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Abstract

Objective. To systematically assess the accuracy and computational performance of a newly pro-
posed stochastic differential equation (SDE)-based model for proton beam dose calculation

by benchmarking it against Geant4 in a set of simplified but increasingly challenging phantom
geometries. Approach. Building on previous work in Crossley et al (2025 Proc. R. Soc. A 481
20240687), where energy deposition from a proton beam was modelled using an SDE frame-
work, we implemented the model using standard approximations to interaction cross sections
and mean excitation energies, enabling straightforward adaptation to new materials and config-
urations. The model was benchmarked against Geant4 in homogeneous, longitudinally hetero-
geneous and laterally heterogeneous phantoms, for assessment of depth-dose behaviour, lateral
transport and impact of material heterogeneities. Main results. Across all phantom configurations
and beam energies, the SDE model reproduced the main depth-dose characteristics predicted by
Geant4, with proton range agreement within 0.2 mm for 100 MeV beams and within 0.6 mm for
150 MeV beams. Voxel-wise comparisons yielded gamma pass rates exceeding 95% for all cases
under strict 2%/0.5 mm criteria with a 1% dose threshold. Differences between the two approaches
were spatially localised and primarily associated with regions of steep dose gradients or material
heterogeneities, while overall lateral beam dispersion was well reproduced. In terms of computa-
tional performance, the SDE model achieved speed-up factors of approximately 2.5-3 relative to
single-threaded Geant4, consistently across different Geant4 physics lists. Significance. These res-
ults demonstrate that the SDE-based approach can reproduce key dosimetric features predicted
by high-fidelity Monte Carlo simulations with good accuracy while already offering a moderate
reduction in computational cost. Owing to its formulation, the method is naturally amenable to
parallel and GPU-accelerated implementations, suggesting potential for substantial further speed
improvements. This makes the approach a promising candidate for fast dose calculations in proton
therapy.

© 2026 The Author(s). Published on behalf of Institute of Physics and Engineering in Medicine by IOP Publishing Ltd
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1. Introduction

Accurate dose calculations are critical for proton therapy treatment planning to ensure precise treatment
delivery while minimising uncertainties in patient outcomes. Thus, high-fidelity models are needed to
capture the inherently stochastic nature of proton interactions in tissue, including energy loss, scatter-
ing, and nuclear interactions. Currently, pencil beam algorithms (Hong et al 1996, Schaffner et al 1999)
remain widely used in clinical workflows due to their computational efficiency, particularly for treat-
ment planning and optimisation. However, they achieve speed at the expense of accuracy. Pencil beam
algorithms perform reliably in homogeneous media and provide good agreement for depth-dose pro-
files, but struggle to accurately model lateral spread, tissue heterogeneities, and complex geometries.
Due to this, Monte Carlo (MC) models such as Geant4 (Agostinelli et al 2003), TOPAS (Perl et al 2012),
GATE (Grevillot et al 2020) and FLUKA (Bohlen et al 2014), among others, are an alternative to ana-
lytical methods to perform the most accurate dose calculations, which can reduce the error margins by
several millimetres (Paganetti 2012). This is achieved by tracking each proton step by step and sampling
each possible interaction according to its probability, which means this method tends to be much slower,
compromising computational efficiency and therefore its suitability for routine treatment planning.

Optimised CPU codes such as MCsquare (Deng 2020) leverage multi-core architectures to achieve
substantial reductions in computation time. To date, a number of highly optimised GPU-based MC
frameworks have demonstrated that near real-time proton dose calculation is achievable in practice,
including FRED (Schiavi et al 2017), pPGPUMCD (Maneval et al 2019) and gPMC (Jia et al 2012). Other
GPU-based implementations such as MOQUI (Lee et al 2022) enable highly efficient dose scoring, while
other approaches avoid simulating secondary particles to fully exploit GPU computing power (Shan et al
2022). These implementations exploit massive parallelism to dramatically reduce wall-clock time. These
methods are increasingly being adopted in research and clinical workflows (Feng et al 2022).

The present work does not aim to compete with or replace these GPU-based MC solutions in terms
of absolute runtime. Instead, the focus here is on demonstrating that, proton-for-proton and for a
given level of dosimetric accuracy, the proposed stochastic differential equation (SDE) formulation can
reduce the computational effort required per proton to obtain a dose estimate compared to conventional
particle-tracking MC. In this sense, the SDE framework should be viewed as a complementary modelling
paradigm: it preserves the stochastic physics of transport while replacing frequent small-scale interactions
with an analytically motivated diffusion process, thereby improving efficiency at the level of the under-
lying physical model rather than through hardware acceleration alone. This provides a mathematically
distinct and potentially synergistic alternative that, due to the inherent independence of proton paths in
the SDE model, can be integrated with modern computing architectures in future implementations.

Rather than relying exclusively on increasing computational power, recent efforts have also focused
on advancing the underlying physical and mathematical models to improve efficiency at the algorithmic
level. In addition to variance reduction techniques such as the L., formalism and related approaches
(Maneval et al 2018), which accelerate MC simulations by reducing statistical noise, there is growing
interest in alternative formulations of the transport problem itself.

In this context, new mathematical approaches are needed for modelling proton beam treatment
delivery, aiming to lie between high-fidelity MC accuracy and pencil beam algorithm efficiency. Ashby
et al (2024) proposed an approach based on optimisation by computing the fluence of the associated
Boltzmann transport equation numerically. In Crossley et al (2025), a complementary approach was
introduced to solve the Boltzmann transport equation in backward form using a jump SDE. The latter
retains the probabilistic nature of MC simulations while replacing frequent small-angle Coulomb scatter-
ings with a physics-informed diffusion term. This reduces computational cost without sacrificing physical
fidelity due to the central limit theorem. Moreover, Kyprianou et al (2025) showed that the two meth-
ods are consistent in the sense that they are alternative but compatible mathematical descriptions of the
same underlying dynamics, expressed in terms of macroscopic fluence on the one hand and microscopic
particles on the other. The reduced runtime of the proposed SDE approach compared to full MC sim-
ulations makes it an attractive candidate for tasks such as plan verification, robustness evaluation, and
adaptive planning, where high accuracy is required but computational cost remains a limiting factor.

In this article, we present an enhanced version of the SDE model with cross sections designed to
match physical quantities. We compare its predictions to Geant4 as a reference standard using homo-
geneous and heterogeneous phantoms, and quantify both accuracy and computational speed. The two
main objectives of this work are:

e To show SDE-based methods provide accurate dose predictions at low computational cost per proton
in clinically relevant settings.
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e To highlight the inherent adaptability of the SDE framework, capable of accommodating a broad
spectrum of model complexities, thus establishing a foundation for future optimisation based on
clinical need.

2. Methods

2.1. SDE-based transport formulation

High-energy protons decelerating via interactions with subatomic particles are the basis of proton beam
therapy. Deceleration is directly associated with energy deposition, and this energy transfer is a key com-
ponent of attacking cancerous tissues. The rate of interaction of a proton with these subatomic particles
increases as it loses energy, which leads to greater energy deposition towards the end of a proton track.
Hence, the position at which a proton beam deposits the majority of its energy is controllable, limiting
the exposure of surrounding healthy tissues. Indeed, the energy deposition can be arranged in such a
way that there is effectively no exit dose from a proton beam directed towards tumour tissues. Proton
beam therapy is distinguished from photon therapy by these phenomena. In Crossley et al (2025), the
basic principles of nuclear physics were used to model the dynamics of protons travelling through mat-
ter in three-dimensional space. The principal mathematical tool was a so-called SDE with jumps. The
SDE method lends itself well to new MC approaches which favourably balance accuracy and compu-
tational cost. In this section, we begin with a brief reminder of proton beam physics and how it plays
into the modelling choices that lead to the SDE formulation, which is then described in detail. For a
more detailed read on the background physics of proton beams, the reader is referred to Newhauser and
Zhang (2015), Gottschalk (2018) and Paganetti et al (2020), among many possible sources.

2.1.1. Physical basis and scope
We introduce the space-direction-energy phase space as a state space on which to describe proton beam
dynamics. Let D C R? be a closed, bounded and convex spatial domain, S, be the unit sphere in R3, and
€ = [enin, €nax] C [0,00) be the interval of energies a proton can take. We define the energy-position-
direction phase space as C =& x D x §,.

To describe the dynamics of a proton at configuration x = (¢,r,w) € C, we consider transport as well
as three classes of interactions with surrounding matter (see figure 1). For further details, we refer the
interested reader to Newhauser and Zhang (2015). The three classes are:

e Transport. The proton moves in a straight line in the direction w in the absence of other
interactions.

e Inelastic Coulomb interaction. We assume that a proton loses energy continuously via frequent col-
lisions with orbital electrons. For an instantaneous configuration x = (e, r,w), there are two contrib-
uting factors to this continuous energy loss. Deterministic loss occurs at a rate given by the stopping
cross section, i(x), per unit track length. We model variability in the number of orbital electron col-
lisions per unit track length by an additional stochastic loss term, governed by a Brownian motion
whose volatility is given by the energy-straggling cross section ¢;(x). We assume that these collisions
have no effect on the direction of motion of the relatively massive proton, or equivalently, that any
effect is subsumed into the elastic scatter term described below.

o Elastic scatter. This class of events corresponds to changes in a proton’s direction due to an interac-
tion with a nearby nucleus whilst conserving energy between the proton and the nucleus. The three
types of elastic scattering events we consider are as follows:

Elastic Coulomb scatter: The proton passes close enough to a nucleus to feel a repulsive positive
charge, resulting in a change in its direction of motion. We distinguish between large and small scat-
ters as separate cases. For incoming direction w and outgoing direction w’, let 6 € [0, 7] denote the
polar scattering angle. We fix a small cut-off § > 0, such that § > ¢ is a large (elastic Coulomb) scat-
ter while 6 < ¢ is a small scatter. A cross section o.(x)7e(x;dw’) specifies large scatter events, where
0e(x) is the rate at which a proton x = (¢,r,w) € C undergoes a large elastic Coulomb scatter, while
the density m.(x;dw’) describes the distribution of the resulting outgoing direction w’. Small scatter
events are subsumed into an aggregated term, described below. It is common to think of o.(x) as a

3
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Figure 1. The three main interactions of a proton with its surrounding matter. An elastic scattering (top) with a nucleus, a
proton-nucleus collision which may be elastic or inelastic (centre), and an inelastic Coulomb interaction with an orbital electron
(bottom).

rate per unit track length, capturing the number nuclear interactions a proton has with its surround-
ing medium.

Elastic proton-nucleus collision and scatter: In rare cases, the incoming proton is absorbed into a nuc-
leus, which becomes excited and releases another proton with the same energy as the incoming
one. Since protons are indistinguishable, we model them identically to the elastic Coulomb scatters
described above, so that o, and 7. are the cross section and probability density of both event types
combined.

Coulomb-nuclear interference: It is insufficient to treat the effects of elastic Coulomb scattering and
elastic proton-nucleus collisions independently (Nekrasov 2024). The combination of these effects
results in an additional perturbation in the outgoing angle due to so-called Coulomb-nuclear inter-
ference. We take the same cut-off § to distinguish between small and large scatters, where large scat-
ters are subsumed into the elastic Coulomb scatter and small scatters subsumed into the aggregation
of small scatter, described below. Mathematically, . and 7, incorporate Coulomb-nuclear interfer-
ence as well.

o Aggregated small scatter. We model the net effect of all small scatter events via a diffusive compon-
ent in the direction of the motion w of a proton x = (€, r,w) € C (Vassiliev 2017, section 3.9.6). More
precisely, the direction of transport w undergoes a Brownian motion on S, with state-dependent
volatility m(x) > 0. We assume no energy loss is associated with these small scattering events.

¢ Inelastic proton-nucleus collision and scatter. When a proton interacts with a nucleus, it can
undergo an inelastic collision, forming an excited nuclear state. This excited nucleus may sub-
sequently emit a spray of secondary particles, transferring some of its energy to each particle. For
the SDE model considered in this article, we assume that each collision will emit exactly one sec-
ondary proton which carries the majority of the outgoing energy and has outgoing direction w’. The
energy deficit between the incoming and outgoing protons is accounted for by the recoil of the nuc-
leus, other secondary particle emission which our SDE neglects, and the binding energy of the inter-
action. Nuclear inelastic scattering occurs with cross section, or rate per unit track length o,e(x). At
an inelastic scattering event, the configuration x = (€, r,w) of the incoming proton is transformed
to the outgoing configuration x’ = (e(1 — u),r,w’) with probability density me(x;dw’,du), where
ue (0,1].

Together, these interactions manifest in what is known as the Bragg peak: a graphical representation of
the energy deposition per unit length along the axial direction of a proton beam. A typical Bragg peak
curve is proportional to the average energy deposition per unit length along sequential proton tracks. Its
characteristic shape shows a gradual increase in energy deposition followed by a sharp rise near the end
of the proton range, and then a rapid fall-off. One of the defining features of the Bragg peak is its range,

4
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defined as the depth at which the dose falls to a predefined fraction of its maximum. Quantities such as
R90 and R50, defined as the depths at which the dose falls to 90% and 50% of the maximum, respect-
ively, are commonly used in the literature. In the context of the present work, the notion of a sequential
proton track was introduced in Crossley et al (2025) to describe the configuration-space dynamics of a
proton, concatenated with subsequent protons that continue its trajectory after proton-nuclear interac-
tions, ultimately to absorption or a de-energised state. Each sequential proton track is a random traject-
ory and a proton beam is comprised of many such tracks, all superimposed. We assume all sequential
proton tracks are independent and hence, by the law of large numbers, a proton beam is the average
effect a sequential proton track multiplied by the number of protons in the beam.

2.1.2. Sequential proton track SDE formulation

To model the evolution of a proton’s trajectory through the configuration space C, we employ an
enhanced version of the SDE first introduced in Crossley et al (2025). We follow the usual physics and
nuclear literature convention and index our SDE by the inherent ‘track length’ of the sequential pro-

ton track which it describes. We define the dynamic evolution of the configuration variables along a
sequential proton track via (Yy,£ > 0) = ((eg,r¢,we), £ > 0), where €y is the energy at track length £ € £
of the sequential proton track, r;, € D is the position of the sequential proton track at track length ¢, and
wyg € S, is its direction of transport. The process Y depicts the stochastic evolution of a sequential pro-
ton track in configuration space C.

Since our focus is on simulating the sequential proton track, we introduce the evolution of Y in
terms of its Euler—-Maruyama approximation: a standard numerical scheme for approximately simulat-
ing SDE paths. We will work on the lattice track lengths (¢ = An,n > 0), where A > 0 is a small incre-
ment of path length. The collective evolution of Y, := (E,,R,,,$2,) := (€ansTan, Qan), for n=10,1,2,...
is governed by

Evpr = (Ey =<1 (Ya) A+ min {max{s, (Yy) By, =61 (Yu) A}, <1 (Ya) A}) (1 — 1)

Rn+1 :Rn+QnA (1)

Qn—i—l =Q,+E, (m(Yn))+Dn

where:

e B, in an increment of Brownian motion with variance A and the corresponding random term on
the right-hand side has been truncated to ensure non-increasing energy while preserving the correct
continuous energy loss.

o =,(m(Y,)) is the time-A increment of spherical Brownian motion on S, with volatility m(Y,), sim-
ulated via Algorithm 1 of Mijatovi¢ et al (2020). It models the aggregate effect of small scattering
events on the direction of the proton.

e (u,,D,) takes value (0,(0,0,0)) with probability 1 — e~ (@(Ya)+oe(Y1)) "and otherwise is sampled
from the mixture distribution

oe (Yy)
Oe (Yn) + One (Yn)

One (Yn)

Y,;:dQ’, du) := o (Y, + 0 (Y,)
m ( ) M) Oe (Yn) + One (Yn)

e (Y3 dQ7) 6o (du) + Tne (Y;dQ du). (2)

The former case corresponds to the absence of a large scattering event in the track length increment,
while the latter corresponds to either an elastic (u, = 0) or inelastic (u, € (0,1]) scattering event.

The evolution in (1) continues until the proton exits the domain D, or its energy falls below the min-
imum threshold ep;y,.

In the following sections, we present our choices for the functionals o, Te, Ope, The, S1,$2, and m. All
are informed by physics so that Y replicates the behaviour of sequential proton track. This makes it pos-
sible to apply the SDE model to new materials simply by entering their chemical composition, mean
excitation energy, and estimates of the nuclear scattering cross sections in ENDF format without the
need to calibrate any free parameters.
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2.1.3. Parametrisation for inelastic Coulomb scattering

We recall from section 2.1.2 that energy losses due to inelastic Coulomb interactions are incorporated
into the SDE (1) through two components: a deterministic stopping rate given by ¢; and stochastic
fluctuations (energy straggling) with volatility given by ¢,. To justify this model choice, we give a brief
exposition on the theory of inelastic interactions (see Salvat (2022a) for further details). First consider
the setting of a proton with configuration x = (E,R,Q2) € C travelling through a homogeneous medium
consisting of a unique element. Fach inelastic interaction involves an energy transfer W € [0, E] from
the proton to the electrons of an atom in the medium. This energy transfer is completely characterized
by the energy-dependent atomic energy-loss differential cross section f{W,E) € RT, W € [0, E] and its
moments

E
aé"):/ W'f(W,E)dW, n> 0.
0

If there are N atoms per cm?, then (Nalgo)) is the mean free path length, oél) / Uéo) the mean energy

loss in a collision, and aék) / 0'}(30)

, k > 2, the kth moment of the energy loss in a collision. Under ideal-
ised assumptions that N is sufficiently large and that interactions occur independently, the energy loss
per unit track length is well-approximated by Naél) +Z(NU}(52))1/ 2, where Z ~ N(0,1). Indeed, this

is just a consequence of the central limit theorem. Thus, for the SDE we choose ¢ (x) = Nal(gl) and
Q(x) = (Naéz))l/ 2, Explicit values of Noél) and Nal(;z) are given by the well-established theory of the
Bethe—Bloch formula with energy straggling.

The Bethe-Bloch formula for mean energy loss. The current state of the art model for mean energy loss
from inelastic collisions is given by the Bethe—Bloch formula, along with its corrections. This quantum
theory of stopping, originally due to Bethe, is based on the relativistic plane-wave Born approxim-
ation (Fano 1963). The Bethe-Bloch formula without corrections (Gottschalk 2018, section 3.2 and
appendix D) per unit track length reads

B Zp 2mec 32 5\ MeV
Sl (x) = 0.3072762 (log <I(1—ﬁ2)> - B ) K, (3)
with
52 — M
(mpc® + E)2 7

where p is the density of the medium in gcm*3, Z is the atomic number of the medium, A is the
atomic mass of the medium, 1, is the mass of a proton, m, is the mass of an electron, ¢ is the speed

of light, and I is the mean excitation energy of the medium. Importantly, this derivation assumes the
idealised setting mentioned in the previous section. To account for deviations from the idealised set-
ting, several additional correction terms exist which result in a more accurate model. The four correction
terms to the Bethe—Bloch formula are known as the shell, density, Lindhard—Serensen, and the Barkas
correction term, respectively. Their details can be found in equation Sections V-VII of Salvat (2022a).
All are known to be negligible in the proton energy range of clinical interest (Bischel and Hiraoka 1992,
Salvat 2022a, Salvat et al 2022, Mbagwu 2025), and hence we neglect them.

To extend (3) to materials consisting of more than one element we use the so-called Bragg-additivity
rule. This assumes that the material can be treated as a uniform mix of each of its constituting elements,
and that interactions are independent between elements. In this case, the Bethe—Bloch formula reads
Gottschalk (2018), equation (8)

noo 232
G (x) = 0.30722 f:glz (log <IZ(T€_C§2)> - ﬂ2> %, (4)

where p;,Z; and A; are the respective density, atomic number, and atomic mass of element i in the
medium.

Lastly, we note that due to the idealised setting used to derive the Bethe—Bloch formula, equation (3)
performs poorly when E is close to 0. Indeed, (3) tends to —oo as E — 0. To account for this prob-
lem, for the results presented in section 3, protons are absorbed upon reaching a kinetic energy of
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0.05MeV and their remaining energy is deposited at their current position. The choice of absorption
energy threshold was determined by numerical evaluation of our implementation of (4) to ensure non-
negative values, and is low enough that the remaining proton range is below 0.1 mm. Hence, the output
of our simulations is unaffected for all practical purposes. An alternative approach using a logarithmic
transform of the energy to guarantee non-negative energy for all track length has been considered in
Chronholm and Pryer (2025).

Energy straggling. The original derivation of Naéz) dates back to Bohr (Bohr and Thorsen (1987),
equation (3.4.5)). It neglects the binding of atomic electrons and assumes interactions with non-
relativistic free electrons at rest. A more accurate formula based on the relativistic plane-wave Born
approximation (Jackson 1975, Salvat et al 2022) reads

o (x) = STNAZP (o <72 (1 - ﬁ)) Mev?, )

A 2 cm

where N, is Avogadro’s constant, v is the Lorentz factor, « is the fine structure constant, 7 is the
reduced Planck constant, and all other variables are as in (3). Identically to (3), due to the idealised
setting assumed when deriving (5), an accurate formula for ¢, requires additional correction terms.
However, for the clinical energy range of protons with 0-150 MeV, the results of Salvat et al (2022) show
that they have negligible impact when the atomic number of the material is sufficiently small (less than
40), and between a 1%—5% impact for larger atomic numbers. Furthermore, since the effect of energy
straggling is small in itself, these errors will be of an order of magnitude smaller when compared to the
total energy loss.

Identically to (4), we extend (5) to materials consisting of more than one element using the Bragg-
additivity rule. This reads

n

41N, Z,' i 2 M€V2
Q)= Z TA,p (adfic)’ ('72 <1 - 2)) et

i=1

2.1.4. Parametrisation for elastic scattering

We recall from section 2.1.1 that elastic scattering is divided into Coulomb and nuclear scattering events,
and the interference between them. At small angles, the effect of elastic scattering is dominated by the
Coulomb contribution (Trkov and Brown (2018), section 6.2.7). We recall that the SDE (1) models small
angle elastic scattering through a diffusion on the sphere with volatility m. Thus, we fit m using the state
of the art for modelling Coulomb scattering, given by the theory of Moliére (Bethe 1953). The SDE (1)
models large angle elastic scattering as a point process with rate o, and jump density 7. Since no satis-
factory theory exists to describe the contributions from nuclear and nuclear-Coulomb elastic scattering,
these parameters are fitted from the nuclear data libraries ENDF/B-VIIIL.1 and JEFF-4.0. Both small and
large angle contributions are described in detail below.

Moliére’s theory for small-angle elastic scattering. The scattering density derived by Moliere has a
Gaussian mode, but tails which are much heavier than Gaussian (Gottschalk 2018). Thus, we model
small-angle elastic Coulomb scattering by taking a Gaussian approximation to Moliére’s distribution.
Specifically, we use the Lynch-Dahl approximation to Moliére multiple scattering (Lynch and Dahl
(1991), equation (7)) which is given as follows. Consider a proton with configuration x = (E,R,2) € C
travelling through a medium consisting of a single element. Relative to the initial direction of travel €2,
after a path length z cm, the new direction of travel in spherical coordinates has azimuthal angle uni-
form in [0,27] and energy-dependent polar angle that is the absolute value of a Gaussian with mean 0
and standard deviation o (E) given by:

= 0.157Z(Z+1) pz
‘ A(pB)’
s /3 1+3.34 (Za)B)?
p2

X2 =2.007 x 10~ ,

X;

YT ne(—Fy

X2 14w
U(E):\/lJrFZ ( ” log(l—&—w)—l)7
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where p is the momentum in MeV/c, and all other parameters are as in section 2.1.3. Note that the
corresponding formula of Lynch and Dahl (1991) is missing the square root on the final line. Here,
Fe (0,1) is a truncation parameter describing the central fraction of the Coulomb scattering distribution
taken into account. This is necessary because the tails of the distribution are not integrable, and thus we
take F =0.98. This approximation is accurate, and advantageous because it does not use the radiation
length of the medium, which is difficult to measure precisely.

For compounds, an effective x? is obtained by adding up all single-atom contributions, while an
effective x2, is obtained via

PP i(i%fl)log (Xi,i)

Z; (Z,' +1)
Zi Aj

log (xa) =

To convert these Gaussian updates into a rigorous mathematical object for use in the SDE, we use that
for small path length step sizes z cm, the Lynch—Dahl approximation is well-approximated by the incre-
ment of a spherical Brownian motion of size z and volatility

For our simulations in section 3, we take z=0.05 cm and use Algorithm 1 of Mijatovi¢ et al (2020)
to compute fast and exact realisations of spherical Brownian motion.

Large angle elastic scattering via experimental data. As shown in Gottschalk (2018), the Lynch—Dahl
approximation accurately models the effects of Coulomb elastic scattering for scattering angles up to
~ 2.50(E). Beyond that, the light Gaussian tails fall too quickly to match the heavier tails of Moliere’s
distribution. Computing these heavier tails requires an expensive root finding step (Gottschalk (2018),
equation (19)). Moliere’s theory also gives no insight into the contributions from nuclear and nuclear-
Coulomb effects. Thus, we turn instead to nuclear data libraries to model elastic scattering for angles
above 2.50(E). Also, we note that although 2.50(E) is energy-dependent, we fix 2.50(E) = 0.02 radians
as a cut-off throughout our simulations in section 3. This is done for the sake of computational effi-
ciency, since a change in 2.50(E) requires a re-evaluation of the nuclear data. Furthermore, for ener-
gies above 10 MeV, 0.02 radians is a good approximation of 2.50(E) for elements seen in proton beam
therapy.

We primarily use the ENDF/B-VIII.1 data library, and refer to JEFF-4.0 for elements not included in
ENDEF/B-VIILI. For all elements except hydrogen, the scattering cross sections are given by LAW = 5 and
LTP = 12 (Trkov and Brown (2018), section 6.2.7). Consider a proton with configuration x = (E,R,2) €
C travelling through a medium consisting of a single element. This format expresses the scattering cross
section as

oS (u, E) = o (u, E) + oy (E) Pny (1, E) barns/sr, (6)

where p is the cosine of the polar scattering angle, o§(u, E) is the differential Coulomb scattering cross
section in the centre-of-mass frame given by Rutherford’s formula with electronic screening ignored (con-
version to the lab frame is given in appendix A.1), which reads

2

n
o6 (u,E) = ———
R (Na ) k2 (1 - M)z
where
A 2m,E a’lm
k=—— P 107% =7 P % 10°
1+4V we 7 2E )

with parameters as in section 2.1.3, and o§; and Pyy are given by experimental data to account for nuc-
lear and nuclear-Coulomb effects. Transforming (6) to a scattering rate per cm of path length travelled
gives

0. (E) (0% (1 E) + 05 (E) Pt (1 E)) dp x 10724, (7)

2NA7Tp cos(2.50E)
-
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The integral of o§(u,E) is calculated explicitly. The integral of Pyr(u, E) is calculated numerically by first
fitting a cubic B-spline for Py;(u, E), then integrating the resulting spline. The density of the scattering
angle is given by

Tre (B; p1) = (ok (11, E) + o3y (E) Par (1, E))
S (ot (17, E) + 0%y (E) Py (1*, E)) dpe*

w € [—1,cos(2.50 (E))]. (8)
To simulate a realisation from this density, it is sufficient to know its Cumulative Distribution Function
(CDF) which is given by

I (0% (1, B) + 0%y (E) Par (11, E)) ds
) (58 (0, E) + 0%y (E) Pai (1, E)) dps

IL, (E;v) = v € [—1,co8(2.50 (E))], 9)

where the numerator is computed identically to (7). For the simulations presented in section 3, both (7)
and (9) are computed for a discrete lattice of energy values and linear interpolation is used to extend to
the full energy range. Once a scattering angle is simulated, it is converted into the lab frame using (13).

For hydrogen, the scattering cross sections are given by LAW = 5 and LTP = 1. This format expresses
the scattering cross section as

0% (1. E) = 0% (1. E) + 0 (1,) barns/sr, (10)

where since the incident and target particles are identical, Rutherford’s formula with electronic screening
ignored now reads

2n? 1+p? 1 1+p
r (,E) = - = |
ok (1,E) k2 (1—p?) [l—uz 2% nnl—u ’

furthermore

2n ak (1+p)exp (inn15£) ] 21+1
‘l—que{g{+<—1>’<1—u>exp<z'n1n1§“>] B, D

where P is the Legendre polynomial of degree I, a)(E) and b(E) are respectively complex and real coef-
ficients derived from experimental data, and the value of NL represents the highest partial wave contrib-
uting to nuclear scattering which is equal to 7 for the hydrogen dataset provided by the ENDF/B-VIIIL1
library. As before, transforming (6) to a scattering rate per cm of path length travelled gives

B 2NA7Tp /cos(Z.SaE)

oe(E) A s
—1+

(o (1, E) + oy (11, E)) dpu x 1072, (12)
where 0 > 0 is a user-defined truncation parameter required since the tail of the Rutherford cross section
for identical particles as y — —1 is not integrable (for the simulations presented in section 3 we take

d =1+ cos(m — 0.2)). Similarly, accounting for ¢ in the lower limit, the associated density and CDF of
the scattering angle are given by (8) and (9) respectively. The coefficients a)(E), bj(E) are given for a set
of lattice points which we extend using a cubic B-spline. Moreover, for given coefficients a;(E), bj(E),

the integrals in (9) can be computed explicitly as shown in appendix A.1. Finally, for compound mater-
ials, we again assume Bragg-additivity meaning the point process o, 7. can be decomposed as the sum
of n independent point processes, where process i corresponds to the elastic scattering due to atoms of
element i.

2.1.5. Parameterisation for inelastic proton-nucleus interactions

As before, consider a proton with configuration x = (E,R,2) € C travelling through a medium consisting
of a single element. We recall from (1) that inelastic proton-nucleus interactions occur in the SDE at an
element-dependent rate oy, and the outgoing energy and angle of the proton after such an interaction is
given by the density 7. There exists no satisfactory theory to describe the effects of these interactions,
so we use experimental data to model o, and 7. As for large elastic scattering, we use the ENDF/B-
VIIIL.1 and JEFF-4.0 nuclear data libraries. These libraries use the Kalbach—-Mann systematics repres-
entation to model inelastic proton-nucleus interactions (Kalbach 1988) which is given as follows. The

9



10P Publishing

Phys. Med. Biol. 71 (2026) 075010 C B C Dean et al

scattering rate per cm of path length travelled, o, (E), is given for a lattice of points in £ which we fit
to a cubic B-spline to extend to £. For E€ &, u € [0,1], let my.(E;du) denote the marginal distribution
of the fractional energy loss given incident energy E. For a given set of lattice points E; € £, U; € [0,1],
Tne(Ei; Uj) is given along with a fitted parameter for the outgoing angle density, denoted r(E;, U;) € [0, 1].
We extend these to £ and [0, 1] respectively using linear interpolation. Finally, the distribution of the
cosine of the polar scattering angle in the center-of-mass frame (conversion to the lab frame is given in
appendix A.1) given incident energy E and outgoing energy (1 — u)E is given by

e (1Bt = 5 s (cosh(a (B )+ (B, sinh a (Eo) )

where a(E,u) is a known constant given in section 6.2.3 of Trkov and Brown (2018). The CDF of this
density is invertible, thus the outgoing angle, 1, can be simulated using

w= (C+ (C2 —r(E,u)’ + 1)1/2) /(r(E,u)+1),

C=2sinh(a(E,u)) U+ r(E,u)cosh(a(E,u)) —sinh (a(E,u)),

with U ~ Unif]0, 1]. The setting of compound materials is handled identically to large elastic scattering
(see section 2.1.4).

2.2. Benchmark and comparison

2.2.1. Reference MC simulations

To verify the results from the proposed model, the MC simulation toolkit Geant4 (version 11.3)
(Agostinelli et al 2003) was used as the benchmark. Geant4 was selected for its flexibility, including the
ability to enable or disable specific physical processes and customise physics lists. For this study, we have
used the pre-built QGSP_BIC_EMZ physics list, as it provides accurate proton transport modelling via the
Binary Cascade model and includes the EMZ option, which offers the most precise electromagnetic phys-
ics list in Geant4, optimised for low-energy proton transport.

2.2.2. Test cases

All simulations were configured with identical parameters and evaluated using three phantom geomet-
ries designed to probe different dosimetric effects. The first geometry is a homogeneous 20x20x 20 cm?
water phantom, used as a reference case for baseline dose and range in a uniform medium. The second
is a slab phantom of the same size, composed of 2 cm water, 1 cm bone, 2 cm compressed lung, and a
distal water region. The layers are laterally homogeneous and are intended to assess the impact of longit-
udinal heterogeneities on proton range and dose deposition. Slab thicknesses were chosen such that all
materials are traversed by both 100 MeV and 150 MeV proton beams, while ensuring that the Bragg peak
occurs within the final water layer. The final geometry is a water phantom of the same dimensions, con-
taining a 2 cm thick bone insert located in the upper half of the phantom at a depth of 3 cm, designed
to investigate the effect of lateral heterogeneities. These configurations are hereafter referred to as the
water, slab, and insert phantoms, respectively.

In the heterogeneous phantom simulations, the bone and lung regions were defined using stand-
ard material definitions. The bone insert was modelled using the Geant4 material G4_B-100_BONE
with a density of 1.45gcm ™2, while the lung region was modelled using the ICRP 110 reference human
phantom composition with a density of 0.385 gcm ™. These material definitions were used consistently
in both the Geant4 reference simulations and the SDE model parameterisation.

For all cases, a mono-energetic proton beam (energy of 100 or 150 MeV, nozzle radius of 5 mm,
energy spread og of 0.1 keV and radial dispersion o, of 0.05rad) was directed perpendicularly into water,
with no air gap between the source and the phantom. The chemical compositions and densities for all
materials are the same for Geant4 and the SDE model. For all cases, 1 x 10° protons were fired per
run, and dose was scored in both cases using a 3D grid of 1 mm?> voxels across the irradiated volume,
enabling point-wise comparison of the resulting dose distributions. The dose in each voxel was calcu-
lated as the deposited energy divided by the local voxel mass, corresponding to dose-to-medium. The
SDE model requires angular limits for backscatter and Rutherford events, which were set at 0.04 and
0.02 rad, respectively. Since the SDE model employs a fixed step length, this was set to 0.5 mm for all
simulations. For consistency, the maximum step length in Geant4 was constrained to the same value to
ensure a fair comparison in terms of time performance. For both simulators, the energy deposition is
assigned at the step midpoint to minimise bias in regions of steep gradients.

10
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2.2.3. Comparison metrics

For quantitative assessment, integral dose-depth curves, central-axis depth-dose distributions, range cal-
culations and lateral profiles were evaluated. In addition, a full 3D gamma analysis (Low 2010) and 3D
voxel-to-voxel dose difference (DD) maps were used to quantify spatial agreement between the SDE
and Geant4 dose distributions, where the SDE output is treated as the evaluated distribution, while the
Geant4 distribution serves as the reference.

For range estimation, the integrated depth-dose curve was linearly interpolated to determine the
depth (to 0.1 mm resolution) at which the dose on the distal fall-off decreases to 90% of its maximum
(R90). Voxel-wise DDs between the evaluated and reference distributions were computed within a
reference-defined region of interest. The region of interest was defined as voxels receiving at least 1% of
the maximum reference dose. Differences were normalised to the 99th percentile of the reference dose,
D99, computed within this region, in order to provide a near-maximum dose scale while reducing sens-
itivity to isolated high-dose outliers.

Gamma analysis was implemented using the pymedphys Python package, which incorporates meth-
ods presented in Wendling et al (2007). Given that gamma analysis is employed here as a numerical sim-
ilarity metric between two simulated distributions, rather than as a clinical QA criterion, the distance-to-
agreement (DTA) parameter is not intended to compensate for set-up or alignment uncertainties, and a
stricter DD criterion is chosen. In this study, local dose normalisation was applied, with a dose threshold
of 1% of the maximum dose to suppress low-dose noise. Given the exact geometric correspondence and
a voxel size of 1 mm, strict acceptance criteria of DD = 2% and DTA = 0.5 mm were used throughout.
For context, clinical QA guidelines typically report > 95% pass rates using 3%/2 mm criteria with a 10%
dose threshold under global normalisation (Miften 2018).

To reduce the influence of the discrete voxel grid, the gamma analysis algorithm in pymedphys
employs on-the-fly linear interpolation between voxels, allowing ~ to be evaluated at sub-voxel positions.
This process is controlled by the interpolation fraction, which specifies the interpolation step size as a
fraction of the DTA criterion. In this study, the interpolation fraction was set to 10, corresponding to
a step size of 0.2 mm. This interpolation does not alter the underlying dose distributions, but enables a
more accurate determination of the gamma index.

In addition to dosimetric accuracy, computational performance was recorded as a reference metric.
Wall-clock run times correspond to the elapsed execution time reported by the Unix time utility. All
simulations were executed on a MacBook Pro equipped with an Apple M2 Max processor using 1 x 10°
primary protons in single-thread mode. The reported timings are not intended as a direct performance
comparison with clinically optimised GPU-based MC engines, but to illustrate the computational cost
of the proposed SDE formulation relative to a standard CPU-based MC implementation under identical
conditions. Due to its structure, the SDE solver exhibits a predictable per-particle execution cost and
is well suited to parallel execution, making it a natural candidate for multi-threaded and GPU-based
implementations.

3. Results

3.1. Homogeneous water phantom

We present the dose comparison calculations for the baseline case of a water phantom being irradiated
with a proton beam of 100 MeV and 150 MeV. This case serves as a foundation for the overall accur-
acy of the model. From the 3D dose arrays that are obtained in both reference and evaluated models,
the integrated depth-dose curves were obtained and shown in figure 2(a), while differential depth-dose
curves were obtained from the central voxels of the 3D dose arrays for a more detailed comparison of
the core beam behaviour are shown in figure 2(b).

Deviations between the integrated depth-dose curves are below 3.5% for a 100 MeV beam and below
6.5% for a 150 MeV when evaluated point-wise before the Bragg peak. Beyond the peak, two factors
lead to systematic differences between the models. First, the SDE model applies an energy threshold
below which proton transport is terminated, which causes the dose to fall off slightly faster than in
Geant4. Second, because the SDE does not model dose contributions from secondary particles such
as neutrons and gammas, it does not reproduce the remanent dose at remote locations predicted by
Geant4. Together, these effects result in a steeper fall-off and zero dose deposition at greater depths in
the SDE results. Nevertheless, the proton range is accurately reproduced, with R90 calculations agreeing
within less than 0.1 mm for 100 MeV and within 0.6 mm for 150 MeV. This evidences the accuracy in the
electromagnetic processes modelled in our approach. Moreover, the percentage differences in the integ-
rated depth-dose curves are highest at mid-depths and decrease towards the Bragg peak. This behaviour
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Figure 2. 1D comparison between SDE and Geant4 for two monoenergeticmono-energetic proton beams (100 and 150 MeV)
in a homogeneous water phantom, including point-wise calculations for percentage dose differences in the lower subplots. (a)
Integral depth-dose curves, (b) Central-axis depth-dose curves.
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Figure 3. Lateral profile comparison between SDE (marker points) and Geant4 (solid lines) for two proton energies in a homo-
geneous water phantom (a) using a 100 MeV beam, (b) using a 150 MeV beam.

indicates that the SDE model achieves its best agreement with Geant4 in the high-dose region near the
Bragg peak, where dose accuracy is most critical.

The central-axis depth dose curves are highly sensitive to local variations in scattering, energy loss
and voxel sampling, which results in a slightly higher overall percentage difference compared to integ-
rated depth-dose curves, but still remaining within 6% for 100 MeV and 16% for 150 MeV. Moreover,
these curves are sensitive to the angular limits set in the SDE model for Rutherford and backscatter
events. The agreement is highest at shallow depths, after which it starts decreasing. Overall, the trends
suggests that the SDE model reproduces the core beam behaviour reliably, while minor discrepancies at
depth are expected due to the differences in scattering modelling.

To further evaluate the beam’s lateral spread and its consistency with depth, figures 3(a) and (b)
show lateral profiles at selected depths for 100 and 150 MeV proton beams, respectively. The SDE model
consistently reproduces the overall Gaussian beam shape, showing similar widths to Geant4 across
depths. This indicates that the dominant multiple scattering behaviour of the beam is well captured.

Small, systematic differences in the absolute dose are observed across the profiles. Although both the
SDE model and Geant4 model scattering processes using partitioning between single-scattering and mul-
tiple scattering regimes using angular cut-offs, differences in how these regimes are implemented and
coupled to energy deposition lead to modest variations in the proton path-length distribution and the
associated dose. These effects exhibit increased sensitivity at lower beam energies, where scattering pro-
cesses play a larger role. Despite these differences, the close agreement in profile widths demonstrates
that the spatial dispersion of the beam is accurately reproduced. A more noticeable deviation is observed
at the Bragg peak location for the 100 MeV beam (x=7.5cm), where the peak dose predicted by our
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Figure 4. 2D dose distribution comparison between the SDE model and Geant4 in a homogeneous water phantom for mono-
energetic proton beams. (a) Central-axis dose distribution and (b) corresponding relative dose difference map for a 100 MeV
beam, normalised to the 99th percentile (D99) of the Geant4 reference dose. (c), (d) Same quantities for a 150 MeV beam.

approach differs from Geant4. This reflects the sensitivity of the peak region to discretisation and the
treatment of angular scattering.

In addition, a central-axis 2D slice was extracted to visualise the overall dose distributions, along
with a voxel-wise difference map for the same slice. These results are shown in figure 4. The dose maps
using a 100 and 150 MeV are shown in figures 4(a) and (c), respectively, and illustrate the strong agree-
ment between the SDE and Geant4, including in low-dose regions where the SDE accurately captures
lateral spread. The main differences are observed in the lowest dose values, corresponding to non-local
dose deposits present only in the Geant4 maps. These arise from secondary particles that interact with
atoms at distant locations, producing small, remote dose contributions that the current SDE model does
not simulate.

The relative DD maps in figures 4(b) and (d) provide a spatially resolved, qualitative assessment of
the agreement between the SDE model and Geant4. Since the differences are normalised to a global
high-dose reference (D99 of the Geant4 dose), the reported values should not be interpreted as local
voxel-wise dose errors. Instead, they indicate the magnitude and spatial distribution of discrepancies rel-
ative to the characteristic high-dose scale of the problem. Bearing this in mind, there is good agreement
across the high-dose region, with the largest relative differences localised around the distal fall-off, where
steep dose gradients amplify small discrepancies between the two models. In the entrance and plateau
regions, differences remain low. The pattern and magnitudes of the difference maps is similar for both
beam energies, suggesting consistent model behaviour over the energy range.

For completeness and to illustrate the potential of our model for clinical purposes, gamma analysis
was performed in 3D for thorough comparison for the two proton energies under study. Pass rates of
97.1% for the 100 MeV case and 95.4% for the 150 MeV case were obtained using stricter criteria than
the conventional clinical ones (DD = 2%/0.5 mm, 1% dose threshold). This demonstrates that the SDE
model achieves clinically acceptable agreement with Geant4. In terms of computational performance, the
SDE model is 2.5 times faster than the single-threaded Geant4 model when using the 100 MeV beam,
and 2.8 times faster using the 150 MeV beam.

3.1.1. Comparison against different Geant4 physics lists
To contextualise the observed differences between the SDE model and Geant4, figure 5 compares integ-
ral depth-dose curves obtained with different Geant4 physics lists that are commonly used for proton
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Figure 5. Integral depth-dose comparison between different Geant4 physical models and the SDE model for two beam energies
(a) 100 MeV and (b) 150 MeV. The reference physics list (QGSP_BIC_EMZ) is shown in dotted lines.
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Figure 6. 1D comparison between SDE and Geant4 for two mono-energetic proton beams (100 and 150 MeV) in a water
phantom with a 1 cm bone layer and a 2 cm low density lung layer, with material boundaries delimited with grey solid lines. (a)
Integral depth-dose curves, (b) Central-axis depth-dose curves. Lower subplots show point-wise percentage dose differences.

therapy calculations (QGSP_BIC_EMZ, QGSP_BIC_EMY and QGSP_BERT). Comparisons are shown for
100 MeV (figures 5(a)) and 150 MeV (figure 5(b)) proton beams, with the percentage differences calcu-
lated with respect to the reference physics list, QGSP_BIC_EMZ. The SDE curve is also included for refer-
ence, illustrating that the deviation between the SDE model and the reference Geant4 configuration lies
within the typical range of variability observed among Geant4 physics lists.

Notably, while the SDE model exhibits the largest discrepancies in the low-dose tail of the Bragg
curve, agreement in the high-dose region near the peak remains within the inter-list variations of
Geant4. These results reinforce the physical consistency of the SDE model, while future efforts will focus
on reducing these discrepancies through the implementation of secondary particle modelling. Since
QGSP_BIC_EMY and QGSP_BERT are computationally less expensive than QGSP_BIC_EMZ, it is most
meaningful to compare their run times with the SDE model. For this geometry, the SDE implementation
is from 2.7 to 3.1 times faster than QGSP_BIC_EMY and from 2.3 to 2.5 times faster than QGSP_BERT.

3.2. Longitudinally heterogeneous slab phantom
To assess the capability of the proposed model to handle multiple material interfaces and associated
range shifts, a second test was conducted adding a bone slab and a low-density compressed lung slab
to the water phantom. All other parameters were kept identical to those of the homogeneous water case
described in the previous section. Figure 6 presents the 1D comparisons for 100 and 150 MeV mono-
energetic proton beams. The integrated depth-dose curves show excellent agreement between the two
models, with calculated range differences below 0.2 mm for 100 MeV and 0.4 mm for 150 MeV.

The lateral dose profiles for both proton energies in the slab phantom are shown in figure 7, whereas
the 2D dose distributions and voxel-wise relative difference maps for this scenario are shown in figure 8.
Opverall, the behaviour is consistent with that observed in the homogeneous phantom, with the SDE
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Figure 7. Lateral profile comparison between SDE (marker points) and Geant4 (solid lines) for two proton energies in a longitud-
inally heterogeneous phantom (a) Using a 100 MeV beam, (b) using a 150 MeV beam. The profiles at 2.5 and 4 cm correspond to
the bone and lung regions.
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Figure 8. 2D dose distribution comparison between the SDE model and Geant4 in a slab phantom for mono-energetic proton
beams. (a) Central-axis dose distribution and (b) corresponding relative dose difference map for a 100 MeV beam, normalised to
the 99th percentile (D99) of the Geant4 reference dose. (c), (d) Same quantities for a 150 MeV beam.

model reproducing the lateral profile shapes and widths across all material layers. This indicates that the
dominant beam broadening is well described throughout the heterogeneous geometry. Profiles are shown
at representative depths within each slab layer, as well as at the depths corresponding to the Bragg peak
positions. For the 100 MeV beam, the largest discrepancies are concentrated around the Bragg peak, as
also observed in the homogeneous case. In the slab configuration, this difference is more noticeable due
to a sharper Bragg peak at lower energy and the presence of multiple material interfaces, which make the
peak height more sensitive to small differences in scattering and energy-deposition modelling, even when
the proton range is well matched.

For the lower-energy beam, milder differences are observed in the low-density lung region between
depths of 3 and 5cm. In low-density media, energy deposition is more strongly influenced by how
energy is redistributed away from the proton track. Geant4 explicitly transports secondary electrons,
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Figure 9. 1D comparison between SDE and Geant4 for two mono-energetic proton beams (100 and 150 MeV) in a laterally
heterogeneous phantom with a 2 cm off-axis bone insert, with material boundaries delimited with grey solid lines. (a) Integral
depth-dose curves, (b) Central-axis depth-dose curves. Lower subplots show point-wise percentage dose differences.

leading to a slightly broader lateral redistribution of dose, while the SDE model deposits energy more
locally. This results in small but spatially coherent differences in the lung region.

For the higher-energy beam, differences in the lung region are less apparent, while the main discrep-
ancies occur within the bone layer between depths of 2 and 3 cm. At higher energies, transport in low-
density media becomes less sensitive to secondary-electron effects, whereas the increased stopping power
and sharp density change in bone have a greater influence on the dose distribution. As a result, differ-
ences between the two models are more visible in the high-density layer.

To further quantify agreement, gamma analysis was performed for both beam energies in the slab
configuration, yielding pass rates of 95.1% for the 100 MeV beam and 98.6% for the 150 MeV beam
using a 2%/0.5 mm criterion with a 1% dose threshold. In terms of computational performance, the SDE
model was between 2.6 and 3 times faster than single-threaded Geant4 for this geometry.

3.3. Laterally heterogeneous composite phantom

Having established good agreement between the SDE model and Geant4 for the homogeneous and slab
phantom configurations, the laterally heterogeneous insert phantom provides a more stringent test of
the model’s response to localised lateral heterogeneities, which are known to challenge reduced proton
transport models (Schaffner et al 1999). Figure 9 shows the integrated and central-axis dose distribu-
tions, which remain in close agreement and within the same percentage difference ranges observed for
the previous test cases. Both models reproduce the two expected high-dose peaks arising from the range
shift experienced by the upper half of the beam. The agreement in proton range for the more prominent
peak is within 0.2 mm for the 100 MeV case and within 0.5mm for the 150 MeV case, with a comparable
level of agreement retained for the secondary peak.

Lateral dose profiles are shown in figure 10 and illustrate the influence of the bone insert at greater
depths. The two shallower profiles correspond to the entrance water region and the bone insert location,
while the deeper profiles correspond to the two Bragg peak positions formed by the upper and lower
portions of the beam. While the overall lateral extent of the dose distributions is comparable between
the SDE model and Geant4, small differences are observed in the central region of the profiles. For the
100 MeV beam, a reduced dose is again observed for one of the Bragg peaks, whereas the secondary peak
shows closer agreement, consistent with its broader spatial distribution. These differences reflect vari-
ations in the radial redistribution of deposited energy in the presence of localised heterogeneities, rather
than changes in the overall lateral spread of the beam.

The 2D dose distributions and voxel-wise relative difference maps for this configuration are shown in
figure 11. The effects of lateral heterogeneities are well captured by the SDE model, with relative differ-
ences remaining within the same limits observed for the homogeneous and slab phantoms. This indic-
ates that the magnitude and spatial localisation of the model deviations are stable across the different
phantom geometries considered.

Gamma analysis for the insert phantom yielded pass rates of 96.2% for the 100 MeV beam and
98.2% for the 150 MeV beam, using the same stringent criteria applied in the previous scenarios. In
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Figure 10. Lateral dose profile comparison between the SDE model (marker points) and Geant4 (solid lines) for two proton
energies (a) 100 MeV and (b) 150 MeV in a laterally heterogeneous phantom at different depths. The profile at 4 cm corresponds
to the bone insert region. The profiles at the two largest depths correspond to the locations of the high-dose peaks observed in the

1D depth-dose distributions.
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Figure 11. 2D dose distribution comparison between the SDE model and Geant4 in a water phantom with an off-axis bone insert
for mono-energetic proton beams. (a) Central-axis dose distribution and (b) corresponding relative dose difference map for a
100 MeV beam, normalised to the 99th percentile (D99) of the Geant4 reference dose. (c), (d) Same quantities for a 150 MeV

beam.

terms of computational performance, the SDE model remains between 2.5 and 2.9 times faster than
single-threaded Geant4 for this configuration.

4, Discussion and conclusion

This study presents the first systematic validation of the SDE-based proton transport model against

Geant4 across homogeneous and heterogeneous phantom geometries. The results demonstrate that the
SDE model reproduces the principal dosimetric features predicted by Geant4 with consistent accuracy.
Proton range agreement remained within 0.2 mm for 100 MeV beams and within 0.6 mm for 150 MeV
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beams across all test cases, and gamma pass rates exceeded 95% under stringent 2%/0.5 mm criteria
with a 1% dose threshold—well within clinically acceptable bounds. Importantly, the observed differ-
ences between the two models were spatially stable and well characterised: discrepancies were concen-
trated around steep dose gradients and material interfaces, while entrance, plateau, and lateral regions
showed close agreement. Comparison against multiple Geant4 physics lists further confirmed that the
deviations introduced by the SDE model lie within the range of inter-list variability typical of Geant4
itself, reinforcing the physical consistency of the approach. The computational performance of the SDE
model was also stable across all configurations, achieving speed-ups of approximately 2.5-3x relative
to single-threaded Geant4, with the greatest gains observed at higher beam energies. It is important to
frame the claim being made here precisely: the SDE formulation offers a genuinely novel application of
SDEs to charged particle transport, and—independent of any hardware acceleration—it can simulate
proton transport faster than conventional MC codes for comparable dosimetric accuracy. While GPU-
accelerated MC engines are increasingly being adopted in clinical practice, a factor of approximately
three in per-proton computational cost represents a meaningful qualitative improvement. Such gains
could enable longer optimisation runs during treatment planning on more modest computing infrastruc-
ture that not all clinics have the ability to realise.

The simplifications adopted in the current model—notably the absence of secondary particle trans-
port and the use of a fixed energy absorption threshold—were shown to be appropriate for producing
clinically relevant outputs in the geometries and energy ranges considered. The largest resulting effects
were a steeper distal fall-off and the absence of low-level dose contributions at remote locations, both of
which are expected and well understood. Regarding model parameterisation, the central-axis depth-dose
curves exhibited sensitivity to the angular cut-offs used for Rutherford and backscatter events, which
are currently set as fixed values. Investigating energy-dependent cut-offs in future work may reduce the
number of free parameters and improve robustness across a wider range of clinical scenarios. Beyond
the single-threaded results reported here, the SDE framework is naturally amenable to further accelera-
tion. Each sequential proton track evolves independently, making the model straightforward to parallelise
across multiple CPU cores—a strategy routinely used to accelerate MC simulations—or to port to GPU
architectures. Aside from relatively rare inelastic proton-nucleus collision which can cause macroscopic
losses in proton energy, each SDE step involves identical arithmetic operations across all protons, making
the method well-suited to single instruction, multiple data execution. This suggests substantial additional
speed improvements are achievable without fundamental algorithmic modifications, and positions the
SDE framework as a natural candidate for GPU acceleration.

Additionally, it is worth mentioning that the reported dose corresponds to dose-to-medium, obtained
by dividing the deposited energy by the local voxel mass. In heterogeneous materials, dose-to-medium
differs from dose-to-water due to material-dependent stopping powers and nuclear interactions, as dis-
cussed by Paganetti (2009). In the present study, all comparisons between the SDE model and Geant4
are performed consistently using dose-to-medium. For potential use within treatment planning work-
flows, conversion to dose-to-water could be performed using established stopping-power-based formal-
isms such as that of Paganetti.

Several avenues for future development follow from the present work. Incorporating simplified mod-
els for secondary particle contributions, particularly neutrons and gamma rays, would improve agree-
ment in the distal tail and at remote locations. Extending the validation to patient-derived CT geo-
metries and spread-out Bragg peaks would provide a more complete assessment of clinical applicabil-
ity. Such geometries will introduce additional challenges, including voxelised material assignment and
the presence of air cavities with sharp density contrasts. The phantom-based validation presented here
establishes the necessary foundation by demonstrating accuracy across controlled homogeneous and
heterogeneous configurations before confronting these complexities. Beyond computational speed, the
continuous and differentiable structure of the SDE formulation opens possibilities that are fundament-
ally difficult to achieve with discrete MC sampling. The well-characterised probabilistic structure of the
SDE provides a natural framework for propagating input uncertainties (such as stopping power ratios or
patient positioning errors) directly through the transport model, complementing conventional scenario-
based robustness evaluation strategies, e.g. optimising the worst-case scenario. Realising these capab-
ilities in practice will require further methodology, but the mathematical foundation provided by the
SDE framework makes such extensions feasible. Source code optimisation and integration with treat-
ment planning workflows are also natural next steps. Overall, these findings establish the SDE approach
as a promising, fast, and accurate complement to conventional MC methods for proton therapy dose
calculation.
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Appendix

A.1. Angle conversion between reference frames

During the collision of a two-body system between a proton of mass #1; and a target nucleus of mass
my, the angular distribution of the outgoing proton is obtained from nuclear data, which is often repor-
ted in the centre of mass (CM) reference frame. Hence, it is necessary to perform a transformation of
the angles to the lab (L) frame for use in the present model. Let v;; and v;¢ be the initial proton velo-
cities in the lab and CM frames respectively, and v{; and v| the final velocities in the respective frames.
In general, the expression for the angle 6; in the lab frame in terms of the angle f¢cy in the CM frame,
bearing in mind relativistic effects, is given by

sin HCM

Vu (cosHCM + Vi,)
1C

tanf; = , (13)

where u is the velocity of the CM of the two-body system and ~, = 1/v/1 — 2. If the kinetic energy K
of the proton is known, then its total energy E;; and momentum p;; can be calculated using

Ejp =K+ my,
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piL =1/ Efp —mj.

In addition, u is also defined from these quantities, as it is not dependent on the nature of the collision:

y= Dot P
Eo Eip+m

Given that we need an expression for the final proton velocity in the CM frame, we use the Lorentz
velocity transformation

A i li
vip—u _ pip—uEy
Y] 7"
L—uvy  Eyp—upy

r_
Vic=

For the elastic case, the proton velocity remains the same before and after the collision in the CM frame,
thus, we may use p{; = py; and E{; = E;;, with the definitions given earlier. For the inelastic case, there
will be an associated proton energy loss E*, meaning that

E{L =E;; — E*,
piL= \/ Eff —mj.

The outgoing proton energy can also be obtained from the nuclear database in the CM frame (referred
to as E|). To transform the energy back to the lab frame, the inverse Lorentz transformation can
be used:

El, = <E1’C + ucos (fcm) (El’c)2 — mf) . (14)

A.2. Integration of (9) for hydrogen elastic scattering

Firstly, to integrate o§(u,E) we use that the anti-derivative of o (1, E), denoted og(l)(u,E), is given by

2
(1) _ 2np n . 1+ p
ORr (‘LL,E)—kz(l_’u/z)—zkzsln(znlnl_M .

Next we move onto integrating o§,(y, E). The first term of (11) is the sum of polynomial functions
whose integral is clear. For the second term, first note that by repeated integration by parts, for any
n+ 1-fold integrable function f,

Y " (=) D (v) v
/Of(u)undﬂz(_l)nJrln!f(n-i-l) (0)+Z( 1) f((”_(l)') l’

where f()) is the ith anti-derivative of f. This and the fact that o is even in y implies the integral of the
second term can be written in terms of the antiderivatives of

1 1+
S (p) = 1:l:‘ucos<77ln z'u—i—C>7

where the constant C is precisely the polar angle of the coefficient a;(E). More generally, let

1+ 1+
fe(p) = 1i‘ucos<771n z'u—&-C)—i-l;ZMsin(nln Z'U—&-C).

Using a u =1In((1=+ u)/2) substitution along with integration by parts we obtain the recursive formula

" n— 1+ n 1+
fi)(u):(liu) 1<ci’fncos<nln 2M+C>+Lﬁ£nsm<nln 2N+C>),

508 _ + (ncgto,sn - nCS:Il:n,n) Csin _ + (nCC:E”Sn + an:Lr:ﬂ)
+,n+1 (”2+772) ) + nt1 (n2+772) 7

cos __ in __
o =c1, cﬁiﬁo—cz.
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