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Abstract
In this note, we revisit the fundamental question of the strong law of large numbers
and central limit theorem for processes in continuous time with conditional stationary
and independent increments. For convenience, we refer to them as Markov additive
processes, orMAPs for short. Historically used in the setting of queuing theory, MAPs
have often been written about when the underlying modulating process is an ergodic
Markov chain on a finite state space, cf. (Asmussen in Applied probability and queues,
Springer-Verlag, New York, 2003; Asmussen and Albrecher in Ruin probabilities,
Hackensack, 2010), not to mention the classical contributions of Pacheco and Prabhu
(Markov additive processes of arrivals, CRC, Boca Raton, 1995), Prabhu (Stochastic
storage processes, Springer-Verlag, New York, 1998). Recent works have addressed
the strong law of large numbers when the underlying modulating process is a general
Markov processes; cf. as reported (Kyprianou et al. Entrance laws at the origin of
self-similar Markov processes in high dimensions, 2019; Yaran and Çağlar in ALEA
Lat Am J Probab Math Stat 22:991–1010, 2025) . We add to the latter with a different
approach based on an ergodic theorem for additive functionals and on the semimartin-
gale structure of the additive part. This approach also allows us to deal with the setting
that the modulator of the MAP is either positive or null-recurrent. The methodology
additionally inspires a CLT-type result.
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1 Introduction

Suppose ((ξt ,�t ), t ≥ 0) is a bivariate coordinate process on R × S, where S is a
Polish space and

((ξ,�),P) = ((ξt ,�t , t ≥ 0),F∞, (Ft , t ≥ 0), {Px,θ : (x, θ) ∈ R × S}) ,

is a (possibly killed) Markov process with Px,θ (ξ0 = x,�0 = θ) = 1. Here (Ft , t ≥
0) is the minimal augmented and right continuous admissible filtration, and F∞ =∨+∞

t=0 Ft .

Definition 1 The process ((ξ,�),P) is called a Markov additive process (MAP) on
R × S if, for any t ≥ 0, given {(ξs,�s), s ≤ t}, the process (ξs+t − ξt ,�s+t )s≥0
has the same law as (ξs,�s, s ≥ 0) under P0,v with v = �t . We call ((ξ,�),P) a
nondecreasing MAP if ξ is a nondecreasing process on R.

For a MAP ((ξ,�),P), we call ξ the ordinate and � the modulator. By definition
we can see that a MAP is conditionally translation invariant in ξ in the sense that
((ξt ,�t , t ≥ 0),Px,θ ) is equal in law to ((ξt + x,�t , t ≥ 0),P0,θ ) for all x ∈ R and
θ ∈ S. In words: the ‘conditional’ translation is dependent on the current value of the
modulator.We assume throughout the paper the following path regularity assumptions
for the process (ξ,�).

(H1) The process ((ξt ,�t ), t ≥ 0) is a R × S-valued Hunt process.

By aHunt process, wemean a strongMarkov process with right-continuous and quasi-
left continuous paths, see e.g., [38] Definition 47.3. We refer to the classical book by
Blumenthal and Getoor [7] or the more advanced one by Sharpe [38], for the basic
facts on general Markov processes.

MAPs have found a prominent role in, e.g., classical applied probability models for
queues and dams, c.f. [3, 34]. The fundamental connection is to define ξ

t
= infs≤t ξs

and think of ξt − ξ
t
, t ≥ 0, as the workload of a queuing system, or the net volume

of inflow minus outflow of a dam. Indeed, for the basic setting that ξ is a compound
Poisson process with negative drift, the process ξ − ξ corresponds to the workload
of an M/G/1 queue. For the more general case that (ξ,�) is a MAP in which � is a
Markov chain and ξ experiences an almost surely finite number of jumps over each
time horizon, all ofwhich are nonnegative, ξ−ξ presents a natural generalization of the
M/G/1workload inwhich the processing of theworkload depends on the environment,
which is ruled by the modulator �.

While there has been a lot of attention for MAPs in the aforementioned setting
that � is a Markov chain, the case that � is a general Markov process has received
somewhat less attention. Nonetheless, a core base of literature exists in the general
setting from before the year 2000 thanks to, e.g., [2–4, 8–11, 20, 21, 23, 28–30] and in
the recent century due to their intimate relationshipwith self-similarMarkov processes
and multi-type scaling limits, see e.g., [1, 12, 24, 40] and the reference therein.

Fundamentally the ordinate of a MAP has similar qualitative long-time behavior to
Lévy processes and random walks, and extends that of additive functionals of Markov
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processes, the most simple of which is the strong law of large numbers. That is, the
almost sure existence of the limit limt→∞ ξt/t .

The strong law of large numbers also presents a relationship with the aforemen-
tioned generalized modulated workload functional ξ −ξ . Indeed, as we will see, under
appropriate assumptions, limt→∞ ξt/t , converges to a constant. Just as in the classical
setting of the M/G/1 queue, the sign of this constant can be thought of as the traffic
intensity; cf. [3, 4]. While existing queuing theory literature has relied on the strong
law of large numbers for MAPs restricted to the setting that S is a finite set, the setting
we deal with here will allow for more general setting that � is a general Markov
process on S. Which is suitable for applications where the environment varies having
finite volatility or infinite activity of jumps, among many other possibilities, see for
instance [18], to name but one.

In addition to (H1), a reasonable assumption in order to derive a lawof large numbers
is that the underlying modulator process � has a recurrent structure. A natural setting
is therefore captured with our second assumption.

(H2) The process (�t , t ≥ 0) is Harris recurrent with a σ -finite invariant measure
π. We will say that the process is positive recurrent if π is a finite measure,
and hence can be normalized to be a probability measure; and we will say it is
zero recurrent if π is an infinite measure.

See e.g., [22] for a precise definition on the notion of Harris recurrence. Sufficient
conditions in terms of (ξ,�) for π to exist are given in [25]. There, the setS is taken as
a subset of Sd−1. Moreover, in place of (H2), it was assumed that there exist a constant
δ > 0, a probability measure ρ on S and a family of measures {φ(θ, ·) : θ ∈ S} on R
with infθ∈S φ(θ,R) > 0 such that

P0,θ (ξδ ∈ 
, �δ ∈ A) ≥ φ(θ, 
)ρ(A) ∀θ ∈ S, A ∈ B(S), 
 ∈ B(R). (1)

which is a sufficient condition to assume (H2) holds.
Together with a relatively strong condition on first moments of ξ , [25] established a

strong law of large numbers (SLLN). More precisely, remembering that S was chosen
as a subset of Sd−1, under the assumptions E0,π [supt∈[0,1] |ξt |] < ∞ and (1), it is
shown in Proposition 2.15 of [25] that

lim
t→∞

ξt

t
= E0,π [ξ1].

The proof of this SLLN in [25] is based around the representation of the invariant
measure π as an occupation measure over regeneration cycles. Related results con-
cerning the long term behavior of the limsup and liminf of ξ were recently shown in
[43] and [15].

In this article we prove a version of the SLLN under conditions which are based
on the characteristics of the process as well as accommodating for the setting that π

has infinite mass (the case that � is null-recurrent). Our approach uses known results
concerning the ergodic behavior of additive functionals for Harris recurrent Markov
processes as well as the semimartingale representation of the ordinator process in
combination with known SLLN-type results for semimartingales.
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The method we used for the SLLN inspires further results concerning functional
Central Limit Theorem (CLT) type results, again the same two ingredients being key.
The nature of the CLTwewill present here forMAPswill be to find an additive process
A and a function h such that

1√
h(n)

(ξnt − Ant ) (2)

converges on the Skorokhod space as n → ∞ to an anomalous diffusion.
In the setting that the centering process A = 0, the observation that the running

infimum of ξ is continuous with respect to the Skorokhod topology, cf. [41, 42], allows
us conclude that (ξnt − ξ

nt
)/

√
h(n) also converges to a reflected anomalous diffusion

when (1) holds. The readerwill note from the same references that continuity of several
other functionals, such as first passage time and the running maximum, allow us to
conclude from our functional CLT that the functionals of the scaled process converges
to the corresponding objects for the limiting anomalous diffusion.

In general, our functional limit theorem gives information on how net volume of
inflow gets away from the expected volume of inflow given the whole environment,
determined by�.As in the previous paragraph, continuous functionals of this process
will converge to the corresponding object for the anomalous diffusion.

Earlier results of this type have arisen in the queueing literature, typically under
the assumption that the modulator is a positive recurrent Markov chain, [3, 27, 32, 37,
39]. Here we allow the modulator to be any Harris recurrent Markov processes, null
or positive recurrent. This level of generality is achieved by exploiting existing results
from the vast literature on functional CLT for semimartingales and additive functionals
of Markov processes. One may wonder whether other asymptotic results such as
functional strong laws of large numbers, Berry-Essen’s estimates, large deviations,
laws of iterated logarithm, and many others, can be established in a similar general
setting. As each of these topics requires special techniques to be tackled we postpone
its study to future work.

In order to state our main results, we need to first recall some facts concerning
the semimartingale structure of MAPs as laid out in [8–10]. We refer to [19] for the
definition of semimartigale and more advances facts on this topic.

2 MAP as semimartingales

In a series of seminal papers, Çinlar laid the foundations for using stochastic calculus
to describe the ordinator of a MAP as a functional of the modulator. We will sum-
marize some of his results below. By identifying MAPs as processes with conditional
independent increments (C-PII), this will also allow us to extract some results from
Section 2.6 in [19], where general C-PII processes are studied.

We denote by G = (Gt , t ≥ 0) the natural σ -field and filtration, respectively, gener-
ated by�, completedwith respect to the family

∫
θ∈S μ(dθ)P0,θ (·) forμ a (probability)

measure onS.Proposition2.20 in part II of [9] establishes the existence of a regular ver-
sion of the conditional law of ξ givenG.Wewill denote it by (Qω, ω ∈ D([0,∞),S)) ;
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where as usualD ([0,∞),S) denotes the set of S-valued cadlag paths with a lifetime.
For any bounded paths functionals F and H on D([0,∞),S) and D([0,∞),R),
respectively, with the obvious meaning for D([0,∞),R), we have

E0,θ [F(�t , t ≥ 0)H(ξt , t ≥ 0)]

= E0,θ
[
F(�t , t ≥ 0)Qω [H(ξt , t ≥ 0)] |ω=(�t ,t≥0)

]
, ∀θ ∈ S.

When conditioning with respect to G we will systematically work with the aforemen-
tioned regular version.

Theorem 2.22 in part II of [9] establishes that for any given ω ∈ D([0,∞),S),

ξ has independent increments under Qω. Otherwise said, conditionally on �, ξ has
independent increments. Theorem 2.23 of the same reference, proves that there exist
stochastic processes ξ f , ξ c and ξd , which are conditionally independent given G, and
an additive functional of �, say χ, which does not necessarily have finite variation
over finite intervals, such that

ξt = χt + ξ c
t + ξ

f
t + ξd

t , t ≥ 0. (3)

Moreover, these processes are such that:

• ξ c = (ξ c
t , t ≥ 0) is a continuous process, (ξ c,�) is a MAP and conditionally on

G, ξ c is a Gaussian process;
• ξ f = (ξ

f
t , t ≥ 0) is a pure jump process, (ξ f ,�) is a MAP, and if τ is jump time

of ξ f , then τ is G-measurable, that is, the discontinuities of ξ f are determined by
�;

• ξd = (ξd
t , t ≥ 0), is such that (ξd ,�) is a MAP, and, conditionally on G, ξd is a

stochastically continuous process with independent increments.

This decomposition is reminiscent of the Lévy-Itô description of additive processes,
see e.g., [36] Section 19. We can think of ξd as an additive Cox process, i.e., con-
ditionally on �, this process is constructed as in the proof of Theorem 19.2 in [36]
using a time inhomogeneous Poisson process whose characteristics depend on�. The
process χ plays the role of a drift, but its paths are allowed to be rather irregular.
Analogously, ξ c is morally a stochastic integral of a predictable process of � with
respect to a Brownian motion.

In addition to this, we also note the following observations concerning other decom-
positions that have been noted in the literature. On the one hand, from the conditional
version of Theorem 5.1 in Chapter II in [19], page 114, we know that ξ can be written
as ξ̃ + ξ ′ where ξ ′ is a process with conditional independent increments and is a semi-
martingale; and (̃ξt , t ≥ 0), is a cádlág process issued from zero and adapted to the
filtration of �. On the other hand, in addition to the decomposition (3), Theorem 6.5
in Chapter II in [19], shows that ξ is a semimartingale if and only if for each λ ∈ R

the process

t 
→ E
[
eiλξt |G

]
, t ≥ 0,
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admits a version that is càdlàg with finite variation over bounded intervals. Corollary
5.11 in Chapter II of [19] also implies that, conditionally on �, ξ is a semimartingale
if and only if χ + ξ f is a process with finite variation over finite intervals.

We thus conclude these observations by arguing that there is no major loss of
generality in assuming that

(H3) ξ is a semimartingale.

In [9], Çinlar also gave a description of the characteristic function of ξ conditionally
on G, and hence described the characteristics of ξ as a semimartingale. To recall that
description, we quote first another result due to Çinlar that describes the jump structure
of (�, ξ). Indeed, in [10] it is proved that there exists a continuous increasing additive
functional t 
→ Ht of � and a transition kernel � from S to S × R satisfying that,
for every nonnegative predictable process Z and nonnegative measurable function
g : S × R × S × R → R

+, we have the compensation formula

E0,θ

[
∑

s≤t

Zs g(�s−, ξs−,�s, ξs)1{�s−�=�s or ξs−�=ξs }

]

= E0,θ

[∫ t

0
dHs Zs

∫

S×R

�(�s, dv, dy)g(�s, ξs, v, ξs + y)

]
(4)

for all θ ∈ S and t ≥ 0. The pair (H ,�) is said to be a Lévy system for ((ξ,�),P).
See e.g., [38] Section 73, page 342 for background on the existence of Lévy systems.

(H4) We will assume that Ht = t ∧ ζ, t ≥ 0.

This assumption is indeed satisfied in many explicit examples that appear in the lit-
erature. When it is not satisfied, (H4) can be fulfilled by applying the time change
t 
→ H−1

t to the original MAP. As such, (H4) is not a major restriction.
As mentioned before, there are some jumps of ξ that are induced by �, which

means that when we condition on the path of �, some fixed discontinuities appear in
the path of ξ, through ξ f and χ.

Furthermore, Çinlar proved the following properties on the jump kernel �

(i) �(θ, {θ}, {0}) = 0, for all θ ∈ S;
(ii)

∫
R\{0} �(θ, {θ}, dy)(1 ∧ |y|2) < ∞, for all θ ∈ S;

(iii) there exists a kernel K , from S into S, and a sub-probability kernel ν, from S2

into R, such that

�(θ, dβ, dy)1{β �=θ} = K (θ, dβ)1{θ �=β}νθ,β(dy), θ, β ∈ S, y ∈ R;

moreover, (H , K ) is a Lévy system for �.

For notational convenience, we define a random measure on [0,∞) × R \ {0} by

L(ds, dx) = �(�s, {�s}, dx)ds +
∑

u>0

1{�u �=�u−}δu(ds)ν(�u−,�u−)(dx). (5)
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Corollary 2.25 in part II of [9], Lemma 2.24 in [10] and an application of the
conditional version of the identity (4.16) and Theorem 5.2, both from Chapter II in
[19] (see also Theorem 6.6 in Chapter II in [19] for the semimartingale case), imply
that

Qω
[
exp{iλ(ξt − ξs)}

]

= exp

{
iλ(Bt (ω) − Bs(ω)) − λ2

2
(Ct (ω) − Cs(ω))

+
∫ t

s
du
∫

R\{0}

(
eiλx − 1 − λx1{|x |<1}

)
�(ω(u), {ω(u)}, dx)}

}

×
∏

s<u≤t

e−iλ�Bu(ω)

(
1 + 1{ω(u−) �=ω(u)}

∫

R

(eiλx − 1)ν(ω(u−),ω(u))(dx)

)
;

(6)

and

Qω [�ξt ∈ dy] = ν(ω(t−),ω(t))(dy)1{y �=0} + (1 − ν(ω(t−),ω(t))(R)
)
δ0(dy), t ≥ 0;

where C = (Ct , t ≥ 0) is a positive valued continuous additive functional of �. This
corresponds to the quadratic variation of ξ c given G, so it is such that

(ξ c
t )2 − Ct , t ≥ 0,

is a local martingale underQ·. Furthermore, B is the compensator of ξ1 = (ξ1t , t ≥ 0),
the process which is obtained from ξ by removing the jumps of magnitude larger than
unity.

In order to prove the SLLN, we will require that for each t > 0, Qω[|ξt |] < ∞,

which happens if and only if

∫ t

0
du
∫

R\{0}
|x |1{|x |>1}�(ω(u), {ω(u)}, dx)

+
∑

0<s≤t

∫

R

|y|ν(ω(s−),ω(s))(dy)1{y �=0} < ∞.

(7)

In what follows, we will assume that (7) is satisfied, however, as we will see, in our
main result, it will be implied by a stronger assumption, to be introduced in (H7). In
which case,

Qω[ξt ] = Bt −
∑

0<s≤t

�Bs +
∫ t

0
du
∫

R\{0}
x1{|x |>1}�(ω(u), {ω(u)}, dx)

+
∑

0<s≤t

∫

R

yν(ω(s−),ω(s))(dy)1{y �=0} < ∞.

(8)
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Additionally, when (7) holds, Proposition 2.29 in Chapter II in [19] implies that ξ is
a semimartingale under Qω and its canonical decomposition takes the form

ξt = ξ0 + Nt + B̃t , t ≥ 0, (9)

where N is a locally square integrable martingale and B̃ is such that

Qω[ξt ] =B̃t = Bc
t +

∫ t

0
du
∫

R\{0}
x1{|x |>1}�(ω(u), {ω(u)}, dx)

+
∑

0<s≤t

∫

R

yν(ω(s−),ω(s))(dy)1{y �=0},
(10)

with Bc the process defined by

Bc
t := Bt −

∑

0<s≤t

�Bs, t ≥ 0. (11)

Proposition 2.9 in Chapter II in [19] allows us to ensure that the processes Bc, and C
are absolutely continuous with respect to H .Hence, there exists predictable processes
b and c such that

Bc
t =

∫ t

0
bsds, Ct =

∫ t

0
csds, t ≥ 0.

Taking expectations in the left hand side of (7) and using that (H , K ) is a Lévy system
for �, we have that

E0,θ

⎡

⎣
∫ t

0
du
∫

R\{0}
|x |1{|x |>1}�(�u, {�u}, dx) +

∑

0<s≤t

∫

R

|y|ν(�(s−),�(s))(dy)1{y �=0}

⎤

⎦

= E0,θ

[∫ t

0
du
∫

R\{0}
|x |1{|x |>1}�(�u, {�u}, dx)

+
∫ t

0
ds
∫

S
K (�s , dβ)

∫

R

|y|ν(�s ,β)(dy)1{y �=0}
]

= E0,θ

[∫ t

0
du
∫

R\{0}
|x |1{|x |>1}�(�u,S, dx)

+
∫ t

0
du
∫

R\{0}
|x |1{|x |≤1}�(�u,S \ {�u}, dx)

]
.

(12)

We will use below that ξ has a finite mean, this will be implied by the assumption
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(H5) For every t > 0,

E0,θ

[∫ t

0
|bs |ds +

∫ t

0
du
∫

R\{0}
|x |1{|x |>1}�(�u,S, dx)

+
∫ t

0
du
∫

R\{0}
|x |1{|x |≤1}�(�u,S \ {�u}, dx)

]
< ∞.

In that case, we will use the notation:

μd (θ) :=
∫

R\{0}
x1{|x |>1}�(θ,S, dx) +

∫

R\{0}
x1{|x |≤1}�(θ,S \ {θ}, dx), θ ∈ S.

(13)

We will denote by A the additive functional defined by

At := Bc
t +

∫ t

0
μd(�s)ds, t ≥ 0. (14)

Notice that arguing as in (12) it is proved that process A is the predictable compensator
of the process (B̃t = Q�[ξt ], t ≥ 0), which is described in (10).

To state our next assumption, we recall that the Revuz measure να of an additive
functional α = (αt , t ≥ 0), of �, is defined via the formula

να( f ) = lim
t→0

1

t
E0,π

[∫ t

0
f (�s)dαs

]
,

for f : S 
→ R
+. We will denote its total variation by ||να||. See e.g., [35] Section

X.2 or [38] Section 75 for background.

(H6) The total variation ||νC || of the Revuz measure of C is finite, and

∫

S
π(dθ)

∫

|x |≤1
�(θ, {θ}, dx)x2 < ∞.

(H7) The total variation ||νBc || of the Revuz measure of Bc is finite and

∫

S
π(dθ)μd(θ) < ∞.

In that case, we will write

m1 := ||νBc || +
∫

S
π(dθ)μd(θ).
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(H8) There is a p > 0 such that

∫

S
π(dθ)

∫

x∈R
�(θ,S, dx)|x |1+p1{|x |>1} < ∞.

Observe that (H7) implies (H5), and that similar computations to the ones above (H5)
allow us to prove, using (8), that

m1 = E0,π [ξ1].

Finally we note that under the assumptions (H1-5) we have that

ξ̃t := ξt − At , t ≥ 0,

is a centered MAP; that is, (ξ̃ ,�) is a MAP with zero mean

Ex,θ [ξ̃t ] = 0, t ≥ 0, x ∈ R, θ ∈ S.

More so, appealing to the property of conditional stationary and independent incre-
ments,

Ex,θ [ξ̃t+s |Ft ] = ξ̃t + Ex ′,θ ′ [ξ̃s]x ′=ξt ,θ ′=�t = ξ̃t , s, t ≥ 0.

This tells us that although (ξ̃t , t ≥ 0) is not a Markov process, it is a martingale, which
is the first claim of the following Lemma; the remaining claims are easy to verify from
(6).

Lemma 1 Under the assumptions (H1-5), ξ − A is a martingale. If moreover (H8) is
satisfied with p = 1, we have that ξ − A is a F-square integrable martingale under
P, and its quadratic variation is the additive functional of �

< ξ − A >t= Ct +
∫ t

0
ds
∫

R\{0}
x2�(�s,S, dx), t ≥ 0.

3 Main results

Having discussed various aspects of the semimartingale representation of (ξ,�), we
can now state our main results.

Theorem 1 (Strong law of large numbers for MAP) Suppose π is an infinite measure,
that is, � is null-recurrent, then under the assumptions (H1-4), and (H6-8), we have
that

ξt

At

a.s.−−−→
t→∞ 1 and

At

t
a.s.−−−→

t→∞ 0 (15)
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if m1 �= 0 and otherwise if m1 = 0 then

ξt

t
a.s.−−−→

t→∞ 0 and
At

t
a.s.−−−→

t→∞ 0. (16)

When π is a probability measure, that is when � is positive recurrent, then under the
assumptions (H1-4) and (H7), we have that

ξt

t
a.s.−−−→

t→∞ E0,π [ξ1] and
At

t
a.s.−−−→

t→∞ E0,π [ξ1]. (17)

There are a number of remarks we can make about the above SLLN. First, the main
contribution is the setting that π is an infinite measure. Indeed, as we will see from the
proof, it is relatively straightforward to deduce the second part of the theorem from
what is already known in Proposition 2.15 of [25].

Second, the assumption (H7) is the natural extension of the usual assumption for
Lévy processes for the SLLN to hold. In the Lévy setting, the assumption (H6) is
automatically satisfied. In the setting of MAPs some control of the volatility and
linear terms is required in the long run, and this involves the stationary regime of the
modulator. In essence, the conditions ensure that there are no states of the modulator
that would lead to an extreme variation in the ordinator, causing the SLLN not to hold.

Following the SLLN it is natural to ask whether a central limit theorem holds. To
answer this question positively, we need to recall the definition of a Mittag-Leffler
process.

For α ∈ (0, 1), let σ (α) be an α-stable subordinator, normalized so to have

logE[e−σ
(α)
1 ] = 1.

For α = 1 we take the pure drift process σ
(1)
t = t, t ≥ 0. For any α ∈ (0, 1],we define

the process of the first passage time of σ (α) by taking its right-continuous inverse

W (α)
t = inf{s > 0 : σ (α)

s > t}, t ≥ 0.

We will refer to this process as a Mittage-Leffler process of index α ∈ (0, 1]. We now
have all the elements required to state our CLT.

Theorem 2 Suppose that (H1-4) and (H6-8) hold with p = 1. Moreover, we assume
the so-called Lindenberg condition that, for all ε > 0,

1

t

∫

(0,t]×R\{0}
L(du, dx)x21{|x |>ε

√
t}

a.s.−−−→
t→∞ 0. (18)

In addition, we assume that there is a regularly varying function h : (0,∞) 
→ (0,∞)

at infinity, with some index α ∈ (0, 1], such that for every measurable function g :
S 
→ R

+ such that 0 < π(g) < ∞,

E0,θ

[∫ ∞

0
e−s/t g(�s)ds

]
∼ h(t)π(g), t → ∞;
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for π -almost all θ ∈ S;
With all these assumptions in place, we have that, under P0,θ , there is the following

convergence in the sense of Skorohod’s topology

(
1√
h(n)

(ξnt − Ant ) , t ≥ 0

)
−−−→
n→∞

((
ν〈ξ〉
)1/2

�
W (α)

t
, t ≥ 0

)
;

where A is defined in (14), �W (α) is the anomalous diffusion obtained by the subordina-
tion of �, a standard Brownian motion, subordinated by an independent Mittag-Leffler
process of parameter α, W (α).

Lindenberg’s condition is commonly required when establishing CLT outside the i.i.d.
case, see e.g., [33]. Fundamentally, MAPs support two main sources of randomness,
that is ξ and �. To control either, one needs some moment conditions, such as (H8),
and the recurrence structure of�.We have allowed� to be either positive recurrent or
null-recurrent. This determines the time it takes for � to reach stability and complete
a recurrence epoch. Such recurrent epochs are intimately connected to the increments
of ξ and we need to have a good understanding of them. The condition on the regular
variation of the resolvent of � is a version of the Darling-Kac condition, introduced
in [17] extending [13], that allows one to ensure that the sum of recurrence epochs is
in the domain of attraction of a stable subordinator. The Mittag-Leffler clock appears
from estimating the rate of increase of the number of recurrence epochs completed as
time goes to infinity. Different behavior arises in the positive recurrent case and the
null recurrent case.

When the process is positive recurrent, π is finite, the assumptions in the latter
Theorem are satisfied with h(t) = t, for all t ≥ 0, and hence α = 1, see e.g., [17]
Theorem 3.1 and the discussion following it. This can be easily seen by decomposing
into excursions, but for brevityweomit the details. Thus, the assumption in the previous
theorem is only required when the process is null-recurrent, in that case, one might
have or not the existence of the norming function h, in general it will be related to
the intensity rate at which long recurrence epochs appear. For background on the
Darling-Kac theory we refer to [5, 6, 13, 17].

The proof of Theorem 2 relies on the additive structure of ξ using semimartingale
techniques. In the proof, the contribution from the different sources of randomness
will be made apparent, and this will explain the appearance of the constant ν〈ξ〉.

The remainder of the paper is devoted to prove our two main results.

4 Proof of theorem 1

We will assume that m1 := ||νBc || + ∫S π(dθ)μd(θ) �= 0, and without loss of gener-
ality that m1 > 0. Later we will explain how to modify the proof when m1 = 0. Let
us assume that π is an infinite measure.
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The Ergodic Theorem of X.3.12 of [35], in the positive and null recurrent cases,
implies also that if m1 > 0, then

Ct + ∫ t
0 du

∫
|x |≤1 �(�u,S, dx)x2

At

a.s.−−−→
t→∞

||νC || + ∫s π(dθ)
∫
|x |≤1 �(θ,S, dx)x2

||νBc || + ∫S π(dθ)μd(θ)
.

(19)

The latter is finite whenever (H6) holds.
Recall that ξ̃t := ξt − At , t ≥ 0, where A was defined in (14). Next, the main result

in [26] will allow us to prove that

ξ̃t

At

a.s.−−−→
t→∞ 0. (20)

To that end, we need to introduce the quantity

Mt :=
∫ t

0

1

1 + As
dξ̃s, t ≥ 0.

We notice that this is a local martingale, whose quadratic variation, (〈M〉t , t ≥ 0),
satisfies

〈M〉t =
∫ t

0

1

(1 + As)2
d〈ξ̃ 〉s, t ≥ 0.

In particular, appealing to the semimartingale decomposition of ξ , the continuous part
of 〈M〉, denoted by 〈Mc〉, satisfies

〈Mc〉t =
∫ t

0

1

(1 + As)2
dCs, t ≥ 0.

Finally, we define the quantity

Gt = 〈Mc〉t +
∑

s≤t

(�Ms)
2

1 + |�Ms | , t ≥ 0.

Theorem 1 of [26] now tells us that if the predictable compensator of (Gt , t ≥ 0),
written (G̃t , t ≥ 0), is such that G̃∞ := limt→∞ G̃t < ∞ almost surely, then (20)
holds.

In order to verify this we use that the point process of jumps of m,

(�Mt , t > 0)

coincides with (
1

(1 + At )
�ξt , t > 0

)
,
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see e.g., page 329 in [14]. This implies that

Gt = 〈Mc〉t +
∑

s≤t

(�ξs)
2

1 + As

1

(1 + As + |�ξs |) , t ≥ 0,

which tells us that its predictable compensator is given by

G̃t =
∫ t

0

1

(1 + As)2
dCs +

∫ t

0
ds
∫

S
�(�s,S, dx)

x2

1 + As

1

1 + As + |x | . (21)

Now, to study these integrals we split the second integral on the right-hand side of (21)
according to whether the jumps are smaller than or greater than unity in magnitude.
We begin with the former, for that we use the convergence in (19) to ensure that for
any ε > 0, there is a large T such that

∣∣
∣∣∣

Ct + ∫ t
0 du

∫
|x |≤1 �(�u,S, dx)x2

At
− ||νC || + ∫s π(dθ)

∫
|x |≤1 �(θ,S, dx)x2

||νBc || + ∫S π(dθ)μd(θ)

∣∣
∣∣∣
< ε,

for all t > T . We apply this in the following estimate, for t > T , we have that there
is a constant K1 ∈ (0,∞), such that

∫ t

T

1

(1 + As)2
dCs +

∫ t

T
ds
∫

S
�(�s ,S, dx)

x2

1 + As

1

1 + As + |x |1{|x |≤1}

≤
∫ t

T

1

(1 + As)2
dCs +

∫ t

T
ds
∫

S
�(�s ,S, dx)

x2

(1 + As)2
1{|x |≤1}

=
∫ t

T

d(Cs + ∫ s
0 du

∫
S �(�u,S, dx)x2)

(
1 + (Cs + ∫ s

0 du
∫
S �(�u,S, dx)x2

)2 ×
(
1 + (Cs + ∫ s

0 du
∫
S �(�u,S, dx)x2

)2

(1 + As)2

≤ K1 × ||νC || + ∫s π(dθ)
∫
|x |≤1 �(θ,S, dx)x2

||νBc || + ∫S π(dθ)μd (θ)
(

−
(
1 + (Cs +

∫ s

0
du
∫

S
�(�u,S, dx)x2

)−1
) ∣
∣∣
∣

t

T

.

When t → ∞, the rightmost term converges a.s. to

((
1 + (CT +

∫ T

0
du
∫

S
�(�u,S, dx)

)−1)

.

We estimate next the term related to the integral over the jumps of magnitude larger
than 1. The argument we will use mimics the previous one, so we will skip some steps.
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By the assumption of having a 1+ p-finite moment, (H8), we obtain the upper bound

∫ t

0
ds
∫

S
�(�s,S, dx)1{|x |>1}

x2

1 + As

1

1 + As + |x |
≤
∫ t

0
ds
∫

S
�(�s,S, dx)1{|x |>1}

|x |1+p

(1 + As)1+p

|x |1−p

(1 + As + |x |)1−p

≤
∫ t

0
ds
∫

S
�(�s,S, dx)1{|x |>1}

|x |1+p

(1 + As)1+p
.

Denoting by R(p), the additive functional

R(p)
s =

∫ s

0
du�(�u,S, dx)|x |1+p1{1<|x |<∞}, s ≥ 0

we have by a further application of the Ergodic Theorem of X.3.12 of [35] that

R(p)
t

At

a.s.−−−→
t→∞

∫
S π(dθ)

∫
x∈R �(θ,S, dx)|x |1+p1{1<|x |<∞}

m1
.

As before, we have that there is T and constant K2 ∈ (0,∞) such that for t > T ,

∫ t

T
ds
∫

S
�(�s,S, dx)1{1<|x |<∞}|x |1+p

(
1

(1 + As)1+p

)

≤ K2

∫ t

T
dR(p)

s

(
1

(1 + R(p)
s )1+p

)
a.s.−−−→

t→∞
K2

p(1 + R(p)
T )p

.

Putting the pieces together, we conclude that G̃∞ < ∞, a.s. and hence that (20)
holds, from which the first claim in (15) follows.

For the second claim in (15), note from Theorem of X.3.12 of [35], since A is an
additive functional, we have

1

t
At

a.s.−−−→
t→∞

m1

π(1)
, (22)

which equals zero as π(1) = ∞.
Now suppose we are still in the setting that π is infinite, but m1 = 0. We can

artificially add a linear drift with rate κ > 0 to ξ . Write ξ
(κ)
t = ξt + κt , t ≥ 0. We will

similarly index other quantities such as A(κ) accordingly for the process ξ (κ). Note
that A(k)

t = κt + At . The invariant measure for � remains the same.
According to what we have proved above, we have almost surely

1 = lim
t→∞

ξ
(k)
t

A(k)
t

= lim
t→∞

ξt + κt

At + κt
= lim

t→∞
ξt

t((At/t) + κ)
+ lim

t→∞
1

((At/tκ) + 1)
,

(23)
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where the first limit on the right-hand side is justified if the second limit on the right-
hand side is justified. However, this is the case, thanks to (22). Back in (23), we can
now see that

lim
t→∞

ξt

t
= 0

almost surely.
Finally we turn to the setting that π(1) = 1. Technically, we may repeat the argu-

ments above, noting that in (22) the limit is precisely m1 = E0,π [ξ1]. However, we
can do better by revisiting Proposition 2.15 of [25].

Indeed, recalling that (H7) implies (H5), we can write

ξ̂t = ξt − Q�[ξt ]
= ξt − Bc −

∑

0<s≤t

∫

R

yν(�s−,�s )(dy)1{y �=0}

−
∫ t

0
du
∫

R\{0}
x1{|x |>1}�(�u, {�u}, dx), t ≥ 0,

(24)

is such that (̂ξ ,�) is a MAP. Moreover, conditionally on � it has independent incre-
ments. Doob’s Theorem 5.1 in page 363 in [16] can be applied to it to show that, under
Qω

Qω[ sup
0≤s≤t

|̂ξs |] ≤ 8Qω[|̂ξt |], t ≥ 0,

which implies that

E0,θ [ sup
0≤s≤t

|̂ξs |] ≤ 8E0,θ [|̂ξt |], t ≥ 0.

If (H5) is satisfied, the triangle inequality implies that the rightmost term above is finite.
This should be useful in proving the moment condition for the process ξ. Indeed, we
have by the triangle inequality that for any t ≥ 0

E0,θ [ sup
0≤s≤t

|ξs |] ≤ E0,θ [ sup
0≤s≤t

|̂ξs |] + E0,θ [ sup
0≤s≤t

|Q�[ξt ]|]

≤ 8E0,θ
[|̂ξt |

]+ E0,θ

[

sup
0≤u≤t

|Bc
u |
]

+ E0,θ

[∫ t

0
du
∫

R\{0}
|x |1{|x |>1}�(�u,S, dx)

]

+ E0,θ

[∫ t

0
du
∫

R\{0}
|x |1{|x |≤1}�(�u,S \ {�u}, dx)

]
. (25)

Noting thatE0,θ
[
sup0≤u≤t |Bc

u |] ≤ E0,θ

[∫ t
0 |bs |ds

]
, the right-hand side above is finite

thanks to the assumption (H7), which implies (H5). ��
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5 Proof of theorem 2

Our proof will predominantly use the main results from [17]. We assume that (H3),
(H4) and (H6) hold, as well as (H8) with p = 1. The latter and Proposition 2.29 in [19]
imply that ξ is a square integrable semimartingale and also that the bracket process

〈ξ 〉t = Ct +
∫ t

0
ds
∫

R\{0}
�(�s,S, dy)y2, t ≥ 0,

is an additive functional of �, and hence it is � measurable. To prove the Theo-
rem we will follow the usual path determining the limit through finite dimensional
convergence, and then we will prove tightness.

For finite dimensional convergence, since we have a process with conditionally
independent increments, it will actually be enough to study the one dimensional dis-
tributions. This will be our first task.

As before, by the Ergodic Theorem of X.3.12 of [35] we have that

〈ξ 〉t

t
a.s.−−−→

t→∞
||νC || + ∫S π(dθ)

∫
x∈R\{0} �(θ,S, dx)x2

π(1)
. (26)

Recall the decomposition in (9), and the notation in (10). We will consider the char-
acteristic function of

ξnt − Ant√
h(n)

= ξnt − B̃nt√
h(n)

+ B̃nt − Ant√
h(n)

, t ≥ 0.

That is,

E0,θ

[
exp

{
iλ

ξnt − Ant√
h(n)

}]
= E0,θ

[
exp

{
iλ

B̃nt − Ant√
h(n)

}
Q�

[
exp

{
iλ

ξnt − B̃nt√
h(n)

}]]
.

Using Equation (6) and some algebra, we obtain the expression

Q�

[
exp

{
iλ

ξnt − B̃nt√
h(n)

}]
= exp

{(
− λ2

2h(n)
Cnt

+
∫ nt

0
du
∫

R\{0}

(
e

iλ x√
h(n) − 1 − iλ

x√
h(n)

)
�(�u , {�u}, dx)

)}

×
∏

0<s≤nt

exp

{
−
∫

R

iλy√
h(n)

ν(�s−,�s )(dy)1{y �=0}
}

·
(
1 + 1{�s−�=�s }

∫

R

(e
i xλ√
h(n) − 1)ν(�s−,�s )(dx)

)
.
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Then, some elementary manipulations allow us to write

exp

{
iλ

B̃nt − Ant√
h(n)

}
Q�

[
exp

{
iλ

ξnt − B̃nt√
h(n)

}]

= M (1)
t × M (2) × M (3)

t ,

(27)

where

M(1)
t := exp

{(
− λ2

2h(n)
Cnt

+
∫ nt

0
du
∫

R\{0}

(
e

iλ x√
h(n) − 1 − iλ

x√
h(n)

)
�(�u , {�u}, dx)

)}

× exp

⎧
⎨

⎩

∑

s≤nt

∫

R\{0}
ν(�s−,�s )(dx)

(
e

iλ x√
h(n) − 1 − iλ

x√
h(n)

)
⎫
⎬

⎭
, t ≥ 0;

M(2)
t : =

∏

0<s≤nt

(
1 +

∫

R

(
e

i xλ√
h(n) − 1

)
ν(�s−,�s )(dx)

)

×
∏

0<s≤nt

exp

(
−
∫

R

(
e

i xλ√
h(n) − 1

)
ν(�s−,�s )(dx)

)
, t ≥ 0; (28)

and

M (3)
t := exp

{
iλ√
h(n)

Znt

}
, t ≥ 0, (29)

where

Znt :=
∑

s≤nt

∫

R\{0}
ν(�s−,�s )(dx)x −

∫ nt

0
du
∫

R\{0}
�(�u ,S \ {�u}, dx)x, t ≥ 0.

(30)

We point out that Z = B̃ − A.

For M (1) and M (2), we recall that there are a1, a2 ∈ C, such that |a1(·)| < 1,
|a2(·)| < 1 and

eiy − 1 − iy = a1(y)
y2

2
, eiy − 1 − iy − (iy)2

2
= a2(y)

|y|3
6

, for any, y ∈ R;

and ∣∣∣eiy − 1 − iy
∣∣∣ = O(y2), y > 1;
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see e.g., Lemma 8.6 in [36]. Recall the random measure L defined in (5). Using this
notation, and the above facts, we write M (1) as

M (1)
t = exp

{
−λ2Cnt

h(n)
+
∫

(0,nt]×R\{0}
L(ds, dx)

(
e

iλx√
h(n) − 1 − iλx√

h(n)

)}
. (31)

In order to deal with M (2) and M (3), we must first make some additional observa-
tions. First, by the Ergodic Theorem of X.3.12 of [35], and a calculation similar to the
one in (12), we obtain that for any ε > 0

1

〈ξ 〉nt

(
−λ2Cnt +

∫

(0,nt]×R\{0}
L(ds, dx)

(
e

iλx√
h(n) − 1 − iλx√

h(n)

)
1{|xλ|≤ε

√
h(n)}

)

t→∞∼
(−λ2Cnt − λ2

∫
(0,nt] L(ds, dx)x21{|λx |≤ε

√
h(n)}

〈ξ 〉nt

)
a.s.−−−→

t→∞ −λ2

2
.

(32)

Second, due to the Lindenberg condition (18), we also have

1

h(nt)

(∫

(0,nt]×R\{0}
L(ds, dx)

(
e

iλx√
h(n) − 1 − iλx√

h(n)

)
1{|xλ|>ε

√
h(n)}

)

∼
(−λ2

∫
(0,nt] L(ds, dx)x21{|λx |>ε

√
h(n)}

h(n)

)
a.s.−−−→

t→∞ 0.

(33)

Third, the process Z defined in (30) is a square integrable martingale, whose angle
bracket 〈Z〉 and square bracket [Z ] processes are additive functionals of �. (Recall
that [Z ] is the compensator of Z2 and 〈Z〉 is the predictable compensator of [Z ].)
Indeed, we can use the compensation formula for Lévy systems, Jensen’s inequality,
and (H8), to write

[Z ]t =
∑

s≤t

(∫

R\{0}
ν(�s−,�s )(dx)x

)2

, t ≥ 0;

〈Z〉t =
∫ t

0
ds
∫

S
K (�s, dβ)

(∫

R

ν(�s ,β)(dx)x

)2

, t ≥ 0;
and

E0,θ [[Z ]t ] = E0,θ

[∫ t

0
ds
∫

S
K (�s, dβ)

(∫

R

ν(�s ,β)(dx)x

)2
]

≤ E0,θ

[∫ t

0
ds
∫

S
K (�s, dβ)

∫

R

ν(�s ,β)(dx)x2
]

= E0,θ

[∫ t

0
ds
∫

R

�(�s,S \ {�s}, dx)x2
]

< ∞.
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Theorem 3.16 in [17] implies that we have the joint convergence in the sense of
Skorohod’s topology

((
1√
h(n)

Ztn,
1

h(n)
〈Z〉nt

)
, t ≥ 0

)
Law−−−→

n→∞
((

J 1/2B
W (α)

t
, J W (α)

t

)
, t ≥ 0

)
;
(34)

where J is given by

J :=
∫

S
π(dθ)

∫

S
K (θ, dβ)

(∫

R

νθ,β(dx)x

)2

< ∞. (35)

Also, by the Ergodic Theorem of X.3.12 of [35] and Slutsky’s Theorem we have that
we can extend the above joint convergence to

((
1√
h(n)

Ztn,
1

h(n)
〈Z〉nt ,

〈ξ 〉nt

h(n)

)
, t ≥ 0

)

=
((

1√
h(n)

Ztn,
1

h(n)
〈Z〉nt ,

〈Z〉nt

h(n)

〈ξ 〉nt

〈Z〉nt
,

)
, t ≥ 0

)

Law−−−→
n→∞

((
J 1/2�

(1)

W (α)
t

, J W (α)
t , J × ||ν〈ξ〉||

J
W (α)

t

)
, t ≥ 0

)
.

(36)

Where �(1) is an independent standard Brownian motion.
Now, to determine the limit of M (1), we use (32) and the third component of the

limit in (36), together with (33).
To determine the limit of M (2) we recall that Taylor’s representation of the logarithm

allows to write

log(1 − z) + z = − z2

2
+ O(|z|3), |z| < 1.

Hence, arguing as in (32) and (33), appealing to the second element of (36), we can
see that

M(2)
t = exp

{ ∑

s≤nt

[
log

(
1 −

∫

R

(
1 − e

iλx√
h(n)

)
ν(�s−,�s )(dx)

)

+
∫

R

(
1 − e

iλx√
h(n)

)
ν(�s−,�s )(dx)

]}

∼ exp

⎧
⎨

⎩
−〈Z〉nt

2h(n)

(−λ2)

〈Z〉nt

∑

s≤nt

[∫

R

(
iλx√
h(n)

)−1 (
1 − e

iλx√
h(n)

)
xν(�s−,�s )(dx)

]2
⎫
⎬

⎭

a.s.−−−−→
n→∞ exp

{
λ2 J

2
W (α)

t

}

.

Finally, to determine the limit of M (3), we can use the first element of (36).
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Assembling the pieces we derive the limit

lim
n→∞E0,θ

[
exp

{
iλ

ξnt − Ant√
h(n)

}]

= E0,π

[
exp

{
−λ2

2

(||ν〈ξ〉|| − J
)

W (α)
t + iλJ 1/2�

(2)

W (α)
t

}]

= E0,π

[
exp

{
iλ
(||ν〈ξ〉|| − J

)1/2
�

(1)

W (α)
t

+ iλJ 1/2�
(2)

W (α)
t

}]
;

where �(1) and �(2) are two independent standard Brownian motions, which are
independent of the Mittag-Leffler process W (α). In obtaining the last equality we used
the fact that ||ν〈ξ〉|| − J ≥ 0, which is due to the fact that

||ν〈ξ〉|| − J = E0,π

[(
ξ1 − B̃1

)2] ≥ 0;

which in turns follows from Lemma 1 and that

E0,π

[(
B̃1 − A1

)2] = E0,π

[
Z2
]

= J ;

because

||ν〈ξ〉|| = E0,π

[
(ξ1 − A1)

2
]

= E0,π

[(
ξ1 − B̃1

)2]+ E0,π

[(
B̃1 − A1

)2]
.

The identification of the limit follows from the display (37), by conditioning on W
and adding the variances of the two Gaussian processes.

Tightness follows from Theorem 4.13 in Chapter VI Section 4 in [19]. Indeed,
according to that result, it is enough to prove that the quadratic variation process of
the martingale

1√
h(n)

(ξnt − Ant ), t ≥ 0,

is C-tight. That is, every convergent subsequence converges to an a.s. continuous
process. But this is a direct consequence of the convergence in (34), since the Mittag-
Lefler process W (α) is nondecreasing and continuous almost surely. ��
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