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Abstract We show that in homogeneous fragmentation processes the largest fragment at
time ¢ has size

o1 (@);—3 (0g @) (P)+o(l)

where @ is the Lévy exponent of the fragmentation process, and p is the unique solution
of the equation (log ®)' (p) = 14:13' We argue that this result is in line with predictions
arising from the classification of homogeneous fragmentation processes as logarithmically
correlated random fields.

1 Introduction

There has been considerable interest in the past couple of years in a universality class of
stochastic models called logarithmically correlated fields. This class includes branching
Brownian motion [6,13,30], branching random walks [1,2,4], the Gaussian free field on
a planar lattice domain [15-17], the logarithmically correlated random energy model [21],
Gaussian 1/f-noise [22], nested conformal loops [3], and Gaussian multiplicative chaos [26,
29] to name just a few. Plenty of interesting features arise from conjectured membership of
combinatorial and probabilistic objects such as eigenvectors of random matrix ensembles
in this class, conjectures of Fyodorov et al. [19,20] on the maximum of the Riemann zeta
function on an interval of the critical line and of the characteristic polynomial of random
unitary matrices being well-known examples, see [5] for a survey.

Let us briefly describe some of the heuristic features of this class, as sketched, for example,
in [18]. Characteristic of these models is that, loosely speaking, at a large fixed level n they
can be described as a centred field (V (x): x € 27"Z4 N (0, 1)?) with correlations obeying
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a scaling of the type
E[V@)V()]~—dWw"(0) loglx —yl, if27" < |x =y <1, (1.1)
where W is a characteristic exponent given as

E[e”v(")] ~ 2dn(¥(p)=1)

The conjectured behaviour that the models in this universality class have in common relates
to their extremal geometry. It has been argued (at varying levels of detail and rigour) that the
highest peak at level n in a logarithmically correlated field satisfies

3
max V(x) =V (gq)(dlog2)n — =(log ¥)'(g) logn + O(1) (1.2)
xe2-174N[0,1]4 2

in probability, where g solves the equation W’'(g) = Y@ 1n some cases finer results have
been obtained, including the precise distribution of the asymptotic random constant of order
one in the expansion of max V (x) and fine results on the peaks seen from the largest peak,
see for example [2,6, 14].

An alternative approach to logarithmically correlated fields comes from the work of Fyo-
dorovetal. [21]. They look at random fields satisfying a multifractal formalism and conjecture
that, under natural conditions, the disorder-induced multifractality implies a logarithmic scal-
ing of the correlations. The highest peak then satisfies

3 _
max  V(x) =ay(dlog2)n+ > (f (@) logn + O(D), (1.3)
xe2-174n[0,1)¢ 2

where f(o) = dim{x: lim %V(x) = o(dlog 2)} > 0 is the multifractal spectrum on
the domain («—, ) with boundary values given by f(«_), f(ay) = 0. The multifractal
formalism relates the spectrum to the characteristic exponent through the Legendre transform
W (g) = max{f(a) + qa}.

The purpose of the present paper is to align the class of homogeneous fragmentation
processes with the universality class of logarithmically correlated fields by describing the
processes’ extremal behaviour and arguing that the rigorous result we obtain is consistent with
the predictions obtained from the heuristics above. This makes homogeneous fragementation
processes one of very few examples of a non-Gaussian field where the universality hypothesis
can be verified. It also gives non-rigorous evidence that further properties of the class of of
logarithmically correlated fields, such as convergence of the constant order term in (1.3) to a
random variable of a particular shape and existence of a freezing transition, also hold in this
case, but we will not give technical proofs of this.

Fragmentation processes represent the (typically) continuous splitting of an object into
smaller parts. We describe a fragmentation process by means of a random family {Z* (r): x €
(0, 1), t > 0} of intervals such that Z*(t) < (0, 1) is the interval containing x at time . We
assume that the following consistency relations are satisfied:

1. x € T (t),
2. I%(t) C I%(s) if s < t; and
3. ify € Z%(t), then Z* (t) = 27 (¢).

The random evolution of the fragmentation is given by a dislocation measure v defined
on the partitions of the unit interval. Every interval Z* (1) decomposes independently at rate
v(du) into parts whose relative sizes are given by the partition u. If the measure v is finite
then the process (log I*(¢): t > 0), is a random walk for every x € (0, 1) and the entire
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1228 A. Kyprianou et al.

system is a branching random walk. Our interest is therefore mostly on the case of infinite
dislocation measure when both particle movement and branching become instantaneous and
classical results on branching random walk cannot be applied. A rigorous definition of the
process in the infinite dislocation measure case will be given in Sect. 2 of this paper.

We let v be uniformly distributed in the unit interval and define the Lévy exponent, when
it is finite, as

®(p) := —logE[|IZV(1)|”] < o0,
or, equivalently, in terms of the dislocation measure as
[e.¢]
®(p) = / (1 -3 |ui|p+‘)v<du>,
i=1

where (u; : i € N) is an enumeration of the partition sets of u, see [7] for details. Our main
result, Theorem 2.2, describes the size of the largest fragment at time ¢ 1 oo as

max [Z¥(1)] = ¥ (P)y=3 oz ®)' (P)+o()
x€l0,1] ’

where p is the unique solution of the equation (log ®)(p) = 1.

1l

2 Preliminaries and Main Result

Before stating the main result of this paper, we briefly discuss the definition of conserva-
tive homogeneous interval fragmentation processes and some of their basic properties. An
informal description of such a process is as follows. The process starts from some initial con-
figuration of fragments (i.e. subsets of (0, 1)), which break up independently of one another
as time passes. In general, these fragmentation events occur instantaneously in time. Looking
at a single fragment at a given time, its subsequent evolution (after scaling to unit length)
looks precisely the same as the fragmentation of any other (similarly scaled) particle. This
means, in particular, that our fragmentations are time-homogeneous - the rate of ‘breaking
up’ is independent of particle size. Finally, we allow no loss of mass; the sum of the lengths
of the fragments at any given time equals the sum of the lengths of the fragments in the initial
configuration.

Let us now briefly state the formal definition of a conservative homogeneous interval frag-
mentation process, referring to [7] for proofs and further details. Let ¢/ denote the space of
open subsets of (0, 1), which serves as our state-space. Each set u € f has a unique decompo-
sition into disjoint, non-empty, open intervals. The intervals comprising this decomposition
are referred to as the fragments or particles of the set, and represent the ‘pieces’ of the object
that “falls apart at random’. For u, v € U, we define the distance between u and v to be the
Hausdorff distance between (0, 1) \ « and (0, 1) \ v (see [10]). We also endow I/ with the
o-algebra generated by the open sets corresponding to this distance, which we denote by
BU).

Our basic data are a family (g;: ¢t > 0) of probability measures defined on (U, BU)).
We fix an interval / := (a, b) C (0, 1) and write Z for the set of open subsets of / (with the
distance inherited from ¢/ and the corresponding o-algebra). We introduce the affine map
gr (0, 1) — I, and retain the notation g; for its natural extension to a map from U to Z. We
write ¢/ for the image measure of g, under the map gy, so that g/ is a probability measure
on Z. Given an open set u € U and a measurable enumeration (u; : i € N) of the intervals
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in its decomposition, we write g;* for the distribution of UX; where the X; are independent
random variables with laws g, respectively.

Definition 2.1 A Markov process U := (U(¢) : t > 0) taking values in U/ is called a
conservative homogeneous interval fragmentation if it has the following properties:

1. U is continuous in probability;

2. U is nested in the sense that s > r = U(s) C U(¢);

3. Fragmentation property: there exists some family (g; : t > 0) of probability measures
on U such that

Vi>0 Vs>t YAeBU) PUG) e AlUWD) =q P (A);
4. U@ = 1foralls > 0.

The filtration generated by U is denoted by .% = (%; : t > 0), and the law of the
fragmentation started from u € U by P,, with corresponding expectation operator E,. We
define P := P (g 1) with expectation operator E.

Denoting by u* the largest interval component of u € U we call a measure v on U a
dislocation measure if it satisfies v((0, 1)) = 0 and

/ (1 = |u*]) v(du) < oo, 2.1)
u

c.f. Definition 2.6 of [ 7]. Given a homogeneous interval fragmentation we obtain a dislocation
measure v by letting, for u € () and I = (0, 1),

o1
V@) = lim ;(q,’ W) — g4 ).

The measure v is called the dislocation measure corresponding to U, and it characterises
the law of U.

Next we introduce the collection of tagged fragments. Given a fragmentation process U
and x € (0, 1), the x-tagged process is simply the process of intervals in U containing x. We
write Z* (¢) for this fragment at time ¢ > 0, and /*(¢) for its length. We also introduce the
family of processes (§* : x € (0, 1)), where §* () := — log I*(z). Letting v denote a uniform
random variable on (0, 1) which is independent of all the random variables introduced above,
the processes (Z;), (I;) and (&) are defined by replacing x with v in the preceding definitions.
These are the corresponding randomly tagged processes. Importantly, £ is a subordinator.
We denote its Laplace exponent by @ (p) := — log E(e~7§(1), which exists and is infinitely
differentiable on the interval (p, co) for some p € [—1, 0].

Using the concavity of ®, it is easy to show that the equation

D(p) P
m = ®'(p) (2.2)

has a unique solution p € (p, 00), and that this solution is positive. The value p has great
importance in the present context. For instance, with ¢ := ®'(p), we have

m infye(,1) &F _
1—00 t

= a.8.,

giving the first term in the asymptotic expansion of the size of the largest particle (see, for
example, [11]).

We are now ready to state the main result of this paper, which identifies the second term
of this asymptotic expansion in terms of p :
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1230 A. Kyprianou et al.

Theorem 2.2 Starting from any initial configuration in U,

infre,1) &% (1) — cpt
logt

3
— E(ﬁ-l— )~' =11 in probability ast + oc.

The proof is based on martingale methods and is close in spirit to that of [4]. Roughly
speaking, we will define random variables that count the number of particles that are too
large or small. Using two tools—a Many-to-One Lemma and a change of measure (to be
introduced shortly)—we will estimate the moments of these random variables using the
fluctuation theory of Lévy processes.

To be precise, let us introduce the processes ¢;* := & — cpt foreach x € (0, 1), > 0,
and the corresponding randomly tagged process ¢; := & — cpt for t > 0. For each p > p
we also define the process (£,(f) : t > 0) by N

Ep(t) :=exp (P(p)t — p&).

This process is a unit mean (.#, P)-martingale, allowing us to define the family of probability
measures (Q” : p > p) by

QP
W :gp(t) for ¢ 20
Zi

In fact we will only use Q := QP. This is because, as a consequence of the equation
defining p, (2.2), the spectrally positive Lévy process (¢, Q) has zero mean. It is also well-
known that ¢ has finite moments of all orders under Q. These special properties allow us to
use results on Lévy processes with zero mean and finite variance, which are collected in the
appendix.

For aset A C (0,1), we use the notation th: 4 to represent sums taken over the
(countable) collection of distinct fragments at time ¢ that are subsets of A. We also write
2 g, for 21, 0.1)> the sum taken over all distinct fragments at time . For a Borel set
B C R, |B| stands for the Lebesgue measure of B. Using this notation, we make the simple
observation that for any u € U, t > 0, and measurable non-negative function F' on paths of
tagged fragments, we can write

=

E,) FE :s<1)
[x]s

E, ) FE :s<0)

1 [x]soui

o

E ) F@E —loglul:s<1)
I [x]:0.1)

1

E(I7'F(& —loglui| : s < 1)),

Il
_

o

where the sums in i should be regarded as finite in case u consists of finitely many blocks.
To illustrate the notation, ., sums over distinct particles at time ¢ which result from
the fragmentation of the interval u;. In the second equality we have used the fragmentation
property. To get from second to third, we introduce the factor ;¥ - (1) ~! inside the second
sum, which can then be interpreted as a size-biased pick. Proceeding to make the change of
measure E — Q, we obtain the following Many-to-One lemma:
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Lemma 2.3 (MT1) For any measurable, non-negative function F on paths of tagged frag-
ments and any u = (uy, us, ...) € U we have

[e ¢}
E, ) F@F:s<n=Y Q(“PVF( —loglui|:s < 1)),
[x]s i=1
In particular,
EZF({SX s <t)= Q(e{’@"'”F({S 15 < t)).
[x]e

To prove 2.2, it suffices to prove the following statement two statements for arbitrary
uel:

P, ( inf () < alogt) — 0 as rtooforalla < (2.3)
xe(0,1)
inf ot
lim sup infxe.n &7 <[ P, — almost surely. 2.4)
t—00 logt

The structure of the remainder of the paper is as follows. In Sect. 3 we prove (2.3), and
in Sect. 4 we prove (2.4), the more challenging result. The arguments are analogous to those
in [4], but there are significant differences on the technical level, occuring particularly in the
proof of (2.4). The analogous part of the proof in [4] makes certain moment assumptions that
are not satisfied in our framework. We do not need these moment assumptions, as we are able
to exploit the special features of our fragmentation processes - namely, that particles decrease
in size, and no mass is lost. In Sect. 5 we align our result with heuristics on logarithmically
correlated fields. Our proof relies on fine results on Lévy processes, which are provided in
the appendix, Sect. 6.

3 Proof of (2.3)

Fix an arbitrary o € (0,/), k € Nand u = (uy, uy,...) € U. Define, for t > 0, the random
variable
zk = Zl({,’“ <alogt, ¢F > —k), (3.1)
[x]s
where g := info<s<, ¢} . This random variable counts the number of ‘bad’ particles (with a
truncation we will remove later).

We estimate the mean of Zf under E,, as follows, recalling that ¢ is the randomly tagged
process corresponding to the family of processes (¢* : x € (0, 1)):

o0
E,Zf = Q(e PV 1(5 — log fu| < alogt, ¢, — loglui] = —k))

i=1

< 2@+ Z |Mi|ﬁ+1Q(§z —log|ui| < alogr, ¢ —log|u;| = —k). (3.2)
i

In the first line we use MT1 (Lemma 2.3) , and in the second we bound the exponential
factor using the indicator. Recalling that (¢, Q) is a spectrally positive Lévy process with
zero mean and finite variance, we can estimate a typical probability on the right-hand side
of the previous inequality using 6.5:
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1232 A. Kyprianou et al.

Q(;, —log |u;| < alogt,gt —log |ui| > —k) <y 132k — log |u;i| + 1)(k + « log 1)?
<t logn)*(1 —loglu;l),  (3.3)

for some constants y, yx > 0 (where the latter depends on k). Putting this back into (3.2),
we find that B B
E,Zf <yt PV (log)? Y ui P (1 — log Jui ). (34)

1

Since p > 0, the function x xP(1 — log x) has an upper bound K > 0 on (0, 1), so
the sum on the right-hand side is bounded by K ) |u;| = K. We deduce that

E,Z' < Ky t*PD1732(10g 1)2. (3.5)

Since a(p + 1) < I(p + 1) = 3/2, this quantity goes to zero as t — 0.
To complete this part of the proof we must remove the truncation ﬁf > —k in (3.1). To
this end, we introduce the intrinsic additive martingale corresponding to p,

Mt = eq)(ﬁ)t Z Ix(t)1+ﬁ = Zexp ( - (1 +?)Clx)
[x]; [x]s

By the martingale convergence theorem, M; converges to a finite limit P,-almost surely
as t — oo. Noting that p > 0, we get inf;~¢infrc0,1) ) > —oo P,-as. Letting By :=
{inf;>0infre,1) ¢ > —k} for each k € N, it follows that

lim P,(By) = 1. (3.6)
k— 00

Next fix an arbitrary € > 0, and (using (3.6)) select k = k(¢) € N so large that P, (By) >
1 — €. Observing that Zf >1p, th 1(¢) < alogt) for all t > 0, we may then write,

P, (ZF=0) <P, [Bk N { > 1(5f < alogr) = 0}} + Py (By)
[x]s

< PM[ZI(;“,X <alogt) = 0} +e, 3.7)
[x]e

for all + > 0. We have already shown that E, (Zf) — 0 ast — o0, and so, since Zf‘

takes values in {0, 1, 2, ...}, we deduce that P,,(Zf = 0) — 1 ast 1 oo. Combining this
observation with (3.7) we conclude that

L. k L.
1= htn_1>£fPu(Z, =0) < htn_l)longu[Zl(gf < alogt) = Oi| + €.
[x]¢

Since € > 0 was arbitrary, we get 1 = lim;_. o P, [ Yo, (& < alogr) = 0]. Finally,
observe that

{Zl(;f < alogt) :O} C { inf ¢ > alogt},
= xe(0,1)

so that Pu(infxe(oﬁl) > a logt) — 1 ast 1 oo, which implies that (2.3) holds. O
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4 Proof of (2.4)

In this part of the proof, we can work under P without loss of generality. To see why, note
that we are now trying to show the existence of ‘big’ particles (in the sense made precise by
(2.4)). This means that, starting the fragmentation from general u € U, we can immediately
look only at the largest particle at time ¢ descending from u*, whose size we call B,“*. Let B;
denote the size of the largest fragment at time ¢ in a fragmentation issued from (0, 1). The
fragmentation property implies that (BY",P,)is equal in law to (Ju*|B;, P). The numerator in
(2.4) corresponding to these two processes will therefore only differ by the additive constant
—log |u*|, which goes to zero in the limit upon division by log¢.

Let C > 0 be the larger of the two constants provided by 6.6 and 6.3. Introduce the
following intervals:

[—1, 00) if 0<s<t
Js(t) := 1 [llogt, 00) if t<s<?2t 4.1
[[logt,llogt +2C]if s =2¢t.

Forx € (0,1) and u, v € [0, 2¢], define the events A;t PR = {¢} € Js(t)Vs € [u, v]},
and write A3, 1= A2z 0.2]" In what follows, A, (with no superscript) means A%, where v
is the uniformly dlstr1buted random tag in (0, 1) in the definition of ¢. Finally, define the
random variable Z; 1=}, 1ax .

The first step is to bound EZ, from below. Using MT1 (Lemma 2.3), we obtain

EZ = QP 1,,) > y 132 Q(Az) > ¥/ > 0,

for some y, y’ > 0 and all large ¢. In the first inequality we have used the indicator to bound
the exponential factor from below; the second uses 6.6.

Next, we bound the second moment of Z; from above. To this end we introduce the
notation D; to denote the random set of all fragmentation times in [0, s], which, in general,
is almost surely dense in [0, s]. For r € Dy write B, for the event that the interval Z;_
shatters at time r. Note that for r € Dy precisely one of the indicators 1 By, Over all distinct
fragments [z],— C (0, 1) takes the value 1 (simultaneous fragmentations of distinct blocks
is a null event). We then make the decomposition

7 =7, + A, (4.2)

where

Z Z lAf()r lBler Z Z Al A[r2t] 4.3)

r€Dy [z],-:(0,1) [xlr [y]r:lzlr— [ulae:lx]r
[x],#lylr [yl

=Y Y AL (4.4)

r€Dy; [z],-:(0,1)

where the second line defines AZ. As we are temporarily regarding ¢ as fixed, we have written
o] for AZwt,[u,v]‘ This decomposition is similar to the one used in [4], but we have the added
complication that the sum in r is over a random (dense) set. To explain this decomposition,
first note that Z7 = Y., 144+ > a1y, 1ay,- The Z; in (4.2) comes from the terms in this
product where 7, = Zj,. When T}, # I}, we find their most recent common ancestor
_ just before it fragments (at time r) into the distinct ancestors Z* and Z; of 75, and 75,
respectively.
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1234 A. Kyprianou et al.

Our aimis tobound EA; from above. The first part of the calculation uses the fragmentation
property to make the summand indexed by r in (4.3) measurable with respect to F,.. To this
end, we first show that, for all s > 0, the set D, almost surely has an enumeration (r, r2, .. .)
with the property that each r; is an F-stopping time. Fix s > 0, and a strictly increasing
(deterministic) sequence (a;) C [0, 1) with a; = 0 and lima; = 1. If [z],— (for some
z € (0, 1)) is the particle that shatters at time r € Dy, then the fragments at time r resulting
from this fragmentation event are given by an affine image of some u, € . We write u for
the largest interval component of u,. We then introduce the sets Dy , := {r € Dy : |u}| €
[an, ant1)}. Of course, Dy = |, ey Ds,n» and, as we will now show, Dy, 1= #D; , < 00
almost surely, for all n € N. To this end, we rewrite Dj , as follows:

Dy, = Z lB[erl(w;‘IE[an,anH)) '

0<r<s

Using the compensation formula (see [25, p. 99]), we deduce that ED;,, = s v(u* €
[an, ansi )). It remains to note that, for all n € N,

V(u* € lay, anJrl)) =< (1 _an+1)7l/‘ (1 - |M*|) U(du) < 00.
u

The desired enumeration is then obtained by listing the elements of each (almost surely finite)
set Dy, in order of increasing size, and concatenating the resulting sequences.

Using the enumeration (71, r2, . . .) constructed above (with s = 2¢) and the non-negativity
of the terms in (4.3), we can now take the first step towards estimating EA;, writing

EA,:%E > Aﬁ[:iEEﬁi > AL (4.5)

=1 [zl;—:(0,1) i=1 2]y, —:(0,1)

In the second equality we have conditioned the term in the sum labelled by r; on the
sigma-algebra F,,. Next we calculate these conditional expectations. Fixing r = r; for some
i € N, we have

Z Ai: Z lAfo.r,JlB[zlr Z E}-’ Z lA[ur,Zl]lAFr.Zr]' (4.6)

[z]r—:(0,1) [z]r—:(0,1) [x1r, [y]r:lz]— [ulos:[x]r
[x]-#Ly]r [vla:[ylr

where we have used the fact that r is F,-measurable. We then write

Z 1Af'r.2t]1Afr,2rJ: Z 1A[r21 Er, Z lAlVr,m “.7)

[e]or:[x]r ular:[x]r [vl2r:[x]r
[vlor:[y]r

for x, y € (0, 1) such that Ift #* I;t, using the independent evolution of distinct particles.
Now we calculate a typical factor on the right-hand side of (4.7) (explanations follow the
calculation):

Z Lag oy = E7, Z 1({;‘6‘]5 (1)Vselr21])
ulo:[x]r [ulos:[x]r
Iy I*
— 2 r
=Egz, Z X 1% (creds@yvselr.2n)

[ulos:[x] "
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_ ~1
= <E IZr—r1(aﬂxelm(z)vse[o,zzfr])> ‘

o=

— $2; —r(ﬁ""l) _— X
= (Qe ' 1(DH-;:GJH,(t)VsE[O,Zt—r])> ‘ =F),

a=gfF

where, for ¢ € R,
o So—r (p+1)
F(a):=Qe I(QHSEJW (1)Vs€[0.2~r1)"

In the first line we just write down the definition of the events A’[‘nzt P the second artificially
introduces a size-based pick; the third makes use of the size-biased pick together with the
fragmentation property; and the final line makes the change of measure E — Q. So far,

we’ve shown that

Er, ). Af= ) L s, >, FEOFG). @B
[2],—:(0.1) [2]/—:(0.1) [x1r.[ylr:lz]—
[x]r#[y1r
Putting this expression back into (4.5) and exchanging the summation and expectation,
we arrive at

EA; = E E E IAEO,,-_]IBler E F({f)F(g‘, ). 4.9)
r€Dy [z],-:(0,1) [xIr[y]r:lz]r—
[x]-#[y]r

We have now succeeded in making the r-indexed summand F,-measurable, which will
allow us to use the compensation formula (see [25, p. 99]). To this end, define the function
G :R xU — [0,00] by

G(a,u) = Z F(a —log|a,|)F(x — log |by])
ay#by

where the sum is over the distinct interval components a,, b, C u.' Using the compensation
formula, we can move from (4.9) to

2
EAt:/ ar-E| Y Ly ]/ G(¢*, uyv(du)
0 "

[2],—:(0,1) u

2t
:/ dr - Q<€Cr—(ﬁ+l)1A[0_r7]/ G({r,,u)v(du))
0 ! u

2t
:/ dr - A(r), (4.10)
0

where the final equality defines A(r) as the integrand of the previous line. Here, v is the
dislocation measure introduced in Sect. 2, which satisfies the integrability condition (2.1).

Notation In the remainder of this section, positive constants (independent of ) will be
denoted by y > 0, the value of which will change from one inequality to another. We state
the next part of the proof as a lemma:

! The function G can be constructed in a measurable way by ordering the interval components of # € U in order
of decreasing length, (u1, u3, ...), and then writing the sum as Zf’il Zi# F(o —log |u;|) F(a —log |u ).
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2t
Lemma 4.1 EA, =/ A(rydr = 0((logn)?) ast 1 oo.
0

Proof First we estimate F(« — log|a,|) for interval components a, of u € U and o € R:
using the indicator to bound the exponent we have

_ O D)
Flo—logla,)) = Qe V(o tog a2y s (0Wse10.2—11)

<y 7% a, [P e P f (o —log |aul), (4.11)
for some y > 0, with
f@) := Q(G + ¢ € Jyqr (0)Vs € [0, 2t — r]), ford € R.

We estimate f in two different ways, depending on the value of r. For r € [¢, 2¢], 6.3
provides the estimate

[ < Q<§2t—r € [llogt —6,1logt — 6 + 2C]> <y nau—r,
with ng := 6=1/2 A 1 for @ > 0. Referring back to (4.10), this leads to the bound

2t 2t
/ Arydr <y t3/ dr QT T Ny, ), 4.12)
t 0

where
I ::/ v(du) - Z |ty [P 1y 1P
u ay#by

Let us check that /; is finite. Indeed,

Dl bl P < > Jaullbal =) laul(1 = lau))

au?'ébu alﬁébu Ay
<U=lwh+ Y lal
ay Fu*
=2(1 — |u*]).

In the first inequality we use the facts that |a,|, |b,| < 1 and p > 0; in the first equality we
fix an interval component a, of u € U and sum over the interval components b, # a, of
u; and in the second inequality we use the fact that |a,| € (0, 1). The finiteness of I then
follows from (2.1). It remains to estimate the expectation in (4.12):

Qe Py, ) <y 172 QL L <211060) + 7 Q™ P a1 211001
<y t73/2Q(£r7 > —1, ¢ <2logt) +yt™3

<y 13232 A dogn)? +y 3.

In the first line we split the event {¢,— > [logt} C Ao, into the events {¢,— > 2/ logt}
and {/logt < ¢— < 2llogt}. In the second line, we discard some information from the
indicator on the interval [z, r] and estimate the exponential factor in the second term using
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the indicator 1(;,_>2/10g)- In the final line, we use 6.5 to estimate the remaining expectation.
Returning to (4.12), we conclude that

2t 2t
/ AMrydr < / dr -[y (Qogt)? 2 2 Ayn3,_, + yn3,_,].
t t

2
Elementary analysis allows us to conclude that / Ar)dr = 0((log t)3), as required.

t
Now we look at A(r) for » € [0, ¢]. This time we make the estimate
£ =Q(g,_, = —1-6,0x €lllogr —0,llogr — 0 +2C1)
<y (1+0)(og) 2t —r)~>/?
<y (1 +6)(ogr) 32

In the first inequality we throw away some information from the indicator on the interval
[,2t — r); in the second we use 6.5; and the final inequality uses the fact that r € [0, 7].
Making the substitution # = o — log |a,, |, we arrive at

fle—Tloglay]) <y (1 +a—loglayl) (logr) />
<2y (2+a) (1 —loglayl) (logr)t—3/*

for « > —1 (recall we intend to make the substitution « = ¢.— > —1). This leads to the
bound

1) <y B (log*Q (¢ T+ &) Lay,, )

where

o= [ v - Y 10,710,770~ togla,h(1 - log 1),
u

ay,by

This time we note that the function x — x” (1 —log x) is bounded on [0, 1], since p > 0.
This allows us to write I, < K fu v(du)- Y |ay||by| (for some K > 0), which is finite by the
same arguments we used for /1. To complete the proof we define 7, :=inf{s > 0: & < 0},
and let Q, denote the law of 1 + ¢; under Q. We note then that

! _ _ 13 _
[Far-@ (@t ooresTny, ) <ean [N as g e s ar,
0 0
Defining the function & : [0, 00) — [0, 00) by A(0) := (1 + 0)% e~ P*+D? and bearing in

mind that ¢ is spectrally positive, we apply Theorem 20 [9, p. 196] to make the following
calculation:

Q f (4o 2P gr — f " hg_) dr
0 0

[ee) 1
=)// dy-/dz-h(l—i—y—z)
0 0

for some y > 0. It remains to note that the right-hand side of the previous display is bounded
by K fooo e Ydw < oo, for some finite constant K > 0 (since 1 +p > 1). O
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Let us collect together the facts we have established in this section so far: for some
v1, ¥2 > 0, we have

E(Z) > y; and (4.13)
7} =7, + A, with (4.14)
EA, < ya(logt)?, (4.15)

for all large 7. Following [4, p. 7], we make the following simple calculation, valid for all
large t:

E(Z}) < ya(logt)® + E(Z,) < [%(Iogtﬁ + 1} E(Z) < [%(logzﬁ + 1} %E(zf)z,
1

(4.16)
where the first inequality uses (4.14) and (4.15), and the next two inequalities use (4.13).
First making use of the Paley—Zygmund inequality, and then of (4.16), we find that

EZ) vy
E(z?) ~ (logt)?’

P(Z; > 0) =

We then note that
{ min & > llogt+2C} c{z, =0}
xe(0,1)

so that, for all sufficiently large ¢, we have

t
P! min ¢ >llogt+2C} <P{ min ¢ > llog= +2C
Lle%r,ll);’ ~ost }_ Lle%fln;’ Zioes }

4

<1- .
= (logn)?

4.17)

Now we need to know the rate at which the number of exceptionally large particles grows.
To be precise define, in the notation of [24], sets G o,g(1) := {Z¥(t) : x € (0, 1), we™" <
I*(t) < Be“}for0 < a <1 < Band ¢ € R. A result from [12] shows that for
c € (cp, ®’(p+)) there exists p(c) > 0, depending only on ¢, and not on « or B, such that

1
lim —log#G .« (1) = p(c) as.
=00 f

We fix a small § > 0 and ¢ := ¢ + 8, and define sets N'(r) := {Z*(1): §* —ct < 1}. We
deduce that for p = p(c) > 0 we have

o1
lim —log#N(@) > p P—a.s. (4.18)
t—oo

Next, fix an arbitrary € > 0 and define 7,, := T(n, €) := inf{t >0:#N (@) > nc}. We
choose the |n€] largest elements of A/(7,) and label them {Z"/ : 1 < j < |n€]} in order of
increasing size. We then write S,"’j " to denote the — log of the size of the particle containing
x € I"J at each time ¢ > T,,. Note, for instance, that “g‘;';j’x = —log I"J for all x € 7"/,
For all n € N we have
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P max min  min MY — (T, +5) > max & — T, +1logn 2C
(few,nlesstnéJxezm/ST"“ pdnts) >, max, & Cpln T Hlogn =+

[n€] [n€]
. Y
< P f & —cs I1 2 < 1-—
P> <xe%,1>55 cps > Tloer C) P> ( (logs>3>

se[5.,n]NN se[5.,n]NN

n€—1
n y
=2 (1 B <logn)3> | o

The final expression is summable in n (see 6.7). By the Borel-Cantelli lemma, we deduce
that, P-almost surely,

. . n,j,x o n,j
max min  min — (T, +5) < max —c3T, +1logn 4+ 2C
sel,nINN 1<j<|n€] xezmi Sr,45 — ep(Tn 1§jSL"‘J€ P ¢

IA

1+ (cp+ 8T, — cpTy +1logn +2C
=6T, +1logn +2C + 1. (4.20)

The final ingredient we need to finish the proof is to show that

P—as. 4.21)

To do this, fix € € (0, p). Then, by (4.18), there is some almost-surely finite random
variable 7' > 0 such that, almost surely, ¢ > T implies #\/(¢) > eP=er, Consequently, for
all t > T we know that
€logn
p—€’

This yields (4.21). Combining (4.20) and (4.21) we find that P-almost surely, for all large n,
we have

T(n,€) <inf {t >0 el > ng} =

. . n,j,x 2¢8
max  min mmenJrS — (T, +5) < 7 +1)logn+2C + 1.

sel5.nINN1<j<n xezni
By (4.21), we can write almost surely that 7, = € - O(logn). We immediately deduce

that for all large n we have

2¢8
inf &, —cp(n+eO0(ogn)) < (i—l—l) logn +2C + 1P — ass.
xe(0,1) " 0

Noting that 7,, > 0 and that ¢ — &} is monotonically increasing, we deduce that, for all

large n,

inf & —cpn < @—l—l logn + € O(logn)P — a.s
xe(0.) " pht = 0 g g .S.

Since € > 0 can be made arbitrarily small, we conclude that

inf X —cun
lim sup x<0.) P

<[P —as.
Nan—o00 logn

By monotonicity of t — & we see that the limit can be taken through all real values,
completing the proof of (2.4). O
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S Physical Heuristics

In this section we argue informally how our result can be put in line with the predictions
described for logarithmically correlated random fields in the introduction. To cast the model
into this framework we let

nlog2

V(x) =log|Z*(t)| — Elog |Z* (t)|, forx e 27"Z N[0, 1]and t = T’(O) ,

where the choice of time scale comes from matching the spatial scale 27" to e O which
is the typical length of a tagged fragment at time ¢ and hence the scale on which V needs to
be sampled. We have

A [T E T E|Z(0)["™" ~ exp ((p + DElog |7V ()]
x€2-"ZN(0,1)
+(nlog2)¥(p + 1)).

Observing that Elog |ZY(¢)| ~ —t®’(0) we get

@ (p)
'(0)

Wp+)=1+p—

We introduce, for x, y € (0, 1), the stopping time 7 = T (x, y) := inf{t > 0 : I} # I,y}, the
time when x and y are first split apart. Fixing an arbitrary ¢ > 0 and abbreviatingt =t AT
we can decompose

1T (0] = |7 (x=) x A} x [T°¢ = 7)l,

where A} := |Z%(s)|/|Z* (s—)|, the process (Z¥(s): s > 0) is a fragmentation process,
which is independent of what happened up to time ¢, and X € (0, 1) is the relative posi-
tion of x in Z*(¢). Taking log on both sides of the decomposition and centering gives
Vix,t) ~ Vx,1=)+ V(@& t — 1), as 1 oo, where we define V(z,t) = log|Z*(t)| —
Elog|Z*(¢)|. Taking expectations and using the independence we get E[V (x, 1)V (y, t)] ~
E[V(x, 7—)V(y, T—)]. Using Wald’s identity (see [23, Theorem 3]) we calculate the expec-
tation on the right and obtain

E[V(x, )V (y,0)] ~E[t AT]®'0)¥"(0).

nlog?2
@'(0)

Recalling that t = we look at a regime where

t®'(0) =nlog2 > —log|x — y|.

Observe that the right-hand side is at least — log |Z* (T —)| ~ T ®'(0) and hence E[t A T] ~
E[T]. We obtain

E[V@)VW] ~E[T(x, y)] @O (0) if2™" < |x—y| < 1. (5.1

This is a result of the type (1.1), if the distance of points x, y on the interval is measured not
with the euclidean metric, but with respect to the natural random metric coming from our
problem, defined by d(x, y) = |Z*(T (x, y)—)| and therefore — logd (x, y) ~ ®'(0)T (x, y).
The result can also be partially claimed for the euclidean set-up, as log|x — y| <
log |Z* (T (x, y)—)| ~ logd(x, y) ®'(0) but we will see below that working in this framework
will lead to a loss of accuracy.
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The physicist’s prediction (1.2) hence gives

3
max log [Z%(¢)| + t®'(0) ~ ¥/'(g)nlog2 — E(log W) (g)logn.
X

Recalling that W(p + 1) =1+ p — g,((’(’))) we get § = p + 1 and hence
@' (p) _ 3

Z 1 ~ _—®(p)t — =
(D’(O)n o8 2p+1 oen () 2p+1

max log |Z% ()| ~ — logt,
which is in line with our rigorous result.

To relate our story to the multifractal approach of Fyodorov et al. [21] we first recall the
multifractal spectrum for homogeneous fragmentation processes obtained by Berestycki [8]
and refined by Krell [24]. We define gg by ®'(gs) = B. Then, for every S making the
right-hand side below positive, almost surely,

_ P(gp)
5

Perhaps surprisingly, this formula does not put our result in line with the prediction of
Fyodorov, Le Doussal and Rosso. The prediction can however be reconciled with our results,
if one moves to the appropriate metric, which in our case is again the random metric d. While
for fixed intervals the ratio of lengths with respect to d and the Euclidean metric are typically
bounded from zero and infinity, the optimal coverings implicit in the Hausdorff dimension
above use random intervals for which these diameters are radically different. Indeed, given
B the covering intervals I for the corresponding set have metric diameters given by their
length to the power ®'(0)/8 (see for example [27]). As a result the multifractal spectrum in
the intrinsic random metric becomes

1
dimy; {x € (0, 1): lim —= log |T* (1) = B} = 1 + ¢
ttoo 1

 D(gp)
®'(0)°

1
dimg {x € (0. 1) lim —-log|*(1)| = #} = ¢§0)<1 +qﬁ)

This can be translated as
dimg {x € (0. 1): V(x) ~ a(log2)n} = ¥(pa) — ape = f(@),

where pg is given by W/ (p,) = a. Hence f/(a) = — p,. The right end of the spectrum, a4,
is characterised by the equation W(py,) = pa, ¥'(pa, ), hence py, = g and oy = W'(q)
aligning the prediction of (1.3) with our result.

6 Appendix on Lévy Processes

In this section we extend the lemmas found in the appendix of [4] from random walks to
Lévy processes with finite variance and zero mean. The proofs proceed by contradiction:
we assume that the various statements do not hold for appropriate Lévy processes, and then
generate a random walk contradicting the results in [4] by discretization. We begin by stating
two elementary lemmas which will be of use in carrying out such arguments. The first is a
topological lemma whose proof can be found in [28]. The second is a simple observation,
recorded for convenience. Throughout this section we write X for the process (X;);>0.

Lemma 6.1 Let U C [0, 00) be open and unbounded. Then there exists h > 0 such that
nh € U for infinitely many n € N.
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Lemma 6.2 Let X be a real-valued stochastic process issued from zero with almost surely
right-continuous paths. Then

Ve >0 V6>0 3a>0 suchthat P(|X|0,a >8) <e,
where | X [0.q) := SUPo<;<q | X1] -
Now we state the first of our results on Lévy processes.

Proposition 6.3 Let X be a Lévy process with zero mean and finite variance. Then

h
dCo >0 dc >0 suchthat Yh > Cy Vt >0 supP(r <X;<r —|—h) < CW'
reR

Proof Assume the above statement is not true, i.e. for some such Lévy process X
VneN 3hy=n  3,>0 Iy €R suchthat P(ry < Xi, <7 +hy) > np5.
In

6.1)
Now select an a > 0 corresponding to the choices € = % and 6 = 1 in 6.2. Evidently, for
alln e N,
P(rn —1<X; <rp+h,+1Vt €ty 1, +a]) > P(rn =< an < I+ hp 1 Xy — Xt,, ”te[f,,,f,,+a] < 1)

P(rn <Xy, < +hn) = " I

> —
el el 1/2°
24,

1
2
where in the second inequality we have used the Markov property of the Lévy process at time
t,. Let U = U;’; 1 (ta, t, + a), which is an open set. Note that, to prevent the probability
in (6.1) exceeding one we must have f, > n?, proving that U is unbounded. Lemma 6.1
therefore supplies an i > 0 and two strictly increasing sequences (m;) and (n;) of natural
numbers with the property that, for all j € N we have m;jh € [#,,,1,; + a]. Note that
tn;/mj — has j — oo.In particular, there exists K > 0 such that K/ml./2 < l/t,ljz for all
j € N. Now define a random walk on R by S, := X,;, and note that this random walk has
zero mean and finite variance. We estimate

P(ra; =1 <Sm; <rnj+hn; +1)=2P(rn; =1 <Xy <rp; +hn; +1 V1 €[ty tn; +al)
K hni
> —nji—5.
= J
2 m}/z

Taking suprema and assuming without loss of generality that i,; > 2 forall j € N, we
find that, for all j € N,

K  hn; +2
flelﬂgp(r <Sm; Sr+thy+2) = Z”jﬁy
J
contradicting (A.1) in [4]. O

Proposition 6.4 Let X be a Lévy process with zero mean and finite variance. Then, with
X, = info<s<; X5, we have

lim sup 112 sup
11— 00 u=>0 u 1

P(Xt > —u) < 00.
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Proof The statement in the proposition is equivalent to the following statement:

1 C
P =) < i

AC >0 3T >0 suchthat t > T = sup

u>0 U

For a contradiction, let us assume the converse of this statement holds. Then

VneN 3t, >n 3FJu, >0 such that

U, + —n t,
As in 6.3, select a > 0 with the following property:

1
u, +1

n
P(X, > —uy—1 i€ty +al) > Sl

Now choose sequences (m ) and (n), and K > 0 precisely as in the proof of 6.3. Select

furthermore an M > 0 with the property that % < #1 Yu > 1. Defining the random walk
(S))nen as in 6.3, we estimate
K 1 1 1
?njm =< WP(X, > —up; — 1 Vi €[ty In; +a]) < mP(§;n/ = —lUp; — 1)
j . :
1 1
< PSS >-u—1)=sup-P(S,  >—
< sup o P(Sn, = —u— 1) = sup (S, = —u)
< Migfl) ” lP(gmj > —u) < Milzlg » IP(Q"-" > —u).
This contradicts (A.3) in [4]. O

With 6.3 and 6.4 in hand, the proof of the following corollary follows verbatim from the
proof of Lemma A.1 of [4].

Corollary 6.5 Let Cg be the constant whose existence is guaranteed by 6.3. Then there exists
¢ > 0 such that, for any f : ]Ra' — ]Rg' bounded away from 0, and any g : RS‘ — R such
that g(t) > — f(1)Vt € R, we have

Viz0  P(g) =X =g()+Co X, = —f(1))

_ NG@ ) AP0+ Fo +1) e
- 372 ,

forall t > 0 where x Ay := min{x, y}. In particular, there exists ¢’ > 0 such that for all
such f and g we have, forallt > 0,

FO+1) A2 (e + £ +1)° A1)

P(X, <g), X, > —f(t)) = C’{( 13/2

Proposition 6.6 Let X be a Lévy process of the form (Y; — ct);>0, where Y is a pure-jump
subordinator and ¢ > 0. Assume that X has zero mean and finite variance. For a > 0 let
XY = X; + a. Then there exists C > 0 such that, for any f: [0,00) — R satisfying
lim sup, _, o, t=Y2 (1) < 0o and f(t) > a, for all large t, we have

lim inf t3/2P(1§‘ >0, min X% > f(r), f(t) < X%, < f(t) + c) > 0. (6.2)
t—00 1<s<2t
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Proof Let us assume that there exists no such constant C > 0, and fix an ¢ > 0. Select an

a>0 corresponding to the choices € = % and § = 1 in Lemma 6.2. Finally, choose an

h e (O minf{a, }). Define a random walk (S,) by S, := X,,; and note that (S,,) satisfies
the hypotheses of Lemma A.3 in [4]. Let K denote the positive constant corresponding to
(S,) whose existence is guaranteed by Lemma A.3 in [4] (there, K is called 2C), and pick
C > K + 1 +a. Since, in particular, we are assuming that (6.2) does not hold for C = C, we
infer the existence of a sequence (x) < [0, co) such that lim_, « #x = oo with the property

32
i N1
Vk € N (ﬁ") P(X;Z >0, inf XY= f0), f) < XS, < f(1) +c) <=,

I <s <21y k
(6.3)
Now define ny := [ *,—]. Note in particular that (ny + 1)h € [t — h, f;]; this will allow us
to ensure that X7, > f (1) in the following computation. Define a,,, := f () + o for each
k € N, and a,, := 0 whenever there is no k such that n = ny. The important thing to note is
that for any j, k € N with j < k and all » > 0 we have

f—1

mn X*>S —rc+a>S, —rct+a>S whenever r <
o K J =43 k
seljh,jh+r]

o R

Consequently, whenever r < % we find, for any k € N, that X¢, . > S; Recalling that
nih € [ty — 2h, ty — h], we can wnte ty = nih +r for some rj, € [h, 2h]. Consequently, we
deduce that

X“ = X¢

Xohtr = Sy, provided  rp <

’

o R

and the condition on r holds because we have selected h < 2— We will use this in the
computation below, where we require {§ >0} C {X > (}. By the same considerations,
we have also have the inclusion

{ inf  X¥ >f(tk)} { min szf(tk)+a},

1 <s <2t} ng<j<2ny

since we have in fact picked & < %. We can therefore estimate

3/2
(%) P(x§ 20, inf X2 fG0. [0 < X5, < f6)+C)

3/2

=m?P(S,, 20, min Sz [0 +a [ +a s S < ) +C -1,

ng<j<2ng
1X: — Xongenlleerzngh, 200 < 1)
L 3p .
> Enk P §nk >0, min S; > ay,ay < Sy < ap, +K). (6.4)

ng<j=<2ng

In the second inequality we used the fact that 7 < § and the Markov property of X* at
time 2n;h. Combining (6.3) and (6.4), we find that, for all k € N, we have

taall I S

3/2 .
k/ P(ﬁnk >0, min Sj = Qpy, Ay = S2nk < ap, + K) <
ng<j=<2n

contradicting Lemma A.3 in [4]. ]

We finish this appendix with an arithmetic fact required in Sect. 4.
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Lemma 6.7 For any o, y > 0 and k € N we have

o

Zn (1 — L) < 0.
(log )k

n=4

Proof 1t suffices to show that

Aoox (1 — (logx)_k )xa dx = /100

og4

ox

e (1 —x7k )e dx < o0.

To prove this integrability, we show that the second integrand is o(e™) as x — 00, or,
equivalently, that e** (log(x¥) — log(x* — 1)) —3x — coasx — oo. Forall r > 1 we have
log/(s) > [le elt—1,t],s0 log(xk) - log(xk -1 > xi,( for all x > 1. It remains to note

that x %e** — 3x — oo asx — 00. m]
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