the measures and their densities

both for µt and ξt) in the norm topology of Wm−1
1 , and this solution

represents the Gateaux derivative (8.3), where the limit exists in the

norm topology of Wm−1
1 . Hint: Condition (8.22) and (8.23) imply that

the second term on the r.h.s. of equation (8.9) is a bounded operator

L1(R
d) 7→ W

min(l−1,m1−1)
1 . Hence the well posedness of equation (8.9)

follows from the perturbation theory (Theorem 2.1.3) and Theorem 4.5.3.

Other statements follow by the same arguments as in the theorem above.

Theorem 8.2.2 Under the assumptions of the previous theorem sup-

pose the second variational derivatives of b, ν exist and are smooth so

that

sup
∥µ∥≤M,x,v,u∈Rd

(∣∣∣∣ ∂∂v δ2b

δµ(v)δµ(u)
(x, µ)

∣∣∣∣+ ∣∣∣∣ ∂∂u δ2b

δµ(v)δµ(u)
(x, µ)

∣∣∣∣
+

∣∣∣∣ δ2b

δµ(v)δµ(u)
(x, µ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂v∂u

δ2b

δµ(v)δµ(u)
(x, µ)

∣∣∣∣) <∞,

and the function

sup
∥µ∥≤M,x,v,u∈Rd

(∣∣∣∣ ∂∂v δ2ν

δµ(v)δµ(u)
(x, µ, y)

∣∣∣∣+ ∣∣∣∣ ∂∂u δ2ν

δµ(v)δµ(u)
(x, µ, y)

∣∣∣∣
+

∣∣∣∣ δ2ν

δµ(v)δµ(u)
(x, µ, y)

∣∣∣∣+ ∣∣∣∣ ∂2

∂v∂u

δ2ν

δµ(v)δµ(u)
(x, µ, y)

∣∣∣∣)
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is integrable with respect to the measure min(1, |y|)dy.
Then for any µ ∈ M(Rd), ξ, η ∈ (C1

∞(Rd))⋆ there exists a unique

weakly (and vaguely) continuous curve ηt ∈ (C1
∞(Rd))⋆ with η0 = 0 solv-

ing (8.8) weakly in (C2
∞(Rd))⋆. Moreover, ηt depends continuously on µ

in the sense that if µn → µ in the norm topology of (C1
∞(Rd))⋆, then the

corresponding ηnt converge to ηt in the norm topology of (C2
∞(Rd))⋆ and

weakly in (C1
∞(Rd))⋆. Finally, if ξ, η ∈ Msigned(X), then ηt represents

the Gateaux derivative (8.3), where the limit exists in the norm topology

of (C2
∞(Rd))⋆ and weakly in (C1

∞(Rd))⋆.

Proof The well posedness for the nonhomogeneous linear equation (8.10)

follows from the well posedness of the corresponding homogeneous equa-

tion (8.9) obtained above, the du Hamel principle (see Theorem 2.4.3)

and the observation that the assumed smoothness of variational deriva-

tives ensures that the second integral in (8.10) is well defined for g ∈
C1(Rd) and ξt ∈ (C1

∞(Rd))⋆. The validity of (8.4) follows as above by

the approximation argument.

The smoothness of the solutions µt to the kinetic equations is of in-

terest both theoretically and practically (say, for the analysis of the

numeric solution schemes). Moreover, it plays the crucial role in the

analysis of the Markov semigroup ΦtF (µ) = F (µt(µ)) arising from the

deterministic measure-valued Markov process µt(µ) and its Feller prop-

erties. Clearly, the operators Φt form a semigroup of contractions on the

space of bounded measurable functionals on measures. For the analysis

of this Markov semigroup a natural problem is to identify a space, where

it is strongly continuous, and to specify an appropriate core (preferably

invariant). As we shall see now, the above results allow to solve this

problem easily and effectively.

We shall need the notations introduced in Appendix 12.6 and some

their natural extensions. In particular, we denote by C1,k
weak(MM (Rd))

(resp. C1,k
vague(MM (Rd))) the space of weakly (resp. vaguely) continuous

functionals on MM (X) (measures with the norms bounded by M) such

that the variational derivative δF
δY (x) exists for all Y, x, is a bounded con-

tinuous function of two variables with Y considered in the weak topology,

and is k times differentiable in x so that ∂k

∂xk
δF

δY (x) is also a weakly con-

tinuous bounded function of two variables (resp. if Y is considered in

the vague topology and if additionally

δF (Y )

δY (.)
∈ Ck∞(Rd)
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uniformly for Y ∈ MM (Rd)). The spaces C1,k
weak(MM (Rd)) and C1,k

vague(MM (Rd))

become Banach spaces (C1,k
vague(MM (Rd)) is actually a closed subspace

of C1,k
weak(MM (Rd))) if equipped with the norm

∥F∥C1,k
weak(MM (Rd)) = sup

Y
∥ δF

δY (.)
∥Ck(Rd).

Similarly we denote by C2,2k
weak(MM (Rd)) (resp. C2,2k

vague(MM (Rd))) the

subspace of C2
weak(MM (Rd)) ∩ C1,k

weak(MM (Rd)) such that the deriva-

tives

∂l+m

∂xl∂ym
δ2F

δY (x)δY (y)
(Y )

exist for l,m ≤ k and are continuous bounded functions (resp. the same

with ’vague’ instead of ’weak’ everywhere and if additionally the last

two derivatives belong to C∞(X2) uniformly for Y ). The Banach norm

of these spaces is of course defined as the sum of the sup norms of all

its relevant derivatives. As we shall see in the next chapter the spaces

C2,2k
vague(MM (Rd)) play the crucial role in the study of LLN approxima-

tion to nonlinear Markov processes.

Theorem 8.2.3 Under the assumptions of Theorem 8.2.1 the semi-

group Φt is a Feller semigroup in Cvague(MM (Rd)) and C1,1
vague(MM (Rd))

represents its invariant core, where the generator is defined by

ΛF (Y ) = (AY
δF (Y )

δY (.)
, Y ) (8.24)

(ii) Moreover the space of polynomial functions generated by the mono-

mials of the form
∫
g(x1, ..., xn)Y (dx1)...Y (dxn) with g ∈ Cl∞(Rdn) is

also a core (though not necessarily an invariant one) for any l ≥ 1.

(iii) Under the assumptions of Theorem 8.2.2 the space C2,2
vague(MM (Rd))

is also an invariant core.

Proof (i) Let F ∈ C1,1
vague(MM (Rd)). Then

δΦtF (µ)

δµ(x)
=
δF (µt(µ))

δµ(x)
=

∫
X

δF (µt)

δµt(y)

δµt(µ)

δµ(x)
(dy) =

∫
X

δF (µt)

δµt(y)
ξt(µ, x, dy)

(8.25)

implying that this derivative is well defined, since ξt ∈ (C1
∞(Rd))⋆ and

δF (µt)
δµt(y)

∈ C1
∞(Rd). Moreover,

(g, ξt(µ, x, .)) = (U tg, δx) = U tg(x),

where by U we denoted, as above, the backward propagator in C∞(Rd)
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that is dual to the propagator on ξ given by equation (8.7). Since the op-

erators U propagate in C1
∞(Rd) uniformly for bounded µ, it follows that

the function (8.25) belongs to C1
∞(Rd) also uniformly for bounded µ.

Hence Φt is a bounded semigroup in C1,1
vague(MM (Rd)). Differentiating

F (µt) yields

d

dt
F (µt) = (Aµt

δF (µt)

δµt(.)
, µt) (8.26)

implying (8.24). On the other hand it follows that for ∥µ∥ ≤ M and

F ∈ C1,1
vague(MM (Rd))

|ΦtF (µ)− F (µ)| ≤ tc(t,M)

∥∥∥∥δF (µ)δµ(.)

∥∥∥∥
C1(Rd)

implying that Φt is strongly continuous in C1,1
vague(MM (Rd)) in the

topology of Cvague(MM (Rd)) and consequently strongly continuous in

Cvague(MM (Rd)) by usual approximation argument, as C1,1
vague(MM (Rd))

is dense in Cvague(MM (Rd)) by the Stone-Weierstrass theorem. It re-

mains to observe that ΛF from (8.24) is well defined as an element of

Cvague(MM (Rd)) whenever F ∈ C1,1
vague(MM (Rd)).

(ii) Follows from statement (i) and Proposition 12.9.1.

(iii) If F ∈ C2,2
vague(MM (Rd)), then

δ2ΦtF (µ)

δµ(x)δµ(y)
=

∫
X

δF (µt)

δµt(v)
ηt(µ, x, y, dv)+

∫
X

δ2F (µt)

δµt(v)δµt(u)
ξt(µ, x, dv)ξt(µ, y, du),

(8.27)

everything here being well defined due to Theorem 8.2.2. It remains to

see the differentiability. Since the second variational derivatives of F are

supposed to have continuous mixed second derivatives in u, v, one only

needs to show that

∂

∂x
ξ(µ, x, y),

∂

∂x
η(µ, x, y),

∂

∂y
η(µ, x, y),

∂2

∂x∂y
η(µ, x, y)

are well defined as the elements of (C1
∞(Rd))⋆. And this in turn fol-

lows by differentiating equation (8.7), (8.8). Equation (8.7) with ξ =

δx after differentiation with respect to x has the same form. Conse-

quently ∂
∂xξ(µ, x) solves the same equation with the initial condition

δ′x ∈ (C1
∞(Rd))⋆ and hence belong to this space due to the above ob-

tained well posedness of this equation. Next, differentiating (8.8), its

homogeneous part remains the same after differentiation, and the non-

homogeneous part, say after two differentiation with respect to x and y,
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takes the form∫ ∫ (
δAµt
δµt(u)

g(v) +
δAµt
δµt(v)

g(u) +

∫
δ2Aµt

δµt(v)δµt(u)
g(z)µt(dz)

)
∂

∂x
ξt(µ0, x, dv)

∂

∂y
ξt(µ0, y, du),

with everything being well defined, since

∂

∂x
ξt(µ0, x) ∈ (C1

∞(Rd))⋆.

Continuity of the derivatives of η with respect to x and y (and the second

mixed) follows from the continuity of the derivatives of ξ.

It was shown above, how one can work with arbitrary smooth depen-

dence of the coefficients on measures. As the results and proofs are rather

heavy in this generality, we shall consider now an example of nonlinear

stable-like processes with the most elementary nonlinearity. More gen-

eral extensions can be obtained if needed using variational derivatives

as above.

Thus, let Aµ have form (3.55) with σ, ω, ν not depending on µ and

with

bµ(x) =

∫
b(x, y)µ(dy), ap,µ(x, s) =

∫
ap(x, s, y)µ(dy) (8.28)

for some functions b, a. In this case clearly

δA

δµ(v)
g(x) = (b(x, v),∇g(x))

+

∫
P

dp

∫ K

0

d|y|
∫
Sd−1

ap(x, s, v)
g(x+ y)− g(x)− (y,∇g(x))

|y|αp(x,s)+1
d|y|ωp(ds).

Unlike the previously discussed situation the operator (8.16) is defined

in C2
∞(Rd), and not just in C1

∞(Rd). The following result is proved in

the same way as Theorem 8.2.3 above taking into account this additional

feature.

Theorem 8.2.4 Under the assumptions of Theorem 7.2.4 suppose that

the nonlinear dependence is as described above with b(x, .), a(x, s, .) ∈
C5

∞(Rd) uniformly for x, s and other coefficients satisfy the assumptions

of Proposition 3.5.1 (ii) with k > 4. Then the equations (8.7) and (8.8)

for ξt and ηt are well posed in (C2
∞(Rd))⋆ (they solve (8.7) and (8.8) ⋆-

weakly in (C4
∞(Rd))⋆) and are given by the limits (8.3), (8.4) in the norm
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topology of (C4
∞(Rd))⋆. Moreover, the semigroup ΦtF (µ) = F (µt) is a

Feller semigroup in Cvague(MM (Rd)) and the spaces C1,2
vague(MM (Rd))

and C2,4
vague(MM (Rd)) represent its invariant cores.

Similarly one can treat the nonlinear counterpart of the unbounded

coefficients evolution from Proposition 5.3.1.

Exercise 8.2.2 State and prove the analog of the regularity statement

(ii) from Theorem 8.2.1 for the second derivative η.

Exercise 8.2.3 Under the assumptions of Theorem 8.2.1 the semi-

group Φt is also strongly continuous on the closure of C1,1
weak(MM (Rd))

in the space Cweak(MM (X)), the space C1,1
weak(MM (Rd)) (and under

the assumptions of Theorem 8.2.2 also C2,2
weak(MM (Rd))) is invariant,

and for F ∈ C1,1
weak(MM (Rd)) equation (8.24) holds for each Y with

ΛF ∈ Cweak(MM (Rd)). Moreover, for this result to be true one can

essentially relax the conditions of Theorem 8.2.1, say, by allowing in the

conditions (7.15), (7.16) the corresponding functions to belong to C(Rd)

and not necessarily to C∞(Rd). Hint: recall the Exercise 11.4.2.

8.3 Jump type models

In this section we shall prove smoothness with respect to the initial

data for the kinetic equations with pure jump interactions reducing the

attention only to the most important binary interactions (extension to

the interactions of other order being more or less straightforward) not

increasing the number of particles (the latter assumptions simplifies lots

of calculations, but is not very essential for the validity of the methods

developed). Namely we are going to study the signed measures (8.5) and

(8.6) for the solutions of the weak kinetic equations

d

dt
(g, µt) =

1

2

∫
X

∫
X2

(g⊕(y)−g(x1)−g(x2))P (x1, x2, dy)µt(dx1)µt(dx2)

=
1

2

∫
X2

[∫
X

(g(y)− g(x1)− g(x2))P (x1, x2, dy)

+

∫
X2

(g(y1) + g(y2)− g(x1)− g(x2))P (x1, x2, dy1dy2)
]
µt(dx1)µt(dx2)

(8.29)
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that includes as particular cases spatially homogeneous Boltzmann and

Smoluchovski models. As neither the number of particles nor E are in-

creased by the interaction we shall assume that all initial measures (and

hence under appropriate well posedness all solutions) belong to the sub-

set

Me0,e1(X) = {µ ∈ M(X) : (1, µ) ≤ e0, (E, µ) ≤ e1.} (8.30)

Since the general known results on the derivatives of the evolution sys-

tems with respect to initial data are not applicable directly to this equa-

tion in case of unbounded coefficients, we shall adhere to the same strat-

egy as in the previous section: introduce approximations with bounded

kernels (Theorem 6.4.3), apply standard results on variational deriva-

tives to them and pass to the limit.

Differentiating formally equation (8.29) with respect to the initial

measure µ0 one obtains for ξt and ηt the equations

d

dt
(g, ξt) =

∫
X×X

∫
X
(g⊕(y)−g(x1)−g(x2))P (x1, x2, dy)ξt(dx1)µt(dx2).

(8.31)

and

d

dt
(g, ηt(x,w; , ·)) =

∫
X×X

∫
X
(g⊕(y)− g(x1)− g(x2))P (x1, x2, dy)

× [ηt(x,w; dx1)µt(dx2) + ξt(x; dx1)ξt(w; dx2)]. (8.32)

The dual, to the dynamics (8.31), evolution on functions is specified by

the equation

d

dt
g(x) =

∫
X

∫
X
(g⊕(y)− g(x)− g(z))P (x, z, dy)µt(dz). (8.33)

More precisely, the proper dual problem to the Cauchy problem of equa-

tion (8.31) is given by the inverse Cauchy problem for the equation

(8.33):

d

dt
g(x) = −

∫
X

∫
X
(g⊕(y)−g(x)−g(z))P (x, z, dy)µt(dz), t ∈ [0, r], gr = g.

(8.34)

As we mentioned we shall use the cut-off kernel Pn, which, as in The-

orem 6.3.1, will be defined by equation (6.19). And we shall denote by

µnt , ξ
n
t , etc the corresponding analogs of µt, ξt arising from the corre-

sponding cut-off equations (with Pn instead of P , µn instead of µ, etc).

The following result puts together the qualitative properties of the
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first variational derivatives of the solutions to kinetic equation (8.29)

and their cut-off approximations.

Theorem 8.3.1 Suppose P (x, .) is a continuous function

SX2 7→ M(X ∪ SX2)

(where the measures are considered in the weak topology), which is E-

non-increasing and (1+E)⊕-bounded for some continuous non-negative

function E on X such that E(x) → ∞ as x → ∞. Suppose that µ ∈
Me0,e1(X) and (1 + Eβ , µ) < ∞ for the initial condition µ = µ0 with

some β > 3.

(i) Then the inverse Cauchy problem (8.34) is well posed in C1+Eω ,

ω ≤ β−2. More precisely: there exists a backward propagator U t,r = U t,rµ
in C1+Eβ−1(X), which preserves the spaces C1+Eω (X) for ω ∈ [1, β−1],

specifies a bounded propagator in each of these spaces and is strongly

continuous in C1+Eω (X) for any ω ∈ (1, β − 1]; for any g ∈ C1+Eω (X),

ω ∈ [1, β − 2], U t,rg = gt is the unique solution to (8.34) in the sense

that gt ∈ C1+Eω (X) for all t and (8.34) holds uniformly on the sets

{x : L(x) ≤ l}, l > 0; for any g ∈ C1+Eω,∞(X), ω ∈ (1, β−2], U t,rg = gt
solves (8.34) in the norm topology of C1+Eω+1(X).

(ii) The dual (forward) propagator V s,t is well defined in each space

Msigned
1+Eω (X), ω ∈ [1, β − 1], and, for any ξ ∈ Msigned

1+Eω (X), V s,tξ is the

unique weakly continuous curve in Msigned
1+Eβ−1(X) that solves the Cauchy

problem for equation (8.31) (with the initial data ξ at times s) weakly in

Msigned
1+Eβ−2(X). In particular, ξt(µ, x) = V 0,tδx is well defined.

(iii) ξnt (µ, x) → ξt(µ, x), as n → ∞ in the norm topology of M1+Eω

with ω ∈ [1, β − 2) and ⋆-weakly in M1+Eβ−1 .

(iv) ξt depends Lipschitz continuously on µ0 in the sense that for ω ∈
[1, β − 2]

sup
s≤t

∥ξs(µ1
0, x)− ξs(µ

2
0, x)∥1+Eω

≤ c(t, (1 + E2+ω, µ1
0 + µ2

0))(1 + E1+ω(x))∥µ1
0 − µ2

0∥1+E1+ω .

(v) Equation (8.5) holds for ξt with the limit existing in the norm

topology of M1+Eω (X) with ω ∈ [1, β − 1) and weakly in M1+Eβ−1 .

Proof (i) Equation (8.33) can be written in the form

ġ = Atg −Btg (8.35)
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with

Atg(x) =

∫
X

∫
X
(g⊕(y)− g(x))P (x, z, dy)µt(dz), (8.36)

and

Btg(x) =

∫
X

g(z)

∫
X

∫
X
P (x, z, dy)µt(dz). (8.37)

Thus it is natural to analyze this equation by perturbation theory con-

sidering Bt as a perturbation. Equation ġt = Atgt has form (4.1) with

at(x) =

∫
X

∫
X
P (x, z, dy)µt(dz) ≤ c(1 + E(x))∥µt∥1+E ,

and for all ω ≤ β − 1

∥Btg∥1+E = ∥Btg/(1 + E)∥ ≤ C sup
x
{
∫
g(z)(1 + E(x) + E(z))µt(dz)

1 + E(x)
}

≤ C∥g∥1+Eω
∫

(1 + Eω(z))(1 + E(z))µt(dz) ≤ 3C∥g∥1+Eω∥µt∥1+Eω+1 .

Moreover, as ω ≥ 1

At(1+E
ω)(x) ≤ C

∫
X

(1+(E(x)+E(z))ω−Eω(x))(1+E(z)+E(x))µt(dz)

≤ Cc(ω)

∫
X

(Eω−1(x)E(z) + Eω(z))(1 + E(z) + E(x))µt(dz). (8.38)

Applying the second inequality in Exercise 6.3.1 allows to estimate the

integrand by

c(ω)[1 + Eω+1(z) + Eω(x)(1 + E(z))],

implying

At(1 + Eω)(x) ≤ c(ω, t, e0, e1)[1 + Eω(x) + (Eω+1, µ)]. (8.39)

By Gronwall’s lemma this implies that the backward propagator U t,rA of

the equation ġt = −Atgt enjoys the estimate

|U t,rA g(x)| ≤ c(ω, t, e0, e1)∥g∥1+Eω [1 + Eω(x) + (Eω+1, µ)], (8.40)

and the required well-posedness of the equations ġ = Atg follows from

Theorems 4.3.1, 4.3.2 with ψ1 = 1+Es, s ∈ [1, β−2], and ψ2 = 1+Eβ−1.

The well posedness for equation (8.33) follows from perturbation theory.

(ii) This is a direct consequence of (i) and duality.
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(iii) The required convergence in the norm topology is proved as The-

orem 6.4.3 and we omit the details. The corresponding ⋆-weak conver-

gence follows from the uniform boundedess of ξnt and ξt in M1+Eβ−1 .

(iv) This is similar to the corresponding continuity statement (The-

orem 6.4.2) for the solution of kinetic equation itself. Namely denoting

ξjt = ξt(µ
j
0, x), j = 1, 2, one writes

∥ξ1t − ξ2t ∥1+Eω =

∫ t

0

ds

∫
[(σs(1 + Eω))⊕(y)− (σs(1 + Eω))(x1)− (σs(1 + Eω))(x2)]

× P (x1, x2, dy)[ξ
1
s (dx1)µ

1
s(dx2)− ξ2s (dx1)µ

2
s(dx2)],

where σs denotes the sign of the measure ξ1t −ξ2t (again chosen according

to Lemma 6.5.1). Next, rewriting

ξ1s (dx1)µ
1
s(dx2)−ξ2s (dx1)µ2

s(dx2) = σs(x1)|ξ1s−ξ2s |(dx1)µ1
s(dx2)+ξ

2
s (dx1)(µ

1
s−µ2

s)(dx2)

one estimates the contribution of the first term in the above expression

for ∥ξ1t − ξ2t ∥1+Eω by∫ t

0

ds

∫
[(E(x1) + E(x2))

ω − Eω(x1) + Eω(x2) + 1]P (x1, x2, dy)|ξ1s − ξ2s |(dx1)µ1
s(dx2)

≤ c

∫ t

0

ds

∫
[Eω−1(x1)E(x2) + Eω(x2) + 1](1 + E(x1) + E(x2))|ξ1s − ξ2s∥(dx1)µ1

s(dx2)

≤ c(ω, e0, e1)

∫ t

0

ds∥ξ1s − ξ2s∥1+Eω∥µ1
s∥1+Eω+1 ,

and the contribution of the second term by

c(ω, e0, e1)

∫ t

0

ds∥µ1
s − µ2

s∥1+Eω+1∥ξ2s∥1+Eω+1

≤ c(ω, (1 + E2+ω, µ1
0 + µ2

0))t∥µ1
0 − µ2

0∥1+Eω+1∥ξ20∥1+Eω+1 .

It remains to apply Gronwall’s lemma to complete the proof of statement

(iii).

(v) As can be easily seen (adapting the proof of Theorem 6.4.1 to the

simpler situation of bounded kernels), the solution µnt to the cut-off ver-

sion of the kinetic equation satisfies this equation strongly in the norm

topology of M1+Eβ−ϵ for any ϵ > 0. Moreover, µtn depends Lipshtiz con-

tinuously on µ0 in the same topology and ξnt satisfies the corresponding

equation in variation in the same topology. Hence it follows from Theo-

rem 12.4.1 that

ξnt = ξnt (µ0;x) = lim
s→0+

1

s
(µnt (µ0,+sδx)− µt(µ0))
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in the norm topology of M1+Eβ−ϵ with ϵ > 0. Consequently

(g, µnt (µ0 + hδx))− (g, µnt (µ0)) =

∫ h

0

(g, ξnt (µ0 + sδx;x; ·)) ds

for all g ∈ C1+Eβ−ϵ(X) and ϵ > 0. Using statement (ii) and the domi-

nated convergence theorem one deduces that

(g, µt(µ0 + hδx))− (g, µt(µ0)) =

∫ h

0

(g, ξt(µ0 + sδx;x; ·)) ds (8.41)

for all g ∈ C1+Eγ (X) with γ < β−2. Again using the dominated conver-

gence and the fact that ξt are bounded in M1+Eβ−1 (as they are ⋆-weak

continuous there) one deduces that (8.41) holds for g ∈ C1+Eβ−1,∞(X).

Next, for these g the expression under the integral in the r.h.s. of (8.41)

depends continuously on s due to (iii), which justifies the limit (8.5)

in the ⋆-weak topology of M1+Eβ−1 . Moreover, as ξt depends Lipshitz

continuously on µ0 in the norm topology of M1+Eβ−2 and since ξt are

bounded in M1+Eβ−2 , it implies that ξt depends continuously on s in

the r.h.s. of (8.41) in the norm topology of M1+Eγ with γ < β − 1.

Hence (8.41) justifies the limit (8.5) in the norm topology of M1+Eγ (X),

γ < β − 1.

Theorem 8.3.2 Suppose the assumptions of the previous theorem hold.

(i) There exists a unique solution ηt = η(µ, x, w) to (8.32) in the sense

that η0 = 0, ηt is a ∗-weakly continuous function t 7→ M1+Eβ−2 and

(8.32) holds for g ∈ C(X).

(ii) ηnt (µ, x, w) → ηt(µ, x, w) ∗-weakly in M1+Eβ−2 .

(iii) ηt(µ, x, w) can be defined by the r.h.s. of (8.6) in the norm topol-

ogy of M1+Eγ with γ < β − 2 and in the ∗-weak topology of M1+Eβ−2 .

Proof (i) Linear equation (8.32) differs from equation (8.31) by an ad-

ditional non homogeneous term. Hence one deduces from Theorem 8.3.1

the well posedness of this equation and the explicit formula

ηt(x,w) =

∫ t

0

V t,sΩs(x,w)ds, (8.42)

where V t,s is a resolving operator to the Cauchy problem of equation

(8.31) given by Theorem 8.3.1 and Ωs(x,w) is the measure defined

weakly as

(g,Ωs(x,w)) =

∫
X×X

∫
X

(g(y)−g(z1)−g(z2))P (z1, z2; dy)ξt(x; dz1)ξt(w; dz2),

(8.43)
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and thus

∥Ωt(x,w)∥1+Eω ≤ c

∫
X2

(1 + Eω+1(z1) + Eω+1(z2))ξt(x; dz1)ξt(w; dz2).

(ii) This follows from (8.42) and Theorem 8.3.1 (ii).

(iii) As in the case of ξt, we first prove the formula

(g, ξt(µ0 + hδw;x, ·))− (g, ξt(µ0;x, ·)) =
∫ h

0

(g, ηt(µ0 + sδw;x,w; ·))ds

(8.44)

for g ∈ C∞(X) by using the approximation ηnt , and the dominated

convergence. Then the validity of (8.44) is extended to all g ∈ C1+Eβ−2,∞
using the dominated convergence and the above obtained bounds for ηt
and ξt. By continuity of the expression under the integral in the r.h.s. of

(8.43) we justify the limit (8.6) in the ⋆-weak topology of M1+Eβ−2(X)

completing the proof of Theorem 8.3.2.

As a consequence of the results obtained we can get some additional

regularity for the solutions of the kinetic equations and the correspond-

ing semigroup ΦtF (µ) = F (µt).

Let Mβ
e0,e1(X) = Me0,e1(X) ∩M1+Eβ (X), which is clearly a closed

subset of M1+Eβ (X), and let Cvague(Mβ
e0,e1(X)) is the Banach space of

⋆-weakly (in the sense ofM1+Eβ (X)) continuous functions onMβ
e0,e1(X).

The starting point for the analysis of Φt is given by the following

Theorem 8.3.3 Under the assumptions of Theorem 8.3.1, the map-

ping (t, µ) 7→ µt is ⋆-weakly continuous in Mβ
e0,e1(X) (both µ and µt are

considered in the ⋆-weak topology of M1+Eβ (X)), and consequently the

semigroup ΦtF is a contraction semigroup in Cvague(Mβ
e0,e1(X)).

Proof Suppose µ, µ1, µ2, ... ∈ Mβ
e0,e1(X) and µn → µ ⋆-weakly in

M1+Eβ (X). By the uniform boundedness of µnt in M1+Eβ (X), in order

to show that µt(µ
n) → µt(µ) ⋆-weakly in M1+Eβ (X), it is enough to

show the convergence (g, µt(µ
n)) → (g, µt(µ)) for any g ∈ Cc(X). From

Theorem 8.3.1 it follows that

(g, µt(µ
n))−(g, µt(µ)) =

∫ h

0

ds

∫ ∫
g(y)ξt(µ+s(µ

n−µ), x, dy)(µn−µ)(dx)

(8.45)

for any g ∈ C1+Eβ−1,∞(X). To show that the r.h.s. tends to zero it is

sufficient to prove that the family of functions∫
g(y)ξt(µ+ s(µn − µ), ., dy)
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is relatively compact in C1+Eβ ,∞(X). As this family is uniformly bounded

in C1+Eβ−1(X) (again by Theorem 8.3.1) it remains to show (by Arzela-

Ascoli theorem) that it is uniformly (with respect to n) continuous in

any set where E is bounded. But this follows from the proof of Theorem

4.2.1 (see equation (4.20)).

We are now interested in a handy invariant subspace of Cvague(Mβ
e0,e1(X)),

where Φt is strongly continuous, and an appropriate invariant core. To

begin with observe, that if the first variational derivative if F exists

and is uniformly bounded on Mβ
e0,e1(X), then ΦtF is strongly contin-

uous (and even smooth in t). However this is not at all clear that the

space of such functionals is invariant under Φt, since all our estimates

on the variational derivatives of µt depends on the M1+Eβ (X)-norm of

µ. Hence the choice of the invariant subspace must be a bit subtler, as

is explained in the next result.

Theorem 8.3.4 Under the assumptions of Theorem 8.3.1 the sub-

spaces Kω, ω ∈ [1, β−1], of functions F from Cvague(Mβ
e0,e1(X)) having

the properties

(i) δF (µ)
δµ(x) exists and is vaguely continuous for x ∈ Rd, µ ∈ Mβ

e0,e1(X),

(ii) δF (µ)
δµ(.) ∈ C1+Eω uniformly for bounded ∥µ∥1+Eβ ,

(iii) supµ∈Mβ
e0,e1

(X) <∞
are invariant under Φt and Φt is strongly continuous (in the topology

of Cvague(Mβ
e0,e1(X))) in these spaces.

Proof

δF (µt(mu))

δµ(x)
=

∫
X

δF (µt(mu))

δµt(y)
ξt(µ, x, dy).

As ∥ξt(µ, x, .)∥1+Eβ−1 ≤ c(1+Eβ−1(x)) uniformly for bounded ∥µ∥1+Eβ ,
it follows that properties (i) and (ii) are invariant (preservation of the

continuity of the variational derivatives in µ follows from duality). The

invariance of (iii) follows from the equation(
δF (µt(mu))

δµ(.)
,Λµ

)
=

(
δF (µt)

δµt(.)
,Λµt

)
.

This equation is nothing else but the commutativity of the semigroup

and its generator ΦtLF (µ) = LΦtF (µ). However, as we do not know that

our semigroup is strongly continuous, one has to justify this equation by

our usual cutoff approximations.
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8.4 Estimates for Smoluchovski’s equation

Unfortunately, the application of the perturbation series representation

to bound the norms of U t,r in C1+Eω (X) would yield only the exponen-

tial dependence of these norms on (Eβ−1, µ), and this does not allow

for effective estimates for the LLN rate of convergence. To get better

estimates is not a simple task. We shall get them now only for pure

coagulation processes imposing further assumptions. Namely, we shall

prove two results on the linear dependence of the variational derivatives

on the moments of µ assuming either additional bounds on the rates

or some smoothness of the kernel. These estimates will play the crucial

role in obtaining precise rate s of convergence for the LLN of coagulation

processes.

In the future we shall often use the elementary inequalities

(a) (El, ν)(Ek, ν) ≤ 2(Ek+l−1, ν)(E, ν),

(b) (Ek, ν)E(x) ≤ (Ek+1, ν) + (E, ν)Ek(x). (8.46)

valid for arbitrary positive ν and k, l ≥ 1.

Remark 31 These inequalities are easy to prove. For example, to get

(a), one writes

(El, ν)(Ek, ν) =

∫ ∫
El(x)Ek(y)ν(dx)ν(dy)

and decomposes this integral into the sum or two integrals over the do-

mains {E(x) ≥ E(y)} and otherwise. Then, say, the first integral is

estimated by
∫ ∫

El+k−1(x)E(y)ν(dx)ν(dy).

Theorem 8.4.1 Under the assumptions of Theorem 8.3.1 assume

additionally that we are in the situation of pure coagulation, i.e that

P (x1, x2, dy1dy2) vanishes identically and the remaining coagulation ker-

nel P = K is (1 +
√
E)⊗-bounded, i.e. that

K(x1, x2) ≤ C(1 +
√
E(x1))(1 +

√
E(x2)). (8.47)

Then

∥U t,r∥C1+
√
E
≤ c(r, e0, e1) (8.48)

(notations from Theorem 8.3.1). Moreover, for any ω ∈ [1/2, β − 1/2]

|U t,rg(x)| ≤ c(r, e0, e1)∥g∥1+Eω (1 + Eω(x) + (1 +
√
E(x))(Eω+1/2, µ)),

(8.49)
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∥V s,tξ∥M1+Eω (X) ≤ c(t, e0, e1)
(
∥ξ∥M1+Eω (X) + (Eω+1/2, µ))∥ξ∥1+√

E

)
,

(8.50)

sup
s≤t

∥ξs(µ;x)∥1+Eω ≤ c(t, e0, e1)(1 + Eω(x) + (Eω+1/2, µ)(1 +
√
E(x)).

(8.51)

Finally, for ω ∈ [1/2, β − 2]

sup
s≤t

∥ηs(µ, x, w; ·)∥1+Eω ≤ c(t, ω, e0, e1)[1+E
ω+1(x)+Eω+1(w)+(Eω+2, µ)].

(8.52)

Proof To begin with, observe that the estimate

At(1+E
ω)(x) ≤ C

∫
X

(1+(E(x)+E(z))ω−Eω(x))(1+
√
E(z))(1+

√
E(x))µt(dz)

holds for all ω ≥ 0, and not only for ω ≥ 1 (here the absence of collisions

is taken into account). After usual simplifying with the help of Exercise

6.3.1 this implies

At(1 + Eω)(x) ≤ C[1 + Eω(x) + (1 +
√
E(x))(Eω+1/2, µ)]

for ω ≥ 1/2, and consequently, by Gronwall’s lemma,

|U t,rA g(x)| ≤ c(r, e0, e1)∥g∥1+Eω (1 + Eω(x) + (1 +
√
E(x))(Eω+1/2, µ))

(8.53)

for g ∈ C1+Eω (X), ω ≥ 1/2. In particular,

|U t,rA g(x)|C1+
√
E
≤ c(r, e0, e1)∥g∥C1+

√
E
.

Moreover, as now

∥Btg∥1+√
E ≤ c

∫
g(z)(1 +

√
E(z))µt(dz) ≤ c∥g∥1+Eω∥µ∥1+Eω+1/2

for ω ≥ 0, the operator B is bounded in C1+
√
E with estimates depend-

ing only on e0, e1 so that from the perturbation theory applied to the

equation ġ = −(At −Bt)g one directly gets (8.48). Moreover, as follows

from (8.53)

|BtU t,rA g(x)| ≤ c(r, e0, e− 1)∥g∥1+Eω (1 +
√
E(x))(1 + (Eω+1/2, µ)),

and since, by the perturbation theory,

U t,rg = U t,rA g +

∫ r

t

Ur,sBtU
t,r
A gds,
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one obtains (8.49) from (8.48) and (8.53). Formula (8.50) follows then

by duality and (8.51) is its direct consequence.

Finally, if ω ≥ 1/2, it follows from (8.43) that

∥Ωt(x,w)∥1+Eω

≤ c

∫
X2

(1+Eω(z1)+E
ω(z2))(1+E

1/2(z1))(1+E
1/2(z2))ξt(x; dz1)ξt(w; dz2).

≤ c
(
∥ξt(µ, x)∥1+Eω+1/2∥ξt(µ,w)∥1+E1/2 + ∥ξt(µ,w)∥1+Eω+1/2∥ξt(µ, x)∥1+E1/2

)
,

which by (8.51) does not exceed

c[1 + Eω+1/2(x) + (Eω+1/2, µ)(1 +
√
E(x))](1 +

√
E(w))

+c[1 + Eω+1/2(w) + (Eω+1/2, µ)(1 +
√
E(w))](1 +

√
E(x))

≤ c[1 + Eω+1(x) + Eω+1(w) + (Eω+3/2, µ)].

Hence by (8.50)

sup
s≤t

∥ηt(x,w; ·)∥1+Eω ≤ c(t, e0, e1) sup
s≤t

∥Ωt(x,w)∥1+Eω+(Eω+1/2, µ) sup
s≤t

∥Ωs(x,w)∥1+√
E

≤ c(t, e0, e1)[1 + Eω+1(x) + Eω+1(w) + (Eω+2, µ)

+(Eω+1/2, µ)(1 + E3/2(x) + E3/2(w) + (E5/2, µ))].

It remains to observe that the last term here can be estimated by the

previous ones, due to (8.46).

Our next result deals with the case of smooth coagulation kernel.

For simplicity, we shall consider here only the classical Smoluchovski’s

model, where a particle is characterized exclusively by its mass, i.e. the

state space is R+. Let us introduce now some useful functional spaces.

LetX = R+ = {x > 0}. For a positive f we denote by C1,0
f = C1,0

f (X)

the Banach space of continuously differentiable functions ϕ on X = R+

such that limx→0 ϕ(x) = 0 and the norm

∥ϕ∥C1,0
f (X) = ∥ϕ′∥Cf (X)

is finite. By C2,0
f = C2,0

f (X) we denote the space of two-times continu-

ously differentiable functions such that limx→0 ϕ(x) = 0 and the norm

∥ϕ∥C2,0
f (X) = ∥ϕ′∥f + ∥ϕ′′∥f

is finite. By M1
f (X) and M2

f (X) we shall denote the Banach dual spaces
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to C1,0
f and C2,0

f respectively. Actually we need only the topology they

induce on (signed) measures so that for ν ∈ M(X) ∩Mi
f (X), i = 1, 2,

∥ν∥Mi
f (X) = sup{(ϕ, ν) : ∥ϕ∥Ci,0f (X) ≤ 1}.

Theorem 8.4.2 Assume X = R+, K(x1, x2, dy) = K(x1, x2)δ(y −
x1 − x2), E(x) = x, K is non-decreasing in each argument 2-times

continuously differentiable on (R+)
2 up to the boundary with all the

first and second partial derivatives being bounded by a constant C. Then

for any k ≥ 0 the spaces C1,0
1+Ek

and C2,0
1+Ek

are invariant under U t,r and

(a) |(U t,rg)′(x)| ≤ κ(C, r, k, e0, e1)∥g∥C1,0

1+Ek
(1 + Ek(x) + (Ek+1, µ0)),

(b) |(U t,rg)′′(x)| ≤ κ(C, r, k, e0, e1)∥g∥C2,0

1+Ek
(1 + Ek(x) + (Ek+1, µ0)),

(8.54)

sup
s≤t

∥ξs(µ0;x; ·)∥M1

1+Ek
≤ κ(C, r, k, e0, e1)[E(x)(1+(Ek+1, µ0))+E

k+1(x)],

(8.55)

and

sup
s≤t

∥ηs(µ0;x,w; , ·)∥M2

1+Ek
≤ κ(C, t, k, e0, e1)(1 + (Ek+1, µ0))

× [(E(x)(1 + Ek+2, µ0) + Ek+2(x))E(w) + (E(w)(1 + Ek+2, µ0) + Ek+2(w))E(x)].

(8.56)

Proof Notice first that if gr(0) = 0, then gt = 0 for all t according to the

evolution described by the equation ġ = −(At − Bt)g. Hence the space

of functions vanishing at the origin is invariant under this evolution.

Recall that E(x) = x. Differentiating the equation ġ = −(At − Bt)g

with respect to the space variable x leads to the equation

ġ′(x) = −At(g′)(x)−
∫
(g(x+ z)− g(x)− g(z))

∂K

∂x
(x, z)µt(dz). (8.57)

For functions g vanishing at the origin this can be rewritten as

ġ′(x) = −Atg′ −Dtg
′

with

Dtϕ(x) =

∫ (∫ x+z

x

ϕ(y)dy −
∫ z

0

ϕ(y)dy

)
∂K

∂x
(x, z)µt(dz).

Since

∥Dtϕ∥ ≤ 2C∥ϕ∥(E, µt) = 2Ce1∥ϕ∥,
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and U t,rA is a contraction, it follows from the perturbation series repre-

sentation, with Dt considered as perturbation, that

∥U t,r∥C1,0
1 (X) ≤ c(r, e0, e1),

proving (8.54)(a) for k = 0. Next, for k > 0

|Dtϕ(x)| ≤ c∥ϕ∥1+Ek
∫
((x+ z)k+1 − xk+1 + zk+1 + z)µt(dz)

≤ c(k)∥ϕ∥1+Ek
∫
(xkz + zk+1 + z)µt(dz),

which by the propagation of the moments of µt does not exceed

c(k, e1)∥ϕ∥1+Ek [(1 + xk) + (Ek+1, µ0)].

Hence by equation (8.40)∫ r

t

|U t,sA DsU
s,r
A g(x)|ds ≤ (r−t)κ(r, k, e0, e1)∥g∥1+Ek [1+Ek(x)+(Ek+1, µ0)],

which by induction implies∫
t≤s1≤···≤sn≤r

|U t,s1A Ds1 · · ·DsnU
sn,r
A g(x)|ds1 · · · dsn

≤ (r − t)n

n!
κn(r, k, e0, e1)∥g∥1+Ek [1 + Ek(x) + (Ek+1, µ0)].

Hence (8.54)(a) follows from the perturbation series representation to

the solution of (8.57).

Differentiating (8.57) leads to the equation

ġ′′(x) = −At(g′′)(x)− ψt, (8.58)

where

ψt = 2

∫
(g′(x+ z)− g′(x))

∂K

∂x
(x, z)µt(dz)

+

∫ (∫ x+z

x

g′(y)dy −
∫ z

0

g′(y)dy

)
∂2K

∂x2
(x, z)µt(dz).

We know already that for gr ∈ C2
1+Ek the function g′ belongs to 1 + Ek

with the bound given by (8.54)(a). Hence by the Du Hamel principle the

solution to (8.58) can be represented as

g′′t = U t,rA g′′r +

∫ r

t

U t,sA ψsds.

As

|ψt(x)| ≤ κ(C, r − t, e0, e1)(1 + Ek(x) + (Ek+1, µ0)),
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(8.54)(b) follows, completing the proof of (8.54), which by duality im-

plies (8.55).

Next, from (8.42), (8.43), duality and (8.54) one gets

sup
s≤t

∥ηs(µ0;x,w; .)∥M2

1+Ek
≤ t sup

s≤t
sup{|(Us,tg,Ωs(x,w))| : ∥g∥C2,0

1+Ek
≤ 1}

≤ κ(C, t, e0, e1) sup
s≤t

sup
g∈Πk

(g,Ωs(x,w)),

where

Πk = {g : g(0) = 0,max(|g′(y)|, |g′′(y)|) ≤ 1 + Ek(y) + (Ek+1, µ0)}.

It is convenient to introduce a twice continuously differentiable function

χ on R such that χ(x) ∈ [0, 1] for all x, and χ(x) equals one or zero

respectively for x ≥ 1 and x ≤ −1. Then write Ωs = Ω1
s + Ω2

s with

Ω1 (resp. Ω2) being obtained by (8.43) with χ(x1 − x2)K(x1, x2) (resp.

(1− χ(x1 − x2))K(x1, x2)) instead of K(x1, x2). If g ∈ Πk, one has

(g,Ω1
s(x,w)) =

∫ ∫
(g(x1+x2)−g(x1)−g(x2))χ(x1−x2)K(x1, x2)ξs(x; dx1)ξs(w; dx2),

which is bounded in magnitude by

∥ξs(w, ·)∥M1
1(X) sup

x2

∣∣∣∣ ∂∂x2
∫
[(g(x1 + x2)− g(x1)− g(x2))χ(x1 − x2)K(x1, x2)]ξs(x; dx1)

∣∣∣∣
≤ ∥ξs(w, ·)∥M1

1(X)∥ξs(x, ·)∥M1

1+Ek+1 (X)

× sup
x1,x2

∣∣∣∣(1 + Ek+1(x1))
−1 ∂2

∂x2∂x1
[(g(x1 + x2)− g(x1)− g(x2))χ(x1 − x2)K(x1, x2)]

∣∣∣∣ .
Since

∂2

∂x2∂x1
[(g(x1 + x2)− g(x1)− g(x2))χ(x1 − x2)K(x1, x2)]

= g′′(x1 + x2)(χK)(x1, x2) + (g′(x1 + x2)− g′(x2))
∂(χK)(x1, x2)

∂x1

+ (g′(x1 + x2)− g′(x1))
∂(χK)(x1, x2)

∂x2
+ (g(x1 + x2)− g(x1)− g(x2))

∂2(χK)(x1, x2)

∂x1∂x2
,

this expression does not exceed in magnitude

(1 + Ek+1(x1) + (Ek+1, µ0)(1 + E(x1))

(up to a constant multiplier). Consequently

|(g,Ω1
s(x,w)| ≤ κ(C)∥ξt(w, ·)∥M1

1(X)∥ξt(x, ·)∥M1

1+Ek+1 (X)(1+(Ek+1, µ0)).
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Of course, the norm of Ω2
s is estimated in the same way. Consequently

(8.55) leads to (8.56) and completes the proof of the theorem.

We shall prove now the Lipschitz continuity of the solutions to our

kinetic equation with respect to initial data in the norm-topology of the

space M1
1+Ek .

Proposition 8.4.1 Under the assumptions of Theorem 8.4.2 for k ≥ 0

and m = 1, 2

sup
s≤t

∥µs(µ1
0)−µs(µ2

0)∥Mm

1+Ek
≤ κ(C, t, k, e0, e1)(1+E

1+k, µ1
0+µ

2
0)∥µ1

0−µ2
0∥Mm

1+Ek

(8.59)

Proof By Theorem 8.3.1

(g, µt(µ
1
0)−µt(µ2

0)) =

∫ t

0

ds

∫ ∫
g(y)ξt(µ

2
0+s(µ

1
0−µ2

0);x; dy)(µ
1
0−µ2

0)(dx).

(8.60)

Since

(g, ξt(Y ;x; .)) = (U0,tg, ξ0(Y, x; .)) = (U0,tg)(x),

it follows from Theorem 8.4.2 that (g, ξt(Y ;x; .)) belongs to Cm,0
1+Ek

as a

function of x whenever g belongs to this space and that

∥(g, ξt(Y ;x; .))∥Cm,0
1+Ek

(X) ≤ κ(C, t, k, e0, e1)∥g∥Cm,0
1+Ek

(X)(1 + (Ek+1, Y )).

Consequently (8.59) follows from (8.60).

Exercise 8.4.1 By Lemma 6.5.1 and Theorem 8.3.1 , the norm of the

solution to the Cauchy problem of equation (8.31) with an initial data

ξ ∈ M1+Eω (X), ω ≤ β − 1, satisfies the equation

∥ξt∥M1+Eω (X) = ∥ξ∥M1+Eω (X) +

∫ t

0

ds

∫
P (x, z, dy)ξs(dx)µs(dz)

[(σs(1 + Eω))⊕(y)− (σs(1 + Eω))(x)− (σs(1 + Eω))(z)],

where σt is the density of ξt with respect to its positive variation |ξt|.
Deduce from it that

∥ξt∥M1+Eω (X) ≤ ∥ξ∥M1+Eω (X)

+c(e0, e1, t)

∫ t

0

(∥ξs∥M1+Eω (X) + ∥ξt∥1+√
E(E

ω+1/2, µ))ds,

which implies (8.50) directly by passing the dual equations on functions.
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8.5 Propagation and production of moments for the
Boltzmann equation

Here (in preparation for the study of the next section) we prove two well

known special features of the Boltzmann’s equation moment propagation

(as compared with the general jump type processes of Section 6.4): first,

the bound to the moments can be made uniform in time, and second,

finite moments are produced by the evolution, i.e. the moments become

finite at any positive time, even if for the initial state they were infinite.

The exposition follows essentially the paper of Lu and Wennberg [166].

Recall that the Boltzmann equation in weak form (1.52) or (12.37)

writes down as

d

dt
(g, µt) =

1

4

∫
Sd−1

∫
R2d

[g(v′)+g(w′)−g(v)−g(w)]B(|v−w|, θ)dnµt(dv)µt(dw),

(8.61)

where the input and output pairs of velocities are denoted by (v, w) and

(v′, w′). We shall work with the hard potentials case (with a cutoff), i.e.

will assume that

B(|v|, θ) = b(θ)|v|β , β ∈ (0, 1], (8.62)

where b(θ) is a bounded not identically vanishing function. Notice that

we exclude the case of bounded kernels (with β = 0).

Remark 32 For applications it is important to allow certain non-

integrable singularity for b(θ) for θ near 0 and π/2. As seen from the

proof below all our estimates remain valid if only∫ π/2

0

b(θ) cos θsind−1θdθ <∞.

Here we shall use the following short notations for the moments of

positive functions f and measures µ: :

∥f∥s =
∫
f(x)(1 + |v|2)s/2 dx, ∥µ∥s =

∫
(1 + |v|2)s/2 µ(dx).

In our general notation ∥µ∥s is ∥µ∥M
(1+E)s/2

(Rd), where E(v) = v2 is

the kinetic energy.

Proposition 8.5.1 Under condition (8.62) let µ = µ0 be a finite mea-

sure on Rd with ∥µ0∥s <∞ for some s > 2. Then

∥µt∥s ≤

[
as

bs + (as∥µ∥−β/(s−2)
s − bs)e−asβt/(s−2)

]β/(s−2)

, (8.63)
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where

as = ãs∥µ∥2, bs = b̃s∥µ∥0∥µ∥−β(s−2)
2 (8.64)

with ãs, b̃s being positive constants depending only on s. In particular,

∥µt∥2+β ≤ a

b+ (a∥µ0∥−1
2+β − b)e−at

(8.65)

with a, b depending on ∥µ0∥0 and ∥µ0∥2.

Proof From the general Theorem 6.3.1 we know that ∥µt∥s remain finite

for all t (of course one can do it without referring to Theorem 6.3.1 by

usual approximations combined with the a priori estimates given below).

From the Boltzmann equation (1.52) for any non-negative solution µt
we get

d

dt
∥µt∥s =

1

4

∫
Sd−1

∫
R2d

µt(dv)µt(dw)|v − w|βb(θ)dn

[(1 + |v′|2)s/2 + (1 + |w′|2)s/2 − (1 + |v|2)s/2 − (1 + |w|2)s/2],

which by the collision inequality (12.41) does not exceed

2sκ1

∫
R2d

µt(dv)µt(dw)|v − w|β(1 + |v|2)(s−1)/2(1 + |w|2)1/2,

−1

2
min{1

4
s(s− 2), 2}κ2

∫
R2d

µt(dv)µt(dw)|v −w|β(1 + |v|2)s/2, (8.66)

where

κ1 =

∫
Sd−1

b(θ)| cos θ|| sin θ|dn = 2Ad−2

∫ π/2

0

b(θ) cos θ sind−1 θ dθ,

κ2 =

∫
Sd−1

b(θ) cos2 θ sin2 θdn = 2Ad−2

∫ π/2

0

b(θ) cos2 θ sind θdθ,

where Ad denotes the surface area of the d-dimensional unit sphere.

Using the elementary inequality

|v − w|β ≥ (1 + |v|2)β/2 − (1 + |w|2)β/2,

one deduces that∫
R2d

µt(dv)µt(dw)|v − w|β(1 + |v|2)s/2

≥ ∥µt∥0∥µt∥s+β−∥µt∥β∥µt∥s ≥ ∥µt∥0∥µt∥1+β(s−2)
s ∥µt∥−β(s−2)

2 −∥µt∥β∥µt∥s,
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the latter inequality following from the Hölder inequality (with q =

1 + β/(s− 2), p = 1 + (s− 2)/β)

∥µ∥1+β(s−2)
s ≤ ∥µ∥β(s−2)

2 ∥µ∥s+β .

Consequently, using also |v−w|β ≤ |v|β+ |w|β for the first term in (8.66)

it follows from (8.66) that

d

dt
∥µt∥s ≤ as∥µt∥s − bs∥µt∥1+β(s−2)

s , (8.67)

with as, bs from (8.64). Applying the easy exercise given below, com-

pletes the proof.

Corollary 9 Under condition (8.62) let ∥µ0∥2 <∞. Then there exists

a solution µt preserving mass and energy and having all moments finite

for all positive times and enjoying the estimate

∥µt∥s ≤
[

as
bs(1 + e−aβt/(s−2)

]β/(s−2)

. (8.68)

Proof For µ0 with a finite moment ∥µ0∥s this follows directly from

(8.63). For other µ0 one obtains the required solution by approximating

µ0 with µn0 having such a finite moment.

Remark 33 From (8.68) one can also deduce the uniqueness of the

solutions preserving mass and energy, see Mishler, Wennberg [190].

Exercise 8.5.1 Show that the ODE

ẋ = ax− bx1+ω (8.69)

in R+, where a, b are positive numbers, has the explicit solution

x =

[
a

b+ (ax−ω0 − b)e−aωt

]1/ω
. (8.70)

Moreover, the sign of the expression ax−ω − b remains constant on so-

lutions. Hint: check that the function z = ax−ω − b satisfies the linear

equation

ż = −ωaz.

8.6 Estimates for Boltzmann’s equation

Theorem 8.3.1 allows to estimate the moments of the derivatives ξt with

respect to initial data of the solutions µt to the kinetic equations of
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jump type, in terms of the moments of µt. However, as we mentioned

already, following the proof of Theorem 8.3.1 yields only the exponential

dependence of this estimates on the moments of µ, which would not be

enough for obtaining effective estimates for the LLN developed later.

With this objective in mind, we have got in Section 8.4 the estimates

for the norms of ξt with linear dependence on the moments of µ using

specific features of coagulation processes. In this Section we shall use

specific features of the Boltzmann collisions (developed in the previous

section) in order to get polynomial estimates of the moments of ξt in

terms of the moments of µt. We shall use the notations for the derivatives

introduced at the beginning of this Chapter.

Theorem 8.6.1 Assume (8.62) holds with a bounded not vanishing

b(θ). Then for s ≥ 2

|U t,rg(v)| ≤ c(r, s, e0, e1)∥g∥(1+E)s/2(1+|v|2)s/2
(
1 + ∥µ0∥s+β∥µ0∥ω(r,e0,e1)2+β

)
,

(8.71)

∥V r,tξ∥s ≤ c(t, s, e0, e1)
(
1 + ∥µ0∥s+β∥µ0∥ω(r,e0,e1)2+β

)
∥ξ∥s, (8.72)

sup
r≤t

∥ξr(µ, v)∥s ≤ c(t, e0, e1)(1 + |v|2)s/2
(
1 + ∥µ0∥s+β∥µ0∥ω(r,s,e0,e1)2+β

)
,

(8.73)

sup
s≤t

∥ηs(µ, x, w; ·)∥s ≤ c(t, s, e0, e1)
(
1 + ∥µ0∥s+3∥µ0∥ω(r,s,e0,e1)3

)
[(1 + |v|2)s/2(1 + |w|2) + (1 + |w|2)s/2(1 + |v|2)]. (8.74)

Proof As in Exercise 8.4.1, we begin by noting that by Lemma 6.5.1

and Theorem 8.3.1 , the norm of the solution to the Cauchy problem of

equation (8.31) with an initial data ξ ∈ M1+Eω (X), ω ≤ β− 1, satisfies

the equation

∥ξt∥M1+Eω (X) = ∥ξ∥M1+Eω (X) +

∫ t

0

dτ

∫
P (x, z, dy)ξτ (dx)µτ (dz)

[(στ (1 + Eω))⊕(y)− (στ (1 + Eω))(x)− (στ (1 + Eω))(z)],

where σt is the density of ξt with respect to its positive variation |ξt|.
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Under the assumption of the present theorem it follows that

∥ξt∥s ≤ ∥ξ0∥s + c

∫ t

0

∫
R2d

(|v|β + |w|β)ξτ (dv)µτ (dw) dτ

[(1 + |v|2 + 1 + |w|2)s/2 − (1 + |v|2)s/2 + (1 + |w|2)s/2],

and consequently by inequality (6.16)

∥ξt∥s ≤ ∥ξ0∥s + c

∫ t

0

∫
R2d

(|v|β + |w|β)ξτ (dv)µτ (dw) dτ

[(1 + |w|2)((1 + |v|2) s2−1 + (1 + |w|2) s2−1) + (1 + |w|2)s/2],

implying

∥ξt∥s ≤ ∥ξ0∥s + c

∫ t

0

dτ(∥ξτ∥s∥fτ∥2 + ∥ξτ∥2∥fτ∥s+β). (8.75)

Consequently,

∥ξt∥2 ≤ exp{c
∫ t

0

∥µs∥2+β ds}∥ξ0∥2.

Hence, if ∥µ0∥2+β ≤ a/b (see equation (8.65)), then ∥µs∥2+β ≤ a/b for

all s and

∥ξt∥2 ≤ exp{cta/b}∥ξ0∥2.

If ∥µ0∥2+β > a/b, then by (8.65)

∥ξt∥2 ≤ exp{c
∫ t

0

a ds

b− (b− a∥µ0∥−1
2+β)e

−as
}∥ξ0∥2.

Using the elementary integral∫
dy

1− ce−y
= log(ey − c), c < 1, y ≥ 0,

one then deduces that∫ t

0

a ds

b− (b− a∥µ0∥−1
2+β)e

−as
=

1

b
log

(
eas −

b− a∥µ0∥−1
2+β

b

)∣∣∣∣∣
t

0

=
1

b
log

(
1 +

b

a
(eat − 1)∥µ0∥2+β

)
,

implying

∥ξt∥2 ≤
(
1 +

b

a
(eat − 1)∥µ0∥2+β

)1/b

∥ξ0∥2 (8.76)
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and hence (8.73) for s = 2. Now on concludes from (8.75), (8.76) and

Gronwall’s lemm a that (8.73) holds also for s > 2. Similarly one obtains

(8.72), and (8.71) follows from duality. Finally, (8.74) is obtained from

(8.42) as in the case of coagulation.





PART THREE

APPLICATIONS TO INTERACTING
PARTICLES





9

The dynamic Law of Large Numbers

In the introduction to this book general kinetic equations were obtained

as the LLN limit of rather general Markov models of interacting particles.

This deduction can called informal, because the limit was performed

(though quite rigorously) on the forms of the corresponding equations,

not on their solutions, and only the latter limit can make any practical

sense. Thus it was noted that in order to make the theory work properly,

one has to complete two tasks: to obtain well-posedness of the limiting

kinetic equations (specifying nonlinear Markov processes) and to prove

the convergence of the approximating processes to the solutions of these

kinetic equations. The first task was settled in Part II. In this chapter

we complete the program by proving the convergence of approximations

and also supplying rather precise estimates for error terms.

We can proceed either analytically using semigroup methods or by

working directly with convergence of stochastic processes. Each method

has its advantages, and we shall demonstrate both. To obtain conver-

gence of the semigroups we need to estimate the difference between the

approximating and limiting generators on a rich enough class of func-

tionals (forming a core for the limiting generator). In the next section

we calculate this difference explicitly for functionals on measures having

well-defined first- and second-order variational derivatives. Section 9.2

is devoted to the case of limiting generators of Lévy-Khintchine type

with bounded coefficients. The remaining sections deal with pure jump

models having unbounded rates.
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9.1 Manipulations with generators

In this section we carry out some instructive manipulations with the gen-

erators of approximating Markov chains, leading to an alternative deriva-

tion of the limiting equation (1.75). Instead of first deducing (1.73) as the

limit of the action of the approximating generators on linear functionals

Fg and then lifting the obtained evolution to arbitrary functionals, we

obtain the action of the generators (1.66) on arbitrary (smooth enough)

functionals on measures in closed form. This approach leads not only to

(1.75) but also to an explicit expression for the difference between (1.66)

and its limiting generator, which is of course handy when estimating this

difference in an appropriate functional space. For arbitrary k, G≤k and

Ak from (1.66) these calculations were carried out in Kolokoltsov [136].

Here we shall simplify the story by considering only binary interactions,

which are by far the most important for applications, and also only con-

ditionally positive Ak, as only such operators are relevant for (at least

classical) interacting particles.

Let us start with interactions preserving the number of particles, i.e.

those given in (SX)n by the generators

n∑
i=1

(B1
µ)if(x1, ..., xn) +

∑
{i,j}⊂{1,...,n}

(B2
µ)ijf(x1, ..., xn), (9.1)

where (B1
µ)i and (B2

µ)ij denote the action of the operators B1
µ and B2

µ

on the variables xi and xi, xj respectively. Here B1
µ and B2

µ are the Lévy

type operators in C(x) and Csym(X2) respectively depending on a mea-

sure µ as on a parameter, allowing for additional mean field interaction:

B1
µf(x) =

1

2
(Gµ(x)∇,∇)f(x) + (bµ(x),∇f(x))

+

∫
(f(x+ y)− f(x)− (∇f(x), y)1B1

(y))νµ(x, dy),

and

B2
µf(x, y) =

[
1

2
(Gµ(x, y)

∂

∂x
,
∂

∂x
) +

1

2
(Gµ(y, x)

∂

∂y
,
∂

∂y
) + (γµ(x, y)

∂

∂x
,
∂

∂y
)

]
f(x, y)

+

[
(bµ(x, y),

∂

∂x
) + (bµ(y, x),

∂

∂y
)f(x, y)

]
+

∫
X2

νµ(x, y, dv1dv2)

[
f(x+ v1, y + v2)− f(x, y)− (

∂f

∂x
(x, y), v1)1B1

(v1)− (
∂f

∂y
(x, y), v2)1B1

(v2)

]
,
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where G(x, y) and γ(x, y) are symmetric matrices such that γ(x, y) =

γ(y, x) and the Lévy kernels ν enjoy the relation

νµ(x, y, dv1dv2) = νµ(y, x, dv2dv1).

Remark 34 The symmetry condition imposed on the coefficients of

B2 are necessary and sufficient for this operator to preserve the set of

functions f(x, y) that are symmetric with respect to permutation of x

and y.

The procedure leading to the kinetic equations consists of scaling B2

by a multiplier h and substituting a function f(x) on SX by the func-

tional F (hδx) on measures. This leads to the generator

(Λ1
h + Λ2

h)F (hδx) =

n∑
i=1

(B1
hδx)iF (hδx) + h

∑
{i,j}⊂{1,...,n}

(B2
hδx)ijF (hδx).

The calculation of this generator is summarized in the following.

Proposition 9.1.1 If F is smooth enough, which means that all the

derivatives in the formulas below are well defined, then

Λ1
hF (Y ) =

∫
X

[(
B1
Y

δF

δY (.)

)
(x) +

h

2

(
GY (x)

∂

∂x
,
∂

∂y

)
δ2F

δY (x)δY (y)
|y=x

]
Y (dx)

+h

∫ 1

0

(1−s) ds
∫
X2

(
δ2F

δY (.)δY (.)
(Y + sh(δx+y − δx)), (δx+y − δx)

⊗2

)
νY (x, dy)Y (dx)

(9.2)

and

Λ2
hF (Y ) =

1

2

∫
X2

(
B2
Y

(
δF

δY (.)

)⊕
)
(x, y)Y (dx)Y (dy)

−h
2

∫
X

(
B2
Y

(
δF

δY (.)

)⊕
)
(x, x)Y (dx) + h3

∑
{i,j}⊂{1,...,n}

ΩY (xi, xj)

(9.3)

where Y = hδx, x = (x1, ..., xn), and

ΩY (x, y) =

(
γY (x, y)

∂

∂x
,
∂

∂y

)
δ2F

δY (x)δY (y)
+

(
GY (x, y)

∂

∂x
,
∂

∂y

)
δ2F

δY (x)δY (y)
|y=x

+

∫ 1

0

(1− s) ds

∫
νY (x, y, dv1dv2)(

δ2F

δY (.)δY (.)
(Y + sh(δx+v1 − δx + δy+v2 − δy)), (δx+v1 − δx + δy+v2 − δy)

⊗2

)
.
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Proof For differentiation we use the rule

∂

∂xi
F (hδx) = h

∂

∂xi

δF (Y )

δY (xi)
, Y = hδx, x = (x1, ..., xn) ∈ X ,

(see Lemma 12.6.3) which implies(
G

∂

∂xi
,
∂

∂xi

)
F (hδx) = h

(
G

∂

∂xi
,
∂

∂xi

)
δF (Y )

δY (xi)
+h2

(
G
∂

∂y
,
∂

∂z

)
δ2F (Y )

δY (y)δY (z)
|y=z=xi .

Thus

Λ1
hF (Y ) =

n∑
i=1

(B1
hδx)iF (hδx) =

n∑
i

[
h

(
bY (xi),

∂

∂xi

δF (Y )

δY (xi)

)

+
h

2

(
GY (xi)

∂

∂xi
,
∂

∂xi

)
δF (Y )

δY (xi)
+
h2

2

(
GY (xi)

∂

∂y
,
∂

∂z

)
δ2F (Y )

δY (y)δY (z)
|y=z=xi

+

∫ (
F (hδx + hδxi+y − hδxi)− F (hδx)− h

(
∂

∂xi

δF (Y )

δY (xi)
, y

)
1B1

(y)

)
νY (xi, dy)

]
.

By (12.32) (a)

F (hδx + hδxi+y − hδxi)− F (hδx) = h

(
δF (Y )

δY (.)
, δxi+y − δxi

)

+h2
∫ 1

0

(1− s)

(
δ2F (Y + hs(δxi+y − δxi))

δY (.)δY (.)
, (δxi+y − δxi)

⊗2

)
ds,

implying (9.2).

Similarly

Λ2
hF (Y ) = h

∑
i,j

[h
2

(
GY (xi, xj)

∂

∂xi
,
∂

∂xi

)
δF (Y )

δY (xi)
+
h

2

(
GY (xj , xi)

∂

∂xj
,
∂

∂xj

)
δF (Y )

δY (xj)

+h2
(
GY (xi, xj)

∂

∂y
,
∂

∂z

)
δ2F (Y )

δY (y)δY (z)
|y=z=xi +h2

(
γY (xi, xj)

∂

∂xi
,
∂

∂xj

)
δ2F (Y )

δY (xi)δY (xj)

+h

(
bY (xi, xj),

∂

∂xi

δF (Y )

δY (xi)

)
+ h

(
bY (xj , xi),

∂

∂xj

δF (Y )

δY (xj)

)

+

∫ (
F (hδx + hδxi+v1 − hδxi + hδxj+v2 − hδxj )− F (hδx)

−h
(

∂

∂xi

δF (Y )

δY (xi)
, v1

)
1B1

(v1)−h
(

∂

∂xj

δF (Y )

δY (xj)
, v2

)
1B1

(v2)
)
νY (xi, xj , dv1dv2)

]
.
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Applying formula (12.32) to express

F (hδx + hδxi+v1 − hδxi + hδxj+v2 − hδxj )− F (hδx)

in terms of variational derivatives, yields (9.3).

Remark 35 (1) Formula (9.2) can be used to extend the action of

Λ1
h on arbitrary, not necessarily discrete measures Y , but only for func-

tionals F that are defined on signed measures, since the measure Y +

sh(δx+y − δx) may not be positive. This is important to have in mind,

as we are often interested in functionals of the type F (µt(µ0)), where µt
solves the kinetic equation and hence is defined only for positive measures

µ0.

(2) By (12.46) one can also rewrite the last term in (9.3) as an inte-

gral:

h3
∑

{i,j}⊂{1,...,n}

ΩY (x,xj) = h

∫ ∫
ΩY (x, y)Y (dx)Y (dy)−h

∫
ΩY (x, x)Y (dx),

which is more convenient for analysis but can be used only for F extended

beyond the set of positive measures, as ΩY (x, x) is not defined otherwise

even for Y = hδx.

Similar formulae are valid for interactions that change the number of

particles. See, for instance, the following exercises.

Exercise 9.1.1 Show that if Λh2 is given by (1.38), then

Λh2F (Y ) =
1

2

∫
X2

∫
X

[(
δF (Y )

δY (.)

)⊕

(y)−
(
δF (Y )

δY (.)

)⊕

(z)

]
P (z, dy)Y ⊗2(dz)

−h
2

∫
X

∫
X

[(
δF (Y )

δY (.)

)⊕

(y)− 2
δF (Y )

δY (z)

]
P (z, z, dy)Y (dz)

+h3
∑

{i,j}⊂{1,...,n}

∫ 1

0

(1− s) ds

∫
X
P (xi, xj , dy)

(
δ2F

δY (.)δY (.)
(Y + sh(δy − δxi − δxj )), (δy − δxi − δxj )

⊗2

)
(9.4)

Exercise 9.1.2 Extend formula (9.2)-(9.4) to the case of k-ary inter-

actions, giving the answer in terms of the operators Φkl [f ] from equation

(12.53). Hint: Consult [136], where the full expansion in h is obtained

for the generators Λkh on analytic functionals F (Y ).
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The main conclusion to be drawn from the calculations above is the

following. To approximate the generator Λ of a nonlinear process by the

generators of approximating interacting particle systems we must work

with functionals F , having second-order variational derivative, which is

as regularity (with respect to the spatial variable) as needed to belong to

the domain of the generator of the corresponding approximating system.

For instance, this second-order derivative should be at least twice con-

tinuously differentiable for the full Lévy-Khintchine generators, hence

the natural appearance of the spaces C2,k
vague(M(Rd)), or should satisfy

certain bounds for unbounded generators of integral type.

To conclude this section, we consider the model of binary interaction

described by generator (1.38) or (9.4) with limiting equation (8.29) under

the assumptions of Theorem 8.3.1 and identify natural classes of strong

continuity for the semigroup Tht . The natural state space to work with

turns out to be the set

Me0,e1
hδ = Me0,e1(X) ∩M+

hδ(X),

where Me0,e1(X) is given by (8.30). As usual, we denote by µt = µt(µ0)

the solution to the Cauchy problem of equation (8.29).

Proposition 9.1.2 For any positive e0, e1 and 1 ≤ l ≤ m the operator

Λ2
h is bounded in the space C(1+El,·)m(M

e0,e1
hδ ) and defines a strongly

continuous semigroup Tht there such that

∥Tht ∥C
(1+El,·)m (Me0,e1

hδ ) ≤ exp{c(C,m, l)e1t}. (9.5)

Proof Let us show that

Λ2
hF (Y ) ≤ c(C,m, l)e1F (Y ) (9.6)

for Y = hδx and F (Y ) = (1+El, Y )m. Then (9.5) will follow by Theorem

4.2.1 or Gronwall’s lemma.

We have

Λ2
hF (Y ) = h

∑
I⊂{1,...,n}:|I|=2

∫
[(1+El, Y+h(δy−δxI ))m−(1+El, Y )m]K(xI ; dy).

Because

(1 + El, h(δy − δxi − δxj )) ≤ h[(E(xi) + E(xj))
l − El(xi)− El(xj)]

≤ hc(l)[El−1(xi)E(xj) + E(xi)E
l−1(xj)]
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and using the inequality (a+ b)m − am ≤ c(m)(am−1b+ bm) we obtain

Λ2
hF (Y ) ≤ hc(m, l)

∑
I⊂{1,...,n}:|I|=2

[(1 + El, Y )m−1h(El−1(xi)E(xj) + E(xi)E
l−1(xj))

+ hm(El−1(xi)E(xj) + E(xi)E
l−1(xj))

m]K(xI ; dy)

≤ c(C,m, l)

∫ ∫
[(1 + El, Y )m−1(El−1(z1)E(z2) + E(z1)E

l−1(z2))

+ hm−1(El−1(z1)E(z2) + E(z1)E
l−1(z2))

m](1 + E(z1) + E(z2))Y (dz1)Y (dz2).

By symmetry it is enough to estimate the integral over the set where

E(z1) ≥ E(z2). Consequently Λ2
hF (Y ) does not exceed

c

∫
[(1 + El, Y )m−1El−1(z1)E(z2) + hm−1(El−1(z1)E(z2))

m](1 + E(z1))Y (dz1)Y (dz2)

≤ c(1 + El, Y )m(E, Y ) + hm−1c

∫
Em(l−1)+1(z1)E

m(z2)Y (dz1)Y (dz2).

To prove (9.6) it remains to show that the second term on the r.h.s. of

thus expression can be estimated by its first term. This follows from the

estimates

(Em, Y ) = h
∑

Em(xi) ≤ h
(∑

El(xi)
)m/l

= h1−m/l(El, Y )m/l,

(Em(l−1)+1, Y ) ≤ h−1(Em(l−1), Y )(E, Y ) ≤ h−m(1−1/l)(El, Y )m(1−1/l)(E, Y ).

The following statement is a straightforward extension of Proposition

9.1.2 and its proof is omitted.

Proposition 9.1.3 The statement of Proposition 9.1.2 remains true if

the space C(1+El,·)m is replaced by the more general space C(1+El1 ,·)m1 ···(1+Elj ,·)mj .

9.2 Interacting diffusions, stable-like and Vlasov
processes

As we have already mentioned, one can roughly distinguish two ap-

proaches to the proof of LLN: analytic (via semigroups and genera-

tors) and probabilistic (tightness of the approximating probability laws

- choose a converging subsequence), the first leading to rather precise

estimates for the error term of the approximating averages and finite-

dimensional approximations, and the second yielding a stronger conver-

gence in the sense of the distributions on the trajectories. The proba-
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bilistic approach can also be used to obtain the existence of solutions

to the kinetic equations. We shall pay attention to both of these ap-

proaches starting with the mean field interacting Markov processes of

rather general form (with Lévy-Khintchine type generators) and then

moving to popular and practically important models of binary jump

type interactions possibly subject to a spacial motion.

We begin with mean field interacting Markov processes having gener-

ators of order at most one, i.e. with the Markov process in (Rd)n gen-

erated by the operator G of form (9.1) with vanishing B2 and B1
µ = Aµ

being of the form (8.12), i.e.

Aµf(x) = (b(x, µ),∇f(x)) +
∫
Rd

(f(x+ y)− f(x))ν(x, µ, y)dy,

and

Gf(x1, ..., xn) =

n∑
i=1

(Aδx)if(x1, ..., xn), (9.7)

where δx = δx1 + ...+ δxn and (Aδx)i denotes the action of the operator

Aδx on the variables xi. According to Proposition 9.1.1 the correspond-

ing scaled operator on the smooth functionals F (hδx) is defined by the

formula

ΛhF (Y ) = ΛF (Y ) + h

∫ 1

0

(1− s) ds

∫
X2

νY (x, dy)Y (dx)

(
δ2F

δY (.)δY (.)
(Y + sh(δx+y − δx)), (δx+y − δx)

⊗2

)
(9.8)

with

ΛF (Y ) = (AY
δF

δY (.)
, Y ).

Clearly Λf ∈ Cvague(MM (Rd)) whenever F ∈ C1,1
vague(MM (Rd)). No-

tice that the last bracket in (9.8) equals(
δ2F

δY (x+ y)δY (x+ y)
− 2

δ2F

δY (x+ y)δY (x)
+

δ2F

δY (x)δY (x)

)
(Y+sh(δx+y−δx))

and is integrable with respect to a Lévy measure νY (x, dy).

Recall now that under the assumptions of Theorem 8.2.3, the solutions

to the Cauchy problem

d

dt
µt = A⋆µtµt, µ0 = µ, (9.9)
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are well defined and specify the Feller semigroup ΦtF (µ) = F (µt) in

Cvague(MM (Rd)) generated by Λ.

The following result states the dynamic LLN for the mean field inter-

acting Markov processes with generators of order at most one in analytic

form.

Theorem 9.2.1 Under the assumptions of Theorem 8.2.3, the oper-

ator (9.7) generates a uniquely defined Feller process in Rdn with the

invariant domain C1
∞(Rdn). The corresponding Feller semigroup Uhs on

C(M+
hδ(R

d)) of the scaled process Zht in M+
hδ(R

d) generated by (9.8)

converges strongly, for any M > 0, to the Feller semigroup Φt in the

sense that

sup
s≤t

sup
∥hδxn∥≤M

|Uhs F (hδxn)− ΦsF (hδxn)| → 0, n→ ∞,

for any t > 0 and F ∈ Cvague(MM (Rd)). Moreover, for F ∈ C2,2
vague(MM (Rd))

(the notation introduced before Theorem 8.2.3) one has the estimate

sup
s≤t

sup
∥hδxn∥≤M

|Uhs F (hδxn)− ΦsF (hδxn)| ≤ c(t,M)h∥F∥C2,2
vague(MM (Rd)).

(9.10)

Proof All the hard work needed for the proof is already carried out in

the previous Chapters. The first statement follows directly from The-

orem 4.4.1, and the second – from Theorem 8.2.3, equation (9.8) and

Theorem 2.1.5 (or better its obvious modification with approximating

propagators acting in different spaces).

Theorem 9.2.2 Under the assumptions of Theorem 9.2.1 suppose the

initial measures hδx(h) of the approximating processes Zht generated by

Λh converge weakly to a measure µ. Then the distributions of the ap-

proximating processes in D(R+,M+
hδ(R

d)) are tight with measures con-

sidered in their vague topology, and converge weakly to the distributions

of the deterministic process µt, solving equation (9.9).

First proof. Follows directly from Theorems 9.2.1 and 12.3.5.

Remark 36 We cleverly avoided the discussion of the compact con-

tainment condition working in the large compact space of positive bounded

measures equipped with their vague topology. The price we paid is of

course a weaker convergence result (vague but not weak) than what one

would expect. Proving this compact containment condition for the ap-

proximations in the weak (not vague) topology (which is not a big deal
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here) would allow to strengthen the result obtained. This concerns also

the second proof below.

Second proof. Here we are giving a proof which is independent of the

analysis of Chapter 8 and even the most of Chapter 6. As we shall

see the straightforward probabilistic argument yields tightness to Zht
and the fact that the limit of any converging subsequence solves the

corresponding kinetic equation. Thus the only pieces of previous analysis

needed to carry out this proof is the existence of the Feller processes

generated by (9.7) and the uniqueness of the solutions to the Cauchy

problem of the kinetic equation (the latter being needed of course to

conclude that not only a converging subsequence exists, but the whole

family of approximations converges). This method, however, would not

supply the error estimates (9.10).

Independently of the convergence of semigroup, tightness of the ap-

proximations follow directly via Theorem 12.3.6 from equation (9.8). Let

us show that a converging subsequence, which we shall keep denoting

Zht , converges to a solution of the kinetic equation.

Recall now that on the linear functionals Fg(Y ) = (g, Y ) the scaled

operator Λh acts as

ΛhFg(hδx) = h

n∑
i=1

(Ahδx)ig
⊕(x) = (Ahδxg, hδx),

as follows from (9.8), but also directly from the definition of the mean

field scaling. Hence, by Dynkin’s formula and the fact that (9.7) gener-

ates a Feller semigroup (by Theorem 4.4.1) it follows that

Mh
g (t) = (g, hνt)− (g, hν)−

∫ t

0

(Ahνsg, hνs)ds (9.11)

is a martingale for any initial measure ν = δx, with respect to the natural

filtration of the process Zht . Here νt = δxht with xht being the process

generated by
n∑
i=1

(Ahδx)if(x1, ..., xn)

in Rdn. Assuming that hνt converges in distribution to a measure-valued

process µt one sees directly that the r.h.s. of (9.11) converges to

(g, µt)− (g, µ)−
∫ t

0

(Aµsg, µs)ds

for any g ∈ C1
∞(Rd).
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Hence, in order to see that the limiting measure µt solves the kinetic

equation (9.9), it remains to show that the martingale (9.11) converges

to zero for any g ∈ C1
∞(Rd). Taking into account that E(Mh

g )
2 = E[Mh

g ]

(see e.g. Section 12.3 on the basic properties of the quadratic variation, in

particular Proposition 12.3.1), it is enough to show that the expectation

of the quadratic variation E[Mh
g ] tends to zero as h → 0. But [Mh

g ]

equals to the quadratic variation [(g, hνt)] of (g, hνt) and

[(g, hνt)] = h2[g⊕(xht )],

so that

E[Mh
g ]t = h2E[g⊕(xht )] ≤ nh2 max

i
E[g((xht )i)] ≤ ch2n ≤ ch

with a constant c, because hn is bounded (the measures hνt are bounded)

and E[g((xht )i)] is bounded, because it can be estimated by the expecta-

tion of the square of the corresponding Dynkin’s martingale, which is in

turn bounded by the assumption g ∈ C1
∞(Rd). The proof is complete.

Remark 37 Playing with various criteria of tightness listed in Section

12.3 yields various modifications of the above proof. For instance, one

can avoid altogether Proposition 9.1.1 and equation (9.8). Namely, say

by Theorem 12.3.2, it is enough to establish tightness for polynomials of

linear functionals Fg, for which the action of Λh is straightforward and

doing this one can use either Theorem 12.3.7 (estimating the quadratic

variation as above) or Theorem 12.3.8 thus working with only predictable

quadratic variation, which is easy to calculate using (12.15).

The method of obtaining LLN for mean field interaction, discussed

above in detail for generators of order at most one, works similarly in

other situations, once all the ingredients (well posedness for approxima-

tion and regularity for the kinetic equation) are in place. Let us consider,

for instance, interacting diffusions and stable-like processes.

Theorem 9.2.3 Under the assumptions of Theorem 8.2.4 suppose the

initial measures hδx(h) of the approximating processes Zht generated by

Λh converge weakly to a measure µ. Then the distributions of the ap-

proximating processes in D(R+,M+
hδ(R

d)) are tight with measures con-

sidered in their vague topology, and converge weakly to the distributions

of the deterministic process µt, solving equation (9.9). The estimates of

convergence (9.10) also hold for F ∈ C2,k
vague(M(Rd)).

Proof It is literally the same as that of Theorem 9.2.2 and is omitted.
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Similarly the LLN can be obtained for models with unbounded coef-

ficients or for the stochastic systems on manifolds discussed in Sections

7.4 and 11.4.

9.3 Pure jump models: probabilistic approach

This section is devoted to the probabilistic approach to the analysis of

kinetic equations and LLN for pure jump models of interaction. These

results will not be used in what follows.

We shall exploit the properties and notations for transition kernels

introduced in Section 6.3. Recall, in particular, that the transition kernel

P is called multiplicatively E-bounded or E⊗-bounded (resp. additively E-

bounded or E⊕-bounded) whenever P (µ;x) ≤ cE⊗(x) (resp. P (µ;x) ≤
cE⊕(x)) for all µ and x and some constant c > 0. In the future, we shall

often take c = 1 here for brevity.

We start with multiplicatively bounded kernels and then turn to addi-

tively bounded ones. Notice that if a kernel P is (1+E)⊗ bounded, then

it is also (1 + E)⊕ bounded, so that the next result includes (1 + E)⊕-

bounded kernels.

Theorem 9.3.1 Suppose the transition kernels enjoy the following

properties:

(a) P (µ,x, .) is a continuous function

M(X)× ∪kl=1SX
l 7→ M(∪kl=1SX

l),

where the measures are considered in their weak topologies;

(b) P (µ,x, .) is E-subcritical and (1 + E)⊗-bounded for some contin-

uous non-negative function E on X such that E(x) → ∞ as x→ ∞;

(c) P (µ,x, .) are 1-subcritical for x ∈ X l, l ≥ 2. Then

(i) the Markov processes Zht (hν) (hν denotes the starting point) in

M+
hδ(X) are correctly and uniquely defined by generators either of type

(1.34) or (1.36), and the processes (E,Zht (hν)) are non-negative super-

martingales;

(ii) given arbitrary b > 0, T > 0, h ∈ [0, 1] and ν = δx with h(1 +

E, ν) ≤ b, one has

P

(
sup
t∈[0,T ]

(1 + E,Zht (hν)) > r

)
≤ c(T, b)

r
(9.12)

for all r > 0, where the constant c(T, b) does not depend on h; moreover,
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Zht (hν) enjoys the compact containment condition, i.e. for arbitrary η >

0, T > 0 there exists a compact subset Γη,T ⊂ M(X) for which

inf
hν

P(Zhν(t) ∈ Γη,T for 0 ≤ t ≤ T ) ≥ 1− η; (9.13)

(iii) if the family of measures ν = ν(h) is such that (1 + E, hν) is

uniformly bounded, then the family of processes Zht (hν) defined by (1.34)

is tight as a family of processes with sample paths in D(R+,M(X)); the

same holds for processes defined by (1.36) whenever P is (1 + E)⊕-

bounded.

(iv) if additionally P is L non-increasing and the interactions of order

l > 1 do not increase the number of particles, then the moment mea-

sures of Zht (hν) are uniformly bounded, i.e. E(∥Zhν(t)∥r) are uniformly

bounded for t ∈ [0, T ] for arbitrary r ≥ 1 and T > 0.

Proof (i) Recall that we denote by Fg the linear functionals on mea-

sures: Fg(µ) = (g, µ). By E-subcriticallity

ΛhFE(hν) ≤ 0, ν ∈ M+
δ (X).

By 1-subcriticallity of the interactions of order l ≥ 2

ΛhF1(hν) ≤ h

n∑
i=1

∫
(1⊕(y)− 1)P (hν, xi, dy),

for ν = δx1
+ ...+ δxn and hence

ΛhF1(hν) ≤ hk

n∑
i=1

(1+ E)(xi) = kF1+E(hν),

as the number of particles created in one go is bounded by k. Moreover,

the intensity of jumps corresponding to the generator (1.34) equals

q(hν) =
1

h

k∑
l=1

hl
∑

I⊂{x1,...,xn},|I|=l

∫
P (hν;xI ; dy) ≤

1

h

k∑
l=1

1

l!
(f1+E(hν))

l

(9.14)

for ν = δx1
+ ... + δxn . In case of (1.36) the same estimate holds with

an additional multiplier h−(l−1). Hence the conditions of Theorem 4.3.3

are met with F1+E playing the role of the barrier function.

(ii) Estimate (9.12) also follows from Theorem 4.3.3 and estimate

(9.13) is its direct consequence.

(iii) By the Jacubovski criterion (see Theorem 12.3.2), when the com-

pact containment condition (9.13) is proved, in order to get tightness it

is enough to show the tightness of the family of the real valued processes
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f(Zht (hν)) (as a family of processes with sample paths in D(R+,R) for

any f from a dense subset (in the topology of uniform convergence on

compact sets) of C(M(X)). By Weierstrass theorem, it is thus enough

to verify tightness of f(Zht (hν)) for f from the algebra generated by Fg
with g ∈ Cc(X). Let us show it for f = Fg (as seen from the proof,

it is straightforward to generalize it to the sums and products of these

functions). By Dynkin’s formula the process

Mh
g (t) = Fg(Z

h
t (hν))− Fg(hν)−

∫ t

0

ΛhFg(Z
h
s (hν)) ds (9.15)

is a martingale for any g ∈ Cc(X). Consequently, by Theorems 12.3.3

and 12.3.7, in order to prove tightness for Fg(Z
h
t (hν)), one needs to show

that

V hg (t) =

∫ t

0

ΛhFg(Z
h
s (hν)) ds

and the quadratic variation [Mh
g (t)] of M

h
g (t) satisfy the Aldous condi-

tion, i.e. that given a sequence hn → 0 as n → ∞ and a sequence of

stopping times τn bounded by a constant T and an arbitrary ϵ > 0 there

exist δ > 0 and n0 > 0 such that

sup
n≥n0

sup
θ∈[0,δ]

P
[
|V hg (τn + θ)− V hg (τn)| > ϵ

]
≤ ϵ,

and

sup
n≥n0

sup
θ∈[0,δ]

P
[
|[Mh

g ](τn + θ)− [Mh
g ](τn)| > ϵ

]
≤ ϵ,

For V hg this fact is clear. Let us prove it for [Mh
g (t)].

Since the process Zht (hν) is a pure jump process,

[Mh
g (t)] =

∑
s≤t

(∆fg(Z
hν(s)))2,

where ∆Z(s) = Z(s) − Z(s−) denotes the jump of a process Z(s) (see

(12.14)). Since the number of particles created in one go is bounded by

k, it follows that

|∆fg(Zhµ(s))|2 ≤ 4k2∥g∥2h2 (9.16)

for any s so that

[Mh
g (t)]− [Mh

g (s)] ≤ ch2(Nt −Ns),

where Nt denotes the number of jumps on [0, t]. By the Lévy formula

for Markov chains (see Exercise 2.2.1) the process Nt −
∫ t
0
q(Zhs ) ds is a
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martingale, where q(Y ) denotes the intensity of jumps at Y , given by

(9.14). Hence, as t− s ≤ θ,

E(Nt −Ns) ≤ θE sup
s≤t

q(Zhs ) ds. (9.17)

Consequently, by the compact containment condition and Chebyshev’s

inequality, conditioned to a subset of probability arbitrary closed to one,

Nt −Ns is of order (t − s)/h uniformly for all s ≤ t, and consequently,

[Mh
g (t)−Mh

g (s)] is uniformly of order (t−s)h with probability arbitrary

closed to one implying the Aldous condition for [Mh
g (t)]. This completes

the proof of the Theorem in case (1.34). In case of generator (1.36) and

assuming (1+E)⊕-boundedness of P one gets the estimate for intensity

q(hν) ≤ 1

h

k∑
l=1

1

l!
(F1+E(hν)),

which again implies that q(hν) is of order h−1 and thus completes the

proof in case of generator (1.36).

(iv) Observe that

Λh(F1)
r(hν) =

1

h

k∑
l=1

hl
∑

I⊂{1,...,n},|I|=l

hr
∞∑
m=0

((n+m−l)r−nr)P (xI ; dy1...dyn),

and since the interactions of order l > 1 do not increase the number of

particles, this does not exceed

n∑
i=1

hr((n+ k − 1)r − nr)P (xi; dy)

≤ cF1+E(hν)h
r−1(n+ k)r−1 ≤ cF1+E(hν)(F1(hν))

r−1.

As P is E-non-increasing, FE(Z
h
t (hν)) is almost surely uniformly bounded

and using induction in r we can conclude that

E(Λh(F1)
r(Zht (hν))) ≤ c(1 +E(F1)

r(Zht (hν)).

This, as usual, implies the statement (iv) by Gronwall’s lemma and

Dynkin’s martingale applied to (F1)
r.

We shall turn now to the convergence of many particle approxima-

tions, i.e. to dynamic LLN, reducing our attention to equation (1.34)

only and referring to [134] for a similar treatment of the processes de-

fined by (1.36). Notice that in the next theorem no uniqueness is claimed.
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We shall say that P is strongly multiplicatively E-bounded whenever

P (µ;x) = o(1)x→∞E
⊗(x), i.e. if

P (µ;x1, ..., xl) = o(1)(x1,...,xl)→∞

l∏
j=1

E(xj)

for l = 1, ..., k.

Theorem 9.3.2 Under assumptions of Theorem 9.3.1 (including con-

dition (iv)) suppose that the family of initial measures hν converges

(weakly) to a measure µ ∈ M(X) and that the kernel P is strongly

(1 + E)⊗-bounded. Then there is a subsequence of the family of pro-

cesses Zht (hν) defined by generator (1.34) that weakly converges to a

global non-negative solution µt of the integral version of the correspond-

ing weak kinetic equation, i.e.∫
g(z)µt(dz)−

∫
g(z)µ0(dz)−

∫ t

0

ds

∫
(g⊕(y)−g⊕(z))P (µ, z, dy)µ⊗̃

s (dz) = 0

(9.18)

for all t and all g ∈ Cc(X).

Proof By Theorem 9.3.1 one can choose a sequence of positive numbers

h tending to zero such that the family Zht (hν) is weakly converging as

h→ 0 along this sequence. Let us denote the limit by µt and prove that

it satisfies (9.18). By Skorohod’s theorem, we can and will assume that

Zht (hν) converges to µt almost surely. The idea now is to pass to the

limit in equation (9.15), as in the second proof of Theorem 9.2.2, though

additional care is needed to take into account unbounded coefficients.

From the estimates of the quadratic variation [Mh
g ](t) from the previous

theorem it follows that it tends to zero a.s. Moreover, statement (iv)

of theorem 9.3.1 implies the uniform bound O(1)θ/h for the r.h.s. of

(9.17), and consequently the convergence of E[Mh
g ](t) → o as h → 0.

This implies that the martingale on the left hand side of (9.15) tends

to zero almost surely and in L2. Moreover, due to Exercise 12.2.3 and

the estimate (9.16), any limiting process µt has continuous sample paths

almost surely. The positivity of µt is obvious as it is a limit of positive

measures.

Clearly, the first two terms on the r.h.s. of (9.15) tend to the first two

terms on the l.h.s. of (9.18). So, we need to show that the integral on

the r.h.s. of (9.15) tends to the last integral on the l.h.s. of (9.18). Let

us show first that almost surely

|Λhfg(Zhs (hν))− Λfg(Z
h
s (hν))| → 0, h→ 0, (9.19)
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uniformly for s ∈ t. As for η = δv1 + ...+ δvm

ΛhFg(hη) =

k∑
l=1

hl
∑

I⊂{1,...,m},|I|=l

∫ (
g⊕(y)−

∑
i∈I

g(vi)

)
P (hη;vI ; dy)

one concludes by (12.50) that in order to prove (9.19), one needs to show

that

h

∫
Xk−1×X

P (hη, z1, z1, z2, ..., zk−1; dy)

k−1∏
j=1

(hη(dzj)) (9.20)

tends to zero as h → 0 uniformly for all η ∈ M+
δ (X) with uniformly

bounded F1+E(hη).

Due to the assumed strong multiplicative boundedness of P , it is

enough to show that

h

∫
Xk−1

(1+E(z1))
2)(1+E(z2))...(1+E(zk−1)o(1)z1→∞

k−1∏
j=1

(hη(dzj)) → 0, h→ 0

with uniformly bounded F1+E(hη) and consequently that

h

∫
X

(1 + E(z))2)o(1)z→∞hη(dz) → 0, h→ 0

with uniformly bounded F1+E(hη). As the boundedness of FE(hη) im-

plies, in particular, that the support of all η is contained in a set where

E is bounded by c/h with some constant c it is now enough to show that

h

∫
{z:E(z)≤c/h}

(1 + E(z))2)o(1)z→∞hη(dz) → 0, h→ 0.

To this end, let us write the integral here as the sum of two integrals

over the sets where E(z) ≤ K and E(z) > K with some K > 0. Then

the first term clearly tends to zero, as E(z) is bounded. The second term

does not exceed ∫
z:E(z)≥K

(1 + E(z))o(1)K→∞(hη)(dz)

and tends to zero as K → ∞.

Once the convergence (9.19) is proved, it remains to show that∫ t

0

|ΛFg(Zhs (hν))− ΛFg(µs)| → 0,
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or more explicitly that the integral∫ t

0

ds

∫
(g⊕(y)−g⊕(z))[P (µs; z, dy)µ⊗̃

s (dz)−P (Zhs (hν), z, dy)(Zhs (hν))⊗̃(dz)]

(9.21)

tends to zero as h→ 0 for bounded g. But from a weak convergence (and

the fact that µt has continuous sample paths) it follows (see Exercise

12.2.3 (ii)) that Zhs (hν) converges to µs for all s ∈ [0, t]. Hence we need

to show that ∫ t

0

dsP (µ, z, dy)[µ⊗̃
s (dz)− (Zhs (hν))

⊗̃(dz)]

+

∫ t

0

ds[P (µ, z, dy)− P (Zhs (hν), z, dy)](Z
h
s (hν))

⊗̃(dz)] (9.22)

tends to zero as h→ 0 under the condition that Zhs (hν) weakly converges

to µt. Moreover, like in the proof of (9.20) above, one can consider

(1 + E, µs) and (1 + L,Zhs (hν) to be uniformly bounded, as this hold

a.s. by the compact containment condition.

Decompose the integrals in (9.22) into the sum of two integrals by de-

composing the domain of integration into the domains {z = (z1, ..., zm) :

maxE(zj) ≥ K} and its complement. By strong (1+E)⊗-boundedness,

both integrals over the first domain tend to zero as K → ∞. And on the

second domain, the integrand is uniformly bounded and hence the weak

convergence of Zhs (hν) to µt ensures the smallness of the l.h.s. of (9.22).

Theorem 9.3.2 is proved.

Let us return now to our main situation with additively bounded ker-

nels reducing our attention for simplicity to the case of binary interaction

only (see [134] for k-ary interactions).

Theorem 9.3.3 Under assumptions of Theorem 9.3.1 suppose addi-

tionally that the family of initial measures hν converges (weakly) to a

measure µ ∈ M(X) and that the initial conditions hν are such that∫
(Eβ)(x)hν(dx) ≤ C for all hν and some C > 0, β > 1, the transition

kernel P is (1 + E)⊕-bounded, is E-non-increasing and k ≤ 2.

Then there is a subsequence of the family of processes Zht (hν) defined

by (1.34) that weakly converges to a global non-negative solution µt of

(9.18) such that

sup
t∈[0,T ]

∫
(1+ Eβ)(x)µt(dx) ≤ C(T ) (9.23)
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with some constant C(T ) for an arbitrary T .

Moreover, if P is not only E-non-increasing but also E-preserving,

then the obtained solution µt is also E-preserving, i.e. for all t∫
E(x)µt(dx) = FE(µt) = FE(µ0) =

∫
E(x)µ0(dx).

Proof Let us first show (9.23). To this end, let us prove that

EFEβ (Z
h
s (hν))) ≤ c(1 + FEβ (hν)) (9.24)

uniformly for all s ∈ [0, t] with an arbitrary t, and with some constants c

depending on t and β, but not on h. As the process is E-non-increasing,

the process Zhs (hν) lives on measures with support on a compact space

{x ∈ X : E(x) ≤ c/h} with some constant c. Hence FEβ (Z
h
s (hν)) is

uniformly bounded (not necessarily uniformly in h) and one can apply

Dynkin’s formula for g = Eβ . Hence

EFEβ (Z
h
s (hν)) ≤ FEβ (hν) +

∫ t

0

EΛh(FEβ (Z
h
s (hν))) ds. (9.25)

From (6.21) we know that

ΛFEβ (µ) ≤ c

∫ ∫
(Eβ(x1) + Eβ−1(x1))E(x2)µ(dx1)µ(dx2)

(here we use the assumption k ≤ 2). Consequently, since P is E-non-

increasing so that (E, hνt) ≤ (E, hν) one concludes (using induction in

β) that

EΛhFEβ (hνt) ≤ c(1 +EFEβ (hνt))

implying (9.24) by Gronwall’s lemma and consequently (9.23).

Following now the same strategy as in the proof of Theorem 9.3.2

leads to the necessity to show the convergence (9.19). But it is implied

by (9.20), which is obvious for (1+E)⊕- bounded kernels. It remains to

show (9.21). Again one decomposes the domain of integration into the

domains {z = (z1, ..., zm) : maxE(zj) ≥ K} and its complement. The

second part is dealt with precisely as in Theorem 9.3.2. Hence we need

only to show that for any l, by choosing K arbitrary large, one can make∫
L(z1)≥K

(1 + E(z1))[

2∏
j=1

µs(dzj) +

2∏
j=1

(Zhs (hν))(dzj)]
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arbitrary small. But this integral does not exceed

K−(β−1)

∫
(1 + E(z1))(E(z1))

β−1[

2∏
j=1

µs(dzj) +

2∏
j=1

(Zhs (hν))(dzj)],

which is finite and tends to zero as K → ∞ according to (9.23).

It remains to show that µt is E-preserving whenever the transition

kernel P (x; dy) is E-preserving. As the approximations Zhs (hν) are then

E-preserving, we only need to show that

lim
h→0

∫
E(x)(µt − Zht (hν))(dx) = 0.

But this is done as above. Decomposing the domain of integration into

two parts: {x : E(x) ≤ K} and its complement, we observe that the

required limit for the first integral is zero due to the weak convergence of

Zhs (hν) to µt, and on the second part the integral can be made arbitrary

small by choosing K large enough.

As a consequence, we shall obtain now a version of the propagation of

chaos property for approximating interacting particle systems. In gen-

eral, this property means that the moment measures of some random

measures tend to the product measures when passing to a certain limit.

The moment measures µmt of the jump processes Zht (hν) (see Section

1.9) are defined as

µmt,h(dx1...dxm) = E
(
Zht (hν)(dx1)...Z

h
t (hν)(dxm)

)
.

Theorem 9.3.4 Under the conditions of Theorem 9.3.3 suppose P is

(1 + Eα)⊕-bounded for some α ∈ [0, 1] such that β ≥ α + 1, and (6.25)

holds. Let the family of initial measures hν = hν(h) converges weakly to

a certain measure µ0 as h → 0. Then for any m = 1, 2, ..., the moment

measures µmt,h converge weakly to the product measure µ⊗m
t .

Proof By Theorems 9.3.3 and 6.4.2, for any g ∈ Cc(SX
m) the random

variables

ηh =

∫
g(x1, ..., xm)Zht (hν)(dx1)...Z

h
t (hν)(dxm)

converge almost surely to the
∫
g(x1, ..., xm)

∏m
j=1 µt(dxj). To conclude

that the expectations of ηh converge to its point-wise deterministic limit,

one only need to show that the variances of these random variable are

uniformly bounded. Consequently, to complete the proof one needs to
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show that E(∥Zht (hν)∥r) are bounded for any positive integer r uni-

formly for t ∈ [0, T ] with arbitrary T > 0. But this was done in Theorem

9.3.1 (iv).

9.4 Rates of convergence for Smoluchovski’s
coagulation

Theorem 9.4.1 Under the assumptions of Theorem 8.4.1 let g be a

continuous symmetric function on Xm and F (Y ) = (g, Y ⊗m). Assume

Y = hδx belongs to Me0,e1
hδ , where x = (x1, . . . , xn). Then

sup
s≤t

|Tht F (Y )− TtF (Y )|

≤ hc(m, k, t, e0, e1)∥g∥(1+Ek)⊗m(1 + E2k+1/2, Y )(1 + Ek, Y )m−1

(9.26)

for any 2k ∈ [1, β − 1].

Remark 38 We give the hierarchy of estimates for the error term

making precise an intuitively clear fact that the power of growth of the

polynomial functions on measures for which LLN can be established de-

pends on the order of the finite moments of the initial measure. One can

extend the estimate (9.26) to more general functionals F (not necessarily

polynomials).

Proof We shall write shortly Yt = µt(Y ) so that TtF (Y ) = F (µt(Y )) =

F (Yt). For a function F (Y ) = (g, Y ⊗m) with g ∈ Csym(1+E)⊗m,∞(Xm),

m ≥ 1, and Y = hδx one has

TtF (Y )− Tht F (Y ) =

∫ t

0

Tht−s(Λ
2
h − Λ2)TsF (Y ) ds. (9.27)

As TtF (Y ) = (g, Y ⊗m
t ), Theorem 8.3.1 yields

δTtF (Y )

δY (x)
= m

∫
Xm

g(y1, y2, . . . , ym)ξt(Y ;x; dy1)Y
⊗(m−1)
t (dy2 · · · dym),

and

δ2TtF (Y )

δY (x)δY (w)
= m

∫
Xm

g(y1, y2, . . . , ym)ηt(Y ;x,w; dy1)Y
⊗(m−1)
t (dy2 · · · dym)

+m(m− 1)

∫
Xm

g(y1, y2, . . . , ym)ξt(Y ;x; dy1)ξt(Y ;w; dy2)Y
⊗(m−2)
t (dy3 · · · dym).

(9.28)
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Let us estimate the difference (Λ2
h − Λ2)TtF (Y ) using (9.4), i.e.

Λh2F (Y )− Λ2F (Y ) = −h
2

∫
X

∫
X

[
δF (Y )

δY (y)
− 2

δF (Y )

δY (z)

]
P (z, z, dy)Y (dz)

+h3
∑

{i,j}⊂{1,...,n}

∫ 1

0

(1− s) ds

∫
X

P (xi, xj , dy)

(
δ2F

δY (.)δY (.)
(Y + sh(δy − δxi − δxj )), (δy − δxi − δxj )

⊗2

)
. (9.29)

Let us analyze only the more weird second term here, as the first one

is analyzed similar, but much simpler. The difficulty comes from the

necessity to assess the second variational derivative at a shifted measure

Y . To this end the subtle estimates of Section 8.4 are needed. We are

going to estimate separately the contribution to the last term of (9.29)

of the first and second term of (9.28).

Note that the norm and the first moment (E, ·) of Y + sh(δy − δxi −
δxj ) do not exceed respectively the norm and the first moment of Y .

Moreover, for s ∈ [0, 1], h > 0 and xi, xj , y ∈ X with E(y) = E(xi) +

E(xj) one has (using exercise 6.3.1)

(Ek, Y + sh(δy − δxi − δxj )) = (Ek, Y ) + sh(E(xi) + E(xj))
k − hEk(xi)− hEk(xj)

≤ (Ek, Y ) + hc(k)(Ek−1(xi)E(xj) + E(xi)E
k−1(xj))

with a constant c(k) depending only on k. Consequently by Theorem

8.4.1

∥ηt(Y + sh(δy − δxi − δxj );x,w; ·)∥1+Ek ≤ c(k, t, e0, e1)

×[1+Ek+1(x)+Ek+1(w)+(Ek+2, Y ))+hc(Ek+1(xi)E(xj)+E
k+1(xj)E(xi)),

the contribution to the last term of (9.29) of the first term in (9.28) does

not exceed

c(t, k,m, e0, e1)∥g∥(1+Ek)⊗mh3
∑
i ̸=j

∫
(1 + Ek, Y + sh(δy − δxi − δxj ))

m−1P (xi, xj , dy)

∥ηt(Y + sh(δy − δxi − δxj );x,w; ·)∥1+Ek

≤ c(t, k,m, e0, e1)∥g∥(1+Ek)⊗mh3
∑
i ̸=j

[(1 + Ek, Y ) + h(Ek(xi) + Ek(xj))]
m−1(1 + E(xi) + E(xj))

[1 + Ek+1(xi) + Ek+1(xj) + (Ek+2, Y )) + h(Ek+1(xi)E(xj) + Ek+1(xj)E(xi))].

Dividing this sum into two parts, where E(xi) ≥ E(xj) and respectively
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vice versa, and noting that by the symmetry it is enough to estimate

only the first part, we can estimate the last expression by

c(t, k,m, e0, e1)∥g∥(1+Ek)⊗mh3
∑
i̸=j

[(1 + Ek, Y )(m−1) + (hEk(xi))
m−1]

[1 + Ek+2(xi) + (Ek+2, Y )(1 + E(xi)) + hEk+2(xi)E(xj)].

Consequently, taking into account that h
∑
i 1 ≤ (1, Y ) ≤ e0 and that∑

i aibi ≤
∑
i ai
∑
j bj for any collection of positive numbers ai, bi (so

that, ∑
i

(hEk(xi))
m−1 ≤ (

∑
i

hEk(xi))
m−1,

say), the contribution to the last term of (9.29) of the first term in (9.28)

does not exceed

hκ(C, t, k,m, e0, e1)∥g∥(1+Ek)⊗m(1 + Ek, Y )m−1(1 + Ek+2, Y ). (9.30)

Turning to the contribution of the second term from (9.28) observe that

again by Theorem 8.4.1

∥ξt(Y + sh(δy − δxi − δxj );x; ·)∥1+Ek ≤ c(k, t, e0, e1)

{1 + Ek(x) + (1 + E1/2(x)[(Ek+1/2, Y ) + hc(k)(Ek−1/2(xi)E
1/2(xj) + Ek−1/2(xj)E

1/2(xi))]},

so that the contribution of the second term from (9.28) does not exceed

(where we again take into account the symmetry) reduces to

c(t, k,m, e0, e1)∥g∥(1+Ek)⊗m(1+Ek, Y )m−2h3
∑
i ̸=j

(1+E1/2(xi))(1+E
1/2(xj))

[1 + Ek(xi) + (1 + E1/2(xi))((E
k+1/2, Y ) + hEk−1/2(xi)E

1/2(xj))]
2.

And this is estimated by the r.h.s. of (9.26) completing the proof.

Our second result deals with the case of smooth rates. If f is a positive

function on Xm = Rm
+ , we denote by C1,sym

f (Xm) (resp. C2,sym
f (Xm))

the space of symmetric continuous differentiable functions g on Xm

(resp. two-times continuously differentiable) vanishing whenever at least

one argument vanishes, with the norm

∥g∥C1,sym
f (Xm) =

∥∥∥∥ ∂g∂x1
∥∥∥∥
Cf (Xm)

= sup
x,j

(∣∣∣∣ ∂g∂xj
∣∣∣∣ (f−1)

)
(x)

and respectively

∥g∥C2,sym
f (Xm) =

∥∥∥∥ ∂g∂x1
∥∥∥∥
Cf (Xm)

+

∥∥∥∥∂2g∂x21

∥∥∥∥
Cf (Xm)

+

∥∥∥∥ ∂2g

∂x1∂x2

∥∥∥∥
Cf (Xm)

.
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Theorem 9.4.2 Let the assumptions of Theorem 8.4.2 hold, i.e. X =

R+, K(x1, x2, dy) = K(x1, x2)δ(y − x1 − x2), E(x) = x and K is non-

decreasing in each argument function on (R+)
2 that is 2-times contin-

uously differentiable up to the boundary with bounded first and second

derivatives. Let g be a twice continuously differentiable symmetric func-

tion on (R+)
m and F (Y ) = (g, Y ⊗m). Assume Y = hδx belongs to

Me0,e1
hδ , where x = (x1, . . . , xn). Then

sup
s≤t

|Tht F (Y )− TtF (Y )|

≤ hc(m, k, t, e0, e1)∥g∥C2,sym

(1+Ek)⊗m
(Xm)(1 + E2k+3, Y )(1 + Ek, Y )m−1

(9.31)

for any k ∈ [0, (β − 3)/2].

Proof It is similar to the previous one. Let us indicate basic technical

steps. We again use (9.27), (9.28), (9.29). Again let us assess only the

contribution of the second term of (9.29). By our experience with the

previous the worst bound comes from the second term in (9.28). So let

us concentrate on this term only. Finally, to shorten the formulas let us

take m = 2. Thus we like to show that

h3
∑

{i,j}⊂{1,...,n}

∫ 1

0

(1− s) ds

∫
X

P (xi, xj , dy)

∫
X2

g(y1, y2)

(
ξt(Y + sh(δy − δxi − δxj ), ., dy1)ξt(Y + sh(δy − δxi − δxj ), ., dy2), (δy − δxi − δxj )

⊗2
)

(9.32)

is bounded by the r.h.s. of (9.31) with m = 2.

Notice that by the definitions of the norm in C2,sym
f (Xm)∣∣∣∣∫

X2

g(y1, y2)(ξt(Y, x, dy1)ξt(Y, z, dy2)

∣∣∣∣
≤ c∥ξt(Y, x)∥M1

1+Ek
∥ξt(Y, z)∥M1

1+Ek
∥g∥C2,sym

f (X2).

Consequently the expression (9.32) does not exceed in magnitude

c∥g∥C2,sym
f (X2)h

3
∑

{i,j}⊂{1,...,n}

∫ 1

0

(1− s) ds

∫
X

P (xi, xj , dy)

(
∥ξt(Y + sh(δy − δxi − δxj ), .)∥M1

1+Ek
∥ξt(Y + sh(δy − δxi − δxj ), .)∥M1

1+Ek
, (δy − δxi − δxj )

⊗2
)
,
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which by Theorem 8.4.2 is bounded by

c∥g∥C2,sym
f (X2)h

3
∑

{i,j}⊂{1,...,n}

∫ 1

0

(1− s) ds

∫
X

P (xi, xj , dy)

(
[E(.)(1 + (Ek+1, Y + sh(δy − δxi − δxj ))) + Ek+1(.)]

[E(.)(1+ (Ek+1, Y + sh(δy − δxi − δxj ))) +Ek+1(.)], (δy − δxi − δxj )
⊗2
)
.

Again by symmetry choosing E(xi) ≥ E(xj) without loss of generality

allows to estimate this expression by

c∥g∥C2,sym
f (X2)h

3
∑

{i,j}⊂{1,...,n}

(1 + E(xi))

[E(xi)(1 + (Ek+1, Y ) + hEk(xi)E(xj)) + Ek+1(xi)]
2

≤ hc(k,m, t, s0, s1)∥g∥C2,sym
f (X2)(1 + E2k+3, Y ),

as required.

9.5 Rates of convergence for Boltzmann’s collisions

Theorem 9.5.1 Under the assumptions of Theorem 8.6.1 let g be a

continuous symmetric function on (Rd)m and F (Y ) = (g, Y ⊗m). As-

sume Y = hδv belongs to Me0,e1
hδ , where v = (v1, . . . , vn). Then

sup
s≤t

|Tht F (Y )− TtF (Y )| ≤ hc(m, k, t, e0, e1)∥g∥(1+Ek)⊗mΩ(Y ) (9.33)

for any k ≥ 1, where Ω(Y ) is a polynomial of the moments (1 + El, Y )

with l ≤ 2k+1/2 of degree depending on the mass and energy of Y (this

polynomial can be calculated explicitly from the proof below).

Proof The proof is basically the same as that of Theorem 9.4.1 (though

based on the estimates of Theorem 8.6.1), and we shall sketch it. One

again uses (9.27), (9.28) and (9.4), the latter taking form (since equal

velocities cannot collide)

Λh2F (Y )−Λ2F (Y ) = h3
∑

{i,j}⊂{1,...,n}

∫ 1

0

(1− s) ds
∫
Sd−1

|vi− vj |βb(θ)dn
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δ2F

δY (.)δY (.)
(Y + sh(δv′i + δv′j − δvi − δvj )), (δv′i + δv′j − δvi − δvj )

⊗2

)
.

(9.34)

We shall estimate only the contribution to (9.34) of the second term

of (9.28) (the first term is estimated similarly). By Theorem 8.6.1

∥ξt(Y + sh(δv′i + δv′j − δvi − δvj ); v)∥1+Ek ≤ c(k, t, e0, e1)(1 + Ek(v)){
1 + (∥Y ∥2k+β + h[(2 + |vi|2 + |vj |2)k+β/2 − (1 + |vi|2)k+β/2 − (1 + |vj |2)k+β/2])

(∥Y ∥2+β + h[(2 + |vi|2 + |vj |2)1+β/2 − (1 + |vi|2)1+β/2 − (1 + |vj |2)1+β/2])ω
}

which does not exceed

c(k, t, e0, e1)(1 + Ek(v)){
1 + (∥Y ∥2k+β + h(1 + |vi|2)k−1+β/2(1 + |vj |2) + h(1 + |vj |2)k−1+β/2(1 + |vi|2))

(∥Y ∥2+β + h[(1 + |vi|2)β/2(1 + |vj |2) + h(1 + |vj |2)β/2(1 + |vi|2)])ω
}

so that (again taking into account the symmetry as in the previous

Section) the contribution to (9.34) of the second term of (9.28) does not

exceed

c(t, k,m, e0, e1)∥g∥(1+Ek)⊗m(1 + Ek, Y )m−2h3
∑
i ̸=j

(1 + |vi|β)

(
1+Ek(vi)+(∥Y ∥2k+β+h[(1+|vi|2)k−1+β/2(1+|vj |2)+h(1+|vj |2)k−1+β/2(1+|vi|2)])

(∥Y ∥2+β + h(1 + |vi|2)(1 + |vj |2)β/2)ω
)2
,

and (9.33) follows as in Theorem 9.4.1.
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The dynamic Central Limit Theorem

Our program of interpreting nonlinear Markov processes as the LLN

limit for approximating Markov interacting particle systems is fulfilled

in Chapter 9 for a wide class of interactions. In this chapter we address

the natural next step in the analysis of approximating systems of inter-

acting particles. Namely, we deal with processes of fluctuations around

the dynamic LLN limit. The objective is to show that in many cases

the limiting behavior of fluctuation process is described by an infinite-

dimensional Gaussian process of Ornstein-Uhlenbeck type. This state-

ment can be called a dynamic central limit theorem (CLT). As in Chap-

ter 9 we start with the formal calculation of the generator of fluctuation

process in order to be able to compare it with the limiting second-order

Ornstein-Uhlenbeck generator. Then we deduce the weak form of CLT,

though with precise convergence rates. Finally we sketch the proof of

the full result (convergence of fluctuation processes in a certain Skoro-

hod space of càdlàg paths with values in weighted Sobolev spaces) for

the basic coagulation model, referring for detail to the original paper.

10.1 Generators of fluctuation processes

In this section we calculate generators for processes of fluctuations of

approximating Markov interacting particle systems around their LLN

given by solutions to kinetic equations. Here we make only general formal

calculations without paying much attention to the precise conditions

under which various manipulations actually make sense. We postpone

to later sections the justification that these calculations can be carried

out for concrete models in various strong or weak topologies under quite

different assumptions. The calculations are lengthy, but straightforward.
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Suppose S is a closed subset of a linear topological space Y and Zt is

a Markov process on S specified by its C-Feller Markov semigroup Ψt on

C(S). Assume that D is an invariant subspace of C(S) and A a linear

operatorD 7→ C(S) such that Ψ̇tf(x) = AΨtf(x) for any f ∈ D, for each

x ∈ S. Let Ωt(z) = (z− ξt)/a be a family of linear transformation on Y ,

where a is a positive constant and ξt, t ≥ 0, is a differentiable curve in Y .

The transformation Yt = Ωt(Z
x
t ) is again a Markov process, though in

a slightly generalized sense: not only is it time nonhomogeneous, but its

state space Ωt(S) is time dependent. In many situations of interest the

sets Ωt(S) could be pairwise disjoint for different t. The corresponding

averaging operators

Us,tf(y) = E(f(Yt)|Ys = y), s ≤ t,

form a backward Markov propagator, each Us,t being a conservative

contraction C(Ωt(S)) 7→ C(Ωs(S)) that can be expressed in terms of Φt
as

Us,tf(y) = E(f(Ωt(Z
x
t ))|Ωs(Zxs ) = y) = Ψt−s[f ◦ Ωt](Ω−1

s (y)).

Lifting the transformations Ωt to functions as the operators

Ω̃tf(y) = (f ◦ Ωt)(y) = f(Ωt(y))

we rewrite this as the operator equation

Us,tf = Ω̃−1
s Ψt−sΩ̃tf, f ∈ C(Ωt(S)), s ≤ t. (10.1)

Differentiating by the chain rule (assuming that all derivatives are de-

fined and regular enough) yields

d

dt
Ω̃tf(y) =

d

dt
f(Ωt(y)) = −1

a
(Dξ̇t

f)(Ωt(y)) = −1

a
Ω̃tDξ̇t

f(y),

where Dη denotes the Gateaux derivative in the direction η. Conse-

quently

d

dt
Us,tf = Ω̃−1

s Ψt−sAΩ̃tf − 1

a
Ω̃−1
s Ψt−sΩ̃tDξ̇t

f,

implying

d

dt
Us,tf = Us,tLtf, s ≤ t, (10.2)

where

Ltf = Ω̃−1
t AΩ̃tf − 1

a
Dξ̇t

f. (10.3)
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Similarly, since

d

ds
Us,tf = −Ω̃−1

s AΨt−sΩ̃tf + Ω̃−1
s Dξ̇s

Ψt−sΩ̃tf,

and using the identity

Ω̃−1
s Dξ̇s

Ω̃s = a−1Dξ̇s
,

we obtain

d

ds
Us,tf = −LsUs,tf, s ≤ t. (10.4)

We are going to apply these formulas to the backward propagator

Uh;s,rfl : C(Ωhr (M+
hδ)) 7→ C(Ωhs (M+

hδ))

of the fluctuation process Fht obtained from Zht by the deterministic

linear transformation Ωht (Y ) = h−1/2(Y − µt). According to (10.1) this

propagator is given by the formula

Uh;s,rfl F = (Ω̃hs )
−1Thr−sΩ̃

h
rF, (10.5)

where Ω̃ht F (Y ) = F (Ωht Y ), and under appropriate regularity assump-

tions satisfies the equation

d

dt
Uh;s,tfl F = Uh;s,tfl Oht F ; s < t < T, (10.6)

where

Oht ψ = (Ω̃ht )
−1ΛhΩ̃

h
t ψ − h−1/2

(
δψ

δY
, µ̇t

)
. (10.7)

The aim of this section is to calculate expression (10.7) explicitly in

terms of variational derivatives of F , identifying both the main and the

error terms in its asymptotic expansion in small h.

Let us start with the general mean field approximation.

Proposition 10.1.1 Assume the approximating Markov process on

M+
hδ(R

d) is specified by the generator (9.2) with B1
µ of the Lévy-Khintchine

form

B1
µf(x) =

1

2
(Gµ(x)∇,∇)f(x) + (bµ(x),∇f(x))

+

∫
(f(x+ y)− f(x)− (∇f(x), y)1B1

(y))νµ(x, dy), (10.8)
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so that Λ1
h is given by (9.2), and µt solves the corresponding mean field

kinetic equation

d

dt
(g, µt) = (B1

µtg, µt).

Then the operator Oht from (10.6) describing the process of fluctuation

writes down as

Oht F = OtF +O(
√
h), (10.9)

where

OtF (Y ) =

(
δ

δµt

(
B1
µt

δF

δY
, µt

)
, Y

)

+

∫
Rd

B1
µt

[
1

2

δ2F

δY 2(.)
− δ2F

δY (y)δY (.)

]
(x) |y=x µ(dx) (10.10)

with (
δ

δµt

(
B1
µt

δF

δY
, µt

)
, Y

)
=

∫ (
B1
µt

δF

δY (.)

)
(x)Y (dx)

+

∫
X2

µt(dx)Y (dz)
[1
2

(
δGµt(x)

δµt(z)

∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
+
δbµt(x)

δµt(z)

∂

∂x

δF (Y )

δY (x)

+

∫ (
δF (Y )

δY (x+ y)
− δF (Y )

δY (x)
− (

∂

∂x

δF (Y )

δY (x)
, y)1B1

(y)

)
δνµt
δµt(z)

(x, dy)
]

and ∫
Rd

B1
µt

[
1

2

δ2F

δY 2(.)
− δ2F

δY (y)δY (.)

]
(x) |y=x µ(dx)

=
1

2

∫ (
Gµt(x)

∂

∂x
,
∂

∂y

)
δ2F

δY (x)δY (y)

∣∣∣∣
y=x

µt(dx)

+
1

2

∫ ∫ (
δ2F

δY 2(x+ y)
− 2

δ2F

δY (x+ y)δY (x)
+

δ2F

δY 2(x)

)
νµt(x, dy)µt(dx).

(10.11)

The error term O(
√
h) in (10.9) equals

(Oht F −OtF )(Y ) =
√
h

∫ 1

0

ds

(
δ

δµt(.)
B1
µt+s

√
hY
, Y

)
δF

δY
(x)Y (dx)

+
√
h

∫ 1

0

(1− s)ds

(
δ2

δµ2
t (.)

B1
µt+s

√
hY
, Y ⊗2

)
δF

δY
(x)µt(dx))
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+

√
h

2

∫ (
Gµt+

√
hY (x)

∂

∂x
,
∂

∂y

)
δ2F

δY (y)δY (x)
|y=x Y (dx)

+

√
h

2

∫ ∫ 1

0

ds

((
δGµt+s

√
hY (x)

δµt(.)
, Y

)
∂

∂x
,
∂

∂y

)
δ2F

δY (y)δY (x)
|y=x µt(dx)

+

∫ 1

0

(1−s)ds
∫ (

δ2F

δY 2(x+ y)
− 2

δ2F

δY (x+ y)δY (x)
+

δ2F

δY 2(x)

)
(Y+sh(δx+y−δx))

(
νµt+

√
hY (x, dy)(µt +

√
hY )(dx)− νt(x, dy)µt(dx)

)
+

∫
νt(x, dy)µt(dx)

∫ 1

0

(1− s)ds

×
(
δ2F (Y + sh(δx+y − δx))

δY (.)δY (.)
− δ2F (Y )

δY (.)δY (.)
, (δx+y − δx)

⊗2

)
.

Explicit expressions for the variational derivatives δ/δµt are contained

in the proof below.

Remark 39 Notice that the last term in the expression for (Oht F −
OtF )(Y ) = O(

√
h) is of order O(h) once the third variational derivative

of F is well defined and finite. To make it of order O(
√
h) as other terms,

it is of course sufficient that the second variational derivative of F (Y )

is 1
2 -Hölder continuous with respect to Y . The main conclusion to be

drawn from these lengthy formulae is the following. To approximate the

limiting generator OtF by its approximations Oht F one has to work with

functionals F having the second variational derivative, which is regular

enough (twice differentiable in space variables for differential generators

and at least Hölder continuous in Y for the jump type generators).

Proof By linearity one can do the calculations separately for B1
µ having

only differential part (withG and b) and only integral part. Thus, assume

first that νµ = 0. Then, taking into account that

δ

δY (.)
Ω̃ht F (Y ) =

1√
h
Ω̃ht

δF (Y )

δY (.)
,

δ2

δY (.)δY (.)
Ω̃ht F (Y ) =

1

h
Ω̃ht

δ2F (Y )

δY (.)δY (.)
,

one can write

(Λ1
hΩ̃

h
t F )(Y ) =

1√
h

∫
bY (x)

∂

∂x

(
Ω̃ht

δF (Y )

δY (x)

)
Y (dx)
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+
1

2
√
h

∫ (
GY (x)

∂

∂x
,
∂

∂x

)
Ω̃ht

δF (Y )

δY (x)
Y (dx)

+
1

2

∫ (
GY (x)

∂

∂x
,
∂

∂y

)
Ω̃ht

δ2F (Y )

δY (x)δY (y)

∣∣∣∣
y=x

Y (dx),

and then

(Ω̃ht )
−1Λ1

hΩ̃
h
t F (Y ) =

1√
h

∫
bµt+

√
hY (x)

∂

∂x

δF (Y )

δY (x)
(µt +

√
hY )(dx)

+
1

2
√
h

∫ (
Gµt+

√
hY (x)

∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
(µt +

√
hY )(dx)

+
1

2

∫ (
Gµt+

√
hY (x)

∂

∂x
,
∂

∂y

)
δ2F (Y )

δY (x)δY (y)

∣∣∣∣
y=x

(µt +
√
hY )(dx).

Taking into account that(
δF (Y )

δY
, µ̇t

)
=

∫
bµt(x)

∂

∂x

δF (Y )

δY (x)
µt(dx)+

1

2
√
h

∫ (
Gµt(x)

∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
µt(dx),

one deduces from (10.6) that

Oht F (Y ) =

∫
∂

∂x

δF (Y )

δY (x)
[bµt(x)Y (dx) +

(
δbµt(x)

δµt(.)
, Y

)
µt(dx)]

+
√
h

∫
∂

∂x

δF (Y )

δY (x)

∫ 1

0

ds[

(
δbµt+s

√
hY (x)

δµt(.)
, Y

)

+(1− s)

(
δ2bµt+s

√
hY (x)

δµ2
t (.)

, Y ⊗2

)
]Y (dx)

+
1

2

∫ (
Gµt(x)

∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
Y (dx)+

1

2

∫ ((
δGµt(x)

δµt(.)
, Y

)
∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
µt(dx)

+
1

2

∫ (
Gµt(x)

∂

∂x
,
∂

∂y

)
δ2F (Y )

δY (x)δY (y)

∣∣∣∣
y=x

µt(dx)

+

√
h

2

∫ ((
δGµt+s

√
hY (x)

δµt(.)
, Y

)
∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
Y (dx)

+

√
h

2

∫ ((
δ2Gµt+s

√
hY (x)

δµ2
t (.)

, Y ⊗2

)
∂

∂x
,
∂

∂x

)
δF (Y )

δY (x)
µt(dx)
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+

√
h

2

∫ (
Gµt+

√
hY (x)

∂

∂x
,
∂

∂y

)
δ2F

δY (y)δY (x)
|y=x Y (dx)

+

√
h

2

∫ ∫ 1

0

ds

((
δGµt+s

√
hY (x)

δµt(.)
, Y

)
∂

∂x
,
∂

∂y

)
δ2F

δY (y)δY (x)
|y=x µt(dx),

proving the Proposition for differential operator B1
µ.

On the other hand, for a B1
µ with vanishing G and b one has

Λ1
hF (Y ) =

∫
X2

(
δF

δY (x+ y)
− δF

δY (x)
−
(
∂

∂x

δF

δY (x)
1B1(y), y

))
νY (x, dy)Y (dx)

+h

∫ 1

0

(1−s) ds
∫
X2

(
δ2F

δY (.)δY (.)
(Y + sh(δx+y − δx)), (δx+y − δx)

⊗2

)
νY (x, dy)Y (dx)

and consequently

(Ω̃ht )
−1Λ1

hΩ̃
h
t F (Y ) =

∫
X2

νµt+
√
hY (x, dy)(µt +

√
hY )(dx)

×
[

1√
h

(
δF

δY (x+ y)
− δF

δY (x)
−
(
∂

∂x

δF

δY (x)
1B1

(y), y

))

+

∫ 1

0

(1− s) ds

(
δ2F

δY (.)δY (.)
(Y + sh(δx+y − δx)), (δx+y − δx)

⊗2

)]
,

which by subtracting

1√
h

∫
X2

νµt(x, dy)µt(dx)

[
δF

δY (x+ y)
− δF

δY (x)
−
(
∂

∂x

δF

δY (x)
1B1

(y), y

)]
and expanding in Taylor series with respect to

√
h yields again the re-

quired formulae.

Similarly one deals with binary and higher order interactions. Namely,

the following holds.

Proposition 10.1.2 Let Bk be a conditionally positive operator C(SX ) 7→
C(SXk) given by (1.76), i.e.

Bkf(x1, ..., xk) = Akf(x1, ..., xk)

+

∫
Xk

(f(y1, ..., yk)− f(x1, ..., xk))P
l(x1, ..., xk, dy1 · · · dyk),
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and specifying the scaled generator of k-ary interaction (1.69):

ΛkhF (hδx) = hk−1
∑

I⊂{1,...,n},|I|=k

BkIF (hδx), x = (x1, ..., xn)

(for simplicity, without additional mean field dependence). Then the op-

erator Oht from (10.7) describing the process of fluctuation writes down

as (10.9) with

OtF (Y ) =

(
Bk
(
δF

δY

)⊕

, Y ⊗ µ
⊗̃(k−1)
t

)

+

1

2
Bk

k∑
i,j=1

δ2F

δY (yi)δY (yj)
−

Bky1,...,yk k∑
i,j=1

δ2F

δY (zi)δY (yj)

 |∀i zi=yi , µ⊗̃k
t

 ,

(10.12)

where Bky1,...,yk denotes of course the action of Bk on the variables

y1, . . . , yk. In particular, if k = 2 and B2 preserves the number of parti-

cles and hence can be written as

B2f(x, y) =

[
1

2
(G(x, y)

∂

∂x
,
∂

∂x
) +

1

2
(G(y, x)

∂

∂y
,
∂

∂y
) + (γ(x, y)

∂

∂x
,
∂

∂y
)

]
f(x, y)

+

[
(b(x, y),

∂

∂x
) + (b(y, x),

∂

∂y
)f(x, y)

]
+

∫
X2

ν(x, y, dv1dv2)

[
f(x+ v1, y + v2)− f(x, y)− (

∂f

∂x
(x, y), v1)1B1(v1)− (

∂f

∂y
(x, y), v2)1B1(v2)

]
,

(10.13)

where G(x, y), γ(x, y) are symmetric matrices such that γ(x, y) = γ(y, x)

and ν(x, y, dv1dv2) = ν(y, x, dv2dv1), then

OtF (Y ) =

(
B2

(
δF

δY

)⊕

, Y ⊗ µt

)

+

∫
1

2

(
G(x, y)

∂

∂x
,
∂

∂z

)
δ2F

δY (z)δY (x)
|z=x µt(dx)µt(dy)

+

∫ (
γ(x, y)

∂

∂x
,
∂

∂y

)
δ2F

δY (y)δY (x)
µt(dx)µt(dy)

+
1

4

∫
X4

(
δ2F

δY (.)δY (.)
, (δz1+v1 + δz2+v2 − δz1 − δz2)

⊗2

)
ν(z1, z2, dv1dv2)µt(dz1)µt(dz2). (10.14)
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Proof We leave these calculations (quite similar to those given above)

as an exercise. Details can be found in Kolokoltsov [136].

The term O(
√
h) depends again on the third variational derivatives of

F evaluated at some shifted measures. We shall give below the precise

expression only for binary jump interactions to cover the most important

models of the Boltzmann and Smoluchovski interactions.

But before this, a remark is in order. As was noted at the end of

Section 1.7, quite different interacting particle systems can be described

by the same limiting kinetic equation leading to a natural equivalence

relation between interacting models. For instance, binary interactions

specified by the operator (10.13) above lead to the kinetic equation

d

dt
(g, µt) =

∫
X2

µt(dx)µt(dz)

[
1

2

(
G(x, y)

∂

∂x
,
∂

∂x

)
g(x) + (B(x, y),

∂

∂x
g(x))

+

∫
X2

[g(x+ v1)− g(x)− (∇g(x), v1)1B1(v1)]ν(x, y, dv1dv2)

]
,

that describes the LLN limit also for the mean field interaction specified

by the operator of form (10.8). The above calculations show, in partic-

ular, that the limiting fluctuation processes may be already different,

because, say, the coefficient γ has dropped out of the kinetic equation,

but it is present in (10.14).

Proposition 10.1.3 If Λh2 is given by (1.38), i.e.

Λh2F (hδx) = −1

2

∫
X

∫
X

[f(hδx−2hδz+hδy)−f(hδx)]P (z, z; dy)(hδx)(dz)

+
1

2h

∫
X

∫
X2

[f(hδx−hδz1−hδz2+hδy)−f(hδx)]P (z1, z2; dy)(hδx)(dz1)(hδx)(dz2).
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Then

Oht F (Y ) = OtF (Y ) +

√
h

2

∫
X2

∫
X
(
δF

δY
, δy − δz1 − δz2)P (z1, z2; dy)Y (dz1)Y (dz2)

−
√
h

2

∫
X

∫
X
(
δF

δY
, δy − 2δz)P (z, z; dy)(µt +

√
hY )(dz)

+

√
h

4

∫
X2

∫
X
(
δ2F

δY 2
, (δy − δz1 − δz2)

⊗2)P (z1, z2; dy)(Y (dz1)µt(dz2) + Y (dz2)µt(dz1))

− h

4

∫ ∫
(
δ2F

δY 2
, (δy − 2δz)

⊗2)P (z, z; dy)(µt +
√
hY )(dz)

+
h

4

∫ ∫
(
δ2F

δY 2
, (δy − δz1 − δz2)

⊗2)P (z1, z2; dy)Y (dz1)Y (dz2)

+

√
h

4

∫ 1

0

(1− s)2 ds

∫ ∫
(
δ3F

δY 3
(Y + s

√
h(δy − δz1 − δz2)), (δy − δz1 − δz2)

⊗3)

× P (z1, z2; dy)(µt +
√
hY )(dz1)(µt +

√
hY )(dz2)

− h3/2

4

∫ 1

0

(1− s)2 ds

∫ ∫
(
δ3F

δY 3
(Y + s

√
h(δy − 2δz)), (δy − 2δz)

⊗3)

P (z, z; dy)(µt +
√
hY )(dz), (10.15)

where

OtF (Y ) =

∫
X2

∫
X
(
δF

δY (.)
, δy − δz1 − δz2)P (z1, z2; dy)Y (dz1)µt(dz2)

+
1

4

∫
X2

∫
X
(

δ2F

δY (.)δY (.)
, (δy − δz1 − δz2)

⊗2)P (z1, z2; dy)µt(dz1)µt(dz2).

(10.16)

Proof Here one has

Λ2
hΩ̃

h
t F (Y ) =

1

2h

∫ ∫ ∫ [
F

(
Y + h(δy − δz1 − δz2)− µt√

h

)
− F

(
Y − µt√

h

)]
× P (z1, z2; ; dy)Y (dz1)Y (dz2)

− 1

2

∫ ∫ [
F

(
Y + h(δy − 2δs)− µt√

h

)
− F

(
Y − µt√

h

)]
P (z, z; dy)Y (dz)

and consequently

(Ωht )
−1Λ2

hΩ
h
t F (Y ) =

1

2h

∫ ∫ ∫ [
(F (Y +

√
h(δy − δz1 − δz2)− F (Y )

]
× P (z1, z2; dy)(

√
hY + µt)(dz1)(

√
hY + µt)(dz2)

− 1

2

∫ ∫
[F (Y +

√
h(δy − 2δz))− F (Y )]P (z, z; dy)(

√
hY + µt)(dz).
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Developing the r.h.s. in h and using

F (Y +
√
h(δy − δz1 − δz2))− F (Y )

=
√
h(
δF

δY
, δy − δz1 − δz2) +

h

2
(
δ2F

δY 2
, (δy − δz1 − δz2)

⊗2)

+
h3/2

2

∫ 1

0

(1− s)2(
δ3F

δY 3
(Y + s

√
h(δy − δz1 − δz2)), (δy − δz1 − δz2)

⊗3) ds

yields (10.15).

The construction of the infinite-dimensional Gaussian process gener-

ated by (10.16) will be carried out later. Here we conclude with an ob-

vious observation that the polynomial functionals of the form F (Y ) =

(g, Y ⊗m), g ∈ Csym(Xm), on measures are invariant under Ot. In par-

ticular, for a linear functional F (Y ) = (g, Y ) (i.e. for m = 1)

OtF (Y ) =

∫
X2

∫
X
(g(y)− g(z1)− g(z2))P (z1, z2; dy)Y (dz1)µt(dz2).

(10.17)

Hence the evolution (in the inverse time) of the linear functionals spec-

ified by the equation Ḟt = −OtFt, Ft(Y ) = (gt, Y ) can be described by

the equation

ġ(z) = −Otg(z) = −
∫
X

∫
X
(g(y)− g(x)− g(z))P (x, z; dy)µt(dx)

(10.18)

on the coefficient functions gt (with some abuse of notation we denoted

the action of Ot on the coefficient functions again by Ot). This equation

was analyzed in detail in previous chapters.

10.2 Weak CLT with error rates: Smoluchovski’s
and Boltzmann’s models, mean field limits and

evolutionary games

We can proceed now to the weak form of CLT, so to say ’the trace

of CLT’ on linear functionals. Though this is a sort of reduced CLT,

as it ’does not feel’ the quadratic part of the generator of the limiting

Gaussian process, technically it is the major ingredient for proving fur-

ther advanced versions. For definiteness, we shall carry out the program

for the case of Smoluchovski’s coagulation and the Boltzmann collisions

with unbounded rates (under the standard assumptions) delegating the
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straightforward modifications needed for the Lévy-Khintchine type gen-

erators with bounded coefficients to exercises.

Let us start with the processes of coagulation. Recall that we denote by

U t,r the backward propagator of the equation (10.18), i.e. the resolving

operator of the Cauchy problem ġ = −Λtg for t ≤ r with a given gr, and

Fht (Z
h
0 , µ0) = h−1/2(Zht (Z

h
0 )− µt(µ0))

is the process of the normalized fluctuations.

We shall start with the weak CLT for Smoluchovski’s coagulation

model. The main technical ingredient in the proof of the weak form of

CLT is given by the following estimate for the ’second moment’ of the

fluctuation process.

Proposition 10.2.1 Let g2 be a symmetric continuous function on

X2. Suppose the coagulation kernel K(x, .) is a continuous function

SX2 7→ M(X) (where the measures are considered in the weak topol-

ogy), which is E-non-increasing for a continuous non-negative function

E on X such that E(x) → ∞ as x → ∞. Suppose that µ ∈ Me0,e1(X)

and (1 + Eβ , µ) <∞ for the initial condition µ = µ0 with some β > 3.

(i) Let the coagulation kernel K be (1 +
√
E)⊗-bounded:

K(x1, x2) ≤ C(1 +
√
E(x1))(1 +

√
E(x2))

(i.e. we are under the assumptions of Theorem 8.4.1). Then

sup
s≤t

|E(g2, (F
h
s (Z

h
0 , µ0))

⊗2)| = sup
s≤t

|(Uh;0,sfl (g2, .))(F
h
0 )| (10.19)

does not exceed

κ(C, t, k, e0, e1)∥g2∥(1+Ek)⊗2(X2)(1 + (E2k+1/2, Zh0 + µ0))

×(1 + (Ek, Zh0 + µ0))
(
1 + ∥Fh0 ∥2M

1+Ek

)
for any k ≥ 1.

(ii) Assume X = R+, K(x1, x2, dy) = K(x1, x2)δ(y − x1 − x2),

E(x) = x, K is non-decreasing in each argument 2-times continuously

differentiable on (R+)
2 up to the boundary with all the first and sec-

ond partial derivatives being bounded by a constant C (i.e. we are under

assumptions of Theorem 8.4.2). Then expression (10.19) does not exceed

κ(C, t, k, e0, e1)∥g2∥C2,sym

(1+Ek)⊗2(X2)

(1 + (E2k+3, Zh0 + µ0))

×(1 + (Ek, Zh0 + µ0))

(
1 + ∥Fh0 ∥2M1

1+Ek

)
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for any k ≥ 0.

Proof One has

E

(
g2,

(
Zht (Z

h
0 )− µt(µ0)√

h

)⊗2
)

= E

(
g2,

(
Zht (Z

h
0 )− µt(Z

h
0 )√

h

)⊗2
)

+

(
g2,

(
µt(Z

h
0 )− µt(µ0)√

h

)⊗2
)

+2E

(
g2,

Zht (Z
h
0 )− µt(Z

h
0 )√

h
⊗ µt(Z

h
0 )− µt(µ0)√

h

)
(10.20)

The first term can be rewritten as

1

h
E
(
g2, (Z

h
t (Z

h
0 ))

⊗2 − (µt(Z
h
0 ))

⊗2

+ µt(Z
h
0 )⊗ (µt(Z

h
0 )− Zht (Z

h
0 )) + (µt(Z

h
0 )− Zht (Z

h
0 ))⊗ µt(Z

h
0 )
)
.

Under the assumptions of Theorem 8.4.1 this term can be estimated by

κ(C, r, e0, e1)∥g2∥(1+Ek)⊗2(1 + (E2k+1/2, Zh0 ))(1 + (Ek, Zh0 )),

due to Theorem 9.4.1. The second term is estimated by

∥g2∥(1+Ek)⊗2(1 + (Ek+1, µ0 + Zh0 ))

∥∥∥∥Zh0 − µ0√
h

∥∥∥∥2
M

1+Ek

by the Lipschitz continuity of the solutions to Smoluchovski’s equation,

and the third term by the obvious combination of these two estimates.

The second estimate under the assumptions of Theorem 8.4.2 is proved

analogously. Namely, the first term in the representation (10.20) is again

estimated by Theorem 9.4.1, and to estimate the second term one uses

(8.59) and the observation that

|(g2, ν⊗2)| ≤ sup
x1

∣∣∣∣(1 + Ek(x1))
−1

∫
∂g2
∂x1

(x1, x2)ν(dx2)

∣∣∣∣ ∥ν∥M1

1+Ek

≤ sup
x1,x2

∣∣∣∣(1 + Ek(x1))
−1(1 + Ek(x2))

−1 ∂2g2
∂x1∂x2

(x1, x2)

∣∣∣∣ ∥ν∥2M1

1+Ek

≤ ∥g2∥C2,sym

(1+Ek)⊗2
∥ν∥2M1

1+Ek
.
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Theorem 10.2.1 [Weak CLT for Smoluchovski’s coagulation]

Under the assumptions of Proposition 10.2.1 (i)

sup
s≤t

|E(g, Fhs (Z
h
0 , µ0))− (U0,sg, Fh0 (Z

h
0 , µ0))| ≤ κ(C, t, k, e0, e1)

√
h∥g∥1+Ek

× (1 + E2k+1/2, Zh0 + µ0)
2
(
1 +

∥∥Fh0 (Zh0 , µ0)
∥∥2
M

1+Ek+1 (X)

)
(10.21)

for all k ≥ 1, g ∈ C1+Ek(X), and under the assumptions of Proposition

10.2.1 (ii)

sup
s≤t

|E(g, Fhs (Z
h
0 , µ0))− (U0,sg, Fh0 )| ≤ κ(C, t, k, e0, e1)

√
h∥g∥C2,0

1+Ek

× (1 + E2k+3, Zh0 + µ0)
2

(
1 +

∥∥Fh0 (Zh0 , µ0)
∥∥2
M1

1+Ek+1 (X)

)
(10.22)

for all k ≥ 0, g ∈ C2,0
1+Ek

(X), where the bald E denotes the expectation

with respect to the process Zht .

Proof Recall that we denoted by Uh;t,rfl the backward propagator cor-

responding to the process Fht = (Zht − µt)/
√
h. By (10.6), the l.h.s. of

(10.21) can be written as

sup
s≤t

∣∣∣(Uh;0,sfl (g, .))(Fh0 )− (U0,sg, Fh0 )
∣∣∣ = sup

s≤t

∣∣∣∣∫ s

0

[Uh;0,τfl (Ohτ −Oτ )U
τ,s(g, .)] dτ (Fh0 )

∣∣∣∣ .
As by (10.15)

(Ohτ −Oτ )(U
τ,sg, ·)(Y )

=

√
h

2

∫ ∫ ∫
(Uτ,sg(y)− Uτ,sg(z1)− Uτ,sg(z2))K(z1, z2; dy)Y (dz1)Y (dz2)

−
√
h

2

∫ ∫
(Uτ,sg(y)− 2Uτ,sg(z))K(z, z; dy)(µt +

√
hY )(dz)

(note that the terms with the second and third variational derivatives

in (10.15) vanish here, as we apply it to a linear function), the required

estimate follows from Proposition 10.2.1.

Similar result holds for the Boltzmann equation (8.61):

d

dt
(g, µt) =

1

4

∫
Sd−1

∫
R2d

[g(v′)+g(w′)−g(v)−g(w)]B(|v−w|, θ)dnµt(dv)µt(dw).

Recall that in this situation E(v) = v2.
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Theorem 10.2.2 (Weak CLT for Boltzmann’s collisions) Let

B(|v|, θ) = b(θ)|v|β , β ∈ (0, 1],

where b(θ) is a bounded not identically vanishing function (i.e. we are

under the assumptions of Theorem 8.6.1). Then the estimate

sup
s≤t

|E(g, Fhs (Z
h
0 , µ0))− (U0,sg, Fh0 (Z

h
0 , µ0))| ≤ κ(C, t, k, e0, e1)

√
h∥g∥1+Ek

× Ω(µ0, Z
h
0 )
(
1 +

∥∥Fh0 (Zh0 , µ0)
∥∥2
M

1+Ek+1 (X)

)
(10.23)

holds true for all k ≥ 1, g ∈ C1+Ek(X), where the coefficient Ω(µ0, Z
h
0 )

depends on the moments of µ0, Z
h
0 and can be calculated explicitly.

Proof It is the same as the proof of the above theorem, but based of

course on the estimates from Theorem 8.6.1).

In the same way as above one obtains weak CLT with error estimates

for other models for which the rates of convergence in LLN could be

obtained (including processes on manifolds and evolutionary games).

For example, the first of the next results represents the weak CLT for

the mean field models with generators of order at most one and the

second one represents the weak CLT for interacting diffusions combined

with stable-like processes following holds.

Exercise 10.2.1 Under the assumption of Theorems 8.2.1 or 9.2.1,

one has

sup
t≤T

∣∣E(g, Fhs (Z
h
0 , µ0))− (U0,sg, Fh0 (Z

h
0 , µ0))

∣∣
≤ C(T, ∥ZhB(0)∥)

√
h∥g∥C2

∞(X)

(
1 +

∥∥Fh0 (Zh0 , µ0)
∥∥2
(C1

∞(X))∗

)
.

(10.24)

for g ∈ C2
∞(Rd).

Exercise 10.2.2 Under the assumptions of Theorem 9.2.3 one has the

same estimates (10.24) but with ∥g∥C4
∞(X) and ∥Fh0 (Zh0 , µ0)∥2(C2

∞(X))∗

instead of ∥g∥C2
∞(X) and ∥Fh0 (Zh0 , µ0)∥2(C1

∞(X))∗ .

Exercise 10.2.3 Formulate and prove the corresponding weak CLT

for evolutionary games discussed in Section 1.6. Hint: this is simpler

as above, as all generators are bounded implying the required estimates

almost automatically. The reduced CLT for general bounded generators

was obtained in [136].
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10.3 Summarizing the strategy followed

Thus we have developed a method of proving the weak (or reduced)

CLT for the fluctuations around the LLN limit of a large class of Markov

models of interacting particles. Let us summarize roughly the mile stones

of the path followed. Once the corresponding linear problem and its

regularity is well understood, one obtains the well posedness for the

given nonlinear Markov process and semigroup. Then the analysis of the

derivatives with respect to initial data is carried out aiming at invariance

and regularity (smoothness and/or bounds) of functionals on measures

having a well defined second order variational derivative. The next step

is to proves the error estimates for LLN implying the boundedness of the

second moment of the fluctuation process (Proposition 10.2.1). Finally

one deduces the error estimates for CLT. The realization of this program

relies heavily on the structure of the model. We had to use quite different

techniques to get it in various situations: the particulars of coagulation

processes for Smoluchovski’s model, the subtle properties of the moment

propagation for Botzmann’s equation, regularity of SDE for the stable-

like processes and specific analytic estimates for the generators of ’order

at most one’ including the Vlasov equations, mollified Boltzmann and

stable like interacting processes with the index α < 1.

Though the reduced CLT obtained is useful (say the convergence rates

can be applied for assessing the numerical schemes based on particles

approximations), it is not of course the full story, as one is naturally

interested in the full limit of the fluctuation process. Here again one

can identify the general strategy, but its realization for concrete models

is often not so straightforward (even when the weak CLT is already

proved). To keep this book in reasonable size, we shall conclude this

chapter with only a sketch of this strategy for the basic coagulation

model, referring for the full story to original papers.

10.4 Infinite dimensional Ornstein-Uhlenbeck
processes

Infinite dimensional Ornstein-Uhlenbeck (OU) processes obtained as the

fluctuation limits for mean field and k th order interactions are specified

by (10.10) and (10.12) respectively. It is clear how to write down (at

least formally) the infinite dimensional Ito’s type stochastic equation

driven by infinite dimensional Gaussian noise with prescribed correla-
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tions. However, these correlations are rather singular and degenerate,

which makes the corresponding rigorous analysis not so obvious. We

shall discuss two alternative approaches to the study of the correspond-

ing processes. Namely, on the first stage one constructs the correspond-

ing semigroup on the appropriate space of generalized functions via fi-

nite dimensional approximations or by means of an infinite dimensional

Riccati equation. The existence of the process itself may be then ob-

tained as a by-product from the analysis of scaled fluctuation processes

of approximating interacting particle systems, if one can show that these

processes form a tight family. Though the ’appropriate generalized func-

tions’ can be different for specific models (they should reflect the growth

and smoothness properties of the coefficients of Bk), the procedure it-

self is very much the same. We shall demonstrate this program on the

example of Smoluchovski’s coagulation models with smooth unbounded

rates, additively bounded by the mass.

Let us construct the propagator of the equation Ḟ = −OtF on the

set of cylinder functions Cnk = Cnk (Mm
1+Ek), m = 1, 2, on measures that

have the form

Φϕ1,...,ϕn
f (Y ) = f((ϕ1, Y ), ..., (ϕn, Y )) (10.25)

with f ∈ C(Rn), and ϕ1, ..., ϕn ∈ Cm,0
1+Ek

. By Ck we shall denote the

union of Cnk for all n = 0, 1, ... (of course, functions from C0
k are just

constants).

The Banach space of k times continuously differentiable functions on

Rd (with the norm being the maximum of the sup norms of a function

and all its partial derivative up to and including the order k) will be

denoted, as usual, by Ck(Rd).

Theorem 10.4.1 Under the assumptions of Proposition 10.2.1(ii) (or

equivalently Theorems 8.4.2 and 10.2.1 (ii)), for any k ≥ 0 and a µ0 such

that (1+Ek+1, µ0) <∞ there exists a propagator OU t,r of contractions

on Ck preserving the subspaces Cnk , n = 0, 1, 2, ... such that OU t,rF , F ∈
Ck, depends continuously on t in the topology of the uniform convergence

on bounded subsets of Mm
1+Ek , m = 1, 2 and solves the equation Ḟ =

−OtF in the sense that if f ∈ C2(Rd) in (10.25), then

d

dt
OU t,rΦϕ1,..,ϕn

f (Y ) = −ΛtOU
t,rΦϕ1,..,ϕn

f (Y ), 0 ≤ t ≤ r, (10.26)

uniformly for Y from bounded subsets of Mm
1+Ek .

Proof Substituting the function Φ
ϕt1,...,ϕ

t
n

ft
of form (10.25) (with two
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times continuously differentiable ft) with a given initial condition Φr(Y ) =

Φ
ϕr1,...,ϕ

r
n

fr
(Y ) at t = r in the equation Ḟt = −OtFt and taking into ac-

count that

δΦ

δY (.)
=
∑
i

∂ft
∂xi

ϕti(.),
δ2Φ

δY (.)δY (.)
=
∑
i,j

∂2ft
∂xi∂xj

ϕti(.)ϕ
t
j(.),

yields

∂ft
∂t

+
∂ft
∂x1

(ϕ̇t1, Y ) + ...+
∂ft
∂xn

(ϕ̇tn, Y )

= −
∫ ∫ ∫ n∑

j=1

∂ft
∂xj

(ϕtj , δy − δz1 − δz2)K(z1, z2; dy)Y (dz1)µt(dz2)

−1

4

∫ ∫ ∫ n∑
j,l=1

∂2ft
∂xj∂xl

(ϕtj⊗ϕtl , (δy−δz1−δz2)⊗2)K(z1, z2; dy)µt(dz1)µt(dz2)

with ft(x1, ..., xn) and all its derivatives evaluated at the points xj =

(ϕtj , Y ) (here and in what follows we denote by dot the derivative d/dt

with respect to time). This equation is clearly satisfied whenever

ḟt(x1, ..., xn) = −
n∑

j,k=1

Π(t, ϕtj , ϕ
t
k)

∂2ft
∂xj∂xk

(x1, ..., xn) (10.27)

and

ϕ̇tj(z) = −
∫ ∫

(ϕtj(y)− ϕtj(z)− ϕtj(w))K(z, w; dy)µt(dw) = −Otϕtj(z)

with Π given by

Π(t, ϕ, ψ) =
1

4

∫ ∫ ∫
(ϕ⊗ψ, (δy−δz1−δz2)⊗2)K(z1, z2; dy)µt(dz1)µt(dz2).

(10.28)

Consequently

OU t,rΦr(Y ) = Φt(Y ) = (U t,rfr)((U t,rϕr1, Y ), ..., (U t,rϕrn, Y )), (10.29)

where U t,rfr = U t,rΠ fr is defined as the resolving operator to the (inverse

time) Cauchy problem of equation (10.27) (it is well defined as (10.27) is

just a spatially invariant second order evolution), the resolving operator

U t,r is constructed in Section 8.4, and

Π(t, ϕtj , ϕ
t
k) = Π(t, U t,rϕrj , U

t,rϕrk).

All statements of Theorem 10.4.1 follows from the explicit formula (10.29),
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the semigroup property of the solution to finite-dimensional equation

(10.27) and the estimates from Section 8.4.

Alternatively, the propagator can be constructed via generalized Ric-

cati equation discussed in the Appendix 12.11.

10.5 Full CLT for coagulation processes (a sketch)

Once the weak CLT is obtained, it is natural to ask about the con-

vergence of the corresponding process of fluctuations to the limiting OU

process. To do this one has to choose an appropriate infinite dimensional

space (usually a Hilbert space choice is the most convenient one), where

this OU process is well defined and then use some compactness argu-

ment to get a convergence. Though this is clear in principle, the techni-

cal details can be quite nontrivial for any particular model (specially for

unbounded generators). For the case of Smoluchovski’s coagulation this

program was carried out in Kolokoltsov [138]. Referring to this paper for

the full story with rather lengthy manipulations (see also bibliographical

comments for related papers), we shall only sketch the main steps to be

taken and the tools to be used.

Theorem 10.5.1 [CLT for coagulation: convergence of semi-

groups] Suppose k ≥ 0 and h0 > 0 are given such that

sup
h≤h0

(1 + E2k+5, Zh0 + µ0) <∞. (10.30)

(i) Let Φ ∈ Cnk (M2
1+Ek) be given by (10.25) with f ∈ C3(Rn) and all

ϕj ∈ C2,0
1+Ek

(X). Then

sup
s≤t

|EΦ(Fht (Z
h
0 , µ0))−OU0,tΦ(Fh0 )|

≤ κ(C, t, k, e0, e1)
√
hmax

j
∥ϕj∥C2,0

1+Ek
∥f∥C3(Rn)

× (1 + E2k+5, Zh0 + µ0)
2

(
1 + ∥Fh0 ∥2M1

1+Ek+1 (X)

)
. (10.31)

(ii) If Φ ∈ Cnk (M2
1+Ek) (with not necessarily smooth f in the represen-

tation (10.25)) and Fh0 converges to some F0 as h → 0 in the ⋆-weak

topology of M1
1+Ek+1 , then

lim
h→0

|EΦ(Fht (Z
h
0 , µ0))−OU0,tΦ(F0)| = 0 (10.32)
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uniformly for Fh0 from a bounded subset of M1
1+Ek+1 and t from a com-

pact interval.

This is obtained by extending the arguments from Theorem 10.2.1,

where one needs the full expansion of the generator of fluctuations, not

only its linear or quadratic part.

To formulate the next result we have to introduce the space of weighted

smooth Lp functions or weighted Sobolev spaces (as we mentioned above,

to get effective estimates, Hilbert space methods are more appropriate).

Namely, define Lp,f = Lp,f (T ) as the space of measurable functions g on

a measurable space T having finite norm ∥g∥Lp,f = ∥g/f∥Lp . The spaces
L1,0
p,f and L2,0

p,f , p ≥ 1, are defined as the spaces of absolutely continu-

ous functions ϕ on X = R+ such that limx→0 ϕ(x) = 0 with the norms

respectively

∥ϕ∥L1,0
p,f (X) = ∥ϕ′∥Lp,f (X) = ∥ϕ′/f∥Lp(X),

∥ϕ∥L2,0
p,f (X) = ∥ϕ′/f∥Lp(X) + ∥(ϕ′/f)′∥Lp(X),

as well as their dual (L1,0
p,f )

′ and (L2,0
p,f )

′. By the Sobolev embedding

lemma one has the inclusion L2,0
2 ⊂ C1,0 and hence also L2,0

2,fk
⊂ C1,0

fk

for arbitrary k > 0 implying by duality the inclusion M1
fk

⊂ (L2,0
2,fk

)′.

In order to transfer the main estimates for the fluctuation processes

to these weighted spaces L2-spaces, one has to get the L2 analogs of the

estimates for the derivatives of the solutions to kinetic equations from

Section 8.4, which is rather technical, and the corresponding extension

of Theorem 10.4.1. Then one obtains the following main ingredient in

the proof of the functional CLT.

Proposition 10.5.1 Under the assumptions of Theorem 8.4.2 for any

k > 1/2

sup
s≤t

E∥Fhs (Zh0 , µ0)∥2(L2,0
2,fk

)′

≤ κ(C, t, k, e0, e1)(1 + (E2k+3, Zh0 + µ0))
2(1 + ∥Fh0 ∥2(L2,0

2,fk
)′
). (10.33)

This fact allows to obtain key estimates, when extending the above

Theorem 10.5.1 to the following convergence of finite dimensional dis-

tributions.

Theorem 10.5.2 [CLT for coagulation: finite dimensional dis-

tributions] Suppose (10.30) holds, ϕ1, ..., ϕn ∈ C2,0
1+Ek

(R+) and Fh0 ∈
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(L2,0
2,1+Ek+2)

′ converges to some F0 in (L2,0
2,1+Ek+2)

′, as h → 0. Then the

Rn-valued random variables

Φht1,...,tn = ((ϕ1, F
h
t1(Z

h
0 , µ0)), ..., (ϕn, F

h
tn(Z

h
0 , µ0))), 0 < t1 ≤ ... ≤ tn,

converge in distribution, as h→ 0, to a Gaussian random variable with

the characteristic function

gt1,...,tn(p1, ..., pn) = exp{i
n∑
j=1

pj(U
0,tjϕj , F0)−

n∑
j=1

∫ tj

tj−1

n∑
l,k=j

plpkΠ(s, Us,tlϕl, U
s,tkϕk) ds},

(10.34)

where t0 = 0 and Π given by (10.28). In particular, for t = t1 = ... = tn
it implies

lim
h→0

E exp{i
n∑
j=1

(ϕj , F
h
t )} = exp{i

n∑
j=1

(U0,tϕj , F0)−
n∑

j,k=1

∫ t

0

Π(s, Us,tϕj , U
s,tϕk) ds}.

Note that passing from Theorem 10.5.1 to Theorem 10.5.2 would

be automatic for finite dimensional Feller processes (due to Theorem

12.3.5), but in our infinite dimensional setting this is not at all straight-

forward and requires additional use of the Hilbert space methods (yield-

ing an appropriate compact containment condition).

Theorem 10.5.3 [full CLT for coagulation] Suppose the condi-

tions of Theorems 10.5.1, 10.5.2 hold. (i) For any ϕ ∈ C2,0
1+Ek

(R+) the

real valued processes (ϕ, Fht (Z
h
0 , µ0)) converge in the sense of the dis-

tribution in the Skorohod space of càdlàg functions (equipped with its

standard J1-topology) to the Gaussian process with finite-dimensional

distributions specified by Theorem 10.5.2. (ii) The process of fluctua-

tions Fht (Z
h
0 , µ0) converges in distributions on the Skorohod space of

càdlàg functions D([0, T ]; (L2,0
2,1+Ek+2(R+))

′) (with J1-topology), where

(L2,0
2,1+Ek+2(R+))

′ is considered in its weak topology, to a Gaussian pro-

cess with finite-dimensional distributions specified by Theorem 10.5.2.

Notice that once the previous results are obtained everything that

remains to prove for Theorem 10.5.3 is the tightness of the approxima-

tions, i.e. the existence of a limiting point, because all finite dimensional

distributions of such a point are already uniquely specified by Theorems

10.5.1, 10.5.2.

The proof is carried out by the following steps.

By Dynkin’s formula applied to the Markov process Zht one finds that
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for a ϕ ∈ C1+Ek(X)

Mh
ϕ (t) = (ϕ,Zht )− (ϕ,Zh0 )−

∫ t

0

(Lh(ϕ, .))(Z
h
s )ds

is a martingale and

(ϕ, Fht ) =
Mh
ϕ√
h

+
1√
h
[(ϕ,Zh0 ) +

∫ t

0

(Lh(ϕ, .))(Z
h
s )ds− (ϕ, µt)].

To show the compactness of this family one uses Theorem 12.3.7 in con-

junction with Exercise 2.2.1 to estimate the quadratic variation. This

implies (i). In order to prove (ii), one only needs to prove the tight-

ness of the family of normalized fluctuations Fht , as by Theorem 10.5.2

the limiting process is uniquely defined whenever it exists. By Theorem

12.3.2, to prove tightness it remains to establish the following compact

containment condition: for every ϵ > 0 and T > 0 there exists K > 0

such that for any h

P ( sup
t∈[0,T ]

∥Fht ∥(L2,0
2,fk

)′ > K) ≤ ϵ.

And this can be obtained from Proposition 10.5.1.
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Developments and comments

In this chapter we briefly discuss several possible developments of the

theory. All sections can be read independently.

11.1 Measure-valued processes as stochastic
dynamic LLN for interacting particles; duality

of one-dimensional processes

We introduced nonlinear Markov processes as deterministic dynamic

LLN for interacting particles. As pointed out in the introduction, nonlin-

ear Markov processes in a metric space S are just deterministic Markov

processes in the space of Borel measures M(S). Also are of interest

nondeterministic (stochastic) LLN, which are described by more gen-

eral (nondeterministic) measure-valued Markov processes. Here we give

a short introduction to stochastic LLN on a toy model of completely

identical particles, discussing in passing the duality of Markov process

on R+.

Suppose the state of a system is characterized by a number n ∈ Z+ =

{0, 1, 2, ...} of identical indistinguishable particles. If any single particle,

independently of the others, can die after a random lifetime producing

a random number l ∈ Z+ of offspring, the generator of this process will

have the form

(G1f)(n) = n

∞∑
m=−1

g1m(f(n+m)− f(n))

for some non-negative constants g1m. More generally, if any group of

k particles chosen randomly (with uniform distribution, say) from a

given group of n particles can be transformed at some random time
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into a group of l ∈ Z+ particles through some process of birth, death,

coagulation, etc, the generator of this process will have the form

(Gkf)(n) = Ckn

∞∑
m=−k

gkm(f(n+m)− f(n))

for some non-negative constants gkm, where Ckn denotes the usual bino-

mial coefficients and where it is understood that these coefficients vanish

whenever n < k. Finally, if the spontaneous birth (or input) of a random

number of particles is allowed to occur, this will contribute a term of

type
∑∞
m=0 g

0
m(f(n +m) − f(n)) to the generator of our process. The

generator of type
∑K
k=0Gk describes all k-ary interactions with k ≤ K.

The usual scaling of the state space n 7→ nh, where h is a positive pa-

rameter, combined with the scaling of the interaction Gk 7→ hkGk leads

to a Markov chain on hZ+ with generator

Gh =

K∑
k=0

Ghk , (Ghkf)(hn) = hkCkn

∞∑
m=−k

gkm(f(hn+ hm)− f(hn)).

(11.1)

We are interested in the limit as n → ∞, h → 0 with nh → x ∈
R+, and where gkm = gkm(h) may also depend on h. To analyze this

limiting procedure we consider operator (11.1) as a restriction to hZ+

of the operator, again denoted by Gh by abuse of notations, defined on

functions on (0,∞) by Gh =
∑K
k=0G

h
k , where

(Ghkf)(x) =
x(x− h)...(x− (k − 1)h)

k!

∞∑
m=max(−k,−x/h)

gkm(h)(f(x+hm)−f(x))

(11.2)

for x ≥ h(k−1) and vanishes otherwise. Clearly x(x−h) · · · (x−(k−1)h)

tends to xk as h → 0 and we expect that, with appropriate choice of

gkm(h), the sum of the k-ary interaction generators (11.2) will tend to

the generator of a stochastic process on R+ with generator of the form∑K
k=0 x

kNk, where each Nk is the generator of a spatially homogeneous

process with i.i.d. increments (i.e. a Lévy process) onR+. Hence each Nk
is given by the Lévy-Khintchine formula with the Lévy measure having

support in R+.

Let us formulate a precise result in this toy one-dimensional setting,

referring to Kolokoltsov [128] for its proof.

We denote by C[0,∞] the Banach space of continuous bounded func-

tions on (0,∞) having limits as x → 0 and as x → ∞ (with the usual

sup norm). We shall also use the closed subspaces C0[0,∞] or C∞[0,∞]



11.1 Measure-valued processes as stochastic dynamic LLN 275

of C[0,∞] consisting of functions such that f(0) = 0 or f(∞) = 0 re-

spectively. Consider an operator L in C[0,∞] given by the formula

(Lf)(x) =

K∑
k=1

xk
(
akf

′′(x)− bkf
′(x) +

∫ ∞

0

(f(x+ y)− f(x)− f ′(x)y)νk(dy)

)
,

(11.3)

where K is a natural number, ak and bk are real constants, k = 1, ...,K,

all ak are non-negative, and all νk are Borel measures on (0,∞) satisfying∫
min(ξ, ξ2)νk(dξ) <∞.

As a natural domain D(L) of L we take the space of twice continuously

differentiable functions f ∈ C[0,∞] such that Lf ∈ C[0,∞].

Let k1 ≤ k2 (resp., l1 ≤ l2) denote the bounds of those indexes k

where ak (resp., bk) do not vanish, i.e. ak1 > 0, ak2 > 0 and ak = 0 for

k > k2 and k < k1 (resp., bl1 ̸= 0, bl2 ̸= 0 and bk = 0 for k > l2 and

k < l1).

Theorem 11.1.1 Suppose that

(a) νk vanish for k < k1 and k > k2,

(b) if l2 < k2, then νk2 = 0,

(c) if l1 = k1 − 1 and bl1 = −l1al1 , then νk1 = 0,

(d) bl2 > 0 whenever l2 ≥ k2 − 1,

(e) if l2 = k2, there exists δ > 0 such that

1

al2

∫ δ

0

ξ2νl2 (dξ) +
1

|bl2 |

∫ ∞

δ

ξνl2 (dξ) <
1

4
.

Then:

(i) If k1 > 1 (resp. k1 = 1), L generates a strongly continuous con-

servative semigroup on C[0,∞] (resp. not conservative semigroup on

C0[0,∞])).

(ii) The corresponding process Xx(t), where x denotes the starting

point, is stochastically monotone: the probability P(Xx(t) ≥ y) is a non-

decreasing function of x for any y.

(iii) There exists a dual process X̃(t), with generator given explicitly,

whose distribution is connected with the distribution of X(t) by the du-

ality formula

P(X̃x(t) ≤ y) = P(Xy(t) ≥ x).

Remark 40 The long list of hypotheses in Theorem 11.1.1 is made in

order to cover the most reasonable situations where either the diffusion
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(second order) term or the drift (first order) term of L dominates the

jumps and where consequently perturbation theory can be used for the

analysis of L with the jump part considered as a perturbation. A simple

example with all conditions satisfied is an operator (11.3) with a1 > 0,

aK > 0, bK > 0 and with ν1 = νK = 0.

We shall now describe the simplest natural approximation of the

Markov process X(t) by systems of interacting particles with k-ary in-

teractions, i.e. by Markov chains with generators of type (11.1), (11.2).

Let the finite measures ν̃k be defined by ν̃k(dy) = min(y, y2)νk(dy).

Let β1
k, β

2
k be arbitrary positive numbers such that β1

k−β2
k = bk and let ω

be an arbitrary constant in (0, 1). Consider the operator Gh =
∑K
k=1G

h
k

with

(Ghkf)(hn) = hkCkn
[ak
h2

(f(hn+ h) + f(hn− h)− 2f(hn))

+
β1
k

h
(f(hn+ h)− f(hn)) +

β2
k

h
(f(hn− h)− f(hn))

+

∞∑
l=[h−ω]

(
f(nh+ lh)− f(nh) + lh

f(nh− h)− f(nh)

h

)
vk(l, h)

]
,

where [h−ω] denotes the integer part of h−ω and where

vk(l, h) = max

(
1

hl
,

1

h2l2

)
ν̃k[lh, lh+ h).

Theorem 11.1.2 For any h > 0, under the assumptions of Theorem

11.1.1, there exists a unique (and hence non-explosive) Markov chain

Xh(t) on hZ+ with the generator Gh given above. If the initial point nh

of this chain tends to a point x ∈ R+ as h→ 0, then the process Xh
nh(t)

converges, as h→ 0, in distribution, to the process Xx(t) from Theorem

11.1.1.

An approximating interacting particle system for a given process on

R+ is by no means unique. The essential features of approximations

are the following: (1) k-ary interaction corresponds to pseudodifferential

generators L(x, ∂∂x ) that are polynomials of degree k in x and requires a

common scaling of order hk, (2) the acceleration of small jumps (gkm(h)

in (11.2) of order h−2 for small |m|) gives rise to a diffusion term, (3) the

slowing down of large jumps gives rise to non-local terms of the limiting

generator.

We conclude that the study of measure-valued limits of processes with
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k-ary interaction leads to the study of Feller processes having non-local

pseudo-differential generators with growing (at least polynomially, ifK is

finite) coefficients (more precisely, with polynomially growing symbols).

The extension of the above results beyond the methods of perturbation

theory and to the case of a finite number of types of interacting parti-

cles leading in the limit to processes on Rd with polynomially growing

symbols is developed in Kolokoltsov [130]. On the other hand, no serious

study seems to exist concerning an extension to an infinite number of

types and to the corresponding infinite-dimensional (actually measure-

valued) limits. An exception is the well-established development of the

theory of superprocesses. These appear as measure-valued limits of mul-

tiple branching processes that in the general scheme above correspond

to the k = 1, non-interacting case with the coefficients of the limiting

infinite-dimensional pseudo-differential generators depending linearly on

the position.

11.2 Discrete nonlinear Markov games and
controlled processes; modeling deception

The theory of controlled stochastic Markov processes has a sound place

in the literature, due to its wide applicability in practice, see e.g. Hernandez-

Lerma [95] and [96]. Here we shall touch upon the corresponding non-

linear extension just to indicate the possible directions of analysis. A

serious presentation would requite a book in itself.

Nonlinear Markov games can be considered as a systematic tool for

modeling deception. In particular, in a game of pursuit - evasion, an

evading object can create false objectives or hide in order to deceive

the pursuit. Thus, observing this object leads not to its precise loca-

tion, but to its distribution only, implying that it is necessary to build

competitive control on the basis of the distribution of the present state.

Moreover, by observing the action of the evading objects, one can make

conclusions about its certain dynamic characteristics making the (pre-

dicted) transition probabilities depending on the observed distribution

via these characteristics. This is precisely the type of situations modeled

by nonlinear Markov games.

The starting point for the analysis is the observation that a nonlin-

ear Markov semigroup is after all just a deterministic dynamic system

(though on a weird state space of measures). Thus, as the stochastic

control theory is a natural extension of the deterministic control, we are
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going to further extend it by turning back to deterministic control, but

of measures, thus exemplifying the usual spiral development of science.

The next ’turn of the screw’ would lead to stochastic measure-valued

games forming a stochastic control counterpart for the class of processes

discussed in the previous section.

We shall work directly in the competitive control setting (game the-

ory), which of course include the usual optimization as a particular case,

but for simplicity only in discrete time and finite original state space

{1, ..., n}. The full state space is then chosen as a set of probability

measures Σn on {1, ..., n}.
Suppose we are given two metric spaces U , V of the control parameters

of two players, a continuous transition cost function g(u, v, µ), u ∈ U ,

v ∈ V , µ ∈ Σn and a transition law ν(u, v, µ) prescribing the new state

ν ∈ Σn obtained from µ once the players had chosen their strategies

u ∈ U, v ∈ V . The problem of the corresponding one-step game (with

sequential moves) consists in calculating the Bellman operator

(BS)(µ) = min
u

max
v

[g(u, v, µ) + S(ν(u, v, µ))] (11.4)

for a given final cost function S on Σn. According to the dynamic

programming principle (see e.g. Bellman [27] or Kolokoltsov, Malafeev

[141]), the dynamic multi-step game solution is given by the iterations

BkS. Often of interest is the behavior of this optimal cost BkS(µ) as

the number of steps k go to infinity.

Remark 41 In game theory one often assumes (but not always) that

min, max in (11.4) are exchangeable (the existence of the value of the

game, leading to the possibility of making simultaneous moves), but we

shall not make or use this assumption.

The function ν(u, v, µ) can be interpreted as the controlled version of

the mapping Φ specifying a nonlinear discrete time Markov semigroup

discussed in Section 1.1. Assume a stochastic representation for this

mapping is chosen, i.e.

νj(u, v, µ) =

n∑
i=1

µiPij(u, v, µ)

with a given family of (controlled) stochastic matrices Pij . Then it is

natural to assume g to describe the average over the random transitions,
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i.e. be given by

g(u, v, µ) =

n∑
i,j=1

µiPij(u, v, µ)gij

with certain real coefficients gij . Under this assumption the Bellman

operator (11.4) takes the form

(BS)(µ) = min
u

max
v

[

n∑
i,j=1

µiPij(u, v, µ)gij + S

(
n∑
i=1

µiPi.(u, v, µ)

)
].

(11.5)

We can now identify the (not so obvious) place of the usual stochastic

control theory in this nonlinear setting. Namely, assume Pij above do

not depend on µ. But even then the set of the linear functions S(µ) =∑n
i=1 siµ

i on measures (identified with the set of vectors S = (s1, ..., sn))

is not invariant under B. Hence we are not automatically reduced to the

usual stochastic control setting, but to a game with incomplete infor-

mation, where the states are probability laws on {1, ..., n}, i.e. when
choosing a move the players do not know the position precisely, but

only its distribution. Only if we allow only Dirac measures µ as a state

space (i.e. no uncertainty on the state), the Bellman operator would be

reduced to the usual one of the stochastic game theory:

(B̄S)i = min
u

max
v

n∑
j=1

Pij(u, v)(gij + Sj). (11.6)

As an example of a nonlinear result we shall get here an analog of the

result on the existence of the average income for long lasting games.

Proposition 11.2.1 If the mapping ν is a contraction uniformly in

u, v, i.e. if

∥ν(u, v, µ1)− ν(u, v, µ2)∥ ≤ δ∥µ1 − µ2∥ (11.7)

with a δ ∈ (0, 1), where ∥ν∥ =
∑n
i=1 |νi|, and if g is Lipschitz continuous,

i.e.

∥g(u, v, µ1)− g(u, v, µ2)∥ ≤ C∥µ1 − µ2∥ (11.8)

with a constant C > 0, then there exists a unique λ ∈ R and a Lipschitz

continuous function S on Σn such that

B(S) = λ+ S, (11.9)
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and for all g ∈ C(Σn) we have

∥Bmg −mλ∥ ≤ ∥S∥+ ∥S − g∥, (11.10)

lim
m→∞

Bmg

m
= λ. (11.11)

Proof. Clearly for any constant h and a function S one has B(h+ S) =

h + B(S). Hence one can project B to the operator B̃ on the factor

space C̃(Σn) of C(Σn) with respect to constant functions. Clearly in the

image C̃Lip(Σn) of the set of Lipschitz continuous functions CLip(Σn)

the Lipschitz constant

L(f) = sup
µ1 ̸=µ2

|f(µ1)− f(µ2)|
∥µ1 − µ2∥

is well defined (does not depend on the choice of the representative of

an equivalence class). Moreover, from (11.7) and (11.8) it follows that

L(BS) ≤ 2C + δL(S),

implying that the set

ΩR = {f ∈ C̃Lip(Σn) : L(f) ≤ R}

is invariant under B̃ whenever R > C/(1 − δ). As by the Arzela-Ascoli

theorem, ΩR is convex and compact, one can conclude by the Shauder

fixed point principle, that B̃ has a fixed point in ΩR. Consequently there

exists a λ ∈ R and a Lipschitz continuous function S̃ such that (11.9)

holds.

Notice now that B is non-expansive in the usual sup-norm, i.e.

∥B(S1)−B(S2)∥ = sup
µ∈Σn

|(BS1)(µ)−(BS2)(µ)| ≤ sup
µ∈Σn

|S1(µ)−S2(µ)| = ∥S1−S2∥.

Consequently, for any g ∈ C(Σn)

∥Bmg −BmS∥ = ∥Bm(g)−mλ− S∥ ≤ ∥g − S∥,

implying the first formula in (11.10). The second one is its straightfor-

ward corollary. This second formula also implies the uniqueness of λ (as

well as its interpretation as the average income). The proof is complete.

One can extend the other results for stochastic multi-step games to

this nonlinear setting, say, the turnpike theorems from Kolokoltsov [125]

(see also Kolokoltsov, Malafeev [141] and Kolokoltsov, Maslov [143]), and

then go on studying the nonlinear Markov analogs of differential games,

but, as we said, we shall not pursue this theme here.
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11.3 Nonlinear quantum dynamic semigroups and
nonlinear Schrödinger equation

The Schrödinger and Heisenberg evolutions are given by the semigroups

of unitary operators in a Hilbert space. They describe closed quantum

systems not interacting with the outer world. This is of course an ide-

alization, as only the whole universe is strictly speaking closed. The

search for more realistic quantum models leads to the theory of open

systems, where the evolution is more general than unitary, but it still

has to be positive (in some not quite obvious way). Developing a proba-

bilistic interpretation of the processes underlying this kind of positivity

evolved into the field of quantum probability, where functions (classical

observables) are replaced by linear operators in Hilbert spaces and mea-

sures (mixed states) by the trace class operators, see e.g. Meyer [189] for

a general introduction to the subject. The law of large numbers for the

interacting quantum particles in this setting leads to the nonlinear quan-

tum semigroups and nonlinear quantum Markov processes. The aim of

this section is to sketch the application of the duality to the well posed-

ness problem for nonlinear quantum evolutions. In particular, we like to

demonstrate that using analogs with the methods of classical Markov

processes often suggests natural approaches to the analysis of the quan-

tum counterparts and that having a point of view aimed at nonlinear

extensions leads to useful insights even for the linear problems.

In order to be reasonably self contained (not assuming the reader

to be familiar with quantum physics), we shall start with an informal

discussion of the Schrödinger and Heisenberg dual formulations of quan-

tum mechanics and then give rigorous definitions of the basic notions

of complete positivity and of the quantum dynamic semigroups. Finally

we shall move to the main point proving a (actually rather simple) well

posedness result for the nonlinear quantum dynamics containing as triv-

ial particular cases some known results like e.g. existence for the solutions

to certain classes of the nonlinear Schrödinger equations.

We shall fix a separable complex Hilbert space H with the scalar prod-

uct being linear (resp. anti-linear) with respect to the second (resp. first)

variable. The standard norm of both vectors and bounded operators in

H will be denote by ∥.∥. Let B(H) (resp. Bc(H)) denotes for the Ba-

nach space of bounded linear operators in H (resp. its closed subspace

of compact operators), and B1(H) denotes the space of trace class op-

erators considered as a Banach space with respect to the trace norm

∥A∥1 = tr|A|, where |A| =
√
A∗A. We shall denote by Bsa(H), Bsa1 (H)
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and Bsac (H) the subspaces of self adjoint elements of B(H), B1(H) and

Bc(H) respectively.

As we care mostly about self adjoint operators, it is instructive to

recall that (due to the spectral theory for compact operators) any Y ∈
Bsac (H) has the discrete spectral representation Y v =

∑
λj(ej , v)ej ,

where (ej) form an orthonormal basis in H and λj are real numbers.

Moreover, such an operator belongs to Bsa1 (H) if and only if the sum∑∞
j=1 λj is absolutely convergent, in which case

∥Y ∥1 = tr|Y| =
∞∑
j=1

|λj|, trY =

∞∑
j=1

λj.

We shall use the basic facts about the space B1(H) that can be found

e.g. in Meyer [189] or Reed, Simon [208]. The most important fact is

that the space B(H) is the Banach dual to the space B1(H), the duality

being given explicitly by the trace tr(AB), A ∈ B(H), B ∈ B1(H). In its

turn the space B1(H) is the Banach dual to the space Bc(H) (equipped

with the usual operator norm).

Recall that an operator A ∈ H is called positive if it is self adjoint and

enjoys the inequality (v,Av) ≥ 0 for any v ∈ H. This notion specifies the

order relation in B(H) with A ≤ B meaning B−A is positive. Of crucial

importance for the theory of open system is the so called ultraweak or

normal topology in B(H), which is actually the ∗-weak topology of B(H)

as the Banach dual to B1(H). In other words, a sequence Xn ∈ B(H)

converges to X in ultraweak topology whenever tr(XnY) → tr(XY) as

n→ ∞ for any Y ∈ B1(H). By I we shall denote the unit operator.

Let us turn to quantum mechanics. In the Schrödinger picture a quan-

tum system is supposed to evolve according to the solution to the Cauchy

problem

iψt = Hψt, ψ0 = ψ, (11.12)

where H is a given (possibly unbounded) self adjoint operator in H
called the Hamiltonian or the energy operator. The unknown vectors ψt
are called the wave functions and describe the states of the quantum sys-

tem. Solution to (11.12) are given by the exponential formula (rigorously

defined via operator calculus):

ψt = exp{−iHt}ψ. (11.13)

Alternatively, in the Heisenberg picture, the operators in H, which are

called in this context observables, are supposed to evolve according to
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the Heisenberg equation

Ẋt = i[H,Xt], X0 = X, (11.14)

where [H,X] = HX − XH is the commutator. The solution to this

problem is easily seen to be given by the ’dressing’:

Xt = exp{iHt}X exp{−iHt}. (11.15)

The connection between Schrödinger and Heisenberg pictures is given

by the relation

(ψt, Xψt) = (ψ,Xtψ), (11.16)

which is a direct consequence of (11.13) and (11.15). The physical in-

terpretation of (11.16) signifies the equivalence of the Schrödinger and

Heisenberg pictures, as the physically measured quantity are not the

values of the wave function itself, but precisely the quadratic combina-

tions (ψ,Aψ) (where ψ is a vector and A an operator) that represent

the expected value of the observable A in the state ψ. In order to have

a clear probabilistic interpretation one assumes that the state vectors

ψ are normalized, i.e. ∥ψ∥ = 1. This normalization is preserved by the

evolution (11.13). Hence the state space in the Schrödiunger picture is

actually the projective space of complex lines in H.

Mathematically equation (11.16) is the duality relation between states

and obervables being the quantum counterpart of the usual linear dual-

ity between measures and functions in Markov processes. However, this

analog is in disguise in (11.16), as the expression on the l.h.s. is quadratic

with respect to the state. This apparent difference disappears in a more

fundamental formulation of the Schrödinger picture. In this new formu-

lation the states of a quantum system are represented not by vectors,

but rather by positive normalized trace class operators that in physical

literature are often referred to as density matrices, i.e. they form the

convex set

{A ∈ B1(H) : A ≥ 0, ∥A∥1 = trA = 1}. (11.17)

The evolution of the states is now supposed to be given by the equation

Ẏt = −i[H,Yt], Y0 = Y. (11.18)

It is clear that equation (11.14) is dual to the equation (11.18) with

the respect to the usual duality given by the trace, implying the relation

tr(YtX) = tr(YXt) (11.19)
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for their solutions.

Notice now that for any vectors ψ, ϕ ∈ H the operator ψ⊗ ϕ, that by

definition acts in H as (ψ ⊗ ϕ)v = (ϕ, v)ψ, is a one-dimensional trace

class operator. In particular, the operators of the form ψ ⊗ ψ̄ belong

to the set (11.17) for any normalized ψ. To distinguish this class of

density matrices the states of the type ψ ⊗ ψ̄ are called pure states,

while the others are called mixed states (in classical probability a pure

state is given by a Dirac point mass). As in classical probability the

pure states are (the only) extremal points for the state space (11.17).

From the spectral representation for self adjoint elements of Bc(H) (and

the possibility to represent any element as a linear combination of two

self adjoint) it follows that the linear combinations of the operators of

type ψ ⊗ ψ̄ are dense both in B1(H) and in Bc(H) (taken with their

respective Banach topologies). In particular, convex linear combinations

of pure states are dense in the set (11.17) of all density matrices.

It is straightforward to see that if ψt satisfies (11.12), then the family

of the one-dimensional operators ψt⊗ ψ̄t satisfies equation (11.18). Thus

the duality (11.16) is a particular case of (11.19) for pure states.

The following extends on the correspondence between the normaliza-

tion of vectors and density matrices.

In the theory of open quantum system evolution of states and ob-

servables is not unitary, but it has to satisfy rather strong positivity

condition: not only it has to be positive, i.e. to take positive operators

to positive operators, but it also has to remain positive when coupled to

another system. Not going into detail of the physical interpretation (see

however remark below), let us give only the most transparent mathe-

matical definition. A bounded linear map Φ : B(H) → B(H) is called

completely positive if for all n ∈ N and all sequences (Xj)
n
j=1, (Yj)

n
j=1

of the elements of B(H) one has

n∑
i,j=1

Y ∗
i Φ(X

∗
i Xj)Yj ≥ 0. (11.20)

Remark 42 It is not difficult to show that a bounded linear map Φ :

B(H) → B(H) is completely positive if and only if it is positive (takes

positive operators to positive operators) and for any n ∈ N the linear

mapping of the space Mn(B(H)) of B(H)-valued n×n matrices given by

A = (aij) 7→ Φn(A) = (Φaij)

is a positive mapping in Mn(B(H)) = B(H ⊗ Cn). This property for-

malizes the underlying physical intuition indicated above. It also makes
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obvious that the composition of any two completely positive maps is again

completely positive. On the other hand, definition (11.20) yields the con-

nection with the notion of positive definite functions and kernels, see e.g.

Holevo [100] for the full story.

Remark 43 We are working in the simplest noncommutative case

of the evolutions in B(H). Generally quantum evolutions act in C∗-

algebras, which can be inserted in B(H) as closed subalgebras. Definition

(11.20) is straightforwardly extendable to this setting. The classical prob-

ability setting fits into this model, when the corresponding C∗ -algebra

is commutative. Any such algebra can be realized as the algebra C(K) of

bounded continuous functions on a compact space K, which clearly can

be considered as the algebra of the multiplication operators in L2(K,µ),

where the Borel probability measure µ on K is strictly positive on any

open subset of K. In this case complete positivity coincides with the usual

notion of positivity.

The well known Stinespring theorem gives the full description of com-

pletely positive maps between C∗-algebra. When applied to B(H) it

states that any completely positive bounded linear map Φ : B(H) 7→
B(H) has the form

Φ(X) =

∞∑
i=1

V ∗
i XVi, (11.21)

where all Vi and the sum
∑∞
i=1 V

∗
i Vi belong to B(H), see e.g. Davies [57]

for a proof.

The following definition is fundamental. A quantum dynamical semi-

group in B(H) is a semigroup of completely positive linear contractions

Φt, t ≥ 0, in B(H) such that

1. Φt(I) ≤ I,

2. all Φt are normal (i.e. are ultraweakly continuous mappings),

3. Φt(X) → X ultraweakly as t→ 0 for any X ∈ B(H).

Such a semigroup is called conservative if Φt(I) = I for all t.

Remark 44 One can show that the last condition (together with the

positivity assumption) implies an apparently stronger condition that Φt(X) →
X strongly as t → 0 for any X ∈ B(H). This is however still not the

strong continuity of the semigroup Φt (so familiar in the theory of Feller

processes) which would mean that Φt(X) → X in the norm topology as

t→ 0 for any X ∈ B(H).
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The crucial Lindblad theorem (see [165]) states that if a dynamic semi-

group is norm continuous and hence has a bounded generator L, then

such an L has the form

L(X) = Ψ(X)− 1

2
(Ψ(I)X +XΨ(I)) + i[H,X], (11.22)

where H is a self adjoint element of B(H) and Ψ is a completely positive

mapping in B(H). Vice versa, a bounded operator of type (11.22) gener-

ates a norm continuous dynamic semigroup. In view of the Stinespring

theorem, one can further specify (11.22) writing it in the form

L(X) =

∞∑
j=1

(
V ∗
j XVj −

1

2
(V ∗
j VjX +XV ∗

j Vj)

)
+ i[H,X], (11.23)

where Vi,
∑∞
i=1 V

∗
i Vi ∈ B(H). A straightforward manipulation shows

that the corresponding dual evolution on B1(H) (Schrödinger picture)

is the semigroup with the generator

L′(Y ) = Ψ′(X)− 1

2
(Ψ(I)Y + YΨ(I))− i[H,Y ], (11.24)

or respectively

L′(Y ) =
1

2

∞∑
j=1

(
[VjY, V

∗
j ] + [Vj , Y V

∗
j ]
)
− i[H,Y ], (11.25)

where L′ here (and in what follows) denotes the dual operator with

respect to the usual pairing given by the trace.

The concrete physically motivated generators have often form (11.22)

or (11.23), but with unbounded Ψ, or Vi, or H. In this case the existence

of the corresponding semigroup is not at all obvious. There is an exten-

sive literature on the construction and properties (say, conservativity)

of such dynamic semigroups from a given formal unbounded generator

of type (11.22), see e.g. [48] or [50] and references therein. On the other

hand, from papers [21], [22], which are devoted to the quantum analogs

of the procedures described in Section 1.3, it became clear how naturally

the nonlinear counterparts of dynamic semigroups appear as the law of

large numbers or the mean field limit for quantum interacting particles.

Namely one is led to the nonlinear equation of the form

Ẏt = L′
Y (Y ) =

1

2

∞∑
j=1

(
[Vj(Y )Y, V ∗

j (Y )] + [Vj(Y ), Y V ∗
j (Y )]

)
−i[H(Y ), Y ].

(11.26)
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in B1(H), where the operators Vi and H depend additionally on the

current state Y .

The aim of this section is to give a well posedness result for such an

equation yielding automatically the existence of the corresponding non-

linear quantum dynamic semigroup in B1(H). We shall consider a simple

situation when the unbounded part of the generator is fixed, i.e. it does

not depend on the state (see however remarks below). Our strategy

would be the same as in the above analysis of nonlinear Lévy processes.

Namely we shall work out a regular enough class of time nonhomoge-

neous problems that can be used in the fixed point approach to nonlinear

situations. But first let us fix a class of simple nonhomogeneous models

with an unbounded generator, where the resulting semigroup is strongly

continuous. A fruitful additional idea (suggested by analogy with the

classical case) is to concentrate on the analysis of the semigroup gener-

ated by (11.22) in the space Bc(H), where finite-dimensional projectors

are dense. Then the evolution of states in B1(H) generated by (11.24)

acts in the dual space.

Let us fix a (possibly unbounded) self adjoint operator H0 in H and a

dense subspace D of H that is contained in the domain of H0. Assume

further that D itself is a Banach space with respect to the norm ∥.∥D ≥
∥.∥, that H0 has a bounded norm ∥H0∥D→H as an operator D → H and

that the exponents exp{iH0t} are bounded in D. Let D′ denotes the

Banach dual of D so that by duality H is naturally embedded in D′ and

H0 is a bounded operator H 7→ D′ with the norm

∥H0∥H→D′ ≤ ∥H0∥D→H.

The basic example to have in mind is that of H0 being the Laplacian

∆ in H = L2(Rd) with the space D being the Sobolev space of functions

from L2(Rd) with the generalized second derivative also from L2(Rd)

and with D′ being the corresponding dual Sobolev space.

Let Dsa
c (H) be the subspace of Bc(H) consisting of self adjoint oper-

ators P with the image contained in D and with the finite norm

∥P∥Dc(H) = ∥P∥H→D = sup{∥Pv∥D : ∥v∥ = 1}.

Equipped with this norm Dsa
c (H) clearly becomes a (real) Banach space.

On the other hand, with respect to the usual operator topology the space

Dsa
c (H) is dense in the subspace of self adjoint elements of Bc(H) (the

linear combinations of the one-dimensional operators of the type ψ ⊗ ψ̄

with ψ ∈ D are already dense). Again by duality any element of Dsa
c (H)

extends to the bounded operator D′ → H (that we shall consistently
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denote by the same letter P ) with the norm

∥P∥D′→H ≤ ∥P∥Dc(H).

Proposition 11.3.1 (i) Let

H = H0 +W,

W and all Vi belong to B(H), W is self adjoint and
∑∞
i=1 ∥Vi∥2 < ∞.

Then the operator (11.23) generates a strongly continuous semigroup Φt
of completely positive contractions in Basc (H) and the operator (11.25)

generates the strongly continuous semigroup Φ′
t of completely positive

contractions in Bas1 (H).

(ii) Assume additionally that W and all Vi are also bounded operators

in the Banach space D with
∑∞
i=1 ∥Vi∥2D < ∞. Then the space Das

c (H)

is an invariant core for Φt in Basc (H) and Φt is a bounded semigroup of

linear operators in the space Das
c (H) equipped with its Banach topology.

Proof (i) As we aim at applying perturbation theory let us rewrite

operators (11.23) and (11.25) in the forms

L(X) = i[H0, X] + L̃(X),

L′(Y ) = −i[H0, X] + L̃′(Y ).

As one easily sees, under the assumptions (i) of the theorem the op-

erators L̃ and L̃′ are bounded in Basc (H) and Bas1 (H) (equipped with

their respective Banach norms) and hence by the perturbation theory

(see Theorem 2.1.2) it is enough to prove (i) for vanishing Vi,W . Thus

one needs to show the strong continuity for the contraction semigroups

specified by the equations Ẋ = i[H,X] and Ẏ = −i[H,Y ] in Basc (H) and

Bas1 (H) respectively. In both cases it is enough to prove this strong con-

tinuity for one-dimensional operators ϕ⊗ ϕ̄ only, as their combinations

are dense. In case of the second evolution above one has

∥e−iH0t(ϕ⊗ ϕ̄)eiH0t − ϕ⊗ ϕ̄∥1

= (e−iH0tϕ− ϕ)⊗ eiH0tϕ̄+ ϕ⊗ (eiH0tϕ̄− ϕ̄) ≤ 2∥e−iH0tϕ− ϕ∥,

where we used Exercise 11.3.1. Similarly for the first one.

(ii) For vanishing Vi, W the statement follows from the explicit for-

mula for solutions and the assumption that the operators exp{iH0t}
are bounded in D and hence by duality also in D′. In order to get the

required statement in general situation from the perturbation theory

(Theorem 2.1.2) one needs to show that L̃ is bounded as the operator in
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Das
c (H). But this holds true, because the multiplication of X ∈ Das

c (H)

from the right or from the left by an operator that is bounded both in

D and H is a bounded operator in Das
c (H).

The following extension of Proposition 11.3.1 to a nonhomogeneous

situation is straightforward and we shall omit the proof, which requires

now the use of Theorem 2.1.3 instead Theorem 2.1.2.

Proposition 11.3.2 Under the same assumptions on H0 as above

assume that

Ht = H0 +W (t),

W (t) and all Vi(t), V
′
i (t) belong to both B(H) and B(D) (the latter equipped

with its Banach topology), depend on t strongly continuous in the opera-

tor topologies of B(H) and B(D), alsoW (t) ∈ Bsa(H) and
∑∞
i=1 ∥Vi(t)∥2D→D <

∞ uniformly for t from compact intervals. Then the family of the oper-

ators

Lt(X) = i[Ht, X]+

∞∑
j=1

(
V ∗
j (t)XVj(t)−

1

2
(V ∗
j (t)Vj(t)X +XV ∗

j (t)Vj(t))

)
(11.27)

generates a strongly continuous backward propagator Us,t of completely

positive contractions in Basc (H) such that the space Das
c (H) is invariant,

the operators Us,t reduced to Das
c (H) are bounded and for any t ≥ 0 and

X ∈ Das
c (H) the function Us,tY is the unique solution in Das

c (H) of the

inverse Cauchy problem

d

ds
Us,tY = Ls(U

s,tY ), s ≤ t, U t,t = Y,

where the derivative is understood in the sense of the norm topology of

B(H).

We can now obtain the main result of this section.

Theorem 11.3.1 Let H0 be as in Proposition 11.3.1. Assume that to

any density matrix Y , i.e. an operator Y from the set (11.17) there cor-

respond the linear operators W (Y ) and Vi(Y ), i = 1, 2, ..., that all belong

to both B(H) and B(D) (the latter equipped with its Banach topology) in

such a way that

∥Z(Y1)− Z(Y2)∥+ ∥Z(Y1)− Z(Y2)∥D ≤ c sup
∥P∥Dc(H)≤1

|tr((Y1 −Y2)P)|
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for Z being W , all Vi and
∑
V ∗
i Vi. If

Ht = H0 +W (Y ),

then the Cauchy problem for the equation (11.26) is well posed in the

sense that for an arbitrary Y ∈ Bsa1 (H) there exists a unique weak solu-

tion Yt = Tt(Y ) ∈ Bsa1 (H) with ∥Tt(Y )∥ ≤ ∥Y ∥ to (11.26), i.e.

d

dt
tr(PYt) = tr(LYt(P)Yt), P ∈ Dsa

c (H).

The function Tt(Y ) depends continuously on t and Y in the norm topol-

ogy of the dual Banach space (Dsa
c (H))′.

Proof It is the same as the proof of Theorem 7.1.1. In fact, it is a

direct consequence of the abstract well-posedness Theorem 2.1.6 and

Proposition 11.3.2.

The solution Tt(Y ) of the above theorem specifies a nonlinear quantum

dynamic semigroup.

If all Vi(Y ) vanish in (11.26) reducing the situation to unitary evolu-

tions, Theorem 11.3.1 is just an abstract version of the well known well

posedness results for nonlinear Schrödinger equations with potential de-

pending continuously on the averages of some bounded operators in the

current state, see e.g. Maslov [175], Hughes, Kato, Marsden [102], Kato

[118]. The case of bounded H(Y ), Vi(Y ) depending analytically on Y

was analyzed in Belavkin [21], [22].

Remark 45 Theorem 11.3.1 can be extended in many directions. For

instance, instead of a fixed H0 one might well consider the family H0(Y )

as long the subspace D remains fixed. One could possibly extend the

general condition for the existence and conservativity of linear dynamic

semigroups from Chebotarev, Fagnola [49], [50] to the nonlinear setting.

Once the well posedness of the nonlinear dynamic semigroup is proven,

one can start the analysis of the corresponding quantum mean fields

limits for quantum interacting particles, similar to the corresponding

analysis in the setting of classical statistical physics developed further in

this book.

The following useful fact establish the correspondence between the

normalization of vectors and density matrices.

Exercise 11.3.1 Show that ∥ψ ⊗ ϕ∥1 = ∥ψ∥∥ϕ∥ for any ψ, ϕ ∈ H.

Hint: this is a two-dimensional fact, where the calculation of traces is

explicit.
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The next exercise stresses a similarity of quantum generators with the

classical Markov ones.

Exercise 11.3.2 Show that the operator L and L′ in (11.23) and

(11.25) are conditionally positive in the sense that if X (resp. Y ) is

positive and (Xv, v) = 0 (resp. (Y v, v) = 0) for a vector v ∈ H, then

(L(X)v, v) ≥ 0 (resp. (L′(Y )v, v) ≥ 0). Hint: use the fact (that follows

e.g. from spectral representation) that for a positive X one has Xv = 0

if and only if (Xv, v) = 0.

The final exercise shows the crucial difference with the analysis of Φt
in the whole space B(H).

Exercise 11.3.3 Show that the semigroup of the equation Ẏ = i[H,Y ]

with a self adjoint H may not be strongly continuous in B(H). Hint:

choose H with the discrete spectrum {n2}∞n=1 and the initial Y to be the

shift ei 7→ ei+1 operator on the corresponding orthonormal basis.

11.4 Curvilinear Ornstein-Uhlenbeck processes
(linear and nonlinear) and stochastic geodesic

flows on manifolds

This section is devoted to the examples of stochastic flows on mani-

folds. It is meant for the readers that have no objection to a stroll on a

curvilinear ground.

Remark 46 The differential geometry used here is minimal. In fact,

one only needs to have in mind that a compact d-dimensional Rieman-

nian manifold (M, g) is a compact topological spaceM such that a neigh-

borhood of any point has a coordinate system, i.e. is homeomorphic to an

open subset of Rd, and the Riemannian metric g in local coordinates x

is described by positive d×d matrix-valued function g(x) = (gij(x))
d
i,j=1,

which under the change of coordinates x 7→ x̃ transforms as

g(x) 7→ g̃(x̃) =

(
∂x

∂x̃

)T
g(x(x̃))

∂x

∂x̃
. (11.28)

Matrices enjoying this transformation rule are called (0, 2)-tensors. The

tangent space to M at a point x is defined as the d-dimensional linear

space of the velocity vectors ẋ at x of all smooth curves x(t) in M pass-

ing through x with the inner (or scalar) product defined by g, i.e. being

given by (ẋ1, g(x)ẋ2). Cotangent space T
⋆
xM at x is defined as a space
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of linear forms on TxM . Vectors from T ⋆xM are often called co-vectors.

The mapping

ẋ 7→ p = g(x)ẋ

defines the canonical isometry between tangent and cotangent spaces,

the corresponding distance on T ⋆xM being defined as (G(x)p1, p2), where

G(x) = g−1(x). It is clear (first by the differentiation chain rule for

tangent vectors and then via the above isomorphism for co-vectors) that

under the change of coordinates x 7→ x̃ the tangent and cotangent vectors

transform as

ẋ 7→ ˙̃x =

(
∂x̃

∂x

)
ẋ, p 7→ p̃ =

(
∂x

∂x̃

)T
p.

This implies in particular that the products (ẋ1, g(x)ẋ2) and (p1, G(x)p2)

are invariant under the change of coordinates and that the form (detG(x))1/2dp

is the invariant Lebesgue volume in T ⋆xM . The tangent (resp. cotangent)

bundle TM (resp. T ⋆M) is defined as the union of all tangent (cotan-

gent) spaces.

Finally, it is important to have in mind that any Riemannian manifold

(M, g) can be isometrically embedded to Euclidean space Rn (of possibly

higher dimension) via a smooth mapping r :M 7→ Rn (in old definitions,

the manifolds were defined simply as the images of such an embedding),

in which case the vectors ∂r
∂xi , i = 1, ..., d, form a basis in the tangent

space TxM such that for all i, j = 1, ..., d

(
∂r

∂xi
,
∂r

∂xj
) = gij . (11.29)

Recall that for a smooth function H on R2d the system of ODE
ẋ =

∂H

∂p

ṗ = −∂H
∂x

(11.30)

is called the Hamiltonian system with the Hamiltonian function (or just

the Hamiltonian) H. In particular, the Newton system of classical me-

chanics 
ẋ = p

ṗ = −∂V
∂x

(11.31)

is the Hamiltonian system with H(x, p) = p2/2 + V (x), where the func-

tion V is called the potential or the potential energy and p2/2 is inter-
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preted as the kinetic energy. The free motion corresponds of course to

the case of vanishing V .

More general Hamiltonians H appear in many situations, in particu-

lar when considering mechanical systems on a non flat space, i.e. on a

manifold. For instance, the analog of the free motion ẋ = p, ṗ = 0 on a

Riemannian manifold (M, g) is called the geodesic flow on M and is de-

fined as the Hamiltonian system on the cotangent bundle T ⋆M specified

by the Hamiltonian

H(x, p) =
1

2
(G(x)p, p), G(x) = g−1(x), (11.32)

(describing again the kinetic energy, but in a curvilinear space) the

geodesic flow equations being
ẋ = G(x)p

ṗ = −1

2
(
∂G

∂x
p, p)

(11.33)

The solutions to this system (or more often their projections on M) are

called the geodesics on M .

In physics, stochastics often appears as a model of heat bath obtained

by adding a homogeneous noise to the second equation of a Hamiltonian

system, i.e. by changing (11.30) to
ẋ =

∂H

∂p

dp = −∂H
∂x

dt+ dYt,

(11.34)

where Yt is a Lévy process. In the most studied models Yt stands for the

BM with the variance proportional to the square root of the temperature.

To balance the energy pumped into the system by the noise, one often

adds friction to the system, i.e. a non conservative force proportional to

the velocity. In case of initial free motion this yields the system{
ẋ = p

dp = −αp dt+ dYt
(11.35)

with a nonnegative matrix α, called the Ornstein-Uhlenbeck (OU) sys-

tem driven by the Lévy noise Yt. Especially well studied are the cases

when Yt is BM or a stable process (see e.g. Samorodnitski, Taqqu [220]).

We aim at the construction of their curvilinear analogs.

If a random force is not homogeneous, as should be the case on a

manifold or in a nonhomogeneous media, one is led to consider Yt in
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(11.34) to be a process depending on the position x leading naturally to

the Lévy processes depending on a parameter studied in this chapter. In

particular, the curvilinear analog of the OU system (11.35) is the process

in T ⋆M specified by the equation
ẋ =

∂H

∂p

dp = −∂H
∂x

dt− α(x)p dt+ dYt(x)

(11.36)

where H is given by (11.32). Assuming for simplicity that all Yt are zero

mean Lévy processes with the Lévy measure being absolutely continuous

with respect to the invariant Lebesgue measure on T ⋆xM and having

finite outer first moment (
∫
|y|>1

|y|ν(dy) < ∞), the generator of Yt can

be written in the form

LxY f(p) =
1

2
(A(x)∇,∇)f(p)+

∫
[f(p+q)−f(p)−∇f(p)q] (detG(x))

1/2dq

ω(x, q)

with a certain positive ω(x, q). Hence the corresponding full generator

of the process given by (11.36) has the form

Lf(x, p) =
∂H

∂p

∂f

∂x
− ∂H

∂x

∂f

∂p
− (α(x)p,

∂f

∂p
)

+
1

2
tr

(
A(x)

∂2f(x,p)

∂p2

)
+

∫
[f(x,p+q)−f(x,p)−∂f(x,p)

∂p
q]
(detG(x))1/2dp

ω(x,p)
.

(11.37)

Of course in order to have a true system on a manifold, this expression

should be invariant under the change of coordinate, which requires cer-

tain transformation rules for the coefficient α,A, ω. This issue is settled

in the next statement.

Proposition 11.4.1 Operator (11.37) is invariant under the change

of coordinates

x 7→ x̃, p 7→ p̃ =

(
∂x

∂x̃

)T
p,

if and only if ω is a function on T ⋆M , α is (1, 1)-tensor and A is a
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(0, 2)-tensor, i.e.

ω̃(x̃, p̃) = ω(x(x̃), p(x̃, p̃)),

α̃(x̃) =

(
∂x

∂x̃

)T
α(x(x̃))

(
∂x̃

∂x

)T
,

Ã(x̃) =

(
∂x

∂x̃

)T
A(x(x̃))

∂x

∂x̃
.

(11.38)

Proof Let U denote the functional transformation

Uf(x, p) = f(x̃(x), p̃(x, p)) = f

(
x̃(x),

(
∂x

∂x̃

)T
p

)
.

We have to show U−1LU = L̃, where

L̃f(x̃, p̃) =
∂H

∂p̃

∂f

∂x̃
− ∂H

∂x̃

∂f

∂p̃
− (α̃(x̃)p̃,

∂f

∂p̃
)

+
1

2
tr

(
Ã(x̃)

∂2f(x̃, p̃)

∂p̃2

)
+

∫
[f(x̃, p̃+q̃)−f(x̃, p̃)−∂f(x̃, p̃)

∂p̃
q̃]
(det G̃(x̃))1/2dq̃

ω̃(x̃, q̃)
.

The invariance of the part containing H is known (geodesic flow is well

defined). Thus it is sufficient to analyze the case H = 0. Consider the

integral term Lint. One has

LintUf(x, p) =

∫
[f(x̃(x),

(
∂x

∂x̃

)T
(p+ q)− f(x̃,

(
∂x

∂x̃

)T
p)

−∂f(x̃(x), p̃(x, p))
∂p̃

(
∂x

∂x̃

)T
q]
(detG(x))1/2dq

ω(x, q)
,

and

U−1LintUf(x̃, p̃)

=

∫
[f

(
x̃, p̃+

(
∂x

∂x̃

)T
q

)
−f(x̃, p̃)−∂f(x̃, p̃)

∂p̃

(
∂x

∂x̃

)T
q]
(detG(x(x̃)))1/2dq

ω(x(x̃), q)

=

∫
[f(x̃, p̃+ z)− f(x̃, p̃)− ∂f(x̃, p̃)

∂p̃
z]

(det G̃(x̃))1/2dz

ω(x(x̃),
(
∂x̃
∂x

)T
z)
,

since, due to (11.28),

(det G̃(x̃))1/2 = det

(
∂x̃

∂x

)
[detG(x(x̃))]1/2.
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This implies the first equation in (11.38). The other two formulas are

obtained similarly.

Exercise 11.4.1 Prove the last two formulas in (11.38).

In particular, if one is interested in processes depending only on the

Riemannian structure it is natural to take the metric tensor g as the

tensor A and the function ω to be a function of the energy H; the tensor

α can be taken as the product g(x)G(x). For instance (11.36) defines

the curvilinear OU process (or stochastic geodesic flow in case α = 0) of

diffusion type if Yt has the generator

LxY f(p) =
1

2
(g(x)∇,∇)f(p)

and of the β- stable type, β ∈ (0, 2), if Yt has the generator

LxY f(p) =

∫
[f(p+ q)− f(p)−∇f(p)q] (detG(x))

1/2dq

(q,G(x)q)(β+1)/2
.

Theorem 11.4.1 If the Riemannian metric g is twice continuously dif-

ferentiable, the stochastic system (11.36) with either diffusive or β-stable

Yt and with either α = 0 or α = gG has a unique solution specifying a

Markov process in T ⋆M .

Proof By localization it is enough to show the well posedness for the

stopped process in a cylinder U × Rd for any coordinate domain U ⊂
M . By Proposition 11.4.1 the system is invariant under the change of

coordinate. Finally by Theorem 3.2.1 the process is well defined in U ×
Rd. Namely, by perturbation theory one reduces the discussion to the

case of Lévy measures with a bounded support, and in this case the

coupling is given explicitly by Corollary 4.

An alternative way to extend OU processes to manifolds is via em-

bedding to Euclidean spaces. Namely, observe that one can write dYt =
∂
∂xxdYt in Rn meaning that adding a Lévy noise force is equivalent

to adding the singular nonhomogeneous potential −xẎt (position mul-

tiplied by the noise) to the Hamiltonian function. Assume now that a

Riemannian manifold (M, g) is embedded to the Euclidean space Rn via

a smooth mapping r : M 7→ Rn and that the random environment in

Rn is modeled by the Lévy process Yt. The position of a point x in Rn

is now r(x) so that the analog of xYt is the product r(x)Yt, and the term
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Yt from (11.34) should have as the curvilinear modification the term(
∂r

∂x

)T
dYt = {

n∑
j=1

∂rj

∂xi
dY jt }di=1,

that yields the projection of the ’free noise’ Yt on the cotangent bundle

to M at x (by (11.29)). In particular, the stochastic (or stochastically

perturbed) geodesic flow induced by the embedding r can be defined by

the stochastic system
ẋ = G(x)p

dp = −1

2
(
∂G

∂x
p, p)dt+

(
∂r

∂x

)T
dYt

(11.39)

which represents simultaneously the natural stochastic perturbation of

the geodesic flow (11.33) and the curvilinear analog of the stochastically

perturbed free motion ẋ = p, dp = dYt.

Proposition 11.4.2 Let g(x) and r(x) be twice continuously differen-

tiable mappings and Yt a Lévy process in Rn specified by its generator

LY f(x) =
1

2
(A∇,∇)f(x)+(b,∇f(x))+

∫
(f(x+y)−f(x)−(∇f(x), y))ν(dy)

with
∫
min(|y|, |y|2)ν(dy) <∞ (the latter assumptions is made for tech-

nical simplification, extension to arbitrary Lévy processes is not dif-

ficult). Then the stochastic geodesic process is well defined by system

(11.39) and represents a Markov process in T ⋆M .

Proof The generator L of the process specified by (11.39) has the form

L = L1 + L2 + L3 with

L1f(x, p) = (G(x)p,
∂f

∂x
)− 1

2
(
∂G

∂x
(x)p, p)

∂f

∂p

L2f(x, p) =
1

2
tr

((
∂r

∂x

)T

A
∂r

∂x
∇2f)

)
+ (

(
∂r

∂x

)T

b,
∂f

∂p
)

L3f(x, p) =

∫
[f(x, p+

(
∂r

∂x

)T
q)− f(x, p)− ∂f

∂p
(x, p)

(
∂r

∂x

)T
q]ν(dq).

The invariance is now checked as in Proposition 11.4.1. In particular, for

an integral operator

Af(x, p) =

∫
[f(x, p+ ω(x)q)− f(x, p)− ∂f

∂p
(x, p)ω(x)q]ν(dy)
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one shows that U−1AU = Ã if and only if

ω̃(x̃) =

(
∂x

∂x̃

)T
ω(x(x̃)),

i.e. the columns of the matrix ω are (co)vectors in T ⋆xM . The remaining

proof is the same as in Theorem 11.4.1. We omit the details.

Notice that the process defined by system (11.39) depends on the

embedding. However, if the free process Yt is a BM, i.e. if ν = 0, b = 0

and A is the unit matrix, the generator L becomes

Lf(x, p) = (G(x)p,
∂f

∂x
)− 1

2
(
∂G

∂x
(x)p, p)

∂f

∂p
+

1

2
tr
(
g(x)∇2f)

)
,

which does not depend on embedding and coincides with the diffusive

geodesic flow analyzed in Theorem 11.4.1.

One can now obtain the well posedness of nonlinear curvilinear Ornstein-

Uhlenbeck processes or geodesic flows. Consider, say, a corresponding

nonlinear system that arises from potentially interacting flows from The-

orem 11.4.1, namely the system
Ẋt =

∂H

∂p
(Xt, Pt)

dPt = −∂H
∂x

(Xt, Pt) dt−
∫
∂V (Xt, y)

∂x
LXt(dy)− α(Xt)Pt dt+ dYt(Xt)

(11.40)

where H(x, p) = (G(x)p, p)/2, V (x, y) is a smooth function on the man-

ifold M and Lξ means the law of ξ.

Theorem 11.4.2 Suppose the ’interaction potential’ V is smooth and

other coefficients of this stochastic system satisfy the assumptions of

Theorem 11.4.1 and are also three times continuously differentiable.

Then its solution Xt, Pt is well defined for any initial distribution X0, P0.

Proof Again follows from Theorem 2.1.6 and a straightforward nonho-

mogeneous extension of Theorem 11.4.1, taking in account the Regular-

ity Theorem 3.5.1.

Exercise 11.4.2 Obtain the corresponding nonlinear version of The-

orem 4.4.2.
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11.5 The structure of generators

This section is devoted to the structure of the infinitesimal generators of

positivity preserving nonlinear evolutions on measures. In particular, it

is shown that the general class of evolutions obtained above as the LLN

limit for interacting particles, at least for polynomial generators, also

arises naturally just from the assumption of positivity of the evolution (a

nonlinear version of Courrrége theorem). The case of bounded operators

was discussed in Section 6.8.

Here we shall deal with nonlinear analogs of (6.1):

d

dt
(g, µt) = Ω(µt)g, (11.41)

which holds for g from a certain dense domain D of C(Rd), where Ω is

a nonlinear transformation from a dense subset of M(X) to the space

of linear functionals on C(X) with a common domain containing D.

In section 6.8 the case of bounded generators was discussed. Here

we deal with the general situation. We shall start with an appropriate

extension the notion of conditional positivity.

Suppose D is a dense subspace of C∞(X) and K is a closed subset

of X. We shall say that a linear form A : D 7→ R is K-conditionally

positive if A(g) ≥ 0 whenever g ∈ D is non-negative and vanishes in K.

The following obvious observation yields a connection with the standard

notion of conditionally positivity. A linear operator A : D 7→ B(X)

is conditionally positive if the linear form Ag(x) is {x}-conditionally
positive for any x ∈ X. The motivation for introducing K-conditional

positivity is given by the following simple but important fact.

Proposition 11.5.1 If the solutions to the Cauchy problem of (6.2)

are defined at least locally for initial measures µ from a subset M ⊂
M(X) (so that (6.2) holds for all g ∈ D) and preserve positivity, then

Ω(µ) is supp(µ)-conditionally positive for any µ ∈ M . In this case we

shall say shortly that Ω(µ) is conditionally positive in the class M .

Proof Let a non-negative g ∈ D be such that g|K = 0 for K = supp(µ).

Then (g, µ) = 0, and consequently the condition of positivity preserva-

tion implies d
dt (g, µt) |t=0= Ω(µ)g ≥ 0.

Of special interest are evolutions with the classes of initial measures

containing the setM+
δ (X) of finite positive linear combinations of Dirac’s

measures (in probabilistic setting this allows to start a process at any

fixed point). As a consequence of Courrége’s Theorem, one obtains the
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following characterization of conditional positivity for any fixed measure

from M+
δ (X).

Proposition 11.5.2 Suppose X = Rd and the space D from the defi-

nition above contains C2
c (X). If a linear operator A is x = {x1, . . . , xm}-

conditionally positive, then

A(g) =

m∑
j=1

[
cjg(xj) + (bj ,∇)g(xj) +

1

2
(Gj∇,∇)g(xj)

+

∫
(g(xj + y)− g(xj)− 1B1

(y)(y,∇)g(xj))ν
j(dy)

]
(11.42)

for g ∈ C2
c (X), where Gj are positive definite matrices and νj are Lévy

measures.

Proof Let us choose a partition of unity as a family of n non-negative

functions χi ∈ C2
c (X), i = 1, . . . , n, such that

∑m
i=1 χi = 1 and each χi

equals one in a neighborhood of xi (and consequently vanishes in a neigh-

borhood of any other point xl with l ̸= i). By linearity A =
∑m
i=1Ai with

Ajg = A(χjg). Clearly each functional Aig is xi-conditionally positive.

Hence applying a “fixed point version” (see Remark 12) of the Courrège

theorem to each Ωi, one obtains representation (11.42).

Let Ω be a mapping fromM(Rd) to linear forms (possibly unbounded)

in C(Rd) with a common domain D containing C2
c (R

d) such that Ω(µ)

is conditionally positive in M+
δ (R

d). Assume that Ω(0) = 0 and that

Ω(µ)g is continuously differentiable in µ for g ∈ D in the sense that the

variational derivative of Ω(µ;x)g is well defined, is continuous in x and

weakly continuous in µ (see Lemma 12.6.1 for variational derivatives).

Then

Ω(µ)g =

(∫ 1

0

δΩ

δµ
(sµ; ·)g ds, µ

)
,

i.e. equation (6.2) rewrites as

d

dt
(g, µt) = (A(µt)g, µt) = (g,A∗(µt)µt), (11.43)

with some linear operator A(µ) depending on µ. As we saw in the previ-

ous chapter, this form of nonlinear equation arises from the mean field
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approximation to interacting particle systems, where

A(µ)g(x) = c(x, µ)g(x) + (b(x, µ),∇)g(x) +
1

2
(G(x, µ)∇,∇)g(x)

+

∫
(g(x+ y)− g(x)− 1B1(y)(y,∇)g(x))ν(x, µ; dy), (11.44)

c, b,G, ν depend continuously on µ and x, each G is a non-negative

matrix, each ν is a Lévy measure.

We shall show that conditional positivity forces A(µ) from (6.1) to

have form (11.44) assuming additionally that the linearity Ω is polyno-

mial, i.e. when the equation has the form

d

dt
(g, µt) =

K∑
k=1

∫
· · ·
∫
(Akg)(x1, . . . , xk)µt(dx1) · · ·µt(dxk), (11.45)

where each Ak is a (possibly unbounded) operator from a dense subspace

D of C∞(X) to the space Csym(Xk) of symmetric continuous bounded

functions of k variables from X.

Specifying the definition of conditional positivity to this case, we shall

say that a linear map

A = (A1, . . . , AK) : D 7→ (C(X), Csym(X2), . . . , Csym(XK)) (11.46)

is conditionally positive in M+
δ (R

d) if for any collection of different

points x1, . . . , xm of X , for any non-negative function g ∈ D such that

g(xj) = 0 for all j = 1, . . . ,m, and for any collection of positive numbers

ωj one has

K∑
k=1

m∑
i1=1

· · ·
m∑
ik=1

ωi1 · · ·ωikAkg(xi1 , . . . xik) ≥ 0. (11.47)

In particular, a linear operator Ak : D 7→ Csym(Xk) is conditionally

positive if this is the case for the family A = (0, . . . , 0, Ak) of type (11.46).

The following result yields the structure of conditionally positive poly-

nomial nonlinearities.

Theorem 11.5.1 Suppose again that X = Rd and D contains C2
c (X).
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A linear mapping (11.46) is conditionally positive if and only if

Akg(x1, . . . , xk) =

k∑
j=1

[(ck(xj ,x \ xj)g(xj)

+ (bk(xj ,x \ xj),∇)g(xj) +
1

2
(Gk(xj ,x \ xj)∇,∇)g(xj)

+

∫
(g(xj + y)− g(xj)− 1B1

(y)(y,∇)g(xj))νk(xj ,x \ xj ; dy)],

(11.48)

for x = (x1, ..., xk), where each Gk is a symmetric matrix and each νk is

a possibly signed measure on Rd \{0} with
∫
min(1, |y|2)|νk|(x, dy) <∞

such that

K∑
k=1

k

m∑
i1=1

· · ·
m∑

ik−1=1

ωi1 · · ·ωik−1
Gk(x, xi1 , . . . , xik−1

) (11.49)

is positive definite and the measure

K∑
k=1

k

m∑
i1=1

· · ·
m∑

ik−1=1

ωi1 · · ·ωik−1
νk(x, xi1 , . . . , xik−1

) (11.50)

is positive for any m, any collections of positive numbers ω1, . . . , ωm and

points x, x1, . . . , xm. Moreover, ck, bk, Gk, νk are symmetric with respect

to the permutations of all arguments apart from the first one and de-

pend continuously on x1, . . . , xk (measures νk are considered in the weak

topology).

Proof For arbitrary fixed x1, . . . , xm the functional of g given by

K∑
k=1

m∑
i1=1

· · ·
m∑
ik=1

ωi1 · · ·ωikAkg(xi1 , . . . , xik)

is x = (x1, . . . , xm)- conditionally positive and consequently has form

(11.42), as follows from Proposition 11.5.2. Using ϵωj instead of ωj ,

dividing by ϵ and then letting ϵ → 0 one obtains that
∑m
i=1A1g(xi)

has the same form. As m is arbitrary, this implies on the one hand

that A1g(x) has the same form for arbitrary x (thus giving the required

structural result for A1 ) and on the other hand that

K∑
k=2

ϵk−2
m∑
i1=1

· · ·
m∑
ik=1

ωi1 · · ·ωikAkg(xi1 , . . . , xik)
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has the required form. Note however that using subtraction we may

destroy the positivity of matrices G and measures ν. Again letting ϵ→ 0

yields the same representation for the functional

m∑
i1=1

m∑
i2=1

ωi1ωi2A2g(xi1 , xi2).

As above this implies on the one hand that

ω2
1A2g(x1, x1) + 2ω1ω2A2g(x1, x2) + ω2

2A2g(x2, x2)

has the required form and hence also A2g(x1, x1) has this form for

arbitrary x1 (put ω2 = 0 in the previous expression), and hence also

A2g(x1, x2) has the same form for arbitrary x1, x2 (thus giving the re-

quired structural result for A2), and on the other hand that

K∑
k=3

ϵk−3
m∑
i1=1

· · ·
m∑
ik=1

ωi1 · · ·ωikAkg(xi1 , . . . , xik)

has the required form. Following this procedure inductively yields the

same representation for all Ak.

Consequently

K∑
k=1

m∑
i1=1

· · ·
m∑
ik=1

ωi1 · · ·ωikAkg(xi1 , . . . , xik)

=

K∑
k=1

k

m∑
l=1

m∑
i1=1

· · ·
m∑

ik−1=1

ωlωi1 · · ·ωik−1[
ck(xl, xi1 , . . . , xik−1

)g(xl) + (bk(xl, xi1 , . . . , xik−1
),∇)g(xl)

+
1

2
(Gk(xl, xi1 , . . . , xik−1

)∇,∇)g(xl)

+

∫
(g(xj + y)− g(xj)− 1B1

(y)(y,∇)g(xj))νk(xl, xi1 , . . . , xik−1
; dy)

]
.

As this functional has to be strongly conditionally positive, the required

positivity property of G and ν follows from Proposition 11.5.2. The

required continuity follows from the assumption that A maps continuous

functions into continuous.

Taking into account explicitly the symmetry of the generators in

(11.45) (note also that in (11.45) the use of nonsymmetric generators

or their symmetrizations specifies the same equation) allows to get a
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useful equivalent representation for this equation. This form is also con-

venient if one is interested in the strong form of this equation in terms

of densities. Namely, the following statement is obvious.

Corollary 10 Under the assumptions of Theorem 11.5.1 equation

(11.45) can be written equivalently in the form

d

dt
(g, µt) =

K∑
k=1

k

∫
(A1

kg)(x, y1, . . . , yk−1)µt(dx)µt(dy1) · · ·µt(dyk−1),

(11.51)

with A1
k : C∞(X) 7→ Csym(Xk) being defined as

A1
kg(x, y1, . . . , yk−1) = ak(x, y1, . . . , yk−1)g(x) + (bk(x, y1, . . . , yk−1),∇g(x))

+
1

2
(Gk(x, y1, . . . , yk−1)∇,∇)g(x) + Γk(y1, . . . , yk−1)g(x), (11.52)

where

Γk(y1, . . . , yk−1)g(x) =

∫
(g(x+z)−g(x)−χ(z)(z,∇)g(x))νk(x, y1, . . . , yk−1; dz).

(11.53)

As we saw in the previous chapter, in the models of interacting parti-

cles equation (11.45) often appears in the form

d

dt
(g, µt) =

K∑
k=1

1

k!

∫
(Bkg

⊕)(x1, . . . , xk)µt(dx1) · · ·µt(dxk), (11.54)

where the linear operators Bk act in C∞(Xk) and

g⊕(x1, ..., xk) = g(x1) + ...+ g(xn).

Clearly, if linear operators Bk in C∞(Xk), k = 1, . . . ,K , are condition-

ally positive in the usual sense, then the forms g 7→ Bkg
⊗(x1, ..., xn) on

C∞(X)(dense subspace of) are {x1, ..., xn}- conditionally positive. The

inverse also holds.

Corollary 11 Let X and D be the same as in Proposition 11.5.2. A

linear operator Ak : D 7→ Csym(Xk) specifies {x1, ..., xk} - conditionally

positive forms Ak(x1, ..., xk) if and only if Ak has form (11.48), where

each Gk (resp. νk) is a positive definite matrix (resp. a Lévy measure),

and where the functions ak, bk, ck, νk of variables x1, . . . , xk are symmet-

ric with respect to the permutations not affecting x1. Equivalently, it can
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be written in the form

Akg(x1, . . . , xk) =

k∑
j=1

ck(xj ,x \ xj)g(xj) +Bkg
⊕(x1, . . . , xk), (11.55)

with a conditionally positive (in usual sense) conservative operator Bk
in Csym∞ (Xk). If Akg = (1/k!)Bkg

⊕, then A1
k = (1/k!)Bkπ in (11.51),

where the lifting operator π is given by πg(x1, . . . , xk) = g(x1).

Proof The first statement is obvious. By the Courrège Theorem applied

to Xk, a conditionally positive Bk in C∞(Xk) has form

Bkf(x1, . . . , xk) = ã(x1, . . . , xk)f(x1, . . . , xk)

+

k∑
j=1

(b̃j(x1, . . . , xk),∇xj )f(x1, . . . , xk)) +
1

2
(c̃(x1, . . . , xk)∇,∇)f(x1, . . . , xk)

+

∫
(f(x1 + y1, . . . , xk + yk)− f(x1, . . . , xk)−

k∑
i=1

1B1
(yi)(yi,∇xi)f(x1, . . . , xk))

× ν̃(x1, . . . , xk; dy1 · · · dyk). (11.56)

Applying this to f = g⊕ and comparing with (11.48) yields the required

result.

Corollary 12 In the case K = 2 the family (A1, A2) is conditionally

positive in M+
δ (R

d) if and only if A1(x) are x-conditionally positive for

all x and A2(x1, x2) are (x1, x2)-conditionally positive for all x1, x2, i.e.

if A1 and A2 have form (11.48), where each G1, G2 (resp. ν1, ν2) are

positive definite matrix (resp. a Lévy measures). In particular, for K = 2

equation (11.45) can always be written in the form (11.54). In physical

language this means that quadratic mean field dependence can be always

realized via a certain binary interaction (this is not the case for discrete

X, see Exercise 11.5.2).

Proof In case K = 2 the positivity of (11.49), say, reads as the posi-

tivity of the matrix

c1(x) + 2

m∑
i=1

ωic2(x, xi) (11.57)

for all natural m, positive numbers ωj and points x, xj , j = 1, . . . ,m.

Hence c1 is always positive (put ωj = 0 for all j ). To prove the claim,

one has to show that c(x, y) is positive definite for all x, y. But if there

exist x, y such that c(x, y) is not positive definite, then by choosing large
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enough number of points x1, . . . , xm near y , one would get a matrix of

form (11.57) that is not positive definite (even for all ωj = 1). Similarly

the positivity of measures ν are analyzed. This contradiction completes

the proof.

Some remarks and examples to the obtained results are in order.

Similarly to the linear case we shall say that A(µ)g is conservative if

A(µ)ϕn(x) tends to zero as n → ∞, where ϕn(x) = ϕ(x/n) and ϕ is an

arbitrary function from C2
c (R

d) that equals one in a neighborhood of

the origin and has values in [0, 1]. For operators (11.44) this is of course

equivalent to the condition that c vanishes.

Remark 47 It is clear that if only two components, say Ai and Aj ,

do not vanish in the mapping (11.46), and A is conditionally positive,

then each non-vanishing component Ai and Aj is conditionally positive

as well (take ϵωj instead of ωj in the definition and then pass to the

limits ϵ → 0 and ϵ → ∞). In case of more than two non-vanishing

components in the family A, the analogous statement is false. Namely,

if A is conditionally positive, the “boundary” operators A1 and AK are

conditionally positive as well (the same argument), but the intermediate

operators Ak need not to be, as shows the following simple example.

Exercise 11.5.1 Let A = (A1, A2, A3) with

Aig(x1, . . . , xi)) = ai(∆g(x1) + · · ·+∆g(xi)), i = 1, 2, 3,

where a1 = a3 = 1. Show that with a2 being a small enough negative

number A is conditionally positive, but its components A2 is not. Write

an explicit solution to equation (11.45) in this case. Hint: positivity of

(11.49) reads as

1 + 2a2

m∑
i=1

ωi + 3(

m∑
i=1

ωi)
2 ≥ 0.

Remark 48 We gave our results for X = Rd , but using localization

arguments (like in linear case, see [42]) the same results can be easily

extended to closed manifolds. It is seemingly possible to characterize in

the same way the corresponding boundary conditions (generalizing also

the linear case from [42]), though this is already not so straightforward.

Remark 49 Basic conditions of positivity of (11.49), (11.50) can be

written in an alternative integral form. Say, the positivity of matrices

(11.49) is equivalent (at least for bounded continuous functions c) to the
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positivity of the matrices

K∑
k=1

k

∫
ck(x, y1, . . . , yk−1)µ(dy1) · · ·µ(dyk−1) (11.58)

for all non-negative Borel measures µ(dy). (This can be obtained either

from the limit of integral sums of form (11.49), or directly from con-

ditional positivity of the r.h.s. of (11.51).) Hence conditions (11.49),

(11.50) actually represent modified multi-dimensional matrix-valued or

measure-valued versions of the usual notion of positive definite func-

tions. For instance, in case k = K = 3 and d = 1, (11.58) means that∫
c3(x, y, z)ω(y)ω(z)dydz is a non-negative number for any non-negative

integrable function ω. The usual notion of a positive definite function c3
(as a function of the last two variables) would require the same positivity

for arbitrary (not necessarily positive) integrable ω.

Remark 50 Corollary 12 can not be extended to K > 2. Of course, if

each Akg(x1, ..., xm) is {x1, ..., xm)-conditionally positive, then the map-

ping (11.46) is conditionally positive in M+
δ , but not vice versa. A simple

example of a conditionally positive operator in case k = K = 3 without

conditionally positive components represents the operator defined as

A3g(x1, x2, x3) = cos(x2−x3)∆g(x1)+cos(x1−x3)∆g(x2)+cos(x1−x2)∆g(x3).
(11.59)

Clearly A3g(x1, x2, x3) is not {x1, x2, x3} conditionally positive, but the

positivity of (11.49) holds. Strong form of equation (11.51) in this case

is
d

dt
ft(x) = 3∆ft(x)

∫
ft(y)ft(z) cos(y − z)dydz. (11.60)

The “nonlinear diffusion coefficient” is not strictly positive here. Namely,

since ∫
f(y)f(z) cos(y − z)dydz =

1

2
(|f̂(1)|2 + |f̂(−1)|2),

where f̂(p) is the Fourier transform of f , this expression do not have do

be strictly positive for all non-vanishing non-negative f . However, one

can find the explicit solution to the Cauchy problem of (11.60):

ft =
1√
2πωt

∫
exp

{
− (x− y)2

2ωt

}
f0(y)dy,

with

ωt = ln(1 + t(|f̂0(1)|2 + |f̂0(−1)|2).
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This is easily obtained by passing to the Fourier transform of equation

(11.60) that has the form

d

dt
f̂t(p) = −1

2
p2(|f̂t(1)|2 + |f̂t(−1)|2)f̂t(p),

and which is solved by observing that ξt = |f̂t(1)|2 + |f̂t(−1)|2 solves the

equation ξ̇t = −ξ2t and consequently equals ξt = (t+ ξ−1
0 )−1 .

Remark 51 There is a natural “decomposable” class of operators,

for which (11.45) reduces straightforwardly to a linear problem. Namely,

suppose k!Akg = Bkg
+ = (B̃kg)

+ for all k = 1, . . . ,K with some con-

servative conditionally positive B̃k in C∞(X) (in particular B̃k1 = 0).

Then (11.51) takes the form

d

dt
(g, µt) =

K∑
k=1

1

(k − 1)!
(B̃kg, µt)∥µt∥(k−1),

which is a linear equation depending on ∥µt∥ = ∥µ0∥ as on a parameter.

The following example illustrates the idea of conditional positivity of

the generator of a Markov evolution in the simplest nonlinear situation.

Exercise 11.5.2 Of special interest for applications is the case of in-

finitesimal generators depending quadratically on µ (see the next sec-

tions), leading to the system of quadratic equations

ẋj = (Ajx, x), j = 1, 2, . . . , N, (11.61)

where N is a natural number (or more generally N = ∞), unknown x =

(x1, x2, . . .) is a N -dimensional vector and all Aj are given square N×N -

matrices. Suppose
∑N
j=1A

j = 0. Show that the system (11.61) defines a

positivity preserving semigroup (i.e. if all coordinates of the initial vector

x0 are non-negative, then the solution x(t) is globally uniquely defined

and all coordinates of this solution are non-negative for all times), if and

only if for each j the matrix Ãj obtained from Aj by deleting its j-th

column and j-th row is such that (Ãjv, v) ≥ 0 for any v ∈ RN−1 with

non-negative coordinates. Hint: the above given condition expresses the

fact that if xj = 0 and other xi, i ̸= j, are non-negative, then ẋj ≥ 0.

11.6 Bibliographical comments

The first chapter introduces Markov models of interacting particles and

their LLN limit avoiding technical details. A probability model for the
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deduction of kinetic equations was first suggested by Leontovich [162],

who analyzed the case of discrete state space. For some cases of a con-

tinuous state space this approach was developed by Kac [115], McKean

[183], [184] and Tanaka [241], [242], the latter paper containing first

models of not only binary (but of k th order) interactions. For the pro-

cesses of coagulation such a method of the deduction of Smoluchovski’s

equation was suggested by Marcus [171] and Lushnikov [167]. For gen-

eral Hamiltonian systems the corresponding procedure was carried out

by Belavkin and Maslov [26]. The deduction of the kinetic equations

of Boltzmann type via Bogolyubov’s chains (see Appendix 12.10) was

suggested in Bogolyubov [43]. The creation-annihilation operator for-

malism for the analysis of Bogolyubov’s chains was proposed by Petrina

and Vidibida [202] and further developed in Maslov and Tariverdiev

[181]. The well posedness problem for Bogolyubov’s chains was studied

by several authors, see e.g. Sinai and Suchov [224] and references therein.

The deduction of the general k order interaction equations (1.70) via Bo-

golyubov’s chain approach was carried out in Belavkin and Kolokoltsov

[25]. Belavkin [21], [22] developed the quantum analogues of the kinetic

equations describing a dynamic law of large numbers of particle systems,

whose evolution is described by quantum dynamic semigroups leading

to the type of nonlinear equations discussed in Section 11.3. Belavkin

[21] suggested also a nice Hamiltonian approach to the deduction of ki-

netic equations. Namely, for an evolution of type (1.68) let us define the

Hamiltonian function

H(Q,Y ) =

k∑
l=0

1

l!

(
(Il[P

l, Al]Q⊗)l, Y ⊗l) (11.62)

and consider the corresponding infinite dimensional Hamiltonian sys-

tems

Ẏ =
δH

δQ
, Q̇ = −δH

δY
.

One can easily see that since H(1, Y ) = 0 (conservativity of the gen-

erator), this Hamiltonian system has solutions with Q = 1 identically.

Under this constraint the first Hamiltonian equation Ẏ = δH/δQ coin-

cides with the kinetic equation (1.70). This yields also the natural link

with the semiclassical analysis. Namely, one easily shows (see details in

Belavkin and Kolokoltsov [25]) that in terms of the generating function-

als the evolution (12.61) is given by the following equation in functional
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derivatives

h
∂

∂t
Φ̃ρt(Q) = H(Q,h

δ

δQ
)Φ̃ρt(Q) (11.63)

so that the above Hamiltonian system describes its quasi-classical asymp-

totics. For general accessible introduction to the circle of ideas of the

mathematical theory of interacting particles we refer to the books of T.

Liggett [164], C. Kipnis and C. Landim [122], A. de Masi and E. Presutti

[62], and the edited volume of L. Accardi and F. Fagnola [1] on quantum

interactions.

Chapter 2 collects some mostly known results of the modern theory

of Markov processes with the emphasis on the connections with analy-

sis (semigroups, evolution equations, etc). The material is mostly well

known, apart from some ’book keeping’ improvements: special examples

were designed (say, in Section 2.4) and more general formulations of

some facts were given (say at the end of Section 2.1 or in Section 2.4).

Chapter 3 starts with a new development of SDE driven by nonlinear

Lévy noise extending author’s manuscript [139]. The idea here is to solve

SDE with noise depending on a parameter linked with the position of

the solution itself, so to say SDE driven by a noise with a certain feed-

back from the evolution of the process. Expressed in this general form,

this ida was used already in the works of H. Kunita, see [152], and R.A.

Carmona and D.Nualart [46]. However, in our setting, the dependence

of the noise on a parameter is organized via the generator, so that the

construction of the process itself varying regularly enough with the evo-

lution of this parameter, becomes already a problem. Settling this issue

properly leads to a spectacular application to the theory of Markov pro-

cesses reconciling the analytic theory of the general Markov semigroups

with SDE. The resulting construction of Feller processes specified by

general Lévy-Khintchine type operators with Lipschitz continuous co-

efficients actually represents a probabilistic proof of the convergence of

a certain T -product (chronological product) naturally linked with the

evolution equation via the method of frozen coefficients which is well

known in the analysis of ΨDO. Section 3.3 explains the connection with

usual stochastic calculus sketching Ito’s approach to the constriction of

classical SDE driven by Lévy and/or Poisson noise as exposed in detail

in Stroock’s monograph [229]. Proposition 3.4.2 on the approximation

scheme based on nonlinear functions of the increments seems to be new.

Chapter 4 introduces some analytic approaches to the study of Markov

processes, the most relevant for our future development. Sections 4.2,
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4.3 are based on the Appendix to [138] and develops for arbitrary state

spaces an old idea on the construction of countable Markov chains, go-

ing back to Feller and Kolmogorov, see e.g. Anderson [5] for its modern

treatment. The results of Sections 4.4, 4.5 seem to be new. The last

section review other developments in the theory. For a more substantial

treatment of the subject the reader is refereed to the fundamental mono-

graph of N. Jacob [104]. Among the topics related to Chapters 3 and 4,

but (regretably) not developed there, one should mention the processes

living on domains with a non-empty boundary and related boundary

problems for PDE and ΨDE. Literature on the boundary value problem

for parabolic equations is of course enormous. For a much less studied

generators having both a diffusive and a jump part one can consult e.g.

the works of Taira [238] and Kolokoltsov [131] for recent results and

short reviews.

Chapter 5 presents a systematic development of the Lyapunov or

barrier function method for the processes with Lévy-Khintchine type

pseudo-differential generators with unbounded coefficients (developed

previously mainly for diffusions and jump type processes, see e.g. mono-

graphs of Freidlin [79] and Ethier and Kurtz [75])). Special attention is

also payed here to the description of appropriate function spaces where

the corresponding semigroup is strongly continuous (yielding a handy

extension of the notion of Feller semigroups) and to the invariant do-

mains of the generator. These aspects are seemingly new even for the

well developed theory of diffusions with unbounded coefficients.

Chapters 6 - 7 are devoted to the rigorous mathematical constructions

of the solutions to kinetic equation. The literature on this subject is

rather extensive. A review given below is not meant to be exhaustive.

The results of Section 6.2 are mostly well known. However, we put to-

gether various approaches on the level of generalities that unifies lots of

particular results on bounded generators which serve as starting points

for the analysis of unbounded coefficient extensions of particular models.

Sections 6.3, 6.4, 6.5, 6.6 follow essentially the author’s paper [134] pre-

senting the unification and extension of a variety of particular situations

analyzed previously by many authors (see a review below). The exis-

tence result of Theorem 6.3.1 can be essentially improved. Namely, the

assumption of the existence of a finite moment (1+Eβ , µ) with β > 1 is

not needed. To work without this assumption two ideas are used. First,

if (1 + E, µ) < ∞, there exists an increasing smooth function G on R+

such that (G(1 + E), µ) < ∞ (this is a well known, and not very dif-

ficult, general measure theoretic result, see e.g. [190] for a proof), and
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secondly, one has to work with the barrier function G(1 +E) instead of

the moment Lβ . One can refer to Mishler and Wennberg [190] for the

corresponding treatment of the Boltzmann equation and to P. Lauren-

cot and D. Wrzosek [159] for a coagulation model. Results of Sections

6.7,6.8 are new.

The results of Sections 7.1, 7.2 are new, they compliment the construc-

tions of nonlinear stable-like processes obtained in Kolokoltsov [136] and

extend to rather general Lévy-Khintchine type generators the results

previously available for nonlinear diffusions. Section 7.3 formulates the

results obtained in [139] yielding a universal approach to the proba-

bilistic interpretation of nonlinear evolutions via distribution dependent

SDE driven by nonlinear Lévy noise. Short Section 7.4 indicates how

some classes of regular enough evolutions with unbounded coefficients

can be treated via direct nonlinear duality approach applied above for

the bounded coefficients case.

The main streams of the developments of nonlinear kinetic equations

in the literature are those devoted to nonlinear diffusions, Boltzmann

equation and coagulation-fragmentation processes, with some basically

identical techniques developed independently for these models. The in-

terplay between these directions of research is quickly developing, espe-

cially in connection with the spatially nontrivial models of interaction.

The theory of nonlinear diffusions, pioneered by McKean [183], is well es-

tablished, see Gärtner [83] for a review of early development. New results

are mainly connected with the study of Landau-Fokker-Planck equation

(1.82), presenting certain diffusive limit for the Boltzmann equation.

This nonlinear diffusion equation has the degeneracy of a kind not track-

able directly by the McKean approach. A probabilistic analysis of this

equation is based on a clever presentation of its solution in terms of

SDE driven by the space time white noise due to Guerin [90], [91], see

also [92] for further regularity analysis based on the Malliavin calculus.

Namely, the starting point of this analysis is a nice observation that if

A = σσT in (1.82), with σ being a d×n matrix, the Landau equation is

solved by the distributions of the solutions to the stochastic differential

equation

Xt = X0+

∫ t

0

∫ 1

0

σ(Xs−Ys(α))Wn(dα ds)+

∫ t

0

∫ 1

0

b(Xs−Ys(α)) dα ds,

where Wn is n-dimensional space-time white noise (i.e. a zero mean

GaussianRn-valued randommeasure onR+×[0, 1] withEWn
i W

n
j (dαds) =

δji dαds), the couple of processes (X,Y ) is defined on the product prob-
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ability space (Ω,F ,Ft, P ) × ([0, 1],B([0, 1]), dα), and the distributions

of X and Y are supposed to coincide. Analytically, rigorous treatment

of the Landau-Fokker-Planck equation (1.82) was initiated by Arsen’ev

and Buryak [13], see Desvillettes and Villani [66] and Goudon [86] and

references therein for a wealth of further development.

There is of course plenty of related activity on various nonlinear

parabolic equations, reaction diffusion equations, etc, arising in vari-

ous domains of natural sciences (nonlinear wave propagation, super-

processes, gravity, etc), which we are not trying to review, see e.g.

Smoller [227], Maslov and Omelyanov [178], Dynkin [70], Biler and Bran-

dolese [37]. Also the nonlinear SPDE driven by the space-time white

noise are actively studied, see e.g. Crisan and Xiong [55], Kurtz and

Xiong [153], [154], using often the approximations of Ito’s type. In gen-

eral, the branching particles mechanism for Monte Carlo type approxi-

mate for the solutions of stochastic equations became very popular in ap-

plications, see e.g. the monograph Del Moral [65] and references therein.

The literature on the Boltzmann equation is immense, even if one

concentrates on the mathematical analysis of the spatially homogeneous

model (and related mollified equation), which are particular cases of the

general model analyzed in our Chapter 6. Let us review only the de-

velopment of the key well posedness facts. The first one was obtained

by Carleman [45] in a class of rapidly decreasing continuous functions

by means of quite specific representations available for the Boltzmann

equation. The L1-theory was developed by Arkeryd [9] using an approach

similar to one later used for coagulation models, which is incorporated

in the general results of our Sections 6.2 and 6.4. The L∞-theory of so-

lutions was developed by Arkeryd [10] and the Lp-theory by Gustafsson

[93], [94]. The above mentioned works were mostly concerned with the so

called hard potential interactions with a cutoff, where, roughly speaking,

the collision kernel B(|v|, θ) is bounded by |v|β , β ∈ (0, 1]. Further exten-

sions under various growth and singularity assumptions were developed

by many authors, see e.g. Mishler and Wennberg [190], Lu and Wennberg

[166] and references therein. The propagation of smoothness in integral

norms, i.e. the well posedness theory in Sobolev spaces, was developed

by Mouhot and Villani [193], and the propagation of smoothness in the

uniform norms, i.e. the well posedness in the spaces of continuously dif-

ferentiable functions, was developed in Kolokoltsov [135] under rather

general assumptions of polynomially growing collision kernels. Namely,
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suppose

B(|v|, θ) = |v|β cosd−2 θh(θ)

in (1.52) with a bounded function h. Then for any β, d the energy and

mass preserving solution ft to the Boltzmann equation is well defined

for any initial non-negative function f (density of the initial measure

µ) of finite energy and entropy. It is shown in [135] that there exist

global in time bounds for the uniform moments supx[ft(x)(1 + |x|)r]
of the solution ft (and also for its spatial derivatives) in terms of the

initial integral moments
∫
[f(x)(1 + |x|)s] dx. These bounds depend in

a nontrivial way on the relations between the parameters β, d, s, r, but

can be obtained in a more or less explicit form.

Mathematical analysis of Smoluchovski’s equation for coagulation-

fragmentation model was initiated by Ball and Carr in [17], where the

equation with discrete mass distribution were analyzed subject to addi-

tive bounds for the rates. Various discrete models of interactions were

unified in Kolokoltsov [132], where the discrete versions of the results

of Section 6.4 were given. Related results are obtained by Lachowicz

[156]. The well posedness for weak measure-valued kinetic equations

of coagulation in continuous time in a general measurable space was

obtained by Norris [196]. If only coagulation is taken into considera-

tion, our Theorems 6.3.1, 6.4.2 yield the Norris well posedness result.

The method of Norris was a bit different, as it heavily used the mono-

tonicity built into the coagulation model. Using the methods of complex

analysis, Dubovskii and Stewart [69] obtained the well posedness for

coagulation-fragmentation processes in the class of measures with expo-

nentially decreasing continuous densities. As the coagulation evolution

does not preserve the number of particles, the underlying nonlinear pro-

cess, unlike the Boltzmann case, is sub-Markov. However, as the mass

is preserved, one can ’change the variable’ by considering the process of

mass evolution, which then becomes Markovian. This idea was exploited

by Deaconu, Fournier and Tanre [63] to give an alternative probabilis-

tic interpretation of Smoluchovski’s evolution yielding naturally a well

posedness result for infinite initial measure (scaled number of particles),

but with a finite total mass. Lots of modern literature is devoted to

the qualitative behavior of coagulation-fragmentation models, i.e. gela-

tion (non conservativity of mass), self similarity, long time behavior,

which are not studied in this monograph, see e.g. Ernst and Protsi-

nis [73], Fournier and Laurencot [78], Lushnikov and Kulmala [168], da

Costa et al [53], and references therein. Another stream of activity is
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connected with the spatially nontrivial models, mainly with coagulating

particles that move in the space according to a Brownian motion with

parameters depending on the mass, see e.g. Collet and Poupaud [52]

and Wrzosek [251] for discrete mass distribution and [11], [158], [197] for

continuous masses. Finally we refer to Eibeck and Wagner [71], Kolodko,

Sabelfeld and Wagner [124] and references therein for the extensive work

on the numerical solutions to the Smoluchovski’s equations. Various spe-

cial classes of coagulation and fragmentation processes are dealt with in

the monograph Bertoin [34].

A systematic development of the theory of smoothness of the solutions

to kinetic equations with respect to initial data given in Chapter 8 is one

of the novelties of the book. The exposition in this chapter in some places

extends and in some places compliments the corresponding results from

the author’s papers [135], [136], [138]. In Bailleul [14], the smoothness

results of Section 8.3 are extended to treat smoothness with respect to

a parameter in the coagulation kernel. This sensitivity of Smoluchovski

equation is important in numerical analysis, see Kraft and Vikhansky

[151] and Bailleul [14].

Among the topics related to Part II, but (regretably) not touched

upon, one could mention the development of nonlinear evolutions on

lattices by B. Zegarlinski et al (see [256], [200]), of the evolutions of

nonlinear averages (in particular with applications to financial market

analysis) by V.P. Maslov, see [176], [177] and of the theory of nonlinear

Dirichlet form, see F. Sipriani and G. Grillo [225] and J. Jost [114].

Chapter 9 deals with the dynamic LLN. Section 9.3 contains a unified

exposition of the traditional approach to proving LLN (prove tightness of

particle approximation systems and pick up a converging subsequence)

for rather general jump type interactions. It includes the basic LLN

for binary coagulations (see Norris [196]) and Boltzmann collisions (see

e.g. Sznitman [234] and [235]). Other parts of Chapter 9 are devoted to

the method of estimating the rates of convergence in LLN for interac-

tions with unbounded rates via the analysis of smoothness of the kinetic

equations with respect to initial data. They are based mostly on [136],

[138]. Results of Section 9.5 are new. Convergence estimates in LLN for

Boltzmann type collisions with bounded rates supplemented by a spatial

movement (mollified Boltzmann equation) were obtained by G. Graham

and S. Méléard [88], [89] using the method of the Boltzmann trees.

Turning to Chapter 10, let us mention first of all that CLT for in-

teracting diffusions is well developed, see D. Dawson [59], E. Giné, J.A.

Wellner [84] and references therein. The CLT for coagulations processes
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with finite rates and discrete mass was established by M. Deaconu, N.

Fournier and E. Tanré [64]. For Boltzmann equation with bounded rates

it was obtained by S. Méléard [187] in a more general setting of collisions

supplemented by a spatial movement (mollified Boltzmann equation).

The method of these papers is different from ours. Instead of working

out analytic estimates of smoothness of kinetic equations with respect

to initial data, it is based on the direct analysis of infinite dimensional

SDE underlying the limiting Ornstein -Uhlenbeck (OU) process.

The results on CLT for stable-like processes from Section 10.2 com-

pliment and improve the results of author’s paper [136], where non-

degenerate stable-like processes (described by Theorem 4.7.6 and hence

having additional regularity properties) were analyzed. The results on

Smoluchovski’s equation with unbounded rates are based on author’s pa-

per [138], the estimates of convergence in CLT for Boltzmann’s equation

with unbounded rates seem to be new.

Interesting applications of the circle of idea around CLT limit for

evolutionary games can be found in M. Mobilia et al [191] and T. Re-

ichenbach, M. Mobilia, E. Frey [211].

The analysis of infinite dimensional OU process just touched upon in

Section 10.4 represents a vast area of research, for which one can consult

the above mentioned papers of S. Méléard, as well as e.g. P. Lescot and

M. Roeckner [163], J.M. van Neerven [194], D. Dawson et al. [61] and

references therein.

Chapter 11 is devoted to various developments indicating possible

directions and perspectives of further research. Its results belong mostly

to the author.

The controlled nonlinear Markov processes touched upon generally in

Section 11.2, are well under investigation in the setting of the McKean

nonlinear diffusions, see [101] and references therein.

Section 11.4 applies the methods of Chapter 3 to the construction

of Markov processes on manifolds, and also extends to the Lévy type

noise the analytic construction of stochastic geodesic flows with Brow-

nian noise suggested in [133]. Geometrical constructions of Ornstein-

Uhlenbeck processes on manifolds driven by Browninan noise were given

in [68], [119].

Section 11.5 deals with a nonlinear counterpart of the notion of condi-

tional positivity as developed in Kolokoltsov [136]. A characterization of

the ’tangent vectors’ to the space of probability laws at the Dirac point

measures, Proposition 11.5.2, that follows from the Courrg̀e represen-

tation of linear conditionally positive functionals, was given by Stroock
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[229]. In this book Stroock posed the question of characterizing ’tangent

vectors’ to arbitrary measures. Theorem 11.5.1, taken from Kolokoltsov

[136], solves this problem for polynomial vector fields, which can be ex-

tended to analytic ones. Further discussion of Section 11.5 is meant to

establish formal links between general positivity preserving evolutions

and mean field limits of interacting particles.

Appendices contain some technical material used in the main body.

The results here are mostly well known, apart from possibly some bits

of E, G, H.
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Appendices

12.1 Appendix A. Distances on measures

The properties of separability, metrizability, compactness and complete-

ness for a topological space S are crucial for the analysis of S-valued

random processes. Here we shall recall the basis relevant notions for

the space of Borel measures highlighting main ideas and examples and

omitting lengthy proofs.

Recall that a topological (e.g. metric) space is called separable if it

contains a countable dense subset. It is useful to have in mind that

separability is a topological property, unlike, say, completeness, that

depends on the choice of the distance (say, open interval and the line R

are homeomorphic, but the usual distance is complete for the line and

not complete for the interval). The following standard examples show

that separability does not go without saying.

Examples. 1. The Banach spaces l∞ of bounded sequences of real

(or complex) numbers a = (a1, a2, ...) equipped with the sup norm

∥a∥ = supi |ai| is not separable, because its subset of sequences with

values in {0, 1} is not countable, but the distance between any two such

(not coinciding) sequences is one. 2. The Banach spaces C(Rd), L∞(Rd),

Msigned(Rd) are not separable, because they contain a subspace iso-

morphic to l∞. 3. The Banach spaces C∞(Rd), Lp(R
d), p ∈ [1,∞), are

separable, which follows from the Stone-Weierstrass theorem.

Recall that a sequence of finite Borel measures µn is said to converge

weakly (resp. vaguely) to a measure µ as n → ∞ if (f, µn) converges to

(f, µ) for any f ∈ C(S) (resp. for any f ∈ Cc(S)). If S is locally compact,

the Riesz-Markov theorem states that the space of finite signed Borel

measures is the Banach dual to the Banach space C∞(S). This duality
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specifies the ⋆-weak topology on measures, where the convergence µn to

µ as n→ ∞ means that (f, µn) converges to (f, µ) for any f ∈ C∞(S).

Example. Let S = R. The sequence µn = nδn in M(R) converges

vaguely, but not ⋆-weakly. The sequence µn = δn converges ⋆-weakly,

but not weakly.

Proposition 12.1.1 Suppose pn, n ∈ N, and p are finite Borel mea-

sures in Rd. (i) If pn converge vaguely to p and pn(R
d) converge to

p(Rd) as n→ ∞, then pn converge to p weakly (in particular, if pn and

p are probability laws, the vague and weak convergence coincide). (ii)

pn → p ⋆-weakly if and only if pn → p vaguely and the sequence pn is

bounded.

Proof (i) Assuming pn is not tight, leads to a contradiction, since then

∃ ϵ: ∀ compact set K ∃n : µn(R
d \K) > ϵ, implying that

lim inf
n→∞

pn(R
d) ≥ p(Rd) + ϵ.

(ii) This is straightforward.

Proposition 12.1.2 If S is a separable metric space, then the space

M(S) of finite Borel measures is separable in the weak (and hence also

in the vague) topology.

Proof A dense countable set is given by the linear combinations with

rational coefficients of the Dirac masses δxi , where {xi} is a dense subset

of S.

The following general fact from the functional analysis is important

for the analysis of measures.

Proposition 12.1.3 Let B be a separable Banach space. Then the unit

ball B⋆1 in its dual Banach space B⋆ is ⋆-weakly compact and there exists

a complete metric in B⋆1 compatible with this topology.

Proof Let {x1, x2, ...} be a dense subset in the unit ball of B. The

formula

ρ(µ, η) =

∞∑
k=1

2−k|(µ− η, xk)|

specifies a complete metric in B⋆1 compatible with the ⋆-weak conver-

gence, i.e. ρ(µn, µ) → 0 as n → 0 if and only if (µn, x) → (µ, x) for

any x ∈ B. Completeness and compactness follows easily. Say, to show

compactness, we have to show that any sequence µn has a converging
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subsequence. To this end, we first chooses a subsequence µ1
n such that

(µ1
n, x1) converges, then a further subsequence µ2

n such that (µ2
n, x2) con-

verges, etc, and finally the diagonal subsequence µnn converges on any of

xi and is therefore converging.

Remark 52 B⋆1 is actually compact without the assumption of sepa-

rability of B (so called Banach-Alaoglu theorem).

Proposition 12.1.4 If S is a separable locally compact metric space,

then the set MM (S) of Borel measures with the norm bounded by M is

a complete separable metric compact set in the vague topology.

Proof Follows from Propositions 12.1.3 and 12.1.2.

To metricize the weak topology on measures one needs other ap-

proaches. Let S be a metric space with the distance d. For P,Q ∈ P(S)

define the Prohorov distance

ρProh(P,Q) = inf{ϵ > 0 : P (F ) ≤ Q(F ϵ) + ϵ∀ closed F},

where F ϵ = {x ∈ S : infy∈F d(x, y) < ϵ}.
It is not difficult to show that

P (F ) ≤ Q(F ϵ) + β ⇐⇒ Q(F ) ≤ P (F ϵ) + β

leading to the conclusion that ρProh is actually a metric.

Theorem 12.1.1 (i) If S is separable, then ρ(µn, µ) → 0 as n → ∞
for µ, µ1, µ2, ... ∈ P(S) if and only if µn → µ weakly.

(ii) If S is separable (resp. complete and separable), then (P(S), ρProh)

is separable (resp. complete and separable).

Proof See e.g. Ethier, Kurtz [75].

It is instructive to have a probabilistic interpretation of this distance.

One says that a measure ν ∈ P(S × S) is a coupling of the measures

µ, η ∈ P(S) if the margins of ν are µ and η, i.e. if ν(A× S) = µ(A) and

ν(S ×A) = η(A) for any measurable A, or equivalently if∫
S×S

(ϕ(x) + ψ(y))ν(dxdy) = (ϕ, µ) + (ψ, η) (12.1)

for any ϕ, ψ ∈ C(S).

Theorem 12.1.2 Let S be a separable metric space and P,Q ∈ P(S).

Then

ρProh(P,Q) = inf
ν
inf{ϵ > 0 : ν(x, y : d(x, y) ≥ ϵ) ≤ ϵ},
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where infν is taken over all couplings of of P,Q.

Proof See Ethier, Kurtz [75].

As in the usual analysis, for the study of the convergence of probability

laws, the crucial role belongs to the notion of compactness. Recall that

a subset of a metric space is called relatively compact if its closure is

compact.

A family Π of measures on a complete separable metric space S is

called tight if for any ϵ there exists a compact set K ⊂ S such that

P (S \K) < ϵ for all measures P ∈ Π. The following fact is fundamental

(a proof can be found e.g. in [75], [223] or Kallenberg [116]).

Theorem 12.1.3 (Prohorov’s compactness criterion) A family Π

of measures on a complete separable metric space S is relatively compact

in the weak topology if and only if it is tight.

Another handy way to metricize the weak topology of measures is

via Wasserstein-Kantorovich distances. Namely, let Pp(S) be the set of

probability measures µ on S with the finite p-th moment, p > 0, i.e.

such that ∫
dp(x0, x)µ(dx) <∞

for some (and hence clearly for all) x0.

The Wasserstein-Kantorovich metrics Wp, p ≥ 1, on the set of prob-

ability measures Pp(S) are defined as

Wp(µ1, µ2) =

(
inf
ν

∫
dp(y1, y2)ν(dy1dy2)

)1/p

, (12.2)

where inf is taken over the class of probability measures ν on S × S

that couple µ1 and µ2. Of course Wp depends on the metric d. It follows

directly from the definition that

W p
p (µ1, µ2) = inf E dp(X1, X2), (12.3)

where inf is taken over all random vectors (X1, X2) such that Xi has

the law µi, i = 1, 2. One can show (see e.g. [247]) that Wp are actually

metrics on Pp(S) (the only not obvious point being of course the triangle

inequality), and that they are complete.

Proposition 12.1.5 If S is complete and separable, the infimum in

(12.2) is attained.
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Proof In view of Theorem 12.1.3, in order to be able to pick up a con-

verging subsequence from a minimising sequence of couplings, one needs

to know that the set of couplings is tight. But this is straightforward: if

K be a compact set in S such that µ1(S \K) ≤ δ and µ2(S \K) ≤ δ,

then

ν(S × S \ (K ×K)) ≤ ν(S × (S \K)) + ν((S \K)× S) ≤ 2δ

for any coupling ν.

The main result connecting weak convergence with the Wasserstein

metrics is as follows.

Theorem 12.1.4 If S is complete and separable, p ≥ 1, µ, µ1, µ2, ...

are elements of Pp(S), then the following statements are equivalent:

(i) Wp(µn, µ) → 0 as n→ ∞,

(ii) µn → µ weakly as n→ ∞ and for some (and hence any x0)∫
dp(x, x0)µn(dx) →

∫
dp(x, x0)µ(dx).

Proof See e.g. Villani [247].

Remark 53 If d is bounded, then of course Pp(S)=P(S) for all p.

Hence, by changing the distance d to the equivalent d̃ = min(d, 1) allows

to use Wassersteing metrics as an alternative way to metrise the weak

topology of probability measures.

In case p = 1 the celebrated Monge-Kantorovich theorem states that

W1(µ1, µ2) = sup
f∈Lip

|(f, µ1)− (f, µ2)|,

where Lip is the set of continuous functions f such that |f(x)− f(y)| ≤
∥x− y∥ for all x, y, see [247] or [205].

We shall need also the Wasserstein distances between the distributions

in the spaces of paths (curves) X : [0, T ] 7→ S. Its definition depends of

course on the way the distance between paths is measured. The most

natural choices are the uniform and integral measures leading to the

distances

Wp,T,un(X
1, X2) = inf

(
E sup

t≤T
dp(X1

t , X
2
t )

)1/p

,

Wp,T,int(X1, X2) = inf

(
E

∫ T

0

dp(X1
t , X

2
t ) dt

)1/p

,

(12.4)
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where inf is taken over all couplings of the distributions of the random

paths X1, X2. The estimates inWp,T,int are usually easier to obtain, but

the estimates inWp,T,un are stronger. In particular, uniform convergence

is stronger than the Skorohod convergence implying that the limits in

Wp,T,un preserve the Skorohod space of càdlàg paths, while the limits in

Wp,T,int do not have to.

12.2 Appendix B. Topology on càdlàg paths

The main classes of stochastic processes, martingales and regular enough

Markov process, have modifications with càdlàg paths meaning that they

are right continuous and have left limits (the word càdlàg is a French

achronym). This is a quite remarkable fact taking into account the gen-

eral Kolmogorov result on the existence of processes on the space of all

(even nonmeasurable) paths. Suppose (S, ρ) is a complete separable met-

ric space. The set of S-valued càdlàg functions on a finite interval [0, T ],

T ∈ R+ or on the half-line R+ is usually denoted by D = D([0, T ], S)

or D = D(R+, S), and is called the Skorohod path space. We shall often

write D([0, T ], S) for both these cases meaning that T can be finite or

infinite.

Proposition 12.2.1 If x ∈ D([0, T ], S), then for any δ > 0 there can

exist only finitely many jumps of x on [0, T ] of a size exceeding δ.

Proof Otherwise the jumps exceeding δ would have an accumulation

point on [0, T ].

In the analysis of continuous functions a useful characteristic repre-

sents the modulus of continuity

w(x, t, h) = sup{ρ(x(s), x(r)) : r − h ≤ s ≤ r ≤ t}, h > 0.

As one easily sees a function x ∈ D([0, t], S) is continuous on [0, t] if and

only if limh→0 w(x, t, h) = 0. In the analysis of càdlàg functions a similar

role belongs to the modified modulus of continuity defined as

w̃(x, t, h) = inf
∆

max
k

sup
tk≤r,s<tk+1

ρ(x(r), x(s)),

where the infimum extends over all partitions ∆ = (0 = t0 < t1 < ... <

tl < t) such that tk+1 − tk ≥ h for k = 1, ..., l − 1.

Proposition 12.2.2 (i) The definition of w̃(x, t, h) will not be changed
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if the infimum will be extended only over the partitions with h ≤ tk+1 −
tk < 2h. In particular, w̃(x, t, h) ≤ w̃(x, t, 2h) for all x. (ii) If x ∈
D([0, t], S), then limh→0 w̃(x, t, h) = 0.

Proof By Proposition 12.2.1, for an arbitrary δ there exists a partition

0 = t00 < t01 < ... < t0k = t of [0, t] such that inside the intervals Il =

[t0l , t
0
l+1) of the partition there are no jumps with sizes exceeding δ. Let

us make a further partition of each Il defining recursively

tj+1
l = min(t0l+1, inf{s > tjl : |x(s)− x(tj−1

l )| > 2δ}

with as many j as one needs to reach t0l+1. Clearly the new partition

thus obtained is finite and all the difference tjl − t
j+1
l are strictly positive

so that

h = min
l,j

(tjl − tj+1
l ) > 0.

On the other hand, w̃(x, t, h) ≤ 4δ.

Looking for an appropriate topology on D is not an obvious task. The

intuition arising from the study of random processes suggests that in

a reasonable topology the convergence of the sizes and times of jumps

should imply the convergence of paths. For example, the sequence of

step-functions 1[1+1/n,∞) should converge to 1[1,∞) as n→ ∞ inD([0, T ],R+)

with T > 1. On the other hand, the usual uniform distance

∥1[1+1/n,∞) − 1[1,∞)∥ = sup
y

|1[1+1/n,∞)(y)− 1[1,∞)(y)|

equals one for all n not allowing such a convergence in the uniform

topology. The main idea to make 1[1+1/n,∞) and 1[1,∞) close is by in-

troducing a time change that may connect them. Namely, a time change

on [0, T ] or R+ is defined as a monotone continuous bijection of [0, T ]

or R+ on itself. One says that a sequence xn ∈ D([0, T ], S) converges to

x ∈ D([0, T ], S) in the Skorohod topology J1 if there exists a sequence of

time changes λn of [0, T ] such that

sup
s

|λn(s)− s|+ sup
s≤t

ρ(xn(λn(s)), x(s)) → 0, n→ ∞

for t = T in case of a finite T or for all t > 0 in case T = ∞.

For example, for

λn =


(1 + 1/n)t, t ≤ 1

(1− 1/n)(t− 1) + (1 + 1/n), 1 ≤ t ≤ 2

t, t ≥ 2

(12.5)
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one has 1[1+1/n,∞)(λn(t)) = 1[1,∞)(t) for all t so that

sup
s≤t

(
|λn(s)− s|+ |1[1+1/n,∞)(λn(s))− 1[1,∞)(s))|

)
= 1/n→ 0

as n → ∞ for all t ≥ 2, so that the step-functions 1[1+1/n,∞) converge

to 1[1,∞) in the Skorohod topology of D(R+,R+) as n→ ∞.

Proposition 12.2.3 (i) Let

J(x, T ) = sup
t≤T

d(x(t), x(t−))

for T <∞ and

J(x,∞) =

∫ ∞

0

e−umin(1, J(x, u)) du.

Clearly J(x, T ) = 0 if and only if x is continuous. We claim that

the function J(x, T ) is continuous on D([0, T ], S). (ii) If xn → x in

D([0, T ], S) and the limiting curve x is continuous, then xn → x point-

wise.

Proof Is left as an exercise.

It is more or less obvious that the functions

dS(x, y) = inf
λ

sup
s≤T

(|λ(s)− s|+ ρ(x(λ(s)), y(s)))

for a finite T and

dS(x, y) = inf
λ

[
sup
s≥0

|λ(s)− s|+
∞∑
n=1

2−nmin

(
1, sup
s≤n

ρ(x(λ(s)), y(s))

)]
for infinite T (where inf is extended over the set of all time changes)

specify a metric on the sets D([0, T ], S), called Skorohod’s metric, that

is compatible with J1-topology in the sense that xn converges to x in

this topology if and only if dS(xn, x) → 0 as n → ∞. This metric is

not very convenient for the analysis, since the space D([0, T ], S) is not

complete in this metric, as shows the following:

Example. Consider a sequence of indicators 1[1−1/n,1). This sequence

is fundamental (or Cauchy) with respect to the metric dS on D([0, T ],R)

for any T ≥ 1 (because the time changes

λm,n =


t(1− 1/n)(1− 1/m)−1, t ≤ 1− 1/m

1− 1/n+
m

n
(t− (1− 1/m)), 1− 1/m ≤ t ≤ 1

t, t ≥ 1

(12.6)
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transforms 1[1−1/m,1) to 1[1−1/n,1)), but is not converging. Convince

yourself that this sequence is not fundamental in the metric dP intro-

duced below.

However, one can improve this situation by measuring the distance

between any time change and the identical map not by uniform norm

as in dS but rather by the distance of the corresponding infinitesimal

increments. More precisely, one is going to measure the distance between

a time change and the identity map by the quantity

γ(λ) = sup
0≤s<t

∣∣∣∣log λ(t)− λ(s)

t− s

∣∣∣∣ ,
The corresponding distance

dP (x, y) = inf
λ

(
γ(λ) + sup

t≤T
ρ(x(λ(s)), y(s))

)
for a finite T and

dP (x, y) = inf
λ

(
γ(λ) +

∞∑
n=1

2−nmin

(
1, sup
s≤n

ρ(x(λ(s)), y(s))

))
for T = ∞ (where inf is over all time changes with a finite γ(λ)) is

called Prohorov’s metric on D([0, T ], S). Clearly this is again a metric

on D([0, T ], S).

Proposition 12.2.4 The Prohorov metric dP is compatible with the

J1-topology on D([0, T ], S), so that xn → x if and only if dP (xn, x) → 0

as n→ 0.

Proof In one direction it is clear, as γ(λn) → 0 implies sup0≤s≤t |λn(s)−
s| → 0 for all t (where one takes into account that λ(0) = 0). Suppose

now that dS(x, xn) → 0 for xn, x ∈ D([0, T ], S). Assume that T is finite

(modification for T = ∞ being more or less straightforward). Then for

any δ ∈ (0, 1/4) one can choose a partition 0 = t0 < t1 < ... of [0, T ]

with tk+1 − tk ≥ δ

sup
tk≤r,s<tk+1

ρ(x(r), x(s)) < w̃(x, T, δ) + δ

and time-change λ with

sup
0≤t≤T

|λ(t)− t| < δ2, sup
0≤t≤T

ρ(x(λ−1(t), xn(t))) < δ.

Let λ̃ be the time change obtained from λ by the linear interpolation
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between its values at the points of the partition tk, k = 0, 1, 2, .... Then

γ(λ̃) = max
k

∣∣∣∣log λ(tk+1)− λ(tk)

tk+1 − tk

∣∣∣∣ ≤ max(log(1+2δ),− log(1−2δ)) ≤ 4δ.

Moreover, as the composition λ−1 ◦ λ̃ maps each interval [tk, tk+1) in

itself,

ρ(x(t), xn(λ(t)) ≤ ρ(x(t), x(λ−1◦λ̃(t)))+ρ(x(λ−1◦λ̃(t)), xn(λ(t))) ≤ w̃(x, T, δ)+2δ.

This implies that dP (x, xn) → 0, as δ can be chosen arbitrary small (and

taking into account Proposition 12.2.2).

The following fact is fundamental.

Theorem 12.2.1 (Skorohod-Kolmogorov-Prohorov) (i) (D([0, T ], S), dP )

is a complete separable metric space. (ii) The Borel σ-algebra of D([0, T ], S)

is generated by the evaluation maps πt : x 7→ x(t) for all t ≤ T (or t <∞
in case T = ∞). (iii) A set A ⊂ D([0, T ], S) is relatively compact in the

J1-topology if and only if πt(A) is relatively compact in S for each t and

lim
h→0

sup
x∈A

w̃(x, t, h) = 0, t > 0. (12.7)

A (standard by now) proof can be found e.g. in [109], [38] or [75].

Proposition 12.2.5 If S is locally compact, then condition (iii) of

the above theorem implies that there exists a compact set ΓT such that

πt(A) ⊂ ΓT for all t ∈ [0, T ].

Proof If w̃(x, T, h) < ϵ let Γ be the union of the finite number of com-

pact closures of πhk/2(A), hk/2 ≤ T , k ∈ N. Then all intervals of any

partition with [tk, tk+1] ≥ h contain a point hk/2 so that the whole

trajectory belongs to the compact set ∪Γϵkh/2.

We conclude with further remarks on the space D.

An interesting feature of J1-topology is the fact that addition is not

continuous in this topology, i.e. D is not a linear topological space. In

fact, let x = −y = 1[1,∞) be a step function in D(R+,R). Consider the

approximating step functions from the left and from the right, namely

xn = 1[1−1/n,∞), yn = −1[1+1/n,∞). Then x+y = 0, xn → x and yn → y

as n → ∞ in the J1-topology. However xn + yn = 1[1−1/n,1+1/n) does

not converge to zero.

Another important feature of J1-topology is in the fact that one can
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not approximate discontinuous functions by continuous ones. For in-

stance, when trying to approximate the step-function x = 1[1,∞) by the

broken line continuous paths

xn(t) = n(t− 1 + 1/n)1[1−1/n,1) + 1[1,∞), (12.8)

then xn converges to x point-wise and monotonically, but not in J1. In

fact, one easily sees that dS(xn, x) = 1 for all n.

At last let us mention that J1 is not the only reasonable topology on

D. In fact, in his seminal paper 1956 Skorohod introduced four different

topologies on D: the so called J1, J2, M1 and M2 topologies. For exam-

ple, M2 arises by comparing the epi-graphs {(t, y) : y ≥ x(t)} of paths

by means of the Hausdorf distance. In this topology sequence (12.8)

converges to the step function x = 1[1,∞). Though these topologies are

of interest sometimes, J1 is by far the most important one. And only

J1-topology will be used in this book.

12.3 Appendix C. Convergence of processes in
Skorohod spaces

Everywhere in this section S denotes a complete separable metric space

with distance d.

The results of this section are quite standard, though a systematic

exposition of the main tools needed for the study of convergence in Sko-

rohod spaces is not easy to find in a single textbook. Such a systematic

exposition would take us far away from the content of this book, so we

just collect everything that we need giving precise references where the

proofs can be found. The basic references are the books Jacod, Shiryaev

[109], Kallenberg [116], Ethier, Kurtz [75], see also Dawson [60] and Ta-

lay, Tubaro [240].

Let Xα be a family of S-valued random processes, each defined on its

own probability space with a fixed filtration Fα
t with respect to which it

is adapted. One says that the family Xα enjoys the compact containment

condition, if for any η, T > 0 there exists a compact set Γη,T ⊂ S such

that

inf
α
P{Xα(t) ∈ Γη,T ∀ t ∈ [0, T ]} ≥ 1− η (12.9)

The following is the basic criterion of compactness for the distributions

on Skorohod spaces (see Appendix 12.2 for the notation w̃).
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Theorem 12.3.1 Let Xα be a family of random processes with sample

paths in D(R+, S). Then {Xα} is relatively compact if and only if

(i) for every η > 0 and a rational t ≥ 0 there exists a compact set

Γη,t ⊂ S such that

inf
α
P{Xα(t) ∈ Γηη,t} ≥ 1− η (12.10)

(where Γηη,t is the η-neighborhood of Γη,t),

(ii) for every η > 0 and T ≥ 0 there exists a δ > 0 such that

sup
α
P{w̃(Xα, δ, T ) ≥ η} ≤ η.

Moreover, if (i), (ii) hold then also the compact containment condition

holds.

Proof See Ethier, Kurtz [75].

The following result (often referred to as the Jakubovski criterion of

tightness) reduces the problem of compactness to real-valued processes.

Theorem 12.3.2 Let Xα be a family of random processes with sample

paths in D(R+, S) enjoying the compact containment condition. Let H

be a dense subspace of C(S) in the topology of uniform convergence on

compact sets. Then {Xα} is relatively compact if and only if the family

{f ◦Xα} is relatively compact for any f ∈ H.

Proof See Ethier, Kurtz [75] Theorem 3.9.1 or Jakubovski [110].

As the conditions of Theorem 12.3.1 are not easy to check, more con-

crete criteria were developed.

A sequence Xn of S-valued random processes (each defined on its own

probability space with a fixed filtration Fn with respect to which it is

adapted) is said to enjoy the Aldous condition [A], [A’] or [A”] if

[A] for each N, ϵ, η > 0 there exists δ > 0 and n0 such that for any

sequence of Fn-stopping times {τn} with τn ≤ N

sup
n≥n0

sup
θ≤δ

Pn{d(Xn
τn , X

n
τn+θ) ≥ η} ≤ ϵ,

[A’] for each N, ϵ, η > 0 there exists δ > 0 and n0 such that for any

sequence of pairs of Fn-stopping times {σn, τn} with σn ≤ τn ≤ N

sup
n≥n0

Pn{d(Xn
σn , X

n
τn) ≥ η, τn < σn + δ} ≤ ϵ.

[A”] d(Xn
τn , X

n
τn+hn

) → 0 in probability as n→ ∞ for any sequence of
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bounded Fn-stopping times {τn} and any sequence of positive numbers

hn → 0.

Theorem 12.3.3 (Aldous criterion for tightness) Conditions [A],

[A’], [A”] are equivalent and imply the basic tightness condition (ii) of

Theorem 12.3.1.

Proof See Joffe, Métivier [113], Kallenberg [116], Jacod, Shiryaev [109]

or Ethier, Kurtz [75].

As an easy consequence of this criterion one can get the following

crucial link between the semigroup and Skorohod convergence for Feller

processes.

Theorem 12.3.4 Let S be locally compact and X, X1, X2,... be S-

valued Feller processes with the corresponding Feller semigroups Tt, T
1
t ,

T 2
t ,... If the compact containment condition holds and the semigroups

Tn converge to Tt strongly and uniformly for bounded times, then the

sequence {Xn} is tight and the distributions of Xn converge to the dis-

tribution of X.

Proof By Theorems 12.3.1, 12.3.3 and the strong Markov property of

Feller processes, one only needs to show that d(Xn
0 , X

n
hn

) → 0 in prob-

ability as n → ∞ for any initial distributions µn that may arise from

optional stopping of Xn and any positive constants hn → 0. By the

compact containment condition (and Prohorov’s criterion for tightness)

we may assume µn converges weakly to a certain µ, being the law of X0.

By the assumed uniform in time semigroup convergence, Tnhng → g for

any g ∈ C∞(S) implying

E[f(Xn
0 )g(X

n
hn)] = E(fTnhng)(X

n
0 ) → E(fg)(X0)

for f, g ∈ C∞(S). Consequently (Xn
0 , X

n
hn

) → (X0, X0) in distribution.

Then d(Xn
0 , X

n
hn

) → d(X0, X0) = 0 in distribution and hence also in

probability.

For applications to the dynamic law of large numbers for interacting

particles the following slight modification of this result is often handy.

Theorem 12.3.5 Let S be locally compact, Sn be a family of closed

subsets of S and X, X1, X2,... be S, S1, S2 ... -valued Feller processes

with the corresponding Feller semigroups Tt, T
1
t , T

2
t ,... Suppose the com-

pact containment condition holds for the family Xn and the semigroups
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Tn converge to Tt in the sense that

sup
s≤t

sup
xn∈Sn

|Tns f(xn)− Tsf(xn)| → 0, n→ ∞

for any t > 0 and f ∈ C∞(S). Finally assume that the sequence xn ∈ Sn
converges to a x ∈ S. Then the sequence of processes {Xn(xn)} (with

initial conditions xn) is tight and the distributions of Xn(xn) converge

to the distribution of X(x).

Proof It is the same as above. Notice only that after choosing a subse-

quence of laws µn in Sn converging to a law µ in S one has

(Tnt f, µn)− (Ttf, µ) = ((Tnt − Tt)f, µn) + (Ttf, µn − µ)

implying (Tnt f, µn) → (Ttf, µ), because the first term in the above ex-

pression tends to zero due to our assumption on the convergence of Tn
and the second by the weak convergence of µn.

The following result allows us to obtain the convergence for the so-

lutions of the martingale problem without assuming the convergence of

semigroups and the local compactness of S.

Theorem 12.3.6 Let Xα be family of random processes with sample

paths in D(R+, S) and Ca be a subalgebra in C(S). Assume that for any

f from a dense subset of Ca there exist càdlàg adapted processes Zα such

that

f(Xα
t )−

∫ t

0

Zαf (s) ds

is Fα
t -martingale and for any t > 0

sup
α

E

(∫ t

0

|Zαf (s)|p ds
)1/p

<∞

with a p > 1. Then the family f ◦ Xα is tight in D(R+,R) for any

f ∈ Ca.

Proof See Theorem 3.9.4 in Ethier, Kurtz [75].

To formulate other criteria, we need the notion of quadratic varia-

tion. For two real-valued processes X and Y the mutual variation or

covariation is defined as the limit in probability

[X,Y ]t = lim
maxi(si+1−si)→0

n∑
i=1

(Xmin(si+1,t)−Xmin(si,t))(Ymin(si+1,t)−Ymin(si,t))

(12.11)
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(limit is over finite partitions 0 = s0 < s1 < .... < sn = t of the interval

[0, t]). In particular, [X,X]t is often denoted shortly by [X]t and is called

the quadratic variation of X (that was mentioned already).

Proposition 12.3.1 If [X,Y ] is well defined for two martingales Xt, Yt,

then (XY )t − [X,Y ]t is a martingale.

Proof For a partition ∆ = (s = s0 < s1 < ... < sn = t) of the interval

[s, t] denote

[X,Y ]∆ =

n∑
j=1

(Xsj −Xsj−1
)(Ysj − Ysj−1

).

Then

(XY )t − (XY )s =

n∑
j=1

(Xsj −Xsj−1
)Ysj +

n∑
j=1

(Ysj − Ysj−1
)Xsj−1

= [X,Y ]∆ +

n∑
j=1

(Ysj − Ysj−1
)Xsj−1

+

n∑
j=1

(Xsj −Xsj−1
)Ysj−1

(12.12)

and the expectation of the last two terms vanish.

Remark 54 Formula (12.12) suggests the stochastic integral represen-

tation for XY as

(XY )t − (XY )0 = [X,Y ]t +

∫ t

0

Xs−dYs +

∫ t

0

Ys−dXs,

as the integrals here are clearly the only reasonable notation for the limit

of the last two terms in (12.12). In stochastic analysis such integrals are

studied systematically.

By a straightforward generalization of Proposition 12.3.1, one obtains

that if

X1
t =M1

t +

∫ t

0

b1sds, X2
t =M2

t +

∫ t

0

b2sds,

where M1
t ,M

2
t are martingales and bs is a bounded measurable process,

then

(X1X2)t − [X1, X2]t −
∫ t

0

(X1
s b

2
s +X2

sd
1
s)ds (12.13)

is a martingale.
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One can deduced from (12.11) that if X has locally finite variation,

then a.s.

[X,Y ]t =
∑
s≤t

∆Xs∆Ys (12.14)

(see e.g Kallenberg [116] or Talay, Tubaro [240] for a proof).

It is also known that if [X,Y ]t is locally integrable, then there exists

a unique predictable process with paths of finite variation, denoted by

⟨X,Y ⟩ and called the predictable covariation such that [X,Y ]t−⟨X,Y ⟩t
is a local martingale. Again ⟨X,X⟩t is often denoted shortly as ⟨X⟩t.
The following two results are usually referred to as the Rebolledo

criterion for tightness (see e.g. [206] and [74] for the first one and [207],

[113] for the second).

Theorem 12.3.7 Let Xn
t be a family of square integrable processes

Xn
t =Mn

t + V nt ,

where V nt are predictable finite variation processes and Mn
t are martin-

gales. Then the family Xn
t satisfies the Aldous condition [A] whenever

V nt and the quadratic variation [Mn
t ] satisfy this condition.

Theorem 12.3.8 In the above theorem the quadratic variation [Mn
t ]

and the martingales Mn
t themselves satisfy Aldous condition [A] when-

ever the predictable quadratic variation ⟨Mn
t ⟩t satisfies this condition.

To apply Rebolledo’s criteria, one has to be able to calculate either

covariation or predictable covariation. In case of jump process, one can

often effectively use (12.14). For Markov process it is often easy to find

the predictable covariation, which we are going to explain now. LetXt be

a Markov process in Rd solving the martingale problem for an operator

L. Let ϕi(x) denote the ith co-ordinate of x ∈ Rd, and suppose ϕi and

ϕiϕj belong to the domain of L so that

M i = Xi
t −Xi

0 −
∫ t

0

Lϕi(Xs) ds,

and

M ij = Xi
tX

j
t −Xi

0X
j
0 −

∫ t

0

L(ϕiϕj)(Xs) ds

are well defined martingales. Notice first that

[Xi, Xj ]t = [M i,M j ]t
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by (12.14). In the next two lines Mt denotes an arbitrary martingale.

From equation (12.13) one has

Xi
tX

j
t −Xi

0X
j
0 = [Xi, Xj ]t+

∫ t

0

(Xi
sL(ϕ

j)(Xs) +Xj
sL(ϕ

i)(Xs))ds+Mt,

implying that

[Xi, Xj ]t =

∫ t

0

L(ϕiϕj)(Xs) ds−
∫ t

0

(Xi
sL(ϕ

j)(Xs)+X
j
sL(ϕ

i)(Xs))ds+Mt.

Consequently by the definition of predictable covariation

⟨Xi, Xj⟩t =
∫ t

0

[L(ϕiϕj)(Xs)−Xi
sL(ϕ

j)(Xs)−Xj
sL(ϕ

i)(Xs)]ds,

(12.15)

which is the required formula.

12.4 Appendix D. Vector-valued ODE

For the sake of completeness we present here in a concise form the ba-

sic result on the smoothness of the solutions to the Banach space val-

ued ODEs (more precisely, ODEs on functions with values in a Banach

space) with respect to a parameter recalling by passing the notion of the

Gateaux differentiation (see e.g. Martin [172] for a detailed exposition).

Let B1 and B2 denote some Banach spaces with the norms ∥.∥1, ∥.∥2.
We assume that M is a closed convex subset of B1. In the examples

we have in mind M stands for the set of positive elements in B1 (say,

M = M(X) in the Banach space B1 of the signed measures on X).

One says that a mapping F : M 7→ B2 is Gateaux differentiable if for

any Y ∈M, ξ ∈ B1 such that there exists a h > 0 with Y +hξ ∈M , the

limit

DξF (Y ) = lim
h→0+

1

h
(F (Y + hξ)− F (Y ))

exists (in the norm topology of B2). DξF (Y ) is called the Gateaux

derivative of F (Y ) in the direction ξ. From the definition it follows that

DaξF (Y ) = aDξF (Y ),

whenever a > 0 and that

F (Y + ξ) = F (Y ) +

∫ 1

0

DξF (Y + sξ) ds. (12.16)

whenever Y + ξ ∈M .
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Exercise 12.4.1 Show that if F is Gateaux differentiable and DξF (Y )

depends continuously on Y for any ξ, then the mapping DξF (Y ) depends

linearly on ξ. Hint: use (12.16) to show separately the additivity and the

homogeneity with respect to negative multipliers.

Exercise 12.4.2 Deduce from (12.16) that if DξF (Y ) is Lipschitz con-

tinuous in the sense that

∥DξΩ(Y1)−DξΩ(Y2)∥2 = O(1)∥ξ∥1∥Y1 − Y2∥1

uniformly on Y1, Y2 from any bounded set, then

∥F (Y + ξ)− F (Y )−DξF (Y )∥2 = O(∥ξ∥21) (12.17)

uniformly for Y, ξ from any bounded set.

From now on let B1 = B2 = B with the norm denoted just ∥.∥.

Theorem 12.4.1 (Differentiation with respect to initial data)

Let Ωt be a family of continuous Gateaux differentiable mapping M 7→ B

depending continuously on t such that uniformly for finite t

∥DξΩt(Y )∥ ≤ c(∥Y ∥)∥ξ∥, ∥DξΩt(Y1)−DξΩt(Y2)∥ ≤ c(∥Y1∥+∥Y2∥)∥ξ∥∥Y1−Y2∥
(12.18)

with a continuous function c on R+. Let the Cauchy problem

µ̇t = Ωt(µt), µ0 = µ, (12.19)

is well posed in M in the sense that for any µ ∈M there exists a unique

continuous curve µt = µt(µ) ∈ B, t ≥ 0, such that

µt = µ0 +

∫ t

0

Ωs(µs) ds, (12.20)

and uniformly for finite t and bounded µ1
0, µ

2
0

∥µt(µ1
0)− µt(µ

2
0)∥ ≤ c∥µ1

0 − µ2
0∥ (12.21)

for all pair of initial data µ1
0, µ

2
0. Finally let ξt = ξt(ξ, µ) be a continuous

curve in B satisfying the equation

ξt = ξ +

∫ t

0

DξsΩs(µs) ds (12.22)

for a given solution µt = µt(µ) of (12.20). Then

sup
s≤t

1

h
∥µs(µ+ hξ)− µs(µ)− hξs∥ ≤ κ(t)h∥ξ∥2 (12.23)

uniformly for bounded ξ and µ, implying in particular that ξt = Dξµt(µ).



336 Appendices

Proof Subtracting from the integral equations for µt(µ+hξ) the integral

equations for µt(µ) and hξt yields

µt(µ+hξ)−µt(µ)−hξt =
∫ t

0

[Ωs(µs(µ+hξ))−Ωs(µs(µ))−hDξsΩs(µs(µ))] ds.

But it follows from (12.17) and (12.21) that

∥Ωs(µs(µ+hξ))−Ωs(µs(µ))−Dµs(µ+hξ)−µs(µ)Ωs(µs(µ))∥ = O(h2)∥ξ∥2.

Hence, denoting ϕt = [µt(µ + hξ) − µt(µ) − hξt]/h and using Exercise

12.4.1, implies

ϕt =

∫ t

0

DhϕsΩs(µs(µ)) ds+O(h)∥ξ∥2,

which in turn implies (12.23) by Gronwall’s lemma and the first estimate

of (12.18).

Theorem 12.4.2 (Differentiation with respect to a parameter)

Let Ωt be a family of Gateaux differentiable mapping from M to the

Banach space L(B) of bounded linear operators in B satisfying (12.18),

where the norm on the left is now understood as the operator norm. Then

the solution to the linear Cauchy problem

Żt = Ωt(Y )Zt, Z0 = Z ∈ B,

is Gateaux differentiable with respect to Y and the derivative DξZt(Y )

is the unique solution of the problem

ḊξZt(Y ) = Ωt(Y )DξZt(Y ) +DξΩt(Y )Zt, DξZ0(Y ) = 0.

Proof It is the same as above and is left as an exercise.

12.5 Appendix E. Pseudo-differential operator
notations

The Fourier transform

Ff(p) =
1

(2π)d/2

∫
e−ipxf(x) dx =

1

(2π)d/2
(e−ip., f)

is known to be a bijection on the Shcwarz space S(Rd) with the inverse

operator being the inverse Fourier transform

F−1g(x) =
1

(2π)d/2

∫
eipxg(p) dp.
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As one easily sees the Fourier transform takes the differentiation opera-

tor to the multiplication operator, i.e. F (f ′)(p) = (ip)F (f). This prop-

erty suggests the natural definition of fractional derivatives. Namely, one

defines a symmetric fractional operator in Rd of the form∫
Sd−1

|(∇, s)|βµ(ds),

where µ(ds) is an arbitrary centrally symmetric finite Borel measure on

the sphere Sd−1 as the operator that multiplies the Fourier transform of

a function by ∫
Sd−1

|(p, s)|βµ(ds),

i.e. via the equation

F (

∫
Sd−1

|(∇, s)|βµ(ds)f)(p) =
∫
Sd−1

|(p, s)|βµ(ds)Ff(p).

Well known explicit calculations show (see e.g. [133] or [220]) that∫
Sd−1

|(∇, s)|βµ(ds)

=


cβ

∫ ∞

0

∫
Sd−1

(f(x+ y)− f(x))
d|y|

|y|1+β
µ(ds), β ∈ (0, 1)

cβ

∫ ∞

0

∫
Sd−1

(f(x+ y)− f(x)− (y,∇f(x))) d|y|
|y|1+β

µ(ds), β ∈ (1, 2).

(12.24)

with certain explicit constants cβ and∫
Sd−1

|(∇, s)|µ(ds) = − 2

π
lim
ϵ→0

∫ ∞

ϵ

∫
Sd−1

(f(x+ y)− f(x))
d|y|
|y|2

µ(ds).

(12.25)

Fractional derivatives constitute a particular case of the so called

pseudo-differential operators (ΨDO). For a function ψ(p) in Rd, called

in this context a symbol, one defines the ΨDO ψ(−i∇) as the operator

that the Fourier transform takes to the multiplication by ψ, i.e. via the

equation

F (ψ(−i∇)f)(p) = ψ(p)(Ff)(p). (12.26)

Comparing this definition with the above factional derivatives one sees

that
∫
Sd−1 |(∇, s)|αµ(ds) is the ΨDO with the symbol

∫
Sd−1 |(p, s)|αµ(ds).
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The explicit formula for F−1 yields the explicit integral representation

for the ΨDO with the symbol ψ as

ψ(−i∇)f(x) =
1

(2π)d/2

∫
eipxψ(p)(Ff)(p) dp.

This expression suggests the following further extension. For a function

ψ(x, p) on Rd one defines the ΨDO ψ(x,−i∇) with the symbol ψ via the

formula

ψ(x,−i∇)f(x) =
1

(2π)d/2

∫
eipxψ(x, p)(Ff)(p) dp. (12.27)

12.6 Appendix F. Variational derivatives

We recall here the basic definitions of the variational derivatives of the

functionals on measures, deduce some of their elementary properties and

finally specify the natural class of functional spaces, where the deriva-

tives on the dual space can be defined analogously.

Suppose X is a metric space. For a function F on M(X) the varia-

tional derivative δF (Y )
δY (x) is defined as the Gateaux derivative of F (Y ) in

the direction δx, i.e. by

δF (Y )

δY (x)
= DδxF (Y ) = lim

s→0+

1

s
(F (Y + sδx)− F (Y )),

where lims→0+ means the limit over positive s andD denotes the Gateaux

derivative. The higher derivatives δlF (Y )/δY (x1)...δY (xl) are defined

inductively.

As it follows from the definition, if δF (Y )/δY (.) exists for a x ∈ X

and depends continuously on Y in the weak topology of M(X), then

the function F (Y + sδx) of s ∈ R+ has a continuous right derivative

everywhere and hence is continuously differentiable implying

F (Y + δx)− F (Y ) =

∫ 1

0

δF (Y + sδx)

δY (x)
ds. (12.28)

From the definition of variational derivative it follows that

lim
s→0+

1

s
(F (Y + saδx)− F (Y )) = a

δF

δY (x)

for a positive a allowing to extend equation (12.28) to

F (Y + aδx)− F (Y ) = a

∫ 1

0

δF

δY (x)
(Y + saδx) ds. (12.29)
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It is easy to see that this still holds for negative a as long as Y + aδx ∈
M(X).

We shall need an extension of this identity for more general measures

in the place of the Dirac measure δx. Let us introduce some handy no-

tations. We shall say that F belongs to Ckweak(M(X)) = Ck(M(X)),

k = 1, 2, . . . , if for all l = 1, ..., k, δlF (Y )/δY (x1) . . . δY (xl) exists for

all x1, . . . , xk ∈ Xk, Y ∈ M(X) and represents a continuous mapping

of k + 1 variables (when measures equipped with the weak topology)

uniformly bounded on the sets of bounded Y . If X is locally com-

pact, one similarly defines the spaces Ckvague(M(X)), which differ from

Ckweak(M(X)) by assuming continuity in the vague topology and that

the derivatives δlF (Y )/δY (x1) . . . δY (xl) belong to C∞(X l) uniformly

for bounded sets of Y . If X = Rd, we shall say that F belongs to

C1,l
weak(M(X)), l = 1, 2, . . . , if for any m = 0, 1, ..., l the derivatives

∂m

∂xm
δF (Y )

δY (x)

exist for all x ∈ X, Y ∈ M(X), represent a continuous function of all its

variables (measures equipped with the weak topology) and are uniformly

bounded on the sets of bounded Y .

Lemma 12.6.1 If F ∈ C1(M(X)), then F is Gateaux differentiable

on M(X) and

DξF (Y ) =

∫
δF (Y )

δY (x)
ξ(dx). (12.30)

In particular, if Y, Y + ξ ∈ M(X), then

F (Y + ξ)− F (Y ) =

∫ 1

0

(
δF (Y + sξ)

δY (.)
, ξ

)
ds (12.31)

(note that ξ can be a signed measure).

Proof Using the representation

F (Y+s(aδx+bδy))−F (Y ) = F (Y+saδx)−F (Y )+b

∫ s

0

δF

δY (y)
(Y+saδx+hbδy) dh

for arbitrary points x, y and numbers a, b ∈ R such that

Y + aδx + bδy ∈ M(X)

and the uniform continuity of δF (Y + sδx + hδy; y) in s, h allows to
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deduce from (12.28) the existence of the limit

lim
s→0+

1

s
(F (Y + s(aδx + bδy))− F (Y )) = a

δF

δY (x)
+ b

δF

δY (y)
.

Extending similarly to the arbitrary number of points one obtains (12.31)

for ξ being a finite linear combination of the Dirac measures.

Assume now that ξ ∈ M(X) and ξk → ξ as k → ∞ weakly in M(X),

where all ξk are finite linear combination of the Dirac measures with

positive coefficients. We are going to pass to the limit k → ∞ in the

equation (12.31) written for ξk. As F ∈ C(M(X)) one has

F (Y + ξk)− F (Y ) → F (Y + ξ)− F (Y ), k → ∞.

Next, the difference∫ 1

0

(
δF

δY (.)
(Y + sξk), ξk

)
ds−

∫ 1

0

(
δF

δY (.)
(Y + sξ), ξ

)
ds

can be written as∫ 1

0

(
δF

δY (.)
(Y + sξk), ξk − ξ

)
ds+

∫ 1

0

(
δF

δY (.)
(Y+sξk)−

δF

δY (.)
(Y+sξ), ξ) ds.

By our assumptions δF
δY (.) (Y + sξk)− δF

δY (.) (Y + sξ) converge to zero as

k → ∞ uniformly for x from any compact set. On the other hand, as

ξk → ξ, this family is tight so that the integrals from the above formula

can be made arbitrary small outside any compact domain. Hence both

integrals converge to zero.

To complete the proof of (12.31) let us note that if ξ /∈ M(X) (is

a signed measure), then the same procedure is applied, but one has to

approximate both Y and ξ. Clearly (12.30) follows from (12.31) and the

definitions of Gateaux derivatives.

Corollary 13 If Y, Y + ξ ∈ M(X) and F ∈ C2(M(X)) or F ∈
C3(M(X)), the following Taylor expansion holds respectively:

(a) F (Y + ξ)− F (Y ) = (
δF (Y )

δY (.)
, ξ) +

∫ 1

0

(1− s)

(
δ2F (Y + sξ)

δY (.)δY (.)
, ξ ⊗ ξ

)
ds,

(b) F (Y + ξ)− F (Y ) =

(
δF

δY (.)
, ξ

)
+

1

2

(
δ2F (Y )

δY (.)δY (.)
, ξ ⊗ ξ

)
+

1

2

∫ 1

0

(1− s)2
(
δ3F (Y + sξ)

δY 3(., ., .)
, ξ⊗3

)
ds. (12.32)

Proof Straightforward from the usual Taylor expansion.
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Lemma 12.6.2 If t 7→ µt ∈ M(X) is continuously differentiable in

the weak topology, then for any F ∈ C1(M(X))

d

dt
F (µt) = (δF (µt; ·), µ̇t). (12.33)

Proof This is nothing else, but the chain rule of calculus, but in a more

general infinite dimensional setting. Details are left as an exercise.

Another performance of the chain rule that is of importance is the

following.

Lemma 12.6.3 If F ∈ C1,l
weak(M(Rd)), then

∂

∂xi
F (hδx) = h

∂

∂xi

δF (Y )

δY (xi)
, Y = hδx = hδx1

+ ...+ hδxn .

Exercise 12.6.1 Prove this lemma. Hint: formally this is a chain rule,

where one uses that δ′x is the generalized function (distribution) acting

as (f, δ′x) = f ′(x). For a more rigorous footing one represents the incre-

ments of F by (12.31).

One often needs also the derivatives of Banach space valued functions

on M(X). Let us say that a mapping Φ : M(X) 7→ M(X) has a strong

variational derivative δΦ(µ, x) if for any µ ∈ M(X), x ∈ X the limit

δΦ

δY (x)
= lim
s→0+

1

s
(Φ(Y + sδx)− Φ(Y ))

exists in the norm topology of M(X) and is a finite signed measure

on X. Higher derivative are defined inductively. We shall say that Φ

belongs to Cl(M(X);M(X)), l = 0, 2, . . . , if for all k = 1, ..., l, the

strong variational derivative δkΦ(Y ;x1, . . . , xk) exists for all x1, . . . , xk ∈
Xk, Y ∈ M(X) and represents a continuous in the sense of the weak

topology mapping M(X)×Xk 7→ Msign(X), which is bounded on the

bounded subsets of Y .

Lemma 12.6.4 Let Φ ∈ C1(M(X);M(X)) and F ∈ C1(M(X)), then

the composition F ◦ Φ(Y ) = F (Φ(Y )) belongs to C1(M(X)) and

δF

δY (x)
(Φ(Y )) =

∫
δF (Z)

δZ(y)
|Z=Φ(Y )

δΦ

δY (x)
(Y, dy) (12.34)

Proof By (12.31) and the definitions

δF ◦ Φ
δY (x)

(Y ) = lim
h→0+

1

h
(F (Φ(Y + hδx))− F (Φ(Y )))
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= lim
h→0+

1

h

∫ 1

0

ds(
δF

δZ(.)
(Φ(Y )+s(Φ(Y+hδx)−Φ(Y )), .)Φ(Y+hδx)−Φ(Y ))

= lim
h→0+

1

h

∫ 1

0

ds

∫
X

(
δF

δZ(y)
(Φ(Y ) + sh(δΦ(Y, x) + o(1)))

δΦ

δY (x)
(Y, dy)),

yielding (12.34).

The above lemmas are derived under the strong assumptions of bound-

edness. Practically one often uses their various extensions, where func-

tions and their variational derivatives are unbounded, or defined on a

subset of M(X). The matter is often complicated by the necessity to

work in different weak or strong topologies. In all theses situations the

validity of the above calculations should be of course justified.

Moreover, variational derivatives can be defined also for other func-

tional spaces. Next statement identifies a natural class.

Proposition 12.6.1 Let a Banach space B with the norm ∥.∥B be

a subspace of the space of continuous functions on a complete locally

compact metric space X (we shall apply it to X being a subset of Rd)

such that for any compact set K ⊂ X the mapping f 7→ f1K is a

contraction and a continuous embedding B → C(K) with a closed image,

and for any f ∈ B one has f = lim(f1BR) in B as R → ∞, where BR
are balls with any fixed center. Then the Dirac measures δx belong to B⋆

and their linear combinations are ⋆-weakly dense there. Consequently the

variational derivatives δF/δY can be defined in the usual way and enjoy

all the above properties.

Proof By the Hahn-Banach theorem, any element ϕ ∈ B⋆ can be lifted

to an element of (C(K))⋆ = M(K), and hence approximated by linear

combinations of Dirac’s measures. Finally, by the assumptions made,

any (ϕ, f) is approximated by (ϕR, f) = (ϕ, f1BR).

The spaces satisfying the conditions of Proposition 12.6.1 are numer-

ous. As examples, one can take the spaces C∞(X), Cf (X), Cf,∞(X) and

their subspaces of differentiable functions with the uniform or integral

norms, various weighted Sobolev spaces.
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12.7 Appendix G. Geometry of collisions

We recall here two points on Boltzmann’s collision geometry. Namely, we

shall deduce the collision inequalities and the Carleman representation

for the collision kernel, both in arbitrary dimension.

Recall that the Boltzmann equation in weak form (1.50) writes down

as
d

dt
(g, µt) =

1

2

∫
n∈Sd−1:(n,w−v)≥0

∫
R2d

µt(dv)µt(dw)

[g(v′) + g(w′)− g(v)− g(w)]B(|v2 − v1|, θ), (12.35)

where θ ∈ [0, π/2] is the angle between n = (v′ − v)/|v′ − v| and w − v,

and

v′ = v − n(v − w, n), w′ = w + n(v − w, n)), n ∈ Sd−1, (n, v − w) ≥ 0,

(12.36)

which is a natural parametrization of the collisions under the conserva-

tion laws (1.48):

v + w = v′ + w′, v2 + w2 = (v′)2 + (w′)2.

Unlike (1.52), which was written as an adaptation of general jump type

kinetic equation, we denote here the input and output pairs of veloci-

ties by (v, w) and (v′, w′), which is more usual in the literature on the

Boltzmann equation. Equation (12.35) rewrites clearly as

d

dt
(g, µt) =

1

4

∫
Sd−1

∫
R2d

[g(v′)+g(w′)−g(v)−g(w)]B(|v−w|, θ)dnµt(dv)µt(dw),

(12.37)

if B is extended to the angles θ ∈ [π/2, π] by B(|v|, θ) = B(|v|, π − θ).

Also the symmetry allows to rewrite (12.35) as

d

dt
(g, µt) =

∫
n∈Sd−1:(n,w−v)≥0

dn

∫
R2d

µt(dv)µt(dw)[g(v
′)−g(v)]B(|v2−v1|, θ).

(12.38)

For the measures with the density µ(dx) = f(x)dx, this rewrites in the

following strong form:

d

dt
ft(v) =

∫
n∈Sd−1:(n,w−v)≥0

∫
Rd

[ft(w
′)ft(v

′)−ft(w)ft(v)]B(|w−v|, θ) dn dw.

(12.39)

A handy tool for the analysis of collisions is supplied by the following

elementary fact.
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Proposition 12.7.1 If v′, w′ are velocities obtained after a collision

of particles with velocities v, w ∈ Rd, i.e.

v′ = v − n(v − w, n), w′ = w + n(v − w, n)), n ∈ Sd−1, (n, v − w) ≥ 0,

then

|v′|2 = |v|2 sin2 θ + |w|2 cos2 θ − σ|v| |w| sin θ cos θ cosϕ sinα,
|w′|2 = |v|2 cos2 θ + |w|2 sin2 θ + σ|v| |w| sin θ cos θ cosϕ sinα,

(12.40)

where α ∈ [0, π] is the angle between the vectors v and w, θ ∈ [0, π/2] is

the angle between v′ − v and w − v, and ϕ ∈ [0, π] is the angle between

the planes generated by v, w and v′ − v, w − v respectively.

Exercise 12.7.1 Prove this statement. Hints. Clearly the second equa-

tion is obtained from the first by symmetry, i.e. by changing θ to π/2−θ.
Secondly, though (12.40) is formulated in Rd, it is effectively a three di-

mensional fact involving three vectors v, w, v′ (or the four points 0, v, w, v′

in the corresponding affine space). Finally, it is done by lengthy but

straightforward calculations, the main point to be taken into account is

the fact that the vectors v′ − v and v′ − w are perpendicular (because,

as follows from (12.36), the end points of possible vectors v′ lie on the

sphere with the end points of v, w forming its poles).

The form of the collision inequality given below (and its proof) is taken

from Lu, Wenberg [166]. This form is the result of long development

and improvements, the main contributors being seemingly Povsner and

Elmroth (see [72]).

Proposition 12.7.2 With the notations of the previous Proposition,

the following collision inequality holds for θ ∈ (0, π/2) and any c > 0:

(c+ |v′|2)s/2 + (c+ |w′|2)s/2 − (c+ |v|2)s/2 − (c+ |w|2)s/2

≤2s+1[(c+ |v|2)(s−1)/2(c+ |w|2)1/2 + (c+ |w|2)(s−1)/2(c+ |v|2)1/2] cos θ sin θ

−min{1
4
s(s− 2), 2} cos2 θ sin2 θ[(c+ |v|2)s/2 + (c+ |w|2)s/2]

(12.41)

Proof By (12.40)

|v′|2 ≤ (|v| sin θ + |w| cos θ)2,
|w′|2 ≤ (|v| cos θ + |w| sin θ)2.

Hence

c+ |v′|2 ≤ c(sin2 +cos2)(θ) + (|v| sin θ + |w| cos θ)2
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≤
(√

c+ |v|2 sin θ +
√
c+ |w|2 cos θ

)2
and

c+ |w′|2 ≤
(√

c+ |v|2 cos θ +
√
c+ |w|2 sin θ

)2
.

Using inequality (6.15) one can write

(c+ |v′|2)s/2+(c+ |w′|2)s/2 ≤ [(c+ |v|2)s/2+(c+ |w|2)s/2](sins θ+coss θ)

+2s sin θ cos θ(sins−2 θ+coss−2 θ)[(c+|v|2)(s−1)/2(c+|w|2)1/2+(c+|w|2)(s−1)/2(c+|v|2)1/2],

the last term being bounded by

+2s+1 sin θ cos θ[(c+|v|2)(s−1)/2(c+|w|2)1/2+(c+|w|2)(s−1)/2(c+|v|2)1/2],

due to the assumption s ≥ 2. Hence, it remains to show the elementary

inequality

sins θ + coss θ ≤ 1−min{1
4
s(s− 2), 2} cos2 θ sin2 θ, s > 2.

Exercise 12.7.2 Prove this inequality thus completing the proof of the

Proposition. Hint: for s ≥ 4 it reduces to the obvious inequality

sins θ + coss+2 cos2 θ sin2 θ ≤ 1;

for s ∈ [2, 4] it reduces to proving

aβ + (1− a)β + β(β − 1)a(1− a) ≤ 1, a ∈ [0, 1/2], β ∈ [1, 2].

As a second topic in this appendix, we shall discuss a couple of other

representations for the Boltzmann equation, which are crucial for its

qualitative analysis.

Namely, writing

n =
w − v

|w − v|
cos θ +m sin θ, dn = sind−2 θ dθ dm,

with m ∈ Sd−2 and dm being the Lebesgue measure on Sd−1 allows to

rewrite (12.39) as

d

dt
ft(v1) =

∫ π/2

0

dθ

∫
Sd−2

dm

∫
Rd

dw[ft(w
′)ft(v

′)−ft(w)ft(v)] sind−2 θB(|w−v|, θ).

(12.42)
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Under the symmetry condition

sind−2 θB(|z|, θ) = sind−2(π/2− θ)B(|z|, π/2− θ)

the integral in (12.42) is invariant under the transformation θ 7→ π/2−
θ,m 7→ −m (equivalently v′ 7→ w′, w′ 7→ v′). Hence, decomposing the

domain of θ in two parts [0, π/4] and [π/4, π/2] and making this transfor-

mation in the second integral allows to represent the Boltzmann equation

in the following reduced form

d

dt
ft(v) = 2

∫
n∈Sd−1:θ∈[0,π/4]

∫
Rd

[ft(w
′)ft(v

′)−ft(w)ft(v)]B(|w−v|, θ) dn dw.

(12.43)

Next, let us denote by Ev,z the (d− 1)-dimensional plane in Rd that

passes through v and is perpendicular to z − v, and by dEv,v′ the corre-

sponding Lebesgue measure on it. Changing the variables w, n in (12.39)

to v′ ∈ Rd, w′ ∈ Ev,v′ so that

dn dw = dn dEv,v′w
′ d|v′ − v| = 1

|v′ − v|d−1
dv′ dEv,v′w

′,

leads to the following Carleman representation of the Boltzmann equa-

tion:

d

dt
ft(v) =

∫
Rd

dv′
∫
Ev,v′

dEv,v′w
′[ft(w

′)ft(v
′)−ft(w)ft(v)]

B(|w − v|, θ)
|v − v′|d−1

.

(12.44)

Finally, using the same transformation with (12.43) leads to the fol-

lowing reduced form of the Carleman representation, or the Carleman-

Gustafsson representation, proposed in [93]:

d

dt
ft(v) = 2

∫
Rd

dv′
∫
w′∈Ev,v′ :|w′|≤|v−v′|

dEv,v′w
′[ft(w

′)ft(v
′)−ft(w)ft(v)]

B(|w − v|, θ)
|v − v′|d−1

.

(12.45)

Carleman’s representation and its modification are useful for obtaining

point-wise estimates for the solutions to the Boltzmann equation, see

e.g. the end of Section 6.2.
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12.8 Appendix H. A combinatorial lemma

Clearly for any f ∈ Csym(X2) and x = (x1, . . . , xn) ∈ Xn

∑
I⊂{1,...,n},|I|=2

f(xI) =
1

2

∫ ∫
f(z1, z2)δx(dz1)δx(dz2)−

1

2

∫
f(z, z)δx(dz).

(12.46)

The following is a generalization for the functions of k variables.

Proposition 12.8.1 For any natural k, f ∈ Csym(Xk) and x =

(x1, . . . , xn) ∈ Xn

∑
I⊂{1,...,n},|I|=k

f(xI) =
1

k!
[(f, δ⊕kx )− σ(f)], (12.47)

where σ(f) is a positive linear mapping on Csym(Xk) given by

σ(f) =

k−1∑
m=1

m!
∑

I⊂{1,...,n},|I|=m

∑
l∈I

∫
Xk−m−1

f(xl, xl,xI\l, z)δ
⊕(k−m−1)
x (dz).

(12.48)

Proof Clearly

(f, δ⊕kx ) =

n∑
i1,...,ik=1

f(xi1 , ..., xik) = k!
∑

I⊂{1,...,n},|I|=k

f(xI) + σ(f),

where σ(f) is the sum of those terms f(xi1 , ..., xik) where at least two

indices coincide. Let i < j denote the numbers of the first repeated

indices there. Then, by the symmetry of f ,

σ(f) =

k∑
j=2

j−1∑
i=1

n∑
l=1

∑
J⊂{1,...,n}\l,|J|=j−2

(j−2)!

n∑
i1,...,ik−j=1

f(xl, xl,xJ , xi1 , ..., xik−j )

=

k∑
j=2

(j − 1)!

n∑
l=1

∑
J⊂{1,...,n}\l,|J|=j−2

∫
Xk−j

f(xl, xl,xJ , z)δ
⊕(k−j)
x (dz).

Denoting m = j − 1 and I = J ∪ l yields (12.48).

Corollary 14 For h > 0, f ∈ Csym(Xk) and x = (x1, . . . , xn) ∈ Xn

hk
∑

I⊂{1,...,n},|I|=k

f(xI) =
1

k!
[(f, (hδx)

⊕k)− σh(f)], (12.49)
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where σh(f) is a positive linear mapping on Csym(Xk) enjoying the es-

timates

|σh(f)/k!| ≤
h

2(k − 2)!

∫
Xk−1

Pf(y)(hδx)
⊗(k−1)(dy), (12.50)

where Pf(y1, ..., yk−1) = f(y1, y1, y2, y3, ..., yk−1), and

|σh(f)/k!| ≤
h

2(k − 2)!
∥f∥∥hδx∥k−1. (12.51)

Proof Multiplying (12.47) by hk yields (12.49) with

σh(f) =

k−1∑
m=1

hm+1m!
∑

I⊂{1,...,n},|I|=m

∑
l∈I

∫
Xk−m−1

f(xl, xl,xI\l, z)(hδx)
⊕(k−m−1)(dz).

(12.52)

Hence, estimating the sum over subsets I by the sum over all combina-

tions yields

|σh(f)| ≤ h

k−1∑
m=1

hm+1m

n∑
x1,...,xm=1

∫
f(x1, x1, x2, ..., xm, z)(hδx)

⊕(k−m−1)(dz)

=

k−1∑
m=1

hm

∫
Pf(y)(hδx)

⊕(k−1)(dy),

implying (12.50) and hence (12.50).

Exercise 12.8.1 Show that

hk
∑

I⊂{1,...,n},|I|=k

f(xI) =
1

k!
(f, (hδx)

⊗k)+

k−1∑
l=1

(−h)l(Φkl [f ], (hδx)⊗(k−l)),

(12.53)

where Φkl [f ] are positive bounded operators Csym(Xk) 7→ Csym(Xk−l).

Write an explicit formula for Φkl [f ].

12.9 Appendix I. Approximation of infinite
dimensional functions

Let B and B∗ be a real separable Banach space and its dual with duality

denoted by (·, ·) and the unit balls denoted by B1 and B
∗
1 . It follows from

the Stone-Weierstrass theorem that finite dimensional (or cylindrical)

functions of form Ff (v) = f((g1, v), . . . , (gm, v)) with g1, . . . , gm ∈ B
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and f ∈ C(Rm) are dense in the space C(B∗
1) of ∗-weakly continu-

ous bounded functions on the unit ball in B∗. We need a more precise

statement (which the author did not find in the literature) that these

approximations can be chosen in such a way that they respect differenti-

ation. It it sufficient for us to discuss only the case B = C∞(X) with X

being Rn or its submanifold, and we reduce attention only to this case.

A family P1, P2, · · · of the linear contractions in B of the form

Pjv =

Lj∑
l=1

(wlj , v)ϕ
l
j , (12.54)

where ϕlj and wlj are some finite linear independent sets from the unit

balls B∗
1 and B1 respectively, is said to form an approximative identity,

if the sequence Pj converges strongly to the identity operator as j → ∞.

To see the existence of such a family, let us choose a finite 1
j -net

x1, x2, . . . , xLj in the ball {∥x∥ ≤ j}, and let ϕlj be a collection of con-

tinuous non-negative functions such that ϕj(x) =
∑
l ϕ

l
j(x) belongs to

[0, 1] everywhere, equals one for ∥x∥ ≤ j and vanishes for ∥x∥ ≥ j + 1

and such that each ϕlj equals one in a neighborhood of xlj and vanishes

for ∥x− xlj∥ ≥ 2/j. Then the operators

Pjf(x) =

Lj∑
l=1

f(xlj)ϕ
l
j(x) =

Lj∑
l=1

(f, δxlj )ϕ
l
j(x)

form an approximative identity in B = C∞(X), which one check first

for f ∈ C1(Rd) and then by approximation for all f ∈ C∞(Rd).

Proposition 12.9.1 Suppose a family P1, P2, · · · of finite dimensional

linear contractions in B given by (12.54) form an approximative identity

in B. Then

(i) for any F ∈ C(B∗
1) the family of finite-dimensional (or cylinder)

functionals Fj = F (P ∗
j ) converges to F uniformly (i.e. in the

norm topology of C(B∗
1)),

(ii) if F is k times continuously differentiable in the sense that δkF (µ)(v1, . . . , vk)

exists and is a ∗-weakly continuous function of k + 1 variables,

then the derivatives of the order k of Fj converge to the corre-

sponding derivatives of F uniformly on B∗
1 .

Proof (i) Notice that

P ∗
j (µ) =

Lj∑
l=1

(ϕlj , µ)w
l
j .
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The required convergence for the functions of the form Fg(µ) = exp{(g, µ)},
g ∈ C∞(X) follows from the definition of the approximative identity, for

Fg(P
∗
j (µ)) = exp{(Pjg, µ)}.

For arbitrary F ∈ C(B∗
1) the statement is obtained through its approx-

imation by the linear combinations of exponential functions Fg (which

is possible by the Stone-Weierstrass theorem).

(ii) If F is k times continuously differentiable, then

δFj(µ)

δµ(x)
=

Lj∑
l=1

ϕlj(x)
δF

δµ(xlj)
(P ⋆j µ)

=

(
δF

δµ(xlj)
(P ⋆j µ), P

⋆
j δx

)
= Pj(

δF (P ⋆j µ)

δµ(.)
)(x),

and similarly

δkFj(µ)

δµ(v1)...δµ(vk)
=

(
δkF

δµ(v1)...δµ(vk)
(P ⋆j µ), P

⋆
j δv1 ⊗ ...P ⋆j δvk

)
and then the result follows from (i).

From this result one easily deduces the possibility to approximate

F ∈ C(B∗
1) by polynomials or exponential functionals together with

their derivatives.

Corollary 15 There exist linear projectors Π1
j , Π

2
j from C(B∗

1) to the

spaces of finite linear combinations of the analytic functions of µ ∈ B∗

of the form

exp

−ϵj
Lj∑
l=1

((ϕlj , µ)− ξl)
2

 , ϵj > 0, ξl ∈ Rd,

and of the form∫
g(x1, ..., xk)µ(dx1)...µ(dxn), g ∈ S(Rd)

respectively such that Πij(F ), i = 1, 2 converges to F as j → ∞ uniformly

on B∗
1 . If F is differentiable, the corresponding derivatives also converge.

Proof For any j the functional Fj(µ) = F (P ∗
j (µ)) clearly can be written

in the form Fj(µ) = fj(y(µ)) with y(µ) = {(ϕ1j , µ), . . . , (ϕ
Lj
j , µ)} and fj

being bounded continuous functions of Lj variables. Approximating fj
first by the function eϵ∆fj and the latter function by a linear combination
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hj of the Gaussian functions of the type exp{−ϵj
∑Lj
l=1(yl − ξl)

2}, we
then define Πj(F (µ)) = hj(y(µ)), which enjoys the required property.

Similarly one obtain the polynomial approximation invoking the finite

dimensional Weierstrass theorem.

12.10 Appendix J. Bogolyubov’s chains, generating
functionals and the Fock space calculus

This appendix is an addendum to Section 1.9 indicating an alternative

method of the deduction of the basic kinetic equations (historically one of

the first one, see comments in section 11.6) via the so called Bogolyubov

chains, called also the BBGKY Hierarchy.

The discussion in Section 1.9 suggests that it could be useful to look on

the evolution (1.68) in terms of the correlation functions. This is actually

the way of study most pursued in statistical physics. The corresponding

equations are called Bogoliubov chains. A handy way to systematically

obtain these equations is via Fock space calculus of the creation and

annihilation operators that also yields a fruitful connection with similar

problems of quantum mechanics.

For an arbitrary Y ∈ M(X) the annihilation operator a−(Y ) is defined

by

(a−(Y )f)(x1, ..., xn) =

∫
xn+1

f(x1, ..., xn, xn+1)Y (dxn+1)

on C(SX ) and for an arbitrary h ∈ C(X) the creation operator a+(h)

acts on C(SX ) as

(a+(h)f)(x1, ..., xn) =

n∑
i=1

f(x1, ..., x̌i, ..., xn)h(xi), n ̸= 0,

(a+(h)f)
0 = 0. Their duals are the creation and annihilation operators

on Msym(X ) defined as

(a⋆−(Y )ρ)(dx1...dxn) =
1

n

n∑
i=1

ρ(dx1...ďxi...dxn)Y (dxi),

(a⋆+(h)ρ)(dx1...dxn) = (n+ 1)

∫
xn+1

ρn+1(dx1...dxn+1)h(xn+1).
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These operators satisfy the canonical commutation relations

[a−(Y ), a+(h)] =

∫
h(x)Y (dx)1, [a⋆+(h), a

⋆
−(Y )] =

∫
h(x)Y (dx)1.

We shall write shortly a+ and a⋆+ for the operators a+(1) and a⋆+(1)

respectively. The powers of a+(h) and its dual are obviously given by

the formulas

((a+(h))
mf)n(x1, ..., xn) = m!

∑
I⊂{1,...,n},|I|=m

fn−m(xĪ)
∏
i∈I

h(xi),

((a⋆+(h))
mρ)n(dx1...dxn) =

(n+m)!

n!

∫
xn+1,...,xn+m

ρn+m(dx1...dxn+m)

m∏
j=1

h(xn+j)

(the first formula holds only for m ≤ n, and for m > n the power

((a+(h))
mf)n vanishes).

In terms of canonical creation and annihilation operators, the trans-

formations ρ 7→ µh and g → Shg = f from the previous section are

described by the formulas

ρ 7→ ν = N !hNea
⋆
+ρ. (12.55)

and

f = {f j} 7→ g = {gj} = (N !)−1h−Ne−a+f. (12.56)

Next, for an operator D on C(X), the density number operator n(D)

(or gauge operator, or the second quantization of D) in C(SX ) is defined

by the formula

n(D)f(x1, ..., xn) =

n∑
i=1

Dif(x1, ..., xn), (12.57)

where Di acts on f(x1, ..., xn) as a function of xi. One easily checks that

[n(A), n(D)] = n([A,D]), [n(D), a+(h)] = a+(Dh), [a−(Y ), n(D)] = a−(D
⋆Y ).

In particular, if D is a finite-dimensional operator of form

D =

l∑
j=1

hj ⊗ Yj , hj ∈ C(X), Y ∈ M(X), (12.58)

that acts as Df =
∑l
j=1(f, Yj)hj , then n(D) =

∑l
j=1 a+(hj)a−(Yj). In

general however, one can not express n(D) in terms of a+ and a−.
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The tensor power of the operator n is defined for a (possibly un-

bounded) operator Lk : Csym(X ) → Csym(Xk) as the operator n⊗k(Lk)

in Csym(X ) by the formula

(n⊗k(Lk)f)(x1, ..., xn) =
∑

I⊂{1,...,n},|I|=k

(LkfxĪ )(xI), (12.59)

where we defined

fx1,...,xn(y1, ..., ym) = f(x1, ..., xn, y1, ..., ym)

for an arbitrary f ∈ Csym(X ). This is precisely the transformation from

Bk of form (1.65) to the generator of k-ary interaction Ik given by (1.66)

so that

Ik[P
k, Ak] = n⊗k(Bk). (12.60)

Using the formalism of the creation, annihilation and gauge opera-

tors yields a handy way to deduce the Bogolyubov chain equations, i.e.

the equations on the correlation functions νh that corresponds to the

evolution of ρh that is dual to equation (1.68), i.e. that is given by

ρ̇h(t) = (Ih)⋆[P,A]ρh(t), Ih[P,A] =
1

h

k∑
l=1

hlIl[P
l, Al]. (12.61)

Not carrying out this calculation (see comments in Section 11.6) let

us note that it turns out that the limiting equation, as h → 0, to the

equation on ν and g expressed by (12.55) and (12.56) are given by the

chain of equations (1.91) and (1.92), yielding the method of deducing

kinetic equations from Bogolyubov chains for correlation functions.

Finally, let us mention the method of storing the information on many

particle evolutions via the generating functionals. The generating func-

tional for an observable f = {fn} ∈ C(X ) and respectively for a state

ρ = {ρn} ∈ M(X ) are defined as the functionals Φf of Y ∈ M(X) and

respectively Φ̃ρ of Q ∈ C(X) by the formulas

Φf (Y ) = (f, Y ⊗̃), Φ̃ρ(Q) = (Q⊗, ρ). (12.62)

Clearly this notion represents an infinite dimensional analogue of the

familiar notion of the generating function of a discrete probability law.

As follows from the above discussion, kinetic equation (1.71) yields the

characteristic equation for the evolution of the generating functionals Φgt
of the observables gt that satisfies (1.92) (the dual limiting equation for
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correlation functions). Namely, if Yt solves (1.71) with initial condition

Y0 and gt solves (1.92) with the initial condition g0, then

Φgt(Y0) = Φg0(Yt).

This equation represents a natural nonlinear extension of the usual du-

ality between measures and functions.

12.11 Appendix K. Infinite-dimensional Riccati
equations

The construction of the OU semigroups from Section 10.4 is the most

straightforward one. However, the corresponding process is Gaussian.

Hence it also quite natural and insightful to construct infinite dimen-

sional OU semigroups and/or propagators alternatively via the comple-

tion from its action on Gaussian test functions. And in analyzing the

latter, the Riccati equation comes out. We shall sketch here this ap-

proach to the analysis of infinite dimensional OU semigroups starting

with the theory of differential Riccati equations on the symmetric oper-

ators in Banach spaces.

Let B and B⋆ be a real Banach space and its dual with duality denoted

as usual by (., .). Let us say that a densely defined operator C from B

to B⋆ (possibly unbounded) is symmetric (resp. positive) if (Cv,w) =

(Cw, v) (resp. if (Cv, v) ≥ 0 additionally) for all v, w from the domain of

C. By SL+(B,B⋆) let us denote the space of bounded positive operators

B 7→ B⋆. Analogous definitions are applied to the operators B⋆ 7→ B.

The notion of positivity of course induces the (partial) order relation on

the space of symmetric operators.

The (time-nonhomogeneous, differential) Riccati equation in B is de-

fined as the equation

Ṙt = A(t)Rt + (A(t)Rt)
⋆ −RtC(t)Rt, (12.63)

where A(t) and C(t) are given families of possibly unbounded opera-

tors from B to B and from B to B⋆ respectively, and where the so-

lutions Rt are sought in the class SL+(B⋆, B). The literature on the

infinite-dimensional Riccati equation is extensive (see e.g. Curtain [56]

and McEneaney [182] and references therein), but it is usually connected

with the optimal control problems and deals with the Hilbert space set-

ting. We shall give here a short proof of well posedness for an unbounded

family C(t) in a Banach space via an explicit formula arising from the
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’interaction representation’ by-passing any optimization interpretations

and tools, and then discuss the link with infinite dimensional Ornstein-

Uhlenbeck processes describing the limits of fluctuation.

Before approaching (12.63) we shortly summarize the main properties

of a simpler reduced equation with vanishing A(t), namely the equation

π̇(t) = −π(t)C(t, s)π(t), t ≥ s. (12.64)

Proposition 12.11.1 Suppose C(t, s), t ≥ s, is a family of densely

defined positive operators B 7→ B⋆ such that C(t, s) are bounded and

strongly continuous in t for t > s, their norms being an integrable func-

tion, i.e. ∫ t

s

∥C(τ, s)∥dτ ≤ κ(t− s) (12.65)

with a continuous κ : R+ 7→ R+ vanishing at the origin. Then for any

πs ∈ SL+(B⋆, B) there exists a unique global strongly continuous family

of operators π(t, s) ∈ SL+(B⋆, B), t ≥ s, such that

π(t, s) = πs −
∫ t

s

π(τ, s)C(τ, s)π(τ, s) dτ (12.66)

(integral is defined in the norm topology). Moreover (i) π(t, s) ≤ πs and

the image of π(t, s) coincides with that of πs for all t ≥ s; (ii) the family

π(t, s) depends continuously on t, s and Lipschitz continuously on the

initial data in the uniform operator topology (defined by the operator

norm); (iii) equation (12.64) holds in the strong operator topology for

t > s; (iv) if πs has a bounded inverse π−1
s , then all π(t, s) are invertible

and

∥π−1(t, s)∥ ≤ ∥π−1
s ∥+ κ(t− s).

Proof The existence of a positive solution for times t − s such that

κ(t− s)∥πs∥ < 1 follows from the explicit formula

π(t, s) = πs(1+

∫ t

s

C(τ, s) dτ πs)
−1 = (1+ πs

∫ t

s

C(τ, s) dτ)−1πs

(notice that the series representations for both these expressions coin-

cide), which is obtained from the observation that in terms of the inverse

operator equation (12.64) takes the simpler form d
dtπ

−1(t, s) = C(t, s),

which implies also the required bound for the inverse operator. From

(12.66) and positivity of π(t, s) it follows that π(t, s) ≤ πs. Conse-

quently, for larger t − s one can construct solutions by iterating the
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above formula. Lipschitz continuity and uniqueness follows from Gron-

wall’s lemma, since (12.66) implies

∥π1(t, s)− π2(t, s)∥ ≤ ∥π1
s − π2

s∥

+

∫ t

s

(∥π1(τ, s)∥+ ∥π2(τ, s)∥)∥C(τ, s)∥∥π1(τ, s)− π2(τ, s)∥ dτ. (12.67)

Let us return to equation (12.63).

Proposition 12.11.2 Let

(i) the domains of all A(t) and C(t) contain a common dense sub-

space D in B and they depend strongly continuous on t as the bounded

operators D 7→ B and D 7→ B⋆ respectively (we assume that D is itself a

Banach space with a certain norm); (ii) A(t) generate a bounded propa-

gator U t,s with the common invariant domain D so that for any ϕ ∈ D

the family U t,sϕ is the unique solution in D of the Cauchy problem

d

dt
U t,sϕ = A(t)U t,sϕ, Us,sϕ = ϕ,

and U t,s is strongly continuous both in B and D (iii) all C(t) are positive

and C(t, s) = (U t,s)⋆C(t)U t,s ∈ SL+(B,B⋆) for t > s have norms

satisfying (12.65).

Then for any R ∈ SL+(B⋆, B) with image belonging to D, the family

Rt = U t,sπ(t, s)(U t,s)⋆, t ≥ s, (12.68)

where π(t, s) is the solution to (12.64) given by Proposition 12.11.1 with

πs = R and C(t, s) = (U t,s)⋆C(t)U t,s, is a continuous function t 7→
SL+(B⋆, B), t ≥ s, in the strong operator topology; the images of all Rt
belong to D, Rt depends Lipschitz continuously on R and satisfies the

Riccati equation weakly, i.e.

d

dt
(Rtv, w) = (A(t)Rtv, w) + (v,A(t)Rtw)− (RtC(t)Rtv, w) (12.69)

for all v, w ∈ B⋆. Finally, if R is compact or has a finite-dimensional

range, then the same holds for all R(t).

Proof Everything follows by inspection from the explicit formula given

(it is straightforward to check that if π satisfies the required reduced

Riccati equation, then the ’dressed’ operator (12.68) satisfies (12.69))

and Proposition 12.11.1.
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Remark 55 The obstruction to the strong form of Riccati equation

lies only in the second term and can be easily removed by an appropriate

assumption.

Remark 56 The above results were formulated for the usual forward

Cauchy problem. However, in stochastic processes one often has to deal

with the inverse Cauchy problem. Of course, everything remains the same

for the inverse time Riccati equation

Ṙs = −A(s)Rs − (A(s)Rs)
⋆ +RsC(s)Rs, s ≤ t, (12.70)

if A(t) is assumed to generate the backward propagator Us,t, s ≤ t,

in B. Then the family Rs = Us,tπ(s, t)(Us,t)⋆ solves (12.70) with the

initial condition Rt = R, where π solves the reduced Riccati equation in

inverse time π̇s = πsC(s, t)πs with the same initial condition πt = R

and C(s, t) = (Us,t)⋆C(s)Us,t.

Now let us point out how the Riccati equation appears from the anal-

ysis of the backward propagators in C(B⋆) specified by the formal gen-

erators of the form

OtF (Y ) = (A(t)
δF

δY (.)
, Y ) +

1

2
LC(t)

δ2F

δY 2(., .)
,

where A(t) and C(t) are as above and LC(t) is the bilinear form corre-

sponding to C(t), i.e.

LC(t)(f ⊗ g) = (C(t)f, g),

so that

∥C(t)∥B 7→B⋆ = sup
∥f∥,∥g∥≤1

(C(t)f, g).

In order to give sense to the above operator Ot, it is convenient to

reduce the analysis to the functional Banach spaces B, introduced in

Proposition 12.6.1. If R ∈ SL+(B⋆, B) for such a space B, then R can

be specified by its integral kernel (which with some abuse of notation

we shall denote by the same letter R)

R(x, y) = (Rδx, δy) = (Rδx)(y),

so that

(Rf)(x) =

∫
(Rδx)(y)f(y) dy =

∫
R(x, y)f(y) dy.
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Now let

Ft(Y ) = FRt,ϕt,γt(Y ) = exp{−1

2
(RtY, Y ) + (ϕt, Y ) + γt}, Y ∈ B⋆,

(12.71)

with Rt ∈ SL+(B⋆, B), ϕt ∈ B. Then

OtFt(Y ) = (A(t)(−RtY+ϕt), Y )+
1

2
(C(t)(RtY−ϕt), RtY−ϕt)−

1

2
LC(t)Rt,

implying the following.

Proposition 12.11.3 If a Banach space B is of the kind introduced

in Proposition 12.6.1 and if Rs, s ≤ t, satisfies the weak inverse time

Riccati equation

d

ds
(Rsv, v) = −2(A(s)Rsv, v) + (RsC(s)Rsv, v), s ≤ t, (12.72)

and finally if ϕs, γs satisfy the system

ϕ̇s = −A(s)ϕs +RsC(s)ϕs,

γ̇s =
1

2
LC(s)(Rs − ϕs ⊗ ϕs) (12.73)

then the Gaussian functional Fs solves the equation Ḟs = −OsFs. If the
assumptions of Proposition 12.11.2 hold for the inverse equation (12.70)

(see Remark 56) and the first equation in (12.73) is well posed in B, the

resolving operators to the equation Ḟs = −OsFs form a backward propa-

gator of positivity preserving contraction in the closure (in the uniform

topology) of the linear combinations of the Gaussian functionals (12.71)

with Rt having images from D.

Proof Straightforward from Proposition 12.11.2. The positivity of the

propagators obtained follows from the conditional positivity of Ot or

alternatively can be deduced from the finite dimensional approximations.

Remark 57 The propagator constructed in Proposition 12.11.3 does

not have to be strongly continuous. The continuity in time holds only in

the sense of convergence on bounded sets.

For example, in case of the operator OtF of form (10.16) under the

assumptions of Theorem 8.4.2 (pure coagulation model) the operator

A(t) is of the form

A(t)f(x) =

∫
(f(x+ z)− f(x)− f(z))K(x, z)µt(dz),
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and generates the propagator U t,r constructed in Chapter 7. Hence

one can apply Proposition 12.11.3 for an alternative construction of

Ornstein-Uhlenbeck semigroup from Section 10.4.
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[3] S. Albeverio, B. Rüdiger. Stochastic integrals and the Lévy-Ito decom-
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[108] J. Jacod, Ph. Protter. Probability Essentials. Springer 2004.

[109] J. Jacod, A.N. Shiryaev. Limit Theorems for Stochastic Processes.
Springer 1987, Sec. Edition 2003.

[110] A. Jakubowski. On the Skorohod topology. Ann. Inst. H. Poincaré. B22
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Lévy Noise. Encyclopedia of Mathematics. CUP 2007.

[202] D.Ya. Petrina, A.K. Vidibida. Cuachy problem for Bogolyubov’s kinetic
equations. Trudi Mat. Inst. USSR Acad. Science 136 (1975), 370-378.

[203] N.I. Portenko, S.I. Podolynny. On multidimensional stable processes
with locally unbounded drift. Random Oper. and Stoch. Eq. 3:2 (1995),
113-124.

[204] L. Rass, J. Radcliffe. Spatial Deterministic Epidemics. Mathematical
Surveys and Monographs, v. 102. AMS 2003.
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gineering Sciences. Birkhäuser, Boston, 1997, v. 1.

[217] A.I. Saichev, G.M. Zaslavsky. Fractional kinetic equations: solutions and
applications. Chaos 7:4 (1997), 753-764.

[218] S.G. Samko. Hypersingular Integrals and Applications. Rostov-na-Donu
Univ. Press, 1984 (in Russian).

[219] S.G. Samko, A.A. Kilbas, O.A. Marichev. Fractional Integrals and
Derivatives and Their Applications. Naukla i Teknika, Minsk, 1987.
Engl. transl. by Harwood Academic.

[220] G. Samorodnitski, M.S. Taqqu. Stable non-Gaussian Random Processes,
Stochastic Models with Infinite Variance. Chapman and Hall, N.Y.,
1994.

[221] R.L. Schilling. On Feller processes with sample paths in Besov spaces.
Math. Ann. 309 (1997), 663-675.

[222] R. Schneider. Convex Bodies: The Brunn-Minkowski Theory. Cambridge
Univ. Press, 1993.

[223] A.N. Shiryayev. Probability. Springer 1984.
[224] Ja. G. Sinai, Ju. M. Suhov. On an existence theorem for the solutions

of Bogoljubov’s chain of equations. (in Russian) Teoret. Mat. Fiz. 19
(1974), 344-363.

[225] F. Sipriani, G. Grillo. Nonlinear Markov semigroups, nonlinear Dirichlet
forms and applications to minimal surfaces. J. Reine Angew. Math. 562
(2003), 201-235.

[226] A.V. Skorohod. Stochastic equations for complex systems. Transl. from
Russian. Mathematics and its Applications (Soviet Series), 13. D. Reidel
Publishing Co., Dordrecht, 1988.

[227] J. Smoller. Shock Waves and Reaction-Diffusion equations. Springer
1983.

[228] H. Spohn. Large Scaling Dynamics of Interacting Particles. Springer-
Verlag 1991.

[229] D.W. Stroock. Markov Processes from K. Ito’s Perspective. Annals of
Mathematics Studies. Princeton University Press 2003.

[230] D.W. Stroock. Diffusion Processes Associated with Lévy Generators. Z.
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C-Feller semigroup, 56
T -product, 104, 151, 171
k-person game, 24

profile, 24
symmetric, 24

Aldous condition, 329
Aldous criterion, 330
annihilation operator, 351

backward propagator, xi
Bogolyubov chain, 351
Boltzmann collisions, 21
Boltzmann equation, 34
Boltzmann’s equation, 33

mollified, 33
spatially trivial, 22

càdlàg paths, 323
canonical commutation relations, 352
Carleman representation, 346
chain rule, xi
Chapman-Kolmogorov equation, 55

nonlinear, 4
coagulation kernel, 21, 22
collision breakage, 22
collision inequality, 344
collision kernel, 22, 23
compact containment condition, 136,

328
complete positivity, 284
conditional positivity, 5, 60, 173, 299,

301
local, 60

conservativity, 5
contraction, 44

conservative, 54
convergence of measures

⋆-weak, 319
vague, 318
weak, 318

correlation functions, 35

coupling, 320
coupling of Lévy processes, 96
Courrège theorem, 61
covariation, 331

predictable, 333
creation operator, 351
curvilinear Ornstein -Uhlenbeck

process, 296

decomposable generator, 125
decomposable measures, 16
Dirichlet form, 129
du Hamel principle, 70
duality, 49

nonlinear, 354
quantum, 283, 284

duality formula, 275
dynamic law of large numbers, 11
Dynkin’s formula, 62

epidemic, 7
evolutionary games, 24

weak CLT, 265

Feller process, 55
Feller semigroup, 55

conservative, 56
minimal extension, 55

fractional derivative, 337
fragmentation, 22
fragmentation kernel, 23

Gateaux derivative, 334
gauge operator, 352
generating functional, 353
generator

conservative, 61
generator of k-ary interaction, 29
generators of order at most one, 102,

115, 232
LLN, 233
nonlinear, 180, 193
nonlinear, Feller property, 198
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Green function, 68

Hamiltonian, 292
heat kernel, 68

stable-like, 127
Hille-Yosida theorem, 129

integral generators, 104
intensity of interaction, 17
interacting stable-like processes

LLN, 235
weak CLT, 265

interaction of kth order, 17

Jakubovski criterion, 329

kinetic equation, 39
k-ary interaction, 20
binary interaction, 20
discrete, 11

Lévy kernels, xi
Lévy process, 12

nonlinear, 14, 178
time nonhomogeneous, 175

Lévy-Khintchine generator, 12
Landau-Fokker-Planck equation, 34
Lindblad theorem, 286
linear operator, 43

bounded, 43
closable, 44
closed, 44
closure, 44
core, 44
densely defined, 43
dissipative, 60
domain, 43
norm of, 44
positive, 54

LotkaVolterra equations, 6

Malliavin calculus, 130
Markov semigroup

of deterministic measure-valued
process, 197

Markov transition probability family, 54
martingale problem, 63

well-posed, 63
mass exchange process, 9

of order k or k-ary, 10
profile, 9

mean field interaction, 30
minimal propagator, 107, 108
mixed states, 15
mixed strategy, 24
modified modulus of continuity, 323
modulus of continuity, 323
mollifier, 33
moment measures, 34

scaled, 35
Monge-Kantorovich theorem, 322
multiple coagulation, 22
mutual variation, 331

Nash equilibrium, 25
nonlinear Lévy semigroup, 13, 178
nonlinear Markov chain, 2
nonlinear Markov process, 39
nonlinear Markov semigroup, 1, 4, 39

generator, 4
stochastic representation, 4, 5, 148
transition probabilities, 4

nonlinear martingale problem, 40
well-posed, 40

nonlinear quantum dynamic semigroup,
290

nonlinear random integral, 91
nonlinear stable-like processes, 184

Feller property, 200
localized, 187
smoothness with respect to initial

data, 200
unbounded coefficients, 187

nonlinear transition probabilities, 2

observables, 15
decomposable, 16

perturbation theory, 46
positive maximum principle (PMP), 60
principle of uniform boundedness, 48
probability kernel, xi
Prohorov’s criterion, 321
propagation of chaos, 37, 244
propagator, xi

generator, 48
Markov, 38, 54
sub-Markov, 38, 54

propagator equation, xi
pseudo-differential operators (ΨDO),

337
pure coagulation, 9
pure fragmentation, 9

quadratic variation, 91, 332
quantum dynamic semigroup, 285

random measure, xi
randomization lemma, 74
Rebolledo criterion, 333
relative entropy, 28
replicator dynamics, 6, 25
resolvent, 45
Riccati equation, 354

SDE driven by nonlinear Lévy noise, 79
SDE with nonlinear noise, 79, 84
second quantization, 29, 352
semiclassical asymptotics, 129
semigroup, xii
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Markov, 54
sub-Markov, 54

Skorohod space, 323
Skorohod topology, 324
Smoluchovski’s equation, 8, 21
Sobolev spaces, 120, 124

weighted, 270
stable density, 68
stable-like processes, 82

heat kernel, 126
regularity, 95
truncated, 142
unbounded coefficients, 137, 142

stochastic geodesic flow, 296
induced by embedding, 297

stochastic integral with nonlinear noise,
78

stochastic matrix, 2
infinitesimally, 5

strong convergence, 44
strongly continuous propagator, 48
strongly continuous semigroup, 44

generator, 45
subordination, 129
symbol of ΨDO, 337
symmetric function, 15

transition kernel, xi, 113
E preserving, 155
additively bounded, 156
critical, 155
dual, 114
multiplicatively bounded, 155
strongly multiplicatively bounded,

240
subcritical, 155

variational derivative, 338
Vlasov’s equation, 32

Wasserstein-Kantorovich distance, 321
weak CLT for Boltzmann’s collisions,

265
weak CLT for Smoluchovski’s

coagulation, 264


