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limt!1 ⇠(t) = 1
limt!1 ⇠(t) = �1 lim supt!1 ⇠(t) = � lim inft!1 ⇠(t) = 1

�0(0) > 0 < 0 = 0

Gt = �{(⇠(s), J(s)) : s  t} t � 0

M(t, �) = e

�(⇠(t)�⇠(0))��(�)t vJ(t)(�)

vJ(0)(�)
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� �(�) M(·, �)
(Gt)t�0

dP�
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dPx,i

�

�

�

�

�

G
t

= M(t, �), t � 0,

(⇠, J)

F �(z) =�v(�)
�1F (z + �)�v(�)� �(�)I,

I �v(�) = diag(v(�))

F �(z) ��(z) = �(z+ �)��(�)

�



F D R
� : z 7! �(z) F (z) D

F (0) = Q �(0) = 0

✓ 2 R \ {0} F D = {t✓ : t 2 (0, 1)}

�(✓) = 0,

� D

✓

✓ > 0 �0(0+)

limt!1 ⇠(t) = �1 � = ✓

�0✓(0�) = �0(✓�) > 0 limt!1 ⇠(t) = 1
✓ < 0 �0(0�)

limt!1 ⇠(t) = 1 � = ✓

�0✓(0+) = �0(✓+) < 0 limt!1 ⇠(t) = �1
� = ✓

±1 ⌥1

X

x 6= 0 Px(9t > 0 : XtXt� < 0) = 1 X

J

+1 �1

±1 (X,Px)

x > 0 x < 0 x < 0

�X x < 0 X

+1 (X,Px)

�X

X

X

⌧{0} = inf{t � 0 : Xt = 0},



X x 6= 0

� X Px

(⇠(t), J(t)) = (log|X�(t)|, sign(X�(t))), t � 0,

E = {�1, 1} P
log |x|,sign(x) X

Px

Xt = J('(t))e⇠('(t)), 0  t < ⌧{0},

' �

'(t) = inf

⇢

s > 0 :

Z s

0

exp(↵⇠(u)) du > t

�

, t < ⌧{0}.

exp{⇠} J

✓ > 0 limt!1 ⇠(t) = �1
⇠

⌧{0} =

Z 1

0

e

↵⇠(t)
dt < 1 X⌧{0}� = 0

X

'(t) < 1
t <

R1
0

e

↵⇠(s)
ds

✓ < 0

⇠

⌧{0} =

Z 1

0

e

↵⇠(t)
dt = 1

X

'(t) < 1 t � 0

'(t) (Ft)t�0 = (G'(t))t�0



✓ > 0, ✓ < 0

M('(t), ✓) =
vJ('(t))(✓)

v
sign(x)(✓)

e

✓(⇠('(t))�log |x|)1
('(t)<1)

=

v
sign(X

t

)

(✓)

v
sign(x)(✓)

|Xt|✓

|x|✓ 1
(t<⌧{0}), t � 0.

Px Px

X

� ✓ 6= 0 �0(✓) R

X ✓ > 0

X

✓ < 0 X

X

h

0

X F := �(Xs : s � 0) Ft :=

�(Xs : s  t) t � 0

h✓(x) := v
sign(x)(✓)|x|✓, x 2 R,

D ⌧D := inf{s � 0 : Xs 2 D}

✓ > 0

P�x(A) := Ex



h✓(Xt)

h✓(x)
1
(A, t<⌧{0})

�

,

t > 0 x 6= 0 A 2 Ft P�x(A) A 2 F
(X,P�x) x 2 R\{0} A 2 Ft

P�x(A) = lim

a!1
Px(A\{t < ⌧ (�a,a)

c} | ⌧ (�a,a) < ⌧{0}).



✓ < 0

P�x(A, t < ⌧{0}) := Ex



h✓(Xt)

h✓(x)
1A

�

,

t > 0 x 6= 0 A 2 Ft P�x(A) A 2 F
(X,P�x) x 2 R\{0} t > 0 A 2 Ft

P�x(A, t < ⌧{0}) = lim

a!0

Px(A\{t < ⌧ (�a,a)} | ⌧ (�a,a) < 1).

✓ > 0 h

h

h

X ✓ > 0 x 2 R\{0}
t > 0 A 2 Ft

P�x(A) = lim

s!1
P(A |⌧{0} > t+ s),

P�x x 2 R\{0}

Px(⌧{0} > t) t ! 1 x 6= 0

t � 0 A 2 Ft x 2 R\{0}

lim

s!1
Px(A |⌧{0} > t+ s) = lim

s!1
Ex

"

1(A, t < ⌧{0})
PX

t

(⌧{0} > s)

Px(⌧{0} > t+ s)

#

.

Px(⌧{0} > t) t ! 1.

X Px x 6= 0, ⌧{0}

(⇠, J) P
0,sgn(x)

⌧{0} = |x|↵
Z 1

0

e

↵⇠(s)
ds.

⌧{0} |x| x



|x|↵

⇠, I :=

R1
0

e

↵⇠(s)
ds.

f ⇠ g t ! 1
limt!1 f/g = 1

E (⇠, J) R ⇥ E.

(⇠, J) � ✓ > 0

�0(✓) R.
I =

Z 1

0

e

↵⇠(s)
ds.

E
0,k[I✓/↵�1] < 1 k 2 E

P
0,k(I > t) ⇠ vk(✓)t

�✓/↵
X

j2E
⇡✓j

E
0,j [I✓/↵�1]

µ✓|↵� ✓|vj(✓)
, t ! 1,

µ✓ =
P

j2E ⇡
✓
jE

✓
0,j [⇠(1)] ⇡✓ = (⇡✓j , j 2 E) J P✓

x,i

x 2 R i 2 E

Px(⌧
{0} > t) ⇠ v

sign(x)(✓)|x|✓t�✓/↵
X

j=±1

⇡✓j
E

0,j [I✓/↵�1]
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, t ! 1.

X Px x 6= 0

(⇠, J) Px,i x 2 R i 2 {�1, 1} (⇠, J)

P✓
x,i x 2 R i 2 {�1, 1}

F ✓(z) =�v(✓)
�1F (z + ✓)�v(✓).



�v(✓)�1v(z + ✓) �✓(z) = �(z + ✓)

�✓(�✓) = 0 (⇠, J) P✓
x,i x 2 R

i 2 {�1, 1} �0✓(�✓) = �0(0)

✓ > 0 �0(0) < 0

(X,P�x) x 6= 0 0

X h t � 0 A 2 Ft

P��x (A, t < ⌧{0}) := E�x


h�✓(Xt)

h�✓(x)
1A

�

,

h�✓(x) :=
v
sign(x)

(0)

v
sign(x)(✓)

|x|�✓ = 1

h✓(x)
, x 2 R,

F (0) = Q v
1

(0) = v
1�(0) = 1

P��x (A, t < ⌧{0}) := E�x


h�✓(Xt)
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1A
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h✓(Xt)

h✓(x)

h�✓(Xt)

h�✓(x)
1
(A, t<⌧{0})

�

= Px(A, t < ⌧{0}), A 2 Ft, t � 0.

(X,Px) x 6= 0

��1v (�✓ + ✓)�v(✓)F ✓(z � ✓)�v(✓)
�1�v(�✓ + ✓) = F (z).

✓ < 0

{�1, 1}
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 (�) := �t�1 logE
0

[e

i�X
t

]

� 2 R t > 0

 (�) = |�|↵(e⇡i↵(
1
2�⇢)1

(�>0)

+ e

�⇡i↵( 12�⇢)1
(�<0)

), � 2 R,
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0
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1

> 0) ↵⇢ 2 (0, 1)

F (z) =

2

6

6

6

6

4
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�(↵⇢̂� z)�(1� ↵⇢̂+ z)
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�(↵⇢)�(1� ↵⇢)
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7

7

7

7

5

,

Re(z) 2 (�1,↵) ⇢̂ = 1 � ⇢ (�1,↵)

Re(z) 2 (�1,↵)

detF (z) =
�(↵� z)2�(1 + z)2

⇡2
{sin(⇡(↵⇢� z)) sin(⇡(↵⇢̂� z))� sin(⇡↵⇢) sin(⇡↵⇢̂)} ,

z = ↵� 1 �(↵� 1) = 0

v(↵� 1) /
"

sin(⇡↵⇢̂)

sin(⇡↵⇢)
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dP�x
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�
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t
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+ sin(⇡↵⇢)1
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�

�

�

�
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x

�

�

�

�
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1
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h

↵ 2 (1, 2)
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✓ = ↵ � 1 = 0 h

⌧{0} = 1 Px x 2 R
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x 2 R, t > 0, 0 < " < ↵

Px(⌧
(�1,1)c < ⌧{0}) = (↵� 1)x↵�1

Z

1/x

1

(t� 1)

↵⇢�1
(t+ 1)

↵⇢̂�1
dt, x 2 (0, 1)
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Px(⌧
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Z

1

x�1
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t↵⇢̂�1(1� t)�↵ dt, x > 1
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c
< 1) a ! 1.
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h

X ↵ 2 (0, 2)

↵⇢ 2 (0, 1)

⌘(t) = inf{s > 0 :

Z s

0

|Xu|�2↵du > t}, t � 0.

x 2 R\{0} (�1/X⌘(t))t�0 Px (X,P��1/x)
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Re(z) 2 (�↵, 1)

F �(z) =

2

6

6

6

6

4

� �(1� z)�(↵+ z)
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7

7
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|x| < a

Px(⌧
(�a,a)c < ⌧{0}) = P

log |x|,sign(x)(T
+

log a < 1) = P
0,sign(x)(T

+

log(a/|x|) < 1)

T+

y = inf{t > 0 : ⇠(t) > y} Px(⌧ (�a,a) < 1)

T�y := inf{t > 0 : ⇠(t) < y}

X

✓ > 0 C✓ 2 (0,1) |y| > 0

lim

a!1
a✓Py(⌧

(�a,a)c < ⌧{0}) = v
sign(y)(✓)C✓|y|✓.
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a!1
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c
< ⌧{0})
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P
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+
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P
0,sign(x)(T

+

log(a/|x|) < 1)

=

v
sign(y)(✓)

v
sign(x)(✓)

�

�

�

y

x

�

�

�

✓
, x, y 2 R.

✓ < 0
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a!0

a✓Py(⌧
(�a,a) < 1) = v

sign(y)(✓) ˜C✓|y|✓.

lim

a!0

Py(⌧ (�a,a) < 1)

Px(⌧ (�a,a) < 1)

= lim

a!1

P
0,sign(x)(T

�
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P
0,sign(x)(T

�
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v
sign(y)(✓)

v
sign(x)(✓)
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�

�

y

x

�

�

�

✓
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J+ J

(H+, J+
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E
0,i[e

��H+
(t)
; J+

(t) = j] = [e

�(�)t
]i,j , � � 0.





(�) = diag(�

1

(�),��1(�))�⇤ �K(�), � � 0,

i = ±1 �i(�) H+

J+

= i ⇤ J+ K(�)i,j =
R

(0,1)

e

��xF+

i,j(dx) i 6= j F+

i,j

i, j = ±1 K(�)i,i = 1 i = ±1

(�i(�))i=±1

�i(�) = qi + �i�+

Z 1

0

(1� e

��x
)⌥i(dx), i = ±1,

qi, �i � 0

R1
0

min(1, x)⌥i(dx) < 1 i = ±1

J+

= ±1 H+

�±1

⌥±1

{+1} q±1

J+

i j i, j 2 {�1, 1} i 6= j H+
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0

P
0,i(H

+

(t) 2 dx, J+
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y > 0

P
0,i(T

+
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y ) > y)

=

X

j,k=±1
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0
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i,j(dz)
h

1
(k 6=j)⇤j,kF

+
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i

.
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+
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X
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�ju
+

i,j(y), y > 0, i = ±1,
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P
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"

X
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E
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X
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=
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P
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+
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+
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a �)�
X
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3
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a
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+
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a > 0
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0

1
(0H+
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�

=

X
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�jU
+
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+
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X

j=±1

pi,j(x).



i 2 {�1, 1} pi(x)
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✏#0
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pi(x+ ✏) = P
0,i(H

+

(T+

x ) = x,H+

(T+

x+✏) = x+ ✏, T+
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H+

q±1

> 0

U+

i,j ✓

U+

i,j

(H+, J+

) P✓
0,i

P✓
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✓ (0) + ⇡✓ · k✓ � ⇡✓ · (⇤✓ � I)�1k✓,

�+

✓ (0) ✓(0) k✓ = v0(✓) ⇤✓ = ✓(0)
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⇥
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⇥
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⇤
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⇡✓j
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= lim inf

a!1
Ex

"

1
(A, t<⌧{0}^⌧ (�a,a)c
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�

= Ex



h✓(Xt)

h✓(x)
1
(A, t<⌧{0})
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0,i



Z 1

0

d(e

��
R1
s

e

↵⇠(u)
du
)

�
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⇠

r > 0 X X

(t) := sup{s  t : |Xs| = inf

us
|Xu|}, t � 0,
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|y|↵|y � x|d , |y| < |x|.

limt!1 |Xt| = 1 limt!1 ⇠t = 1
L1 = 1

U+

x ( z) =

Z 1

0

P
log |x|,arg(x)(e

H+
t

⇥

+

t 2 z) t, |z| � |x|.
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⇥
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1(⇣ 0 < e

0
q , 8G 3 0 < )e

(↵�d)⇠
e

(↵�d)✏ (e
q

)g(e�✏ (eq)
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⇣
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⇥
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⇣
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⇥
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|x|↵�d qU
(q),�
x ( y)h(arg(y)) = q

Z 1

0

sE� log |x|,arg(x)

h

e

�qL�1
t h(⇥+
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⇤
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⇥
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�⇠
s

)

⇥s

⌘

e

↵⇠
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( �)

Z

|w|<1

f(w)
|1� |w|2|↵/2

|�� w|d w

w = Kz z = Kw |w| = 1/|z|
z/ w = 1/|w|2d

c f ⌘ 1
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=
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(⌧
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�
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, t � 0, x 2 �.
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)

X pt(x, y) x, y 2 Rd

t � 0

p�t (x, y) := pt(x, y)� Ex[� < t; pt��(X� , y)], x, y 2 �, t > 0.
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