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Dedicated to fusion after fission



Preface

The neutron transport equation (NTE) is a fundamental equation which describes the
flux of neutron particles in a fissile material. Although nothing more than a special
case of the Boltzmann equation for kinetic particle systems, the mathematical
significance of the NTE found prominence during WWII as part of the Manhattan
project. Despite the sad associations with its beginnings, its real significance lay
with the civil end of the Manhattan project that grew into the global development of
nuclear energy. The development of nuclear power concurrently demanded a general
understanding of how to handle neutron driven radioactivity. In the modern age,
neutron transport modelling and, more generally, radiation transport modelling play
out among an evenly balanced community of academics and industrialists across
several sectors, including both fission and fusion reactor design, safety management
and decommissioning, nuclear medical technology for both treatment and diagnosis,
the food hygiene irradiation industry, and finally, the rapidly growing number of
private and state organisations dedicated to interplanetary space exploration and
associated extraterrestrial operations.

Having already captured and held the attention of nuclear physicists and
engineers for decades, neutron transport modelling has somehow been absent from
the attention of the mathematical community for around half a century. This is
even more notable when one takes account of the fact that the desire to solve
the NTE is precisely what drove polymaths Ulam and von Neumann, among
others in the Manhattan project, to develop the concept of Monte Carlo simulation.
Moreover, there had been numerous contributions from mathematicians in the post-
war surge of interest in radiation transport modelling leading to the late 1960s.
During this time, the relationship between fission modelling to the then evolving
theory of branching processes was not missed. Many of the earliest works in
this field are quite clear about the connection between the two and how one
can read the behaviour of a certain type of branching process out of the NTE.
In this text, we refer to the aforesaid as a neutron branching process (NBP);
cf [7, 70, 94, 99, 100, 102, 103, 108, 110]. With time, an understanding of the
mathematical nature of this relationship largely settled into more practical modelling
questions. As alluded to above, the opportunity to study a much deeper relationship
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viii Preface

has essentially not been exploited much beyond the literature available up to the
early 1970s.

In contrast, the theory of branching processes has remained of central interest to
probability theory, all the way through the development of post-WWII mathematics
to the present day. The classical and most basic setting of the Bienyamé—Galton—
Watson (BGW) process has received significant attention since the 1940s [84] with
the majority of foundational results emerging through the 1960s, 1970s, and 1980s;
c.f. [5, 6, 70]. In spite of some very early work dating back to the 1940s—1960s era
in both Western and Soviet literature (e.g. [61, 75-77, 84, 101, 120, 126, 129]),
the fertile ground of spatial analogues of the BGW process really only began
to gain momentum from around the mid-1970s. Multi-type branching processes
[5], Crump—Mode—Jagers processes [80], branching random walks [16, 82, 123],
branching diffusions and superprocesses, [53, 55, 90], and more recently fragmen-
tation and growth fragmentation processes [12, 13] are all examples of processes
which build out of BGW processes by including the notion of spatial movement
and/or allow for fractional mass, infinite activity, and non-local mass creation.

In many ways, the aforementioned connection made between the NTE and an
underlying spatial branching process in the 1940s' was ahead of its time. It is
nonetheless surprising that the inclusion of NBPs as a fundamental example in
the general theory of branching processes appears to have left by the wayside by
probabilists.

One of the motivations for this book has been to correct this loss of visibility
within the probabilistic community. In particular, this is especially so since the
application areas of general radiation transport have become much more integrated
into modern living, e.g. through healthcare. Moreover, in doing so, we will take
the opportunity to present a summary of the sudden burst of material that has been
published in the last three years by the authors of this book together with various
collaborators; a large segment of which formed the PhD thesis of the first author
[73], as well some parts coming from the PhD thesis of Isaac Gonzalez [66]. We are
therefore writing for a more mathematically literate audience.

Precisely where in the modern-day zoology of branching processes, NBPs land
is quite interesting. In short, an NBP is nothing more than a branching Markov
process in a bounded domain. That said, the underlying Markov process is that
of a particle that moves in straight lines and scatters (changes direction) at with
rates that are spatially dependent. This is what we refer to in this text as a neutron
random walk (NRW). Moreover, the rate at which fission (branching) occurs is also
spatially dependent and occurs in a way that is non-local. The state space of the
underlying Markov process is the tensor product of position and velocity. Offspring
are positioned non-locally relative to last position-velocity location of the parent
particle through a change in velocity rather than their position. In this sense, and

! This connection was certainly known to those in Los Alamos as part of the Manhattan project,
and had certainly reached formal scientific literature by the 1950s; cf. [61].
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as one would expect, neutrons fire off from the position that fission occurs albeit in
different directions with different speeds.

It is the combination of an irregular underlying Markov process (i.e. an NRW),
non-local branching, and spatial inhomogeneity that makes NBPs difficult and
therefore interesting to analyse. In some respects, to make headway into the theory
of NBPs is to make progress on the theory of general branching Markov processes
(BMPs). In that case, one may argue that it suffices to write a book on purely the
BMP setting. Nonetheless, there are some graces that come from the specificity of
the neutron model.

Taking the pros and cons of the specific setting of NBPs versus general setting of
BMPs into account, the book is divided into two parts. The first part runs through a
modern take on the relationship between the NBP and the NTE, as well as some of
the core relevant results concerning the growth and spread of mass of the NBP. For
the most part, we only offer proofs that are specific to the NTE and NBP in this part
of the book. As such, the reader gains quicker insight into how deeply the theory of
branching processes penetrates into neutronics.

In Part II, we look at the generalisation of some of the mathematical theory
announced for NBPs in Part I, albeit, now, offering their proofs in the broader
context. This allows us the opportunity to provide an understanding of why the
NBP is as malleable as it appears to be. In essence, Part II of the book picks
up a story that began with a small cluster of literature produced by Asmussen
and Herring [3-5] in the 1970s and 1980s. Their work was based on the general
abstract framework for branching processes introduced in the three foundational
papers of Ikeda, Nagasawa, and Watanabe [75-77], which allowed for arbitrary
Markovian motion of particles and non-local branching mechanisms. Asmussen and
Herring showed that, with the addition of an assumed spectral decomposition of
an associated mean semigroup, a number of significant tractable results could be
attained.

In principle, each of the two parts of this book could form separate texts. Clearly,
the application of branching processes to neutron transport stands on its own merits
given the real-world applications. Moreover, a study of the Asmussen—Hering class
is deserving of attention within its own right if one considers how computationally
robust it is. Nonetheless, probability is a field of mathematics which is cultured by
the rigour of pure mathematics whilst, at the same time, keeping application well
within view. Hence, in keeping with this tradition, we have decided to keep the two
parts within the same text.

Coventry, UK Emma Horton
2023 Andreas E. Kyprianou
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Chapter 1 ®
Classical Neutron Transport Theory Qe

The neutron transport equation (NTE) describes the flux of neutrons through an
inhomogeneous fissile medium. It serves as a core example of a wider family of
radiation transport equations, all of which are variants of a general category of
Boltzmann transport equations. Our objective in this book is to assemble some of
the main mathematical ideas around neutron transport and their relationship with
the modern theory of branching Markov processes. In this first chapter, we will
introduce the underlying physical processes of nuclear fission, how this gives rise to
the NTE, and moreover, we discuss the classical context in which the NTE can be
rigorously understood as a well-defined mathematical equation.

1.1 Basic Neutronics

Shortly, we will formally introduce the NTE as describing neutron flux. That is,
the average total length travelled by all free neutrons per unit time and volume. In
order to understand its structure, it is first necessary to understand the basic physical
phenomena that govern the movement of neutrons in fissile environments. Below
we give a brief summary of the physical processes at play. We make no apology for
skipping some rather sophisticated physics in favour of a dynamical description of
what one might consider a macroscopic view on the scale of the human observer.

Configuration Space We start by introducing what we call the configuration of a
particle. Each neutron can be identified by:

e Its position r € D, where D C R3is open, bounded, and smooth enough that for
every r € 9D, a unique normal vector n, can be identified

e Its velocity v € V, where V = {v € R3 : vpin < |[u| < Vmax}, Where 0 <
Unin < Unmax < OO

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 3
E. Horton, A. E. Kyprianou, Stochastic Neutron Transport, Probability and Its
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4 1 Classical Neutron Transport Theory

Fig. 1.1 The configuration ®
variables (r, v) offer the v
minimal mathematical
information for each neutron

particle Q= U/ ’U’

We refer to (r,v) as the particle’s configuration, and the set D x V as the
configuration space. All quantities that appear in the NTE will be functionals on
this space (Fig. 1.1).

In the nuclear physics and engineering literature, it is more common to work
instead with physical position » € D, unit direction £2 € S? (the unit sphere), and
energy E € (0, 00). We make the global assumption that the energy of particles is
such that one need not worry about quantum or relativistic effects. As such, particle
energy is related to its speed, v, via the simple Newtonian kinematic equation £ =
muv? /2, where m is the mass of a neutron. The velocity of a particle is then simply
given by v = v£2. Our notation therefore deviates from these norms because, from
a mathematical and probabilistic perspective, it makes more sense to work with the
minimal number of necessary variables.

Advection Transport If at time + = 0, a neutron is found with configuration
(r,v) € D x V, it will move along the trajectory (r 4+ vs, v), s > 0, until it either
hits the boundary of the domain D, at which point we will consider it as absorbed
and no longer tracked (equivalently, no longer in existence), or one of three other
possibilities occurs. These are: scattering, fission, or neutron capture, each of which
we describe next.

Scattering A scattering event occurs when a neutron and an atomic nucleus inter-
act. As alluded to above, we shy away from the delicate physics of such subatomic
interactions. It suffices to note that, for our purposes, the interaction causes what is
tantamount to an instantaneous change in velocity. A more subtle form of modelling
may distinguish between elastic scattering (conservation of energy) and inelastic
scattering (dissipation of energy); however, for our introductory approach, we will
consider only elastic scattering.

Fission Roughly speaking, nuclear fission occurs when a neutron collides with
a nucleus, which then causes the nucleus to split into several smaller parts, thus
releasing more neutrons. We again skirt over the subatomic subtleties and think of a
fission event as an instantaneous removal of an incident neutron, to be replaced by a
number of new neutrons at the same physical location but with differing velocities.
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In reality, the incident neutron is absorbed by the nucleus, which results in the
nucleus becoming “excited” or unstable. In turn, the nucleus splits open and releases
surplus neutrons. However, not all neutrons are released from the nucleus at the
same time, which leads us to two categories of fission neutrons. The so-called
prompt neutrons are released immediately (on a time scale of about 10~ seconds)
from a fission event. Most neutron yield (about 99%) from fission events is made
up of prompt neutrons. When an excited nucleus splits open and releases prompt
neutrons, the remaining fragments from the nucleus may still be in an excited
state. After some time, these fragments may release further neutrons, called delayed
neutrons, in order to become stable again. Delayed neutrons constitute a much
lower proportion of the total yield from a fission event. In our models, we will
only consider prompt neutrons. Nonetheless, we will return to a brief discussion on
distinguishing the two cases at the end of this chapter.

Neutron Capture Neutron capture occurs when a neutron is absorbed by a nucleus
during a neutron—nucleus interaction, and as the name suggests, there is no further
neutron release as a consequence. This is all we really care about for the purposes
of our modelling, but in reality, the situation is inevitably more complex with the
release of gamma rays, for example, from the nucleus as a consequence. In principle,
neutron capture is highly dependent on the incident energy, as well as the nucleus
involved. In our presentation of the NTE, we will combine nuclear fission and
neutron capture by considering the latter as a fission event where no neutrons are
released.

1.2 Neutron Transport Equation (NTE)

Neutron flux and neutron density are two fundamental physical measurements that
describe a neutron configuration. Let us start by defining the latter. Henceforth
denoted by ¥ (r, v), neutron density is the expected number of neutrons present
at time ¢ > 0 at position » € D and with velocity v € V, per unit volume, per unit
velocity. In other words, the expected number of neutrons to be found in a domain
Dy C D with velocities in V € V is nothing more than |’ Do /; v, i (r, v)drdv.

In contrast, neutron flux, henceforth denoted by I (r, v), is the density in D x V
of the average track length covered by neutrons per unit time. Flux is fundamentally
related to neutron density via the equation

I (r,v) = |v|¥(r, V), reD,veV,t>0. (1.1)

Flux is a preferable quantity for determining the rate of interaction of neutrons with
other atoms because interaction rates (or cross sections) are usually expressed as
“per unit track length”. This is another point of departure from standard modelling
in the nuclear physics and engineering literature that we enforce here. As this text
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is fundamentally about probability theory, our preference is to work with rates as a
“per unit time” rather than “per unit track length” quantity.

The following key quantities give the rates in question as well as some additional
kernels that further describe interaction events:

os(r,V): The density in D x V of the rate per unit time at which scattering occurs
from incoming velocity v’

os(r, V'): The density in D x V of the rate per unit time at which fission occurs
from incoming velocity v’

o(r,V): The sum of the rates o¢ + o, also known as the collision rate

s (r, v, v): The probability density that an outgoing velocity due to a scatter event is

v from an incoming velocity v’, given that scattering occurs, necessarily
satisfying [, 75 (r, v, v)dv’ = 1

e (r, V', v): The average number of neutrons emerging at velocity v from fission
with incoming velocity v/, given that a fission or capture event occurs,
satisfying [y, ¢ (r, v, v")dv’ < 00

2(r,v): A non-negative source term giving the density in D x V of the rate at
which neutrons are generated from a radioactive source.

For the quantities o, o, and of, one can easily convert them to rates per unit
track length by multiplying by |v|. In the nuclear physics and engineering literature,
the quantities

c(r,v) = v o (rv), ¢s(r,v) == vl los(r,v) and g£(r, v) = |v| " loe(r, V)
(1.2)

on D x V are known as cross sections. Because of the simple relationship between
rates, we will somewhat abuse this notation and also refer to o, o, and o¢ as cross
sections. It is usual and indeed consistent with the physics of neutron transport, to
impose the following important global assumption:

(H1) o05,0¢, w5 and ¢ are uniformly bounded away from infinity.

Now let us turn our attention to deriving the neutron transport equation using a
semi-rigorous approach based on the basic principles of mean particle behaviour.
Take Dy C D, and consider the change in neutron density in Dy x {v} in between
time ¢ and At. First note that this quantity can be expressed as

/ (Vs a0 (r, 0) — W (r, V)1 (13)
Dy

This quantity can be also derived by considering the different ways the neutron
density can change according to the dynamics of the particles. We emphasise that in
what follows we only consider prompt neutrons and that neutron capture is seen as
fission with no neutron output.

We first consider the “gains” that lead to a neutron having a configuration (r, v) at
time 7 + At. There are three possibilities: scattering, fission, and an external source.
If it has undergone a scattering, the contribution to (1.3) is given by
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At f / os(r, Vs (r, v, )W (r, v)du/dr.
Dy JV
Similarly, the contribution due to fission is given by
At / / o (r, Ve (r, V', v)¥; (r, v)dv'dr.
Doy JV
Finally, the contribution due to the external source is given by

At 2, (r, v)dr.
Do

We now consider the “losses”, which comes from the particles “leaving” the
configuration (7, v) due to a collision. Since this is characterised by the rate o, the
total loss in neutron density due to collisions is given by

At/ o (r, V)W (r, v)dr.
Dy

Finally, particles may be “lost” or “gained” via the boundary of Dy, denoted 9 Dy.
Recall that particles are travelling at speed |v|, thereby covering a distance |v| At in
the time interval [z, r + At], and are moving in direction £2 = |v|~!v. Then the net
number of particles that pass through Dy x {v} via a small patch dS of the surface
d Dy is given by |v| At x 2 - n, ¥ (r, v)dS = Atv - n. ¥ (r, v)dS. Hence, the total
change in the number of particles in Dy x {v} via d Dy is given by

At% v-nY(r,v)dS = At/ v - V.Y (r, v)dr,
dDg Dy

where the equality follows from the divergence theorem and V, is the gradient
differential operator with respect to r.
Combining these gains and losses, and equating them with (1.3), we obtain

[Yiga:(r,v) — W (r, v)]dr

Do

= At 2;(r, v)dr — At/

vV, (r,v)dr — At/ o(r, vV)¥(r, v)dr
Dy Dy

Dy

+ At/ / os(r, Vs (r, v, )W (r, v)du'dr
Dy JV

+ At / / oe(r, V)me(r, V', U)W (r, v)du/dr.
Dy JV
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Since Dy was arbitrary, it follows that
Yiia(r,v) — Wi (r,v) =4t 2, (r, v) — Atv - V, W (r, v) — Ato (r, v)¥ (r, v)

+ At/ O, (r, v)dv o5 (r, Vs (r, U, V)
\%
+ At/ W, (r, V)dV o (r, Ve (r, V', v)dU'.
\4

Dividing both sides by At and letting At — 0, we obtain the so-called forward
neutron transport equation:

d
E‘I’z(n v) =2,(r,v) —v -V, ¥ (r,v) —o(r,V)¥ ([, v)
+ f &, (r, Vo (r, Vs (r, V', v)dv'
%
+ / W (r, V)oe(r, Ve (r, v/, v)dv'. (1.4)
v

We will also need the following initial and boundary conditions:

Yy(r,v) = g(r,v) forr e D,v eV,
(1.5)
Yi(r,v) =0 fort >0andr € 9D ifv-n, <O,

where n, is the outward facing unit normal at r € 9dD. The second of these two
conditions ensures that particles just outside the domain D travelling towards it
cannot enter it.

1.3 Flux Versus Neutron Density

Earlier we noted that our preferred configuration variables (r, v) are chosen in place
of the triplet (r, £2, E) and that we have defined our cross sections as rates per unit
time rather than rates per unit track length, cf. (1.2). If we consider the system (1.4)
and (1.5) in terms of flux rather than in terms of neutron density, then we see that
(1.4) and (1.5) become

1 9
—| |—8t1'}(r, Q2,E)+ 2 -V, I;(r, 2, E)+ c(r, 2, E)I7(r, 2, E)
v

= / E(rv le E/)S's(rs ‘Q/’ E/)T[S(r’ ‘Q,a E/9 ‘Qv E)dQ/dE/
S2 % (0,00)
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+ / Ii(r, 2", ENge(r, 2', ENNme(r, 2/, E', 2, E)d$2'dE’
S2 % (0,00)
+2,(r,2,E), (1.6)

Iy, 2,E)=g(r, 2,E) forre D,ueV,
1.7
I;(r,2,E)=0 fort >0andr € dD if v -n, < 0.

Here, we have used the previously discussed fact that functional dependency on
(r,v) is equivalent to functional dependency on (r, £2, E) when we have the
relations §2 = wv/|v| and (1.2). Moreover, recalling from (1.1) that |v| =
~/2E/m, we have used the fact that the probability density s (r, v’, v)dv’ over V
is alternatively treated as the density 75 (r, 2/, E', £2, E)d2'dE’ over S* x (0, 00)
under the alternative configuration parameters (i.e., an adjustment in the definition
of 74 is needed in terms of the new configuration variables), with a similar statement
for ¢ holding. Technically speaking, in (1.7), we should write Iop(r, 2, E) =
lu|g(r, §2, E); however, we can simply define this as a new function g representing
the initial flux profile.

The system (1.6) and (1.7) is the classical form in which the NTE is presented in
the physics and engineering literature. As alluded to previously, we have chosen
to deviate from these classical norms as our principal interest in this text is
to examine the underpinning mathematical structure of the NTE in relation to
stochastic processes. As such, it is more convenient to keep the NTE in as compact
a form as possible.

As the reader is probably already aware, there is a technical problem with (1.4)
and (1.5). Our calculations do not adhere to the degree of rigour that is needed to
confirm that the limits that define derivatives are well defined. For example, it is not
clear that we can interpret v - V¥ in a pointwise sense as ¥; may not be smooth
enough. It turns out that the right way to see the above calculations is in the setting
of an appropriate functional space.

1.4 Classical Solutions as an Abstract Cauchy Problem
(ACP)

Let us henceforth continue our discussion without the source term for convenience.
In other words, we will make the blanket assumption

2, =0, t>0.

The usual way to find solutions to the NTE is to pose it as an abstract Cauchy
problem (ACP). More formally, we need to move our discussion into the language
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of functional spaces. To this end, let us introduce L?>(D x V) as the Hilbert space
of square integrable functions on D x V, defined with the usual inner product

(f,g) = / f(r, v)g(r, v)drdu, f.g € LX(D x V).
DxV

Before introducing the notion of the NTE in the form of an ACP on L3(D x V),
we first need to introduce three linear operators whose domains are embedded in
L%(D x V) (we will be more precise about these later on) and whose actions on
g € L*(D x V) are given by

Tg(r,v) :=—v-V,g(r,v) —o(r,v)g(r,v)
Sg(r,v) = [y, g(r, v)og(r, v)ms(r, v/, v)dV'’ (1.8)

Fg(r,v) = fV g(r, v)oe(r, V) me(r, v/, v)dv'.

We name them, respectively, the transport, scattering, and fission operators.
Then the NTE (1.4) can be posed as the following ACP:

Gl

Y =g,

where ¥, € L2(D x V). Specifically, this means that (¥, t > 0) is continuously
differentiable in this space. In other words, there exists a v; € L*(D x V),
which is time-continuous in L2(D x V) with respect to ||-]» = (-, -}!/2, such that
lim;Hlo_l(lI/Hh — ¥,) — vl = 0 for all t > 0. Moreover, we refer to v, as
av;/ot, t > 0.

The theory of cg-semigroups gives us a straightforward approach to describing
(what turns out to be) the unique solution to (1.9). Recall that a cp-semigroup also
goes by the name of a strongly continuous semigroup and, in the present context,
this means a family of time-indexed operators, (V;,t > 0), on L%*(D x V), such
that:

(i) Vo =1d.
(i) Viysg = V;Vyg, foralls,t >0, g€ L*(D x V).
(iii) Forall g € L2(D x V), limj_0||Vig — gll2 = 0.

To see how cp-semigroups relate to (1.9), let us pre-emptively define (¥; g, t > 0)
to be the semigroup generated by ¢ via the orbit

W, g = exp(t9)g, geL*(DxV), (1.10)
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where we interpret the exponential of the operator ¢ in the obvious way,

exp(t¥9)g = Z 54[% 9 gll.
k= 0 k-fold

Standard co-semigroup theory tells us that ¥, g € Dom(¥) for all# > 0, providing
g € Dom(¥), where

Dom(¥) := {g e L’ (DxV): }}in})h_l(lllhg — g) exists in L*(D x V)} )
(1.11)

Understanding the structure of Dom(%) in more detail now gives us the opportu-
nity to bring (1.5) into the discussion.

Both the scattering and fission operators, . and .%, are |-||-continuous
mappings from L?(D x V) into itself. Showing this is a straightforward exercise
that uses the Cauchy—Schwarz inequality and (H1). The domain of 7 is a little
more complicated. To this end, let us define

(D x V)" ={(r,v) € D x Vsuchthatr € 9D and v - n, < 0}.
The domain of .7 is known to satisfy

Dom(7) = {g € L*(D x V) such that v - V,g € L*(D x V) and glypxv)- = 0}.
(1.12)

As such, it follows that Dom(¥) = Dom(.7).
Now returning to (1.9), we can conclude the following.

Theorem 1.1 Defining (¥;,t > 0) via (1.10), we have that it is the unique classical
solution of (1.9) in L2(D x V).

1.5 Principal Eigendecomposition and Criticality

One of the main tools used for modelling with the NTE is its leading asymptotic
behaviour. Roughly speaking, this means looking for an associated triple of a
“leading” eigenvalue A, € R and non-negative left and right eigenfunctions, ¢ and
¢~>, respectively, such that

halg, @) = (8. 99) and  Auld, f) = (.9 [),
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forg € L2(D x V) and f € Dom(%). The sense in which A, is “leading” turns out
to mean that it is the eigenvalue with the largest real component. The accompanying
eigenfunction ¢ is often referred to as the “ground state”.

Depending on the nature of the underlying generators, a natural behaviour for
equations of the type (1.9) is that its solution asymptotically projects on to its ground
state in the sense that

U, =M (P, g)p + o) as t— oo. (1.13)

The approximation (1.13) can be seen as a functional version of the Perron—
Frobenius theorem.! Using spectral theory for co-semigroups, the following result
is one of many different variations of its kind, which provides sufficient conditions
for the existence of a ground state for which (1.13) holds.

Theorem 1.2 Let D be convex and non-empty. We assume the following irreducibil-
ity conditions. Assume that the cross sections

o (r, V)e(r, v, V') and o5 (r, V)75 (r, v, V")
are piecewise continuous> on D x V x 'V and
oe(r,v)me(r,v, V) >0 on DxV xV. (1.14)

Then:

(i) The neutron transport operator Y has a simple and isolated eigenvalue A\, >
—o00, which is leading in the sense that

Ay = sup{Re()) : A is an eigenvalue of 4},
and which has corresponding non-negative right eigenfunction, ¢, in L>(Dx V)

and left eigenfunction ¢ in L*(D x V).
(ii) There exists an ¢ > 0 such that, as t — o0,

le ™', f — (@, fgll = O™, (1.15)

forall f € L3(D x V), where (¥;, t > 0) is defined in (1.10).

! For the reader unfamiliar with the classical Perron—Frobenius theorem, it will be discussed in
more detail in the next chapter.

2 A function is piecewise continuous if its domain can be divided into an exhaustive finite partition
(for example, polytopes) such that there is continuity in each element of the partition. This is
precisely how cross sections are stored in numerical libraries for modelling of nuclear reactor
cores.
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The importance of the asymptotic decomposition (1.15) is that it allows us to
introduce the notion of criticality. The setting A, > 0 indicates an exponential
growth in the neutron density, A, < O indicates exponential decay in neutron
density, and A, = O corresponds to stabilisation of the neutron density. When
considering the NTE in the context of nuclear reactor modelling, it is clear that the
most desirable scenario is A, = 0, which would suggest the production of neutrons
through fission is perfectly balanced, on average, by nuclear capture and absorption
in control rods and the surrounding shielding materials.

1.6 Remarks on Diffusive Approximations

We may consider the NTE in the form (1.4) as irregular. The difference and
advection operators involved in the NTE force us to work with less smooth
functions than one would typically work with, for example, in a diffusive setting.
As mathematicians, when confronted with such an irregular system, we sometimes
have the urge to scale away irregularities via a diffusive approximation. To this end,
let us define

u(r, E) ::/ v, (r, v82)ds2, (1.16)
S2

Ji(r, E) :=/ VW, (r, v$2)dS2, (1.17)
S2

where we recall that v = /2E/m, S* denotes the unit sphere in R3. Typically,
cross sections only depend on velocity through energy, which comes from the fact
that the media through which neutrons diffuse are piecewise homogeneous. For
convenience, let us write ¢s(r, E) and ¢¢(r, E)in place of og(r, v) and o¢(r, v),
respectively, and ¢ (r, v) = ¢¢(r, v) + ¢g(7, v). Under the further assumption that
scattering and fission are isotropic, it follows that

0
%(n E)= -V, - J,(r. E) — ¢(r, E)ii; (r, E)

Emax
+ / 1o (r, E))s(r, ENYAE'
E

min

Emax
+ f i (r, ENge (r, EN(r, E', E)E, (1.18)
Enin

where v(r, E’, E) is the average number of neutrons emerging with energy E’ from a
fission event caused by a neutron with energy E at position » and E,;;, (respectively,
Enqx) is the energy corresponding to the velocity vy, (respectively, Uy ).
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Now, under certain assumptions, which will be discussed shortly, Fick’s law
states that

Ji(r,E)y = =DV, (r, E), (1.19)

where D is the diffusion coefficient. Substituting this into (1.18) yields
0
57 (1 B) = DAw(r, B) — g (r, ) (r, E)

Emax
+f H’[(r’ E/)S's(rv E/)dE/
Emin

Emax
+ / pe(r, E) e (r, E(r, E', E)E'. (1.20)
E

min

But does such an approximation make sense? Let us return to the approximation
given in (1.19). In order to make this substitution, several assumptions are required.
First, in order to derive Fick’s law, one must assume that absorption occurs at a much
slower rate than scattering and so the approximation is technically not valid in highly
absorbing regions or vacuums. We also made the assumption of isotropic scattering,
which is only really valid at low temperatures. Finally, this approximation is only
valid when neutrons are sufficiently far from a neutron source or the surface of a
material, since this leads to abrupt changes in the scattering and absorption cross
sections. Consider for example Fig. 1.2 that gives us a slice of what the internal
geometry of a reactor might look like.?

Admittedly, the diffusion approximation works well in many practical settings;
however, our objective in this monograph is to understand how to work in the more
accurate setting of the NTE in its native form.

1.7 Primer to the Stochastic Approach

Having rejected working with a diffusive approximation, we are still confronted
with the inhomogeneous nature of the NTE. This makes the prospect of an
analytically closed-form solution to (1.4) highly unlikely. While symmetries of
nuclear reactors can be exploited, as alluded to above, each subsection of the reactor
may contain many different materials, which, in turn, have different properties.
For example, the scattering and fission cross sections, og, 0¢, T, and ¢, depend
on both the position and velocity of the incident neutron. It seems inevitable that
numerical solutions are the best we can hope for.

3 We would like to thank researchers from the ANSWERS software group at Jacobs who kindly
provided this image.
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Fig. 1.2 The geometry of a
nuclear reactor core
representing a physical
domain D, on to which the
different cross-sectional
values of og, o¢, g, T are
mapped, also as a function of
neutron velocity

After many years of experimentation, the values of cross sections are well
understood for different materials, as well as for different neutron energies (which
are in turn a function of velocity). Figure 1.3 gives two examples of cross sections,
which are typical in terms of their complexity.* Their values are stored in extensive
numerical libraries that are held in national archives® and are referred to as nuclear
data. Any numerical model will require extensive reference to nuclear data, and this
alone presents an additional source of computational complexity.

Fundamentally, there are two types of numerical solutions to the NTE that one
can imagine working with: deterministic and stochastic. Roughly speaking, deter-
ministic numerical models rely on a classical method of meshing the underlying
variables of time, space, and velocity and turning the NTE (1.4) into a complex
system of algebraic linear equations that one can aim to solve via inversion.

Our objective in this text is to explore the mathematical principles that underpin
the stochastic approach. Fundamentally, this entails representing solutions to the
NTE as path averages of certain underlying stochastic processes. In other words,
we are interested here in the so-called Feynman—Kac representation of solutions to
the NTE. An understanding of Feynman—Kac representation is what opens the door
to Monte Carlo simulation, which is another approach to numerically generating
solutions.

4 We would like to thank Prof. Eugene Shwageraus from the Cambridge Nuclear Energy Centre
for allowing us to reproduce these images.

3 Different national nuclear organisations have each generated different libraries.
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Fig. 1.3 Left: An example of the probability of elastic scatter as a function of energy and polar
angle for U-238 (with symmetry in the azimuthal angle), prepared using [27]. Right: An example of
microscopic fission cross section for Pu-240 as a function of the incident neutron energy, prepared
using [118]. The images were prepared using ENDF-7 nuclear data cf. [20]

In the coming chapters, we will explain how solutions to the NTE can be
identified via an entirely different approach that embraces underlying stochastic
representations. It will turn out that there are fundamentally two different types of
Markov processes whose paths provide us with information about the solutions to
the NTE. The first of these is what we call a neutron random walk (NRW), and
the second is what we will call a neutron branching process (NBP). Our focus for
the remainder of Part I of this book will be to pursue how such processes can be
defined, how they fit into an alternative notion of “solution” to the NTE, and how
their underlying properties give us insight into the behaviour of these solutions. We
also gain some insight into what we should expect of the physical process of neutron
fission itself.

1.8 Comments

It is a little difficult to locate the original derivation of the NTE. But one would
speculate with confidence that a more formalised mathematical approach was
undoubtedly rooted in the Manhattan Project and known to the likes of Ulam
and von Neumann. In the 1960s, numerous papers and books emerged in which
the derivation of the neutron transport equation can be found. Examples include
classical texts such as Davison and Sykes [36], with more modern derivations found
in [8, 94, 95], for example. A layman’s introduction to the role of neutron transport
and, more generally, how nuclear reactors work can be found in the outstanding text
of Tucker [128], which makes for light-hearted but highly insightful reading.
Already by the 1950s, there was an understanding of how to treat the NTE in spe-
cial geometries and by imposing isotropic scattering and fission, see, for example,
Lehner [91] and Lehner and Wing [92, 93]. It was also understood quite early on
that the natural way to state the NTE is via the linear differential transport equation
associated to a suitably defined operator on a Banach space (i.e., an L? space).
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Moreover, it was understood that in this formulation, a spectral decomposition
should play a key role in representing solutions, as well as identifying the notion
of criticality; see, for example, Jorgens [81], Pazy and Rabinowitz [109].

The description of the NTE in the functional setting of an L? space was promoted
by the work of R. Dautray and collaborators, who showed how cp-semigroups form
a natural framework within which one may analyse the existence and uniqueness of
solutions to the NTE; see [34] and [33]. A similar approach has also been pioneered
by Mokhtar-Kharroubi [98]. The theory of cp-semigroups is a relatively standard
tool, for which a solid account can be found in [52]. For the proof of the precise
nature of the domains of .7, ., and .%, see, for example, Lemma XXI.1 of [33].
As such, Theorem 1.1 is essentially restating Proposition 11.6.2 of [52]. Mokhtar-
Kharroubi [98] also gives a very precise account of the spectral analysis of the
combined generators 7 + . + Z.

On a more humorous note, Tucker [128] points out that the significance of
criticality is often misunderstood in fictional media. At moments of impending
nuclear reactor catastrophe in dramatic storylines, an underling will often be heard
reporting to their superior with great anxiety “The reactor has gone critical!”. In
fact, this is a moment when everyone should go back about their business, content
that their power source is operating as intended.

Let us return briefly to some of our earlier remarks on delayed neutrons that have
formally entered into the nuclear literature as early as 1947 in Courant and Wallace
[28]; see also the 1958 publication of Weinberg and Wigner [130].

As previously mentioned, when a fission event occurs, the nucleus is split into
unstable fragments (called isotopes), which later release more neutrons in order
to return to a stable energetic state. Thus, modelling neutron density in this case
requires one to keep track of the number of prompt neutrons as well as the number
of isotopes. We therefore need to enhance the configuration space to distinguish
between these two objects.

We will denote type 1 particles to be neutrons and type 2 particles to be isotopes.
We write ¥ @ (r, v) for the particle density of isotopes at » € D, which carry the
label v € V. Although isotopes are stationary in space, for technical reasons, we
assign them with a velocity, which is inherited from the incident fission neutron.
Accordingly, the configuration space is now D x V x {1, 2}. In order to write down
the relevant equations, we introduce the following additional cross sections:

0 Rate at which neutrons are released from isotopes

m;(r, v): The average number of isotopes resulting from a collision at ¥ € D with
incoming velocity® v € V.

my(r, v, v): The average number of delayed neutrons released with outgoing veloc-
ity v € V from an isotope at r € D with label v'.

6 Note that since isotopes inherit velocity from the incident fission neutron, this means the label of
the isotope is also v.
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Then, the (forward) NTE with delayed neutrons can be written as follows:

d
Zy D v) =2, 0) —v- V9V v) — o (r, )TV (1, v)

at
+ fv o (r, u’)lI/,(l)(r, Ve (r, V', v)dv'’
+ /V Wt(z) (r, Vmy(r, V', v)dv'’
+ [V os(r, V) (r, Vs (r, v, v)dV, (1.21)
with
%w}z) r,v) = — T2 (r, v) + o2 (r, VIM; (r, VI (r, V). (1.22)

The above pair of equations illustrate how to include both prompt and delayed
neutrons. Of course, we could develop a more precise version of (1.21)—(1.22), since
we could also keep track of the different types of isotopes and require that ¢ also
depends on the type of the particle.

In this more general setting, Theorem 1.2 has been stated and proved in greater
generality in [30], allowing for the inclusion of other types of nuclear emissions
such as alpha, beta, and gamma radiation, as well as delayed neutrons.

An important fact about delayed neutrons is that they are a crucial element of
why nuclear reactors can be controlled; cf. discussion in Tucker [128]. The time
taken to release these neutrons can be anything from a few seconds to minutes. This
has the implication that any control actions that are put into place do not result in
instantaneous change in neutron density, but rather a gradual response over seconds
and minutes.



Chapter 2 ®
Some Background Markov Process Qe
Theory

Before we embark on our journey to explore the NTE in a stochastic context, we
need to lay out some core theory of Markov processes that will appear repeatedly in
our calculations. After a brief reminder of some basics around the Markov property,
we will focus our attention on what we will call expectation semigroups. These
are the tools that we will use to identify neutron density and provide an alternative
representation of solutions to the NTE that will be of greater interest to us. As such,
in this chapter, we include a discussion concerning the asymptotic behaviour of
expectation semigroups in terms of a leading eigentriple.

2.1 Markov Processes

We are interested in modelling randomly evolving particles, whose state space is
denoted by E. The space E can be a physical space, but it can also be something
more abstract. For many of the general results in this text, we will allow E to be a
locally compact Hausdorff space with a countable base. The reader may nonetheless
be content with taking E to be an open bounded subset of R?, or in the context of
neutron transport, D x V. We will use Z(E) to denote the Borel sets on E.

To E, we append the “cemetery” state T ¢ E. One may think of it as an auxiliary
point where the process is sent if it is “killed”. We will take &; to be the Borel o -
algebra on E; = E U {f} and EEO’OO] to be the space of paths @ : [0, 00] — E
such that w(oc0) = f, and if w(¢) = T, then w(s) = § forall s > ¢.

The sequence of functions & := (&, > 0) represents the family of coordinate
maps & : E][LO’OO] — Ey given by &;(w) = o, forall t € [0,00] and w € EJ[ro’oo].
Denote by &; = 0(&,,0 < s < t),and ® = o(&, s € [0, 00]), the canonical
filtrations of £. We may also think of @, as the space of possible events that occur
up to time ¢ and @ as the space of all possible events.
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Thus, we may think of £ as nothing more than an infinite dimensional random
variable defined as a measurable function of the event space E#O’OO] via the identity
map. What makes & a Markov process is the way in which we assign probabilities
to events in @. To this end, let us introduce the family of probability measures on
(E,[ro’oo], ®), denoted by P := (P, x € E+), which satisfy a number of conditions.

Definition 2.1 (Markov Process) The process (£, P) is called a Markov process
on state space E, with cemetery state T and lifetime ¢ (also called the killing time)
if the following conditions hold:

(Regularity) For each B € ®, the map x +— P, (B) is &-measurable.

(Normality) Px(§o = x) = 1 forall x € Ey.

(cadlag" paths) For all x € E, the path functions  — £ are P, -almost surely right
continuous on [0, co) and have left limits on [0, ¢) where the random time

¢ =inf{t > 0: & = 7) 2.1)

is called the lifetime of &.
(Markov property) For all x € E+, s,t > 0, and bounded measurable functions f
on E; such that (1) = 0, we have on {t < ¢}

Ex[f(§t+s)|®t] = Ey[f(és)]y:f;‘,

P, -almost surely.

In the setting where P, ({ < oo) = O for all x € E, we call (§, P) a conservative
Markov process. However, throughout this text, we will often encounter non-
conservative Markov processes.

In Definition 2.1, we can also ask for a slightly stronger notion of the Markov
property, namely the strong Markov property. To this end, let us recall that 7 is a
stopping time for the filtration (&;, r > 0) if

{r <t} e @, t>0.

Moreover, we can identify the natural sigma algebra &, associated to any stopping
time t via the definition

Ae®@;ifandonlyif AN{r <t} e @ forallt > 0.

The most common examples of stopping times that we will work with are those that
take the form

2 =inf{r > 0: & € D},

! Continue 2 droite, limite & gauche.
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where D is a Borel-measurable domain in E. We also note from (2.1) that ¢ = ('},
and the lifetime of £ is also a stopping time when we consider the Markov process
to be defined on the extended space with the cemetery point included.

Definition 2.2 (Strong Markov Process) In addition to being a Markov process,
(&, P) is a strong Markov process if the Markov property is replaced by the following
condition.

(Strong Markov Property) For all x € E+, s > 0, stopping times 7, and bounded
measurable functions f on E; such that f(f) = 0, on the event {t < ¢}, we have

Ex[f(§eas)|Be] = Ey[f(Es)]y=¢,

P, -almost surely.

2.2 Expectation Semigroups and Evolution Equations

Let B(E) be the space of bounded, measurable functions on E with the additional
requirement that f € B(E) is forced to satisfy f(1) = 0. The subset BT (E) of
B(E) consists only of non-negative functions. If we define |-|| to be the supremum
norm, then the pair (B(E), ||-]|) forms a Banach space.

Still denoting (&, P) as a Markov process, for s,# > 0, g € B(E), and x € E,
define

rlglx) = Ex[g(§1)]. (2.2)

We refer to the family of operators Q = (Q;,¢# > 0) on B(E) as the expectation
semigroup associated to (¢, P). Technically speaking, we can think of Q as a family
of linear operators on (B(E), ||-]|). It is also not unusual to restrict the definition
in (2.2) to just g € BT (E).

Expectation semigroups are natural objects that characterise the mean evolution
of a Markov process. The notion of the expectation semigroup can also be taken in
a slightly broader sense. Suppose that y : E +— R. Then we can also define

o [g)r) =E, [eh @), xeE rz0. 2.3)

It may of course be the case that, without further restriction in y, the above definition
may take infinite values, or not be well defined for g € B(E). As such, we shall
henceforth assume that ¥ € B(FE). This allows us to deduce that Qg/ [¢g] € B(E).
Moreover, this also gives us simple control over the growth of (Qg/, t > 0) in the
sense that

Qleglx) <el”lf|gl,  t>0,x€eE, y, g€ B(E). (2.4)
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The term exp ( fé y(és)ds), t > 0, is often referred to as a multiplicative
potential. In essence, Q¥ is a semigroup in the sense of (2.2) for the bivariate Markov

process
t
(Sz, /(; )/(Es)dS), 1 >0, (2.5)

albeit that we are forcing a choice of function of the above pair to take the form
g(x)e”, with x playing the role of & and y playing the role of fot y (&)ds. To see
why the pair (2.5) forms a Markov process, let us write

t
I,=I+f v (&s)ds, t >0,
0

and we can abuse our existing notation and write P, ;) for the law of the pair
&, I;), t = 0, when issued from (x, ). Moreover, using { as the cemetery state
for (I;,t > 0), with the lifetime of the pair being that of &, note that, for bounded,
measurable f : E x R+ [0, co) such that f(f,f) =0ands,? > 0,on {t < ¢},

y

Technically speaking, we can drop the aforesaid qualifier that {# < ¢} because our
convention would insist that E¢, [ f (&, Is)] = O for (y, J) = (f, T).

The following lemma gives us a sense of why (2.2) and (2.3) are deserving of the
name semigroup.

E(x,l) [f(ét—&-s: Il+s)|®l]

t t+s
=Eu, 1 [f <$z+s, I +/0 y (§u)du ~I—/ V(Eu)du>
t

=Eq.n Lf G I))y=g, s, -

Lemma 2.1 Suppose that y is uniformly bounded from above. The expectation
semigroup QY satisfies the semigroup property. That is, for all g € B(E),

QoY [gll = Qflglon E,

with the understanding that Qg [g]l=g.

Proof This is a simple consequence of the Markov property. Indeed, for all s, > 0
andx € E,

O lg1) =By [ 76 g (e, |

—E, [efo’ Y& [eﬁf y (E)ds g(&)]y_g ]
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=/ [QF [g]l(x),

as required.

Remark 2.1 In the setting that y < 0, we can alternatively see Q” as the
expectation semigroup of an auxiliary Markov process that agrees with (¢, P) but
experiences an additional form of killing at rate y, i.e., when at x € E, the process
is killed at rate y (x). One may think of the killing as a clock that rings, sending &
to the cemetery state T in a way that depends on the path of £ (in addition to the
possibility that £ has a finite lifetime). Indeed, if we denote by T the time at which
the clock rings, then, given (&, s < ), remembering that we are specifically in the
setting that y < 0, the probability that the clock has not rung by time r > 0 on the
event {t < ¢} is given by

PHT > t|®,) = elo 7 E)ds

where we recall that &; = o (&, s < t). As such, even if Q is conservative, Q¥ can

always be seen as a non-conservative Markov process. o
Often, the expectation semigroup Q¥ = (Qg/,t > 0) forms the basis of an
evolution
t
%o () = 0! [glx) + / QUlh\J)ds, 1 0.x€cE. 2.6)
0

where ¢ € BY(E) and & : [0, 00) x E — [0, 00) is such that sup, _, |hs| € BT (E)
for all + > 0. In such equations, (Q), ¢ > 0) is called the driving semigroup. Note
that the assumptions on y, g, and (h;,t > 0) imply that sup,_, |xs| € BT (E) for
allt > 0. -

Before considering an alternative form of (2.6), let us first consider an example
of such an evolution equation. Consider a Brownian motion, (B;, ¢ > 0), in R that,
atrate « € BT (R), jumps to a new position in R according to the law . Hence, if
T is the time of the first such jump, then

Pi(T > tjo(By : s <1)) =e Jo@Bds ;5
Let (X, P,) denote this process when initiated from a single particle at x € R and

set x;(x) := Ey[f(Xp)], for f € BT (R). Then, by conditioning on the time of the
first jump of the process, we have

i (x) = By e JoxBods £ y)

t .
+ / E, [a(&)efo (B f Ey[f<xl_s>]u<dy>] ds
0 R
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t
— 1) + /0 O hy_y1ds, @7

where ;g (x) = a(x) [p xi—s(V)pe(dy).

Let us now turn to an alternative form of (2.6), which will turn out to be of
repeated use later in this text and will allow us to work effectively with such
evolution equations.

Theorem 2.1 Suppose that |y| € BY(E), g € BY(E), and sup,, |hs| € BT (E),
forallt > 0. If (x¢,t = 0) is represented by (2.6), then it also solves

t
(0 = Qg1 + /0 Oilhios + s ](ds, 120, xeE. (28

The converse statement is also true if (x;,t > 0) solves (2.8) with sup,_, |xs| €
BT (E), forallt > 0.

One should understand Theorem 2.1 as a form of calculus by which the multi-
plicative potential in Q¥ is removed and appears instead as an additive potential in
the integral term. We also note that within the class of solutions (x;, > 0) for which
sups—, |xs| € BT(E), for all 1 > 0, both (2.6) and (2.8) have unique solutions. This
is eagy to see via Gronwall’s Lemma.

For example, in the case of (2.8), suppose Xt(”(x), t>0,x e E,i = 1,2,
represent two solutions and, accordingly, x; = sup, g | X,(l) (x)— X,(z) (x)]. Itis easy
to see with the help of (2.4) that sup,_, xs < oo, for s < t. With the assumption
ly| € BT (E), we easily deduce that

t

t
Xt = / Xi—sQs[ly [1(x)ds =< Cf Xi—sds, 1=0,x€E,
0 0

for some constant C > 0. Gronwall’s Lemma implies that x; = 0, ¢t > 0, and
this gives us uniqueness of (2.8) as required. A similar argument can be produced
for (2.6) to prove the claimed uniqueness in this case.

Proof of Theorem 2.1 We start by noting that if we write
I = elovEds, t>0,

then straightforward calculus tells us that on {t < ¢},

d(i)=_”€”dt.
L I

As such, fort > 0,
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t
1, _/ 4SO (2.9)
Ft 0 Fu

Now assume that (2.6) holds. We have, with the help of the Markov property, the
simple computation

Osly @/, [gll(x) = Ex [y §)Ey [T1-58 (E1—9)]y—¢, ]

B i
=E, [V(&)Fsg(&)}
and, hence using (2.6),
t—s
Ol 11—s1(0) = Oy Q] [glI(x) + fo 0 [y QU hs—s—a1] (¥)d

Ft [_S S+u
=E, [V(Ss)Fg(%‘z)} +/0 [V(Ss) T he—s— u(§A+L¢):|

I; ! r,
—E, [y@s)ﬁg@,)} +[ B, [y(&)ﬁh,_u(su)] du
Integrating again, applying Fubini’s theorem, and using (2.9), we get
t t
[ ety =k [ng(&) / yf”ds]
0 ,
/ / [V(Ss —hi u(Su)] du ds
— 5, | nete) [ |
t
+ [ Bl [r eate) [ 25 } du
0

t
— Q7 [g1(x) — Qrlg](x) + /0 (U Thy—16) — Qulhr—a106)) di

Rearranging, this tells us that

t t
Qilgl(x) + /0 Qslhi—s + v xi—s100ds = O [g](x) + /0 AT

Said another way, (2.6) implies (2.8).
Reversing the arguments above, with the assumption that sup, ., | xs| € BT(E),
for all + > 0, we also see that (2.8) solves (2.6).
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2.3 The Heuristics of Infinitesimal Generators

In the previous section, we alluded to the fact that expectation semigroups are
natural objects that characterise the law of a Markov process. It turns out that this can
be brought out in sharper focus by considering the rate of change of an expectation
semigroup, which brings forward the notion of an infinitesimal generator. In turn,
this connects us back to the medium of evolution equations. The discussion we
will present here will be entirely heuristic, although in later chapters we will see
examples of the general presentation here in careful detail.

Under the right assumptions, it turns out that, for functions g in an appropriate
subset of B(E),

o d
Llgl(x) == lzlﬁ)l an[g](x), x €E, (2.10)

is well defined, where L is an operator whose image is a subspace of functions
that map E into R. For the sake of convenience, and to be consistent with what is
presented in Chap. 1, let us refer to the set of functions g € B(E) for which (2.10)
holds as Dom(L).

We may think of the operator L as telling us everything we need to know
about the expectation semigroup and hence about the law of the Markov process.
Therefore, if it can be identified, it is a natural “mathematical package” with which
to characterise the Markov process.

As a first observation in this respect, we can easily note that, if we write L for
the generator associated to QY then, providing y is bounded from above,

LY =L+ y. (2.11)
Indeed, for all g, y € B(E) such that Lg is well defined,

. Qgl(x) — g(x)
m—

li

t10 t

o EdlgE)]—gx) | (elo v &) _ 1)

=lim = *lnE {fg@,)

=Lg) + ygx), x€E, (2.12)

where the second term on the right-hand side follows from bounded convergence
(cf. (2.4)).

As a second observation, let us consider the setting that (¢, P) is a continuous-
time Markov chain on £ = {1,...,n}. In that case, our expectation semigroup
captures nothing more than the transition matrix. Indeed, suppose (p;(i, j), i, j €
{1, -- -, n}) are the transition probabilities of our chain. Any function g € B(E) can
be represented as a vector, and hence, fori € {1, --- ,n},
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[gll) = Ei[g(E)] = sz(l) &), 1 =0, (2.13)

j=1

so that Q;[g](¢) is nothing more than the i-th row of the matrix multiplication of Q;
and the vector g.

In this setting, we also know that we can write Q; = exp(tL), t > 0, where
the n x n matrix L is the so-called the infensity matrix of &£, whose off-diagonal
entries give the rates of transition from one state to another, and whose row sums
are identically zero. Moreover, Dom(L) is the n-dimensional Euclidian vector space,
R™.

For more complex Markov processes with an uncountable state space, the
operator L does not necessarily take as simple a form as a matrix. In the Markov
chain example, we understand

X n

exp(fL) = Z %L" (2.14)

n=0

to be a series of matrices and hence a matrix itself. The meaning of (2.14) for a more
general setting remains a formality, in a similar spirit to the discussion in Sect. 1.9.
Nonetheless, in this book, we will encounter explicit analytical representations of
the operator L for those Markov processes that will be of concern to us, which will
prove to be informative at both heuristic and rigorous levels.

Tautologically speaking, the definition of the infinitesimal generator (2.10)
makes sense whenever the limit is well defined. In essence, one may think of the
existence of the limit in (2.10) as a restriction on the class of functions on which the
operator L acts. In order to develop a theory that characterises this class of functions,
one generally needs to ask more of the semigroup Q. This brings us to the notion of
a Feller semigroup.

We say that (Q;, ¢ > 0) is a Feller semigroup if (i) for ¢ > 0, Q; maps, CT(E),
the space of non-negative, bounded continuous functions on E, to itself, and (ii) for
each f € CT(E) and x € E, lim,_,0Q;[ f](x) = f(x). It turns out that for Feller
semigroups, the generator as defined in (2.10) is well defined providing f € CJ (E),
the space of functions in CT(E) that converge to zero at any infinite boundary
points.> Stochastic processes with Feller semigroups are, naturally, called Feller
processes and have additional convenient properties. This includes, for example,
the ability to define versions of the process with right-continuous paths with left
limits as well as possessing the strong Markov property.

In this text, we generally avoid assuming that our semigroups are Feller, with the
exception of some examples. The reason for this is that the stochastic processes
we will see in the setting of neutron transport will turn out not to have Feller

2 This means f(x) — 0 as infyeyllx — y|l — 0, providing the latter limit is possible within E.
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semigroups. This also largely explains why we avoid working with generators,
preferring instead to work directly with semigroups.

2.4 Feynman-Kac Heuristics

Recall that we write g € Dom(L) as the subset of B(E) for which (2.10) holds. If
g € Dom(L), then, heuristically speaking, it should also be the case that Q,[g] €
Dom(L), for all # > 0. Indeed, the semigroup property allows us to deduce that, for
g € Dom(L),

Ly 22 r[8]— Qilg]
m-—-=

Qinlgl — Oilgl
== = lim ; Lodgl. (215

d .
aQt[g] =}}1_TR)

Similarly, providing we can pass the limit and derivative through the semigroup, we
also have that, for g € Dom(L),

d . Q'[ - .
—Qrlg] = lim ¢ [—’ Le! g} =Q [hm
dt h—0

Qnlgl — g
h h—0 h

= Q/[Lgl. (2.16)

Clearly, some careful checking and perhaps additional assumptions may be needed
to turn these heuristics into rigour.

An alternative way of reading (2.15) and (2.16) is in a milder form, via the
integral equations

t t
o lgl :Qv[g]+/ LQy[g]du :Qs[g]"‘/ Qu[Lgldu, t>s5s>0.

This is a very basic form of integral equation in the spirit of (2.6) and (2.8). In later
chapters of this text, we will often refer to equations of this form as mild equations,
describing expectation semigroup evolutions.

Generally speaking, the relationship between the expectation semigroup (Q;, t >
0) and the differential equation (2.15) is referred to as a Feynman—Kac representa-
tion. A more formalised Feynman—Kac theory will concern itself with developing
appropriate mathematical conditions under which the solution to the differential
equation

d
au,(x) = Lu,; (x), xeE, t>0, 2.17)
with initial condition ug = g, can be uniquely identified as (Q;[g], r > 0) on
(B(E), II-ID.

A more general version of (2.17) that carries an association with the stochastic
process (&, P) via the use of expectation semigroups is the differential equation
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d
au;(x) =L+ pu;(x)+h, xeE, t>0, (2.18)

where h € B1(E), with initial condition ug = g. For (2.18), Feynman—Kac theory
will provide sufficient conditions for which its unique solution is given by the
classical Feynman—Kac formula

1 1 U
u (x) = Ey [efo V@f)d“g(st)] +E, [ / elo V(E‘Y)dsh(gu)du:| . x€eE, t>0.
0
(2.19)

The Feynman—Kac solution (2.19) is a predictable formula if we reflect on the
earlier demonstrated fact that the pair (&, fot y (&5)ds), t > 0, is Markovian. In a
similar spirit, we can show that the triplet

t t
&, I, Jy) = (sf, f Y (&5)ds, / efé‘ﬂfﬂdw(su)du), t>0
0 0

is Markovian. As such, it is implicit that in (2.19), one should think of the cemetery
state as being (f, T, 1) for the triplet above and that functionals such as F'(J;) = J;
carry the additional convention that F (1) = 0.

If we define Qg/’h[g](x) to be the right-hand side of (2.19), then the aforesaid
Markov property can be used to show that

t u
o’ glx) = o1l " [61(0)1(x) + E, [ / el ”(‘?S)dsh(éu)du], (2.20)
0

for s, > 0. Unfortunately, this means that (Q;”h,t > 0) is not a semigroup as
we have defined it. Nonetheless, we can follow our heuristic notion of infinitesimal
generator and calculate

L g)() o= lim 4o, xek. 221)

0 dt

In the spirit of (2.12), we can easily see that
lim ng/’h[g](X) =(L+y)g+h
110 dt

This clearly brings us back to the right-hand side of (2.18), at least heuristically,
taking account of (2.20).
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2.5 Perron-Frobenius-Type Behaviour

Recalling the discussion in the previous section, let us continue with the example
that (&, P) is a Markov chain and E = {1, ..., n}. In this setting, the infinitesimal
generator L corresponds to the intensity matrix of our Markov chain, that is, I =
(L@, j),i,j€{l,...,n}), where

LG, J) = %Pt(i’ =0

and the transitions p;(i, j) were introduced just before (2.13). We assume that
L(, j) > Oforalli, j € E withi # j. However, we do not exclude the possibility
of an additional cemetery state | and hence of (L1); < Ofori = 1,...,n, where
1 = (1,...,1). That is to say, the row sums of L are at most zero indicating the
possibility that the Markov chain may jump to { from at least one of the states in E.

Perron—Frobenius theory tells us that, subject to the requirement that E is
irreducible, there exists a leading eigenvalue A. < O such that

pi(is ) ~ e p()@(j) + o(ehe) as 1 — oo, (2.22)
where ¢ = (¢p(1),...,¢(n)), resp. ¢ = (¢(1), ..., @(n)), are the (unique up to a

multiplicative constant) right, resp. left, eigenvectors of L with eigenvalue A.. In
relation to L, ¢ and ¢ satisfy

n n
S LG e() =hepl)  and Y GUIL(K. i) = Acfli). (2.23)
j=1 k=1

This implies that

(g, Lp) = Ae(g. ) and (9, Lg) = Ac (@, &), (2.24)
for all g € B(E), where we extend existing notation and write Lg for matrix

multiplication of g by L and (-,-) is the usual Euclidian inner dot product.*
Equivalently, we may identify ¢ and ¢ by the stability equations

(g, Ul@l) = e*'(g, ¢) and (@, Q;[g]) = e*'(@,g), 1 =0. (2.25)

The reason why the eigenvalue A. is non-positive here is that the asymp-
totic (2.22) captures the rate at which probability is lost from the Markov chain

3 Recall that a Markov chain is irreducible if, for each pair (i, j) in the state space, there is a
non-zero probability that, starting in state i, one will eventually visit state j.

4 Elsewhere in this text we use the notation (-, -) to denote inner products on other Hilbert spaces.
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because of absorption to the cemetery state. If the Markov chain is conservative,
ie., (L1); =0,fori = 1,...,n, then we see that A, = 0 and ¢ = 1. Recalling the
chain is irreducible, this also allows us to deduce that ¢ is the stationary distribution
of the chain. Indeed, from the second inequality in (2.25), we see that

((ﬁ’ Qt[g]) = <¢? g>$ = 0.

On the other hand, if the chain is non-conservative, then A. < 0. For this setting,
the eigenvector ¢ is called the quasi-stationary distribution. To see the meaning of
this choice of terminology, note from the first term in (2.22) that

e Pt < £) ~ @), i€E.
Combining it again with (2.22), we see that
Aim Pi§ = jlt <¢)=0¢() i jeE. (2.26)

Given the Perron—Frobenius asymptotic representation of the operator family
(Qr,t = 0) in this rather special setting, it is natural to ask if a similar result is
true in general. The class of Markov processes is vast, and hence, one should expect
a number of relatively stringent conditions in order to replicate the setting of finite-
state Markov chains.

First let us introduce a little more notation. In the same sense as (2.13), we can
think of Q; as an integral with respect to a transition measure.® Indeed,

Qlglx) = /Eg(x)pr(x,dy), g € B(E),
where

Pt(xyd}’)sz@tedy,t<f)» xayEE'
To give a natural analytical home for (Qg, s > 0) and other measures that we will

encounter, we define the space of finite measures, .# ¢ (E) say, so that for g € B(E)
and pu € My (E),

ulfl= /E S u(dy). (2.27)

We may now comfortably identify Q, as an element of .#(E), noting that it has
additional dependencies on x € E and s > 0.

5 Technically speaking, p; (x, dy) is called a kernel rather than a measure because of its dependency
onx € E.
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A measure u € .#r(E) has a density, say m, if

wlf1=(m, f),

where, now, we identify the inner product (-, -) in the usual way for an L2?(E) Hilbert
space, i.e.,

(i) = /E F@gdx,  fige LXE). (228)

In other words, p is a continuous linear functional on L2(E).

In the next theorem, we assume that the Markov process (£,P) is non-
conservative. A typical example to think of is a Markov process that is killed
when it leaves a physical domain.

Theorem 2.2 (Perron—Frobenius Semigroup Decomposition) Suppose that
(&, P) is a non-conservative Markov process for which

P,(t <¢)>0andPy(¢ < 00) =1,

forallt > 0and x € E. In addition, suppose that there exists a probability measure
v on E such that:

(A1) There exist 1), c; > 0 such that for each x € E,
Pr(& € - 10 < &) = c1v().

(A2) There exists a constant c; > 0 such that for each x € E and for every
t >0,

Pyt <) = Pyt < ©).
Then, there exist A < 0, a probability measure, n, on E and a function ¢ € BY(E)
such that n, resp. ¢, is an eigenmeasure, resp. eigenfunction, of (Q;,t > 0) with
eigenvalue exp(Act). That is, for all g € B(E),
o8]l = e*'nlg] and Qilp]l=e*"'p, t>0. (2.29)
Moreover, there exist C, ¢ > 0 such that

||C_ACtP~ (t < é-) _ (p” < CC_St, t> O’ (230)

where ||-|| is the supremum norm over E, and

sip e *elp N arlgl — nlgl| s ce™, iz 0. @31)
geB(E):|gl=1
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Remark 2.2 Let us make a number of observations concerning Theorem 2.2:

(1) We can think of the assumption (Al) as a mixing condition. It ensures that
transition probabilities of the Markov process, on the event of survival, can be
uniformly controlled from below.

(2) The assumption (A2) means that the highest non-absorption probability among
all initial points in E has the same order of magnitude as the non-absorption
probability starting from v.

(3) The eigenvalue A. can be thought of as the generic rate of loss of probability as
it becomes increasingly unlikely for £ to survive with time.

(4) If one can show that (&,7 < ¢) admits a bounded density with respect to
Lebesgue measure, then the same can be said for the eigenmeasure 7.

Note that ¢ and 7 in the above theorem generalise the notions of the eigenfunc-
tions ¢ and @, respectively, discussed at the start of the section. In the following two
sections, we discuss some deeper implications of Theorem 2.2, in particular, giving
a precise interpretation of the eigenfunction ¢ and the eigenmeasure 1. The latter
turns out to be what is known as a quasi-stationary distribution, and the former turns
out to have a harmonic property leading to what is known as a Doob k-transform
that conditions the Markov process (£, P) to behave in an exceptional way.

2.6 Quasi-Stationarity

Let us remain under the assumptions of Theorem 2.2. Following the reasoning that
leads to statement (2.26), albeit now in a general setting, we see that for g € B(E),

[grgoEx[g(Ez)lt < ¢l =nlgl (2.32)

By dominated convergence, (2.32) implies that, for any probability distribution u
supported on E, which can be thought of as randomising the point of issue of (¢, P),

tgrgo E.lgéEn)lt < ¢1=nlgl, (2.33)

where P, = | g 1 (dx)Py. In that respect, by appropriately normalising » such that
n[1] = 1, we can think of n as a quasi-limiting distribution.

Suppose we take g(x) = Py (s < ¢) in (2.33), for some fixed s > 0, then, with
the help of the Markov property, starting from the right-hand side of (2.33), it reads

P,,(s < é_) — lim Ep,[Px(S < C)x:ét] — lim M

= (2.34)
t—00 P,(t <) t—oo Pt <)

On the other hand, if we take g(x) = E,[f(&;)], for some f € B(E) and fix s > 0,
then a similar calculation shows us that
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E/A[Ey[f(gs)]y:é,]
P,(t <)
Eulf Gres)l
m =L >
t~00 Pt <)
E,u[f(ét—&-s)] P;,L(t +5 < é-)
oo P (t+s5s <) Pt <)
P,t+s5s <)
P,(t <)

En[f(%_?)] = tl—l>Igo

= tgrgoEu[f(ét—i-s)lt +s5 < ;]

=nlf1Py(s <0,

where we have used (2.34). In conclusion, this tells us that our quasi-limiting
distribution is also a quasi-stationary distribution, that is,

E,[f(E)ls < ¢l =nlf], s > 0.

Said another way, when the process is issued from a randomised state using 7,
then conditional on survival, at any fixed time later, its position is still distributed
according to 7. From this perspective, it is not surprising that, when issuing
the Markov process from its quasi-stationary distribution, its lifetime is exactly
exponentially distributed, that is,

P, >1) = et

This is a fact that is easily derived from (2.29).

While it is easy to see that a quasi-stationary distribution satisfies (2.33) with
W = n, we note that the concepts of quasi-stationary distributions and quasi-limiting
distributions are actually equivalent in the context of Theorem 2.2.

On a final note, we mention that a variant of (2.33) is the situation for which
there exists a time-dependent sequence a(¢) and a probability measure v such that

JQim Pyg(&/a@)t < &1 =vigl,

forall g € B(E) and u € .#y(E). When this happens, the measure v is called the
Yaglom limit. We will encounter this concept later in this book as well.

2.7 Martingales, Doob h-Transforms, and Conditioning

In the previous section, we have examined the probabilistic meaning and function-
ality of the left eigenmeasure 7. Here we do the same for the right eigenfunction.
Before doing so, we remind the reader of the notion of a martingale.
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Definition 2.3 A stochastic process (M;, ¢ > 0) is a martingale with respect to the
filtration (®;, t > 0) if:

(i) Foreacht > 0, M, is ®,-measurable.
(ii) Forallt > 0, E[|M,]] < oo
(iii) Foralls,t > 0, E[M,;|®s] = M,.

Lemma 2.2 Suppose the conclusion of Theorem 2.2 holds. Then the process
Mf=eoE), 120,

is a martingale with respect to ® for (€, Py).

Proof Clearly, condition (i) of Definition 2.3 is satisfied. Next note that E,|M[| <
oo fort > 0, x € E (which is obvious from the boundedness of ¢) and, for s, r > 0,
the Markov property and the second equality in (2.29) tell us that

E. (M7, |B;] = e TIE, [p(&1,)|®;]
= e IME, [p(E)],—,
= e *ele™ S [p](&)

=e (&)
= M¢,

as required.

One of the fundamental properties of martingales is that they maintain constant
expectation. Specifically,

E (M7 ] = Ex[Ec[M[ (|®/]] = Ex[M[], s,t >0,
and hence, since M(‘): = @(x), it follows that
E.[M] = ¢(x), xeE, t>0.

While martingales have many uses, non-negative martingales that are defined as
functionals of a Markov process find a natural home in defining the so-called Doob
h-transforms. This is a way of tilting the law of a Markov process (£, P) in a way
that keeps the resulting object still within the class of Markov processes.

We can define a new family of measures P° = (P$,x € E) on (EJ[rO’OO], @) by
the relation

PS(A) = E, [mﬂr’ﬂé’)] ., xeE, t>0,Ac®,. (2.35)

p(x)
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A shorthand way of writing this change of measure is

dP¢
dP, |@

=M, t>0,x€E. (2.36)
t

It is worth noting that any event A € @&, also belongs to &, for any s > 0. As
such, the definitions (2.35) and (2.36) may appear to be ambiguous. This is where

the martingale property plays an important role to circumvent this potential problem
since, using standard properties of expectations, we have

. [1aME,] = B, [LiE. [ M2, 6,]] = B, [1av]. @37
Lemma 2.3 The process (€, P°) is a Markov process. Moreover, it is a strong

Markov process if (€, P) is.
Proof The Markov property is easily verified as, for f € B(E) and s, t > 0,

o

©(&rrs)
@(x)

(&)

@(x)

= ES[f (&)=,

E,(r: [f(§t+v)|®t] = Ex |:f(%_t+s)

= Ey |:f(§§s)

y=&s

What is also clear from this calculation is that it passes through verbatim in the
setting that ¢ is a stopping time, providing the strong Markov property is available
for the process (£, P).

The new Markov process (&, P€) is not just an abstract phenomenon. It has
a genuine meaning connected to conditioning, albeit in a different way to quasi-
stationarity.

Assuming it exists, consider the limit

Pr[g](x) == Jim Ei[g(E0)IE > 1+ 5], x€E geB(E), 1=0. (2.38)

The limit (2.38) is tantamount to conditioning the Markov process (¢, P) at each
finite time to survive for an arbitrary amount of time in the future. The next theorem
shows the connection between this conditioned process and (£, P¢), defined by the
martingale change of measure (2.36).

Lemma 2.4 Suppose the conclusion of Theorem 2.2 holds. The family of operators
(P7, t > 0) is well defined and equal to the expectation semigroup of (§, P¢). That
is to say,

PClgl(x) =ES[g(&)], xe€E,t>0,g¢e BT (E).
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Proof We can use Bayes’ expression for conditional expectation and write, for
s,t >0,g€ B(E), x € E,

E,[g(&)]
P >t+5)
Py (¢ > s)ly=,
Pt >145) ]

E.[gG)IC > 1 +s]=

=E; [g(éz) (2.39)

where we recall that g returns the value O on {f}. It follows from Theorem 2.2 and
Fatou’s Lemma that, for g € BT (E), then

)e_xct QD(St)

liminfE,[g(:)|¢ >t + 5] > E, |:g(ét
§—>00 (x)

} = ES[g(&)]. (2.40)

On the other hand, suppose we write h(x) = g — g(x), for x € E, where g =
sup,cg 8(y). Recalling Lemma 2.2, by applying (2.40) to &, which is necessarily in
BT (E), we discover that

liminf{g —E,[g(5)I¢ > 1 + 5]} = Ex [{é - g(é’z)}e_“’@}
§—>00 @(x)
=g — ES[g(é)].
Rearranging the above gives us
limsupE,[g(¢)1¢ > 1 + 5] < EZ[g(é)]. (2.41)

§—>00

Putting (2.40) and (2.41) together gives us the result.

To conclude this section, let us make a few remarks concerning the generator of
the resulting process (&, P€). Suppose to this end, we write L as the generator of
(&, P°). In keeping with the definition (2.10) and the heuristic style of reasoning,
we have that, for a suitable class of f € B(E),

xeE.
(2.42)

As L is a linear operator and ¢ is an eigenfunction of L, this reduces more simply to

g le *hpylpf1(x) — f(x)

d
ch(x):}iirz)—Pf[f](x):}}iil%) I

dr

o Pulpf1x) — Fx) . @7 e — 1)Pulef(x)
+ lim
h h—0 h

LC =1l
fx) Jim

= Ligf1) Acf(x), xeE. (2.43)

@(x)
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This observation will be particularly useful in the next section when we discuss two
specific examples.

2.8 Two Instructive Examples of Doob h-Transforms

We offer two examples in this section. One that deals with the setting of a finite-
state space, and hence necessarily (£, P), is a Markov chain, and the second an
uncountable state space, for which we have chosen a diffusive process.

Markov Chains with Absorption Let us return to the setting of a Markov chain
on E = {1, ..., n} with an additional cemetery state {f}, as described in Sect. 2.5.
Assuming irreducibility on E and that {7} is accessible from at least one of the states
in E, we recall that (2.22) holds with A, < 0 and the intensity matrix L satisfies
(L1); < Oforatleastonei € E.

Let us now consider the effect of the change of measure (2.36). We can try to
understand the effect of this change of measure via the generator L. From (2.43),

we note that for any vector f € B({1, - - - , n}),
"L LG, Do)
Lot = ZR DI, L
@)
_ Yo eD(EG, ) =86, ) FG)

(2.44)

@)

where §(i, j) is the identity matrix. In short, the new transition matrix of (&, P¢) is
given by the n x n matrix

oD . .
LC(Z,J)Z_.(L(I,J)—)\,CS(Z,])), 1] 6{17"' 7n}‘
(i)
We can thus see that the effect of the Doob A-transform on the transition semigroup
passes through to a natural analogue of the Doob h-transform on the intensity

matrix. Writing 1 = (1,---, 1) for the vector of ones, it is also worthy of note
that, appealing to the fact that ¢ is an eigenvector,

Y1 9L, J) = A8, ) L) — hepl@)
(i) B (i) -

Ll = 0.

This means that (&, P€) is a conservative process; in other words, there is no loss
of probability from transitions to {f}. Said another way, (£, P°) is almost surely
forbidden from entering the state {{} and, in this sense, we may think of it as the
original Markov chain conditioned to avoid absorption in {f}.
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Brownian Motion in a Compact Domain Suppose that D is a bounded open
connected® set in R¥ that has positive d-dimensional Lebesgue measure (volume).
Let us write d D for the boundary of D and we will assume the following smoothness

on dD. For each y € 9D, there exists an exterior radius r)(,e) and interior radius r_é')

such that a ball, say IB%;E), of radius r}(,e) can be placed exterior to D and a ball, say
va’), of radius rﬁl) can be placed interior to D so that ]Bgfe) N ]Bgf) NaD = {y}.

We are interested in the setting that £ is a Brownian motion until it first exits D.
That is to say, our Markov process has the infinitesimal generator

Lf(x)= %sz(x), xeD, (2.45)

and, for the sake of clarity, its semigroup is given by

B[ f1(x) = Ex[f ()1 o0y], x€D,t=0,

where 2 = inf{t > 0: £ ¢ D}. We may think of 3 D as the cemetery state {1} and
7P as the lifetime ¢ of the process.

In this setting, it turns out that all the eigenvalues, in the sense of (2.24), are real,
satisfying

<M <A <A <A =<0,

such that limg_, o, Ay = —oo. The associated right eigenfunctions ¢, k > 0, are
such that, up to an appropriate normalisation, they form an orthonormal basis in
L*(D) (with respect to Lebesgue measure). Moreover, ¢ := g is strictly positive
in D and continuous up to and including the boundary where it is zero-valued. It
turns out that associated to each eigenvalue is a left eigenfunction that, for each
k=1,2,...,1s identically equal to ¢.

As a consequence of these facts, it turns out that

PifI) =) e o) figr),  f € BD). (2.46)

k>1

In addition, using means other than verifying (A1) and (A2), classical theory tells
us that (2.31) and (2.30) automatically hold. In that case, it is at least heuristically
obvious from (2.46) that the rate of decay ¢ in (2.31) and (2.30) can be precisely
identified as equal to Ac — X».

Since the so-called ground state, ¢, is zero-valued on d D and can be shown to
be a continuous function, we can see that the change of measure (2.35) is such that
those paths that stray too close to the boundary are penalised. We can also see this

6 In this setting, a connected set simply means that, if x, y € D, then there is a path joining x to y
that remains entirely in D.
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via (2.43). Remembering that ¢ is an eigenfunction of (2.45), for twice continuously
differentiable functions on D, we have

1
Lf(x) = %vz(w(m(x)) — Aef(x)

LRI (E) V@ + L 0200 — aef ()
2 ) 2¢0(x)

1

2 <V¢)
=-V2fx)+(—) -Vfx), =xeE.
2 @

The generator L° is now identifiable as that of a Brownian motion with a drift given
by ¢~ Vg. More precisely, we can identify the Markov process (£, P°) as equal in
law to the solution to the SDE

o "Vo(&)
gt:X,+/0 ;T;ds, t>0.

With the above representation, we now see the ground state property that ¢ = 0 on
8D means that the speed of drift is dominated by ¢!, which becomes arbitrarily
large in value as the process &< approaches the boundary. Moreover, the direction
of the drift is given by Vg, which is always pointing inwards to the interior of
D (because ¢ decreases continuously to zero on d D). In other words, the process
(&, P°) feels an increasingly large repulsive force from the boundary the closer it
gets. Indeed, one can show that, under the change of measure (2.36), it never touches
the boundary. We thus see that the effect of the Doob h-transform is to condition the
original process to remain in the domain D eternally.

2.9 Comments

Starting with Markov himself in his initial work at the turn of the twentieth century,
the general theory of Markov processes has a long history but owes a lot of its
measure-theoretic formality to Kolmogorov, Feller, and Dynkin. Key improvements
and summaries of the formalised theory of Markov processes were given in the
highly influential texts of Dynkin [50], Blumenthal and Getoor [8], Dellacherie and
Meyer [37-40], Rogers and Williams [116, 117], Chung and Walsh [25], among
others. Most of what appears in this chapter can be found in these texts.

In Sect. 2.1, for a very general setting, it is not uncommon for the event space
E#O’Oo] to be replaced by the subspace D(E) of coordinate maps that are right
continuous with left limits in E. In that case, the filtration (&;,r > 0) to be
generated by open subsets of ID(E). In order to specify these open sets, a topology
is needed. The generally accepted fit-for-purpose topology in this respect is the
Skorokhod Ji-topology; cf. Chapter VI of [79]. Theorem 2.1 is a general result
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that can be found in a slightly less general form in Lemma 1.2, Chapter 4 of
Dynkin [49]. The heuristic discussion of generators in Sect.2.3 can be replaced
with a more formal treatment (as alluded to at the end of that section). The reader
is referred to Ethier and Kurtz [57] for one of many references. Perron—Frobenius
behaviour for Markov chains discussed in Sect.2.5 is nicely summarised in the
book of Seneta [119]. Quasi-stationarity, discussed in Sect. 2.6, is a theme that has
run through probability theory as a folklore rather than a formalised theory for
decades. The book of Collet et al. [26] presents one of the few treatments in the
form of a monograph. We also refer the reader to the works of Champagnat and
Villemonais [21, 22] where the assumptions (A1) and (A2) and their implications
were introduced. The general theory of Doob /A-transforms alluded to in Sect. 2.7 is
another folklore that does not necessarily enjoy a complete single point of reference.
One may refer to Chapter X of Doob [42] or Chung and Walsh [25], for example,
for further insight. See also Bliedtner and Hansen [18]. The examples of Doob h-
transforms in Sect.2.8 are classical; see, for example, Powell [112] for a recent
exposition on the Brownian setting and, more specifically, [35, Theorem 1.6.8] for
spectral properties of the Laplacian.



Chapter 3 )
Stochastic Representation of the Neutron <
Transport Equation

In this chapter, we break away from the classical view of the NTE described in
Chap. 1 and begin our journey into stochastic representation of its solutions. The
main objective of this chapter is to look at alternative interpretations of solutions to
the NTE in terms of averaging over paths of neutrons. More precisely, we look at the
connection to two families of stochastic processes that underly different Feynman—
Kac representations of NTE solutions. This sets the scene for the remainder of the
first part of this book that delves into a detailed analysis of the path properties of
these stochastic processes and how this embodies the physical process of fission as
much as it encapsulates the behaviour of solutions.

3.1 Duality and the Backward NTE

Recall the standard setup from Chap. 1, where we defined (¥;, ¢ > 0) as the time
evolution of neutron density, which, under the assumption (H1), was described by
the NTE (with no source term) as an ACP in LZ(D x V),

0
5‘1’1(”, v) =—v -V, ¥(r,v) —o(r, v)¥(r, v)
+ / (1, 00 (1, Vs (s U, 0) A
\%

+ / W (r, VYo (1, V) (1, 0, )V 3.1)
Vv

Moreover, we have the additional boundary conditions
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Yo(r,v) = f(r,v) forre D,v eV,
(3.2)
¥, (r,v) =0 fort >0andr € 9D ifv-n, <0,

where n, is the outward facing normal at € 3D and f € L*>(D x V) that belongs
to the domain of 4 := .7 + . + .%. From (1.10), we also understand the solution
in Dom(%¥) as an orbit of the linear operator exp(r¥). It is natural to wonder what
the meaning of the “dual” of this solution looks like on L2(D x V).

As a first step in this direction, let us first examine what we mean by the dual
of the operator ¢. Suppose that & is an operator mapping L>(D x V) to itself. We

would like to know if there is an operator 0 such that, for all g € Dom(ﬁ’) and
f € Dom(0),

(f.Og) = (Of, g). (3.3)

We will first study what the duals of the individual operators .7, ., and .# look
like.

To this end, let us begin with the operator 7 = —v-V, —o. Suppose momentarily
that f, ¢ € Dom(.7), thatis f, g € L>(D x V) such that both v-V, f and v-V, g are
well defined as distributional derivatives in L>(D x V). We can verify by a simple
integration by parts that, forv € V,

(fiv-V,g) = / (- V) f(r,v)g(r,v)drdv" — (v -V, f, g). (3.4)
A(DxV)

Hence, if g respects the second of the boundary conditions in (3.2), and we
additionally insist that f respects the condition

f@r,v)=0forr e dDifv-n, >0, 3.5)
then (3.4) reduces to the nicer duality relation
(fiv-Vig)=—(v-V,f g).

In short, recalling the definitions in (1.8), the transport operator .7 is dual to T — o
where

Tf(r,v) :=v-V,f(r,v), 3.6)
for

f €Dom(T) :={f € L*(D x V) suchthat v- f € L*(D x V) and flypxv)+=o}»
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with

(D x V)T :={(r,v) € D x Vsuchthatr € D and v - n, > 0}.

We can similarly consider the duals of the operators . and .%, which were given
in (1.8). To this end, note that Fubini’s theorem tells us that, for f, g € L%(D x V),

<f’ \/\\/ g(, U/)US('v U/)”s(" U/a ')dU/)
= / f(r,v)os(r, V)g(r, V)ms(r, v, v)du'drdu
DxVxV
= f os(r, V) / f(r,V)ms(r, V', v)dv g(r, v)drdv’
DxV v
= (OS(" )/‘; f(v U)ns('v %y U)dU’ g)

Replacing og and 75 by o¢ and ¢, respectively, yields the duality relation for .%.
Let us now summarise the backward transport, scattering, and fission operators
on L2(D x V) together as

Tf(r,v):=v-V,f(r,v)
Sf(r,v) == o0g(r,v) [, f(r,V)s(r, v, V)V — og(r, V) f(r, V) 3.7)

Ff(r,v) :=os(r,v) [, f(r,v)me(r, v, v)dV — o5 (r, v) f(r, V).

As in Chap. 1, we have Dom(T + S + F) = Dom(T). The reader will immediately
note that although the sum T + S + F is the dual of the sum .7 +.¥ + .%, the same
cannot be said for the individual operators “T”, “S”, and “F”. That is to say, the way
we have grouped the terms does not allow us to say that T is the adjoint operator to
7 and so on. The reason for this is because of the way that we will shortly make
the association of the operators T, S, F to certain stochastic processes. Nonetheless,
we have the following duality relation between T+ S + F and 7 + . + .%, which
follows from the calculations above.

Theorem 3.1 Assume f € Dom(T + S + F), ¢ € Dom(T + .¥ + F). Then we
have

(f((T+SL+F)g)=((T+S+B)/f g). (3.8)

Theorem 3.1 also alludes to the possibility that the dual of the operator exp(t¥)
takes the form exp (%), where 4 := (T + S + F). Moreover, since (¥,t > 0)
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solves a linear equation (3.1) in L3(D x V), then there is also a dual—also known
as the backward—NTE on L%(D x V) taking the form

3 . . . .
E‘Pz(h v) = vV, % (r,v) + os(r, U)/ (W (r, V)1s(r, v, V') — W (r, v)}dv'
\%

ot (V) f 8y (r, V) (1, v, 0V — o2, 0By (),
\%

(3.9)
with physical boundary conditions
Jo(r,v) = g(r,v) forr e D,v eV,
(3.10)

&, (r,v) = 0 fort >0andr € 9D if v -n, > 0.
Indeed, in a similar style to Chap. 1, we should think of (3.9)—(3.10) as an ACP,
which has a unique solution when considered on Dom(T + S + F) = Dom(T),
identified as the orbit

g, = exp(t(T+ S+ F))g, t>0.

The following result formalises the above discussion.

Corollary 3.1 The solution to (3.1) with boundary conditions (3.2), specifically
with ¥y = f € Dom(J + . +A9), and the solution to (3.9) with boundary
conditions (3.10), specifically with ¥y = g € Dom(T + S + F), are dual in the sense
that

(8. W)=, f), t=0. (3.11)

Proof Since ¥, is a solution to (3.1) on L*(D x V), we have

a

ot
Similarly, we have
A R

Since f € Dom(T + S + F) and g € Dom(J + .¥ + %), it follows that ¥, €
Dom(T 4+ S + F) and ¥ € Dom(7 + . + .%). Thus, Theorem 3.1 can be applied,
and we have, for r > 0,

a N 0
5(81 V) =8 (T +F+F)W)=((T+S+P), f)= g(wt’ff
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In other words, fort > 0,

t a t a R R
(8. %) = (8, f)+/ 8—<g, ‘I’S)dS=<g,f)+/ — (W, fids = (¥, f).
0 90§ o0 0S

The result now follows. a

Remark 3.1 In much of the nuclear physics and engineering literature, Eq. (3.9) is
referred to as the adjoint NTE.

It is not yet clear what added value the backward formulation of the NTE on
L?(D x V) gives us. Our next objective is to show that solutions to the backward
NTE can be identified with a category of integral equations that we saw in Chap. 2,
see in particular (2.6), which are also known as mild equations, or Duhamel
equations in the PDE literature.

Before introducing the mild form of the backward NTE, we need to familiarise
ourselves with expectation semigroups of some Markov processes that are of
relevance. To this end, we will start by defining the so-called advection semigroup,
which provides an alternative way to describe particle transport, as opposed to the
operator T. We will then construct two families of stochastic processes, which will
form the basis of the solutions to the aforementioned mild equations. Finally, we
will formally introduce the mild version of the NTE and discuss its relation to the
classical integro-differential version presented until now.

3.2 Advection Transport

In free space, neutrons move in straight lines. If a particle has a velocity v € V, then
we can describe its motion in space by composing its position with a test function
say g € BT(D x V), the space of non-negative and uniformly bounded functions
on D x V, with the additional constraint that g has value zero on a cemetery state.
We will discuss the latter in more detail shortly.

If the initial position is » € D, then evolution over time is represented by the
advection semigroup, that is, the family of operators

U, :BT(DxV)— BT(DxV) t>0,

defined forr € D,v € Vandg € BT (D x V) by

tv), t<kpP,
Ulglr ) = |80 TV S (3.12)
, otherwise,
where
kD, :=inf{t > 0:r + vt ¢ D) (3.13)
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Fig. 3.1 The deterministic

time KPU is the time at which D
a particle issued from r and

travelling with velocity v

exits the domain D

T+ VK,

is the deterministic time that a neutron released from r with velocity v € V leaves
the physical domain D (Fig. 3.1). Note that the definition of U in (3.12) is equivalent
to setting g to be zero if the neutron’s configuration enters the set {r € 9D, v € V :
n, - v > 0}, where n, is the outward facing normal at r € 9 D. As alluded to above,
this prescribes functions in BT (D x V) to be zero on a natural cemetery state.

We also note that we may extend the definition of Utor € dD withn, - v < 0
through the right-hand side of (3.12); however, we will work on the open set D and
the case where particles are on d D with incoming velocity will never be treated. We
can also extend the absorbing set to include velocities satisfying n, - v = 0, when
r € d D; however, this is again somewhat esoteric for the same reasons.

The following result identifies U := (U;,t > 0) as having the semigroup
property.

Lemma 3.1 The operator family U = (U, t > 0) has the semigroup property, that
is, Uypy = U, Ug forall s, t > 0.

Proof Let us start by noting that we may more compactly write
Ugl(r,v) = g(r +vt, V)1 p ), 1 =0.

Then note that for s > 0

D
r+us,v

K =inf{t > 0:r +v(t+5) € D} = (2, —5) V0,

so that, for ¢ > 0,

D D
t< Kr+us,v ru*

ifandonlyiff +s <«
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Hence, for g € B(D x V) and s, t > 0,

Us[U:[g11(r, v) = Ulgl(r +vs, v)1p
=gr+uvu+s), U)l(t<KrD+ux.U)1(S<KVTs)U)
= Ursslgl(r, v),

as required. o

The semigroup (Uy, t > 0) is a well-defined object that we are going work with
in place of the operator T. To see the connection with T, fix v € V and suppose
that the function g(-, v) is regular enough, i.e., g(-, v) € Dom(T) foreach v € V,
where

Dom(T) :={f € L2(Dx V) :v-V, f € L*(D x V)}.

D

v ¥ € D,v € V, we have on

Then for this class of functions and for 0 < ¢t < «
L3(D x V)

d d
EUt[g](r, v) = ag(r 4+ vt,v) =v -V, g + vt, v) = TU[g](r, v), (3.14)

with boundary condition and initial condition given by

Uilgltr,v) =0, redD,veV:n -v>0 (3.15)
Uplgl(r, v) = g(r, v).

Note that the conditions given in (3.15) are very much reminiscent of those given
in (3.10) for the backward NTE. As we have seen in Chap. 1, for each v € V, we
may formally and uniquely identify solutions to (3.14) on L2(D x V) via the orbit

Ugl(r, v) = e'Tg(r, v), t>0,reD,veV. (3.16)

We will shortly see that, for the purposes of probabilistic analysis, the pointwise
definition (3.12) will be preferable to the more abstract functional sense in which
(3.16) is understood.

3.3 Neutron Random Walk

A neutron random walk (NRW) on D x V is defined by the two characteristics:
a(r, v) : The rate at which scattering occurs from incoming velocity v
7(r, v, v')dv’ : The probability that an incoming velocity v scatters to an outgoing

velocity v’
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As a probability density, 7 necessarily satisfies fV 7(r,v,v)dv = 1,forallv € V.
For convenience, we can assume that both are uniformly bounded from above and
that, pointwise, am is bounded away from 0. The stochastic evolution of a NRW
follows the following rules:

* When issued from » € D with velocity v € V, the NRW propagates linearly
with that velocity until either it exits the domain D, in which case it is killed, or
at the random time T a scattering occurs, where

Pr(T > t) = exp{— [ya(r + vl v)de}, 1> 0.

* When the scattering event occurs in position-velocity configuration (r, v), a new
velocity v’ is selected with probability 7 (r, v, v/)dv’.

We denote the associated suite of laws by P = (P, ), 7 € D, v € V). If we write
(R, T) = ((Rs, 17),t = 0) for the position-velocity of the resulting continuous-
time random walk on D x V, then it is easy to show that ((R, 7°), P) is a Markov
process (Fig. 3.2). Fundamentally, this is because, for s, ¢ > 0, we have

Pr(T >t +s|T > 5) = exp{— [ " a(r + ve, v)d} = exp{— [y (ry + vE, L)AL},

where ¢ = r + vs. Moreover, this carries the implication that, if 7§ is the time to
the next scatter event after time s > 0, then the residual lifetime satisfies

P(o)(Ts > t|(Ry, 0), 0 < u < 5) = exp{— [ya(Rs + T3¢, Ty)de},

fort > 0,r € D,v € V. Thereafter, the scattering occurs still with probability
density &, and the process continues according to the stochastic rules in the bullet
points above. Note that if we assume that or is pointwise bounded away from zero,
then scattering is possible everywhere in D x V. It is worthy of note that, despite the
fact that the pair (R, 7") is Markovian, neither R nor 7" is Markovian as individual
processes.

We call the process (R, ') an arr-NRW. It suffices to identify the NRW by the
product ar. Indeed, when o is given as a single rate function, the density 7, and
hence the rate «, can easily be separated out by normalisation of the product by its
total mass to make it a probability distribution. Occasionally, we will have recourse
to be specific about the parameters « and 7 in the law P. In that case, we will work
with the probabilities (P‘("fv), reD,veV).

Suppose now we denote by

t? =inf{r >0: R, € 3D and g, - 7, > 0}, (3.17)

the time of first exit from D of the «r-NRW. We can thus introduce the expectation
semigroup of the process (R, 7°) killed on exiting D by

¢t[g]("7 v) = E(r,v)[g(Rt’ Tt)l(t<rD)], t>0,reD,veV, g e B+(DXV)
(3.18)
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Fig. 3.2 A realisation of a

path of a neutron random

walk (R, 7") until exiting its D
domain D

We technically do not need to include the indicator in our definition, as g should
necessarily take the value zero on the cemetery state, where the NRW is sent when
it is either absorbed into a nucleus in D orithits theset{r € D,v € V : n,-v > 0}.
However, we prefer to stress the role of the boundary. Again, although we choose
not to, as with U, we may extend the definition of ¢ to allow r € 9D such that
n, - v < 0, that is, starting on the boundary of D with an inward facing velocity, by
simply evaluating the expectation in (3.18) that is non-trivial.
Let us also define the operator

Sf(r,v) =a(r, U)/ (fr,v)— f(r,u)}x@r,v,v)dV, reD,veV,
v
(3.19)

for f € BT(D x V). We are now in a position to write down the evolution
equation associated to the NRW, which describes the evolution of the semigroup
¢¢[g]- Recalling the advection semigroup (U, ¢ > 0) defined in the previous section,
we have the following lemma.

Lemma 3.2 Foreach g € BT(D x V), (¢:[g],t > 0) is a solution in BY¥(D x V)
to

t
$ulg1(r, v) = U Lg1(r, v) + /0 UlEos[gll(n v)ds, 120, (3.20)

Proof Starting with the expression in (3.18), we can condition on the first scattering
event to obtain
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1
$ilgl(r, v) = g(r + vt, v)e~ o alFvIIEY

D
EAK:D, MK'{JS
+ / a(r + vs, v)e~ I a(r+vl,v)de
0

(/ ¢Gi—s(r +sv, V)T (r + sv, v, U’)dv') ds.
%

We may now appeal to Theorem 2.1 and deduce that (3.20) holds. O

The evolution (3.20) gives us a clear analytical representation of the behaviour
of (R, 7), i.e., linear movement interlaced by scattering until the physical boundary
D is reached. It is important to note that the evolution Eq. (3.20) is now well defined
pointwise as well as on L%(D x V). In the L2 (D x V) setting, we would have
expected to see the operator T + S describing the evolution of (R, T"). However,
with our description now being pointwise, we see instead in (3.20) a mixture of
the well-behaved difference operator S and the semigroup (U, ¢t > 0), whose role
replaces that of T.

3.4 Neutron Branching Process

In the previous two sections, we addressed the Markov structure of pure advection
and then the more complex setting of advection with scattering. In this section, we
introduce a further level of complexity and look at the Markov structure of a system
of particles that experience independent movement as neutron random walks, but
which also undergo fission. We call such a process a neutron branching process
(NBP), and as a stochastic model, it is the mathematical object that most closely
describes the real-world phenomenon of nuclear fission. Moreover, its evolution
can be described in mean using the cross sections (s, 0¢, 7, 7¢) that appear in
the NTE. Earlier we assumed that (H1) is in force, and we will do so here as well
for convenience.

Consider a randomly evolving configuration of particles that are specified at
time t+ > 0 via their physical location and velocity in D x V. We will write this
configuration as

(ri@), vi@) i =1,..., N,),

where N; is the number of particles alive at time ¢ > 0. In order to describe the
stochastic evolution of our collection of particles, it turns out to be more convenient
to represent them as a process in the space of finite atomic measures. To this end,
let us define the counting measure

N,
Xi(A) =Y Spmwan(A). A€ BDxV), 120, (3.21)

i=1
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where § is the Dirac measure, defined on ZA(D x V), the Borel subsets of D x V.
The process (X;, t > 0) is valued in the space of finite counting measures

Me(D X V) = {3 8wy n €N, (r,u) DXV, i=1--,n} (322

and evolves randomly according to the following rules:

* A particle positioned at r with velocity v will continue to move along the
trajectory r 4 vt, t > 0, until one of the following things happens.

* The particle leaves the physical domain D, in which case it is instantaneously
killed.

* Independently of all other particles in the system, a scattering event occurs and
makes an instantaneous change of velocity. For a particle in the system with
position and velocity (r, v), if we write Tg for the random time that scattering
may occur, then

Pr(Ts > t) = exp{— [y 05 (r + vs, v)ds}, t>0.

When scattering occurs at configuration (r, v), the new velocity is chosen to be
v’ € V independently with probability 75 (r, v, v")dv’.

* Independently of all other particles in the system, a fission event occurs causing
the creation of several new particles, each of which will acquire a new velocity.
For any particle with configuration (r, v), if we write T¢ for the random time that
fission may occur, then

Pr(Te > t) = exp{—fotof(r + vus, v)ds), t>0.

When fission occurs, the particle undergoing fission instantaneously ceases to
exist and a random number of new particles, say N > 0, are created at the same
point in space but with randomly distributed, and possibly correlated, velocities,
say (v; : i = 1,---, N). The outgoing velocities are described by the atomic
random measure

N
Z(A) =) 8,(A).  AeB(V). (3.23)

i=1

When fission occurs at location » € D from a particle with incoming velocity
v € V, we denote by &, the law of Z. It is worthy of note that 2, ,,)(N =
0) > 0, which corresponds to neutron capture (that is, where a neutron collides
with a nucleus but the collision does not result in fission).

We will write Ps, , for the law of X when issued from a single particle with space-
velocity configuration (r, v) € D x V. More generally, for u € #.(D x V), we
understand

]P,u = ]P)S(n.v]) ®---® PB(rn.vrz) when n = Z:’:IS(Vi’Ui)'
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In other words, the process X when issued from initial configuration u is equivalent
to issuing n independent copies of X, each with configuration (r;, v;),i = 1,--- , n.
We will frequently write (X, P), where P = (P, : u € .#.(D x V)) to refer to the
NBP we have defined above.

In essence, the NBP is parameterised by the quantities o, s, o¢ and the family
of measures & = (P),r € D,v € V), and accordingly, we also refer to
(X,P) as a (0g, s, 0¢, &)-NBP. Clearly, our use of the quantities that appear as
cross sections in the NTE is pre-emptive, and one of our objectives is to show the
connection between the NBP and the NTE.

An important point to make here is that the “data” we need to define our NBP,
ie., (0g, s, 0, &), are not equivalent to the data (os, 75, 0, 7¢). Indeed, the
latter is less data than the former. The connection between the cross section ¢ and
& in our NBP is through the relation

/Vg(v/)ﬂf (r, v, V)V = &) [/v g(v/)Z(dv/)} = &0 LIl (3.24)

forall v € V and g € B(V), where we are treating Z as a random measure in
M(V), the space of finite atomic measures on V.

This begs the question as to whether, given a quadruple (os, 75, 0¢, 7f), at least
one (og, s, 0, &?)-NBP exists such that (3.24) holds. In order to construct an
example of such a &, we first introduce some further assumptions on the model
parameters:

(H2) Wehaveogng +osmsg >00nD xV x V.
(H3) There is an open ball B compactly embedded in D such that oz > 0
onB xV xV.

Assumption (H2) ensures that at least some activity occurs, whether it be
scattering or fission. Together with (H3), it ensures that there is at least some fission
as well as scattering. Assumption (H2) also avoids the degenerate scenario that
once in certain space-velocity configurations, the evolution of the system is entirely
deterministic.

We also introduce another assumption on the number of fission offspring.

(H4) Fission offspring are bounded in number by the constant 7,5, > 1.

Assumption (H4) is automatically satisfied for the physical processes we intend
to use our NBP to model since the maximum number of neutrons that can be
emitted during a fission event with positive probability is finite. For example, in
an environment where the heaviest nucleus is Uranium-235, there are at most 143
neutrons that can be released in a fission event, albeit, in reality, it is more likely that
2 or 3 are released. In particular, this means that

SUP,ep vey Jy Te(r, v, V)AV < ngax.
Now let us suppose (H1) and (H4) hold. Then, for a given 7¢, define

Nmax = min{k > 1 :5Up. ,)epxy fV we(r, v, v)dv < k}.
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Define the ensemble (v;,i =1, ---, N) such that:

(1) N € {0, npax}).
(i) Foreach (r,v) € D x V, set

e (r, v, v")dv”
ﬂ(r,v)(N = Npax) = fV .

Nmax

(iii) On the event {N = npax}, each of the nyax neutrons are released with the same

velocities v = - -+ = vp,_,, the distribution of this common velocity is given
by

e (r, v, V)
g(r,v)(vi € dU,|N = Npax) = v, i=1,..., Npax-

fv e (r, v, v")dv”

With the construction (i)-(iii) for 2., we can now easily calculate for
bounded and measurable g : V — [0, 00),

f oW (r, v, V)
Vv
=0x (l - :@(r,u)(N = nmax))
+ Py (N = Nums)as / ¢ Py (U5 € V'[N = nnme)
1%

_Jy e (r, v, 0")dv” . me(r, v, V) ,
= Nmax | &) ——,dv
Nmax 1% fvﬂf(ra v, v")dv

= / g e (r, v, V)V,
\%4

thus matching (3.24), as required.

Like all spatial branching Markov processes, the NBP (X, P) respects the Markov
branching property. In order to demonstrate this, let us introduce a little more
notation. Define the natural filtration of (X, P) by

§i=0(i®). v :i=1---,Nys<pn, 120 (3.25)
Recall that B (D x V) is the space of non-negative, bounded, measurable functions

on D x V and, treating X, as a random measure in .Z.(D x V), defined in (3.22),
by appealing to the notation in (2.27), we can write

N;
Xilf1=)_ fri@,vi), 1>0, feBT(DxV).

i=1
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Since the function f € BT (D x V) is forced, by definition, to score zero on
the cemetery state, when particles reach the boundary of D or are absorbed into
a nucleus and are removed from the system, they no longer contribute to the sum.

Lemma 3.3 (Markov Branching Property) Forall g € B¥(D x V) and i €
M(D x V) written p = 71 8¢,,v;)» we have

where

vi[gl(r,v) ==Ky, [e_x’[g]], reD,veV. (3.27)

In this respect, (X,P) is a Markov process with state space M.(D x V). In
particular,'

N;
E[e 0] ] = [T wslglos ), v;00), (3.28)
j=1
where ((rj(t),vj(t)), j = 1,..., Ny) is the collection of particles alive at time t.

Proof By construction, once particles come into existence, they do not interact with
one another. Hence, given §;, for any fixed ¢+ > 0, the expectation of a product of
the NBP population at time ¢ will result in expectations over the individual trees that
grow from each particle at that time.

Suppose a particle, labelled 7, has space-velocity configuration (r, v) in D x V
at time 0 and exists over a time horizon [0, ¢]. Writing Tf(’) for its fission time, the
chance that fission has not occurred by time ¢ + s given that it has not yet occurred
by time 7 is given by

()
P(Te" >1+9) _ e I o ri.vi)du

P(TY >t +5|T > 1) = :
£ £ P > 1)

where (r;(-), vi(-)) is the osms-NRW that describes the path of particle i that is
issued from a configuration (7, v). With a straightforward change of time, we can
write

t+s s
/ e (ri (), Vi (u))du = / o5 (F1(0), VI(0)dE,
t 0

where (r/(-), v;(-)) is also a osms-NRW, albeit that it is issued from the configura-
tion (r; (1), v; (¢)).

! We always treat the product over an empty set as equal to unity.
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Putting these pieces together, we note that when we consider the process X
conditional on §,, for some fixed ¢+ > 0, the evolution of the trees that grow out

of each of the particles with respective configurations (r; (t), v;(t)),i = 1,---, Ny,
is equal in law to an independent collection, (X, ]P)‘s(rl_ O <1))), i=1,---,N;, of
NBPs.

More precisely, suppose Ny @) is the number of descendants in the subtree of the
NBP that is initiated from a single mass at space-velocity configuration (r; (t) v; (1))
and run over the time horizon [¢, s+¢], and (r(') (), u(’) ), j=1,...,N? are the
positions in the aforesaid subtree after the relatlve s umts of time; see Flg. 3.3. Then
we can decompose the population of particles at time ¢ 4 s as groups of descendants
from particles of the NBP at time ¢ and write

N +s

E|exp|— Zg(ri(t+5),vi(l+s)) S

i=1
NO

—E | exp ZZg(r“)(s) v o0 ||

i=1 j=1

v N
=[TE|exp | -2 s¢ @ v 60 || S
i=1

j=1

N
= [[vslelti @), vi)). (3.29)

i=1
In short, (3.28) and hence (3.26) hold. O

The Markov branching property also leads us to the expectation semigroup of the
NBP, which is key to understanding the relationship between the NBP and the NTE.
With pre-emptive notation, we are interested in

Velgl(r, v) := Es,, [X:[g]], t>0,reD,veV, (3.30)

for g € BT (D x V). As usual we extend the definition of this semigroup (as well
as the value of g) to take the value zero when the process enters the cemetery state,
that is, where particles are absorbed in D into a nucleus or hit a boundary point
{r e D,u € V:n,-v > 0}. It is not immediately clear that (3.30) constitutes an
expectation semigroup; however, the lemma below affirms this fact.

Lemma 3.4 Assume (H1) holds. The family of operators (y;,t > 0) on B¥(Dx V)
is an expectation semigroup.

Proof Similar to the calculation (3.29), the Markov branching property tells us that
fors,t >0and g € BY(D x V),
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Fig. 3.3 The evolution of a NBP up to time 7 + s from a single particle. The path in black denotes
the evolution over the time interval [0, 7), and the path in red denotes the evolution over the
time interval [z, ¢ + s]. With arbitrary labelling, a particle with position-velocity configuration
(ri(t), vi(t)) is labelled at time ¢ and s units of time later, again with arbitrary labelling, a
descendent particle with position-velocity (rj(-’)(s), v;l) (5)) is also labelled

[ Nits
E[Xips[gll§1=E| Y gli(t +5), vit + )| §
i=1
" NN
=E[ > > 0P, v ()| § | (3.31)
| i=1 j=I
where ((r;i)(s), U;i)(s)), j =1-- ,NS@) is the collection of descendants in

the subtree of the NBP that is initiated from a single particle at space-velocity
configuration (r;(t), vj(t)), run over the time horizon [¢,s + ¢]; see Fig.3.3.
Now taking advantage of the Markov branching property, we can continue the
computation in (3.31) with

N; N©®
E[Xips[gll§1 =D E| > e, v ()]
i=1 j=1

N;
=Y s 0,0 [ Xslel]

i=1

= Xi[slgll.
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Hence, taking expectations again across these equalities,

I/fl-‘rx[g](rs U) = I//I[I//A[g]](r’ U)’ S,t Z O3r € Dv U € va € B+(D X V),

which constitutes the expectation semigroup property. O

As with Lemma 3.2 for the NRW, the semigroup (vy;,¢ > 0) solves a
mild evolution equation (in the pointwise sense) in B (D x V), which we now
investigate. To this end, recall the definition of the operators S and F defined in (3.7).

Lemma 3.5 Under (H1), for g € BT (D x V), there exist constants Cy, C; > 0
such that Y [g], as given in (3.30), is uniformly bounded by C1exp(Cat), for all
t > 0. Moreover, (Y;[g],t > 0) is the unique solution in B1Y(D x V) to the mild
equation:

t
Vilgl = Uilgl + /O WIS + F)islgllds. 10, (332)

for which (3.5) holds.

Proof To show that (3.30) solves (3.32) is a simple matter of conditioning the
expression in (3.30) on the first fission or scatter event (whichever occurs first).
In that case, we observe, fort > 0,r € D,ve V,ge BT (D x V),

Vilgl(r, v)

t
—e g(r+v€,v)d€g(r + vt, U)l(t<K£)U)

t

oe(r +vs, v) s ¢ v)de

+ | 1, —— " 6 (r 4 vs, v)e o ortvtY)
/0 () o s, ) :

/ Vi—s(r + vs, V)me(r, v, v)dv'ds
|4

'

os(r + vs, v) s 2 v)de

+ /1 = " 6 (r 4 vs, v)e  Jo orvtY)
[0 6<2) 5 (r + vs, V) ( )

/ Yi_s(r + vs, V)ms(r, v, v)dv'ds
1%

t
— e JooUrrvtvdte . oy W <p)

[ S
* / 1y oen e o 00TVE (g LB 4 6) g (r + vs, V)ds,
0 r,v

where we recall that o = o¢ + 05 is the joint rate at which either a fission or scatter
occurs and, on the event that either of these two events occur, the chance that it
is a scatter event is og/o and the chance that it is a fission event is o¢/o. Next,
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applying Theorem 2.1, we can remove the multiplicative potential, and recalling the
definition of (Us, s > 0) in (3.12), we recover the Eq. (3.32).

To show uniqueness of (3.32), suppose that (1) and 4 are two bounded non-
negative solutions to (3.32) and, for each g € BT (DxV),reD,veV,set

Uilgl= sup 1y gl v) — v PLgli(r, V).

reD,veV

Necessarily, 1&; [g] = 0 has zero initial condition and

t
Jilgl=  sup /0 U, (s + B (¥ lgl — v 2 gD, v)ds

reD,veV
t

< (260 + (s + DEDVOL(V) / Fioslglds 120,
0

where we have used the definitions of S and F in (3.7), where

0s = sup og(r,v),
reD,veV

with a similar definition for o¢, and Vo1 (V) is the Lebesgue volume of V. We may
now appeal directly to Gronwall’s lemma to deduce that 1;[g] = 0, ¢ > 0.

Finally, to show domination by exponential growth, we may return to the
stochastic definition of X; and note that N, := X;[1], + > 0, is the number
of particles in the NBP at time ¢. Our objective is to show that, on the same
probability space, we can pathwise upper bound the counting process (N;, 7 > 0)
by (Nt, t > 0),1e, N, < Nt almost surely, + > 0, where N is a Bienyamé—
Galton—Watson branching process in continuous time. The construction is such that
N produces precisely n1qax offspring at each branching event (i.e., a net difference
of npax — 1), and whenever N increases due to a branching event, so does N.In
addition, N permits each individual to additionally branch at rate 6 — o, again
producing precisely n1qax offspring. The stochastic domination of N by N is clear,
and also the choice of the additional branching rate is such that N is a Bienyamé—
Galton—Watson process with branching rate o and offspring distribution that is
concentrated on ny,x with probability one. For any g € BT(D x V), r € D, and
v € V, we may now use the fact that the Bienyamé—Galton—Watson processes grow
exponentially at a rate given by its branching rate multiplied by the mean number of
offspring minus one to obtain

Es., [X:[g11] < I Es,,.,, [X:[11] < [|gle7s "max D1,

where || - || denotes the supremum norm on B* (D x V). The proof is complete. O
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3.5 Mild NTE vs. Backward NTE

Despite the fact that (3.32) gives us an interpretation of the NTE on BY(D x V),
it is still unclear how our NBP relates to the backward NTE in (3.9) on the space
L%(D x V). The following theorem shows that when we treat ¥; : BY(D x V) >
BT (D x V), t > 0, as a family of functions in L%(D x V), then it agrees with the
unique solution to the backward NTE in (3.9).

Theorem 3.2 Under the assumptions of Lemma 3.5, if g € BT (D x V), then the
solution to (3.32) solves (3.9) in L>(D x V).

Proof Consider the adjusted ACP with inhomogeneity given by

our _ ¢ + (S + )Y,
o f, (3.33)
uy =g

where (lf/,, t > 0) is taken as the solution to (3.9) with boundary condition (3.10).
By taking the difference of two solutions and invoking the uniqueness of the
homogenous ACP

ar (3.34)

in L2(D x V), we note that the solution to (3.33) is unique in L*(D x V).
However, on the one hand, straightforward differentiation gives us that, providing
g € Dom(T + S + F) = Dom(T),

t
u =e'Tg + / e=9T (s + F)¥,ds, t>0, (3.35)
0
solves (3.33). On the other hand, taking account of the fact that (lIA/t,t > 0)
solves (3.9), it is also clear by inspection in (3.33) that
solves (3.33). Uniqueness thus tells us that, on L2(D x V),
A~ t A~
¥ = Urlgl +f Us[(S + F)¥;—]ds, t>0,
0

where we have appealed to the identification of exp(¢T) as equal to U; on L>(D x
V), cf. (3.16), and we have also reversed the direction of integration in (3.35). In
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conclusion, whereas (y;[g], t > 0) solves (3.32) in the pointwise sense on BT (D x
V), (¥, t > 0) solves itin L2(D x V).

Since D x V is bounded, we have BT (D x V) C L2(D x V), and hence, we
can consider

, t > 0.
2

t
1ilgl — By l2 = H /O US(S + F) (Yir—s 5] — 1y )1ds

To this end, let us note that, for 7 > 0, and w; € L2(D x V),t < T, we have

t
‘ / wyds
0

2

t d 2
:/ <t/ ws (r, U)—S> drdv
2 DxV 0 t
! d
< / 12 </ w;s (1, v)z—s) drdv
DxV 0 t

t
ST/H%ﬁw, t<T, (3.36)
0

where in the first inequality we have used Jensen’s inequality. Moreover, for g €
L>(D x V),

OB = [ Lot +vs vy
DxV ’
5/ g(r', v)?dr'dv
DxV

= llgl3, (3.37)

where the inequality follows as a consequence that, for each v, the integral of r
1op )gz(r -+ vs, v) integrates over a subdomain of D in the first argument as

r varies over D. Also, we have for the operator S (and similarly for F) that, for
geL*(DxV),

2
(s +os)gl2 = (/ (/ g(r, Vo (r, v)ms(r, v, v’)dv’) drdv)
pxv \Jv
5 172
C (f (/ g(r, V') x 1dU'> drdv)
pxv \Jv

12
<C (Vol(V)/ / g(r, v’)zdv/dr)
pxv Jv

= Cvol(V)ligll2, (3.38)

1/2

IA
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where the constant C appears by using (H1) and upper estimating the uniformly
bounded cross sections, and in the second inequality, we have used the Cauchy—
Schwarz inequality.

It thusAfollows from (3.36), (3.37), and (3.38) that, for ¢+ < T, writing @, =
Yilgl — ¥, t >0,

t 2
lleoe I3 = H/ Us[(S + F)ay—s1ds
0

2

t
<T / U [(S + F)ay—s]]3ds
0
t
<7 /O (S + F)an_s | 3ds
t
<T / (I(S + gs)wsll2 + (F + og)awsllz + llowsll2)? ds
0
t
< C// llws |13ds, t<T, (3.39)
0

where the constant C’ comes from the fact that o is uniformly bounded, cf. (H1).
The final inequality in (3.39) together with Gronwall’s Lemma now tells us that

llwtll2 = 0, forall# < T. Since T is chosen arbitrarily, it follows that (Y[g], t > 0)

and (li/,, t > 0) are indistinguishable in L2(D x V). |

3.6 Re-Oriented Mild NTE

The representation (3.32) for the evolution of the expectation semigroup (3.30) is not
the only way to describe the system in the form of a recursion. The mild NTE (3.32)
clearly tells us that a particle drifts with pure advection until either it undergoes
scatter or fission, which accounts for the appearance of the integral term in which the
sum of the two generators S+ F appears. Moreover, we recall that this representation
came about by conditioning the expectation that defines 1; on the first fission or
scatter event. In this spirit, it is easy to imagine that by first conditioning on just the
first fission event, we will get a different recursion.

Until the first fission event, a neutron will evolve simply as a osms-NRW killed
when it exits D. Suppose we denote by (P, ¢ > 0) the expectation semigroup of the
latter, as discussed in (3.18). We will need a slightly stronger assumption than (H2).

(H2)* We have inf,cp ey @(r, V)7 (r, v, V') > 0.
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Lemma 3.6 Assume (HI) holds. For each ¢ € BT (D x V), the expectation
semigroup (y:[g], t > 0) is also the unique solution in BY¥ (D x V) to

t
Vilg] = Bilg] + /0 By[FYi_s[gllds, 1> 0. (3.40)

The heuristic we used to write down this lemma is in fact sufficient to develop a
rigorous proof in the spirit of the proof of Lemma 3.5. As such we leave the details
to the reader.

Again we need to stress that the Eq. (3.40) is understood in the pointwise sense.
That said, if we were again to turn to the reasoning of Theorem 3.2, we can also
express (3.40) on L*(D x V) in the form

t
Yilgl = Tg 4 f T [Fy,_[gds, 1> 0. (3.41)
0

Now referring to the conclusion of Theorem 2.1, which, technically speaking, is for
expectation semigroups on B (D x V) rather than co-semigroups on L2(D x V),
we may think of transferring the multiplicative potential (e’Sg, t > 0) to an additive
potential. If we were at our liberty to use Theorem 2.1 in this context, then this
would give us equivalence of with solutions to (3.41) and bring us back to

t
Vilgl = e'Tg + fo STI(S + F)Yrslgllds. 10,

which is the L2(D x V) analogue of (3.32). Of course, as soon as we re-prove
Theorem 2.1 for equations on L? spaces, and this can indeed be done, then the
discussion above can be made rigorous. This is an unnecessary distraction for the
course of this text, and we leave this missing result for the reader to prove as an
exercise.

3.7 Comments

The probabilistic interpretation of the NTE was appreciated from its very first
mathematical handling; see for example Davison and Sykes [36], Bell [7] and
Williams [131] and references therein to name but a few textbooks. Indeed, the
physical description of nuclear fission, when governed by basic principles, allowing
for additional randomness, is nothing more than a branching Markov process.
Numerous derivations of the NTE from this perspective can be found in the
literature to various degrees of rigour; see, e.g., Bell [7], Mori et al. [100], Pazy
and Rabinowitz [110], Lewins [94], and Pazsit and Pal. [107].
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A more modern treatment of the probabilistic representation through Feynman—
Kac expectation semigroups and the connection to the theory of Markov diffusions
is found in Dautray et al. [34]. A purely probabilistic approach can be found
in Lapeyre et al. [89]. The perspective we have illustrated in this chapter, in
particular via mild equations on (B(D x V), ||-||) and the indistinguishability
between solutions in (B(D x V), ||-|) and L2(D x V), largely comes from the
recent works of Cox et al. [30, 31] and Harris et al. [69, 74].



Chapter 4 )
Many-to-One, Perron-Frobenius and Qe
Criticality

Now that the precise mathematical relationship between the NTE and the NBP
is clear, we now look at how we can profit from this. The first port of call in
this respect is to understand how to provide a rigorous analogue of the spectral
asymptotic behaviour given in Theorem 1.2 for the NTE as an L2(D x V) solution
but now for the setting of BT (D x V) solutions that emerge from our mild NTE
formulation (3.32). The way we will do this is to draw the general Perron—Frobenius
result for Markov processes in Theorem 2.2 into our current setting. This requires us
to develop a second representation of the solution to the mild NTE (3.32) in terms
of a single particle Markov process.

4.1 Many-to-One Representation

As alluded to above, there is a second representation of the expectation semigroup
(¢, t = 0). To describe the second stochastic representation of (3.32), we define

B(r,v) = o¢(r, v) (/ e (r, v, v)dv — 1) >— sup o:(r,v) > —00,
v

reD,veV
.1

where the lower bound is due to assumption (H1). Let us also introduce a specific
a-NRW (recall the NRW was introduced in Sect.3.3) and define, for r € D,
v, v eV,

a(r, V)T (r, v, V) = os(r, V)ms(r, v, V) + oe(r, V)Te(r, v, V), (4.2)

where 7 is taken to be a probability density. The latter assumption forces the
definition
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a(r,v) =og(r,v) + o (r, U)/ we(r, v, VAV . 4.3)
|4

Lemma 4.1 (Many-to-One) Under the assumptions of Lemma 3.5, we have the
second representation

‘ .
Yilgl(r,v) = E(.u) [efo PR T5)ds o (R, T,)l{t<,u}] , (4.4)
fort >0, re D,veV,and g € BT (D x V), where
P =inf{t > 0: R, € 9D andng, - 1; > 0}

and P, is the law of the am -NRW starting from a single neutron with configura-
tion (r, v).

Proof The proof is relatively straightforward, appealing to a proof similar to
Lemma 3.5. We start by noting that the expression (4.4) has the expectation
semigroup property thanks to Lemma 2.1. By conditioning the right-hand side
of (4.4) on the first scatter event, with the help of Theorem 2.1, we obtain

1 't
Yilgl(r, v) =1 _p e~ Jo ar b e [y Bt g 4 yp )
t S
" / 1 _p )@ (r + s, v)e b attvtd
0 ruv

elo pUrtvt.vde f Yi—s[g1(r + vs, V)7 (r + vs, v, v)dv'ds
14

t
= Ulgl(r, v) +/0 Us[(S + B)Yi—s[£]1(r, v)ds, (4.5)

where S was defined in (3.19). It is straightforward algebra to show, with the help
of (4.2), that, for f € BT(D x V),

S+a)f=(6+os)f +(F+op)f
and hence, recalling (4.3) and noting that 8 — o = —(0g + 0%),
S+Bf=6+Df

Consequently, we see that the right-hand side of (4.4) also gives an alternative
representation of the unique solution to (3.32). O

Remark 4.1 The proof of the many-to-one Lemma 4.1 gives us yet another
representation of the mild equation. Indeed, (4.5) tells us that, in BT (D x V),
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t

Vilgl = Uilgl + /O UIE + A)Yislgllds, 1> 0. 4.6)

Recalling the discussion in Sect. 3.6, it is easy to see how one may heuristically
transform between the Egs. (4.6), (3.40), and (3.32).

Define

B = SUPrep vev B(r, v),

which is finite thanks to (H1). Let us now introduce the expectation semigroup P :=
(B!, 1 > 0) via

P/ [gl(r, v) := e Py gl (r, v)
4 8Yds
=E¢) I:efo(ﬂ(Rx,Tv)*ﬁ)dég(Rt’ Tt)l{t<-[D}:|

=E() [¢(Rr, YD) 1j<i]

=E , [gR.T)]. 1>=0reDuveV.geB (DxV),
4.7
where
l _
k = inf{r >0:f (B — B(Rs, Ty))ds >e}AT?, 4.8)
0

and e is an independent exponentially distributed random variable with mean 1.
Another way to describe pt = (P:, t > 0) is the expectation semigroup of the
am-neutron random walk killed at rate (8 — B). To see where the definition in (4.8)
comes from, we note that for any y € BT (D x V),

t
Pv) <e>/ Y (Ry, Yy)ds
0

(R, Vi), u < r)) = e Joy(RT)ds,

4.2 Perron-Frobenius Asymptotic

zr,v)’
r € D,v € V. The family P’ = (PL YL D, v € V) now defines a Markov
family of probability measures on the p’ath space of the neutron random walk with
cemetery state {1}, which is where the path is sent when hitting the boundary 9 D
with an outgoing velocity, when the clock associated to the killing rate 8 — 8 rings

or when there is a fission event with zero offspring in the underlying branching

We will naturally write Pzr v) for the (sub)probability measure associated to E
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process. We remind the reader for future calculations that we can extend the domain
of functions on D x V to accommodate taking a value on {f} by insisting that this
value is always 0.

This gives us a variation on the theme of Lemma 4.1, namely that the uniqueness
of bounded non-negative solutions to (3.32) gives us, for g € BT (D x V)

Es,.,[X:[gll = "B [g(R.7)]. 1>0reDuveV.

With this identity in hand, we can revisit some of the known theories available to
us for Markov processes to look for behaviour of the type described in Theorem 2.2.
Specifically, by verifying hypotheses (Al) and (A2) there, we can translate the
conclusion for the Markov process ((R, T'), PT) to the setting of the semigroup
(¢, t = 0) and obtain the following result.

Theorem 4.1 (Perron—Frobenius Asymptotics of the Mild Solution) Suppose
that D is convex and (HI) and (H2*) hold. Then, for the semigroup (Y, t > 0)
identified by (3.32), there exist a constant L, € R, a positive' right eigenfunction
¢ € BY(D x V), and a left eigenmeasure that is absolutely continuous with respect
to Lebesgue measure on D x V with density § € BT (D x V), both having associated
eigenvalue e, and such that ¢ (resp., ¢) is uniformly (resp., a.e. uniformly)
bounded away from zero on each compactly embedded subset of D x V. In particular
forallg € BY(D x V)

(@ Yilgl) =™ (@, ) (resp. Ynlpl =e™'p) 1>0. (4.9)
Moreover, there exist constants C, & > 0 such that
sip e Mg lgl — (g 9| = ce, 10 (4.10)

g€B (DxV)

The proof of the Theorem 4.1 is extremely technical and therefore pushed to the
end of this chapter (and can be skipped if the reader prefers to move forward in
the book). As alluded to above, it consists of verifying the two assumptions (A1)
and (A2) of Theorem 2.2. For want of a better way to summarise the approach
behind this, it is done by brute force, which is not surprising given the significantly
inhomogeneous nature of the problem. As such, while the requirement that D is
convex is a sufficient condition to help us verify (Al) and (A2), it is certainly not
necessary.

In addition to the above paragraph of remarks, there are a number of others that
we should also make concerning this theorem. First let us make a remark on notation

1 To be precise, by a positive eigenfunction, we mean a mapping from D x V — (0, c0). This does
not prevent it being valued zero on 0D, as D is open and bounded.
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involving ¢. In the statement of Theorem 4.1, and repeatedly in the forthcoming text,
the reader will observe that where we write, for example, ( f, ¢), we could also write
n[f] with n being a measure that is absolutely continuous with respect to drdv on
D x V with density ¢. In the second part of this book, we will look at a general
version of (4.10) in which we will treat ¢ as a measure rather than a function.

Next, it is customary that the eigenfunctions ¢ and ¢ are normalised so that
(¢, ¢) = 1. As we will see in Chap. 6, it will turn out that we can also interpret the
product @@ as the stationary density of an auxiliary Markov process.

Finally, we remark that Theorem 4.1 clearly mirrors the situation for the forward
NTE on LZ(D x V) given in Theorem 1.2. Clearly, the eigentriple 1., ¢, ¢ of
Theorem 4.1 and of Theorem 1.2 must agree. In particular, on L2(D x V), we must
have that ¢ = ¢ and § = ¢. Indeed, this can be shown rigorously in the spirit of the
proof of Theorem 3.2.

4.3 The Notion of Criticality

Before turning to the proof of Theorem 4.1, let us enter into a discussion concerning
the notion of criticality for the NBP, which is now afforded to us thanks to
Theorem 4.1. Roughly speaking, since

Es,.., [X:[11] = ¥ [11(r, v) ~ €*'(3. )p(r.v),  reD,veD,

ast — 0o, we can think of A, as the rate of growth of the total number of particles
in the NBP at time ¢. Moreover, we can think of this total mass as being distributed
across the space-velocity domain D x V in a way that is proportional to ¢. Indeed,
the fact that ¢ satisfies

/D B N0 0) dr dv = (3. rle]) = (5. ).
tzO,geB"’(VxD),

tells us that starting the NBP from a single particle that is distributed according to
a normalised version of the density ¢ will result in an average number of particles
e that are scattered in space according to @.

It seems quite clear that A, now parameterises the overall growth rate of the NBP
and, in particular, the sign of A, gives us a notion of criticality. In particular, we say
that the NBP is

subcritical/critical/supercritical when i, < 0/A, = 0/A, > 0.
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Below we give some insights into the significance of the path behaviour of the
NBP, as opposed to its mean behaviour, which we will demonstrate in forthcoming
chapters:

Subcritical: The average number of particles in our NBP decays exponentially
to zero at rate A,; however, we will see later in Chap. 6 that the
actual number of particles becomes zero almost surely.

Critical: The average number of particles in our NBP remains constant;
however, we will see later in Chap. 6 that, just as in the subcritical
case, the actual number of particles becomes zero almost surely.

Supercritical: The average number of particles in our NBP grows exponentially
at rate A, on the event of survival that occurs with probability
in (0, 1). We will see later in Chap. 12 that the actual number of
particles almost surely scales exponentially at rate A.

In the supercritical setting, it is clear that survival occurs with probability
strictly less than one because, with positive probability, each neutron in any initial
configuration may simply move to the boundary and be killed before ever having
the chance to scatter or undergo fission.

In terms of reactor physics, the above stochastic behaviour provides an ele-
mentary view of how nuclear fission behaves in reactors. The ideal scenario is to
keep a nuclear reactor held in a state of balance between fission and absorption as
otherwise the reaction fizzles out (subcritical) or grows out of control (supercritical).
Interestingly, nuclear reactor operators know extremely well that it is never possible
to hold a reactor precisely in a critical state, as the activity of the fission will begin to
decay. Instead, it is necessary to put the reactor into a state of slight supercriticality
and, with the slow exponential growth of fission, periodically insert control rods to
bring fission activity down to acceptable levels.”

4.4 Proof of the Perron-Frobenius Asymptotic

This section is dedicated to the proof of Theorem 4.1, and thus we assume the
assumptions of Theorem 4.1 are in force. As alluded to earlier, our approach to
proving Theorem 4.1 will be to extract the existence of the eigentriple A, ¢, and
¢ for the expectation semigroup (y;, ¢ > 0) from the existence of a similar triple
for the semigroup (P,T, t > 0), defined in (4.7). Indeed, from (4.7), it is clear that
the eigenvalue of the former differs from the eigenvalue of the latter only by the
constant E Moreover, the core of our proof relies on Theorem 2.2.

21In fact, this is still an over-simplification of what is really happening. There are many other
considerations that pertain to the presence of fast and slow neutrons, the influence of fission by-
products, and thermal hydraulics among several other influencing physical processes.
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The proof is essentially broken into three large blocks of calculations. The first
two address the respective proofs that assumptions (A1) and (A2) are satisfied, so
that the conclusions of Theorem 2.2 hold. For the third block of calculations, we
will prove the stated regularity properties of ¢ and ¢; namely that ¢ is uniformly
bounded away from 0 on each compactly embedded subset of D x V and that n
admits a positive bounded density with respect to the Lebesgue measure on D x V.

In order to pursue this agenda, we start by introducing two alternative assump-
tions to (A1) and (A2):

There exists an ¢ > 0 such that:

(B1) The set D, :={r € D :infycyp [r — y| > €Vpax} is non-empty and con-
nected.

(B2) Thereexist 0 < s, < . and y > 0 such that, for all »r € D\ D,, there is a
measurable set K, C V satisfying Vol(K,) > y > O and, for all v € K,,
r 4+ vs € D, for every s € [s¢,t.]and r + vs ¢ 9D for all s € [0, s.].

It is easy to verify that (B1) and (B2) are implied when we assume that D is a
non-empty and convex, for example. They are also satisfied if the boundary of D is
a smooth, connected, compact manifold and ¢ is sufficiently small. In geometrical
terms, (B2) means that each of the sets

b= frem I
' vl

€ [s&‘vt&‘]a v € Kr} ) r e D\Dg (4.11)

isincluded in D, and has Lebesgue measure at least y (tf—sgz) /2. Roughly speaking,
for each r € D that is within evysx of the boundary d D, L, is the set of points
from which one can issue a neutron with a velocity chosen from v € K, such that
(ignoring scattering and fission) we can ensure that it passes through D\ D, during
the time interval [s,, . ].

Our proof of Theorem 4.1 thus consists of proving that assumptions (B1)
and (B2) imply assumptions (A1) and (A2) of Theorem 2.2.

Verification of (Al)

We begin by considering several technical lemmas. The first is a straightforward
consequence of D being a bounded subset of R* and so does not deserve a proof.

Lemma 4.2 Let B(r, v) be the ball in R3 centred at r with radius v:

(i) There exist an integern > l andry, ..., r, € D such that

n
D, C U B(ri, Vinaxe/32)

i=1
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and D N\ B(ri, Vnax€/32)# @ for eachi € {1, ...,n}.

(ii) For allr,r' € Dy, there existm < n and iy, ..., i, distinctin {1, ..., n} such
thatr € B(ri|, Vmax€/32), 1’ € B(ri,, Vmax€/32), and forall 1 < j <m —1,
B(ri;, Vmax€/32) N B(ri;, |, Vmax€/32) # 0.

Heuristically speaking, the above lemma ensures that there is a universal covering
of D, by the balls B(r;, vmaxe/32), 1 <i < n, such that, between any two points r
and r’ in D, there is a sequence of overlapping balls

B(rila Vmax€/32), -+, B(rim’ Vimax€/32)

that one may pass through in order to get from r to r’.

The next lemma provides a minorisation of the law of (R;, 7}) under P'. In
the statement of the lemma, we use dist(r, 9 D) for the distance of r from the
boundary 0 D.

Define o = infrep pev a(r, v) > 0 and 7 = infcp ey 7@, v, V). We will
also similarly write @ and @ with obvious meanings. We note that due to the
assumption (H1) we have @ < oo and T < oo, and hence, combining this with
the fact that we assumed inf,, ¢ p o, ey @ (r, V)7 (r, v, V') > 0, it follows that

inf @, v)n@r, v, V) >0,

1
~ T reD,u,v'eV

and a similar calculation shows that 7 > 0.

Lemma 4.3 Forallr € D, v € V, andt > 0 such that vyaxt < dist(r, 0D), the
law of (R;, 13) under P/ defined in (4.7), satisfies

(r,v)y

P (R e€dz. T, €dv)
>Ce_mi v2 — | Vi \/|Z_r| ’
- [2 2 max min t
|z —r]
— |z —r] (Vmax — Vmin V 1{z€B(r,vmaxt}) dzdv, (4.12)

where C > 0 is a positive constant.

Proof Fix ro € D. Let Ji denote the kth jump time of (R;, 7;) under Pzr ) and let
To be uniformly distributed on V. Assuming that vipaxf < dist(rg, dD), we first
give a minorisation of the density of (R;, 7}), with initial configuration (rg, 1), on

the event {J; <t < J}. Note that, on this event, we have

Ri=ro+ 1 To+ (t = J)Ty,,
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where 77, is the velocity of the process after the first jump. Then
E () [f (R, Y1 << )]
t
_ / dsf dU()/ dvya(rg + vos, vo)e™ f(f ot(r0+uou,u0)due— fé_sa(ro-i-vos-ﬁ—wu,w)du
0 v 1%
X 1w (ro + vos, vo, v1) f(ro + vos + (¢ — s)vy, V1)

> oe” /dulf ds/dvof(ro—i-svo—l—(t—s)ul,v]) 4.13)

where we have used the bounds on « and 7. We now make the change of variables
vo —> (po, 6o, ¢o) and vy — (p1, 01, ¢1) so that (4.13) becomes

El ) [f (R Y12 )]
— VUmax b4 2 Vmax e o
2C1Qe—atlf ds/ dpl/ d(PI/ d91[ d,oO/ dga()/ déo
0 Vmin 0 0 Umin 0 0
4.14)
S0+ Opy.p1.61.01 (5. 60, 90), O (o1, 61, 91))8 (00, 60, 90)3 (1. b1, 01,
where

§p0 Sin @p cos By + (t — ) p1 sin @1 cos Oy
© o, p1,01,01 (5, 00, 90) = | sposinegsinby + (t — s) 1 sin g sin g 4.15)
500 cOS @ + (1 — 5)p1 COS 1

represents the spatial variable sup + (¢ — s)v; in polar coordinates,

p1 Sin @ cos 01
O(p1,01,¢1) = | p1sing; sinb 4.16)
0108 @1

represents vj in polar coordinates,

8(p,6,9) = p*sing, (4.17)

is the determinant of the Jacobian matrix for the change of variables from Cartesian
to polar coordinates, and C; is an unimportant normalising constant.
For fixed pg, p1, 01, and ¢1, we first consider the part of (4.14) given by
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(s, 6o, 9o)

t T 2
— / ds / dyo / dfo
0 0 0

F (o + Opy.p1.61.01 (5, 00, 90), O (p1, 61, 91))8(po, 6o, ¥0).-
(4.18)

The Jacobian of @, ,.6,,¢; as a function of (s, Oy, ¢o), is given by

o oS B sin gy — p1 cos B sin g1 —spg sin Gy sin @y spo COs Yo cos by
po Sin B sin gg — p1 Sin Oy sing  spg cos Gy sin gy o cos @ Sinby | ,
0 COS @ — P1 COS ¢] 0 —s00 Sin ¢o

whose determinant det (D, p,.6;,¢, (5, 00, ®0)) satisfies

8(p0, 6o, o) R
det(Dpy,p1,61,01 (5, 00, ¥0)) — 4523 T 423 7

max max

We thus have the following lower bound for (4.18)

1 t b4 2w -
T[ dS/ d¢0/ d6o f (ro + Opy,p1,61.01 (55 6o, 0), @ (p1, 61, ¢1))
4t Viax J0 0 0
(4.19)

X det(Dpo,pl,Ql,q)] (S, 907 gﬂ()))

Making another change of variables (s, 6p, ¢o) + r € R3 and using the fact that,
regardless of the values of p1, 61, and @1, ®p, p,.6,,¢, Maps (0, 1) x (0, ) x (0, 27)
surjectively onto a set that contains B(pot), where B(r) is the ball in R? of radius r
centred at the origin, (4.19), and hence, (4.18), is bounded below by

1

—— f(r, O(p1, 61, @1))dr. (4.20)
4t2Ur%1ax ./;?(p()t)

Substituting this equation back into (4.14) and changing (p1, 61, ¢1) back to
Cartesian coordinates, we have

# Cze_at Vmax
Ei ol Re, YD1y <i<iy] = 2 / dpo/ drf dvy f(r, v1),
Vmin B(pot) \%
4.21)
where C; = anC1/(4v3_.).

max
Now suppose we fix an initial configuration (rg, vg) € D x V, with tvpax <
dist(rg, D). By considering the event {J» <t < J3} and noting that the scat-

tering kernel is bounded below by 7, we may apply the Markov property together
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with (4.21) to the process at time J; before choosing the new velocity. Using the
bounds on « and w as before, and recalling that 7p is uniformly distributed, we
have

El oL (R T <z gs)]

t —
= /(; ds ge_aleZrO_HUO,YO)[f(Rt—Sv Tt—s)l{Jlft—s<J2}]

1 _ Cze a(t—s) Vmax
/ ds ge_””l—z / du; / dpo / drf(ro + svg +r, vp)
0 () v Vinin 00(i—s)B

C3e—al t Vmax
5 / ds/ dv1f d,o()/ drf(ro +svp +r, v1)
t 0 14 Vmin po(t—s)B

CSGfﬁt

t Vmax
=2 o [ oo [ Tam [ bfGoo). 422)
! 0 v Vinin ro-+svg+po(t—s) B

where we have used the substitution y = rg + svg + r to obtain the final line and
C3 is another constant in (0, c0). Now note that, for s < pof/(p0 + Vmax), We have
ro+ B(pot — (po + Vmax)s) C ro+svo+ B(po(t — s)). Combining this with (4.22)
and using Fubini’s theorem, we have

v

(ro uo)[f(R” Yl <i<s)]
C3::; i /v du; /v ::X dpo

R A
_ G m/ /Vm de/ ds/ ALy, FO0 )

Cse™ “’/ Vinax pot — Iy —rol
= dUl/ dpo/ dylyy— —— | f(y,v).
- B3 {ly=rol=<pot} 00 + Vmax

(4.23)

We finally compute the integral with respect to p9 € (Vmin, Vmax). In order to do
so, we first note that since pg < vpax, the integrand in (4.23) is bounded below by

pot — |y — rol
2Viax

Absorbing 1/2vpax into the constant C3, applying Fubini, and computing the pg
integral yield
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El o [f(R, 1)
Cze™™ tf.» y —rl\’
> 2 /‘;dvl /R3 dy|:§ (Vmax — | Vain V ;
ly —rl
— |y = r|| Vmax — Vmin V 1{|y—r0|§vmaxt}f(y» v1), (4.24)
as required. O

We now turn to the proof of (A1) under the assumptions of (B1) and (B2).

Proof (That (Al) Holds) We start by proving (A1) for initial configurations in D, x
V. To thisend, fix (r, v) € D, x V. From Lemma 4.2, there exists ani € {1, ..., n}
such that r € B(r;, Vinax€/32) N Dg. Then, for each ¢ € [¢/2, €), Lemma 4.3 yields

Pl (R edz. T, € dw)

_Ce e, o=y
= 12 5 Vimax — | Vmin V "

|z —r|

—lz—r] (Vmax — Vmin V > ]l{zeB(r,vmaxt)} dz dw. 4.25)

Now, if j € {1,...n} is such that B(r;, vnax/32) N B(rj, Vnaxe/32) # 9,
the triangle inequality implies that D, N (B(r;, Vnaxe/32) U B(rj, Vinax€/32)) C
B(r, Vvinax€/8) C B(r, Vmaxt), with the latter inclusion following from the fact that
tele/2,e).

Hence, for z € B(7;, Vinax€/32) U B(rj, Vnaxé/32) and t € [¢/2, €), the density
on the right-hand side of (4.25) is bounded below by a constant C, > 0, which is
independent of r, v, i, and j. Hence,

PT

(r,v

)(Rt e dz, 1; € dw)

> CelizeD.N(B(ri.e/32)UB(r;.e/32))} dz dw, zeD,weV. (4.26)

Now lett > (n + 1)e/2. By writing t = ke/2 + ¢, for some k > nand ¢’ €
[e/2, e). We will demonstrate that a repeated application of (4.26) will lead to the
inequality

P (R €dz. 7} €dw) > Cocklizep, dzdw,  zeDweV, (4.27)

for (r,v) € D; x V, where ¢, > 0 is another unimportant constant that depends
only on ¢ and is defined in the following analysis.

To this end, we start by noting that, since r € D, and v € V, there exist
ip,i1 € {l,...,n} such that r € B(ri), vmax¢/32) and B(r,, Vmaxe/32) N
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B(riy, Vnax€/32)NDe # (. Applying (4.26) at time t' (recall that we have identified
t = ke/2 + ' for some k > n), we obtain

Pl (R €dz. T, €dw)
Pzr,u)(Rt’-&-ka/z € dz, Yy ykes2 € dw)

> EI,,U) I:I{R,/GB(r,-l Vnaxe /320D, Ty eVIP (g, 1) (Ree/2 € A2, Tiep2 € dw)]

= / / (r U/)(ng/z S dZ, Tk8/2 S dw)P(r U)(Rt/ S d}"/, T‘[’ (S dU/)
B(ri| ,Vaaxe/32)NDe JV

= C€/ / vy (Rkey2 € dz, Tiep2 € dw)
B(ri) ,Vmaxe/32)NDe JV

X Liye(Blriy Vmaxe 32)UB iy Vraxe /320D, 4V

- Cs/ / vy (Rikeya € dz, Tiea € dw)dr’'dv’. (4.28)
B(rll Vmax€/32)NDe JV

We now turn our attention to PIr,’v,)(ng/g € dz,Tiep € dw), for
(r',v) € (B(ri, Vmax€/32) N D;) x V and k > n. Thanks to Lemma 4.2,
for all ixy1 € {1,...,n}, there exist ip,...,ix € {l,...,n} such that
B(ri;, €/32) N B(ri;,,,€/32) # ¥ for every j € {l,...,k}. Note, here we see
the importance of choosing k > n, to ensure the validity of the previous statement.

Applying (4.26) and following the same steps that lead to (4.28), we obtain

/)(Rke/z € dz, Ties2 € dw)

(rv

> Cs/ / (.o (Rik=1e/2 € Az, Ti—1)e/2 € dw)dr”dv”.
B(riy.e/32)ND, J V

(4.29)
Iterating this step a further £k — 2 times, we obtain

n(Ries2 € dz, Tieyn € dw)
)

(ru

> Cect™ 2/ / ooy (Repa €dz, T € dw)dr”dv”,
B(r,k Vmax€/32)NDe JV

(4.30)

where ¢, = C¢Vol(V) min;=1, . Vol(B(ri, Vmax&/32) N D;). Using this inequality
to bound the right-hand side of (4.28) yields
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P (R, €dz. 7 €dw)

> Cgck 1 / / " /)(Rg/z €dz, Yep € dw)dr’dv’.
B(ri, .£/32)ND;

4.31)
We now apply (4.26) a final time at time ¢ /2 to obtain
(r u)(Rt €dz, T; € dw) > CSC 1{ZEB(hk+1 ¢/2)ND,) dz dw. 4.32)
Since this inequality holds for every ix+1 € {1, ..., n}, it also follows that

P, (Ri€dz, Ty edw) = Cecf  sup  lizeny,,.c/mnp,) dzdw
ir+1€{L,....,n}

> Ceck 1(,ep,) dz dw,

where the final line follows from Lemma 4.2 since kK + 1 > n. This is the lower
bound claimed in (4.27).

Finally, noting that for any two events A, B, Pr(A|B) = Pr(A N B)/Pr(B) >
Pr(A N B), we have that for initial conditions (r, v) € D, x V,any typ > (n+ 1)e/2
and v equal to Lebesgue measure on D, x V, there exists a constant ¢; € (0, 00)
such that

P vy ((Ry, Tyy) € - |tg < k) = crv (),

as required by (Al).

We now prove (A1) for initial conditions in (D\ D) x V. Once again, we recall
that assumptions (B1) and (B2) are in force. Choose r € D\ D,, v € V, and define
the (deterministic) time

kP =inf{t > 0:r +tv & D,},

which is the time it would take a neutron released at » with velocity v to hit the
boundary of D\ D; if no scatter or fission took place. Importantly, the boundary of

&

D\ D, is made up of the union dD U dD,. Note in particular that K,? U\ is not a
random time but entirely deterministic. We first consider the case r + K,? AN

0D, for which we have

D\Dg _ . )
)(R p\v: € 9D;) > e —OKry " > g=0diam(D)/Vmin (4.33)

(rv

Combining this with (4.27) and the Markov property, for all # > (n + 1)e/2

D\ Dy

P("*U)(RK,,DI}DEH e dz, TK,L,)U\DS edwliry F+t <k)
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Pzr’v)(RKrf)l}Dg+t € dz, TK'?U\DS+t e dw)
> efézdiam(D)/VminCsclgl{zeDg} dz dw, (4.34)

where k > nis such that t = kg/2 + ¢’ for some ¢’ € [¢/2, ¢).

On the other hand, suppose r + Kf JDSU € dD. Then, recalling the assump-

tions (B1) and (B2), it follows that {J; < k0% A (te — 56), Yy, € Krgwsys Jo >
t;} C {Ry, € D¢, t, < k}. Heuristically speaking, this is because if the first jump
occurs before time I(,? v De A (t; — s¢), then the process has not hit the boundary,
and there are still (at least) s; units of time left until #,. By then choosing the
new velocity, 7y, from K, ,,, thanks to the assumption (B1) and the remarks
around (4.11), this implies that the process will remain in D\ D, for s, units of time,
at some point in time after which, it will move into D,, providing the process does
not jump again before entering D,. Combining this with the usual bounds on «, and
recalling from (B2) that Vol(K,) > y > O forall r € D\D,; and v € V, we have

D\e

P(r v)(Rt€ € Dg,te <k) > P(r U)(Jl < Ky, A (te — Sg), TJ] € Kr+UJ|a Jo > 1)

> nye atePT D\ B

. u)(Jl < Ky,

A (te — S¢g)). (4.35)

Along with (4.27), this implies that, for all r € D\Dg;, v € V andt > (n+ 1)e/2
such that t + ¢, > K,? U\DE

P v)(Riyy, €dz, Tiyy, € dwlt + 1, < k)

P(r vy (Ri, € De,te <Xk, Ry, € dz, T3y, € dw)
P(r U)(t +1t <k

(Rt+tg € dZ }ﬁt+t£ € dU)|Rts € D&v te < k)P(r U)(Rtg € Ds, te < k)
P(r,u)(t +1t <k)

(r v)

> inf P (R €dz:7; € dw)

reD,,veV
D\D,
P-(*—r,u)(-]] < Kru N (te — Ss)) i

Po o+t <k) wye “Fcglizep,ydzdw

r,v e
D\ e
(< ko™ A =se)
(r v) Py (t+¢ ks) e Zye*atscgclgl{zeDe}dzdw. (4.36)
(r,v) e <
o) D\D;

D .
Now, since we are considering the case r + k,, v € dD and t + 1, > k., it

follows that {r + 1, < k} C {J} < KrU\ }. Then,
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D\g D\s

A (te — 5¢))

Pt +1. <k) B P, )1 < Kr,u 5)

(w)(Jl < Ky, A (tg — 8¢)) - P(ru)(Jl < Ky,

1 — efg(K)?\Dg/\(tE*SE))

ST e 30
with the bound on the right-hand side above being itself bounded below by a
constant that does not depend on (r, v). Substituting this back into (4.36), this
proves (Al) with v taken as Lebesgue measure on D, x V as before, fy can be
sufficiently taken as (n + 1)e/2 + diam(D)/vnpin, and we may start with any initial
configurations in D\ D, x V. O

Verification of (A2)

In order to prove (A2), we require the following lemma.
Lemma 4.4 Forallr € D and v € V, recalling that Ji denotes the k-th jump time
of the process (R, 1), we have
Pl (J1 <k Ry, €dz) < Cliep)dz, (4.38)
for some constant C > 0, and
P/ (Ji <k, Ry, €dz) > clyzep) dz, (4.39)
for another constant ¢ > 0, where v, from the proof of (Al), is Lebesgue measure

on D, x V.

Proof Let us first prove (4.38). We couple the neutron transport random walk in
D with one on the whole of R3. Denote by (R,, T}) the neutron random walk in
D = R3, coupled with (R, 7°) such that R, = R; and Tt = Tt for all t < k and
(Ro, o) = (Ro, To) = (r,v), forr € D, v € V. Denote by Jl < Jz < ... the
jump times of T, Then for each k > 1 such that J; < k, we have Jk = Ji. Due to
the inequality

E [f(Rp): J; <KI <Eeylf(R;), reDuveV, (4.40)

we will consider the distribution of R for i > 2. We first look at the case when
i =2.For (r,v) € D x V and non- negatlve bounded, measurable functions f,

Eqolf(Rj)] =Equlf(r+ v/ + T (2= J1)]
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o0 o0
<% f aji / dv; / djae= U+ £ (r 4 ujy + vy o).
0 1% 0
“4.41)

For j; fixed, we consider the integrals over v and j; in (4.41). Making the change
of variables v; — (p, ¢, 0), we have

o0
/ du; / djae™ 2 f(r + vj1 + v1 j2)

2
/ dp/ d9/ dw/ djpe ™2 f (r + vji + B (pjo. 6, 9)) p* sing,
Vmin
(4.42)

where @ was defined in (4.16). Now making the substitution u = pjj in (4.42),
oo .
/dUI / djpe™ 2 f(r +vji + v1j2)
1% 0
Vmax 2 T [e%e] -
gf d,o/ d@f d<pf due /P f (r + vji + O, 0, ¢)) psing
Vmin 0 0 0

2 e8]
< C/ d@/ d(p/ due™ 9/ Vrax £ (r +vji1 + O, 0, go)) sin g,
0 0
(4.43)

where C = Vipax(Vmax — Vmin). Making a final change of variables (u, 0, ¢) +—
x € R3, we have

e_glx ‘ /Vmax

o0
[ aon [ diee vt v = € [ de p v b0 S
14 0 R3 x|
(4.44)

Substituting this back into (4.41) yields

_alxl/vmax

i (4.45)

o
Bl f(R})] < @K / djie e / dxf(r + vji + )
0
where K = am C. Iterating this process over the next five jumps of the process gives
E(r,v)[f(ﬁ];)] (4.46)

oo
<ok [ apee [ s [ asso i b s ),
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where g(x) = e=2¥l/Vnax /|x |2, x € R3. Now, g € LP(R>) foreach p < 3/2 so that,
in particular, g € L%3(R?). Hence, repeatedly applying Young’s inequality implies
that the six-fold convolution g € L% (R3). (The reader will note that this is the
fundamental reason we have focused our calculations around the 7th jump time J7,
rather than it being an arbitrary choice.) Making the substitution x = x| + - - - + xg,

S .
E|  [f(R;)] <GK°l 0 glloo / djie ! [ i ... / dxe f (r + vji +x).
’ 0 R3 R3
4.47)

Finally, setting z = r + vj; + x yields
E [f(Rp): Jr < k] < Equlf(R;)] < C' fR f@)dz, (4.48)

where C’ = @K°|| %° g||oo, which completes the proof of (4.38).

We now prove (4.39). For r, r’ € R3, let [r, r'] denote the line segment between
randr’. Forall f € A(R?), recalling the definition of v from the proof of (A1) and
using the usual bounds on «,

E,[f(Ry); J1 <k]

- / g /1) f( ) ( . )
‘/ $ D / sSvU), 4 49
Dg V I(DE) V VO]( ) { - }

where Vol(D;) = st dr and Vol(V) = [, dv. Following a similar method to those
employed in the proof of Lemma 4.3 and (4.38) and changing first to polar
coordinates via v — (p, 6, @), followed by the substitution u = sp, and finally
changing back to Cartesian coordinates via (u, 6, ¢) +— x, the right-hand side
of (4.49) is bounded below by

—0S$/Vmin

C/ dr dx 1{[r,r+x]cD} _—2f(r + x), (4.50)
b, Jr |x]

where C > 0 is a constant. Making a final substitution of x = z — r yields

ae_alz_rl/vmin

B R0 <K= C [ ar [ etiaen ™ — s @)
D D |z —r|

v2. qe—diam(D) paves

> min® in d ol .
=€ (diam(D))? /;)e r/D zlrz1cpy f(2)
4.51)

For all z € D\ D,, (B1) and the discussion thereafter now imply that
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/ L ;jcpydr = Vol(L;) > %(tf —s2), (4.52)
D,

where s, and ¢, are defined in (B2), and L, is defined in (4.11). On the other hand,
forall z € D,

/ 1r,z1cpydr = Vol(D, N B(r, €)). (4.53)

&

Since the map z — Vol(D, N B(z, ¢)) is continuous and positive on the compact set
D,, the latter equation is uniformly bounded below by a strictly positive constant.
It then follows that for every z € D, the integral || p, 4r1(r.z1cpy is bounded below
by a positive constant. Using this to bound the right-hand side of (4.51) gives us the
desired result. O

Proof (That (A2) Holds) Let t > 7diam(D)/vyin and note that on the event {k >
t}, we have J; < 7diam(D)/vyin almost surely. This inequality along with the
strong Markov property implies that

Pi o)t <k) <E,, [1{J7<z}P(R,7,T,7) (t—s< k)s:J7]

i 7diam(D)
<E| ., P&, [t ———— <Xk ]| (4.54)

Vmin

Since 7 is uniformly bounded above, conditional on {J; < oo, R;, € dz}, the
density of T, is bounded above by @ multiplied by Lebesgue measure on V.
Combining this with (4.38) and (4.54), we obtain

7diam(D
Pt <k) < C’ / f P.. w)< Tdiam(D) k) dw dz, (4.55)

Vmin

for some C’ € (0, 00). Similarly, for ¢+ > diam(D)/vuin, Eq. (4.39), the fact that
the inclusion {t < k} C {J; < diam(D)/vnin}, the strong Markov property, and
the fact that 7 is uniformly bounded below entail that

Pu(t < %) = E} [ 120Piry, 15 (= 5 < Ky |

> E/ [1 n=<kPry 1) (0 < k)]

c’f / P ) (t <k)dwdz,
DJV

for some ¢’ € (0, 00), where v is Lebesgue measure on D, x V. Putting (4.54)
and (4.55) together, for all t > 8diam(D) /vpin, we have
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c’ 7diam(D
Piu(t <k) < —P, (r _ Tdiam(D) _ k) . (4.56)
C

Vmin
Now, recalling #y and v from the proof of (A1), it follows from (A1) that
Pl ((Ryy, 1) € ) = c1Py(to < KV (). (4.57)

The event {t < k} occurs if the particle has either been killed on the boundary of D
or if it has been absorbed by fissile material, which occurs at rate 8 — 8. Since £
and v are fixed, and B — B < B + 1 < oo by assumption, P, (fy < k) > K for some
constant K > 0. Thus, keeping ¢ > 8diam(D)/vpin, using (4.57),

7diam(D) " 7diam(D)
Pt ————+tw<k)=E|LyxPp )| ———— <k

Vmin Vmin

> &P, (: _ Jdiam(D) _ k) , (4.58)

Vmin

where ¢; = Kcj.
Now define N = [7diam(D)/(vminto)]. Then, for any ¢+ > 0, r —
7diam(D) /vpin + Nty > t so that, trivially,

7diam(D)
P,t<k)y=P,{t——+ Nrgp<k]. (4.59)

Vmin

Applying (4.58) N times implies that

4diam(D
Pt <k =P, (r _ Adiam(D) k) . (4.60)
Vmin
Combining this with (4.56) completes the proof of (A2). O

Regularity of ¢ and ¢

We thus far proved that the conclusions of Theorem 2.2 are valid under our
assumptions. In order to conclude that Theorem 4.1 holds true, it remains to prove
that ¢ is uniformly bounded away from O on each compactly embedded subset of
D x V and the existence of a positive bounded density for the left eigenmeasure 7.

Lemma 4.5 The right eigenfunction ¢ is uniformly bounded away from 0 on each
compactly embedded subset of D x V, and the probability measure n admits a
positive density with respect to the Lebesgue measure on D x V, which corresponds
to the quantity ¢ and which is uniformly bounded from above and a.e. uniformly
bounded from below on each compactly embedded subset of D x V.
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Proof For all ¢ > 0, we deduce from the eigenfunction property of ¢ (cf.
Theorem 2.2) and from (4.27) that there exist a time 7, > 0 and a constant C; > 0
such that

o(r V) = e B, [, v) = e e, / oz, wydzdw > 0,
D, xV

for all (r, v) € D, x V. It follows that ¢ is uniformly bounded away from O on each
compactly embedded domain of D x V.

Using the same notations as in the proof of Lemma 4.4, we consider the neutron
transport random walk (Rf, T,) in D = R3, coupled W1th (R, T') such that R, =R;
and Y, = T, forall t < k. We also denote by Ji < J2 < ... the jump times of
(Tz)t>0 Let T > 0 be a random time independent of (R ff) w1th uniform law on
[T, T1, where T < T are fixed and T > T7diam(D)/vpin. We first prove that the
law of (R7, Tr) after the 7th j jump admits a uniformly bounded density with respect
to the Lebesgue measure. We conclude by using the coupling with (R, 7°) and the
quasi-stationary property of n in (7.21).

For all k > 7 and for any positive, bounded, and measurable function f vanishing
outside of D x V, we have

ELf (Rr, 01 p g, | Ro. T0. 7]

=E[f(Ro+ hTo+ -+ hT1 + (T = Jy — - — J) Tk, Ti)
x1:; i | Ro, T, T1

{(Ik<T<Jrs1}

T o
A 1
- / dsy a(Ro + vosi, vo)e ™ Jo. @(Rovovo)du
0
X / duy 7 (ro + vos1, vo, V1)
v

oo 5 2 a(R d

) / dsz a(Ro + vos1 + vy sz, vy)e™ Jo” @Rotvosiuivnde
0
X e

X / dug_17w(Ro + vos1 + - - - + vk—2Sk—1, Vk—2, Uk—1)
v

T—s1——Sk—1 R
x/ dsk a(Ro + vos1 + - - - + Uk—1Sk, Uk—1)
0

s N
e~ fok a(Ro+vos1+-+4vk—28k—1+Ug—1u,vk—1)du

X/dUka(RO‘I'UOSl+"“|‘Uk715k,Uk71,Uk)
v
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e foT_Sl Tk g (Rouost AUk 1 se+uiu, vg ) du
X f(Ro+ vost + -+ 4+ Up—1sk + vp(t — 51— -+ - — k), Up).
Hence,

E[f(Rr, Tr)1 | Ro, o, T1

{(Je<T <t}
T T—s1——Sk—1
< &kﬁke_m/ dsy / duy - -- f dsy / dug
0 v 0 1%
Jf(Ro+wost + -+ +vp—18k + up(T — 51— -+ — %), Up)-
Taking the expectation with respect to 7', we obtain

ELfRr, )15 7 _j .y | Ro, Tol

~k =k T t t—S]——Sk—1
il / dt/ ds1/du1~--/ dsk/dvk
T Jo 0 1% 0 1%

X f(Iéo+Uos1 sk ot — 851 — -0 — SE), Uk).

Using the change of variable (u1, ..., ug, ug+1) = (s1, ..., Sk, t — 81 — -+ — Sk)
yields

ELf (R, Tr)15 7 _j .,y | Ro, To]

~k=k
o

< — dul -/ dv
T /[O,T]IH'I O<uy+-~ur1 =T vk

X f(Iéo 4+ vouy + - -+ vg—1uk + Uglbks1, Uk)-

The same approach as in Lemma 4.4 shows that there exists a constant C > 0
(which does not depend on Ry nor on Yp) such that, for all measurable functions
g R — [0, 00),

/ du/ dUg(ﬁo+“IA"ou1+-'-+U6M7)§C/ dxg(x).
[0,777 v6 R
Hence,

ELf(Rr, Y1) 5 cr_j..,y | Ro, T0l

aat dul d
= u 7 v
T (0.7 k+1-7 0<ug+--~+ugy1<T o

x /ngf(X+U7M8+"'+Ukuk+l»vk)
R.
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Cakwk
= dul . d d ,
T /[O,T]k+17 * Tosugt ot <T /vk—s U/]R3 HO 0

k+1 8
= ca*zFVol(v)F~ 8(k+1_7),/ dy/ due f (y, u),

where we used the change of variable y = x 4+ vyug + - - - 4+ vrug41 and the fact
that f vanishes outside D x V. Summing over k > 7, we deduce that there exists a
constant C’ > 0 (which only depends on C, @, 7 and T') such that

E[f (R, T1)1j _7, | Ro, Tol < C' [ dy / dv f(y, v).
- D 1%

Similarly, as in the proof of (A2), we chose T > 7diam(D)/vyin, so that, on
the event {k > T}, we have J; < 7diam(D)/vnin < T almost surely. Hence, we
obtain that, for any (rg, vg) € D x V,

W (R, T7); T < k] = W R, Y1) T <k, J1 =T}

(ro 50

< Eouplf(Rr, T7); J7 < T]

EC// dy/ dv f(y,v).
D \%4

Integrating with respect to n and using the quasi-stationary property (7.21) and
Fubini’s theorem (recall that T and the process (R, 7°) are independent), we obtain

(ro 0]

1
T-T

T 1 T
/T dr el f]= szfr drEJLf (R, V)it < k]
=E[f(Rr, Y1); T <]

< C’/ dy/ dv f(y, v). (4.61)
D v

Since f was chosen arbitrarily, this proves that n admits a uniformly bounded
density (from above) with respect to the Lebesgue measure on D x V.

Finally, using the quasi-stationarity of n (7.21) and integrating inequality (4.26)
with respect to n imply that (here the time ¢ and the constants k, C, ¢, depend on ¢
as in inequality (4.27)), for all bounded measurable functions f on D x E,

et A Vf(x)n(dx)=E;[f<R,,m;t <k]

>n(De x V) Csclgf f(z, w)dz dw.

D, xV
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This implies that ¢ is a.e. lower bounded by e_)“"n(D‘,3 x V) Cgclsc on D, x V. Since
this inequality can be proved for any ¢ > 0 small enough, one deduces that, on any
subset D, x V with ¢ > 0 and hence on any compactly embedded subset of D x V,
¢ is a.e. uniformly bounded away from zero. O

4.5 Comments

The majority of this chapter is based on the ideas and calculations presented in Cox
et al. [30] and Harris et al. [73]. The material presented in this chapter demarcates
classical neutron transport theory from a more modern stochastic perspective that
forms the basis of this entire book. As alluded to several times earlier, an important
difference with pursuing stochastic representation of solutions on (B(D x E), ||-||)
as opposed to L>(D x V) is the ability to identify solutions both pointwise and
via Feynman—Kac representations. As we will see in the forthcoming chapters, this
lends itself well to stochastic analysis of the underlying Markov process, which, in
some cases, is equivalent to pathwise statements about the underlying NBP.



Chapter 5
Pal-Bell Equation and Moment Growth Qe

The previous chapter largely dealt with the relationship between the NTE and the
NBP. The NTE is a linear equation and so there is limited information we can glean
about the NBP from the NTE. Recall that the NBP is fundamentally our physical
model of fission in an inhomogeneous material and so many questions will go
beyond what linear equations can tell us. In this respect, our starting point is the
Pal-Bell equation, a non-linear equation which captures a more complete picture of
the stochastic behaviour of the NBP.

5.1 Pal-Bell Equation (PBE)

The so-called Pal-Bell equation is a special example of a general non-linear
equation that is quite commonly used in the theory of spatial branching processes
(as indeed we shall see in the second part of this book). In order to state the Pal—
Bell equation, let us recall some basic facts of the NBP and introduce some more
notation.

Recall that the way we described the NBP is via the point process

N
X(() = Swmwmwman). =0,

i=1
where
{(Vi(l),Ui(l)),izl,"',N[}, IEO,

describes the configuration and number of particles in the system at time ¢t > 0. In
addition, recalling the notation
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Ny
Xl f1:= / f(r,v)X,(dr,dv) = Zf(”i(t)» vi(1)), t=0,feBT(DxV),
DxV

i=1

we previously introduced
Vil £10r,v) == s, [e—Xf[fl], t>0,feBYDxE), (5.1)

in (3.27), which was used to verify the branching Markov property of (X,, ¢t > 0).
When seen as operators on B+ (D x V), it is easy to see from the Markov branching
property (3.28) that the family (v;, # > 0) has the semigroup property.

Lemma 5.1 Assume (HI) holds. For all s,t > 0 and g € BT(D x V), then
viyslg]l = ve[vslgll.

Proof Just as with (2.3), this is a simple consequence of the Markov property.
Indeed, recalling the decomposition given in (3.28), we can take expectations again
and the result follows. O

The structure of the expectation that defines the family (v;,# > 0) does not
appear to be of the form (2.3), which we recall gave us our definition of an
expectation semigroup for a general Markov process. Nonetheless, it is in fact
consistent with (2.3) when one takes account of the fact that the NBP is a Markov
process in .#.(D x V). We can think of v;[g] as taking the form Es, ., [G(XH)],
for the special class of functionals which are expressed as the negative exponential
of an inner product with respect to X;. As such, whilst Lemma 5.1 does not offer
us the expectation semigroup property for all bounded functionals of X, it does
offer us the expectation semigroup property for a dense family of functionals in the
aforementioned class.

It is important to understand why the semigroup (v;,¢ > 0) carries more
information about the law of the NBP than the semigroup (¥, ¢ > 0). From (5.1),
we see that, forg € BY(D x V), r e D,v e V,andt > 0,

d
Yilglrv) = =By, [e—axtlg]]

d
= ——v;[0g](r, v) . (5.2)
g—o  dO " 6=0

Hence, at the very least, the analytical information contained in (Y, > 0) is
equally accessible from (v, t > 0).

Just as we have derived an evolution equation for (Y, t > 0), which was none
other than the mild NTE (3.32), we would like to derive an evolution equation for
(v¢, t = 0). Our approach will be similar to the derivation of (3.32), and however, we
must be a bit more careful in one aspect. Unlike the additive functional X,[g] which
is equal to zero on the extinction event, the multiplicative functional exp(—X,[g])
is equal to unity on the extinction event. For this reason, we need to slightly adjust
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how we work with (U, r > 0). We introduce (T, r > 0) in place of (U;, t > 0) with
the understanding that, for g € BT (D x V),

g(r +vt,v) fort <K(2U)=inf{t>0:r+vt¢D},

) (5.3)
1 otherwise.

ﬁf[g](rv U) =

Similarly, P, is a slight adjustment of P, which returns a value of 1 on the event of
killing. We also need to introduce the non-linear operator, acting on

Bf(DxV)={feBt(DxV):|fll <1}, (5.4)

given by

N
GLf1(r, v) = o£(r, V)E(r0) [H f@roo) = f(r, v)} : (5.5)

i=1

The operator G is called the fission mechanism. In a more general context of
branching Markov processes, it is also known as the branching mechanism.

Lemma 5.2 (Pal-Bell Equation) Assume (HI) holds. For g € BT (D x V), we
haveon D x V

t

vi[g]l = Tile™¥] +/o U [Svi—s[g] + Glvi—s[gll]ds, 1=0. (5.6)

Equivalently we have a second representation

t
vilgl = Bile %] + /0 B, [Glvi_slglllds, 0. 5.7)

Solutions to both (5.6) and (5.7), which are valued in [0, 1], are unique.

Proof The fundamental idea of the proof of the two equations (5.6) and (5.7) is to

break the expectation in the definition (5.1) of v; either on the first event (scattering

or fission) to obtain (5.6) or just on the first fission event to obtain (5.7). We

prove (5.6) and leave the derivation of (5.7) in the same fashion as an exercise.
Conditioning on the first event, we get

vi[g](r, v)

D
Ak
g V)
—Jo V) G (r4ve,v)de —g(r+vt,v)
= ¢ [e 1(t<K(Dr,v)) I(IEK(DAU))]

t t
* / 1(S<K(D ))G(r +us,v)e” Joorvtvt
0 ru
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Vi—s(r + vs, V)ms(r + vs, v, v)dV’

(crs(r + vs, v)

o(r+uvs,v) Jy

os(r 4+ vs, v) N
£ )
+ g(r—kus,u) |:l_[ vi—s(r + vs, Ui):| >d5’

o+ vs,v) Pl
where we recall K(? vy Was defined in (3.13) and 0 = of + o05. Appealing to
Theorem 2.1, we can transform the multiplicative potential with rate ¢ into an
additive potential and, together with some easy algebra, this gives us straight
away (5.6).

The proof is completed as soon as we establish uniqueness. This is again a matter
of an application of Gronwall’s lemma in the spirit of the proof of uniqueness
argument in Lemma 3.5. We leave the details to the reader. O

5.2 Many-to-Two Representation and Variance Evolution

The NTE tells us about the growth of the first moment and the PBE tells us about
the law of the NBP. But the question remains how we can extract more specific
information out of the latter to complement the former. In this section, we will look
at the second moments of the NBP or equivalently the two-point correlation function
for particles alive at time ¢ > 0.

In order to do so, we define the operator

N
VIf. glr,v) = éi)[ > e, vj>], (5.8)
i,j=1
i#]
for f, g € BT (D x V),r € D, and v € V. We will often abuse notation and write
¥ [g](r, v) instead of ¥[g, gl(r, v) for g € BY(D x V)andr € D,v € V. Note
in particular that

V1810 ) = B | 2L 1 = ZLg( 1) (5.9)

Generally, for (5.9) to be finite, we need a second moment assumption on the number
of neutrons produced at each fission event. This is automatically satisfied since we
have at most nnyx particles produced at fission, cf. (H4).

Lemma 5.3 (Many-to-Two) Assume (H1) and (H4). Suppose that f, g € BT (D x
V). Then
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Esr.o | Xil £1X118]]

t
= w51 0)+ [ [ Wt vt o
(5.10)

forr € D,v € V. In particular,

t
Esto | XilF ] = wil/210 0) + fo Vslos sl vds. S0

Proof Suppose that h € BT (D x V) and that H;(r, v) on Ry x D x V is non-
negative, continuous, and bounded. Then we claim that

t
w; (r, v) := Y [h](r, v) +/(; Vs[Hs](r, v)ds, (5.12)

fort > 0,7 € D, and v € V, uniquely solves the integral equation

t
o, (r, V) = U, [h](r. v) + / U, [HS (s + F)wt,s](r, v)ds. (5.13)
0

We only sketch the proof as the methods used should now be quite familiar to the
reader. First note that we can otherwise write (5.12) as

a),(r, U) = E(F,U) I:ef(; ﬁ(RS’TS)dSh(Rt, Tt)l(t<rn)]
tatP §
+Egy | | H(Ry, Yy)eh PReTdgs | (5.14)
0

Next condition the right-hand side of (5.14) on the first fission or scattering event,
whichever comes first, thus generating a recursion for (w;, # > 0). An application
of Theorem 2.1 then gives us (5.13). Finally, the uniqueness of the latter follows by
a standard argument appealing to Gronwall’s lemma.

To complete the proof of (5.10), it suffices to consider the case f = g, as the
general form will follow from the polarisation identity

2Es ) [ X [F1Xe[81] = Esriy [Xe[f + 8121 — Esriy [Xe [ 121 — Esron [ X [1%1.

To this end, denote w;(r, v) = E(g(r,v)[X,[g]z], fort > 0,r € D,v € V. If we
split X;[g]? according to the NBPs that grow out of each of the offspring at the first
fission event, say X @, i=1,---, N, then, conditional on fission occurring at time
s < t, we can write
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N 2N N
X[l = (Z Xf%[g]) = > xPax g+ Y X (515
i=1 ij=1 i=1
i#]

For convenience, write D, (r, v) = exp(— fot o(r 4+ Lv,v)dl), forr € D,v € V.
Using (5.15), we can now formally split the expectation of X; [g]2 on the first event,
scattering or fission, and then apply Theorem 2.1. This gives us

wy (r, V)

t
= D, (r, v)U;[*1(r, v)+/ Uy [ost/ wy—s (r, U/)ﬂs(',',U/)dU/:|(”a v)ds
0 \%

t N N
+ /0 Us [asté?.,.{ D 2 F [CRV N 3 [CR T R Y N O vi)ﬂ(r, v)ds
i,j=I i=1
i#]

t t
= U,[g%1(r, v) +/0 Us[(S + F)w,—s](r, v)ds +/0 U [af“f/[wf_s[g]]](r, v)ds.

Using the representation of the solution to (5.13) but with 4 = g2 and H(s, -, -) =
oV [Y:—s[gll, we get (5.11), which we recall is sufficient to establish (5.10). O

A consequence of Theorem 5.3 is that we gain insight into the asymptotic
evolution of the variance of the underlying NBP. More precisely, we have the
following result which shows that in the supercritical case the second moment
behaves like the square of the first moment, in the subcritical case, the second
moment behaves like the first moment, and in the critical case, the second moment
grows linearly.

Theorem 5.1 Suppose the assumptions of Lemma 5.3 are met. Then, for any g €
BT (D x V), we have the following asymptotic behaviour for the second moment in
the supercritical, subcritical, and critical cases:

(i) If Ay > 0,

lim e *'Es [X:[¢]*] = (¢, 8)* /0 e 2y [oe ¥ [9]1(r, v)ds.

=00
(5.16)
(i) If e <O,

Jlim e By [Xi[g]°] = (<¢, g+ /0 e (@, of"f/[wx[g]]ms) o(r, v).
(5.17)
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(iii) If .« =0,

1
lim ~Es,  [X:[¢]*] = (¢, 8)*(@. 0V [p))e(r, v). (5.18)

t—>oo t

Proof Appealing to the Perron—-Frobenius Theorem 4.1, we have, for any f €
BT(D x V) and § > 0, that there exist some constant K € (0, c0) and some
to = tp(5) such that

sup le ™ Y [ f1l < K| fIl and [le™ "y, [f1—(@, flel <8Il fll, forallt > t.
t>
(5.19)

On the other hand, it follows from (5.9) that o¢ ¥ is a symmetric bilinear form, and
hence

loeV [ f1(r,v) — oV [h](r, V)| =loe V[ f — h, [+ h](r, V)]
= CIf = RrIALFIT+ 171D, (5.20)

where, in the last inequality, we have used the boundedness of o from (H1) and,
thanks to (H4), C := ||o¢|| nmax < 0o. In particular, taking 2 = 0 yields

loe 7 [£1Il < CII £11%. (5.21)
Also, we clearly have
f,.geBYDxV), f<g = Wlfl<¥lgl. t=>0. (5.22)

Let us look at the supercritical case, i.e., A, > 0. Note that the leading term
V[ f?] on the right-hand side of (5.11) is overscaled by e*** and hence limits away
to zero. This leaves us with considering the integral on the right-hand side of (5.10)
scaled by e?**. Our objective is to extract the dominant growth rate from (5.11) as
t — oo. To that end, we first split the integral in (5.11) into two parts,

t t
[ oo tvsten]e s = [ ot den]o. vias
0 t—tp

11—t
+ /0 ws[of"//[w,_x[g]]](r,u)ds. (5.23)

Note that the first term on the right-hand side is of order o(eZA*’ ). Indeed,

t t
[ wfosrvdenfoves < [ wfoerTKigie o vas
t—1y =1y
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1
< [ wferere e vas
I—t

t
S CK3 ”gHZGZA*l / e—)\*sds

t—1to

2y ast — 00,

=o(e
where in the first inequality we used (5.19), in the second we used (5.21), and in

the final inequality we used (5.22) and (5.19). On the other hand, for the second
term in (5.23), we have

t—to =1y
’ | oy [pitsn]oooids = g [ o Vil vras

< /OHO ws[

t—to
< /0 Y[ g8l +1@, & llglh] Jas

oe ¥ [vi-l81] = oe 7[5, 8)e™ 9 g] |, v)ds

0
< 5CKIglBligl +214¢. &) el /0 =S dg
= 0(8e™),

as t — oo, where the second inequality is due to (5.19) and (5.20) and the third
inequality follows from (5.19). Since § is arbitrary, when combined with the fact
that the integral

o0 o0
/ ey oV [oT](r v)ds < CK o] f e ds < o0,
0 0

the above implies

11— o0
/0 Vi oe Y sl v)ds ~ (@, )26 fo e ysloe Vgl v)ds,

as t — oo. The asymptotics in the supercritical case then easily follows.

Next, we consider the subcritical case, i.e., A, < 0. In this setting, the leading
term on the right-hand side of (5.11) does not scale away but scales as precisely e**/
giving the limit (¢, f)¢. For the integral term on the right-hand side of (5.10), we
start with a change of variable:

/ i oet Turslel]] o v)ds = / s sl s
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Note that by (5.19) and (5.21),

t t
| vy Tutenl] e s < kgl [ et = o,
t—to t—1o

where the equality follows as ¢t — oo, since A, < 0. On the other hand, apply-
ing (5.19) to ¥y and o= ¥ [[g]], noting the latter is bounded by C K?e**+5||g ||
as a consequence of (5.21) and (5.22), we get

t—1p t—ito
/0 Vs oe ¥ [wilel] [ (r v)ds — g v) /0 ™M@, oV [Ulgl])ds

t—ty
< [ s o Tt
0
t—to
< / SCA*(t+‘Y)CK2||g||2ds
0
= 0(8e™"),
as t — 0o. Arguing as in the supercritical case, we conclude that
t 00
/0 Vims| oe ¥ [wilel] | or v)ds ~ e v) /0 e (g, oc ¥ [vilgl]hds,

as t — oo, which in turn implies the result in the subcritical case.

The proof in the critical case follows similar arguments. First note that the leading
term on the right-hand side of (5.10) will scale away to zero. For the integral term
on the right-hand side of (5.10), we can write with a change of variables

1 t 1
tim [ forr tweden]oooids = fim [ g -t v
0 —>0o0 0

t—o00 t

Appealing to (5.19) and dominated convergence, we can pull the limit through the
integral to obtain

1
/0 (@, 0 V(@ )p)o(r, v)du = (@, 8)* (G, oV [l (r, v),

as required. O
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5.3 Moment Growth

The analysis in the previous sections seems hard to extend to higher moments.
However there is another approach which brings us back to (5.6) and (5.7). Under
the assumptions of (H1) and (H4), we can access all moments of the NBP from
(v¢, t > 0) by differentiating as in (5.2) more than once, i.e.,

dk

—[0F]1(r, v) , (5.24)
dok "' =0

k

PR v) =By, [X00F] = 00
forr e D,v e V,t > 0,and k > 2. Note that there is no need to define w(l) as we
have the special notation y. Unlike (¢, ¢ > 0), the moment operators (wt(k), t>0)
are not semigroups. They do however satisfy recursion equations which take the
form

BLF10, v) =0 )

/ Vs [Fe SO L v LD ¢ o) ds,
(5.25)

where Fj takes a rather complex form. These recursions can be used to develop
the asymptotic behaviour in time for the moments in each of the three criticality
regimes via an inductive approach. Setting aside the form of Fj, the asymptotic
behaviour of (y;,t > 0) in Theorem 4.1 together with the scaling limits of

(k b [f],- w(z) [ f1 will give us the scaling limit of 1, k)[ f1. Not surprisingly,
the analy51s is quite involved and, as it turns out, is not specific to the PBE but
works equally well for more general spatial branching processes. For this reason,
the proofs of the three main results below are left to Part II of this book where they
are restated in the aforesaid general setting.

Theorem 5.2 (Supercritical, A, > 0) Suppose that (HI), (H2*), and (H4) hold.
Fix an integer k > 1, then

(k)
lim sup e_k*ktw — kNG, FLe(r,v)| =
=00 ,ep veV o(r, v)
feB (DxV)

where L1 = 1 and we define, iteratively for k > 2,

Ly (r, u)zfo e o(rv)” ws[af(f[ Z ]'[ @(r, vj) L, (1, v,)ﬂ(r, v)ds,

2 1
,,,,, J
N]]”jk >0
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and [k, ..., kN],% is the set of all non-negative N-tuples (ky, ..., ky) satisfying
ZlNzl ki = k and at least two of the k; are strictly positive.

Theorem 5.3 (Subcritical, A, < 0) Suppose that (HI), (H2*), and (H4) hold. Fix
an integer k > 1, then

(k)
lim sup e_)‘*tw — Lk — 07
t—>00 reD,veV 90(”» U)
feBf (DxV)
where we define iteratively L1 = 1 and, for k > 2,
Ly = (¢, )
*© k AR
+ /O e‘“~‘<¢, afé%[ > (kl kN) [T v 1r1c, v,»>]>ds,
2 e o
Lkt,-... kT j:jkj>0
and [ky, ..., ky]} is the set of all non-negative N-tuples (ki, ..., ky) such that

ZlNzl ki = k and exactly 2 < n < k of the k; are strictly positive.

Theorem 5.4 (Critical, A, = 0) Suppose that (HI), (H2*), and (H4) hold. Fix an
integer k > 1, then

(k)
lim  sup (k=1 ¥ 110, v)

=0 ,ep.vev @(r, v)
feBf (DxV)

—27% D@, HKG, oV o) ] = 0.

Let us compare the above results with the results in Theorem 5.1, which
corresponds to the setting k = 2. It is easy to see that the critical case for k = 2 in
Theorems 5.4 and 5.1 (iii) directly agree. In the supercritical and subcritical settings,
the summations in the definition of L; degenerate simply to sums over pairs k; = 1
andkj =2 — k; = 1forsomei, j =1,---, N suchthati # j. Both sums attract
a factor of 2, either from the k! = 2 term which multiplies Ly in the supercritical
setting or from the multinomial coefficient of the sum in the subcritical setting.
Either way, the summations of products with the respective factor of 2 reduce to the
integrals in the definition of L, to precisely those of Theorem 5.1 (i) and (ii).

5.4 Running Occupation Moment Growth

Before moving on to an application of the critical moment growth in Theorem 5.4,
let us also present an additional suite of results that describe the growth of the
moments of the running occupation measure fot X[glds, t > 0. To this end, define,
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forre DveV,ge BT(Dx V), k>1,t>0,

t k
It(k)[g](r, v) = IE(;(W) |:<f0 Xs[g]ds> :| . (5.26)

For convenience, we will write /;[g] in place of It(])[g], mirroring similar notation
used for the first moment semigroup.

In a similar spirit to (5.24), we can access the moments It(k) [¢](r, v) by noting
that if we define, forr € D,v e Vandg € BY(D x V),

t
w[g](r, v) := Eg(w) [exp <—/0 Xs[g]ds)i| , (5.27)
then
(k) _ p d
7 [gl(r,v) = (=1) @Wng] (5.28)
6=0

Moreover, in a similar spirit to the derivation of (5.7), we have that for g €
BT (D x V), t>0,r e D,and v € V, w; solves

t
w[gl(r, v) = B [1](r, v) +/0 P [Glw;—s[g]] — gwr—s[gl] (, v)ds. (5.29)

A similar recursion to (5.25) then ensues from which an inductive argument can
be developed to build up the moment asymptotics.

The complete picture is dealt with in Chap. 9 of Part II of this text. There, one
will find the proof of the following results, which mirror Theorems 5.2, 5.3, and 5.4,
respectively, albeit in the setting of a general branching Markov process.

Theorem 5.5 (Supercritical, 1, > 0) Suppose that (HI), (H2*), and (H4) hold.
Fix an integer k > 1, then

lim sup o(r, v)_le_)“*ktlt(k)[g](r, v) — kNG, g)¥ Ly,
>0 reD,veV
feBH(DxV)

where Ly was defined in Theorem 5.2, albeit with L1 = 1/A.

Theorem 5.6 (Subcritical, A, < 0) Suppose that (H1), (H2*), and (H4) hold. Fix
an integer k > 1, then

lim  sup  |o(r, v) " Il v) — KNG, g)¥Li(r,v)| =0,
=0 epveV
FfeBT(DxV)
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where L{(r, v) = fooo o(r, ) "W [g1(r, v)ds, and for k > 2, the constants Ly (r, v)
are defined recursively via

Li(r, v) =/O o(r, )y

r N
X[O’féa.[ Z <k1,...,kN> l_[ (p(r,uj)ij(r,vj)iH(x)ds

(ky.... k12 j,fl‘{—fi o
)

—k / o(r, v) 1y [ngk—l](x) ds.
0

Theorem 5.7 (Critical, A, = 0) Suppose that (HI), (H2*), and (H4) hold. Fix
k > 1, then

—(2k— _ k! - _
Do ) P81 v) — Sy (8.8 (@ oV Te T L

lim sup
1= ,eD,veV
feBH(DxV)

=0,

where L1 = 1 and Ly is defined through the recursion Ly = (Zi-:]l LiLr_;)/Qk—
1).

The results in Theorems 5.5, 5.6, and 5.7 are slightly less predictable than
Theorems 5.2, 5.3, and 5.4. In the supercritical setting of Theorem 5.5, the
exponential growth of the process is still dominant resulting in a growth rate e*+!,
In the subcritical setting of Theorem 5.6, we will see in forthcoming calculations
in the later chapters that { < oo almost surely, where { = inf{tr > 0 : X,[1] = 0}.
This tells us that the total occupation foZ X[glds is almost surely finite, behaving
roughly like an average spatial distribution of mass, i.e., (¢, g), multiplied by ¢,
meaning that no normalisation is required to control the “growth” of the running
occupation moments in this case.

Finally, the critical case is somewhat harder to explain heuristically until we have
some additional results, which we will address in the next section. We therefore
defer our reasoning until the end of the next section.

5.5 Yaglom Limits at Criticality

Another point of interest when it comes to the Pal-Bell equation (5.7) occurs when
we set g = 00. Remembering that an empty product is defined to be unity, we see
for this special case that
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1= vi[00l(r, v) =Py (¢ > 1), 120,
where we understand v;[oc0](r, v) = limy_, o v¢[0](r, v) and
¢ =inf{t > 0: (1, X;) =0}

is the extinction time of the NBP.

The first main result of this section (given below) gives the asymptotic decay of
the above survival probability in the critical setting, i.e., when A, = 0. It can be
stated in a much more general setting than the NBP, and therefore its proof is left to
Part IT of this book. In order to state it, we need to introduce a new assumption.

(H5) There exists a constant C > 0 such thatfor all g € BT (D x V),
(@ 0:7[gl) = C(§. &%), (5.30)

where g : D — [0,00) : r > [}, g(r, v))dV’.

Assumption (HS) can be thought of as an irreducibility type condition on the fission
operator. It ensures that if there is a fission event (in the stationary distribution), the
process should have at least a comparable chance of survival relative to producing
an independent number of particles with isotropic velocities at a constant rate.

Indeed, suppose of is a constant, and the branching mechanism places an
independent random number of offspring, each with independent and uniformly
selected velocity in V. In that case, recalling the definition (5.9), for g € BT (Dx V),
we have

o:¥[gl = 0s EIN(N — DIE[g(Ug)]?
= C'osEIN(N — 1)]2°

where we have dropped dependency on (r, v) as this is no longer the case due
to the uniformity of the branching mechanism, Ug is a random variable that is
uniformly distributed on S?, and C’ is a normalisation constant. For an appropriate
interpretation of the constant C, the right-hand side of (5.30) is thus equal to the
left-hand side of (5.30) for the setting of independent isotropic fission at a constant
rate.

The following result is classically known as Kolmogorov’s asymptotic for
the survival probability in the setting of Bienyamé—Galton—Watson branching
processes.

Theorem 5.8 Suppose (HI), (H2*), (H3), (H4), and (H5) hold and A, = 0. Then,

2¢(r, v)
2 b

lim tIP(g(m)(g >1) = reD,veV,
—00 ’

where X = (@, oV [¢]).
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Combining this result with the conclusion of Theorem 5.4, we discover the
following Yaglom limit result for our NBP which echoes a similar result originally
proved for Bienyamé—Galton—Watson processes.

Theorem 5.9 Assume the same conditions as Theorem 5.8. Forany g € BY(Dx V)
and integer k > 1, we have that

% k
MnE%w[<_ig)‘;>t}:2kkmﬁgﬁ2k
t—00 ’ t

or equivalently that
X
Law(#‘ > t) — Law (ep) (5.31)

ast — oo, where e, is an exponential random variable with rate p :=2/(¢, g) X.

We remark that an alternative way of stating (5.31) is the following:

) Xrlel

. p
lim Eg(r o [e '
t—00 '

p+0’

> 0.

§>t]=

When considering the mean neutron density for a reactor at criticality, when
observing the reactor after a large amount of time ¢ > 0, our Yaglom limit gives
us the counter intuitive result

| DI
]E(S(ryu) [X[[g]| ; > t] ~ 7“0’ g>7

as t — oo. This differs from the behaviour of the classical neutron density limiting
result which states that

]E8(V_U) [Xl[g]] ~ (()55 g)‘p(r’ U)a
ast — oQ.

Finally, let us conclude by returning to the heuristic explanation for Theorem 5.7.
Appealing to Theorem 5.9, we can roughly write, as t — oo,
¢ > t:|

’ ¢ C Xlgl |\
IE(;(r_U) (/0 Xs[g]ds) >t :]E(s(w) (/0 ) S ds)
t k
~ ]Eg(w) |:e17 (/ sds> ¢ > t:|
0

~ 0%,
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As a consequence, now taking account of Theorem 5.8,

t k ¢
Es.. [( fo Xs[g]ds)]ﬂa(,.v[( /O ng]ds)

~ 0.

k

¢ > ti| P, (¢ > 1)

5.6 Comments

The Pal-Bell equation is attributed to the concurrent work of Bell [7] and Pal
[105, 106]. The Pal-Bell equations are nothing more than examples of the mild non-
linear semigroup evolution equations which have appeared regularly in the theory
of spatial branching processes and the related theory of superprocesses. See, for
example, the discussion in summary of Ikeda et al. [75-77] for the former setting
and of Dynkin [50] for the latter setting.

Moment evolution equations and, similarly, evolution equations for occupation
moments for NBPs have been considered, for example, in Pazit and Pal [107]
(second moments). More significant calculations can be found in the multiple works
of Zoia et al. [133—-137], Bénichou et al. [9], and Dumonteil and Mazzolo [43]. The
results presented in this chapter are based on the more recent work of Dumonteil
etal. [44], Cox et al. [31], Harris et al. [72], and Gonzalez et al. [67]. In these articles,
a new recursive structure for moments of the NBP and its running occupation
functional are established, providing the moment asymptotics in Lemma 5.3 and
Theorems 5.1, 5.2, 5.3, 5.4, 5.5, 5.6, and 5.7. The Yaglom limit in Theorem 5.8
is a spatial version of a classical result that was originally proved in the setting
of Bienamé—Galton—Watson processes, see, for example, Yaglom [132]. Recent
analogues in the spatial setting have also been developed; see, for example, Powell
[112] in the setting of branching Brownian motion in a compact domain or Ren et
al. [113] in the setting of superprocesses. The result for NBPs presented here was
first proved in Harris et al. [72].



Chapter 6 ®
Martingales and Path Decompositions Qe

In this chapter, we use the Perron—Frobenius decomposition of the NBP to show
the existence of an intrinsic family of martingales. These are classical objects
as far as the general theory of branching processes is concerned and is known
to play a key role in the understanding of how particle density aggregates in
the pathwise sense (rather than on average). They also serve as the basis of a
change of measure, which introduces exceptional stochastic behaviour along one
sequential genealogical line of neutron emissions, a so-called spine decomposition.
In this setting, the exceptional behaviour of the single genealogical line of neutron
emissions appears as a biasing of the scatter and fission cross sections to the
extent that this one genealogical line never leaves the domain D on which the
NBP is defined. The principal gain from examining this spine decomposition in
combination with the behaviour of the martingale is that it gives us a sense of how
the paths of a surviving NBP look like.

In a similar spirit, in the supercritical setting, we introduce a second decompo-
sition, a so-called skeletal decomposition, which requires no change of measure.
Here, we consider the behaviour of a supercritical NBP and show that the paths
of its particles can be categorised into those that generate a genealogical line of
neutrons that eventually become absorbed and those whose genealogical lines of
descent survive in D forever. Again, this gives us an unusual insight into how, inside
the spatial branching trees of neutrons, there exists a lower density fission process
that is keeping the reaction progressing on the event of survival.!

! Note that even when the NBP is supercritical, a single initial neutron may be absorbed without
inducing fission, so survival is not guaranteed.
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6.1 Martingales

Recall that a martingale was defined in Definition 6.2. We will first discuss the
additive martingale that arises naturally from Theorem 4.1. Under the assumptions
of Theorem 4.1, recall that the existence of the eigenfunction ¢ means that

Uilel(r,v) = o(r,v), reD,uveV,t>0. (6.1)

This is sufficient to deduce the following easy result.
Lemma 6.1 Fix yu € #.(D x V), the space of finite counting measures on D x V,
and define W = (Wy,t > 0) as the process

X
W, = e—**tﬂ, t>0. (6.2)

ule]

Then W is a P, -martingale with unit mean.

Proof Thanks to the semigroup property of (3.30) together with (6.1), we have, for
s,t >0,

—k*

ie_k*‘E[X(’)[w]‘S]

et Ny

= 7] Ee‘**‘mw]m(r), i (1))

E[WI+S|SI] =
ulel

=W, (6.3)
where X is an independent copy of X under s o0y @A {(ri (1), Vi (), i =
1,---, N} represent the configuration and the number of particles of X at time
t>0.

Finally, taking expectations again in (6.3), we observe that

Eu[Wips] = E W] =1, 5,1 =0,

where the second equality follows by considering ¢+ = 0. Thanks to positivity, this
calculation also verifies the requirement that W has finite mean ateachs > 0. O

Analogues of the martingale (6.2) appear in the setting of spatial branching
processes in different guises and are sometimes referred to there as the additive
martingale. As a non-negative martingale, the almost sure limit

Wso := lim W;
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of (6.2) is assured, thanks to the classical martingale convergence theorem. The next
result tells us precisely when this martingale limit is non-zero. In order to state it,
we must introduce another hypothesis.

(H3)* There exists a ball B compactly embedded in D such that

inf  of(r, V)me(r, v, V) > 0.
reB,v,v’eV

Theorem 6.1 Under the assumptions of (HI) and (H2*), we have the following
three cases for the martingale W = (W;, t > 0):

(i) If Ay > 0 and (H3) holds, then W is L' (P) convergent.
(ii) If A« < 0 and (H3) holds, then Wo, = 0 almost surely.
(iii) If by = 0 and (H3*) holds, then Wso = 0 almost surely.

There are various different versions of this theorem that we could have stated. For
example, in the supercritical setting 1, > 0, if we additionally assume that (H4) is
in place, which is the norm, then W is also L3(P) convergent. Note also that (H3*)
is just a little bit stronger than the assumption (H3), and hence, a cleaner version
of Theorem 6.1 could equally have just assumed (H1), (H2), and (H3*) across
the board. These are nonetheless esoteric issues as far as the nuclear modelling
perspective is concerned.

On the event that Wy, = 0, there are two possible ways the limit could become
zero. Either this is because the mass of the martingale continuously limits to zero,
or the martingale value jumps to zero because X has become extinct. The former
of these two could, in principle, occur in the supercritical case A, > 0. Clearly, we
have the inclusion

{¢ < 00} C {We =0},
where we recall that
¢ =inf{t > 0: X,[1] = 0}.

The following theorem frames Theorem 6.1 more concisely, showing the zero set
of the martingale limit agrees with extinction. Accordingly, it gives us a valuable
statement concerning the survival of X.

Theorem 6.2 In each of the three cases of Theorem 6.1, we also have that the
events {Woo = 0} and {¢ < oo} almost surely agree. In particular, there is almost
sure extinction if and only if Ay < O.



110 6 Martingales and Path Decompositions
6.2 Strong Laws of Large Numbers

It is particularly interesting to note that, in the setting of a critical system, A, = 0,
which is what one would envisage as the natural state in which to keep a nuclear
reactor, the results in the previous section evidence a phenomenon that has long been
known by engineers and physicists, namely that the fission process eventually dies
out. Nonetheless, the neutron density, that is the solution to the NTE (3.9) or (3.32),
both predict stabilisation

lim vi[g](r, v) = Es,.,, [Xilgl] = (6, 8)g(rv), reD,veV,geB (E).
(6.4)

In the subcritical setting, both the neutron density and the pathwise behaviour of the
NBP agree, in the sense that they both tend to zero.

In the supercritical setting, there is also a concurrence between the behaviour
of neutron density and the pathwise behaviour of the NBP, albeit a little more
interesting. In this setting, the convergence of the martingale W to a non-trivial
limit tells us that when we weight the i-th particle at time r > 0 with ¢ (r; (), v; (1)),
we get an exact convergence. Moreover, because Wy, is an Ll(IP’) limit, this
convergence would appear to agree with what the NTE predicts. Indeed, the neutron
density analogue of the martingale convergence would correspond to its mean value,
which, thanks to Theorem 6.1, follows the asymptotic

B W] = e KA _ o B NPT g ) 1 B iwe,

wule] wnle]
(6.5)

ast — oo. The question thus remains as to whether a stronger correspondence holds
in the sense that, when we weight the i-th particle in the NBP not by ¢ (r; (¢), v; (¢)),
but a more general weight of the form g(r; (¢), v; (1)), for some g € BY(D x V),
do we also get exact convergence? The obvious candidate result in light of (6.4)
and (6.5) should be that, P, -almost surely,

e_x*[ Xl‘[g] ~

~7 WOOa
unlgl . &)

ast — 00.

Theorem 6.3 Suppose the assumptions (H1), (H2*), and (H3) hold and L, > O.
Suppose . € Mo(D x V)and g € BT(D x V) and g/¢ € BT (D x V). Then,

lim oo 20181 _

= (@, &) Woo, 6.6
Jim P RAARL (6.6)

P,.-almost surely. Without the requirement that g/¢ € BY(D x V), the limit
additionally holds in L*(P).
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Remark 6.1 Inessence, we do not need to assume supercriticality for the statement
of Theorem 6.3. Indeed, otherwise under all the other assumptions, since (up to a
multiplicative constant) e ' X;[g] < e ™" X;[¢] = u[@]W;, then (6.6) still holds
albeit that the limit is trivially zero.

6.3 Spine Decomposition

As with many spatial branching processes, the most efficient way to technically
analyse the stochastic growth of the system, as in the proof of Theorem 6.3, for
example, is through the pathwise behaviour of the particle system described by
the spine decomposition. As alluded to in the introduction, this is the result of
performing a change of probability measure induced by the martingale (6.2). Whilst
classical in the branching process literature, this is unknown in the setting of neutron
transport.

To describe the spine decomposition, we introduce the following change of
measure, induced by the martingale W;,

= Wf9 t 2 07 (6‘7)

where u belongs to the space of finite atomic measures .#,(D x V). In probabilistic
terms, this is shorthand for defining the consistent family of probability measures

PY(A) =P, [1aW,], t>0 A€es,.

We may think of the change of measure (6.7) as a method of biasing or “twisting”
the original law P,,.

In the next theorem, we will formalise an understanding of this change of
measure in terms of another .#Z.(D x V)-valued stochastic process which is not
an NBP. Let us now define it through an algorithmic construction.

1. From the initial configuration u € .#.(D x V), with an arbitrary enumeration
of particles, the i-th neutron is selected and marked “spine” with empirical
probability

wlel

2. The neutrons j # i in the initial configuration that are not marked “spine”, each
issue independent copies of (X, }P’(;(rf’uj)), respectively.

3. For the marked neutron, it evolves from its initial configuration as an NRW
characterised by the rate function
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@(r,v")

V) o)

T[S(rs Uv U/), VED, U, U/EV.

4. The marked neutron undergoes fission at the accelerated rate ¢(r, v)~'(F +
o I)@(r, v), when in physical configuration r € D, v € V, at which point, it
scatters a random number of particles according to the random measure on V
given by (Z, @(‘i v)) Where

d"@((;;,U) _ Z[p]
d<@(r,u) @@(r,u)[z[ﬁo]] .

(6.8)

5. When fission of the marked neutron occurs in physical configuration r € D, v €
V, set

n

n
w= Z 8(rv;), Where, in the previous step, Z = Z Su; s

i=1 i=1
and repeat step 1.

The process X¥ = (X?,t > 0) describes the physical configuration (position
and velocity) of all the particles in the system at time ¢, for ¢ > 0, as per the
algorithmic description above (Fig. 6.1). In particular, although it is not clear which
of the neutrons that contribute to X; € .#.(D x V) is marked as the spine, it is
included in the population at time . We are also interested in the configuration
of the single genealogical line of descent which has been marked “spine”. The
process that the spine follows in configuration space D x V will be denoted
(R?, 7)) :=((RY, 1), t >0).

The process X% alone is not Markovian, as it requires knowledge of the
spine process (R?, T'¢). However, together, the processes (X?, (R?, T?)) make a
Markov pair, whose probabilities we will denote by (If”l‘/i,(r’v), we M(DxV),re
D,veV).

We will write

n

~ (i, vi) ~ 1 / ~
pe = —pY = — @(r, v)u(dr, dv)P?
H Pl ; plel — H0vD ™ pio] Jpuy #a(rv)

when o = Y7 8¢, v,). In effect, the law ]f”ﬁ,(p u corresponds to picking the neutron
that will be identified as the spine at time ¢+ = 0 with a density ¢ with respect
to the initial configuration of neutrons, given by w. This corresponds to step 1 of
the construction of (X%, (R?, T9)). We write, for convenience, Py = (]}N”ﬂw, n e
).

The next result tells us that if we can ensure that we launch (X%, (R?, T%))
with a particular initial configuration of neutrons and a randomised allocation for
the spine among them according to I@)ﬁ,w, then observing the process X% without
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>

7

Fig. 6.1 A possible path realisation of the spine decomposition. The red path is that of the spine.
The neutrons at time ¢ = 0 are depicted by o, and fission events are depicted by e. Particles depicted
in black evolve as the bulk of X¥

knowing (R¥, T'?) is equivalent to what one sees of the original NBP under the
change of measure (6.7).

Theorem 6.4 Under assumptions (H1) and (H2*), the process (X, P¥) is Marko-
vian and equal in law to (X, P?), where P? = (P%, u € M.(D x V)).

Theorem 6.4 also tells us that the effect of changing probabilities via the
mechanism (6.7) results in the NBP taking the shape of what is tantamount to an
NRW with immigration. Indeed, aside from other neutrons present at time t = 0
which evolve as NBPs, we may think of the spine as a special particle which moves
around according to (R¥, %) and immigrates particles into the bulk of X¢ at a
special rate and with a special fission kernel, both depending on (R?, T°¥). Once
particles immigrate, they evolve as a normal NBP.

We would also like to understand the dynamics of the spine (R?, T¥) as an
autonomous process. For convenience, let us denote the family of probabilities
of the latter by PY = (f"fw), r € D,v € V), in other words, the marginals of

(]F)z,(r,v)’ weM(DxV)reDveV).
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We further define the probabilities PY := (P‘fr’u), (r,v) € D x V) to describe the
law of an «?7?-NRW, where

@, V)
@(r,v)

(os(r, v)7s(r, v, V) + 05 (r, V)TE(r, L, V),

(6.9)

af (r,v)r?(r,v, V') =

forr € D, v, v’ € V.Recall from (4.1) that

ﬂ@w=%mv%/nmmmwd—0,
Vv

and recall that (R, 7") under P is the amr-NRW that appears in the many-to-one
Lemma 4.1. We are now ready to identify the spine.

Lemma 6.2 Under assumptions (H1) and (H2*), the process ((R?, T'%), P¥) is an
NRW equal in law to ((R, 1), P?) and, moreover,

¥
) — oMty B(Rs Yy)ds ¢(R:, T1)

1 py, t>0,reD,velV.
i) | ¢ o(r,v) =T
(6.10)

In addition, (R, T°), P?) is conservative with a stationary distribution
@@(r,v)dron D x V.

Recalling the discussion in Sect. 2.3, we can develop a heuristic understanding of
the motion of the spine via its generator. Taking account of the fact that ((R, 7), P)
is an arr-NRW, in the spirit of the discussion in Sect. 3.3, it is easy to write down
the action of its generator as

Lf(r,v) =v-V,f(r,v)+ alr U)f (f(r, V) = f(r,v) w(r, v, v)dV,
%
(6.11)

for f € BY(D x V) such that V, f is well defined. According to Theorem 6.2,
the change of measure (6.10) means that the spine under P¥ has a generator whose
action is given by

LY f = o ML + B — 1) (@f),

where we have appealed to the spirit of the calculations in (2.11) and (2.43). As
such, we have

L f(rv) = v -V, f(r,v) + Mf(r, V) + BF (V) — A f(r, V)
@(r, v)

a(r,v)
(p(r? U) |4

(f(r, v — f(r, U)) o(r, V) (r, v, v)dV
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a(r,v) , , ,
TR uLl f (0(r V) — p(r. v)) 7(r, v, V)dv
pr,v) Jy

=v. -V, f(r,v) + (L+ P~ 1de(r, U)f(r, v)
@(r,v)

+a(r, U)/v (fr,v)) = f(rv)

@(r, V)
(r,v)

w(r,v, v)dv'.

(6.12)
From Theorem 4.1, we know that ¢ is an eigenfunction for the semigroup (v, t >
0), which, in turn, by the many-to-one Lemma 4.1, is also the semigroup of

((R, T),P) with potential 8. We would thus expect, at least heuristically, that
(L + B — L)@ = 0. Using this in (6.12), we conclude that

L f(r,v)=v- -V, f@r,v) +a, U)/ (f(r,v) = f(r,v))
\%4

@(r, V)
@(r,v)

X

w(r, v, v)dv'. (6.13)

In conclusion, the behaviour of the spine motion under the change of measure is
equivalent to a @-tilting of the motion of the ar-NRW, favouring the outgoing
configurations (r, v) for which ¢(r, v') > @(r, v), where (r, v) is the incident
configuration, and penalising when the inequality goes in the other direction.

6.4 Skeletal Decomposition

There is also a second path decomposition that is fundamental to understanding the
stochastic behaviour of the NBP in the supercritical setting, namely the skeleton
decomposition. In rough terms, for the NBP, we can speak of genealogical lines of
descent, meaning neutrons that came from a fission event of a neutron that came
from a fission event of a neutron, and so on, back to one of the initial neutrons at
time ¢ = 0. If we focus on an individual genealogical line of descent embedded in
the NBP, it has a space-velocity trajectory which takes the form of an NRW whose
spatial component may or may not hit the boundary of D. When the NBP survives
for all time, which of course is only possible in the supercritical setting, there must
necessarily be at least one genealogical line of descent whose spatial trajectories
remain in D forever.

It turns out that there are many immortal genealogical lines of descent that
survive eternally on the survival set of our NBP. Indeed, together they create
an entire subtree which is itself an NBP, albeit with biased stochastic behaviour
relative to the original NBP, known as the skeleton. The basic idea of the skeletal
decomposition is to understand the space-velocity dynamics and the fission process
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of the embedded neutron branching process of immortal genealogies. For the
remaining neutron genealogies that go to the boundary of D or end in neutron
capture, the skeletal decomposition identifies them as immigrants that are “dressed”
along the path of the skeleton.

The remainder of this section is devoted to a description of the skeletal
decomposition for the NBP. As with most of the exposition in this part of the book,
the skeletal decomposition can be stated in the much more general setting of non-
local branching Markov processes, and we will deal with this in full rigour in Part
II of the book.

Let us start by first introducing some more notation. First, define

w(r, v) = IP(;(r_U) (¢ < 00), reD,veV, (6.14)

where we recall ¢ = inf{r > 0 : X,[1] = 0}. We extend the definition of w to
allow it to take the value 1 on the cemetery state 7. We will also frequently use the
notation

pr,v) :=1—w(r,v), reD,veV,

for the survival probability.
Given the configuration {(r;(¢), v;(¢)),i = 1,--- , N;} of our NBP at time t > 0,
it is clear that

N
{¢ < o0} = m{Xs(i)[l] = 0 for some s > t},

i=1
where (X @ =1,... , Ny) are independent copies of X under the respective

probabilities ]P%- @) i =1,---, N, It follows that, by conditioning on §;, =
o(Xs,s <t),fort >0,

Ni

w(r,v) = Es, {]‘[ w(ri (1), vi (t))j| . (6.15)
i=1

Recall that B, is a slight adjustment of P, which returns a value of 1 on the event

of killing. Taking Lemma 5.2 and (6.15) into account, it is easy to deduce that w is
an invariant solution to the P4l-Bell equation (5.7). Hence,

t
w(r, v) = B, [w](r, v) —i—/ P [Glw]] (r,v)ds, t>0,reD,veV, (6.16)
0

where we recall that
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N
Glwl(r, v) = oe(r, V)0 |:l_[ w(r, v;) — w(r, v):| . (6.17)

i=1

We also have the following lemma, which will be necessary for the development
of the skeletal decomposition.

Lemma 6.3 Assuming Ly > 0, we have infrcp yey w(r,v) > 0 and w(r,v) < 1,
forre D,ueV.

Proof On account of the inclusion {¢ < oo} C {Ws = 0}, we see that w(r, v) <
IP’(;(W)(WOo = 0),r € D,v € V. Recalling from Theorem 6.1 that W converges
both almost surely and in LY (P) to its limit, we have that Ps,.,,(Weo = 0) < 1
forr € D,v € V. This, combined with the fact that every particle may leave the
bounded domain D directly, without scattering or undergoing fission, with positive
probability, gives us that

L,
e~ Jo M olrtusvds ) < 1 forallr € D, v e V. (6.18)

Note that the lower bound is uniformly bounded away from O thanks to the
boundedness of D, the minimal velocity vnin (Which together uniformly upper
bound K,?U), and the uniformly upper bounded rates of fission and scattering. The
upper inequality becomes an equality for r € 9D and v - n, > 0. O

Recalling that P is the semigroup for the o,m;-NRW killed on exiting D, we may
rewrite (6.16) in the form

IATD Glw](R;, T¥)
w(r, v) = E(r,v)[w(RtArD, TIATD)] + E(r,v) |:/(; w(Ry, ﬂ)#d ] s

w(Ry, 1)

t > 0, where we recall that Tp denotes the first time the o57r5-NRW exits D and we
have extended the definition of w to take the value 1 on the cemetery state, which, in
the current setting, is the boundary of D. Noting that, thanks to the previous lemma,

SuUp,¢p vey Glwl(r, v)/w(r, v) < oo,

we can appeal to Theorem 2.1 to obtain

"0 G[w](Ry, 1)
w(r, U) = E(r,U) [w(Rt/\rD, T,A,D)exp </(; mdé‘)] s (619)

forallr € D, v € V,t > 0. This identity will turn out to be extremely useful in our
analysis, and in particular, the equality (6.19) together with the Markov property of
(R, T) implies that the object in the expectation on the right-hand side of (6.19) is
a martingale.
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In Theorem 6.5 below, we give the skeletal decomposition in the form of a
theorem. In order to state this result, we first need to develop two notions of
conditioning. We remind the reader that there is a glossary at the end of the book
containing the various notation we introduce and use.

The basic pretext of the skeletal decomposition is that we want to split genealog-
ical lines of descent into those that survive forever and those that are killed. To this
end, let ¢;(¢) denote the label of a particle i € {1,..., N;}. We label a particle
“prolific”, denoted ¢;(#) =1, if it has an infinite genealogical line of descent, and
ci(t) =, if its line of descent dies out (i.e., “non-prolific”’). Ultimately, we want to
describe how the spatial genealogical tree of the NBP can be split into a spatial
genealogical sub-tree, consisting of 7-labelled particles (the skeleton), which is
dressed with trees of | -labelled particles.

Let P¥ = (P§<r o ! € D,v € V) denote the probabilities of the two-labelled
process described above. Then, fort > 0and r € D, v € V, we have the following
relationship between P* and P

P} Ni

2o T (o= + Lao=1) = 1 (6.20)
(ci(n="1) (ci(H=1{) ’ :

dIP’g(w) 5. E

where §oo = 0 (Us=03;). Projecting onto §;, for # > 0, we have

)

= > JIPenc@=118 [] Ps., @ =418

dP} N
(r,v)
—2  =Es,, ( (Le;in=1 + Lew=1))
dIP’g(r‘w s 111

I1C{1,..N;} i€l ie{l,..N;\I
= > []reio.vi@y [ wei@.v@). (6.21)
I1<{1,..N,} i€l ie{l,...,N\\I
where we understand the sum to be taken over all subsets of {1, ---, N;}, each of

which is denoted by 1.

The decomposition in (6.21) indicates the starting point of how we break up the
law of the NBP according to subtrees that are categorised as | (with probability
w) and subtrees that are categorised as 1 with | dressing (with probability p), the
so-called skeletal decomposition.

In the next two sections, we will examine the notion of the NBP conditioned to
die out and conditioned to survive. Thereafter, we will use the characterisation of
these conditioned trees to formalise our skeletal decomposition.
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1-Trees

Let us start by characterising the law of genealogical trees populated by the marks
J. Thanks to the branching property, it suffices to consider trees which are issued
with a single particle with mark |. By the definition of the mark cy(0) = |, where
( is the initial ancestral particle, this is the same as understanding the law of (X, IP)
conditioned to become extinct. Indeed, for A € §;,

Py, (A)=P)  (Alcy(©0) =)
Pﬁ(,,u)(A; ¢i =1, foreachi =1,..., Ny)
Py (cp(0) =1)

_ Ea(r,u) [1A l_[llvztl lU(ri (t)’ vj (t)):l

T (6.22)

We are now in a position to characterise the NBP trees which are conditioned
to become extinct (equivalently, with genealogical lines of descent which are
marked entirely with |). Heuristically speaking, the next proposition shows that
the conditioning creates a neutron branching process in which particles are prone to
die out (whether that be due to being absorbed at the boundary or by suppressing
offspring).

Lemma 6.4 (| Trees) For initial configurations of the form (. =Y '_ 8(, v;), for

n € Nand (r1,v1), -, (r,, uy) € D X V, define the measure Pﬁ via
|2
Plﬁ = ®?=1P5(ri~vi)’

i.e., starting independent processes at configurations (r;, v;) each under ]P’g(r. oy’ for
i =1,---,n, where ]P’g(r oy Was defined in (6.22). Then, under ]P’t, X is an NBP

with motion semigroup P¥ and fission mechanism G* defined as follows. The motion

semigroup pY is that of an NRW with probabilities (P(im)), reD,veV) where
\:
jllz(r,u) _ U)(RtAfpv Tt/\rD) exp (/t/\rD G[w]RERs;ﬁTs)ds) 1> 0.
(r,v) o(Re.Ty).5<1) w(r, v) 0 w(Ry, Ts)
(6.23)

Forre D,veV,and f € Bl+(D x V), the fission mechanism is given by

1
clfl= —[Glfwl - felwll, (6.24)
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which may otherwise be identified as

N
G f10r V) = of (r, V)E, [ [1r0 00— re u)],
j=1

where

clwl(r,v)  oe(r,v)

N
aé(r,v):aﬂx)—i— éax|:1_[w(rj,vj)], reD,veV,
j=1

w(r,v)  wrv)
(6.25)
and
!
426w _ l_[,Nzl w(r;, vi)
N
L0 o 01,001ty é%nu)[Iszllv(rijj)]
oe(r, v) N
= ——————[Jwoi, v (6.26)
of (r,V)w(r, v) ;3
$-Trees

In a similar spirit to the previous section, we can look at the law of our NBP, when
issued from a single ancestor, conditioned to have a subtree of prolific individuals.
As such, for A € §;, we define

Pt

S(W)(A;ci =1, foratleastonei =1,..., N;)
(Aleg(0) =1) = —

P, (o0 =1

Es,,., [IA (1 — ]_[lN:’1 w(r; (1), v; (t))]
B p(r,v) '

3
]P)S(r,u)

6.27)

In the next proposition, we will describe our NBP under IP’;A’(V U)(-|C@ ©0) =1). In
order to do so, we first need to introduce a type-1-type-| NBP. ’

Our type-1-type-| NBP process, say XV = (X f ,t > 0), has an ancestor which
is of type-1. We will implicitly assume (and suppress from the notation X¥) that
Xg = §(v) for (r,v) € D x V. Particles in X?¥ of type-1 move as a PT-Markov
process, which we will formally define shortly. When a branching event occurs for
a type-1 particle, both type-1 and type-| particles may be produced, but always at
least one type-1 is produced. Type-1 particles may be thought of as offspring, and
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any additional type-| particles may be thought of as immigrants. Type-| particles
that are created can only subsequently produce type-| particles in such a way that
they give rise to copies of (X, P¥).

The joint branching/immigration rate of type-1 and type-| particles in X¥ at
r € D,v €V is given by

N

¢ oe(r, v)
ol (r,v) = Erv | 1 — wri,vi)|. 6.28
£(rv) = T Gy E (rjs vj) (6.28)

We can think of the branching rate in (6.28) as the original rate o¢(r, v)
multiplied by the probability (under &7 ,,) that at least one of the offspring is
of type-1, given the branching particle is of type-1

At a branching/immigration event of a type-1 particle, we will write NT and
((rf, U;),i = 1,---,N") for the number and positions of type-1 offspring
and NV and ((r}, v}),j =1, ,N¢) for the number and positions of type-
$

(r,v)’
random variables. Formally speaking, the fission mechanism, @?, that describes the

offspring/immigrants for a type-1 particle positioned at r € D, v € V is written

| immigrants. We will write (& r € D,v € V) for the joint law of the

NT NV
Gf.glnvy =l | &8, [ TT el oD [Teer. v | = v |,
i=1 j=1
(6.29)

for f,g € B (D x V).

Foreachr € D, v € V, the law ﬁfr vy can be defined in terms of an additional
random selection from ((r;, v;),i = 1,---, N) under &, ,,). Write A~ T for the set
of indices in {1, - - - , N} that identify the type-1 particles, i.e., ((r;, v;), i € AN =
((rJT, U/T), j=1,---,N"). The remaining indices {1, --- , N} \ 4T then identify
the type-| immigrants from ((r;, v;),i = 1,---, N). Thus, to describe gz(iw)’ for
any r € D, v € V, it suffices to give the law of (N; (r1, v1), ..., (r,N UN); =/V¢).
To this end, for F' € o (N; (r1, v1), ..., (ry,vy)) and I € N, we will set

2! Fort =1

og(r,v)
= 1{|1|21}f—éo(r,u) 1rnpcq,.. Ny l—[P(Fi, v;)
$
og (r,v)p(r,v) iel
< J] weiw) }
ie{l,...N\I
(6.30)

Said another way, for all / C N,
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P (N =1a(N: (1,01, ..., (ry, U)))
[lics PCis v [icqr, g w(ris vi)
1= & []‘[")’:1 w(r, uj)]

= 1nznnuci,... Ny
(6.31)

The pairs ((rlT, Ul-T),i =1,---,N") and ((r}, v}),j = 1,---,NVY) under
(@¢ r € D,v € V) in (6.29) can thus be seen as equal in law to selecting

the (tr)’/l[}))e of each particle following an independent sample of the fission offspring
((ryvy1), ..., (rn, vy)) under &, ), where each (ry, vg) is independently assigned
either as type-1 with probability p(r, vg) or as type-| with probability w(rg, vx) =
1 — p(rx, vg), but also conditional on there being at least one type-1.

As such with the definitions above, it is now a straightforward exercise to
identify the fission mechanism in (6.29) in terms of ((r;, v;),i = 1,---, N) under
(Z¢v), r € D, v € V) via the following identity:

G f, gl(r, v)

=°f(r’“)£zr,u>[ S [Ireevofonw ] w(nw»g(ri,vi)}

r,v . ,
p( ) Ic(l,...N}yiel iefl,...N}\I
[]>1

—of (v f(rnv).  (6.32)

Lemma 6.5 (Dressed 1-Trees) Forr € D,v € V, the process X? is equal in law

to X under P§(r ” (‘leg(0) =1). Moreover, both are equal in law to a dressed NBF,

say X1, whose motion semigroup and fission mechanism are given by P1 and GT,
respectively. The motion semigroup P1 corresponds to the Markov process (R, T')
on (D x V) U {{} with probabilities (P(Tr’u), r € D,v € V) given by (recalling that
p is valued 0 on T)

T
dP(r,v) — PR, 1}) ex (_ /t Glw](Ry, TS)dS) >0
Pov) | romysey POV o PR T
(6.33)
and the fission mechanism is given by
1
¢ f1= S @lpf twl=(—felwd.  feBI(DxV). (6.34)

The dressing consists of additional particles, which are immigrated non-locally
in space at the branch points of X', with each immigrated particle continuing
to evolve as an independent copy of (XV,PY) from their respective space-point
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of immigration, such that the joint branching/immigration mechanism of type-1
offspring and type-|, immigrants is given by (6.32).

Theorem 6.5 (Skeletal Decomposition) Suppose that v = Y} 8(r; v;), forn €

Nand (r1,v1), -+, (ry,vy) € D x V. Then (X, Pi) is equal in law to
n . .
Y (exit+a-enxit),  izo, (6.35)
i=1
where, for eachi =1, ..., n, ®; is an independent Bernoulli random variable with

the probability of success given by
pri,vi) =1 —w(r, v), (6.36)

and the processes X'V and X" are independent copies of (X, Pg(r. o)) and
X, Pg(,_ o, Clea(0) = 1)), respectively.

As alluded to previously, Theorem 6.5 pertains to a classical decomposition of
branching trees in which the process (6.35) describes how the NBP divides into the
genealogical lines of descent which are “prolific” (surviving with probability p), in
the sense that they create eternal subtrees which never leave the domain and those
which are “unsuccessful” (dying with probability w), in the sense that they generate
subtrees in which all genealogies die out.

Remark 6.2 Itis an easy consequence of Theorem 6.5 that, for ¢ > 0, the law of X ,T
conditional on §; = o(Xy, s < 1) is equal to that of a Binomial point process with
intensity p(-)X;(-). The latter, written BinPP(pX;), is an atomic random measure
given by

N,
BinPP(pX,) = Y Oi8(:(1).0:1))-

i=1

where (we recall) that X; = Z,N:tl 8¢r;(1),ui (1))> and ®); is a Bernoulli random variable
with probability p(r; (¢), vi(¢)),i = 1,---, N;.

Remark 6.3 It is also worth noting that the skeleton process X', given above,
necessarily has at least one type-1 offspring at each branch point and indeed might
have exactly one type-1 offspring (although possibly with other simultaneous type-
J immigrants). As such, an alternative way of looking at the type-1 process would
be to think of the skeleton of prolific individuals as an NBP with fission mechanism
G" that produces at least two type-1 offspring at each branch point and with a
modified motion PT (in place of P') which integrates the event of a single type-1 as
an additional scattering in the movement. However, note these additional jumps are
special in the sense as they are also potential points of simultaneous immigration of
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type-| particles, unlike other jumps corresponding to PT where there is no type-|,
immigration.

Remark 6.4 As with the spine decomposition, we can understand (heuristically)
the motions of X' and XV through the action of their generators. By considering
only the leading order terms in small time of the process (X;);>0, the action of the
generator can be seen as the result of the limit

!
Lf =1[1¢113;(Pz[f] -, (6.37)

for suitably smooth f. Again, it has been shown (cf., e.g., [30, 33]) that the action
of the generator corresponding to P is given by

Lf(r,v)=v-V,f(rv)+ / (f(r, V) = f(r,v)) os(r, v)7s(r, v, V)V,
%
(6.38)

for f € BY(D x V) such that V, f is well defined. We emphasise again that, in
view of Remark 6.3, this corresponds to motion plus a branching event with one
offspring (or scattering).

The change of measure (6.23) induces a generator action given by

Lif(r, v) = W v) L(wf)(r,v) + f(r,v) GEZ)] (r,v)
=v-V, f(r,v) +/ (f(r, V) = f(r,v))os(r, U)w(r’ v)
1% w(r, v)
x 1ws(r, v, v)dU
+ f(r,v) (L—w + M) (r, v)
w w
=v-V, f(r,v) +/ (f(r, ") = f(r,v)) os(r, U)U)(}”, v)
v w(r, v)
x 1g(r, v, V')AV, (6.39)

where the fact that the right-hand side of (6.23) is a martingale will lead to Lw +
Glw] = 0.

In other words, our heuristic reasoning above shows that the motion on the |-
marked tree is tantamount to a w-tilting of the scattering kernel. This tilting favours
scattering in a direction where extinction becomes more likely, and as such, Lt
encourages |-marked trees to become extinct “quickly”.

Almost identical reasoning shows that the change of measure (6.33) has generator
with action
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Glw]

L' f(r,v) = L(pf)(r, v) = f(r,v)—(r, V)
p(r,v) P
:u.Vrf(r,U)—i—/ (f(r,v’)—f(r,v))as(r,v)p(r’v)
14 p(r,v)
x s (r, v, V')AV, (6.40)

for suitably smooth f, where we have again used Lw + G[w] = 0 and left the
calculations that the second equality follows from the first as an exercise for the
reader. One sees again a p-tilting of the scattering kernel, and hence LT rewards
scattering in directions that “enable survival”. Note that, moreover, for regions of
D x V for which p(r, v) can be come arbitrarily small (corresponding to a small
probability of survival), the scattering rate also becomes very large, and hence L"
“urgently” scatters particles away from such regions.

6.5 Comments

Additive martingales are inherently natural objects that appear in all branching
processes. In the setting of Bienaymé—Galton—Watson processes, the additive
martingale takes the simple form of the number of individuals alive in the n-th
generation, divided by its mean. In more general settings, they rely on the existence
of an appropriate eigenvalue and eigenfunction, from which they can be built.
Martingale convergence theorems are core to the theory of branching processes in
general and Theorem 6.1, proved in [74], is a typical contribution in this respect.

Additive martingales and the spine decomposition that comes with them have
found favour as a tool to prove other results for a variety of spatial branching
processes. See for example [58, 112, 124] and [53]. Their use for the analysis of
neutronics is non-existent prior to the papers of Horton et al. [74] and Cox et al.
[32]. The result on the spine decomposition in this chapter is taken from [74].

The strong law of large numbers in Theorem 6.3 is also a result of classical
interest for branching processes and a natural extension of martingale convergence.
As alluded to earlier in this chapter, whereas the asymptotic behaviour of the
neutron transport equation provides average behaviour, Theorem 6.3 and the remark
beneath it develop stochastic behaviour, and this explains the difference between
stabilisation in mean and yet almost sure extinction at criticality. In the nuclear
literature, this phenomenon is called the “critical catastrophe”, a phrase coined by
Williams [131], which results in “patchyness” of particle clusterings, cf. Dumonteil
et al. [45]. As we will see later in Chap. 12, this is a general phenomenon for general
branching processes.
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Similarly to spine decompositions, skeleton path decompositions are absent from
the neutronics literature prior to Harris et al. [69], from where the results in this
chapter are taken. More details on and references for the use of spine and skeletal
decompositions in branching processes are given in the comments and the end of
Chap. 11. In addition, the origin and influences of the proofs of the spine and skeletal
decompositions for a more general setting than the one specified in this chapter are
also discussed.



Chapter 7 ®
Generational Evolution Creck or

The eigenvalue problem in Theorem 4.1 is not the only one that offers insight
into the evolution of neutron transport. In this chapter we will consider two
different time-independent, or stationary, eigenvalue problems. The one that is of
most interest to the nuclear industry is known as the kefe-eigenvalue problem.
Roughly speaking, the eigenvalue korr has the physical interpretation as being
the ratio of neutrons produced during fission events to the number lost due to
absorption, either at the boundary or in the reactor due to neutron capture. As such,
it characterises a different type of growth to the eigenvalue problem considered in
the continuous-time setting in Theorem 4.1. In this chapter, in a similar fashion to
the time-dependent setting, we will explore the probabilistic interpretation of kegr
and its relation to the classical abstract Cauchy formulation.

7.1 kese-Eigenvalue Problem

In previous calculations, we worked with the backward transport, scatter, and fission
operators defined by the arrangement of the operators in (3.7). In order to state
the kore-eigenvalue problem, we need to consider different arrangements of these
operators, again keeping to the backwards setting, as we will largely engage in
probabilistic analysis. We need to work with the dual operators, in the L2(D x V)
sense (see (3.3)), to the forward transport, scatter, and fission operators, .7, ., and
Z . To this end, define

T frv) i=v-V[f(r,v) =0, v)frv)
L f(r,v) = 0s(r,v) [y, fr, V) (r, v, V)V (7.1)
F f(r,v) := o (r, v) [y [, v)me(r, v, 0)dV,
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where the cross sections were defined in Chap. 1.

As mentioned above, the kefe-eigenvalue problem is a time-independent, or
stationary, problem and corresponds to finding a value kees > O and a function
0 <we L*(D x V) such that for (r, v) € D x V,

Fo(r,v) + Lo(r,v) + Fw(r,v) = 0. (7.2)

kets

As in Chap. 1, we understand the equality to hold on L2(D x V).

The parameter ker¢ can be interpreted as a measure of the typical number of
neutrons produced from one generation to the next. From (7.2), we see that, by
dividing the fission operator by the eigenvalue k.r¢, this quantity establishes the
balance between fission and loss of mass due to neutrons leaving a boundary or
neutron capture. Note that, heuristically speaking, apart from losing neutrons to a
physical boundary, the transport and scatter operators preserve the total mass.

With this interpretation, the regime kerr > 1 corresponds to a supercritical
system, kegg = 1 corresponds to a critical system, and kerr < 1 corresponds
to a subcritical system. Moreover, kess = 1 precisely when A, = 0 in the time-
dependent problem, and the right eigenfunctions ¢ and w are equal as indeed are the
left eigenfunctions.

Just as we have seen that the meaning of the time-dependent A.-eigenvalue
problem can be phrased in terms of a multiplicative invariance with respect to the
solution of an ACP (1.9), we can also consider the existence of classical solutions
to the kes¢-eigenvalue problem (7.2).

In order to do this, it is necessary to consider the following ACP on LY(D x V):

0 ~ ~

up = g.

Then, just as in the spirit of (1.9) and Theorem 1.1, it is not difficult to show that
the operator (7 + ., Dom(Z + .¥)) generates a unique solution to (7.3) via the
co-semigroup (A;, t > 0) given by

Arg =exp(t (T +.9))g,

on L>(D x V). Classical semigroup theory applied to the semigroup A, then yields
the existence of solutions to (7.2).

Theorem 7.1 Suppose that (H1) holds, that the cross sections oems and og7g are
piecewise continuous, and that o (r, V)7 (r, v, V") > 0 and o¢ (r, V)7s(r, v, V') >
0on D x V x V. Then there exist a real eigenvalue kers > 0 and associated
eigenfunction 0 < w € L*(D x V) such that (7.2) holds on L*(D x V). Moreover,
kess can be explicitly identified as
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~ ~ 1 4
kegs = sup {k (T + D)o+ —Fw =0 for some w € L*>(D x V)} (7.4)

=~

and is both algebraically and geometrically simple.

However, our main objective in this chapter is to identify the eigenvalue
problem (7.2) in terms of a probabilistic semigroup. For this, we will need to
introduce the notion of generational times.

7.2 Generation Time

In order to develop a probabilistic interpretation of the k. rs-eigenvalue problem via
expectation semigroups, we first need to consider a generational model of the NBP.
To this end, let us think of each line of descent in the sequence of neutron creations
as a genealogy. In place of (X, t > 0), we consider the process (2, n > 0), where,
forn > 1, 2, is #.(D x V)-valued and can be written

N@®
In = 25(”@)’%@),
=1

i=

where {(ri("), Ul.(”)), i =1,---N™} are the position-velocity configurations of the
N™ particles that are in the n-th generation of their genealogical lines of descent.
We will use “n-th generation” to mean the collection of neutrons that are produced
at the n-th fission event in each genealogical line of descent form the initial ancestor
at time zero. In either case, 2 is consistent with X and is the initial configuration
of neutron positions and velocities. As such, for n > 1, we can think of 2, as the
n-th generation of the system and we refer to 2~ = (%,,n > 1) as the neutron
generational process (NGP). The reader who is more experienced with the theory of
branching processes will know that .2, is an example of what is called a stopping
line.

Appealing to the obvious meaning of Z;[g], we define the expectation semi-
group (P,,n > 0) by

d)n[g](r, U) =E5(r,v) [‘%;’l[g]]’ n ZO,I" € D7U S Vv (75)
with ®@g[g] := g € BT (D x V). To see that this is indeed a semigroup, for n > 0,
let ‘R, denote the sigma algebra generated by the process up to the n-th generation.

Fixing m, n > 0, we have

By pmlg1(r, V) = Es,, [E[Z5mlg] R, 1]



130 7 Generational Evolution

N
=Esp | D Es o o [(& Zn)]

i=1
= @[ Pulgll(r, v). (7.6)

We would like to formulate the eigenvalue problem (7.2) in terms of the
semigroup (®@,,n > 0). We now introduce the problem of finding the (pre-
emptively named) pair kers > 0 and w € BT (D x V) such that

D [w](r, v) = kesro (1, V), reD,veV. (7.7)

We will shortly show the existence of a solution to (7.7), which plays an important
role in the asymptotic behaviour of @, as n — oco. Before doing so, let us give a
heuristic argument as to why (7.7) is another form of the eigenvalue problem (7.2).

First recall that o4 is the instantaneous rate at which scattering occurs and
that o (r, v)me (r, v, V)dU’ is the instantaneous rate at which fission occurs, con-
tributing average flux with velocity v’. Writing ((Ry, 7y), s > 0) with probabilities
(P‘(Trs:gf, r € D, v € V) for the o5s-NRW, by conditioning on the first fission time,

we get,forr € D,v e V,andg € BT (D x V),

S s
@,[gl(r, v) = E*™¢ [ / L(y<1p)0e (R, Ty)e™ Jo oe(Ru Ti)du
0

(r,v)

X/ we(Ry, Ts, U/)¢i‘l—l[g](RSs U/)dU/dS:|
\4

(r,v)

0 s A
=E}; [ f Lgarpye ot ReTMGZ ), [e](Ry, T5) ds] :
0
where we have used (7.1). This tells us that @, solves the mild equation

o0
Bl v) = / o [F, 1151 ¢ vds, (1.8)
0
where (Qg, s > 0) is given by

Qulgl(r v) = Eg: 5 [e o e Re Tl g (R 1)1y | (7.9)
and tp = inf{t > 0: R; € 9D and ng, - 7; > 0}. Informally speaking, (Qy, s > 0)
is the expectation semigroup associated with the operator .7 4. . To see why, recall
that o = o¢ + 05 and hence
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(T + . P)fr,v)

=v- -Vf@r,v)—o(,v)fr,v) +os(r, v) / fr, Vs (r, v, v)dV'
v
=v-Vf(r,v)+os(r, v)/ [f(r, V) — f(r, 0)]ns(r, v, V)V — o5 (r, V),
v

which is the infinitesimal generator of a o475-NRW with killing rate o¢ as in (7.9);
see the discussion around (2.11) for generator heuristics.

If the pair (kefg, @) solves (7.7), an iteration of the semigroup property (7.6)
implies that

kisro(r,v) = @,lw](r, v), reD,veV.

Substituting this into (7.8) and dividing through by k., yield

o(r, U):/OOQS[ ! 3%] (r, v)ds. (7.10)
0 kess
Now set
t
Vilgl(rv) = /O 0, [g] (2 v)ds. (7.11)

The heuristic Feynman—Kac formula that was discussed for differential equatlons of
the type (2.18) tells us that, since Q is associated with the generator T+ .7, we
should expect that V; “solves” the equation

8V,

T = (T + Vi +sg, (7.12)

with Vo = 0. From (7.11), aV;/dot = Q[g], which tends to zero as t — 00
thanks to the transience of (R, 7); that is to say, (R, 7)) will eventually be killed.

Hence, taking g = k_, ffJa) letting t+ — oo in (7.12) and (7.11), and using the
identity (7.10), we get (7.2).
Conversely, suppose that (k, ) solves (7.2). Combining this with (7.8) yields

Di|w](r,v) = / Qs[ja)](r, v)ds = —k/ Qs[(fA + 5’?)60](}’, v)ds.
0 0

Now suppose we can make rigorous the claim that Q is the semigroup associated

with the operator J + .. This would (heuristically) imply that Q; = €° T+ ),
which would in turn yield
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&1 [w](r, v) = —k/ TG + . P)ol(r, v)ds.
0

Naively performing the integration on the right-hand side above and again using the

fact that the osms-NRW is transient, so that limg_, oo €° T+ = 0, show that
(k, w) satisfies (7.7).

7.3 Many-to-One Representation

In this section, we construct a many-to-one formula associated with the semigroup
(®@,,n > 0) in the spirit of the continuous-time counterpart given in Chap. 4. For
ease of notation, let

m(r,v) = / me(r, v, V)dV’ (7.13)
v

denote the mean number of neutrons generated by a fission event at (r, v) and
consider a 00-NRW, where

os(r, v) o (r,v) me(r, v, V)

o(r,v,v) = , reD,v,v eV.

(7.14)

We can think of the 06-NRW as equal in law to the following process. For k > 1,
when the NRW (R, 7") scatters for the k-th time at (r, v) (with rate o (r, v)), a
coin is tossed and the random variable I;(r, v) takes the value 1 with probability
oe(r,v)/o(r,v) and its new velocity is selected according to an independent
copy of the random variable (**)kf (r, v), whose distribution has probability density
e (r, v, v")/m(r, v). On the other hand, with probability og(r, v)/o (r, v), the
random variable I (r, v) takes the value O and its new velocity is selected according
to an independent copy of the random variable ®F (r, v), whose distribution has
probability density 75 (r, v, v"). As such, the velocity immediately after the k-
th scatter of the NRW, given that the position-velocity configuration immediately
before is (7, v), is coded by the random variable

o(r,v) s (r v, V) + o(r,v) m(r,v)

Ik (r, VO (r, v) + (1 — I (r, V) OL(r, V).
We can thus identify sequentially 7p = 0 and, forn > 1,
T, =inf{t > T,—1 : 1; # T;— and Iy, (R;, 1;—) = 1}, (7.15)
where (k;,t > 0) is the process counting the number of scattering events of the

o 6-NRW up to time 7. We can think of the above description as giving us a marked
version of the 06-NRW, in the spirit of Poisson thinning. As previously mentioned
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in Sect.3.3, let us, for convenience, denote the law of this marked 06-NRW by
P?fu), reD,veV.

Note, for the above construction of indicators to make sense, we should at
least have some region of space for which fission can take place. As such, the
assumption (H3) becomes relevant here. Analogously to Lemma 4.1, we have the

following many-to-one formula associated with the NGP.

Lemma 7.1 (Generational Many-to-One) Suppose (HI1), (H2), and (H3) hold.
The solution to (7.8) among the class of expectation semigroups is unique for g €
BT (D x V) and the semigroup (®,, n > 0) may alternatively be represented" as

n
Pnlgl(r,v) = E?,?U) |:l_[ m(Ry,, Yr,-)g(Ry,, TTH)I(TM<KU):| , (7.16)
i=1

forr € D,v € V,n > 1, (with ®glg] = g), where (R, T;)i>0 is the 06-NRW
marked at times (T;, i > 1), m(r, v) was defined in (7.13), and

«P =inf{t >0: R, € 9D andng; - 1; > 0}.

Proof We first note that the sequence (@,,n > 0) as defined in (7.16) is a
semigroup since, due to the strong Markov property, we have

Pnym[g](r, v)

n+m
= E((Tr?U) |:E09 |:l_[ m(RTz’ TTi_)g(RTn-f—m’ TTn+m)1(Tn+m<KD)

i=1

n
[ 0
=E}’, []‘[ m(R;, Y1, )EQR, 7,

i=1

m
x |:Hm(RTw T7,-)8(Rt,,, TTm)l(Tm<KD):| 1(T,,<KD)j|

i=1
= &,[Dp[g]1(r, v), reD,veV.

In order to show that @,, defined in (7.16) does indeed solve (7.8), we consider
the process at time 77. Before doing so, we first note that the 06-NRW has the
same dynamics as the ogms-NRW over the time interval [0, 77) and, at time 77,
which occurs at rate o¢, the new velocity of the 06-NRW is chosen according to the
expectation operator

! Here, we define H?:l =1
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7Tf(r, v, U/) /

Elgl(r, v) = /V g(r,v')

m(r, v)

Applying the strong Markov property at time 77,

Pnulgl(r, v)

n
= E‘(’fu) []_[ m(Ry;, Y1,-)g(Rr,, TTn)l(Tn«D)}

i=1

= B3/, [m(Re, Yr, 0810181 RE, T )1, o))

0o s
B / EZY,, [os (R, e oot ReTdi (R 7, )
0
xE1, 1 [g11(Ry, V3 )y ] ds

= /0 Q[ P,_11£11(r, v)ds,

where the final equality follows from the fact that mcrfco5 =Z.

It remains to show that (7.8) has a unique solution for g € BT (D x V) among the
class of expectation semigroups. Suppose that (@, n > 0) is another such solution
with @) = g € B (D x V). Define 7,, = &, — @, for n > 0, and note by
linearity that (7;,, n > 0) is another expectation semigroup with Yy = 0. Moreover,
by linearity, (7, n > 0) also solves (7.8). On account of this, it is straightforward
to see by induction that if 7;, = 0 then 7,41 = 0. The uniqueness of (7.8) in the
class of expectation semigroups thus follows. O

7.4 Perron-Frobenius Asymptotics

In this section we show that the semigroup (&,,, n > 0) exhibits a Perron—Frobenius
decomposition in a similar spirit to Chap. 4.

Theorem 7.2 (Generational Perron—Frobenius Asymptotic) Suppose (HI1) and
(H4) hold in addition to

(H3)**  The fission cross section satisfies inf,cp . v/cv 0¢ (1, V)7 (r, v, V') > 0.

For the semigroup (®,,n > 0) identified by (7.8), there exist kesr € R, a
positive® right eigenfunction o € BT (D x V), and a left eigenmeasure which is

2 To be precise, by a positive eigenfunction, we mean a mapping from D x V — (0, co). This does
not prevent it being valued zero on d D, as D is open.
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absolutely continuous with respect to the Lebesgue measure on D X V with positive
density @ € BT(D x V), both having associated eigenvalue k" .., and such that
w (respectively, @) is uniformly (respectively, a.e. uniformly) bounded away from
zero on each compactly embedded subset of D x V. Moreover, kess is the leading
eigenvalue in the sense that, for all g € BT (D x V),

<&)’ ¢n[g]> = kgff«;)v g> and éﬂ[w] = kgffa)v n 2 07 (717)
and there exists y > 1 such that, for all g € BT™(D x V),

sup
geB(DxV)

keteo ' Palgl = (@.9)| = 0 asn > 400 (718)

As in the continuous-time setting, to prove the above result, we will work with a
variant of the semigroup (®,,n > 0) in order to, then, apply Theorem 2.2. To this
end, note that under the assumption (H4), for non-negative functions g € BT (D x
V), we have

Es,.., [(g, 211 < IgllBs,., [{1, Z1)] < M]lgll, (7.19)

where

M= sup / we(r, v, VAV < ngax.
1%

reD,veV

Dividing both sides of (7.19) by M yields a sub-Markovian semigroup. To see
why, let I' = min{n > 0: K,(R7,, Y1,—) = 1} where forn > 0,r € D,andv € V,
the random variable K, (r, v) is an independent indicator random variable which is
equal to O with probability m (r, v) /M. With this in hand, we can write

O/ [gl(r, v) == M " ®,[g](r, v)

n

m(Rr,, Tr,—)

=E’, |:1_[ Tg(RT", Y1) (7, <0y
i=1

6
= E((]V,U) [g(RTn’ TTn)l(Tn<l<D,n<1")]

= K" [¢(Rr,. T1,)]. (7.20)

In a similar manner to the continuous-time case, we prove Theorem 7.2 by
extracting the eigentriple from the semigroup @', defined in (7.20), by using the
discrete time counterparts of assumptions (A1) and (A2), which we state here. In
order to state them, recalling the notation in (7.20), we define
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k:F/\min{nzlzTnzKD}.

Then, in this setting, (A1) and (A2) read as follows.

(A1)*  There exist ng, c; > 0 such that for each (r,v) € D x V,

Py’ (R, Y1) € - Ino < k) = c1v(-).
(A2)* There exists a constant ¢, > 0 such that for each (r, v) € D x V and for
every n > 0,

P (n <k) > P%% (n <Xk).

(r,v)

Theorem 7.3 Assume that (H1), (H3**), and (H4) are in force. Then, there exists
an eigenvalue k. € (0, 1) accompanied by an eigenmeasure on D x V with a positive
density @ € BY(D x V) and a positive right eigenfunction ® € B*(D x V) of &,
(defined in (7.20)), i.e., forall g € BT(D x V),

(@, ®)[gl) =k'(w,g) and ®)[w] =k'w, n=>0. (7.21)

Moreover, there exist C,y > 0 such that, for g € BT™(D x V) and n > 1
(independently of g),

Ko™ @lg]— (3. 8| = Cr gl (7.22)

In particular, setting g = 1,

kw0 P (n < k) — 1” <Cy™, n=l. (7.23)

As alluded to above, once Theorem 7.3 is proved, it is straightforward to conclude
that w and @ are the right and left eigenfunctions corresponding to the eigenvalue
kegs = kM for the semigroup @,,.

Proof of Theorem 7.3 We will use the notation J; to denote the k-th scatter event
of the random walk (R, 7") under P°? and recall that 7; denotes the scatter event
that corresponds to the k-th fission event in the original NBP. The basis of our proof
relies on the fact that, for each k > 1, Ty = J; with positive probability.

Another feature of our proof is that we will use a version of Lemma 4.4. Indeed
we may take the conclusion of this lemma replacing the law P™ by P77 (the latter
defined in (7.20)). We restate Lemma 4.4 in this new format for convenience. |

Lemma 7.2 Under the assumptions of Theorem 7.3, forallr € D andv € V, we

have

P77 (J7 <k Ry, €dz) < Cliep) dz,
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for some constant C > 0, and
P?% (1) <k, Ry, €dz) > clep)dz, (7.24)

for another constant ¢ > 0, where v is the Lebesgue measure on D X V.

By proving (A1*) and (A2*), we will get the statement of the theorem albeit that
the left eigenmeasure does not necessarily have a positive density. However, as in
the continuous-time case, that is, Theorem 4.1, it is possible to show that the left
eigenmeasure admits a density @ € BT (D x V), such that, on each compactly
embedded subset of D x V, w (respectively, @) is positive (respectively, positive
almost everywhere). Since the techniques used are similar to those of Lemma 4.5,
we leave this part of the proof as an exercise to the reader. Hence, to complete our
proof of Theorem 7.3, we focus on proving (A1*) and (A2*).

Proof of (AI*)

Fix ro € D and suppose Ty is uniformly distributed on V. The assumptions (H1)
and (H3**) tell us that fission occurs everywhere in the configuration space. With
these assumptions in hand, the techniques used in the proof of Theorem 4.1 to
prove (4.51) and the discussion thereafter also yield a similar estimate

2% [F (R L= <] = Co /D dzf @), (7.25)

where Cy > 0 is a constant.

Recall the (deterministic) quantity Krl(ivo = inf{r > 0 : ro + vot ¢ D}, for
ro € D, vgp € V, which was introduced in (3.13). From (H3**), the fact that o is
uniformly bounded from above, the strong Markov property, and (7.25), we have

EZ%T [ f(Rry, Yr) 1 Ty sy <10)]

(ro,vo)

D
Kro,uo _ = €
> C /0 dse=7°0 fv dvi L LRy Vo) =g, <)
> Cokl /D dr fv duf (r, v), (7.26)

where & = sup,cp ey 0(r,v) and 6 = inf.ep o ey O(r, v, V). The latter
is bounded from below because of (H3**). Finally, we note that, due to (HI)
and (H3**), 0 = inf,ep yev o (r, v) > 0. Hence, again using (H1), we have

PU@

(ro,vo)

D
KI‘ LU
(T, <k) <PP(J; <k) < / " dsgee < Ca? (7.27)

70,0 "
0



138 7 Generational Evolution

Combining this with (7.26) yields (A1*) with v as Lebesgue measure on D x V and
nog = 2. U

Proof of (A2%)

Again, we use a similar method to the one used in Chap. 4, and however, we state
the proof in full to illustrate where the differences occur. Let n > 7 and note that
T, — J7 = T, — T. This and the strong Markov property imply

PO’9

70 (n <k) <E [P"" Ty (=T < k)]

(rv) [T (R
<c /D [V P, (n—7 < k) dzdu, (7.28)

where we have used Lemma 7.2 to obtain the final inequality.
Now suppose n > 1. Recalling the measure v from (A1*), another application of
Lemma 7.2 gives

P71 < ¥ = B (10, 0PE, 7,y (0 < )]
> ¢ / [ P, (n < k) dzdw, (7.29)
DJV
Then, for n > 8§, combining (7.28) and (7.29) yields
C/
P (n<k) < 71";9 (n—7<%). (7.30)

It follows from (A1*) that
PO (R, T1,) € ) = 1P (ng < K)v (o). (7.31)

Again, due to assumptions (H1) and (H3**),
P?% (ng < k) > /D VP;’,?U)(TnO = Juy» 10 < K)v(dr, dv) > K, (7.32)
X
for some constant K > 0. Then, for n > 8, due to (7.31) and (7.32),

PrJ9 n—T4+ny)<k)= EfJ@ [1(”0<k)P((TI§T,,O,TTnO) n-7< k)]

> KeP?? (n—7<X%). (7.33)
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Finally, noting that for n > 1, we have n — 7 + 4n¢ > n, so that
Pge(n <k)> ng (n—7+4ny <k),
and applying (7.33) four times implies
PP(n <k)> (KPP (n—7 < k). (7.34)

Combining this with (7.30) yields the result. (]

7.5 Moment Growth

Just as in the continuous-time setting, it is possible to examine the growth of
moments for the different regimes, i.e., we can find analogues of Theorems 5.2, 5.3,
and 5.4 for generational time. Before proceeding, we need a little more notation.
To this end, we need to introduce the law of the point process of velocities when
fission occurs but relative to the configuration of the incident neutron when it came
into creation, rather than immediately before undergoing fission. The latter point
process was previously denoted by Z, with probabilities (), r € D, v € V).
Let us write Z(, ) as a notational convenience for (Z), when it has law Z, ..
We thus want to define the probabilities (P ), r € D, v € V) for the point process

such that the law of 2 under Py, ., agrees precisely with the law of

Pgs”s

Z(er,Trl) under rv)?

where 7 is the first time that a fission occurs. Another way of seeing this is that, for
any f € B¥(V),

o0 S
0
(7.35)

In the following results, we see that in generational time, the results are almost
identical to those in the continuous-time setting, given in Theorems 5.5, 5.6, and 5.7,
albeit that one must take care to note that the triple (kef¢, @, @) replaces the role of
(M, @, @) and (Z, &) is replaced by (Z, P).
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Theorem 7.4 (Supercritical, kers > 1) Suppose that (H1), (H3**), and (H4) hold
and kess > 1. Define

AP = sup kD O1g1(r, v) — 1AL F1°Le(r, v) |,
reD,veV.,geBl (DxV)

where L1 = w(r, v), and for k > 2, Ly (r, v) is given by the recursion

00 N
Lk(r,u)=Zke§§"+”¢> E[ Z ]_[ij(-,uj)] r,v),  (1.36)

with ki, ..., kN]i+ defining the set of non-negative tuples (ky, ..., ky), such that

Z;V:] kj = N and at least two of the k; are strictly positive.
Then, for all £ < k,

sup A(E) < oo and hm A(E) =0.

n>0

Theorem 7.5 (Subcritical, kers < 1) Suppose that (HI), (H3**), and (H4) hold
and kess < 1. Define

AW = sup ktew@r, v) " oPLelr, v) —
reD,veV,geB (DxV)

where L1 = 1, and for £ > 2, Ly is given by the recursion

g fen] % G0 el

k >0
Then, for all £ < k,

sup A(E) < ooand lim A(E) =0.

I‘l>0 n—oo

Theorem 7.6 (Critical, kess = 1) Suppose that (H1), (H3**), and (H4) hold and
kess = 1. Define

AY = sup ‘ni(kl)w(’”s v) "' o110, v)
reD,veV,geB (DxV)

27D, Ha, v [w1>“) :
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where, again with an abuse of notation in the continuous-time setting,

N N
V1010, 0) = Eg | Z10F = Z162] = Egu | Y. Y 0@
i=1 j=1
i
Then, for all £ < k,

sup AY < ocoand lim AV =0. (7.37)

i
n>0 n— 00

We will not provide proofs for these results, as in the continuous-time case, as
we will handle them again in a more general setting in Part II of this book.

7.6 c-Eigenvalue Problem

There is a third eigenvalue problem, which also appears in some of the nuclear
literature, called the c-eigenvalue problem. It is similar to the kore-eigenvalue
problem in the sense that it is a time-independent problem, and however there is a
subtle difference that arises from requiring the eigenvalue, c, to weight the scattering
operator, as well as the fission operator. More precisely, the aim is to find ¢ > 0 and
a corresponding eigenfunction x € BT (D x V) such that

Py, u)+é(ﬁ+ﬁ)x(r,u)=o, reDveV, (7.38)
where the operators g , . and . were defined in (7.1).

Similarly to the interpretation given for kef¢, the scalar ¢ can be seen as the
effective number of neutrons produced per “collision”, where a collision is either
a scatter or a fission. Criticality is also categorised in the same way as the kef¢-
eigenvalue problem, and it can be shown that the critical regime also coincides
with the critical regimes for the kers- and A,-eigenvalue problems, with equality
of the left and right eigenfunctions. The c-eigenvalue problem has received the least
attention in the literature due to its similarities with the k.rr-eigenvalue problem.
Indeed, many of the methods used for the latter can be adapted to analyse the former.

As for the ke r£-eigenvalue problem, we can also think of the discrete-time index
for the c-eigenvalue problem as generational time, where, now, forn > 1, generation
n is interpreted as the collection of neutrons immediately after the moment that they
engage in the n-th collision along their genealogical line of descent. By conditioning
on the first collision event in the expectation given by (7.5), arguments similar to
those leading to (7.8) show that @, solves the mild equation



142 7 Generational Evolution

o0
D,[gl(r, v) =/0 Uy [(9+«5”)¢n—1[g]] (r, v)ds, (7.39)
forr € D,v e V,andg € BT(D x V), where (U7, s > 0) is given by

U [g1(r, v) = e~ o T g (g 1)1
— e~ o olrrvundug 161, ). (7.40)
Then, if (c, x) satisfies
D[x](r,v) =cx(r,v), reD,veV, (7.41)

one can use (7.40) and similar arguments to those given in the second half of
Sect. 7.2 to show that (c, x) also satisfies

A 1 . A
O=ﬂx+;(§”+§)x.

logv 4

(r,u)’ r e

We now consider a o 7-NRW, where w was defined in (4.2). Letting (P
D, v € V) denote the law of the o 7-NRW and defining the weight

wr, v) = os(r,v) n o (r, U)m(r’ V) = a(r,v)

o(r,v) o(r,v) " o(rv)’

where « was defined in (4.2), we have the following many-to-one representation:

n
Dylgl(r,v) = E((ZTU) |:l_[ w(Ry, T4, )g(Ry,, Tr,,)l(r,1<rg):| s (7.42)

i=1

where now (t,,n > 1) denote the successive collision times of the o7-NRW and
p = inf{t > 0 : R, ¢ D}. We note that the weight function w can be seen as
a sharing of the average mass accumulated from scatter and fission events. Indeed,
with probability og /o, there is a scatter event which contributes mass 1, and with
probability o¢ /o, there is a fission event which contributes mass m.

We will not include the proof of this many-to-one formula since the arguments
are almost identical to those given in the proof of Lemma 7.1.

7.7 Comments

As alluded to earlier in this chapter, the ke f¢-eigenvalue and c-eigenvalue problems
are motivated by different ways of seeing the stability of neutron transport that come
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from within the nuclear industry itself; cf. [95, 96, 127]. The proof of Theorem 7.1
can be found in [32].

The connection of the k. r¢-eigenvalue problem with generational time has been
(at least heuristically) well understood in the nuclear engineering literature, but the
relationship that we give in the sketch proof of in Sect.7.2 comes from [32]. The
notion of generational populations (as stopping lines) is a classical concept in the
theory of spatial branching processes; see [86].

The generational many-to-one (Lemma 7.1) and the Perron—Frobenius (Theo-
rem 7.2) results come from [21, Theorem 2.1]. In this setting, it is interesting to note
that the left eigenfunction @ does not correspond to the non-negative eigenfunction,
say w*, of the forward equation .7 w* 4+ .7 w* + (ker) ~'.Fw* = 0, where we recall
that .7, .7, and .% were defined in (1.8). Indeed, for each n > 0, up to discounting
by k. the eigenfunction w* is the stationary distribution of the immediate ancestors
of particles in x, at the instant preceding their fission. The relationship between ®
and w* is given by @ = .7 w*. This is a consequence of the fact that the operator .7
propagates pre-fission particles to post-fission particles. We refer the reader to [44]
for further details. Features of generational moment growth in Theorems 7.4, 7.5,
and 7.6 follow from a similar analysis to the real-time moment growth given in
Theorems 5.2, 5.3, and 5.4 and are based on [67], although formal proofs are given
in Chap. 9 later in Part II of this book.

In a similar fashion to [74], Theorem 7.2 implies that

Znlw]

—_—, n=>0,
ulow]

W= ket =
is a non-negative unit mean martingale under P,, u € #.(D x V). As in the
continuous-time limit (cf. Theorem 6.1), one can show that under relatively mild
assumptions, (#,,n > 0) converges in LZ(IP’M) in the supercritical case and
otherwise has a degenerate limit.

Again, under appropriate assumptions, one may also reconstruct a strong law of
large numbers in the spirit of Theorem 6.3,

o Zalgl -
nll)n;okeff o] = (g, 0) W,

where %4 is the limit of the martingale (%#;,n > 0). We leave the details for a
more general discussion in Part IT of this book.

A challenge that has consumed part of the nuclear engineering literature (cf.
[19, 96, 127]) is the problem of how to estimate the quantity k.e¢ for an entire
reactor core. As a single number, korr gives a sense as to whether a reactor core is
critical or not; the state of being critical is obviously a desirable trait for the purpose
of power generation. The associated eigenvalue w similarly gives a sense of how
neutron density, and hence energy concentration or power generation, occurs within
the reactor core. The eigenmeasure @ on the other hand gives a sense of (quasi)-
stationarity given that (@, k_{; 2,[g]) = (@, g), for g € BT (D x V).
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For historical reasons, the nuclear industry has largely preferred to work with the
kefg-eigenvalue problem over the A,-eigenvalue problem. Accordingly, a culture of
Monte Carlo simulation has evolved which implicitly takes advantage of the gen-
erational theory of NBPs. We conclude this chapter with a brief discussion of how
the analytical foundations of the kef¢-eigenvalue problem form the mathematical
basis of Monte Carlo algorithms, which ultimately feature in present day industrial
software that is used to design and predict the behaviour of nuclear reactor cores.

The definition of kerf means that

1, o)

(1, (7 + L)ow)

kegs = —

where 1 is the constant function with value one. The identity (7.43) is suggestive
of the following conceptual Monte Carlo approach. Start with a set of N neutrons,
distributed in D x V according to some function ® that serves as an initial guess
of w. In practice, »® could be taken to be the uniform distribution or based on the
solution to an appropriate diffusion approximation of the eigenvalue problem. From
this initial configuration, a system of neutrons are simulated according to a NBP that
is stochastically consistent with the cross sections og, 0, 75, and ¢ (in the spirit
of the discussion preceding Lemma 3.3) until immediately after their first fission
events occur (in effect, the first generation 27). From repeated simulations of 27,
one may construct an updated estimate of w, say ‘", by using the empirical law of
Z1 and normalising it to have unit mass. At the same time, the eigenvalue kes¢ is
approximated by

O _ (1, ﬁw(l))
1, (7 + )by

eff —

The process is then repeated using (! as the initial distribution of neutrons, in
order to obtain @® and kgf)f, and so on.

The starting point of the previously described algorithm is the analytical
identity (7.43). A different starting point from which to build another Monte Carlo

algorithm would be the observation that

1
kees = lim — log @,[1](r, v).
n—oon

Here, as an expectation, @,[1] can be approximated by Monte Carlo simulation
of the generational process (£,,n > 0), again by simulating a NBP which is
stochastically consistent with the data og, of, g, and 7¢.

In order to calculate the eigenfunction, one can take advantage of the ergodic
property proved in Theorem 7.2 to deduce that, under the same assumptions as the
aforesaid,
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3 . 1
(o, go(r,v) = nll)rrgo Eg(m)) |:; X:Ikefmf(ﬁt”m, g)j| .
m—

This again suggests that Monte Carlo simulation of the generational process
(Z5,n = 0) can be used to extract information concerning both w and @. Varying
the test function g while keeping (7, v) fixed allows us to obtain estimates for @,
whereas varying the initial configuration (r, v) and keeping the test function g fixed
allow us to estimate w.

As one may imagine, there are numerous points in this prescriptive approach that
have the potential to introduce bias and additional correlations between the neutrons
in successive fission generations. Understanding how to quantify the complexity in
such a scheme remains a significant outstanding mathematical challenge. We refer
the reader to [19, 31] for a more in-depth analysis of the Monte Carlo algorithms
described above, addressing issues such as burn in, bias, and complexity analysis. It
is worthy of note that, although the algorithms and efficiency results given in [31]
are for time eigenvalues, cf. (7.17), it is straightforward to see how they may be
adapted to fit the generational setting (as well as in terms of complexity).

In the setting of generational Monte Carlo, there is a vast literature, too much
to list here, with [96] as a core reference. It is worthy of note that, whilst much of
the physics and engineering literature engages in various forms of Monte Carlo
‘population control’ (known in applied probability as interacting particle Monte
Carlo) a systematic mathematical analysis that incorporates modern perspectives
as laid out in, for example, [29] and [111], has yet to be fully explored.
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Non-local Branching Markov Processes



Chapter 8
A General Family of Branching Markov Qe
Processes

Recall that, in Chap. 2, we introduced the notion of a general Markov process on E
which is taken to be a locally compact Hausdorff space, to which we can append a
cemetery state, ¥. We used the notation P = (P;,¢ > 0) to denote its associated
semigroup and, accordingly, we later referred to it as a P-Markov process. As
a generalisation of the neutron branching processes discussed in Chap. 3, we are
interested in spatial branching processes that are defined in terms of a P-Markov
process and a branching operator. In this chapter and subsequent chapters, we
introduce such processes and develop a number of generic results for them. Some of
the notations used for neutron branching processes (NBPs) will also be used in this
general setting. This is deliberate to give the reader a chance to see how the former
is an interesting core example of the latter.

8.1 Branching Markov Processes

Let us define what we mean by a branching Markov process (BMP). As with NBPs,
a BMP is a collection of particles that evolves according to certain stochastic rules.
Given their point of creation, particles move independently according to a P-Markov
process on E in the spirit of Chap. 2. In an event, which we refer to as “branching”,
particles positioned at x die at rate y(x), where y € BT (E), and instantaneously,
new particles are created in E according to a point process. We can think of a
point process simply as a random variable N, representing the number of offspring,
and (x1,---,xy) in E representing their locations. A more convenient way of
describing the random configuration of these offspring is via the use of random
counting measures

N
Z(A) = Z(Sx[ (A), A e B(E), (8.1)

i=1
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where Z(E) is the collection of Borel sets in E. As with the branching rate, the
law of the aforementioned point process can depend on x, the point of death of
the parent, and we denote it by &, x € E, with associated expectation operator
given by &, x € E. Note that this is consistent with the notation in (3.23), where
E = D x V and there is a slight degeneracy in that setting because, whilst in full
generality, we should expect x and x; to be replaced by (r, v) and (r;, v;), we always
have r; = r in the NBP.

‘We capture the reproductive distributional information in the so-called branching
mechanism

N
GLAI(x) ==y ()& |:1_[ Jxi) — f(X)] ; x ek, (8.2)

i=1
where
feBHE)={feBYNE):|fl =<1},

and we recall that y € BY(E). Here, we use ||| to be the usual supremum norm
on BT (E). Without loss of generality, we can assume that Z,(N = 1) = 0 for
all x € E by viewing a branching event with one offspring as an extra jump in
the motion described by P. On the other hand, we do allow for the possibility that
P (N = 0) > 0 for some or all x € E. In the setting that our BMP is an NBP,
allowing &, (N = 0) > 0 corresponds to the possibility of neutron capture.

Note that the mechanism in (8.2) permits non-local branching in the sense that
offspring are not necessarily positioned at the place of their parent’s death. In the
case of local branching, it reduces to

y(x) |:Z P (x)s* —si| ., se[01],x€E,

i=1

where, for k > 1 and x € E, pi(x) denotes the probability that a particle
branching at site x produces k offspring. We refer to (px(x), k > 0) as the offspring
distribution at site x € E.

Henceforth we refer to this spatial branching process as a (P, G)-branching
Markov process. If the configuration of particles at time ¢ is denoted by

{x1(®), ..., xn, (O}

then, on the event that the process has not become extinct or exploded, the branching
Markov process can be described as the coordinate process X = (X;,t > 0) in
M. (E), where
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N;
Xi() =Y 8y,  t>0, (8.3)

i=1
and we recall that
MAE) =" 8y, :neN,x; € E,i=1,---,n} (8.4)
represents the space of finite counting measures. In particular, X is Markovian in
A (E). Its probabilities will be denoted P := (P, u € #:(E)).

As an obvious extension to the notation we used in Part I of this book, we will
work with

wlf]:= fE fup@x),  feBT(E),

for all finite measures w. In particular, when u € .#.(E), we note that

pLf1= ) f) when =) by,

i=1 i=1

8.2 Non-linear Semigroup Evolution

As with the NBP, the functional
w10 =B, [eXT], feBt®), 120, (8.5)
is the natural analytical object that gives us a complete understanding of the law of
our BMP.
Similarly to the NBP setting, we have the branching Markov property. That is, if
we define

S[ZO—('xi(S)’izla“'5NY5SSZ)7 t207

then
Ny
- [efx,ﬂm ‘ S;] =[] vslf1Gi@0)). (8.6)
i=1

From here the semigroup property,

Vips[ 1) = vi[vi[f1I(x), 5,6 >0,x € E, f € BT(E),
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follows just as in Lemma 5.1. Moreover, for f € B¥(E) and x € E,
R t
Vi f1(x) = Bile™ 1(x) +/ Py [Glv—s[ /1] (x)ds, t >0, (8.7)
0

where (B,,¢ > 0) is the adjusted semigroup which returns a value of 1 on the

event of killing, i.e., when the particle is absorbed at the boundary, cf. (5.3). More
generally, we can consider the joint law of the BMP and its occupation measure
fot X, (-)ds, given by

Vt[fa g](x) — ]ESX I:e—Xz[f]_f(; X;[g]ds] , t> 0’ = E, f’ g€ B+(E), (88)

which satisfies the evolution equation

t
Vil f. gl(x) = Byl 1(x) +/0 B [Glvi—s[f, gD — gvi—s[f, g1l (x)ds.  (8.9)

For the proof of both (8.7) and (8.9), we can appeal to reasoning which is
essentially the same as for the P4l-Bell equation (PBE) in Lemma 5.2. For example
to derive (8.9), it suffices to split the expectation on the first branching event and
apply Theorem 2.1. It is also straightforward to see that v; is the unique solution
to (8.9) when considered as an operator from BT (E) x BT(E) to B*(E), by
appealing to similar reasoning given in the proof of Lemma 3.5.

8.3 Examples of Branching Markov Processes

To give a sense of the generality in the definition of our class of BMP, let us give
some concrete examples.

Branching Lévy Processes Particles move according to a Lévy process, ¥ =
(Y;,t > 0) on E = RY, and branch at constant rate y. When particles branch,
they simultaneously die and reproduce by throwing out offspring according to the
point process (x; : i = 1,..., N) relative to its point of death, with a common law
&, which is not spatially dependent. In that case,

N
Cl/1) = & [l‘[ Fox+xi) - f(x)} . feBf(E).xeL

i=1

For BMPs that have an underlying Markov process that is regular, e.g., in this case
a Lévy process or another Feller process, it is more usual to write (8.7) in the
differential form
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0
EVz[f](X) = Zvi[f1(x) + Glv [ f11(x), 1>0, x eR?, (8.10)

where £ is the generator of Y. One of the issues with writing the non-linear
semigroup evolution as a solution to an integro-differential equation, rather than
simply an integral equation, is that it requires a greater degree of smoothness of
the solution so that, e.g., the term £v;[ f] is meaningful, not to mention the time
derivative.

Branching Brownian Motion In the case where the Lévy process Y is taken to be
a Brownian motion (in any dimension) on some domain E = R4 and the branching
mechanism is local with no spatial dependence, (8.10) collapses to

AV 100+ [Z pevel £~ v;[f](X)} . 120, xR,

k=1

L1 =
—vV X)) ==
ar ! 2
where (pr,k > 1) is the offspring distribution. In particular, in one dimension

with dyadic branching, we recover the Fisher—Kolmogorov—Petrsovskii—Piscunov
(FKPP) equation

9 192

Evtzzmvl—i—yv,(vl—l), t >0, (8.11)
where the dependency on space and f is suppressed to allow (8.11) to take a more
familiar form. As alluded to in the previous example, for the PDE (8.11) to make
sense in the classical sense, we would technically need v; to be twice continuously
differentiable.

Uchiyama Process Another subclass of branching Lévy processes pertains to the
setting where particles live in R¢ but have no motion and constant branching
rate. When branching occurs, each particle gives birth to offspring according to an
independent copy of a point process in R?, which is centred at the parent’s position.
Although called a Uchiyama process after the author who introduced it, another way
of referring to this process is simply a continuous-time d-dimensional branching
random walk. This is because as one follows each genealogical line of descent,
one sees a continuous-time random walk. In this setting, the non-linear evolution
equation (8.7) is a variant of (8.10) and takes the more specific form

N
0
5 Vilf1) = yeE [Hvl[f](x +xi) — Vz[f](x)} ; t>0, x eRY,
i=1

(8.12)
where (x;,i = 1,---, N) is the i.i.d. point process of relative offspring positions
with probabilities &7 that no longer depends on the state space. Once again, we gloss
over issue of smoothness in the solution for (8.12) to make sense.
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Biggins Process These processes are a generalisation of all of the preceding ones.
Particles move according to a Markov process, M := (M;,t > 0) in RY, which we
can assume to be Feller, and branch at a constant rate. Parent particles give birth to
a random number of individuals according to the point process on R¢ x R, where
the first coordinate describes the spatial displacement of the offspring relative to the
parent’s birth position, and the second coordinate gives the parent’s age at the time
of that child’s birth. Technically speaking, the Biggins process incorporates time
into the state space of particles and lies outside of our definition of BMPs (unless
we consider time to be a spatial variable). Nonetheless, a lot of what we will present
for BMPs can be extended to the setting of Biggins processes and leave this as a
challenge to the ambitious reader.

Branching Markov Additive Process Consider the following Markov additive
process (MAP). A particle moves according to one of n possible velocities in R3, say
{a1, -+, an}, with the “current” drift being chosen by a continuous-time Markov
chain J = (J;,t = 0) on[n] := {1, - - - , n} in the sense that if J, = i, then its drift is
a;. More formally, we can describe this MAP as the joint process ((X;, J;), t > 0),
where

dX; = aydt, t>0.

The process X takes values in R? and hence E = R x [n]. In a fully general setting,
the branching rate y depends on the pair (X, J),i.e.,y = y(x,i),x € R3,i € [n].
However, for convenience, let us simply restrict dependence to [n] and write the
respective rates (y;, i € [n]). When a branching event occurs, the random number
of offspring is assigned different velocities so that there are N offspring with
velocity a;, such that > ;| N () = N. As with the branching rate, let us assume
that the law of this point process depends only on the current drift index in [n].
Accordingly, we will write &;, i € [n] for its probabilities.

If we are to follow the trend of the previous examples and write (8.7) in
differential form, we have

d . . .
3, Vi1, i) = ai - Vil [, ) + > Qivilf1x. )

Jé€ln]
N
+yié | [T [Tvilf 1o —vil i iy | x eRYien),
jeln] k=1

(8.13)

where Q is the transition matrix of J. Again, (8.13) comes with the caution that,
written in this differential-difference form, smoothness for the sake of, e.g., working
with the operators a; - V in a pointwise sense is an issue that requires attention and
that (8.7) avoids.
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Neutron Branching Process Finally, and most importantly for this text, the NBP
is, of course, included in our definition of the general BMP. In this case the
branching rate is given by ¥ = o¢. The motion semigroup (P;, ¢ > 0) corresponds
to that of an NRW that scatters at rate oz and chooses its new velocity according
to g, with killing when the spatial component exits D; technically speaking, this
is when the underlying Markov process (R, 1) exits D x V, as it will always do
so by the process R exiting D. When considering the branching mechanism, one
again needs to be careful to remember that the underlying state space is D x V
and so, although fission events are local with respect to particle position, they are
non-local in the velocity component. Hence, seen as a branching process on D x V,
the branching mechanism is non-local. The non-linear evolution equation (8.7) was
given in Theorem 5.2, and due to our deliberate replicated use of notation, it appears
identical.

It is worth noting that the NBP is closely related to the previous example in the
sense that the neutron velocity space V is analogous to the collection {ay, - -- , a,}.
Hence one may think of the dependency of the PBE (5.7) on v as analogous to
the indexing of the solution by i in (8.13). The process of scattering for the NRW
in (5.7) is also analogous to the role that the Markov chain J plays in (8.13). The
analogy between (5.7) and (8.13) would be complete had we made y and & depend
fully on i € [n] and x € R3 in (8.13).

8.4 Linear Semigroup Evolution and Many-to-One

In the setting of the NBP, we were very much driven by the desire to characterise
solutions to the (mild) NTE in terms of a stochastic process. This resulted in the
identification of its solution (v, > 0) as the mean of linear functionals of the
NBP. In the general setting of BMPs, our priorities are the other way around. We
are primarily concerned with the evolution of linear functionals of the BMP, which
leads us to a linear semigroup evolution equation.

Define the mean semigroup of our BMP as

Vil F10x) == Es [X,[f1l. x €E, feB(E), =0, (8.14)

Although we are now in a much more general setting, the fact that (y;,7 > 0) is a
semigroup can be shown as in Lemma 3.4. Furthermore, set

N
FLf1(x) = y(x)é |:Z fxi) — f(x):| = y@)@fl1x) — f(x), x€E.
i=1

(8.15)

Note that both (v, ¢ > 0) and F are consistent with their definitions for the NBP.
Thanks to the calculations we have already undertaken for the NBP, the next lemma
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requires no proof as it is identical to Lemma 3.6 in the NBP setting. In order to state
it, we need to introduce the following assumption:

(Gl) sup,cf &[N] < oo.

Note that (G1) is equivalent to sup,.g m[ f](x) < oo for f € BT (E), which is
covered by (H1) in the NBP setting.

Lemma 8.1 Under (G1), the mean semigroup (Y, t > 0) satisfies

t
Vel f1(x) = B[ f1(x) +/O Py [FY—s[f1 (x)ds, t>0,x€E, feB(E).
(8.16)
As an operator from BT (E) to itself, (W, t > 0) is uniquely determined by (8.16).

Just as in the NBP setting, the linear semigroup evolution (8.16) deserves
a second representation for its unique solution, that is to say, the many-to-one
representation To this end, suppose that & = (&,r > 0), with probabilities

= (Px, x € E), is the Markov process corresponding to the semigroup P. Let us
1ntroduce a new Markov process E = (St, t > 0) which evolves as the process &, but
at rate y (x)m[1](x) the process is sent to a new position in E, such that for all Borel
A C E, the new position is in A with probability m[14](x)/m[1](x). We will refer
to the latter as extra jumps. Note the law of the extra jumps is well defined thanks to
the assumption (G1), which we earlier remarked ensures that sup, . m[1](x) < oo.
We denote the probabilities of £ by Py, x € E). We can now state our many-to-one
formula.

Lemma 8.2 (Many-to-One) Write B(x) = y(x)(m[1](x) — 1), x € E. For f €
BT (E) andt > 0, under (G1), we have

t
Vel f1x) = [exp ( /O B(éods) f(é)] (8.17)

Proof First note that (8.16) is equivalent to

t
Vil f1(x) = B[ f] +/0 P [y (Y —s[f1] = ¥i—s[f D] (x)ds

t
— B 0]+ / B, [ymm (M - w,_s[f])} (r)ds
0 m[1]

t
+/ Py[By [ f11ds, t>0,x €eE.
0
At the same time, suppose we denote the right-hand side of (8.17) by IZI;[ flx),t >

0. By conditioning this expectation on the first extra jump, we get, for f € BT(E),
xe Eandt >0,
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Vil f160)
—E, [e, Jo v EOmI11E)ds o [ BE)ds f(%;)]

+E | [ 1)y (e o SomttG e TV LA NE o
nl11(6,)

(8.18)

Now appealing to Theorem 2.1, we can use the principle of transferring between
the multiplicative and additive potential in integral evolution equations to deduce
that (8.18) solves (8.16). Uniqueness of solutions to (8.16) now allows us to
conclude the statement of the lemma. O

8.5 Asmussen-Hering Class, Criticality, and Ergodicity

In this and the subsequent chapters, we would like to establish results for as general
as possible a setting within the class branching Markov processes. It goes without
saying that some assumptions will be necessary. One of the main assumptions we
will henceforth work with assimilates the properties of the expectation semigroup
in Theorem 4.1 that we have proved in the NBP setting.

(G2) There exist a constant A, € R, a function 0 < ¢ € BT(E), and a finite
measure ¢ such that, for f € BT(E),

Yilp) = ™' and ¢ [V [ f1] = ™' @[ f].

Furthermore, let us define

A= sup @) le MY [ f10) — gL, t=0.
x€E,feB (E)

We assume that

sup A; < oo and hm A =0. (8.19)

t>0

We refer to branching Markov processes which satisfy (G2) as belonging to the
Asmussen—Hering class of processes; see the comments section of this chapter for
further remarks on why we use this name.

Note that Theorem 4.1 implies that the NBP lies in the Asmussen—Hering class
by taking the eigenmeasure in (G2) to be ¢ (x)dx, where ¢ was the left eigenfunction
given in Theorem 4.1. We note also that (G2) implies (G1) as (8.19) necessitates a
finite first moment.
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As in the setting of NBPs, as soon as we assume (G2), we can introduce a notion
of criticality. Specifically, we say that our BMP is as follows:

Subcritical If A, < 0, in which case the average mass decays to zero over time
at rate |Ay|.
Critical If A« = 0, in which case the average mass remains essentially

constant over time.
Supercritical If 1, > 0, in which case we see the average mass in the system
growing exponentially over time at rate A.

Our assumption (G2) is relatively strong; however, considering the work that
was needed to establish the analogous spectral property for the NBP, this seems a
reasonable starting point in order to prove general results.

One advantage of (G2) is that it also provides a strong sense of ergodicity for the
semigroup (v, t > 0) as the following theorem below demonstrates, which will be
crucial for future calculations. In order to state it, let us introduce a class of functions
% on Br(E) x E x [0, 1] x [0, co) such that F belongs to class % if

Flgl(x,s) = tl_l)rgo Flgl(x,s,t), g€ BIJ“(E),x e E,s €[0,1],

exists,
sup lp(x) Flgl(x, s)| < oo, (8.20)
x€E,s€(0,1],geB] (E)
and
Jim sup 9()|Flgl(x, s) — Flgl(x,s,1)| = 0. (8.21)

x€E,s€[0,1],geB] (E)

Note that we have abused notation and used F for both the function that lies in
% and its limit in 7, and however, this should not cause any confusion later on.

Theorem 8.1 Assume (G2) holds, . = 0, and that F € €. Define

& = sup
xeE,geB (E)

1 1 1
—/ %z[wF[g](-,u,t)](x)du—/ 0@ [Fgl(-, w)]dul,
o) Jo 0

t>0.
Then

sup Ey < oo and lim E; = 0. (8.22)
>0 t—00
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Proof We will show that

lim sup
7 veE geBf(E) ¥

?Wuz[(ﬂF[g]( u, )](x) — @ [F[g](-,u)]‘ =0,

as, with this in hand, we can deduce that

1

|
/—Iﬂm[pr[g](-,u,t)](x)du—/ 0o [Flgl(-, u)]du
@(x) 0

lim sup
t
oo er,geBlJr(E)

1
< / lim sup
0 tﬁooer,ger(E)

=0,

—%t[pr[g]( u, ](x) — @ [F[g](-, w)]| du

@(x)

which follows from (8.21). First note that
’—l/fm[fﬂF[g]( u, )](x) — e [FIGIC, u)]’

(—Ilfm[lpr[g]( u,t) — e Fgl-, w)](x)

1 -
+ ’—Iﬁm[ﬁﬁF[g](w w)](x) — e [FIg](, u)]’ :
@(x)
Due to assumption (8.21), for ¢ sufficiently large, the first term on the right-hand
side above can be controlled by <p_l(x)1//m ](x). Combining this with the above
inequality yields

sup

—Ilfm[wF[g]( u, 1)](x) = w@[F[g](-,u)]‘
xeE,geB] (E) | ¥

@(x)

< sup [¢ ™ (0 Ylel @) — Glelo)| + e sup GL11x)

xeE xeE

+  sup Vule FI1C, w)](x) — @@ [FIZIC, w)]|. (8.23)

x€E,geBf (E)

b
p(x)

We note that (8.20) and the first (respectively, second) statement of (8.19) in (G2),
together with dominated convergence and the fact that ¢ may be taken arbitrarily
small, immediately imply that the first (respectively, second) statement in (8.22)
holds. =
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8.6 Re-oriented Non-linear Semigroup

As the reader will have observed, the recursion equations of the mild NTE (3.32)
and PBE (5.6) enjoy a robustness that allows an interchange between a driving
semigroup, e.g., (Us,t > 0) or (P, > 0), and an action operator in the integral
term, e.g., S or G.

In the general setting of (8.9), we are interested in exercising a similar change
in the driving semigroup from P to i for technical reasons pertaining to future
calculations around moments. Also, for technical reasons, with ¢ as the driving
semigroup, it is more convenient to instead look at writing down an evolution
equation of

wlf, gl(x) = Es. [1 — X1l Xs[é’]dS] . 1>0,x€eE, (8.24)

for f, g non-negative and measurable, despite the fact that it is not a semigroup. The
main benefit of (u;, ¢t > 0) in place of (v, ¢t > 0) is that the random variable in the
expectation on the right-hand side of (8.24) is equal to zero on the extinction set.
This removes the need to deal with adjusted semigroups as discussed below (8.7).

Another point of interest when it comes to (8.24) can be seen when we set f = 0
and g = 0 and then take the limit as & — oo, in which case we identify u;[co, 0] =
limy_; o [0, 0]. Remembering that an empty product is defined to be unity, we see
for this special case that

W () == oo, 0l(x) =Py (¢ > 1),  1=0,x€E, (8:25)
where
¢ =inf{t > 0: X,[1] =0}

is the extinction time of the BMP.
As mentioned above, the change from P to i comes at the cost of changing the
operator G. Thus, for f € BlJr (E), define

N N
ALf1(0) = Y (06 []‘[(1 —fa) -1+ f(xi)] . xeE.  (826)

i=1 i=1

Theorem 8.2 Suppose (G1) holds. For all f, g non-negative, measurable functions
on E, x € E andt > 0, the non-linear semigroup u;[ f, gl(x) satisfies

1
wlf, glx) = Yl —e 1(x) —/0 Vs [Alu—s[f, 811 — g(1 —w—s[f, gD (x)ds,

(8.27)
uniquely in Bfr (E).
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Proof Again, the proof uses standard techniques for integral evolution equations, so
we only sketch the proof. Instead of considering u,[ f, g], we will first work instead
with

vilf. gl =By, [Tk Xl ) 20, v e B, fgz0,  (828)

which will turn out to be more convenient for technical reasons.
By splitting the expectation in (8.28) on the first branching event and appealing
to the Markov property, we get, for f, g > 0,7 > 0,and x € E,

vilf, gl(x) = Ex [e—,/;)’ y(E)ds o= fED—fy g@s)ds]
t s
+Ex [ / y(&)e Jo v Eote@ gy, (1, g]](&)ds} :
0

where
N
H[gl(x) = & []‘[ g(xi)] . geBf(E)xeE.
i=1

Using Theorem 2.1, we can move the multiplicative potential with rate  + g to an
additive potential in the above evolution equation to obtain

X t
il f, glx) = Bile100) + fo By [Gvi—sLf. g]) — gvi_sLf, g1 (x)ds.
(8.29)

which also shows the existence of a non-negative solution to (8.29), bounded by
unity.
For f € B (E), x € E, define

N N
DIfI) = y ()& []‘[ fan =Y f(xi)} = y () ELF1) — ml 1)),

i=1 i=1

and (V;,t > 0) via

t
TLf, 8100 = Yele ™ 1(x) + /0 Vs [D[Vi=s[f. g1] — 8Vi—sLf 1] (x)ds

— B, [efg B(é.c)dse—f(é)]
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A

o s R A )
+E, [/0 ofo BE)du (D[{;’zfs[fv gl] o) — g€ Vil f. g](gx)) ds] ’
(8.30)

forx € E,t > 0, and f, g > 0. Note that for the moment we do not claim a solution
to (8.30) exists.
For convenience, we will define

A t S £ ~ ~ ~
K(Lf. 81(x) = By [ /0 el 2Cot ([5,_,1 £, g1]¢) — 8 €L f, 81 ds} :

so that v;[ f, g](x) = ¥, [e’f]A(x) + X[ f, g](x). By conditioning Ehe right-hand side
of (8.30) on the first jump of & (bearing in mind the dynamics of & given just before
Lemma 8.2), we can use the Markov property (noting that B(x) — ym[1] = y) to
obtain

{’t[f’ g](x)
—E, [e— o V(Ss)dse—f(%‘r)]

- y(&)d‘vw“}

1
E, 1
N [ /0 yEomi11Ee m{1](E0)

t ;
+ Ex [e f(; V(&t)m[l](éu)du / ef(; B(&,)du
0

x (D[Vi=s[f. 81](€s) — g€ [Ti—s[ £, 1) ds]

t
+ E[ / y Eml11(Ee o 7
0

Z S
( / elo BE (D[, _ [ £, g1] (&) — (&) V—sL £, g1(&)) ds

0

n efoe B(&,)du MKi—e[g11(5¢) )d€:| ‘
m[1](¢)

Gathering terms and exchanging the order of integration in the double integral, this
simplifies to

vilf. g1(x)

" t
= E, [ hir @b /@] L g, [ / yEe b7 EMnig, [ f, g](x)](&)d@:|
0

1 ! S
E, [e—foy@ﬂm“]@wd" / elo BEN (DT, [ £, ¢1](&) — (&) [F1sLf. 81) ds]

0
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+E, [ /t /t <oy Eo)m[11(E)e™ Ji v EomiT G du g 3 BE)du
0 Jo
(D[F1—sLf. 1)) — 8(E)Ti—sl f. g1(60) de ds]
! t
=E, [e_ Jo )/(Ss)dse_f(ét)] +E, |:/ y(EDe™ f(f Y(Ssv)dsm[{ft—(z[g](x)](&)dgi|
0

[ s
+E, [ / e Jo v & (D3, ([ f, g1](50) — ()T [ £, 81(&))) ds} :

0

Finally, appealing to the change of multiplicative potential to additive potential in
Theorem 2.1, we get

t

S, glx) =Ble 1(x) + fo B, [C[Fr—sl /. 81] — gFr—sLf. g1] (X)ds,

and hence (v;,t > 0) is a solution to (8.29). Reversing these arguments also
shows that any solution to (8.29) is also a solution to (8.30) and hence that both
equations have domain equal to Bfr(E ). A standard argument using y € BT (E),
the assumption (G1), and Gronwall’s lemma also tells us that (8.29) has a unique
solution in BI”(E).

To complete the theorem, note that

1= le ™ 1(x) = ¢ [1 — e 1(x) + 1 — ¥ [11(x)

and that
t s N t
1— ¢ [1(x) = E, [ f B(é;)efé%)d“ds}: / ¥ [B](x)ds.
0 0

Hence, working from (8.30) and the definitions of D and A, which are related via

N
D[l — f1(x) = y ()& []‘[(1 —f) =) (- f(xi))} = A[f1(x) + B(x),

i=1

forx € E, f >0, we get
wlf, glx) =1 —v[f, gl(x)
t
— 1= vile™ 100 = [ o1 — il £ 1]

—8(1 —u—s[f, gD] (x)ds
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t
— [l —e /] - /O U [2[wrss L f. 1] — 81 — vl f. gD] (0)ds.

as required. O o

8.7 Discrete-Time Branching Markov Processes

In light of the discussion in Chap.7, we will discuss on occasion discrete-time
analogues of our branching Markov process.

We consider a discrete-time spatial branching process (Z,, n > 0). At each unit
of time, independently for each individual in the process, a branching event occurs
such that, if the parent is at x € E, the new configuration of particles is given by the
point process

with probabilities and (Py, x € E). As in the continuous-time setting, we allow for
the possibility of absorption, that is, we may have P, (N = 0) > 0.

Letting N™ denote the number of individuals in the n-th generation, the
generational branching process is formally defined via the collection of atomic
measures

N
%1223)(@), n >0,
1
i=1

where {xi(") :i = 1,...,N™} denotes the collection of particles in the n-th

generation. With a slight conflict of notation with the continuous-time setting, we
again work with (P, u € .#.(E)) as the law of the branching process defined
above.

Remark 8.1 As a special setting, we can easily see a discrete-time Markov
branching process embedded in each continuous-time Markov branching process
(as defined earlier in this chapter), by sampling it at generational time. That is to
say, by considering a continuous-time branching Markov process along each of its
genealogical lines of descent at the moment that the n-th generation of offspring
appears, we see a discrete-time Markov branching process. In particular, for each
x € E, we can link 2 under P, of the discrete-time setting to Z with probabilities
(P, x € E) of the discrete-time setting via

00 S
E, [e_gm] =E [/0 y (€)™ Jo v Edu g [e_zm] ds] , f e BY(E),
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where we recall (&, P) is the stochastic process whose semigroup is given by
(Py,t = 0). This was precisely the scenario we considered for the embedding of
the NGP into the NBPs in (7.35).

Returning to the general discrete-time setting, the associated non-linear semi-

group is given by

N@®
Valgl) =By, | [Tex™)|. n=1l.xeE geBf(E), (831

with Vo[g](x) = g(x). Analogously to (8.6) in the continuous setting, we have the
Markov branching property,

N (ntm) N
El [] &™) %a| =] vmlglx™. (8.32)
i=1 i=1
where K, = a(x(e) j = 1,---, N® ¢ < n). Moreover, by taking expectations

across (8.32), this similarly justifies the identification of (8.31) as a semigroup via
the property V,m[g] = Vu[Viul[gll, n,m > 0.

With a slight abuse of notation from the continuous-time setting, we can define
the non-linear branching mechanism

glx) = []_[ g(zi) } ., x€E, geBi(E). (8.33)

Noting that G[g] = Vi[g], the branching Markov property also gives us the non-
linear semigroup evolution equation

Valgl(x) = G[V—1[g11(x), n=l (8.34)

Similarly, under the analogue of (G1), we have the associated linear semigroup,
defined by

N®
Dlglx) =Fs, | Y gx™)|. n=1xekE geBT(E), (8.35)
i=1

with @p[g](x) = g(x), which satisfies the semigroup property @,4,[g] =
®,[P,,[g]]; see, for example, the calculation in the setting of the NGP (7.6).
Moreover, again abusing notation from the continuous-time setting, the linear
branching mechanism is given by
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N
Flg](x) = Ex [Zg(zz‘)} . x€E, geB(E), (8.36)

and noting that F[g] = @[g], we also have the linear evolution equation
D,[gl(x) = F[Dy—1[g]1(x). (3.37)

It is interesting to note that the two evolution equations (8.34) and (8.37) appear
to bear little similarity to their analogues in continuous time. In particular, one
may wish to ask how to assimilate Theorem 8.2 in the discrete-time setting. The
following result may be considered as precisely this assimilation.

Lemma83 Forn>1,xcE, g € Bf (E),

n—1

Valgl(x) = Z‘Pe[(G — B)[Va—e-1[g]l](x) + Pplgl(x). (8.38)
=0

Proof Recalling that @1[g](x) = F[g](x), we can add and subtract terms in (8.34)
to give us

Valgl(x) = (G—F)[Va—1[g11(x)+P1 [V, —1[g]](x), n>1,x¢eE,geB(E).

Using the same trick with the second term on the right-hand side of the above
representation, we have

Vulgl(x) = (G — B)[Vu—1[gll(x) + @1[(G — F)[Vy—2[g]l](x)
+ @1[P1[Va—2[g]]](x)
= (G — BO)[Vu-1[gll(x) + &1[(C — F)[Vi—2[g]1]1(x) + P2 [Vn—2[g]](x),
where, from (8.37), a simple recursion also tells us that
Dylgl(x) = O1[DP1[- - - Pilgll](x).
%,—J
n times

Continuing this recursion, we obtain (8.38). O

8.8 Comments

Branching Markov processes enjoy enormous exposure in the probabilistic litera-
ture. So much so that it would be difficult to give a concise overview of the entirety
of the literature here. Instead we give some key historical references.
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Some of the earliest works on spatial branching processes emerge from the Soviet
Union and Japan. Most notably are the works of Sevast’yanov [120-122] and Ikeda
et al. [75-77]. Enthusiasm for the, then, fledgling theory of branching processes
resulted in a number of classical texts emerging through the late 1960s to mid-1980s,
in which there are some spatial treatments. See, for example, Harris [70], Athreya
and Ney [6], and Asmussen and Hering [5]. The latter, in particular, summarises a
general perspective that we have adopted from this chapter onwards.

The many-to-one formula in Lemma 8.2 is a very general concept that runs
throughout classical and modern branching processes, and it would be difficult to
give a complete and just historical summary of its evolution through the literature.
An early example of where a many-to-one formula is used as a key component to
analytical computations is found in the work of Doney [41].

Asmussen and Hering [3—5] observed that the assumption (G2) was a natural way
to provide analytical control over the general class of branching Markov processes,
from which numerous results can be derived. Some of them are included in the later
chapters.

For a lot of branching Markov process literature, it is common to describe
the linear and non-linear semigroup in terms of differential equations, such as
in the examples of Sect.8.3. The use of mild equations, analogous to the Pal-
Bell equation for neutron branching processes, is less often used for BMPs and
is more commonly seen in the superprocesses literature; cf. [49]. The development
of their representation in terms of the linear semigroup operator (T;,t > 0), cf.
Theorem 8.2, was recently given in [67]. We will show in the next chapter that,
combined with assumption (G2), this representation of the non-linear semigroup
offers tractability on asymptotic moment computations.



Chapter 9 ®
Moments Check for

We saw in Sect.5.3 the claim that the asymptotic moments can be derived by
differentiating the non-linear semigroup equation (8.7). This is also the case in the
general setting. Indeed, recalling (v;, r > 0) and (u;, > 0) from (8.5) and (8.24),
respectively, and noting that v;[-] = w,[-, 0], + > 0, it follows that for [ € BT (E),
x € E,t >0,and k > 1, we have

dk
LA =B, [ X0 ] = DM ulen o) ©.)
0=0

Working within the Asmussen—Hering class of BMPs, the non-linear equation (8.27)
for (us, t > 0) offers the advantage that it is written in terms of (Y, ¢ > 0). This
allows the asymptotic control of (i, ¢ > 0) offered by (G2) (e.g., in Theorem 8.1)
to be exploited to yield asymptotic control of the derivatives in 6 of (w[0f, 0], ¢ >
0) and hence (l/f,(k)[ fl,t = 0) for each k > 2. Following this logic, we give
precise asymptotics of the k-th moments of our class of BMPs in the three criticality
regimes. The methods we will use are extremely robust, and thus we may employ
the same techniques to the derivatives in 6 of (w[0, 6], > 0). As such, we are
able to analyse the moments of the running occupation functional

¢ k
1P1g1(x) := Es,, [( fo X, [g]ds) } : 9.2)

forx e E,g € BY(E),k>1,1t>0.
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170 9 Moments
9.1 Evolution Equations for the k-th Moments

Before we can sensibly talk about the k-th moments of our BMP, we need to be sure
that they are finite. For this, an assumption is certainly needed on the basic data of
the BMP, and somewhat obviously, we need at least to ensure there are k moments
of the offspring distribution. We thus fix & > 2 and introduce the following.

(G3) We have that sup, . & [Z[1]¥] < cc.

Before we finally turn our attention to the evolution equation generated by the
k-th moment functional 1//,(k), t > 0, we will need to remind ourselves of one more
classical result, the Leibniz rule for differentiation.

Lemma 9.1 (Leibniz Rule) Suppose gi, ..., gn are k-times continuously differ-
entiable functions on R, for k > 1. Then

d [ k -
Ik <l_[ gi(x)> = Z (kl r ) ngékl)(x),
i1 veesfm/ o,

ki Ak =k
such that the sum is taken over all non-negative integers ky, - - - , ky, with Zf"zl ki =

k.

Finally, we are ready to describe an evolution equation for the k-th moment
of our MBP, which will lay the foundations for an inductive argument, giving the
asymptotic behaviour of moments in each of the three criticality regimes.

Proposition 9.1 Fix k > 2. Under the assumptions (G2) and (G2), with the
additional assumption that

sup v O[f1(x) < oo, ¢<k—1,feBYE)t>0, (9.3)

xX€EE,s<t

it holds that

t
P10 =l 10 + [ [rln]ws. ez 04

where
k AR
k—1 i
=6 Y (kl’ o kN) [Tv=inen |,
[kt,... kN]% Jj=1
and [ki, ..., kN],% is the set of all non-negative N-tuples (ki,...,kyn) such that

va: 1 ki = k and at least two of the k; are strictly positive.
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Proof Recall from (8.27) that

t
w(0f, 0](x) = Iﬁz[l—e_ef](X)—/O Vs [Alu—[0f, 0]]] (x)ds, 7>0. (9.5)

It is clear that differentiating the first term & times and setting & = 0 on the right-
hand side of (9.5) yield

8k

e il = e (x)

= (=D 00 (9.6)

6=0

Thus it remains to differentiate the second term on the right-hand side of (9.5) k

times. To this end, without concern for passing derivatives through expectations,
using the Leibniz rule in Lemma 9.1, we have

k

0
- WA[ut [0f,011(x)

0=0

= aeky(x)f [1—1"[1153 [e=0XL/T) — ZEa - —exm]}

i=1 i=1

0=0

—y(x)gx[ 3 (/q | )H( D891 15)

kit =k

N
+ (=D w,(")[kai)]

i=1

y ()& [(—1)"“ > <k1

ky+--+ky=k

)Hw(" 110

N
+ (=D wfk)[f](xi)} ©.7)
i=1

such that the sum is taken over all non-negative integers k1, - - - , ky with ZlN: 1 ki =
k.

Next let us look in more detail at the sum/product term on the righthand (9.7).
Consider the terms where only one of the &; in the sum is positive, in which case

ki = k and
k
=1.
(0 )

There are N ways this can happen in the sum—product term and hence



172 9 Moments

k N
2. (kl,...,kN>j1j[1wt'[f](xj)

kit =k

N k N _
- (k) _ (kj) _
_;w e+ Y <k1,...,kN)le‘/” [F1xp),

(k1. k12

where [k, ..., kN],% is the set of all non-negative N-tuples (ki, ..., ky) such that

Z;N=1 ki = k and at least two of the k; are strictly positive. Substituting this back
into (9.7) yields

il Alu[e™, 01]
_ 9 ,
a0k =0
k A
—cottywa | X () TTE e
17"" N .
ki k17 j=l

Now let us return to the justification of passing the derivatives through the
expectation in the above calculation. We first note that derivatives are limits and so
an “epsilon-delta” argument will ultimately require dominated convergence. This is
where the assumption (G2) and (9.3) come in. On the right-hand side of (9.7), for a

given f € BT(E), each of the w;k'/ )[ f1(x}) in the sum—product term is uniformly
bounded in x; by assumption (9.3) and the collection [ky, ..., kN]i means that
0<kj <k-—1foreachj=1,---, N. Moreover, there can be at most k items in
the sum/product. Noting that

k k
Z L o) =N (9.8)
kytthy=k S 1 N

the assumption (G2) allows us to use a domination argument with the k-th order
moment to pull the k derivatives through the integral in ¢ as required. O

9.2 Moment Evolution at Criticality

The main result in this section tells us that, under our main assumptions, the k-th
moment at time 7 > 0 grows like t¥~! as 1 — oo at criticality.

Theorem 9.1 (Critical, A, = 0) Suppose that (G2) holds along with (G2) for some
k > 1. Define



9.2 Moment Evolution at Criticality 173

A= sup Ve 1100 - 27 P0G G [ el
x€E, feBf (E)

where

Vloltx) = & (291 - 267). 9.9)
Then, for all £ < k and ¢ > 0,

sup A() < 00 and hm A(K) 0. (9.10)

t>c

Proof We will prove Theorem 9.1 by induction, starting with the case k = 1. In this
case, assumption (G2) reads

sup A; < oo and hm A =0,
t>0

which gives us (9.18).

We now assume that the theorem holds true in the branching Markov process
setting for some k > 1 and proceed to show that (9.18) holds forall £ < k + 1.

To this end, first note that the induction hypothesis implies that (9.3) holds. Hence
Proposition 9.1 tells us that

o)~ Ry 1)
= o)t R Y [ FED ()

1~k ! k+1 a )
+ o)~ / Vs | € E ky ky | |W, TG || (ods
i

[k1, kN]k+1 B

= q)(x)—lt—kwt[f(k-i-l)](x) +§0(}C)_ t_(k_l)

! k+1
x /0 va | &Y <k1 )waﬁ‘l)u)[f o) | | @du,
2 b
9.11)

where we have used the change of variables s = ut in the final equality.

We now make some observations that will simplify the expression on the right-
hand side of (9.11) as t — oo. First note that due to (8.19), the first term on
the right-hand side of (9.11) will vanish as ¢ — o00. Next, note that, if more
than two of the k; in the sum is strictly positive, then renormalising by %!
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will cause the associated summand to go to zero as well. For example, suppose
without loss of generality that k1 and k> are both strictly positive, and we can write
k=l = p kD=2 — ghi=lgha=lgks - kv Now the induction hypothesis tells us that
the correct normalisation of each of the terms in the product is t*i=1 which means
that the item wl(f{iu) for a third k; > 0 will be “over normalised to zero” in the
limit.

To make this heuristic rigorous, we can employ Theorem 8.1. To this end, let us
set

1 k+1 il kj)
FIA ) = ooy > (kl’”_’kN)]l:[lw,({_u)[f](xj),

3
[kl,.‘.,kN ]k+1

9.12)

where [kq, ..., kN],%Jrl is the subset of [k, ..., kN],%H, for which at least three of
the k; are strictly positive (which can be an empty set). We will now show that the
conditions (8.20) and (8.21) are satisfied.

First note that there are no more than k 4 1 of the k; that are strictly greater than 1
in the product in (9.12). This follows from the fact that it is not possible to partition
the set {1, ..., k 4+ 1} into more than k 4+ 1 non-empty blocks. Next note that

N
1 (kj)
= 1 v lwlric)
e
j'/kj>0

(1 — kR0 oy ] il o LF16)
- v j=1 TS N T
jikj>0

The product term on the right-hand side is uniformly bounded in x; and 7(1 — u)
bounded away from O due to boundedness of ¢ and the fact that (9.18) is assumed
to hold for all £ < k by induction. For #(1 — u) in the neighbourhood of zero, it
is not necessary to multiply and divide by (¢(1 — u))kH=#k >0k a5 the product
can be controlled by the factor ~* =1 Moreover, if #j : kj > 0} < 2, the set
ki, ..., l<1\1]13ﬁLl is empty; otherwise, the term (¢ (1 — u))*+H1=#:k;>0} /ik=1 iq finite
for all ¢ > 1, say. From (9.8) and (G2), we also observe that

sup & Z (k] k1 ) < sup & [Z[l]kH] < 00.
3 )

xeE oo ky xeE

Taking these facts into account, it is now straightforward to see that the earlier given
heuristic can be made rigorous and
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sup oX)F[fl(x,u,t) <ooand lim sup X)) Ffl(x,u,t) =0
xeE, feB} (E) 7 veE, feB] (E)
uel0,1] uel0,1]

9.13)
hold. In particular, we can use dominated convergence to pass the limit in # through
the expectation in (9.12) to achieve the second statement in (9.13).

As F belongs to the class of functions %, defined just before Theorem 8.1, the
aforesaid theorem tells us that

lim sup
—>00

1 1
—/ YurlpF (-, u, £)1(x)du| = 0. 9.14)
x) Jo

xeE, feB (E) | ¥

Returning to (9.11), since the sum there requires that at least two of the k; are
positive, this means that the only surviving terms in the limit are those that are
combinations of two strictly positive terms k; and k; such thati # j and k; +k; =
k + 1. This can be thought of as choosing i, j € {1,... N} withi # j, choosing
ki € {1, ..., k}, and then setting k; = k + 1 — k;. One should take care of however
avoiding double counting each pair (k;, k). Thus, we have

e )wfk“)[fk x)

1! y () N s
_w/(; wm[ztk_lgli;gk:l( ki )
7£ 1
x w}ﬁlu)[f](xiwffﬁ_luj"”[f](x»ﬂ (x)du,
9.15)

where the factor of 1/2 appears to compensate for the aforementioned double
counting.

In order to show that the right-hand side above delivers the required finiteness
and limit (9.18), we again turn to Theorem 8.1. For x € E, t > 0,and 0 < u < 1,
in anticipation of using this theorem, we now redefine

FLf1(x, u, 1)

y (%) NI & (k1 g & (k+1—k) g
_2(p(x)tk 1 x[ZZZ( ki > t(1— M)[f]( )I/QG —u) f](x])i|

i=1 j=1k=1
i

.~
~—

After some rearrangement, we have
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FLf1Cx, u, 1)

@ - N oK k+1
_T@@[ZZZ( ;)
5

~L e

v & @ v TR k)
X (i) (x ;) — 10 H(1-w) J ]

@)t (1 —u)ki=1 gxj) (1 — u))k=h
(9.16)

Using similar arguments to those given previously in the proof of (9.14) may,
again, combine the induction hypothesis, simple combinatorics, and dominated
convergence to pass the limit as t — oo through the expectation and show that

Flfl(x,u) = tl_i)rrolo F[f1(x,u,t)

1— k—1
= (k+ 1)!(@[y%[m]/a"—lga[f]k“k%y(x)%[sa](x),
9.17)

for which one uses that

(k + D@Ly Y Tell/2 1oL 1 ey () ¥ 9] (x)

N N k
- &[Z >y (k: l)w(x,-mxj)
i=1 j;; ki=1
J#i

k' LA @Ly ¥V [ollK ! (k + 1 — k) GLFIH K gly ¥ [o]]F
2(ki—1) 2 (k—ki) :

Note that, thanks to the assumption (G2), the expression for F (s, x) clearly
satisfies (8.20).

Subtracting the right-hand side of (9.17) from the right-hand side of (9.16), again
appealing to the induction hypotheses, specifically the second statement in (9.18), it
is not difficult to show that, for each ¢ € (0, 1),

lim sup lo(X)F(x,u,t) —ox)F(x,u)| =0.
7% veE, feB] (E),uel0,¢)

On the other hand, again by subtracting the right-hand side of (9.17) from the right-
hand side of (9.16), the first statement in the induction hypothesis (9.18) also implies
that there exists a constant Cy > 0 (which depends on & but not ¢) such that



9.3 Moment Evolution at Non-criticality 177

lim sup lo(X)F(x,u,t) — @x)F(x,u)| < Cr(1 —e)f L.

7% \eE. feB] (E)uele.1]

Since we may take ¢ arbitrarily close to 1, we conclude that (8.21) holds.
In conclusion, since the conditions of Theorem 8.1 are now met, we get the two
statements of (9.18) as a consequence. |

Thanks to (G2), it is straightforward to see that X;[¢]/¢(x) is a martingale for
each x € E and can thus be used to define the following change of measure:

dP;,
dQs,

— X:lo]
s, e

Using this and the fact that ¢[¢] = 1, we have the following corollary.
Corollary 9.1 Let x € E and suppose the conditions of Theorem 9.1 hold. Define

A = sup [r7'Qs, [Xi[plT = 27+ DIG [y Vo]

xeE

Then, for all £ < k and ¢ > 0,

sup ALY < 00 and lim A9 =o. (9.18)

t>c

In particular, if (G2) holds for all k > 1, under Qs,, X[¢]/t converges in law to a
Gamma random variable with mean ¢ [y ¥ [¢]]° /2.

9.3 Moment Evolution at Non-criticality

Next we turn to the supercritical setting. Whilst in the critical setting, the moments
exhibited polynomial growth, the supercritical setting exhibits the phenomenon that
the k-th moment grows like the k-th power of the first moment.

Theorem 9.2 (Supercritical, A, > 0) Suppose that (G2) holds and (G2) holds
for some k > 1. Redefine

A9 = sup e o) WO — G L],
x€E, feBf (E)

where L1(x) = 1 and we define iteratively, for k > 2,
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00 N
Li(x) = /0 e**’”«p(x)‘ws[y&[ > 11 w(x;)Lk,(xj)H(x)ds,

ki, ky1z J=1
: N kj:k_/->0

where [k, ..., kN]% is the set of all non-negative N-tuples (ki, ..., ky) such that

ZIN=1 ki = k and at least two of the k; are strictly positive. Then, forall £ < k, (9.18)
holds.

Proof Suppose for induction that the result is true for all £-th integer moments with
1 < ¢ < k — 1. From the evolution equation (9.4), noting that Z?[:l kj =k, when
the limit exists, we have

- P k AN
lim ¢ /O ORAIZINDS (kl,...,kN)jE[lw"s[f](x") ()ds

(ky,....kn 12
1
= lim 1 /0 ek b huehat () [ KA1, 1) | o, 9.19)
where

N
. k —hikit(1=u),, (kj)
oo =yws) ¥ () [ wi s .
It is easy to see that, pointwise in x € E and u € [0, 1), using the induction
hypothesis and (G2),

H[f](x) := ;l_ifgo H{fl(x,u,t)

k N
= &, kGLFTY o(x )Ly, (x;
Y| Y 2<k1,...,kN) le BT L, (x))
j:ki>0

N
=kglflfymé | >0 [ el ) |.

kiyoonky]2 J=1
Lk N]kj:kj>0

where we have again used the fact that the k;s sum to k to extract the @[ f 1% term.
Using the expressions for H[ f](x, u, t) and H[ f](x) together with the definition
of Li(x), we have, for any € > 0, as t — oo,
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sup e o) T W P11 — KGLAFLr(0)]
x€E,feB] (E)

< sup
xeE, feBf (E)

—H[f]] (x)du| + €

1
‘ fo e e k=Dt =t o (=N THTF1(, 1)

1
<o [ (e s [ g (LN )
0 xeE, feBf (E)

—H[f1] (x)|du + ¢, (9.20)

where € is an upper estimate for

N

sup k!@[f]"/ooe“’“go(x)Hﬁs[wﬁ[ >
! [k, oerrkn ]

xeE, feBf (E) =1

)
J
kj?kj>

Ly, (x.,-)]i|(x)ds.
0

(9.21)

Note that convergence to zero as t — oo in (9.21) follows thanks to the induction
hypothesis (ensuring that Lg,(x) is uniformly bounded), (9.8), (G2), and the
uniform boundedness of y.

The induction hypothesis, (9.8), (G2), and dominated convergence ensure that

lim sup |H[ f1(x, u, t) — H[£1(x)| = 0. (9.22)

7% veE, feBf (E).uel0.e]

As such, in (9.20), we can split the integral on the right-hand side over [0, ¢] and
(e, 1], for ¢ € (0, 1). Using (9.22), we can ensure that, for any arbitrarily small
¢’ > 0, making use of the boundedness in (G2), there is a global constant C > 0
such that, for all ¢ sufficiently large,

t f e ket qup e () T, [HIFIC, u, 1) — HIF1) (x)| du
0 x€E, feB{ (E)

£
58’Ct/ e—helk=Dut g,
0

g'C

bW e k=leny, (9.23)

On the other hand, we can also control the integral over (e, 1], again appealing
to (G2), (G2), and (9.8) to ensure that
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sup e () Y [HLFIC 1) = HIFN]| < o,
x€E,feB (E),ue(e,1]

We can again work with a (different) global constant C > 0 such that

du

1
‘ f e qup e ()T g LHLS1C 1) — HLS

xeE, feBf (E)

1
< Cl‘/ e—)»*(k—l)utdu
&

C

— =D (ef)\*(kfl)et _ ef)\*(kfl)t). (9.24)
« —

In conclusion, using (9.23) and (9.24), we can take limits as t — oo in (9.20)
and the statement of the theorem follows. O

Finally we state and prove the subcritical case. Our proof will be even briefer
given the similarities to the previous two settings. The take-home message is
nonetheless different again. Unlike the supercritical setting, this time the k-th
moment scales like the first moment.

Theorem 9.3 (Subcritical, ., < 0) Suppose that (G2) holds and (G2) holds for
some k > 1. Redefine

k —1 .- k
At = s |eTte My Prr100 - Lil
x€E, feBf (E)

where L1 = @[ f] and, for k > 2,

o) k N ;

Li =pL1*1 + f e—mgb[y&[ 3 (k ; ) I1 wsgk’)[f](x./)ﬂd&
0 " 1o kN ']1;_10

J: J'>

Then, for all ¢ < k,

sup Aﬁ‘f) < ooand lim Al(é) =0.
>0 t—00

Proof First note that since we only compensate by e M+ the term vl f k](x) that

appears in Eq. (9.4) does not vanish after the normalisation. Due to assumption (G2),
we have

lim ™ ey 1100 = G
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Next we turn to the integral term in (9.4). Define [kq, .. kN]( " for 2 <n<k
to be the set of tuples (ki, ..., ky) with exactly n positlve terms and whose sum is
equal to k. Similar calculations to those given above yield

e—k*t

! k A
o ré : d
el R AR z(kl,“_,kN)/l:[lw, A6 | | Goods

[k1,....kn g

— s (1—u)t

_ =D © T
=t e
[ Z e

N

k
) )1‘[ ey 1] (x,)ﬂ(x)du.
9 N

() ki, ... e
[kp..kn 1y J=

(9.25)

Now suppose for induction that the result holds for all £-th integer moments with
1 < £ < k — 1. Roughly speaking, the argument can be completed by noting that
the integral in the definition of L; can be written

o k N
/0 Zek*(nl)sgb[ygl: Z ( k ) l_[ ef)h*sw(k i) f](x]):H
n=2 .

ki,....kn/ 1
[k1 kN],((") j=1

.....

(9.26)

which is convergent by appealing to (9.8), hypothesis (G2), the fact thaty € BT (E),
and the induction hypothesis. As a convergent integral, it can be truncated at r > 0
and the residual of the integral over (¢, co) can be made arbitrarily small by taking
t sufficiently large. By changing variables in (9.26) when the integral is truncated
at arbitrarily large ¢, so it is of a similar form to that of (9.25), we can subtract it
from (9.25) to get

: Zk | Fe o e )
—_ n n
t/ eA*(n ut 1ﬁ(l M)t ut ]_‘p[Hul 1) du
0
n=2

<p(x)

where

N

; k o
H;,)m:yé;[ 3 <k1 kN>l_[e hutt g L1 x ,)]

j=1

One proceeds to splitting the integral of the difference over [0, 1] into two integrals,
one over [0, 1 — ¢] and one over (1 — &, 1]. For the aforesaid integral over [0, 1 —
¢], we can control the behaviour of ¢*1e*(1*”)’w(1_u),[H( V] — GIHM as t —
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0o, making it arbitrarily small, by appealing to uniform dominated control of its
argument in square brackets thanks to (G2). The integral over [0, 1 — £] can thus be
bounded, as t — 00, by (1 — e"=DU=ay /|5 |(n — 1).

For the integral over (1 — ¢, 1], we can appeal to the uniformity in (G2) and (G2)
to control the entire term e~ (! =) lp(l,u),[Hbf?)] (over time and its argument in the
square brackets) by a global constant. Up to a multiplicative constant, the magnitude
of the integral is thus of order

1
l/ e)»*(nfl)utdu — 1 (e)»*(nfl)(lfe)t _ e)»*(nfl)t)’
1-¢ |Asl(n — 1)

which tends to zero as t — o0. m]

9.4 Moments of the Running Occupation at Criticality

As alluded to in the introduction to this chapter, the methods we have used in the
previous section are extremely robust and are equally applicable to the setting of the
moments of the running occupation. In the critical setting, we have the following
main result.

Theorem 9.4 (Critical, A, = 0) Suppose that (G2) holds along with (G2) for k >
1. Define
_(— _ _o— - ~ -1
A = sup T Ve gl - 27V glgl B[ Y el] T L
x€E, feB} (E)

s

where L1 = 1 and Ly is defined through the recursion Ly = (Zf;ll LiLi_i)/(2k—
1). Then, for all £ <k and c > 0,

sup AY < oo and lim AY =o. (9.27)

t>c

Proof Taking account of (8.27), we see that

t
u[0, 6g](x) = _/o Vs [Alu;—[0, 0g]] — 0g(1 —u; [0, 0gD] (x)ds.  (9.28)

Given the proximity of (9.28) to (9.5), it is easy to see that we can apply the same
reasoning that we used for wt(k) [f1(x) to I,(k) [g](x) and conclude that, for k > 2,

t
19100 = [ [yl el —kintel Ve, ©29)
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where 7¥ plays the role of n* albeit replacing the moment operators /) by the
moment operators /).

We now proceed to prove Theorem 9.4 by induction. First we consider the setting
k = 1. In that case,

1 1 t 1 t 1
—1V[g](x) = ~Ey, [ / xs[g]ds} =- / Ys[gl(x)ds = f Vur[gl(x)du.
t t 0 t Jo 0

Referring now to Theorem 8.1, we can take F(x,s,t) = g(x)/¢(x). Since g €
BT (E), the conditions of the theorem are trivially met and hence

lim sup
t
oo er,geBlJr(E)

1
o) TV [g](x) — @[g]‘ =0.

Note that this limit sets the scene for the polynomial growth in #"®) of the higher
moments for some function n(k). If we are to argue by induction, whatever the
choice of n(k), it must satisfy n(1) = 1.

Next suppose that Theorem 9.4 holds for all integer moments up to and including
k — 1. We have from (9.29) that

1 ! 1
= 5T /0 2 [yﬁﬁ’%”[g]](x)ds— — / ksl 15 VIgllds.  (9.30)

Let us first deal with the rightmost integral in (9.30). It can be written as
1 1
P /O ke [9 F (-, u, 1)] (x)du

! 1
:/(; (1 — M)Zk_Zkl//ut [gW [((k[ 1,4))[8]] (X)dl/t

where F is defined by the equality.
Arguing as in the spirit of the proof of Theorem 9.1, our induction hypothesis
ensures that
(k—=1)
1 I [g1(x)
lim g(1 —u)*2k dC)) -0
100 1 —u)*=2 o)

Aim FlglCe, u, 1)
=: F(x,u)

satisfies (8.20) and (8.21). Theorem 8.1 thus tells us that, uniformly in x € E and
g € B (E),
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lim o0 [ kplgl gl = 0 ©9.31)
100 (219 | ksleli— Vgl = 0. .

On the other hand, again following the style of the reasoning in the proof of
Theorem 9.1, we can pull out the leading order terms, uniformly for x € E and
g € BT (E),

1 t
lim s [ v [yl M foods

V() N N k-1 k
= lim wuz[—(l )”“%[EE (k_><p(xi)<p(xj)
j=lk=1 "
JF#i

=~

1, gl 1105 8)) H( .
PO (1= )T e (1 — 26T | [

(9.32)

It is again worth noting here that the choice of the polynomial growth in the form

"% also constrains the possible linear choices of n(k) to n(k) = 2k — 1 if we are

to respect n(1) = 1 and the correct distribution of the index across (9.32).
Identifying

Flgl(x,u,1)
y(x) N k-1 k
— 292 YN Y Jetoesy
) i=1 j=lk=1 "
J#i
I 81 155 11x))
e(xi)(t (1 —u))ki=1 o(x;) (1 — u))Zk—Zk,-—1:|

our induction hypothesis allows us to conclude that F[g](x, #) = lim;_, o F[g]
(x, u,t) exists and

v k—1
P FLgIer, ) = (1~ w2 D by i = 3 Loty
=1

Thanks to our induction hypothesis, we can also easily verify (8.20) and (8.21).
Theorem 8.1 now gives us the required uniform (in x € E and g € BT (E)) limit

kg7 [o11F ' @lglk
2k—1

L.

(9.33)
Putting (9.33) together with (9.31), we get the statement of Theorem 9.4. O

] a N _
fim () /0 v [ gl [oods =
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9.5 Moments of the Running Occupation at Non-criticality

We start with the supercritical setting and then move to the subcritical setting. Given
the familiarity of the approach at this stage, the proofs we give are very brief,
pointing only to the key steps.

Theorem 9.5 (Supercritical, A, > 0) Suppose that (G2) holds along with (G2) for
some k > 1 and A, > 0. Redefine

¢ - —1 5
A= sup e o) T el — 0glgl Le(x)|,
x€E, feB} (E)

where Li(x) was defined in Theorem 9.2 but now with L1(x) = 1/A4.
Then, for all £ < k,

sup AE’Z) < oo and tl_l)rgo A,(Z) =0. (9.34)

>0

Proof For the case k = 1, we have

t ~
[ g tgionds - £
0 A
1 ~
= |71 / e’ (ef**“’cp(x)”I/fm[g](x)—gb[g])du—ewﬁ
0 A
1 ~
<t [ e ety 1) — gl au + e EEL - 035)

Thanks to (G2) and similar arguments to those used in the proof of Theorem 9.2,
we may choose ¢ sufficiently large such that the modulus in the integral on the
right-hand side of (9.35) is bounded above by an arbitrary small ¢’ > 0, uniformly
inx € E,g € BY(E),and u > & € (0,1). Then, when restricted to (&, 1], the
aforementioned integral is bounded above by &'(1 — e *+¢’). On the other hand,
when restricted to [0, €], up to a global multiplicative constant, again thanks to (G2),
this integral can be bounded by e (178" _ ¢=*+ _Since ¢’ can be taken arbitrarily
small and ¢ tends to infinity, this gives the desired result for the integral on the right-
hand side of (9.35). The last term in (9.35) is dealt with trivially. The limit in (9.35)
also pins down the initial value L1(x) = 1/A,.

Now assume the result holds for all integers 1 < £ < k — 1. Reflecting on the
proof of Theorem 9.2, in the current setting the starting point is (9.29), which is
almost the same as (9.4). Our task is thus to evaluate, in the appropriate sense,
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lim e o) 1P g10r)

t
=g flowulve) 8 (, kN)HIf"B sl | | ods

(ki kN 12

t
— k lim e~k /O o) g 1% Vgl (x)ds. (9.36)

—0o0

The first term on the right-hand side of (9.36) can be handled in essentially the same
way as in the proof of Theorem 9.2. The second term on the right-hand side of
(9.36) can easily be dealt with along the lines that we are now familiar with from
earlier proofs, using the induction hypothesis. In particular, its limit is zero. Hence,
combined with the first term on the right-hand side of (9.36), we recover the same
recursion equation for Ly. O

Theorem 9.6 (Subcritical, A, < 0) Suppose that (G2) holds along with (G2) for
some k > 1. Redefine

A= sup e el — Le)]
er,feB]*(E)

where L1(x) = fooo (p(x)’1 Yslgl(x)ds, and for k > 2, the constants L are defined
recursively via

o k
Li(x) = /0 go(x)—lws[y&[ 3 (kl )]‘[w,)Lk (xnﬂ(x)ds

[k k12 i 1

o0
—k/ w(x)_lllfs[ngkfl](X)ds.
0
Then, for all £ < k,

sup AY < o0 and lim A =o. (9.37)
t>0

Proof The case k = 1 is relatively straightforward, and, again, in the interest of
keeping things brief, we point the reader to the fact that, as r — co, we have

10[g100) ~ /O Plgl(nds < oo, ©.38)

thanks to the exponential decay of (i, r > 0), since A, < 0.
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Now suppose the result holds for all integers 1 < ¢ < k — 1. We again refer
to (9.29), which means we are interested in handling a limit which is very similar
to (9.36), now taking the form

lim 1®[g1(x)
t— o0

. ! k A
- zlinolol/o Vur | 76 Z (kl, e, kN) 1_[1 I(lj_u)t[g](Xj) (o)
J:

[ki,....kn 12

—0o0

1
— lim ks /0 Ve 2100 11| od. (9.39)

Again skipping the details, by treating the integral in (9.39) according to its
behaviour over [0, 1 —¢] and (1 —e, 1], we can quickly see from (9.39) the argument
in (9.38), and the induction hypothesis gives us

o0 k N
1Pg1x) ~ fo ws[ycﬁ[ > (k] ) I1 ij(xj)ﬂmds
9 j:l

5 v ky
[ki,....kn g ik0
Kj

i [T nfstiio]was,
0
(9.40)

which gives us the required recursion for Ly (x). Making these calculations rigorous
(left to the reader) as in Theorems 9.2, 9.3, and 9.5 completes the proof. m]

9.6 Moments for Discrete-Time Branching Markov Processes

Recall that we introduced the notion of a discrete-time branching Markov process in
Sect. 8.7. Just as in the previous sections, under the analogous assumptions to (G2)
and (G2), we can expect similar moment growth results.

(G4) There exist an eigenvalue p, > 0, and a corresponding right eigen-
function 0 < w € BT (E), and finite eigenmeasure » such that, for
f € BY(E),
Pulow] = piw and & [@u[ f1] = pLOLf].

Furthermore, let us define
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Av= sup o) "l f10) —alfll, n=0.  (9.41)
x€E,geB] (E)
We suppose that
sup A, <ocand lim A, =0. (9.42)
n>0 n—o00
(G5) We have
sup Ex(Z[1]F) < oo. (9.43)
xeE

Naturally, p} plays the role of the lead eigenvalue for the semigroup @,, with
corresponding right eigenfunction w and left eigenmeasure @. In this setting, o}
gives the average growth of the number of particles in the system in generation n and
thus gives us an analogous notion of criticality to the continuous-time setting. That
is, px > 1 corresponds to a supercritical system, p, < 1 corresponds to a subcritical
system, and p, = 1 corresponds to a critical system. The assumption (GS5) for a
fixed k > 2 provides control over the moments of the offspring distribution at the
first generation. We refer the reader to Remark 8.1 for a brief discussion of the case
where the discrete-time BMP is embedded into a continuous-time BMP.

Just as in the continuous-time setting, we obtain perfectly analogous results for
the asymptotic moments. We list them below.

Theorem 9.7 (Critical, p, = 1) Suppose that (G4) holds along with (G5) for k >
1 and px = 1. Define

AY = sup Vo) TP el — 27V a1 el Tl
x€E,geB (E)

where, again abusing notation from the continuous-time setting,

N N
Vwl(x) = E, [fé‘f”[wlz - g[wz]] =E | ) ) oo
i=1 j=
y=t
Then, for all £ < k,

sup Aﬁf) < o0 and lim Aﬁf) =0. (9.44)

n>1 n— 00

Theorem 9.8 (Supercritical, o, > 1) Suppose that (G4) holds along with (GS5) for
k > 1 and p« > 1. Define
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A0 = sup |p o) oPgl(x) — A F1Le(x)],
x€E,geB{ (E)

where L1 = 1, and for k > 2, Li(x) is given by the recursion

[’} N
L) = o)™ Y p e, E[ > Hw(xj)ij(xj):| (x),

=0 24 j=1
Ut =

(9.45)

with [ky, ..., kN]i+ defining the set of non-negative tuples (ky, ..., ky), such that

Zj»v:l kj = N and at least two of the k; are strictly positive.
Then, for all £ < k,

sup ALY < coand lim AP =0.
n>0 n—oo

Theorem 9.9 (Subcritical, p,. < 1) Suppose that (G4) holds along with (GS5) for
k > 1 and py < 1. Define

AP = swp |p o) e gl) — L,
er,geBlJr(E)

where L1 = 1, and, for £ > 2, Ly is given by the recursion

o) k N .
Le=atre s e X (b ) e en]
2+ ’ ’

n=0 (k1w 17

Then, for all £ < k,

sup ALY < coand lim AP =0.

n>0 n— 00

The proofs of Theorems 9.7-9.9 are very close to their continuous-time counter-
parts. Indeed, all three start with the observation that

k
2P [gl(x) = (=DF %vn[e—%’](x) n>2xek, feB(E),
0=0

which, in the spirit of Proposition 9.1, leads to
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n—1
oP[gl = dulg" 1+ Y | E| D (m kN> H 2,70 4181z | |
2

ki, kN
(9.46)
on E,forn > 1and g € BT (E), where [k, - - - ,kN],% is the set of all non-negative
N-tuples (kq, ..., ky) such that ZINZI ki = k and at least two of the k; are strictly

positive.

We now highlight some of the subtle differences in Theorem 9.7 compared to the
continuous time.

As with criticality in the continuous setting, it is not difficult to show that the
first term on the right-hand side of (9.46) carries no contribution to the asymptotic
scaled limit. Moreover, from the sum on the right-hand side of (9.46), the only
contribution that matters comes from partitions of the form k; and k» = k — ki,
where ki € {1, --- , k — 1}. Our task is thus to show that

1S (n—t—1\F2
K),2 Kk
Afl)' = sup —Z( ) Q)[H( )/é 1[f]]

xeE, feBH(E)M? 2 n

2 Ve[ el] e

(9.47)

tends to zero as n — oo, where (being careful not to double count the non-zero
partition k1, k2 : k = k1 + k»2)

cb(k“[f](z, &5 f1z))
J#l

In a similar way to the analogous part of the proof in the continuous-time setting,
we can show that

]k -2~

alf1,
(9.48)

HOLA1() = lim HP[F10) = (k= DY [o]@)2" Vo[V (]

where, in fact, the convergence can be taken uniformly in both x € E and f €
B (E).
Next, for fixed £ < n, define

— -1\
o (xX)Flgl(x, £,n) = ("T> 1b, gl
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and

. n—0-1\"7? o
wx)Fglx, ¢, n) = (T) Hyo [g](x). (9.49)

Then, the following four facts are easy to verify:

5 1 n—1 ) H(k)
Flelw = tim =Y Flglir. ¢,m) = Tt 950
n—-oon = k—1
exists
1 n—1
lim  sup —Z&)[a)F[g](-,E,n)] — o[wFlgl]| =0, 9.51)
n—00 n n
geBH (B 1 D)
sup lw(x)F[gl(x, £, n)| < oo, (9.52)
x€E t<neN,geB} (E)
and
lim sup wx)|Flglx, £, n) — ﬁ[g](x, £,n)| =0. (9.53)
n—

o er,éSn,ger(E)

The four properties (9.50)—(9.53) are sufficient to prove an analogue of Theo-
rem 8.1. This states that, under (G4) and (9.50)—(9.53), we have

sup &, <ooand lim Z, =0, (9.54)
n=2 n—o00
where
n—1
En=  sup > DwFlgl(. &, mx)du — B[wF[g]]|,  t>0.

xeE,geB; (E) nw(x) =0

This gives us precisely (9.47), thus proving Theorem 9.7.

The proofs of Theorems 9.8 and 9.9 follow almost verbatim along the same steps
in the continuous-time setting albeit, integrals over [0, 1], such as those in (9.20),
are played by the role of scaled summations taking the form n~! ZZ;(]) ---. The
details are left to the reader.
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9.7 Examples for Specific Branching Processes

We conclude the general technical exposition in this chapter by giving some
examples to illustrate our results for specific scenarios, as well as how they relate to
neighbouring results.

Continuous-time Bienyamé—Galton—Watson Process We start by considering
the simplest branching particle setting where the process is not spatially dependent.
In effect, we can take E = {0}, P to be the Markov process which remains at
{0} and a branching mechanism with no spatial dependence. This is the setting
of a continuous-time Bienyamé-Galton—Watson process. Its branching rate y is
constant, and the first and second moments of the offspring distribution are given
by m; = &[N]and my = &[N?], respectively, where N is the number of offspring
produced at a branching event. When the process is independent of space, we have
Ay = y(m1—1), ¢ = 1, ¢ can be taken as §{}, and (G2) trivially holds. Theorem 9.1
now tells us that, at criticality, i.e., m; = 1, the limit for the k-th moment of the
population size at time ¢ > 0 satisfies

1~ EDEINF] ~ 27 ® =Dt (3 (my — 1))* 1, ast — oo, (9.55)
when &[N*¥] < coand k > 1.
In the supercritical case, i.e., m| > 1, the limit in Theorem 9.2 simplifies to
eV m=DREINK] ~ 1L, ast — o0, (9.56)

where the iteration

1
Lk:m [[ Z l_[ Lk,i|, k>2,

i ]k 20
holds. Here, although the simplified formula for L; (on account of no spatial
considerations) is still a little complicated, it demonstrates more clearly that the
moments in Theorem 9.2 grow according to the leading order terms of the offspring
distribution. Indeed, in the case k = 2, we have

1 g[N(N—l)]_ my — m|
my — 1 2 T 2m =1

1
Ly = ——&lcard{[ky, ..., ky13}] =
mip — 1

The constant L3 can now be computed explicitly in terms of Ly and L1 = 1, and so
on.

The limits in the subcritical case can be detailed similarly and only offer minor
simplifications of the constants Ly, k > 1 presented in the statement of Theorem 9.3.
Hence we leave the details for the reader to check.
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Branching Brownian Motion in a Bounded Domain In this setting, the semi-
group P corresponds to that of a d-dimensional Brownian motion killed on exiting
a C! domain E C RY. The branching rate is taken as the constant y > 0
and the offspring distribution is not spatially dependent. Moreover, the first and
second moments, m; := &[N] and my = &[N?], are assumed to be finite. In
this setting, the right eigenfunction of the expectation semigroup of the process, ¢,
exists on E, satisfying Dirichlet boundary conditions, and is accompanied by the
left eigenmeasure ¢ (x)dx on E. The associated eigenvalue is identified explicitly as
Ax = y(m1 — 1) + Ag, where Ag is the ground state eigenvalue of the Laplacian on
E. The critical regime thus occurs when Ag = —y (m1 — 1).

In the spirit of Kolmogorov asymptotic survival probability limit for classical
Galton—Watson processes and Theorem 5.8 for NBPs, it is known at criticality that

Ps.(¢ > 1) ~ 1 2(my — Do(x)

1 = 20(x)/ X, E, (957
{Thglm —m) [ peoidx ¢ ® te ©:37)

as t — oo. Moreover, in the spirit of the Yaglom distributional limit for Galton—
Watson processes and Theorem 5.9, it is also known that

L X:[f]
aw - ¢ >t) — Law(ez(p, 1)5), ast — 0o, (9.58)

where ey, ryx/2 is an exponentially distributed random variable with rate
(p, f)X /2. (Note that we understand (f, ¢) = fE @(x) f(x)dx in this context.)
In particular, these two results allude to the limit of moments (albeit further
moment assumptions would be needed on N), which, in the spirit of (11.28),
can be heuristically read as

¢ > ti|

=k27 D ks lo),  xeE, (9.59)

X[ f1F
k

— t

1
lim —E;s [X,[f1¥] = lim tPs (¢ > 1)Es
oo thk—17"% t—oo ¥ )‘

for k > 1. Taking into account the fact that ¢(x) = ¢(x)dx and y = |Ag|/(m| — 1),
we see that

(my —my)

39, —
=1 Ego(x) dx = X.

LY Tpl(x)] = (y@*(ma — m1), ) = |Ag]

Hence (9.59) agrees precisely with Theorem 9.1.

Crump-Mode-Jagers (CMJ) Processes Finally, we consider the class of CMJ
processes, for which, results are not covered by our class of BMPs. Nonetheless,
comparable results to Theorem 9.1 are known, which are worth discussing.
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Consider a branching process in which particles live for a random amount of time
¢ and during their lifetime give birth to a (possibly random) number of offspring at
random times; in essence, the age of a parent at the birth times forms a point process,
say n(dt) on [0, ¢]. We denote the law of the latter by &. The offspring reproduce
and die as independent copies of the parent particle and the law of the process is
denoted by [P when initiated from a single individual. In essence, the CMJ is a non-
spatial version of the Biggins process, described in Chap. 8.

Criticality for CMJ processes is usually described in terms of the Malthusian
parameter, « € R, which satisfies & f[o, 00) e % n(dt)] = 1. The critical setting is
understood to be the case o« = 0 (with supercritical ¢ > 0 and subcritical ¢ < 0).
If we write the total number of offspring during a lifetime by N = 5[0, ¢], then
the critical setting can equivalently be identified by E[N] = 1. Furthermore, let Z;
denote the number of individuals in the population at time # > 0. Under the moment
assumption E[N k] < oo for some k > 1, it is known that the factorial moments
mi(t) :=E[Z,(Z, — 1)--- (Z; — k + 1)] satisty

om0 Elet

)kl
Am e =k ime = D

where my = &[N?] and b = g[fof tn(dr)]. It is an interesting exercise to compare
this to the spatially independent example considered above.

9.8 Comments

Despite the fact that understanding the behaviour of moments is a natural and
fundamental question to ask for branching Markov processes, until recently, very
little appears to be present in the literature beyond second moments. Nonetheless,
for higher moments, there are some references which touch upon the topic in a
cursory way for the setting of both BMPs and a more exotic class of branching
processes known as superprocesses; see, for example, Etheridge [55], Dynkin [48],
Harris and Roberts [71], Klenke [83], Fleischman [65], Foutel-Rodier and Schertzer
[62] and Powell [112]. This is similarly the case for the occupation measure of
branching Markov processes; cf. Dumonteil and Mazzolo [43] and Iscoe [78]. One
exception to the lack of treatment of higher moments is Durham [46], whose results
for Crump-Mode—Jagers processes in the early 1970s are described in Sect. 9.7. For
the general BMP setting, results presented here are reproduced from the recent work
of Gonzalez et al. [67].



Chapter 10 ®
Survival at Criticality oo

We will remain in the setting of the Asmussen—Hering class of BMPs, i.e.,
assuming (G2), and insist throughout this chapter that we are in the critical setting,
that is, A, = 0. Recalling the notation from (8.25), let us define

u(x) :=Ps (¢ >¢t) and a(t) := ¢[u], (10.1)

where ¢ = inf{t > 0 : X;[1] = 0} is the lifetime of the process. Setting g = 0 (the
zero function) and f = 6 and letting & — oo in (8.27), we find that

t

t
a(t) = Gl [1]] - fo S [Alu_1]]ds = l1] - / lafu]ds,  (102)

0

where 1 is the function that is identically unity, we have used the fact that ¢ is a left
eigenmeasure with zero eigenvalue at criticality, and we have changed the variable
of integration in the second equality. Our aim is to use (10.2) to give us the rate of
decay of a(¢), and hence u, (x), thereby generalising Theorem 5.8 to the setting of
BMPs. When coupled with what we know of moment evolution, this will also give
us what we need to prove a general Yalgom limit for branching Markov processes
in the spirit of Theorem 5.9.

10.1 Yaglom Limit Results for General BMPs

Before stating the main results of this chapter, we need to state a number of
additional assumptions. As with much of our notation, we use the same symbols
as we have used for the NBP in this more general setting without confusion.
For example, we will still work with the variance functional for the branching
mechanism defined by
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Viglw) =& 2P - 21|, xeE. (103)

See (5.9) for comparison. We now introduce some further assumptions.

(G6) The number of offspring produced at a branching event is bounded
above by a constant, 7y,x.

(G7) There exists a constant C > 0 such that for all g € BT (E),

o[y 7igl] = Colgl.

(G8) For all ¢ sufficiently large, sup, .z Ps (t <) < 1.

The assumption (G6) simply assumes there is never more than a maximum number
of offspring, irrespective of spatial dependency. Assumption (G7) can be thought of
as a type of “spread-out-ness” requirement that ensures an inherent irreducibility of
how the event of branching contributes to mass transportation. We may also think of
this as something analogous to a uniform ellipticity condition for diffusive operators.
Assumption (G8) ensures that there are no anomalies in our BMP that would allow
for guaranteed survival from certain points in space. Note, in particular, that this
becomes relevant when E is not bounded.

Theorem 10.1 Suppose that (G2), (G6), (G7), and (G8) hold. Then,

. Ps (& >1) 2|
lim sup | ——— — —=| =0, (10.4)
=00 cE p(x) )

where
= =y 71el] (10.5)

As alluded to above, Theorem 10.1, when combined with Theorem 9.1, implies that,
forany k > 1 and f € BY(E),

k
lim Es, |: <Xl[f]>
—00 ’ t

The right-hand side above is precisely the k-th moment of an exponential random
variable with rate p := 2/X@[f]. In other words, as a generalisation of Theo-
rem 5.9, we have

k
. > t:| =Kk g[fIF (g) . (10.6)

Law ( Xil/] ‘ ¢ > t) — Law (ep) s

t

as t — oo, where e, is an exponential random variable with rate p.
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‘We consume the rest of this chapter proving Theorem 10.1. The approach we will
take is to first produce coarse lower and upper bounds for the survival probability
and then to bootstrap these bounds to give us the precise asymptotic in (10.4). As
alluded to above, a key element in our analysis will be understanding the behaviour
of a(t) ast — oo.

10.2 Extinction at Criticality

Let us start by examining extinction, namely the event {{ < oo}, at criticality. Under
our assumptions, as with classical Bienyamé—Galton—Watson branching processes,
we find that criticality ensures there is almost sure extinction.

Lemma 10.1 Assume (G2) with A, = 0 and (G8). For all x € E, we have Ps_({ <
o0) = 1.

Proof We start by proving that for all x € E and #p > O,
lim Py, (¢ <) = 1z <c0)s Ps,-a.s. (10.7)
n—od :
On the event {¢ < oo}, it is immediate that, for all x € E,
lim Py, (¢ <t =1, (10.8)
—00
IPs, -almost surely. Hence, our proof of (10.7) focuses on what happens on the event
of survival.
Let (T, n € N) be any increasing sequence of stopping times. Using the strong
Markov property and (10.8), we have that, for all n € N,
Ps, (¢ < 00) = Es, [Pxy, (¢ < 00)] = Es, [Pxy, (¢ < 10)].
Using this inequality and Fatou’s lemma, we deduce that
Ps, (¢ < 00) > liminf Eg_ [IP’XT” ¢ < to)]
n—oo
> Es, [lim inf Py, (¢ < zo)]
n—00 n
> B, [l <o0)] + 85, (¢ = 00 and liminf Pxy, (¢ < 10) = 6).
n—00 n

It follows that, for all § € (0, 1], we have

P;, (g = coand liminf Py, (¢ < 10) > a) —0.
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This implies that, on {¢ = oo}, liminf,,_, o IP’XT” (¢ < 1p) = 0. Since this is true for
any sequence of increasing stopping times, in particular 7, = n, forn € N, we
deduce that, on {¢ = oo}, limsup,_, o, Px, (¢ < 1) = 0. Together with (10.8), this
gives us

lim PX,, € <1 = 1{§<oo}
n—00

Ps, -almost surely, as required.
Next we prove that for all x € E, on {¢ = oo}, we have Ps_-almost surely that

lim X,[¢] = oo. (10.9)
n—oo

First note that for any x € E and ¢t > 0, we have
Ps, (1 < &) < Es, [Ni] = ¥ [1](x).
Using (G2), we deduce that there exists a o > 0 such that, for all x € E,
Ps, (to < ) = ¥, [11(x) < 20(x). (10.10)

Thanks to the assumption (G8), we can choose #; sufficiently large such that there
exists a constant co € (0, 1) such that, uniformly for all x € E,

Ps, (to < ¢) < co A 2¢(x).

Using the branching property, we deduce that, for all © = Zle 8y, € M(E),

k

Pu(c <10) = [[(1 = con20(x).
i=1

Now, using (10.7), we have

N71
1 <co) = limsup Py, (¢ < 1o) = limsup [ [ (1 — co A20(xi(n))),  (10.11)
n—0oo n—0oo i=1
where x; (n) denotes the ith particle alive at time n, i = 1, ..., N,.

Next, we note that, for each xo € (0, 1], there exists a 6y such that —logx <
1 — 6px, where 6y = 6p(xp) > 1, for x bounded by unity. The limsup in (10.11)
tells us that, on {¢ = o0},

N, N,

oo = lim_ _1ogu<1 — o A 20(x;(m)) = lim —;log(l — o A20(xi(n))) .
(10.12)
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As cg < 1, we can find a constant 6y = 6y(1 — ¢g) > 1 such that

Ny Ny N
— ) log (1 —co A20(x;(m)) < Y (1= 600) +60 Y _ co A20(x;(n))
i=1 i=1 i=1
Nll

<260 ) p(xi(n). (10.13)

i=1

In conclusion, combining (10.13) with (10.12) gives us (10.9) as promised.

To conclude the proof of the lemma, let us recall that, under the assumption (G2),
the eigenfunction ¢ having zero eigenvalue ensures that (X;[¢], r > 0) is a
martingale. (The proof of this fact is essentially the same as in the NBP setting;
see Sect.6.1.) As ¢ € BT(E), W, = X,[¢l/¢(x) > CX,;[¢]. Since W is almost
surely convergent, (10.9) implies a contradiction and hence that { < oo}, Ps_-a.s.

O

10.3 Analytic Properties of the Non-linear Operator A

Before we embark on our pursuit of coarse bounds for the survival probability, it
will be important for us to understand the behaviour of the non-linear operator
A, particularly if we are to use (10.2) as the basis of our analysis. Recalling the
definition (8.26), that is,

N N
A[h](x) = y (x)éx [H(l —h(xi) =1+ Zh(xi)} , x€E heB(E),
i=1 i=1

(10.14)

we may think of A[A] as the branching mechanism G[1 — k] with its linearisation
subtracted off. This suggests that the next largest term in the expression for A[A]
should be its quadratic approximation. The next result allows us to control the use
of this quadratic approximation in the forthcoming analysis.

Lemma 10.2 Suppose that (G6) holds. The following statements hold:
(i) Forallx € E and h € B1+(E), we have

0 <A[A](x) < Iy Inmax-
(ii) There exists C € (0, 00) such that, forallh : E — [0, 1/2],

IA[A](x) — 3y )V TR < ClRG)IP. (10.15)
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(iii) There exists C € (0, 00) such that for all h : E — [0, 1/2],
A[h](x) = Cy(x)¥[h](x) = 0, xeE.
(iv) There exists C € (0, 0o) such that for all hy, hy € BT(E), we have

I7[h1] = ¥V [h2]ll < Cllhy — ha].

Proof (i) The non-negativity of A[k] can be demonstrated using an iterative
argument. Forn > 1 and (x;, 1 <i <n) € [0, 1]*,

) =0 —x) =14 ) x>0 (10.16)

i=1 i=1

To see why this is true, we note that fij(x;) = 0 and, more generally, we have

far1 (X1, ooy X0, 0) = fu(xn, ..., xp) as well as df,41(x1, ..., Xp1)/0Xp41 = 0.
This yields A[A] > 0.
For the second inequality in (i), it suffices to observe that since h € Bf(E ),

A)(x) =y ()& []‘[(1 —h(x;) =1+ Zh(xi)} < y @& [ZIR1] < 17 e,
which is bounded due to (G6) and the global assumption that y € BT (E).
(ii) Let us write £(h) = —Z[log(1 — h)], which is non-negative, and note that
Alh)(x) = e ™ — 1 4+ Z[n).
Then, we have
A = Sy Y ThIW)| < v @&E[1 - e ® — et + eny’]

+y (& [Zl-log(l —h) —h — 3h%]]

+ Ly &[] Zilog(1 — m1* — Zih?|].
(10.17)

Applying the elementary bounds 0 < 1 —e™ — x + %xz < %x3 forallx > 0
and 0 < —log(l —x) —x — 3x? < x3 for x € [0, 3], since both y € B*(E)
and (G6) hold, we see that the first two terms on the right-hand side of (10.17) are
bounded by C ||h||3. For the third term on the right-hand side of (10.17), writing
log(1 — h) = —h + R(h) with |R(h)| < C|/h||?, we get

|Z[log(1 — m))* — Z[h?| < 2Z[h]- Z[|R(WI] + ZIR(W)]* < C' ||A]1,
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for a constant C’ > 0, where we have used that h € BI+(E ) and (G6) holds. This
gives us (ii).
(iii) First note that foralln > 2 and (x;, 1 <i <n) € [0, %]”,

n n
H(l—xi)—l—i-Zx,' > 2”17] Z XiXj.
i=1 i=1

1<i,j<n:ii#j

This can be shown with an induction on 7 and its proof is therefore omitted. The
proof of (iii) now follows by (G6).

(iv) The final claim can be easily checked from the definition of V, combined
with (G6). O

10.4 Coarse Bounds for the Survival Probability
We will use probabilistic methods to prove a coarse lower bound for the probability

of survival.

Lemma 10.3 Suppose that (G2) holds. There exists C € (0, 0o0) such that

() and a(t) > L

>
w) =7 =cr

forallt > 1and x € E.

Proof Just as in the setting of the NBP (cf. Sect.6.1), for the Asmussen—Hering
class of BMPs at criticality (cf. (G2) with A, = 0), X;[¢], ¢t > 0, is a martingale. As
such, we can introduce the change of measure

dPs, _ Xilo]
dPs, YT oo

S

t>0,x€E. (10.18)

Thanks to the change of measure (10.18) and Theorem 9.1, there exists a C > 0
such that

1
sup B [X,[ol] = sup —Es, [X:[¢]*] < Ct,
x€E xeE 9(x)

for all + > 1. By Jensen’s inequality, we then get

Ps. (¢ > 1) =Ef

X

[fﬂ(x) ] N 4SO I I C))

Z =5 > , t>1. (10.19)
X[l ng[xt[(P]] Ct
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The lower bound for a(¢) then follows by integrating both sides of (10.19) against
¢ and recalling that we have normalised the left and right eigenfunctions so that

Plel = 1. O

Next we turn to a coarse upper bound for the survival probability, which, for the
most part, is an analytical proof, making use of Lemma 10.2.

Lemma 10.4 Under the assumptions of Theorem 10.1, there exists a constant C >
0 such that for all t > t,

~

C
a(t) = — and || =

c
- (10.20)

Proof We first show that
a(t) = 0 and |u| — O, (10.21)

ast — oo.

Thanks to Lemma 10.1, we have Ps_({ < oo) = 1, which implies that u;(x) =
Ps (¢ >t) - 0,ast — oo, forall x € E. Clearly, a(t) = ¢[u;] — 0,as ¢t — oo,
by dominated convergence.

For the uniform convergence of u;, recalling the definition of u,[f, g](x)
in (8.24), we note that u,4s(x) = u[l — uy, 0](x) by the Markov branching
property. Recall the non-linear evolution equation in (8.24) tells us that u,[ f](x) :=
u[f, 0](x) satisfies

t
w[f1x) =¥ [1 - fl(x) —/0 Yy [A[w,—s[f11] (x)ds. (10.22)

Setting f = 1 — u, and using the preceding remarks, we find that

t

0 < ugs(x) = Y fus]x) — /o Y1 [Alus s —1](0)dl < Y [us] (x), (10.23)

by Lemma 10.2 (i). Combined with the fact that we are working with the Asmussen—
Herring class of MBPs, cf. (G2), this yields

luresll < I luslll < a@)llgll + O ™). (10.24)

Taking first t — oo and then s — oo gives us that ||u;|| — O ast — oo.

With (10.21) in hand, we can now move to the proof of the upper bound on a(t)
and ||u||. To this end, fix #p > O such that ||u|| < 1/2 for all + > #y. Note that
the integrand in (10.2) is bounded due to our assumptions and Lemma 10.2 (i). It
follows that a(¢) is differentiable. Differentiating (10.2) for ¢ > ¢y and then applying
the bound in Lemma 10.2 (iii), we obtain for ¢ > 1y
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d'(t) = —¢[alw]] < —C1g[y 7V Tul] < —C2lu,l® = —Caa(t)?, (10.25)

where we have used assumption (G6) in the second inequality.
Integrating from # to ¢ yields

at) < (G2t =) +a@) ") = @07,

where the last inequality holds for ¢ sufficiently large. The upper bound for a(¢) then
follows. We may then apply the same techniques as in (10.24) by setting s = ¢ to
obtain the uniform bound for u;(x). |

10.5 Precise Survival Probability Asymptotics

The next result shows that the long-term behaviour of u;/¢ and a(z) is the same,
which will be key to obtaining the correct constants in the bounds obtained in the
previous lemma.

Lemma 10.5 Suppose that there exist k, n € (0, 00) such that ||u,|| < «t~" for all
t > 0. Then, we can find some constant C € (0, 00) which does not depend on k
such that

uy(x)

< Ck’t™", forallt > 0.
@(x)

—a(t)

xeE

Proof Comparing (10.22) with (10.2), we find that

t
uy (x) _am‘ NG —¢[1]‘+/
0

Vi-s [A[us]] () _
p(x) p(x)

pr @[Alusl]| ds

t
<Cre '+ / Cre 0 |a[u, | ds,
0

where the constant ¢ > 0 comes from (G2). Thanks to Lemma 10.4, we can find
1o > 0 such that sup, ¢z sup,, u;(x) < 1/2. Take r > 21, then the integral above
can be bounded as follows:

t
/ Cre ) A, ]] ds
0

12 :
_ / Cre 9 |afu, 1 ds + / Cre ) ALy ]] ds
0

12
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< Cilly lInmax e_gl‘/z

t
+ / Cie 29| aluy]| ds. (10.26)
& t/2

Using the easy observation ¥ [u,] < nrznaXHuS ||2 together with Lemma 10.2 (ii),

we deduce for the second term in (10.26) that ||A[u]ll < [[#Tuslll + ||uf|| <
C>|lug ||*. The latter is bounded by Cox2s~2" due to the assumption of the lemma.
Therefore,

t
/ C1e=0=9) AL, ds
12
t
§C3/<2/ e e=9) =2
1/2

2 t
_ G <t_2’7 - 4e_”/2t_2’7) +Cy4 f e e 21-1qg = 0 (+72M).
€ /2

Putting the pieces together, we obtain the claimed bound in the lemma. O
Proof (of Theorem 10.1) Applying Lemma 10.5 with n = 1 and « being some

positive constant, which is permitted thanks to Lemma 10.4, we have

ur (x)
p(x)

=007, t— .

—a(t)

xeE
On the other hand, we have seen in Lemma 10.3 that a(r) ! = O(¢). It follows that

ur(x)

sup | ————
p(x)a(r)

xeE

- 1‘ =01, t— co. (10.27)
Applying Lemma 10.2 (iv), (10.27), and Lemma 10.4, we deduce that

sup [ #u () = a0 ¥ [pl@)]| = supan? [

xeE xeE

g lo - 71010

uy (x)

=0@17).
2 @)

<C a(t) sup | ——

xeE

—p(x)

(10.28)

We now see that, for all 1 > ¢,

t
a(t) —a(ty) = —/ ¢[Alus]]ds
I{

0

I
- / (¢ly 7 1a1] + Ous 1)) s
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1 [t _
=—§fto (@[V”f/[us]]JrO(s 3))ds

1 t
- / (at’e[y 7Te) ]+ 067 )ds
fo

t
:_E/ a(s)* (14 o(1)) ds,
2 Ji

where we have used (10.15) in the second equality, (10.20) in the third, (10.28) in
the fourth, and Lemma 10.3 in the final equality. This implies that

2
a(t) ~ — ast — o0.
2t

The desired asymptotic for u; then follows from (10.27). O

10.6 Remarks on the Neutron Transport Setting

Comparing the statement of Theorem 5.8 with Theorem 10.1, there are seemingly
different assumptions at play.

Assumption (HS) vs Assumption (G7) In the setting of neutron transport, the
assumption (HS5) is weaker than (G7) in the case where E is bounded. To
compensate for this, the proof of Theorem 5.8 requires some more work.

The idea in this case is to use the same techniques as in Lemma 10.4 to obtain
coarse upper and lower bounds but of order 1/+/. The key change occurs in (10.25).
Specifically, in that setting,

d'(t) = ¢[alw]] < —C1g[o 7 [u]]

IA

—Cz/ o(r, v)f / u, (1, v1)u, (r, v2)dr dv durdus,
DxV vJV
(10.29)

where we have used assumption (HS) in the second inequality. Note that Holder’s

inequality implies that
3
( / f(r)dr> = [ 1o
D D

Applying this to r +— fV @(r, v)us(r, v)du, we find that
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3 3
a(t)3 = </ @(r, v)u(r, U)drdv) < C3/ (/ o(r, v)u(r, v)dv) dr
DxV D \JV

=@/¥y/ G(r, V), VDG(r, V), VY (1), V)
D VxVxV
x dv dvjduy

< Cyllwl ¢mw//wmmmmmmmwmm
DxV vV JV

since ¢ is uniformly bounded. Comparing this with (10.29), we have

Cs

a®?®, 1> 1.
la |

a'( < -

Specifically, in that setting,

2
dt) = —¢[alw]] < —Ci¢los ¥ [w]] < —Czé[/ u (-, U’)dv’:| = —Cha(1)>.
14

At this point in the argument, we know that |u;|| — 0. Therefore, for any fixed
€ > 0, there exists 7, = #;(¢) such that

/ Cs 3 /
a'(t) < ——a@)?, t=1n =max(, t)).
€

Integrating from #; to ¢ yields

—-1/2 —-1/2
a(t) < <§(r — 1) +a(t1)‘2> < (C—jt) ,
€ €

where the last inequality holds for ¢ sufficiently large. The upper bound for a(¢) then
follows. We may then apply the same techniques as in (10.24) by setting s = ¢ to
obtain the bound for ||u,||.

Formally speaking, we have shown that, under the assumptions of Theorem 5.8,
there exists a constant C > 0 such that, for every € > 0, we can find 7y = fo(€) with

a(t) <

and |lu || < (10.30)

€ €
Ct CJt
forall ¢t > 1.

Once in the possession of an upper bound for a(¢) and ||u;|| of 0@t~ 12), we
can bootstrap this further to improve the upper bound to O(t~!). Indeed, from
Lemma 10.4, we see that the assumption of Lemma 10.5 holds for x = €, where € is
given in (10.30), and n = 1/2. Since € can be taken arbitrarily small, Lemma 10.5
then tells us that ||(u; /@) — a(?)|| = o(t~'). Combined with Lemma 10.3, this



10.6 Remarks on the Neutron Transport Setting 207

implies that

u(r, v)
@(r, v)a(r)

—l‘—>0, ast — o0o.
reD,veV

Thanks to Lemma 10.2 (iv), we have
17 [w/a(®)] = Velll < Clitur/a@®)) — ¢l — 0. (10.31)
On the other hand, as in (10.25), for ¢ sufficiently large, we have
d' (1) < =C1g[ VT l] = ~Cra)*G[¥ [w/a®]] < —Caa (1)’

by (10.31). Integrating over ¢ yields the desired bound for a(#). The uniform bound
for u, follows from the same arguments as previously.

This brings us back to (10.25), and we can continue the reasoning as in the proof
of the general case.

The Absence of Assumption (G8) Heuristically, the condition (G8) for NBPs is
satisfied because a neutron released from anywhere in D x V will exit the domain
D without undergoing fission or scattering with a minimal probability, implying
extinction.

To be more precise, suppose we define dy = 2inf{r > 0 : D C
Ba(r) for some r € D}, where B,(r) is a ball of radius a in R? centred at r.
We can think of dj as the “diameter” of the physical domain D. Now note that, for
reD,veV,

i _
Py (€ < KEU) > exp (—f o(r + s, v)ds> > e_KPUG’
0

where we recall that o = o5 + o¢ is the sum of the scatter and fission rates and
0 = Sup,cp ey 0 (r,v) as per (HI), which was assumed in Theorem 5.8. This
means that forr € D,v eV,

T S (R e (R )

reD,veV reD,veV

where we have used that k2, vnin < k2, |v| < do. In other words, for all 1 > 7o :=
do/Vain,

sup Py, (¢>1)< sup Ps  (¢>k>)< (1 - e_doa/”mi“) <1
reD,veV reD,veV
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10.7 Comments

The asymptotic of the survival probability at criticality for Bienaymé-Galton—
Watson processes is a classical result due to Kolmogorov [85], which has since seen
many improvements and generalisations to other spatial branching processes. Exam-
ples include Crump—Mode—Jagers processes [46], branching Brownian motion
[112], and superprocesses [113]. The Kolmogorov survival estimate is an important
part of the Yaglom limit, which we presented in the setting of the NBP in Chap. 5
and which was originally formulated for Bienaymé—Galton—Watson processes in
[132]. In the setting of isotropic neutron transport, the analogue of the Kolmogorov
survival probability asymptotic was first proved in [99]. The main result we present
in this chapter, Theorem 10.1, which deals with a more general setting, is reproduced
from Harris et al. [72].

We finish this chapter with a short comment regarding the assumption (G6).
While this assumption is far from satisfactory, we have been unable to weaken it
to a moment assumption on the offspring distribution, for example. However, this
assumption is clearly satisfied in the setting of the NBP and was also a necessary
assumption in the isotropic case in [99].



Chapter 11 ®
Spines and Skeletons oo

We have seen in Chap.6 that a natural way to study the long-term behaviour
of the NBP is via spine and skeletal decompositions. As alluded to in Chap. 6,
these decompositions can be proved in the setting of the general BMP introduced
in Chap. 8. Continuing at this level of generality, we look at the formal proofs
of analogues of Lemma 6.2 and Theorem 6.4 for the spine decomposition and
Theorem 6.5 for the skeletal decomposition. We also take the opportunity to discuss
how the spine decomposition emerges from the skeletal decomposition as a natural
consequence of conditioning on survival at criticality, as well as how it explains the
particular shape of the limiting moment asymptotics in Theorem 9.1.

11.1 Spine Decomposition

Recall that, for our BMP, (X, P), the underlying Markov process is denoted by (&, P)
and that (é, 13) is the law of (¢, P) with the additional jumps that appear in the
many-to-one formula, cf. Lemma 8.2. We will further assume that assumption (G2),
introduced in Sect. 8.5, is in force, which gives us the existence of a lead eigenvalue
s, With associated left eigenmeasure ¢ and right eigenfunction ¢.

We have, in particular, that

A

Wt =
ule]

(11.1)

is a unit mean IP;,-martingale, where & € .#.(E). We are interested in the change
of measure

dp,
— =W,  t>0,ue #E). (11.2)
dP, |g
t
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In the next theorem, we will formalise an understanding of this change of
measure in terms of another .#.(E)-valued stochastic process X% := (X ;p, t > 0),
which we will now describe through an algorithmic construction:

1. From the initial configuration u € .#.(E) with an arbitrary enumeration of
particles so that u = i, 8y,, the i-th particle is selected and marked “spine”
with empirical probability

o(x;)
wlel”

(11.3)

2. Each unmarked particle j # i issues an independent copy of (X, Ps, )

3. For the marked particle, issue a copy of the process whose motion is determmed
by the semigroup

P‘P[f](x) — %Ex |:e )»*I Ot Z:gi;(m[‘ﬂ](&) W(Es))ds(p(s )f(gt)] (114)

forx € E and f € BT(E).
4. The marked particle undergoes branching at rate

m[p ](X)

Pix)
yr (@) =y x) o(x)

(11.5)

when at x € E, at which point, it scatters a random number of particles according
to the random measure on E given by (Z, #2¢) where

d2¢  Zlg]
dZ:  mlelx)’

(11.6)

Here, we recall m[p](x) = &[Z[¢]].
5. When the marked particle is at x € E, given the realisation of (Z, ngf ), set
u = Z and repeat Step 1.

The process X; describes the position of all the particles in the system at time ¢ > 0
(ignoring the marked genealogy). We will also be interested in the configuration of
the single genealogical line of descent, which has been marked “spine”, identified
by Steps 1 and 2 above. This process, referred to simply as the spine, will be denoted
by £% := (£, t > 0). Together, the processes (X%, £) make a Markov pair, whose
probabilities we will denote by (I@ﬁﬂx, € M(E), x € supp(u)).

To see the associated Markov property, suppose we are given the pair (X}, &),
for + > 0, then according to steps 2-5 of the algorithm above, to describe the
configuration of the pair (X7 s g’ s), for s > 0, it suffices to evolve from each
particle in X? that is not part of the spinal process &%, an independent copy of
(X, P) fors units of time, and to evolve from the initial position Et‘p, an independent
copy of €%, which then follows steps 3—5 above for s units of time.
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The way in which X% was described algorithmically above, with the spine
randomly selected from the initial configuration of particles u € Z.(E), it has
law

R VIO =;/ .
Zu[tp] N ule] YOOI

when yu = ZLI 8x,;. Write for convenience Py = (P, w € M.(E)). The next
result gives us the marginal law of the process X¢ under P?.

Theorem 11.1 Under assumption (G2), the process (X?, I@,"i) is Markovian and
equal in law to (X, P}), for u € M (E).

We would also like to understand the dynamics of the spine £¥. For convenience,
let us denote the family of probabilities of the latter by P¥ = (PY, x € E), in other
words, the marginals of (P}, v, 4 € #.(E),x € E).

Lemma 11.1 Under assumption (G2), the process (&%, P¥) is equal in law to
(&, P?), where

dp?

3 I ST () S 11.7)
dp, -

s (0()()

and we recall that B(x) = y(x)(m[1](x) — 1) and the process (é P) is described
above Lemma 8.2. Equivalently, the process (¢, P¥) has semigroup (BY,t > 0),
which satisfies

BY[g](x) = Py [ ety BEs ‘;(f)) & )} xeE, geB"(E).t>0.

(11.8)

From this conclusion, we deduce that (g“’,f"") is conservative with a limiting
stationary distribution ¢(x)¢(dx), x € E.

Proof (of Theorem 11.1) There are three main steps to the proof. The first is to
characterise the law of transitions of the Markov process (X, P¥), defined in the
change of measure (11.2). The second step is to show that they agree with those of
(X%, P¥). The third step is to show that (X%, P¥) is Markovian. Together these three
imply the statement of the theorem.

Step 1 First we look at the multiplicative semigroup that characterises uniquely the
transitions of (X%, P?) (cf. [75-77])
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- —na Xl
® W T® Xelgl| — hut X1 Xl
vilgle) = B [e V] = B, e [ T ] (11.9)

fort > 0and g € BY(E), where X; = vaz’l 8x;(1)- As we have seen before, we
can extend the domain of test functions to include the cemetery state . For this, we
need to insist on the default value g(1) = 0 so thate™8(}) = 1.

We start in the usual way by splitting the expectation in the second equality
of (11.9) according to whether a branching event has occurred by time ¢ or not.

vi[gl(x) = E, [eg@@e Jo M+y<ss>dx}
@(x)

+ Ex[/t y(E)e” Jo daty E)du PASs) @(&s)
p(x)

[ sogz [ti_sﬁeX,jx[g]‘(xl.’izlﬁ...,N)]]dsi|,

j=1

(11.10)

where, given the offspring positions (x;,i = 1, ,N), (Wi, X%) are independent
copies of the pair (W, X) under Ps_. We first focus on developing the branching
operator in the integral on the right- hand side of (11.10).

Recalling the definition of v; from (8.7), we have that for all x € E,

N )
y ()6 ZW' B[wi, [Te )i =10, 3]
j=1

N . N ;
= v [ 3 g [ e, ]

- oy
_ m[w](X) o[ = () .
=y () — =& Z 2l [g](x,)]_[vt (816 |. (1L.11)

i=1 j=1

i#]
Now returning to (11.10) with (11.11) in hand, we have

vIglx) = E, [e—g(&)@e— fa A*+y(ss)ds}
p(x)

+ Ex [/t o Jo maety @odu $Gs)
0 P(x)
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y () PIEs) m[w](&) w[zz(_ [g](x,)l_[Vr slgl (xj)}
=1

o)
t#/
t
_E, [ f yie,) MG [g](ss)ds}
; o)
t
+E, U Y (&) [“’(]f” s[g](sods],

where we have artificially introduced the final terms. Applying Dynkin’s lemma in
reverse to change the final term into a multiplicative potential yields

56 P61 — [

vi[gl(x) = Ey [ ) P1(E)— w(&))ds]

LE, [ / Lo Iy e S i) E) 0 P (6s)
0 @(x)

N
y (&) TPlEs) m[p](&;) ¢|:Z ¢ (xi) 7s[g](xi) Hvl—s[g](xj)] ds

9E)
i#]

t

- [/ vEs)—— nlelEs) t—s[g](és)dsi| . (11.12)
@(s)
Step 2 Define

Flelx) = BY [e‘xf[g]] , 120, (11.13)
for g € BT(E), where, again, (x;(¢),i = 1---, N;), is the configuration of the

population at time ¢ > 0.

By conditioning ¥¥ on the first branch time, it is a straightforward exercise
to show that it also solves (11.12). For the sake of brevity, we leave this as an
exercise to the reader as the arguments are similar to those appearing earlier. In
order to show that (11.12) has a unique solution, we consider u; YIgl = oV, YI¢] and

i![g] = ¢v?¥[g]. Again, standard arguments show that they both satisfy the same
equatron Using boundedness of the branch rate, of the mean offspring, and of ¢, by
considering the difference sup, g [uf[g](x) — iif [g](x)|, uniqueness of solutions
to (11.12) follows from Gronwall’s inequality. Again, we leave the details as an
exercise to the reader in order to avoid repetition.

Step 3 The joint process (X%, £%) is, by construction, Markovian under P¥. We
thus need to show that X% alone demonstrates the Markov property. We do this by
showing that for f € BT (E) and u € #.(E),
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X{ 1 fol
el

ES [fEDIXT] = t>0. (11.14)

This says that knowing X! allows one to construct the law of &’ by using X? as an
empirical distribution with an additional density ¢. With (11.14) in hand, the desired
Markov property follows as, for g € BY(E) and u € #.(E),

N; )
v [e—x;gs[g” St] -y P gy [e—x?[g]]
! X{lp] M =X ' =xi (1)

i=l
— e [e—XVlel
,LL, ’—X‘” ’
=44

where we have written X¢ = "M 5.,

We are thus left with proving (11.14) to complete this step. To do so, we note
that it suffices to show that for f € B1+(E), g€BT(E),ne #.(E),andx € E,

_x¢ Xilfel _
By [ f&he 1] =y |:X(p[<p] } t>0. (11.15)

On the left-hand side of (11.15), we have
~ v
£ [f(é,(p)e X [g]]
~ o [ _x?
= [& [ £ gt ]

@ (xk)
— nlel

g | red T1 HV’ ) T wilgionn,

is 1<t =1 vi-1;[81(€7) ik

where . = >"}_,8y, and (T3, i > 1) are the times of fission along the spine at which
point, N; particles are issued at x;j, j = 1---, N;, and we recall (vy,s > 0) is the
non-linear semigroup of (X, P), defined in (8.5).

To deal with the right- hand side of (11.15), we may appeal to Step 1 and Step
2. In particular, the fact that v; [g](x) given by (11.13), is equal to v, [g](x) given
by (11.9), tells us that, for each fixed time ¢ > 0, the laws of (X;p, IP”’Y) and (X, IF"px)
agree. It follows that '

[x [fe] _Xw[g] R [Xt[fw -x,[g]}
X7 lp] Xilg]

_ e_)‘*'E” |:Xt[f‘P] e_Xf[g]i|
wulel
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Z @ (xx) oM [X,[ﬂp] —Xi g]} l_[vt 1(xe).

M[wl o(x;) i

The proof of this final step is thus complete as soon as we can show that

2o vin 810 | _ g [Xz[ffﬂ] -x,[g]]
b f@)>g<ul_[1 vnlgE&p) | e

(11.16)

for x € E. To this end, we note that splitting the expectation on the right-hand side
of (11.16) at a branching event results in a calculation that is almost identical to the
one above that concludes with (11.12). More precisely, the expectation on the right-
hand side of (11.16) solves (11.12) albeit the role of g(&;) is replaced by f(&/)g(&).
Similarly splitting the expectation on the left-hand side of (11.16) also results in a
solution to (11.12) (with the aforementioned adjustment). Uniqueness follows from
the same arguments, and hence, the equality in (11.16) now follows, as required. O

With the proof of Theorem 11.1 completed, we can now turn to the proof of
Lemma 11.1.

Proof (of Lemma 11.1) The fact that the spine is Markovian is immediate from the
definition of £%. Indeed, once its initial configuration is given, it evolves according
to the semigroup P! defined in (11.4) and when at position x € E, at rate
o)~y ()mle](x), it jumps to a new position y, with distribution

’

[ Z[p] Z[(Pl(-edy)]:| _ meliedy ()
mlel(x)  Z[g] m[p](x)

for y € E, where we have used (11.6). Defining
w¢g](x) := E.[g (D),

and splitting on the first jump of the spine, the above description implies that
satisfies

w?[g](x)
_ t yEd) t yEd)
_ (1)Ex [e Mty L5 16— (6 s PPy BB )ds]
@x

TyEd) ~f y% mlp] (&) du
E, - M oG]
[ fo eI
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. st} ng, g ED—pEDdu p(EL) mwy_ @1 (.eay](ES)
@(x) m[g] (&)

1 t PN«
_ ¢(x)Ex I:ef)»*lffo y (&s )dsg(gt‘/))go(g;p):l
T E / V(ffs) e s Jo v EDdu e Pliean(Ef)ds | . (11.17)
X ) o) t—sPL(-edy) ’

Now recall the change of measure (11.7) and define

Wl lg](x) = B e+ [o v E)mI11E)—Dds 2@, )w(ét)
@(x)

Let us now show that @ also satisfies (11.17). Recalling that £ jumps at rate ym,
we have

1 ~ ~ _ t 2 N ot 2 2
(p(x)E" [g(&)so(ét)e At [ v E)@IE) D /Oy@s)m[l](sx)ds]

t s oa .
+Ex [ / y Eml11(E;)e fo v GamtiEad

WY [g](x)

©emres 3 @i nan 0 ) mDT @lieay] (ES)}
e(x)  pE)m[1]E)

= —E, [e_k*’_f(; YEDD g () (EY )]

t (]
E) e
T [/o iofx) et o viEe m[w?"—swloedy)](sf)ds},

as required. Uniqueness follows as in the conclusion of Step 2 in the proof of
Theorem 11.1.
Recalling notation from Lemma 8.2,

_at Yilgel(x)

o x €E, (11.18)

Tel(x) =PY[gEl =e

where g € BT(E). Recalling the eigenvalue property of ¢, by taking g =
1, we see that T‘p[l](x) = 1 and hence (S IF)“’) is conservative. Moreover,
lim; s oo Px g(&t)] = ¢[pg] for all g € BT(E). In other words, ¢¢ is the density of
the stationary distribution of £ under P?. O
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11.2 Examples of the Spine Decomposition

In the previous section, we have seen the spine decomposition for our general class
of BMPs introduced in Chap. 8. The decomposition is both simple and complicated.
It is “simple”, in that the change of measure allows one to see the evolution of
the BMP as a spine process that is “dressed” with original copies of the original
BMP at certain times of “immigration” where the spine acquires siblings. But
also “complicated” because the technical details of the aforesaid description are
somewhat involved. In particular, the non-locality of our BMP is part of the reason
why the technical details are so complex.

To help give a better insight, let us look at how the spine decomposition takes
shape for less general but familiar branching processes. We have already seen in
Sect. 6.3 how the spine decomposition plays out for the NBP, and it offers little
more specificity than in the general case. We therefore focus on two cases where
specific aspects of the decomposition can be identified in other familiar detail.

Multi-type Branching Process This is the most basic of non-local branching
process. Individuals have no associated motion and have a type belonging to
{1,---,n}. Branching occurs at a constant rate ¥y > 0, and particles of type
i €{l,---,n} give birth to offspring of all types with law £;. Assumption (G1)
ensures that the mean offspring of each type is finite, irrespective of the type of
the parent. Rather than thinking of (X;,¢ > 0) as a measure-valued process, we
can write it as a vector X; = (X;(1),---, X¢(n)), where X;(i) simply counts
the number of individuals of type i alive at time ¢t > 0. The mean semigroup
can be expressed in terms of a matrix ¥;(i, j) = E;[X:(j)], i,j € {l,---,n}.
Assumption (G2) can be understood as the existence of right and left eigenvectors,
say ¢ = (@1, ,¢p) and ¢ = (@1, - - - , @) With eigenvalue A, € R, so that, in the
sense of vector—matrix multiplication,

Ty =e@T  and Yo =eMo. (11.19)

Moreover, the asymptotic behaviour of the semigroup (Y, t > 0) is nothing more
than the classical Perron—Frobenius asymptotic

lim ey g = (¢ - 8¢,
t—0o0
where g = (g1, -, gn) is a non-negative vector in R” and ¢ - g = ¢ g is the

classical Euclidian inner product.

The analogue of the martingale (11.1) is the classical martingale

X .
et 28 t>0.
Xo @
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From Lemma 11.1, in particular, (11.8), the change of measure associated with this
martingale induces a spine decomposition in which £ is a continuous-time Markov
chain whose transition semigroup satisfies

~ ~ [ L 1—1)ds P&
BY1g1() = B [e FH g A } . 120.geRNie(l - n},
wi
(11.20)

where m; = (mi(1), - ,mi(m)) = (&GN, -+, E[N@)]) and (N(G),i =
1,---,n), are the number of offspring produced of each type at a typical branching
event. From the discussion preceding Lemma 8.2, the continuous-time Markov
chain (5 P) has intensity matrix Q given by

. mi () o
Oy =ymi - 122 = ymi(j). i j el ), (11.21)

i

where 1 is the vector in R” whose entries are all unity. Hence, the Q-matrix
associated to the spine, say Q¥, is easily found by differentiating (11.20) to get

d
—PY[g](i)

(0%8).
dr t=0

1 -
A& +ym -1 —1g + ;(Q(fﬂ © 8)i,
1

where ¢ © g is elementwise multiplication of the vectors ¢ and g. In particular, if
g = 4, the vector whose elements are all zero albeit an entry of unity for the j-th
element, then we see that

~ 1 /4 .o
0f = o (Qij +y(m-1—-1DI;j — )M*Iij)ﬁoja i,je{l,---,n}
]
(11.22)
where T is the identity matrix. Note however that the eigenvalue A, already carries

a relationship with Q due to Lemma 8.2. Indeed, differentiating the many-to-one
formula in (8.17) and taking account of (11.19) yield, for g € R”,

d A
As@i, = d—(lﬂtﬂﬁ)i =y -1 - Dei +(Qo);, iefl,---, n}
! 1=0
(11.23)

Together with (11.22) and (11.21), this tells us that the spine is a continuous-time
Markov process with intensity

S -
Quz)’a(mt(])_mzﬁolz/)‘/)/» laje{lv"'vn}'

1
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Similarly to (11.23), by using the many-to-one formula in (8.17), we get, for
g e R,

d .
5«0%) j

n
=y Gim-1—DI; + G0,
0 i=1

t=l
n
=y Y a1 - DIy + ().
i=1
Hence, differentiating across (11.19) and setting ¢ = 0 thus give us
n
y D61 = DT+ mi)) = Ty, (11.24)
i=1

We can use (11.24) to verify that the spine has stationary distribution (¢;¢;, i =
1,---,n), as predicted by Lemma 11.1. Indeed, taking the representation for Q¥
given in (11.22) and appealing to (11.24),

n n
Zfﬁifpiéf} =y Z(ﬁi (Qij +y( -1 —-DI; — )»*Iij) ¢; =0.
i=1 i=1

Branching Brownian Motion in a Bounded Domain We recall the introduction
of this process on p193 in which setting the semigroup P corresponds to that of
a d-dimensional Brownian motion killed on exiting a C! domain E c R?. The
branching rate is taken as the constant y > 0 and the offspring distribution, say
(pk, k =0,1,--+), is not spatially dependent. Assumption (G1) assumes the mean
number of offspring, m| := &[N], is finite and, under (G2), A, = y(m| — 1) + Af,
where A g is the ground state eigenvalue of the Laplacian on E. Further, if we write
L = A/2 on E, as the generator associated to P, the eigenpair (A, ¢) is related via
the generator equation

L+ y@mi —1D)p(x) = rpx), x €E,
in other words,
Lo(x) = App(x), xekFE.
Note that the process ?;‘ has no additional jumps and hence also has generator L.

From (11.8) in Lemma 11.1, by assuming that g € B™(E) is sufficiently smooth,
for example, g € C>(E), we can apply standard stochastic calculus to deduce that

. d. 1
LYg = —B7[g](x) = —Ag(x) +y(m — Dgx) + ——L(pg)(x).
dr (=0 o(x)
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We can read out of this calculation that the generator of the spine £% is given by

3 1 1
LYg =g + —L(pg)(x) = — (L — Ap)(pg) (x), x €E,
@(x) @(x)

for g € CZ(E). This is well understood as the Doob A-transform to the generator L,
which corresponds to conditioning the Brownian motion to remain in E.

Another interesting feature of this model is what happens at points of immi-
gration along the spine. Because there is no spatial dependency in the offspring
distribution nor the branching rate, it is easy to see that m[¢](x) = ¢@(x)m; and
Z[p] = ¢(x)N, where N is the number of offspring. As such, from (11.5), we see
that the branching rate along the spine is simply ym1, and from (11.6), the offspring
distribution is adjusted from (pg,k = 0,1,2,--) to (kpx/m1,k = 0,1,2,---).
Moreover, from (11.3), we also see that the selection of the individual to mark with
the spine is uniform among offspring of the last individual in the spine.

The features in the last paragraph are all a consequence of there being a local
branching structure with no spatial dependency. Indeed, this is common to spine
decompositions of all branching processes that do not exhibit non-locality.

11.3 The Spine Decomposition and Criticality

We would like to focus on the critical setting and discuss how the spine decomposi-
tion gives us insight into the behaviour of the process conditional on its survival, as
well as of its moment asymptotics, described in Theorem 9.1. In particular, we will
go part way to explaining why higher moments can all be written in terms of only
the second moment functional ¥ [¢] given in (9.9).

For convenience, let us assume that the conditions of Theorem 10.1 are in force.
Recall that this theorem tells us that

2
lim 1Py, (¢ > 1) = 22 (11.25)
t—00 ) >
where X = (ﬁ[y”f/[(p]]. In particular, this tells us that
Ps (& >t
58 >0 _ ¢0) X,y€E,s>0. (11.26)

im = ,
=0 Ps ({ >1+4s5) @)

An argument involving dominated convergence now allows us to conclude
from (11.26) that

E e_x,r[g]
lim Es, [e_XS[g]‘ >t +s] = lim M
100 t—o0 Ps (& >1+s)
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= llm E‘sx efXS[g]M
o Ps, (¢ >t +5)

=Ty, [e—XM%} . (11.27)

The above calculation tells us that the way to ensure that the critical BMP survives
is by selecting a single genealogical line of descent, the spine, and ensuring that
it never dies out. This is sometimes referred to as the immortal particle as, from
Lemma 11.1, we see that it has stationary distribution given by ¢ (x)@(dx), x € E.

In the light of this conditioning, let us now turn our attention to understanding
how the spine decomposition heuristically explains why the observed asymptotic
moment behaviour in Theorem 9.1 depends only on the second moment functional
oy 7 Tel].

Let us momentarily take for granted (11.25) and the moment asymptotics of
Theorem 9.1 and use them to give the promised heuristic explanation of why the
asymptotic moments in Theorem 9.1 all end up written in terms of the second
moment functional ¥ [¢].

Writing

1100 = Bs, [(f, X0)KI¢ > t1Ps, (¢ > 1), (11.28)

we can consider the behaviour of the conditional moments in (11.28) via the change
of measure (11.2). In particular, this means that we can write, for f € B1(E),

i

il Ni ..
XAf1=fED+) Y X 111, (11.29)

i=1 j=I

where:

e £% is the spine.

* n; is the number of branching events along the spine, which arrive at a rate that
depends on the motion of €.

* N; is the number of offspring produced such that, at the i-th such branching
event, which occurs at time 7; < ¢.

. X;J_Tl_, j=1,..., Nj,are i.i.d. copies of the original branching Markov process
initiated from (x;, j = 1, --- , N;), the positions of the offspring produced at the
branching event.

In other words, that under P¥, the process X can be decomposed into a single
immortal trajectory, of which copies of the original process (X, [P) immigrate
simultaneously from groups of siblings.

With this in mind, let us consider genealogical lines of descent that contribute to
the bulk of the mass of the k-th moment at large times ¢. For each copy of (X, IP) that
immigrates onto the spine at time s > 0, the probability that the process survives to
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time ¢ > s, thus contributing to the bulk of the k-th moment at time ¢, is O(1/(¢ —
5)) & O(1/t), cf. (11.25). If there are multiple offspring at an immigration event at
time s, then the chance that at least two of these offspring contribute to the bulk of
the k-th moment at time ¢ is O(1/ t2). Moreover, from Lemma 11.1, the semigroup
of the spine limits to a stationary distribution ¢(x)@(dx), x € E. This stationary
behaviour has the effect that the arrival of branching events along the spine begins
to look increasingly like a Poisson process as t — oo. Hence, for large ¢, n; = O(t).

Putting these pieces together, as t — oo, there are approximately O(¢) branch
points along the spine, each of which has the greatest likelihood of a single offspring
among immigrating siblings contributing to the bulk of the k-th moment at time ¢,
with probability of order O (1/t). Thus, it is clear that we only expect to see one of
each sibling group of immigrants along the spine contributing to the mass of the k-th
moment at time z. Now let 8% denote the spatial rate at which offspring immigrates
onto the spine and let {x1, ..., xx} denote their positions at the point of branching
including the position of the spine at this instance. Let &7 denote the law of this
offspring distribution, and suppose that i * is the (random) index of the offspring that
continues the evolution of the spine. The rate at which a “uniform selection” of a
single offspring occurs that is not the spine at a branching event (seen through the
function f € BT(E)) is given by

N & [z
v x)EL [Z f(xz-)l(i#*)} = y(x)%@%
i=1

y(x) N al
=m£x Ew(mgjf(xj)
J#i
y(x)

= T@@ [ZLf1Zle] — Zlef]], (11.30)

where we have used the features of the spine decomposition given in (11.3), (11.5)
and (11.6).

We know from the assumed behaviour of the first moment in (G2) that it is the
projection of { f, X;) on to X;[¢], with coefficient { f, ¢), which dominates the mean
growth. In this spirit, let us take f = ¢ for simplicity, and we see that in (11.30) we
get precisely 7 [¢](x)/¢@(x) on the right-hand side.

Hence, finally, we conclude our heuristic by observing that the rate at which
immigration off the spine contributes to the bulk of the k-th moment limit of X;[¢]
is determined by the second moment functional ¥ [¢]; together with (11.28) and the
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associated remarks above, this goes some way to explaining the appearance of the
limit in Theorem 9.1.

11.4 T-Skeletal Decomposition

In this section, we remain in the setting of a general BMP, as described in Chap. 8.
Our aim is to provide a more general skeletal decomposition to the one presented in
Chap. 6. In particular, under appropriate assumptions, we decompose the branching
process into the genealogies that survive up to time 7 < o0, in which individuals
will carry the mark 4, and those that die out before time 7', in which individuals
will carry the mark |. The calculations we present are robust, and the reader is
encouraged to consider that they are equally valid for the setting 7 = oo (as
presented in Chap. 6), when the process survives with positive probability. We will
provide further remarks at the end of this section to this end. The reader will note
that we have not assumed (G1) or (G2) in our analysis.

As with the skeletal decomposition of the NBP in Sect. 6.4 (albeit now in finite
time), we see that our BMP decomposes as equal in law to a “thinner” tree of all
1-marked individuals, dressed with immigrating trees of all | -marked individuals.

For now, letus fix 0 < ¢t < T < 0. In order to describe the evolution of the
{1, | }-valued marks along the running population, consider the configuration of the
BMP at time ¢, with positions in E given by {x;(¢), j = 1,---, N;}. Given §r,
if particle i is such that it has descendants alive at time 7', then we define its mark
ciT (t) =7. On the other hand, if every line of descent from the i-th particle has
become extinct by time 7', then define its mark cl.T 1) =J.

Next, set

wr(x) :=Ps (¢ <T), 0<T <o0,x €E,

where we recall that ¢ = inf{r > 0 : X;[1] = 0} is the extinction time of the
process. We will also frequently use the notation

pr(x) :=Ps (>T)=1—-wr), 0=<T < o0,

for the survival (up to time 7') probability. The quantity wr will be central to the
skeletal decomposition. The extreme cases that wr = 0 and wr = 1 will turn out
to be degenerate for our purposes. With this in mind, there are other exclusions we
need to be mindful of which lead us to the following assumptions that are in force
throughout this section:

(G9)  Extinction by time 7 is uniformly bounded away from zero,

inf wr(x) > 0.
xeE
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(G10) Extinction by time 7 is not a certainty,
wr(x) <1forx € E.

As alluded to in the introduction to this section, we want to describe how the
spatial genealogical tree of the BMP up to time 7 can be split into a spatial
genealogical subtree, consisting of 4-labelled particles (the skeleton), which is
dressed with trees of |-labelled particles. To this end, let p¥T — (IP’,i’T, n e
AM(E)) denote the probabilities of the {4, | }-marked BMP, where u € .#.(E)
is the initial spatial configuration of particles. Then, writing as before {x; () : i =
1, ..., N,} for the set of particles alive at time ¢, we have the following relationship

$.T
between P);" and Py

Ni

=11 (1<cf(r>:¢> + 1<cf<z):¢)) =1 (1.31)
S =

apf”
dB,,

Projecting onto §;, for ¢ > 0, we have

ar}’ i
dP; s = Es, <1_[ (l(c;(t)= D+ 1= ¢)> St)
X t i=1
= Y [Iesno=t180 [ PulO=1185)
IC(1,..N;} iel ie{l,..N;\I
= > Jlproey ]  wrae, (11.32)
IC(1,..N;} iel ie{l,...NJ\I
where we understand the sum to be taken over all subsets of {1, ..., N;}, each of

which is denoted by I, and we have appealed to the branching Markov property (8.6)
in the last equality. Technically speaking, the right-hand side of (11.32) is equal to
unity on account of the fact that the right-hand side of (11.31) is unity. Despite the
rather complex looking identity for (11.32), this is indeed true since, for any n € N
andaj,...,a,,b1,...,b, >0,

n
[Ta+eo="3% [la I & (11.33)
i=1 Ic{l,.onyiel  jefl,.n]\J

where the sum is taken over all subsets I of {1, ..., n}. Hence, foranyr < T,

> [lpr—@oy [ wrato)

Ic{l,...,N;} iel je{l, ., NN
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Ny
=[] (pr—ii®)) + wr—(xi (1)) = 1.

i=1

The decomposition in (11.32) is the starting point of how we break up the law of
the (P, G)-BMP according to subtrees that are categorised as | and subtrees that are
categorised as 1 with | dressing, the so-called skeletal decomposition.

In what follows, we consider different ways that the extinction probability wr
can be used to condition (X, IP). These conditioned versions are important as, when
conditionally dependent copies of them are put together in the right way, we can
begin to interpret the meaning of the change of measure (11.32).

{-Trees

We start by describing the evolution of the trees conditioned to be extinct by time
T . Thanks to the branching property, it suffices to consider trees that are issued with
a single particle with mark |. By definition of the mark CMT (0) =, where ¢ is the
label of the initial ancestral particle, this is the same as understanding the law of
(X, P) conditioned to become extinct. Indeed, for A € §;

Pyl (A) =Py (Al 0) = 1)
Pyl (A e (1) =1 foreachi=1,....N)
ISCTORTY

_Es A [T wr— (i ()]
wr (x) '

(11.34)

Moreover, conditioning the extinction event {{ < T} on §;, for 0 <t < T, yields
N;
wr(x) = s, []’[ wr— (x; (r))} : (11.35)
i=1
Thus we may use (11.35) to define the following change of measure,

apy’
dP,,

T wrer @)
S ‘ [Ti= wr(x)

(11.36)

foru = Y ', 8y € A(E). It is also straightforward to see that, using the non-
linear evolution equation (8.7) and (11.35), wr satisfies
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Glwr—s]

T—s

t
wr(x) = B [wr_1(x) +/ = [wTS ] (x)ds, xe€kE, (11.37)
0

where (B;, ¢ > 0) is the adjusted semigroup that returns a value of 1 on the event
of killing, and we recall that G is the branching mechanism given by (8.2). Using
Theorem 2.1, it follows that

Nk Glwr—s1(&5)

wr(x) =K, |:th (&1nx) exp (/0 wr—s (&)

)} xeE, 0<t<T,
(11.38)

where k is the lifetime of the process £ (which we distinguish from ¢, the lifetime of
the branching Markov process X). This identity will turn out to be extremely useful
in our analysis. In particular, the equality (11.38) together with the Markov property
of £ implies that the object in the expectation on the right-hand side of (11.38) is a
martingale.

We are now in a position to characterise the law of the process under (11.36).

Lemma 11.2 (|-Trees) Under IP’(%X’T, (X¢,t < T) is a time-inhomogeneous BMP

with motion semigroup P¥T and branching mechanism (Gsi’T, s < T) defined
as follows. The motion semigroup P¥'T is that of the Markov process & with
probabilities (Pi’T, x € E), where

1. T A
dPy _ wr—; (k) exp (/’ k G[wrx](és)ds> ’ >0,
dP, wr (x) 0 wr—s (&)

o (&s,5=1)

(11.39)

Forx € Eand f € BI"(E), when a branching event occurs at time s < T, the
branching mechanism is given by

1
cH T f1(x) = ——— [l fwr—s] — fClwr_]] (x). (11.40)
WT —g (x)

Proof First let us show that the change of measure (11.36) results in a particle pro-
cess that respects the Markov branching property. It is clear from the conditioning
in (11.36) that, by construction, every particle in the resulting process under the new
measure Pt’T must carry the mark |, i.e., become extinct by time 7.

Let us define, for g € BI"(E), xeE,and0<r<T,

u[gwr—r1(x),

N;
u gl =BT [1‘[ g(xi (1))

i=1

FO=1|=—
GO 0w

(11.41)
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which describes the evolution of the process X under P¥-T. In particular, for g €
BI“L(E), x € Eand s, > Osuchthats +s < T, note that

Ny +s

EyT | [T st + 50|

i=1

[T e () wr—i—s (& (5))

TR
= [ [wr— (i)Es,

t

wr(x) ;3 wr—; (xi ()
R
- . L. T—t .
= wr_ t x; (1)), 11.42
o ]] e (i ()ud T g1 (xi (1) (11.42)
where, given §;, {(xj. s),j=1,---, N;:} is the configuration of particles at time
t + s that are descendants of the i-th particle alive at time ¢ fori = 1, ..., N;. The

equality (11.42) is a manifestation of the Markov branching property.
Given the statement of the lemma, it thus suffices for the remainder of the proof
to show that, for g € B (E),

a T Ig100) = B [g1(x) +/ pHT [ [T [gll()ds, 0<i<T,xekE,
(11.43)

holds, where, similarly to Chap. 5, pv-T isan adjustment of P that returns the value
one on the event of killing. (Recall this is a consequence of the empty product
being defined as unity.) The reader will, by now, recognise the above equation
as the semigroup evolution equation of a BMP, albeit a time-inhomogeneous one,
with Markov motion affiliated to the semigroup P¥-7 and time-dependent branching
. 1.T

mechanism (Gy"" ,s < T).

Using (11.41) and splitting the (P, G)-BMP on the first branching event, it
follows that, for g € Bfr(E) and0 <r <T,

1 . 1 !
u}‘T[g] w_TPt[ng—t] + lU_T / Ps[Glu;—s[gwr—]]]ds
0

1 . 1 ! ¢ T s
= —Pgwr—]+ —/ s[Glwr—su” [g]]lds
wr wr Jo

1. 1 Glwr_u) " [g]]
—Pt[ng—t]+—/ P, [wr_s S
wr wr Jo

WT —s

1 ! Glwr_s]
+ — Py |:—sz —su }7; s[g]
0 WT —s

[Ty, [% wr_sull~ S[g]] ds. (11.44)
0

WT —s
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Applying Theorem 2.1 to the above, we have

1 tAk —u »
W el0) = ——E, [g(sMk)wT_t &) exp ( fo Mduﬂ

wr (x) wr—u (&)
1 ¥ clwr_auy " [g11E)
E, —s\Ss
wr (x) |:/() wr_s(&s) Rt

exp (/s G[wT—u](gu)du> dsi|
o wr—u&)
1 E [/Mk Glwr—s1&s) | 7—s
0

X —ut—s
wr (x) wr—s(&s)

exp (/s G[wT—u](éu)du> dsi|
o wr—yu)
=5 g1()

! Gy[wr_sult ™ G - -
+/ Pi,T|: slwr—su"s 18]l Gs[wr S]u,i;f el | (x)ds
0 WT —g WT —s

[glEDwr—s(&s)

t
=510 + [ BT [t Tt ] o,

where we have used the definitions (11.39) and (11.40) to obtain the last two
equalities. O

Let us study, in more detail, the structure of the branching mechanism Gsi’T.

Using the definition (11.40), we have, for f € Bl+ (E)and x € E,

crTIf1) = [GLfwr—s] — fGlwr—]] (x)

1
wr—s(x)

{ N
= |:y(x)<§ox |:l_[ f(xi)wTs(xi):|

wr s (x) ie1

—y @) fwr—s(x) — fGlwr—s](x)]

y(x) al Glwr ]
= & [l |f<xi>wrs(xi>} - (y(x) 1= (x)) f(x)
i=1 w

wr s (x) T—s

yrT=s(wr—_s(x)

N
= b7 () ( r() Ex |:]_[ wT—s(xi)f(xi):| - f(x)) .
i=1
(11.45)

where
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Clwr— ) y@)

1, T—s o
yr =Y TS T v )

N
&, [ I wT_s(xj)] (11.46)
j=1

Now, returning to (11.45), using the above definition of y %7 =% it is straightfor-
ward to show that

y(x) il T, wr—s (x;)
= wr—s(x;) = H
VJ”T S(x)wr—s(x) E ! &y I:H;V:l wT_S(x./)]

whose expectation under & is unity. Thus we may define the following change of
measure

. T—s N
e = rx) [Twr-sGo. (11.47)
i=1

d2, oy TS (O wr g (x)

Combining this with (11.45), we get the conclusion of the following corollary.

Corollary 11.1 For f € B (E)ands < T,

N
ey If1) = yi’T—S(Mj’T‘S[H [ — f(x)}, x€eE,

j=1

where y¥T=5 (x) is defined in (11.46) and {@;},Tf_&‘ is defined in (11.47).

Dressed 1-Trees

In a similar spirit to the previous section, we can look at the law of our BMP, when
issued from a single ancestor with mark 1, in other words, conditioned to have a
subtree that survives until time 7. To this end, for A € §;, x € E and ¢t < T, note
that

]P’i’T(A; cl.T_’(t) =1 foratleastonei =1,..., N;)

Py (] ©0) =1)

Py (Alch0) =1) =

_ Es 1140 — 1Y wr—i (s ()]
pr(x) '

(11.48)

We want to describe our BMP under ]P’g\jT(‘ | CQ)T (0) =1). In order to do so, we
first need to introduce a type-1-type-|, BMP. Our type-1-type-| BMP process, say
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x¥T = (x ,¢ ’T, t < T), has an initial ancestor that is of type 1. We will implicitly
assume (and suppress from the notation X %7 that X%-7 = §,, for x € E. Particles
in X% of type 1 move as a P17 -Markov process, for some semigroup P™-7, which
we will introduce in the lemma below. When a branching event occurs for a type-
1 particle, both type-1 and type-| particles may be produced, but always at least
one type-1 is produced. Type-1 particles may be thought of as offspring, and any
additional type-| particles may be thought of as immigrants. Type-| particles that
are created can only subsequently produce type-| particles, giving rise to | -trees,
as described above.

Lemma 11.3 (Dressed 1-Trees) For x € E, the process X%T is equal in law
to X under Ps (-|¢ > T). Moreover, both are equal in law to a dressed time-
inhomogeneous BMP. say X7, where the motion semigroup P"T corresponds to
the Markov process & on EU{t} with probabilities (P;’T, x € E) given by (recalling
that p is valued 0 on )

apl’ _ pr—i(&) < / Glwr—s1(&)
0

dP,  pr(x) pr—s (&)

o (&s,5<t)

ds>, t<T, (11.49)

and the branching mechanism at time s is given by

1

Glpr—sf +wr—s]— (1 = f)Glwr—s]).  f € B (E).
(11.50)

el =

T—s

The dressing consists of additional particles, which are immigrated non-locally in
space at the branch points of X1, with each immigrated particle at time s € [0, T)
continuing to evolve as an independent copy of (X¥'T=5 , PYT=5) from their respec-
tive space-time point of immigration, such that the joint branching/immigration
mechanism of type-1 offspring and type-| immigrants at time s € [0, T] is given by

crTIf, glx)

&é&[ o Jlpr—seoren  J] wT_s(xj)g(xj)}

T opr—s) Sh el el NN
—y T W @) (n
and
@ v Glwr 1)
p TS () = ﬁ & |1- ,1:[1 wr—s(xj) | =y x) — ﬁ~

(11.52)
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Proof We may think of ((x;(t),c] '(t)),i < Ny, t < T, under P*7~ as

a two-type branching process. To this end, for t < T, let us write N,T’T =
T T

P 11(7-1()= ) and NPT = N, — NPT Define, for f, g € B (E),

"1f.810) =K} [ cr'(0) = T] . >0, (11.53)

where, forr > 0,

NtTT N¢T
ol 1f.81= [] pr-] o) f&] @) [ wr-i} )8} @),
i=1 j=1
where

(xl-T(t),i =1,---,N"") = (x;i(¢t) such that @)=t i=1---Ny)

and ()cl.i @®,i=1,---, N,i’T) is similarly defined. Clearly, there is an implicit 7'
dependence on each of the xl.T and x}; however, we suppress this dependency in the
notation for the sake of simplicity.

We can break the expectation in the definition of uf ’T[ f, g] over the first
branching event, noting that, until that moment occurs, the initial ancestor is
necessarily of type 1. Again remembering p7 () = 0, we have

u,“[f, glx)

B Es, I:H;T[ﬁ g]l(c{g(O):T):I
B Ps, (ck (0) =1)

B TE [pT (&) f(&)e™ lo )/(éu)du]

1 ! y(i:x) _fS
EX _s(& v V(éll)du
o Uo PrsG) ey

Xé%s[ > Jer- Oul L gl

IC{l,...N}yiel
\I\>1

[T wreGpul [g](x,)]ds] (11.54)

To help the reader interpret (11.54) better, we note that the first term on the
right-hand side comes from the event that no branching occurs up to time ¢, in
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which case the initial ancestor is positioned at &. Moreover, we have used the
fact that Ps, (cg 0) =1 |1§;) = pr—:(&). The second term is the consequence
of a branching event occurring at time s € [0, 7], at which point in time, the
initial ancestor is positioned at & and thus has offspring scattered at (x;,i =
1---,N) according to &, . The contribution thereof from time s to ¢ can either
be expressed as u “Lf, g1, with probability pr_g, if a given offspring is of type-
1 (thereby growmg a tree of particles marked both 4 and |), or be expressed
as utli—s [¢], with probability wr_g, if a given offspring is of type-| (thereby
growing a tree of particles marked only with |). Hence, projecting the expectation
of H,T[f, g]l(cvr)(o):“ onto the given configuration (x;,i = 1---, N) at time s, we
get the sum inside the expectation with respect to &, catering for all the possible
markings of the offspring of the initial ancestor, while ensuring that at least one of
them is of type 1 (which guarantees cg (0) =1). In both expectations, the event of
killing is accommodated for thanks to the fact that pr () = f () = y () = 0.
We may now substitute the definition (11.51) into (11.54) to get

uf £, g1(x)
1 1
= o) [pT—t(St)f(gt)e_ fo )’(Eu)du]

pr(x)
’ yE)
E, (G y (E)du
[/0 e A

pr(x)

g e A e VA N P [ R A OISR VA CS] ds:|,
(11.55)

Next, recall the first equality in (11.52) that forany t < T, y(x) = y¥ T~ (x) +
Glwr—;1(x)/pr—¢(x). In each of the terms on the right-hand side of (11.55), we can
exchange the exponential potential exp(— fo y (§,)du) for the exponential potential
exp(— fo Glwl(&,)/p(&,)du) by transferring the difference in the exponent to an
additive potential using Theorem 2.1. In this exchange, the term

y T Eul T 1 gl

is removed as an additive potential on the right-hand side of (11.55) and replaced as
a multiplicative potential. Then recalling the change of measure (11.49) that defines
the semigroup PT, we get that, on E,

t

Tife1=p0"" ’[f]+/ P?’“[G¢ w1 gl ur ‘[gn}ds, t<T.
0

(11.56)
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For the first term on the right-hand side of (11.56), there is no need to define the
adjusted semigroup ™7 as the semigroup P17 is that of a conservative process on
E. Indeed, the change of measure (11.49) defines the law of a conservative Markov
process. To see why, note from Eq. (11.37) that can be rearranged to give

pr(x) =1—-wrkx)

R ! Glwr—s
| = Bilwr_](x) — / B, [msM] (x)ds
0 pr

-5

t
p,[pT_,](x)—/O P, [pr_s%} (x)ds, xekE, (11.57)

T—s

where we have multiplied and divided by pr_; in the integral term instead of wr_;.
Using Theorem 2.1, we can thus interpret 11.57 as saying

t
pr(x) =E, [pT—z(Ez)exp <—f Mdsﬂ . xeE,tel0,T]
o pr—s&)

Together with the Markov property, the above identity is sufficient to show that the
right-hand side of (11.49) is a unit mean martingale, rendering the interpretation of
(11.49) as that of a change of measure describing a conservative process.

Returning to (11.56), we see that it is the semigroup evolution equation of a two-
type BMP in which |-marked particles immigrate off an $-marked BMP. We have
yet to verify, however, that the 1-marked BMP is indeed the process described in the
statement of the proposition. In order to do this, we need to show that GJ’T[ fl=
crT1f,1], forall f e B (E)and 0 <s < T, where al'T was given in (11.50).

Using (11.33) and the definition of y“ in (11.52),forx € Eand0 <s < T,
we have

el TIA1) = ab T 1)

R [Z [Trr—soren ] wm(m}

 pr—s(x) e el b
|1|>1
. y(x)
f(x)—pT S( ) |: an s(xz :|
y(x)
Zm |:l_[(PT s (i) f (xi) + wr— ?(xl))_]!_[le Y(xk)]

- fx ) - ( )[V(X) — Glwr—s](x) — y ) wr—s(x)]
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= ——— [Glpr—sf + wr—s]
PT—s (x)

+y () (pr—s (%) f (%) + wr—s(x)) = Glwr—s](x) — ¥ ()wr 5 (x)]

1
— fx)———=[y (x) — Glwr_s1(x) — y ()wr_s(x)]

Pr—s(x)
1
= ——{Glpr— f + wr—s1(x) — (1 = fHGlwr—s]1(x)},
Pr—s(x)
since ps(x) + ws(x) = 1. This completes the proof. O

As with the process (X, IPVT), we can develop the expression for the branching
mechanism Gf’T[ f, g] further and show that it can be associated with a change of
measure of the original offspring distribution.

In a similar manner to (11.32), the offspring distribution associated with the two-
type tree, say (yf’T_t, 0 <t < T), can be defined in terms of an additional random
selection from (x;,i =1, ..., N) under &,. Tothisend, forx € Eand0 <t < T,
set

dopd T
A2,

7D g | S [[eraeo ] wra

vy e——t
y ¥ ) pr—i(x) Ic(l,.Ny i€l ie{l,..N\I
[]>1
(11.58)

Note that we require |/| > 1 in the sum since there must be at least one particle
whose genealogy survives until time 7T by definition of X¥. Using the definition of
y¥T="in (11.52) and the identity in (11.33), we have

y (x)
T o) [[pr—c)  J]  wrG)

1= &AL wr—e(x)]
=1, (11.59)

so that (11.58) is indeed a change of measure.
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Recalling (11.51), the branching mechanism of the type-1-type-| process at time
s can hence be identified as per the statement of the following corollary.

Corollary 11.2 We have for f, g € Bfr(E) and x € E,

N N
T if gl =y @ | T | [T s [T e | @)
i=1 j=1
(11.60)

where y¥T=5(x) is defined in (11.52), (@,?j_s is defined in (11.58), and, given a
T

branching event at time s, the set (x; ;i = 1,..., NST’T) denotes those particles

with descendants alive at time T and (xii; i=1,...,N sl ’T) denotes those whose
descendants die out by time T.

We can now state the main theorem of this section.

Theorem 11.2 (7-Skeletal Decomposition) Suppose that u = Y ;_, 8y, forn €

Nand x1,...,x, € E. Then (X, Pi’T) is equal in law to
n
3 (@iTX}’T(i) +(— @,.T)X}’T(i)) . 1>0, (11.61)
i=1
where, foreachi =1, ...,n, @iT is an independent Bernoulli random variable with

probability of success given by
pr(xi) :=1—wr(x;) (11.62)

and the processes X1 (i) and X% (i) are independent copies of (X, Pg;_T) and
X.PYT (lef (0) = 1)), respectively.

Proof As previously, we may think of ((x; (), ciT(t)),i <N),0<t<T,asa
two-type branching process under P*:7. The change of measure (11.32) gives us
that, for u = Y ", 8y, withn > landx; € E,i = 1,...,n,

i=l1
Eﬁ’T [HtT[ﬁ 8]]

= > Jlpr—owt ™ 1f.5100 [ wr—eGouf" g1
1S(l,...n} il ie(l,n\I
(11.63)

What this shows is that the change of measure (11.32) (which we recall is, in fact,
unity) is equivalent to a Doob A-transform on a two-type branching particle system
(i.e., types {1, | }) where we consider the system after disregarding the marks. The



236 11  Spines and Skeletons

Fig. 11.1 A simulation of a branching Brownian motion in one dimension (vertical axis) with
150 initial individuals, with time running from left to right. Individuals reproduce locally and
have either O or 2 offspring. The darker regions in the figure are indicative of a concentration of
subcritical dressing, that is, the |-marked subtrees, immigrating off the genealogies that survive to
time 7 (the width of the diagram), that is, the 1-marked individuals

effect of this Doob h-transform on type-| particles is that they generate |-trees,
as described in Lemma 11.2, whereas type-1 particles generate a dressed 1-tree as
described in Lemma 11.3. O

As alluded to in the introduction to this section, the skeletal decomposition,
Theorem 11.2, paints a picture in which a BMP can be identified as a series of
thinner trees of t-marked individuals that survive to the prescribed time horizon T,
and all other mass takes the form of | -subtrees that die out by time T, either rooted
at time t = 0 or rooted on the “f-trees” as a dressing. The 1-trees are generally
much thinner than | -trees. The latter consume the bulk of the mass in the particle
system. Figure 11.1 demonstrates precisely this point via a simulation of a branching
Brownian motion in one dimension with time running from left to right.! The -
trees are not specifically visible in this figure, where all particles are coloured black
and, in any case, are largely drowned out by the | -marked individuals. However, one
notes that the darker streaks where there is concentration of mass appear to roughly
outline the shape of a tree-like structure. Indeed, it is the dressing of short-lived
J-marked subtrees that huddle around the long and thin (in this picture) 1-trees,
thickening them up, manifesting in the aforementioned “darker streaks”.

Remark 11.1 Itis an easy consequence of Theorem 11.2 and the inherent underly-

ing Markovian structure that, for u € .#.(E), and t € [0, T], the law of (X, Pi’T)
conditional on §; = o(Xy, s < 1) is equal to that of a Binomial point process with

! This image was produced using software written by Matt Roberts. The authors are most grateful
for his assistance.
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intensity p(-)X,(-) under P,. The latter, written BinPP(pX,), is an atomic random
measure given by

N;
BinPP(pr—_ X,) = ) _ Biby ).
i=1
where (we recall) that X, = Z,NZI 1 Ox;(r) and B; is a Bernoulli random variable with
probability pr_;(x;(t)),i =1,---, N;.

Remark 11.2 As alluded to at the start of this section, the reader was encouraged
to question whether it is necessary in our analysis to assume that 7 < oo. Careful
inspection of the proofs reveals that the only thing that is really needed of the time
horizon are the assumptions (G9) and (G10). If we replace the aforesaid assumptions
simply by the exact same statements with 7" = oo, then all of the proofs proceed
verbatim. In that case, the assumptions become that

in}fi w(x) >0 and wx) < 1forx € E, (11.64)
Xe

where w(x) = Ps, (¢ < 00) is the probability of extinction. In the next chapter, we
will develop more results that firm up the notion that, under the assumption (G2),
the sign of A, dictates whether the process becomes extinct or not.

11.5 Spine Emerging from the Skeleton at Criticality

What is the relationship between the spine and the 7'-skeletal decomposition? In
the setting of a critical BMP, the two can be coupled by considering what happens
when we condition a BMP to survive as T — o0. In terms of the skeleton, this
corresponds to conditioning the number of 1-marked initial ancestors to be at least
oneas T — oo.

Let us thus put ourselves into the critical setting, and suppose that the assump-
tions of Theorem 10.1 are henceforth at our disposal. In that case, we also then have
at our disposal that, uniformly for x € E,

o)

11.65
> ( )

lim Tpr(x) =
T—o0
where we recall that ¢ is the right eigenfunction in (G2) and X is the constant given
by (10.5).

Now consider the setup in Theorem 11.2, namely that we have a BMP (X, P,,),
where 1 € . (E) taking the form . = Y _7_, 8,, withn € Nand x; € E. We start
by looking at the number of individuals in the skeletal decomposition at time ¢ = 0
that are marked by 4. To this end, let us further assume the following is in force:
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(G11) lim7_ o infreg wr(x) = 1.

Note that (G11) implies (G8). By appealing to Theorem 11.2, we have for k =
1,---,n,

Tlim PLT(NT =kINT = 1)
—00

Z[c{l,m b=k Hjel pr(x;) HZG{I,---,n}\I wr (x¢)
T—o00 1— ]_[?:1 wT(xi)

, (11.66)

where N1 is the number of individuals at time r = 0 marked by 4 and the sum is
taken over all subsets of size k of {1, - - - , n}. In words, (11.66) gives the asymptotic
probability as 7 — oo that, conditional on X surviving to time T, there are k
individuals at time ¢ = O that carry the mark 1.

We note that if K = 1 in (11.66), then we claim that

n . )
lim PET (N = 1INt > 1) = lim 2 =1 PT () [gpj wr (xe) _
Tooo M st o 1= 1_[?:1 wT(Xi)

(11.67)
To see why, consider the mapping (x1, - , x,) +— [[/_, x; around (0, ---,0) on
[0, 1]". The multi-dimensional Taylor’s formula tells us that
n n
[Tri=1+) =D+ 0O xixp. (11.68)
i=1 j=1 i<j

Using (11.68) in (11.67), we have

n . )

lim PETNT = 1INT > 1) = lim —; 2j=1 PO Tl wr (ce) |
T—o00 T—o00 ijl PT(xj) + O(ZJ.Q, PT(xj)pr(x,-))

(11.69)

Dividing and multiplying the denominator and numerator by 7 in (11.69), by
appealing to (11.65) and noting that Tp7 (x;)pr(x;) — 0as T — oo, (11.67)
follows.

The proof of (11.67) in fact shows something more particular. Indeed, now it is
clear that the number of 1-marked initial ancestors concentrates on one individual
conditionally on survival as T — oo, if we label the index of that one individual by
i*, then we see that

lim P37 @* = kNt > 1) = lim pr o) [ Lo wr (xe)
TS0 M - T—00 ?:1 pT()Cj) + O(Zj<i pT(xj)PT(Xi))
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_ o (xr)
i)’

which again follows by dividing and multiplying by T before taking limits in the
first equality and using (11.65) to obtain the right-hand side.

The limit (11.67) tells us that, for BMPs that become extinct under the assump-
tions we have made, conditional on survival, as 7 — o0, the skeleton concentrates
on a single individual dressed tree rooted at ¢+ = 0, which carries all the 1-marked
individuals in its tree of descendants.

Now consider the change of measure (11.39) that defined P¥-7". Thanks to (G11),
we see that PV7 converges weakly to P. Similarly, considering (11.49) and the
change of measure that defines P"7T, we have, for x € E,

Gl — prlx)  Alprlx) — Iy pr1x) + Ly )7 prix)
pr(x) B pr(x)

y )& | XL pree) - pr)]
B pr(x)

, (11.70)

where we have used the notation from (10.14) and Lemma 10.2. Dividing and
multiplying by 7 again and then taking T — o0, we can use the estimates in
Lemma 10.2 and the fact that

pr—1(y) _ o(y)
T—oo pr(x) @)’

uniformly for x, y € E to deduce that, due to Lemma 10.5, we have

i G PN gl — g i
T—00 pr(x) @(x)

uniformly for x € E. Note that the product of two or more probabilities pr_; will
tend to zero, e.g., in the term #'[ pr](x), even with the help of a multiplying factor
T, which explains why the first factor on the right-hand side of (11.70) goes to zero.
Hence, recalling the definition (11.4), we see that Pf’T converges weakly to the law
of the process with associated semigroup P?.

Now consider the branching mechanisms G and G%7T, defined in (11.40)
and (11.60), respectively, as T — ooc. In the case of GV7, it is straightforward
to see that

Jim Gy If1(x) = GLA1X),

uniformly, for x € E and f € B; (E). Moreover, for G*T, we note from the
representation in (11.51) and (11.52) that, with the help of (11.71),
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lim %7 () = y (r) A0 (11.72)
T—o0 P(x)

uniformly in x € E. Moreover, again by dividing and multiplying by 7', we get,
uniformly for x € E and f, g € B1+(E),

Jim crTIf g1x)

— fim VY |: Z l_[pT s (i) £ (x) 1_[ wT—s(xi)g(xj)j|

T—o0 pT— v(x)

\Ilﬁz"’l NYyiel jell, .. N\
—y () m“"](x)ﬂ)
li TpT s(xi)
= lim y(x)&; Z Tor—n | @ x) [ Tetp
i=1 T—s i
. pr—s(xi) f(x;)
+71me”“‘°@‘[ X =, s g(x")}
lgl(lll.,z,.,z iel je{l,...,N}\I
—J/(X)m[(p—](x)f(x)
@(x)

=y (& [Z 2 f ) Hg(x,)] - y(x)m[(p]()x)f( ).
J#i

Recalling the expressions (11.5) and (11.6), we conclude that, uniformly for x € E
and f, g € B} (E),

Zlg] &)
. 5T " :
P, G L 8l = (x)(g*[m[w](x),; ZLel

Eall| g(x,-)]—y“’(x)f(x).
J#

This indicates that (conditionally on survival as T — 00) an 1-marked individual

will branch at rate ¥, at which point it generates a copy of Z under &% (defined

via the change of measure (11.6)), and one individual is chosen to continue as a

1-marked process and the remaining individuals are assigned | -marks.

Putting all these pieces together, in the conditional limiting sense, as T — oo,
we see that there is concentration in distribution on one initial ancestor with an 4-
mark such that this is the i-th initial ancestor with probability proportional to ¢ (x;),
and all other initial ancestors take the mark | .. Moreover, the rate at which more than
one P-marked individual appears at any branching event drops to zero. At the same
time, the law of the motion and the branching mechanism for |-marked particles
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settle down to those of (X, P), and the law of the motion of the single genealogy of
the 1-marked particles and the branching mechanism for its dressing settle down to
that of the spine.

On a final note, we mention that, in spite of the multiple asymptotic calculations
above, the collapse of the skeleton to the spine on conditioning to survive to T
and letting 7 — oo is in fact easy to see as inevitable. Under the assumptions of
Theorem 10.1 together with (G11), for any f € BY(E) and u € .#.(E), the
Markov property and dominated convergence tell us that

tim 3T [ XU N > 1] = lim B, [ X1 T <]
T—o0 T—o00
_E, I:IPXt(T -t < {)ext[f]:|
P, (T <¢)

—F I:Xt[¢]ex[[f]i|‘
"L el

Hence, the asymptotic conditioning corresponds to the martingale change of
measure that induces the spine decomposition.

11.6 Comments

The idea of a spine decomposition is a natural progression from the many-to-one
formula, giving a path decomposition rather than a distributional identity. Early
spine decompositions in the setting of BMPs are found in the work of Chauvin
et al. [23], although they indicate the connection of their work to Palm measures for
branching processes studied in numerous earlier works. A deeper understanding
of spines for branching random walks and their relation to martingale changes
of measure was uncovered by Lyons [97], leading to a sequence of subsequent
articles for a variety of other spatial branching models [17, 87, 104]. In parallel, the
notion of a spine decomposition emerged in the superprocess literature, see, e.g.,
Roelly-Coppoletta and Rouault [115] and Evans [59] as well as [56, 58, 114]. Spine
decompositions have increasingly become the main tool to prove results concerning
the growth and spread of spatial branching processes as well as fragmentation and
growth fragmentation processes; cf. [1, 2, 11, 14, 15, 53, 58, 124, 125].

In this respect, Theorem 11.1 and Lemma 11.1 are but another addition to a very
robust theory of spine decompositions, with the specialised feature being that of
non-local reproduction. Their proofs can be seen as taking influence from many
if not all of the aforementioned literature. The non-local nature of these results is
largely inspired by the proofs from the NBP setting in Horton et al. [74].

Skeletal decompositions are also well explored in a variety of settings for branch-
ing processes as well as superprocesses. See, for example, [10,51, 56, 60, 64, 68, 88].
The setup in Sect. 11.4 reproduces results given in Harris et al. [69] for non-
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local branching Markov processes, albeit for a finite time horizon. Addressing the
additional complexities due to working over a finite time horizon is inspired by
the finite time skeletal decomposition given in Etheridge and Williams [56]. The
idea that a spine emerges from the skeletal decomposition in the critical setting by
conditioning on survival to a time horizon T as T — oo also comes from Etheridge
and Williams [56]. The robustness of this concept has also been demonstrated in
Harris et al. [68] for branching Brownian motion in a bounded domain and Fekete
et al. [63] for continuous-state branching processes.



Chapter 12 ®
Martingale Convergence and Laws of Qe
Large Numbers

As usual, we will work in the setting that our branching Markov process, (X, P),
belongs to the Asmussen—Hering class, that is to say, (G2) is satisfied. In Chap. 11,
we introduced the process

X
Wt — ef)h*[ t[‘ﬂ] t> O,

wlel’ -

which is a martingale under P, u € .#.(E). As remarked earlier, this is a non-

negative martingale and hence has an almost sure limit, Wy, := lim;_, oc W;, thanks
to the classical Martingale convergence theorem. In this chapter, we explore the
important relationship between the limit of this martingale and the survival set of
X. Moreover, in the setting of supercriticality, we revisit the relationship between
the aforesaid martingale and, whenever it is well defined, the limit as ¢ — oo of the
more general path functional

e M X, [ 1, t>0, feBT(E), (12.1)

and its relationship to the martingale limit W.

As we have seen in the setting of the NBP (cf. Theorem 6.3), the reason why the
limit of this path functional is of such interest is that, under the assumption (G2),
its limit should mimic, in the pathwise sense, the behaviour of the discounted
expectation semigroup (¥, > 0). Indeed, Es [e ™' X,[f1] = e [ f1(x),
xeE t>0.

As a first step towards this goal, we first address the relationship between the
convergence of the martingale (12.1) to a non-trivial limit and its relationship to the
survival event.
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12.1 Martingale Convergence and Survival

Recall from Chap. 11 that, under the assumptions (G1) and (G2), we can use W =
(Wy, t > 0) to define a change of measure
dP?,
dP, §

= W, t >0, (12.2)
and, moreover, that (X, P?) enjoys a spine decomposition, which will be of use
throughout this chapter. The following result provides a simple dichotomy between
convergence to a trivial vs. non-trivial limit accordingly as A, < 0 vs. A, > 0.

Theorem 12.1 Under the assumption (G2) and the existence of second moments as
in (G2) for k = 2, we have the following cases for the martingale W :

(i) If hx > 0, then W is L*(P) convergent (and hence has a non-trivial limit).
(ii) If A« <O, then Wy, = 0-almost surely.
(iii) If A« = 0, and additionally (G8) holds, then Wy, = 0-almost surely.

Proof From (12.2), by considering the inverse of the change of measure, we see that
1/W is a non-negative P¥-supermartingale. Hence, since 1/ W is non-negative, its
limit automatically exists thanks to the Martingale convergence theorem. Standard
measure theory for martingale change of measures also tells us that for a measurable
set, A, on the ambient measurable space, we have, for each u € .Z.(E),

Py (A) = Ef [WeoL(an{Wa, <cop] + PH(A N {We = 00}).

The consequence of this decomposition is that the measures P, and }P’Z are
orthogonal on the ambient measurable space if and only if

PY (Weo = 00) = 1, (12.3)

in which case, the martingale limit satisfies P, (Woo = 0) = 1. Moreover, P, is
absolutely continuous with respect to IP’,‘”L if and only if

P (Wos < 00) = 1, (12.4)

in which case we have E,[ W] = 1, and hence, the martingale experiences L ®.)
convergence. This forms the basis of the proof in all three cases.

(i) Let us first deal with the case that A, > 0. From Theorem 9.2, we have, using
Fatou’s Lemma and (12.2), that

E¢ [limian,] < liminfE¢ [W,] < lim E,[W?] < co. (12.5)
—>0o0 11— o0

—>0o0
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The expectation in (12.5) ensures that P, (liminf, .o W; < 00) = 1, and hence,
since the limit exists, lim;_, 5o W; is Pﬁ-almost surely finite. Combined with (12.4),
this will tell us that W is an L' (P)-martingale.

Despite now knowing that W is an L' (P)-martingale, we still need to prove the
stronger result that it is an L?(PP)-martingale. This is nonetheless a straightforward
conclusion from (12.5) and Doob’s martingale inequality. Indeed, let us write W, =
W; —1,t > 0, so that W is a zero-mean martmgale with limit WOo = Ws — 1. As
in (12.5), Theorem 9.2 gives us that hmt_>Oo E [W ] < oco. By Doob’s martingale
inequality, it follows that EM[suppo W ] < oo; hence, dominated convergence
1mphes that lim;_, o E [W 1 =E, [W2 ] < o0. Jensen S 1nequa11ty tells us that
(W,Z,t >0)isa submartlngale SO that in fact, E, W 11 E [W2 ]. We can now
write

lim By [(Wr = Weo)?] = lim E,[(Wr = Woo)®] = B, [W3] — lim E,[W7]=0,

and the required L?(PP) convergence holds.
(ii) Next, for the case A, < 0, it is easy to see that

W, > e Mo@E!), 1>0,

where £ is the spine given in the decomposition of Sect. 11.1. The boundedness
of ¢, the stationary behaviour of the spine P¥ (cf. Lemma 11.1), and the strict
negativity of A, ensure that Pﬂ(lim sup, o oWs = 00) = 1 forall u € A.(E),
and hence, from (12.3), P, (Weo = 0) = 1.

(iii) Finally, for the case A, = 0, we recall from Lemma 10.1 that, under our
assumptions, P, (¢ < oo) = 1, where ¢ = inf{t > 0: X;[1] =0} and u € #.(E).
On account of the trivial fact that {{ < oo} C {Wy = 0}, the desired conclusion
follows. O

It is perhaps worth noting that the proof of (iii) could equally serve as the proof
of (ii) albeit that we have not yet established the seemingly obvious fact that if
extinction is almost sure in the critical setting (with the assumptions (G2), (GS8)),
then it should also be almost sure in the subcritical setting too. In fact, the next
section will tidy up these concurrences.

Theorem 12.2 Under the assumptions (G2), (G6), and (G8), we also have that the
events {Woo = 0} and {¢ < oo}-almost surely agree under P, where { = inf{t > 0 :
X:[1] = 0} is the time of extinction of the BMP. In particular, there is almost sure
extinction if and only if A, < 0.

Before proving Theorem 12.2, let us first extract a result that lies implicitly in the
proof of Lemma 10.1, specifically from the derivation of (10.9).

Lemma 12.1 Assume (G2) and (G8), then

tl_l)Iglo X[l =00 on {¢ = oo} (12.6)
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Proof The proof of the above fact can be found in Lemma 10.1 in the critical case;
however, the proof does not really require A, = 0. Indeed, the only adjustment
needed is the estimate (10.10), which has an obvious replacement. The rest of the
proof goes through verbatim. We leave this as an exercise for the reader to check.

O

Proof (of Theorem 12.2) Recall the trivial observation that { < oo} C {Wy, = 0},
and hence,

P, <o0) <P, (We =0), (12.7)

for all u € . (E). It thus suffices to show that (12.7) holds with the inequality
reversed.

Taking note of Lemma 12.1, when A, < 0, since W; = e X, [¢] > X,[¢], the
conclusion of Theorem 12.1 immediately implies that { W, = 0} C {¢ < oo}. This
gives us the inequality the other way around to (12.7).

Next we consider the setting that A, > 0. Due to our assumptions and the
boundedness of ¢, cf. (G2), and boundedness of the number of offspring (G6), we
have uniformly, for all times ¢ such that there is a discontinuity in W, that |W, — W, _|
is uniformly bounded by some constant M > 0, [Ps_-almost surely, x € E. Defining
the stopping time 77 = inf{tr > 0, W; > 1}, using the fact that W is a non-negative,
L?(P)-martingale, and hence uniformly integrable, by appealing to Doob’s optional
stopping theorem, we deduce that, for all x € E,

1 =Es, [Wr ] =Es [Wr 1w >0)] < Es, (1 + M)1yw, ~0)).

()

It follows that, for all x € E, Ps (Woo > 0) > ¢(x)/(1 + M). Hence, that there
exists ¢; > 0 such that

Ps, (Weo =0) <1 —c19(x), x €E.
Now, using the branching property, we obtain for all u = Y}, 8y, € 4. (E),
n n
log Py (Weo = 0) < Y log (1 — c19p(xi)) < —¢1 ) ¢(xi) = —ciulg].
i=1 i=1
From (12.6), we have, on {¢ = o0},

limsup logPy, (Woo = 0) < —¢; lim X,[¢] = —o0.
n—>00 n—oo

With the upper bound of any probability being unity, we can thus write

limsup Px, (Weo = 0) < 1{r<o0}-

n—oo
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The branching Markov property now entails
Py(Woo =0) =E, [Px,(Wee =0)], Vn €N, u € AA(E).
The reverse Fatou’s lemma now gives us

Pyu(Weo = 0) = limsup E,, [Px, (Woo = 0)]

n—o00

<E, |:11m supPyx, (Weo = O)]

n—o00

<E. [1{§<<>0}]
=P, < 00).

Together with (12.7), this completes the proof of the theorem. O

12.2 Strong Law of Large Numbers

The following fundamental result provides a stochastic analogue to (G2). It
also shows that just as the leading order behaviour of the linear semigroup is
described by the eigentriplet (A4, ¢, @), the leading order stochastic behaviour of
linear functionals is analogously described by the same eigentriple, albeit via the
martingale W.

Theorem 12.3 Suppose A, > 0, (G2) holds, as well as second moments in the form
of (G2) for k = 2. Suppose, moreover that, for all open 2 compactly embedded
subsets of E,

limi(glfP;Q[l](x) > 10 (x), (12.8)
t—

where (P;(2 ,t > 0) is the movement semigroup killed on exiting 2, for (X, P). Then,
for any g € BY(E) such that, g /¢ € BT (E) and initial configuration u € M(E),

e_k*t Xl‘[g]

— 9lg]Weo, (12.9)
ulel

P,.-almost surely.

We think of this result as a strong law of large numbers because, combining it
with the conclusion of Theorem 12.1, it infers that, almost surely, on {¢ < oo},

o T g O)e(i@) L Xile]
111 N, = lim
oo 3L e(xi(0) >0 X,[g]

= ¢lepgl.
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With weaker assumptions than Theorem 12.3 slightly, we can also recover the
same strong law of large numbers, albeit in the sense of L2 convergence.

Corollary 12.1 Suppose A, > 0, (G2) holds, as well as second moments in the
form of (G2) for k = 2. For any g € BT (E) and u € M.(E), the limit (12.29)
holds in the LZ(PM) sense.

Let us consider a number of examples for which this and other conditions can be
verified for Theorem 12.3.

Branching Feller Processes The assumption (12.8) is somewhat unusual but is
automatically satisfied for any process with paths that are right continuous. Indeed,
for such a setting, one appeals directly to Fatou’s lemma to conclude that

limiélfP,Q[l](X) = limiélex[lsz(Ez)] z Eyfliminflg (§)] = 1o (x),
t— t— t—

forx € E.

Recall from the end of Sect.2.3, the definition of a Feller process. Feller
processes can be constructed with right-continuous paths, and hence, (12.8) is
also automatically satisfied for branching Feller processes. This would include,
for example, the setting of branching Brownian motion in a compact domain.
Importantly, the Feller property is not a necessary requirement as the next example
shows.

Neutron Branching Process The setting of the NBP in Theorem 6.3 is auto-
matically covered by Theorem 12.3. Indeed, if we go back to the setting of the
NBP on D x V, by thinking of scatter events as a special case of branching (in
which precisely one offspring is produced), the process (&, P) is nothing more
than a linear drift. More precisely, under P, ), & = r + vt fort < KEU, after
which time it is sent to a cemetery state. Similarly, it is sent to a cemetery state
if neutron absorption occurs in D (i.e., a fission event with no offspring). For 2
open and compactly embedded in D x V, it is trivial to see that (12.8) holds. It is
notable that (£, P) is not a Feller process because its semigroup can easily fail to be
continuous in the variable v. To see why, consider Fig. 12.1, and the behaviour of
P/[gl(r, v) = Eg.)[g(r + vt, U)l(t<KrDv)] as the velocity moves from v’ to v”.

Multi-type Branching Process In Sect. 11.2, we considered the most basic of non-
local branching Markov processes. That is, individuals have no associated motion

and have type belonging to {1, - - - , n}. Because there is no movement and the type
space is so basic, the condition (12.8) is automatically satisfied. As before, we think
of (X;,t > 0) asavector X; = (X;(1), -, X;(n)), where X, (i) simply counts the

number of individuals of type i alive at time # > 0. The conclusion of Theorem 12.3
can be re-worded as showing that the number of individuals of each type grows at
the same rate. More precisely,

lim e ™' X, (i) = $i¢; Weo, Ps. — a.s.,
—>0o0 J
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Fig. 12.1 For the given

domain D, it is easy to see

that «,2, is not continuous in

the variable v € V, and

hence, neither is P;[g](r, v).

This implies that P is not

necessarily a Feller D
semigroup /

where (G2) can be understood as the existence of right and left eigenvectors, say
0 = (o1, ,9y) and ¢ = (@1, - , @) with eigenvalue A, € R for the mean
semigroup matrix v, (i, j) = E;[X,(j)1,i, j € {1,--- ,n}.

12.3 Proof of the Strong Law of Large Numbers

We prove Theorem 12.3 by breaking it up into several parts. Starting with the
following lemma, we first prove that Theorem 12.3 holds along lattice times. Just
before we state the next lemma, let us quickly recall the filtration §; = 0 (X : s <
t), fort > 0.

Lemma 12.2 Fix § > 0, and assume that (G2) is in force together with the
assumption of second moments, (G2) for k = 2, and A, > 0. For g € BT(E),
define

U =e ™ X,[gl, t>0. (12.10)
Then, for any non-decreasing sequence (my),>0 withmo > 0 and x € E,

Jm Uon,+ms = BU@,+ms|Snsll = 0, Ps.-a.s.. (12.11)

Proof Thanks to the Borel-Cantelli lemma, it is sufficient to prove that for each
xe Eandalle > 0,

> s, (|Utnytms — ElUGn,+ms18ns1| > €) < o0. (12.12)

n>1

To this end, note that Markov’s inequality gives
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s, (|U(mn+n)5 —E[ U(mn+n)8|SnS]| >¢)

e s, (|Uinytms — EWn-4m51$s1]) - (12.13)

Hence, let us consider the term in the conditional expectation on the right-hand side
above. First note that

Nns

Umysms — ElUqn, 43181 = Y _ e U —EIULD 18,5, (12.14)
i=1

where, given §,, the U") are independent and equal in distribution to U under Paxi(,)
and (x;(¢) : i = 1,---, Ny) describes the configuration of X at time ¢t > 0. Note,
in particular, conditional on §,5, Z; = U,E: ) EWU,, @ s |§,.s) are independent with
zero mean. The formula for the variance of sums of zero-mean independent random
variables together with the inequality |a + b|> < 2(|a|> + |b|?) now gives us

Sn6:|

Nyus
< Zefzk*mSE |:2(|U(l)5| + |E[U(1)5|Sﬂ5]| )|Sm§:|
i=1

E(Uqm,+n)s — ELUm, 151505111 85ns)

_Zen*naEU U~ EIUD, 5,5]

Nns

<4) e [ Ul P |sn5] (12.15)
i=1
where we have used Jensen’s inequality in the final inequality. Hence, with (x; (n6) :
i =1,..., Nys) describing the configurations of the particles at time nd in X, we
have

(0.¢]
> E [IU(m,,+n)5 - E(U(mn+n)3|8n5)|2:|
n=1

< 42{”*”5153 |:Z Es,. s [ o 5]:|

n=1

0o Ns e 2hsmnd ()
il s[g1(xi (nd))
<4ligl? e MRy, [Z o5 (13)) - o (x; 1((;8)) } ’

n=1 i=1

(12.16)
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where we have used the notation from Theorem 9.2 in the final inequality. The latter
also tells us that, by choosing m,, sufficiently large, we can uniformly bound the
ratio on the right-hand side of (12.16) by a constant.

Recalling that ¢ is an eigenfunction for the linear semigroup of X, there exists a
constant K € (0, oo) such that

o
S B[ 1Uinytns = EWninsl§i) ] = Kligl? Y e, [Xsl]
n=1 n>1
= KliglPe(x) Y e < oo,
n>1
(12.17)
The result now follows by (12.12) and (12.13). |

Let us now return to the proof of our main strong law of large numbers
result, albeit, first for convergence on lattice times. Notably, this allows for weaker
assumptions than Theorem 12.3.

Theorem 12.4 Suppose Ly, > 0, (G2) holds, as well as second moments, i.e., (G2)
for k = 2. Then, for any g € BY(E), § > 0, and any initial configuration . €
AM(E),

P,.-almost surely.

Proof 1t suffices to prove the result for © = &y, x € E, since then, for p =
> 8x;» we have under P,

n n
lim e X [g] = ) lim e X [g] = Y 0()@lgIW) = Glglnlp]Wes,
i=1 i=1

where X (resp., W) are independent copies of X (resp. W) under Ps, . i =
1,---,n.
We have already noted that

Ny
Eﬁx [Ut+S|St] = Ze—l*lljs(i)’

i=1

where, given §;, the U s(i) are independent and equal in law to ]ES.x,- (,)[Us], where
(xij(¢) : i = 1,---, Ny) describes the configuration of X at time ¢+ > 0. Hence,
using (8.14), we have
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N;
s, [Urrsl§1 =Y e B, [e7 X;lgl]

i=1

= p(x)glg]W;
N; ;
" Ze_x*, (e—k*s% — ([y[g]) @ (x;(1)).
i=l l

(12.19)

Appealing (G2), we can pick s sufficiently large so that, for any given & > 0,

le ™o~ Wslg] — Glglll < e. (12.20)

Combining this with (12.19), since we may take ¢ arbitrarily small, we conclude
Jim |Es, [Ur 45151 — Woo@lglo(x)| = 0. (12.21)

The above combined with the conclusion of Lemma 12.2 gives the desired limit
along lattice sequences.
O

By piecing together various calculations from the previous two results, we can
also quickly deliver the proof of Corollary 12.1.

Proof (of Corollary 12.1) In the spirit of the calculations in (12.15), (12.19), and
the already established L? convergence of W, for each u € .#,(E), we can control

the L2(P,,) distance of (Urts — Eu[Urts|§: D), (BulUrss18,] — ulpl@lg]W;), and
(W; — Wx). Hence, by the triangle inequality, we have in the sense of L2(IP’M)
convergence, lim,_, o U; = u[elo[g]Wo, as required. O

We now make the transition from lattice times to continuous times.

Proof (of Theorem 12.3 Along the Full Sequence) Suppose that £2 is an open set
that is compactly embedded in E and fix 0 < § < 1. If r € [n§, (n + 1)), then
since 1 > 10,

(@)
Nns Ntfné

e M X [1g] = e h D) Y g mhand K7 lg(xﬁi)(t —né))
i=1 j=1

Nus
> e Y e g (i (n8) XY, s e, (12.22)
i=1
where (x;i)(s),j =1,---, N§i)) are the collection of offspring at time s > 0 in

the subtree (X, }P’(;Xi ) rooted at the i-th individual alive at time né, for each
i=1,---, Nys. Now note that, given §,,5, for all s € [0, §],
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XPgl =1 1

(xPMe)=1) = X [10]=1, for all ue[0,5])"

Hence, from the inequality (12.22), we can derive the more convenient inequality

Nns
e Xilel = e Y e M 1o (xi (18) E° (xi (n8)), (12.23)

i=1

where

E0(x) = 1yx,[10]>1 for all 1€[0.5])»

for Xo =8, x € E.

Next note that if we trace the path of (X, P5_ ) over the small time horizon [0, 4],
then with high probability as § | 0, no branching event has occurred and the
requirement that X,[1o] > 1 for ¢ € [0, &] is close to the requirement that the initial
ancestor remains in £2 prior to time §. Indeed, suppose 77 is the first branching time
of (X, Ps,) and let n°(x) = Es,[E°%(x)] < 1, then we have

n°(x) = Ps (X;[1g] > 1 forall € [0, §])

> Ps (X:[1g] > 1 forallz € [0, 6], 6 < T)

3 ¢
=E; [l(g,eﬂ, for all 1€[0,57)€ Jo y(&)db]
)
= P[1](x) — B, [l(s,exz, for all 7€[0,8]) (1 —e Do y(ss)ds)] ’ (12.24)

where we recall that (§,P,) and y denote the law of particles’ motion and the
branching rate in (X, P), respectively, and (P;(2 ,t > 0) is the semigroup of (&, P),
killed on exiting §2. Thanks to the assumption y € BT (E) (cf. Chap. 8), it is easy to
show that the second term on the right-hand side of (12.24) tends to zero as § — 0,
since

5
E, [l(g,efz, for all £€[0,8]) (1 —_e o V(Sx)(h)]

8
<E, [l(g,eﬂ, for all 1€[0,81) / V(Ss)ds}
0
< dlyll.
Thanks to the assumption (12.8), we have from (12.24),

11%nfn5(x) > 1o(x), x€E. (12.25)
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If we denote the summation on the right-hand side of (12.23) by []n(s (x), then
we can apply similar arguments to those given in the proof of Lemma 12.2, see in
particular (12.16), to show that, for some constant C € (0, 00),

i]E(;X [|z7,,3 —~ E[ﬁnawna]ﬁ]

n=1

o0 Nys
<C) e PR [Z Lo(xi (na»zan[(Ea)z]}
n=1

= i=1

oo
< CY e E; [Xullell

n=1

=C Y e lgl(x). (12.26)

n=1

The assumption (G2) now tells us that the sum on the right-hand side of (12.26) is
finite.
Noting from (12.23) that

E[Ups|8§ns] = e " X,5[121°1,

the consequence of (12.26), when taken in the light of the Borel-Cantelli lemma,
the lower bound (12.23), and Theorem 12.4, means that, Ps_-almost surely,

liminfe ™' X;[1o] = e **¢[1on’ Weop(x).

—00

Letting § | 0 with the help of (12.25) and Fatou’s lemma in the above inequality
yields

liminfe ™' X,[10] > ¢[1o]1Waop(x), (12.27)

—>00

Ps,_-almost surely.

From (12.27), we can easily replace 1 by simple measurable functions in
BT (E), from where, we can upgrade by lower approximation to measurable g €
BT(E). Indeed, suppose that (g,,n > 1) is a sequence of simple functions in
BT (E) such that g, 1 g € BT (E). Then, since g > gy,

liminfe ™™ X,[g] > lim iogfe—**’xt [gn] = Plen]Wooip(x),

t—00

and hence, taking limits as n — oo on the right-hand side with the help of monotone
convergence, we have
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liminfe ™ X,[g] > @[g]Woop(x). (12.28)
t—0o0

To complete the proof of Theorem 12.3, it now suffices to show that, Ps -
almost surely, limsup,_, o, e_k*’X,[g] < @lglWxo(x), for g € BT(E) and

g/¢ € BT(E). To this end, note that, for 0 < g < cg, for some constant ¢ > 0
(which, without loss of generality, we may take equal to 1),

limsupe ™' X,[g] = lim sup (p)W; — e M X, [p — gl)
o0

—00 t—

= (1) Woo — liminfe™' X, [ — g]

< () Woo — @lo — glo(x)Weo
= ¢[g]1Woop(x)

as required, where we have used the normalisation ¢[¢] = 1. O

12.4 Discrete-Time Strong Law of Large Numbers

For this section, we recall the notation from Sect. 8.7. Just as in the continuous-time
setting, it is easy to show that # = (#,,, n > 0), where

_n Znlo]

%: ) >Oa
P o]

is a [P,,-martingale, for i € .#.(E). Moreover, being a non-negative martingale, it
has an almost sure limit, denoted by #4. In a similar spirit to the calculation (12.5),
using the (second) moment convergence results in Theorem 9.8, it is straightforward
to show that # is an L2-convergent martingale.

The calculations in the previous section that lead to Lemma 12.2 and The-
orem 12.4 can be easily replicated in discrete time. The details are left to the
reader, but there is little to change. Since the time index is now discrete rather than
continuous, we automatically get for free the following result.

Theorem 12.5 Suppose that p. > 1 and (G4) hold, together with second moments
of the offspring distribution, i.e., (G5), for k = 2. Then, for any g € B*(E) and any
initial configuration u € #.(E),

— 9lgl s, (12.29)

P,.-almost surely.
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12.5 Comments

The proof of Theorem 12.1 is a variant of a standard one appealing to a standard
measure theoretical dichotomy (cf. p. 242 of [47]), which has been used to analyse
the convergence of many analogous martingales in the setting of different spatial
branching processes. We mention [12, 97, 124], and [58] to name but a few of the
contexts with similar results. The proof of Theorem 12.3 principally uses techniques
that have been used a number of times in the literature, developed by [4, 24, 54]
among others.
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(AD), (A2)
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(H2)
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(H3)
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(H3*)

Two sufficient conditions for existence of a Perron—Frobenius
decomposition for the semigroup of a general Markov process

Two sufficient conditions for existence of a Perron—Frobenius
decomposition in discrete time

Alternative sufficient conditions to (A1), (A2), for the setting
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Perron—Frobenius decomposition of its semigroup
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oemg >0onB xV xV
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that infrEB,U.v’EV os(r, v)me(r,v, V') > 0
infrep v ey o£(r, VITE(r, U, V) > 0.
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(H4)

(H5):

GhH
(G2)

(G3)
(G4

(GS)
(G6)
(GT)
(G8)
(GY)
(G10)

(G11)

Fission offspring are bounded in number by the constant
Nmax > 1

There exists a constant C > 0 such that for all

8§ € LL(D x V), (§.0:VIg]) = C(@, §%), where
g:D—[0,00):r— [, g(r,v)dv

sup,cg &x[N] < o0

There exists an eigenvalue A, € R and a corresponding right
eigenfunction ¢ € BY(E) and left eigenmeasure ¢ € .#f(E)
such that, for f € B¥(E) and u € My(E),

(Yilol. ) = e (g, ) and (Y [f1. @) = ™' (f. §). Further
let us define

A= Super,fEBl*(E) |‘p(x)_le_x*t¢t[f](x) —{@, Hl,t = 0.

We suppose that sup,-y A; < 00 and lim;—, oo 4; = 0.
supep & [Z[11F] < oo

There exists an eigenvalue p € R, and a corresponding right
eigenfunction 0 < w € BT (E) and left eigenmeasure

@ € M (E) such that, for f € BY(E) and u € 4 (E),
w[®,lw]] = p" ulw] and @ [®@,[ f1] = p" @[ f]. Further let us
define A, = sup,c g gep, i) |0 ()~ P B f1(x) — BLS1,
for n > 0. We suppose that sup,~ A, < 00 and

limy, 00 A, =0.

sup, g Ex (Z[11%) < oo.

Offspring numbers are bounded by 7p5x

Irreducible branching condition, (y ¥'[g], ¢) > C(g, gb)z
Uniform extinction condition, sup, . Py (t < ¢) < 1 for all
sufficiently large ¢ > 0.

Extinction by time T is uniformly bounded away from zero,
infyep Ps, (¢ <T)>0,for0<T < oo.

Extinction by time 7 is not a certainty, Ps, ({ < T) < 1 for
xe€ Eand0 < T < 0.

lim7_ o0 infreg w? (x) = 1.

Mathematical Notation

lI-1
()
wlf1
a(r,v)

Br,v)

y(ﬂ

Cemetery state

The supremum norm on B+ (E)

Inner product on L*(E)

Integral of f with respect to the measure

A mixed rate of scatter and fission

The function o¢ (r, v) (f, 7£(r, v, v)dV' — 1)
The branching rate for a BMP

Branching rate along the spine for a BMP
Branching rate of the BMP dressed 1-marked tree
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196
196
196

223
224

238
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32
31
68
67
149
210
230
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1SN

a(t)

B(E)
BT(E)

B (E)
B(x)
Dom(-)

Lifetime of stochastic process
Left eigenmeasure
A mixed scatter and fission density

The time a linear drift from r with velocity v leaves the
domain D

Leading eigenvalue in Perron—-Frobenius decomposition of
Markov semigroup

Leading eigenvalue for the NBP or BMP

A Markov process (which serves as the motion process for
each particle in a BMP)

A mixed scatter and fission density
Average neutron mass creation at fission
Scatter distribution

Leading eigenvalue in Perron—Frobenius decomposition of
discrete-time Markov semigroup

Rate at which fission occurs

Rate at which fission occurs in | subtree of skeletal
decomposition

Rate at which fission occurs in 4 subtree of skeletal
decomposition

Rate at which neutron scatter occurs

The constant equal to (o ¥ [¢], ¢) for NBP and ¢[y7/[<p]]
of BMP

Right eigenfunction in the Perron—Frobenius decomposition
for NBP and BMP

Left eigenmeasure (or density thereof) in the
Perron-Frobenius decomposition for NBP and BMP

First moment semigroup of generation NBP or discrete-time
BMP

First moment semigroup of NBP or BMP

The k-th moment functional of the NBP or BMP
Solution to the NTE in L2(D x V)

Solution to the dual NTE in the L, (D x V) space

Right eigenfunction in the Perron—Frobenius decomposition
for generational NBP or discrete-time BMP

Left eigenmeasure in the Perron—Frobenius decomposition
for generational NBP or discrete-time BMP

The survival probability integrated against ¢
Difference of non-linear and linear branching operators
Bounded measurable functions on E taking value zero on

Non-negative bounded measurable functions on E taking
value zero on |

Functions in B (E) bounded by unity
The function y (x)(m[1](x) — 1)
The domain of the operator in brackets on Ly (D x V)
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It(k )

kefs

L*(E)

My (E)
Mc(E)
m(r, v)

m[-]
P, PT

P

Pe

P, 4T
P¥

POHT

Parr.?

P

Underlying state space of Markov process

Infinitesimal generator of fission events for the backward
NTE or linear branching operator for BMP

Forward infinitesimal generator of fission events

The L2(D x V) dual of the infinitesimal generator of fission
events

Filtration of NBP or BMP
Filtration of the general Markov process &

The sum of the transport, scatter, and fission forward
operators

The L2(D x V) dual operator of ¢
Branching mechanism for NBP or BMP

Branching mechanism for 1-marked individuals in the
skeletal (resp., T-skeletal) decomposition for NBP or BMP

Branching mechanism for | -marked individuals in the
skeletal (resp., T-skeletal) decomposition for NBP or BMP

Joint branching mechanism for 4- and | -marked individuals
in the skeletal (resp., T -skeletal) decomposition for NBP or
BMP

The k-th moment functional of running occupation measure
for NBP or BMP

Generational-time eigenvalue for neutron transport operators
Filtration of NGP or discrete-time BMP

The space of square integrable functions on E

Space of finite measures on £

Space of finite counting measures on E

Mean number of neutrons produced at a fission event from
an incoming neutron with configuration (r, v)

Mean operator for offspring

Survival probability (resp., to time 7') for NBP or BMP
Law of NBP or BMP

Change of measure with respect to W

Law of the dressed spine

Law of the NBP or BMP conditioned to become extinct
(resp., by time T)

Marginal semigroup of the spine for BMP

Law of Markov process for NRW and BMP

Law of Markov process for NRW and BMP in the case that
the scatter rate o and scatter kernel 7 are specified

Law of Markov process for NRW and BMP in the case that
the scatter rate o and scatter kernel 7 are specified, with
additional killing

Probabilities of underlying Markov process with additional
jumps

Law of (R, Y) with additional killing at rate 8 —

Glossary

19
45,155

10
127

55,151
19
10

45
93, 150
122,230

119, 229

121, 230

102, 169

128

129, 165
10

32
53,151
132

155
116,223
54
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112

119, 225

211
20, 49, 156
49

135

156

69



Glossary

pY, PHT

pt, phT

pt, pt7
P%
P

pY
pe
pe
P
P

P

Py, P T

v, puT

vl f, gl

Law of the Markov process describing movement of
J-marked particles in the NBP or BMP skeletal (resp.,
T -skeletal) decomposition

Law of the Markov process describing movement of
f-marked particles in the NBP or BMP skeletal (resp.,
T -skeletal) decomposition

Law of 1-marked dressed tree for NBP or BMP
Semigroup associated to (R, ) under P¥

Expectation semigroup os7s-NRW killed when it exits D or
expectation semigroup of underlying Markov process for
BMP

Motion biased semigroup of the spine for a BMP
Movement semigroup of P killed on exiting £2

Semigroup of Markov process after change of measure with
ground state eigenfunction

Branching point process probabilities for discrete-time
model

Fission point process probabilities or branching point
process probabilities

Fission point process probabilities or branching point
process probabilities along the spine

Fission point process probabilities or branching point
process probabilities for | -marked trees in the skeletal
(resp., T-skeletal) decomposition

Joint fission point process probabilities or branching point
process probabilities for |-marked and 1-marked trees in
the skeletal (resp., T-skeletal) decomposition

Expectation semigroup of Markov process
Expectation semigroup of Markov process with potential y
Source term for the forward NTE

Infinitesimal generator of scattering event for backward
NTE

Forward scatter operator

The L2(D x V) dual of the forward scatter operator
Infinitesimal generator of transport for backward NTE
Forward transport operator

The L2(D x V) dual of the forward transport operator
Solution to the re-oriented non-linear evolution equation for
BMP and its running occupation

The probability of survival for both BMP and NBP
Non-linear semigroup of the dressed 1-marked 7 -skeleton
for the BMP

Non-linear semigroup of the BMP conditioned to become
extinct by time T'

Solution to the non-linear semigroup (Pal-Bell) equation for
NBP or BMP

Solution to the non-linear semigroup equation for BMP and
its running occupation

119, 226

122,230

118,224
59
64, 149
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247
36
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53,149

112,210

120, 229

121,234
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21

45

10
127
45
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127
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92,152

161

261



262

Valf]
71/ 8l
V1]
w, wr
Wi

Wn
Xi
Zn

Non-linear semigroup of the discrete-time BMP
Two-point fission or branching operator

Fission or branching variance operator
Extinction probability (resp., by time T)

The unit mean martingale (¢, X;)/ (¢, u) for NBPs or
equivalently, X;[¢]/u[¢] for BMPs, under IP,,

The unit mean martingale .2, [w]/u[w] under P,
Neutron branching process or branching Markov process
Branching Markov process in discrete time

The T-skeleton of X

The dressed T-skeleton of X

Point process of fission velocities for NBP or branching
offspring point process for BMP

Branching offspring point process for discrete-time
processes

Glossary

165

94

94, 173196
116,223
108, 111, 209

255

52

52164

230

230
53,149, 151

164
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