
MONTE CARLO POWER ITERATION ALGORITHMS:1

CONVERGENCE, ANALYSIS AND APPLICATION TO REACTOR2

CRITICALITY CALCULATIONS∗3

ALEXANDER M. G. COX† , TOM DAVIS‡ , JULIAN HOFSTADLER§ , AND ANDREAS E.4

KYPRIANOU¶5

Abstract. We study Monte Carlo power iteration algorithms in the context of reactor criticality6
simulations. Under mild conditions on the underlying physical system and the algorithmic structure,7
we derive explicit error bounds, which are to the best of our knowledge the first rigorous results for8
such methods which are ubiquitous in nuclear engineering. This is done by exploiting connections9
to Sequential Monte Carlo algorithms, and extending recent developments about stochastic neutron10
transport. We demonstrate the applicability of our results by considering a concrete version of the11
Monte Carlo power iteration algorithm as well as variance reduction schemes.12

Key words. power iteration, stochastic neutron transport, Monte Carlo algorithms, keff-13
eigenvalue14

MSC codes. 65C05; 60J20; 82D7515

1. Introduction. A fundamental task in nuclear engineering is to compute the16

keff-eigenvalue. Roughly speaking, keff ∈ (0,∞) describes the neutron gain/loss17

between fission generations, with keff < 1 corresponding to a decreasing keff = 1 to18

a stable and keff > 1 to a growing number of particles. These settings are called19

sub-critical (keff < 1), critical (keff = 1) and super-critical (keff > 1), respectively.20

Neutron transport is modelled via the Neutron Transport Equation (NTE), see21

[21, 19, 12]. Let D ⊆ R3 be a non-empty, smooth, open, bounded convex domain such22

that ∂D has zero Lebesgue measure, and V = {υ ∈ R3 : υmin ≤ |υ| ≤ υmax}. Then,23

the NTE is given by24

(1.1)
∂ψt[g]

∂t
= (T + S + F)ψt[g],25

where, for sufficiently regular f : D × V → R, we define26

(1.2)


T f(r, υ) := υ · ∇f(r, υ)− σ(r, υ)f(r, υ)

Sf(r, υ) := σs(r, υ)
∫
V
f(r, υ′)πs(r, υ, υ

′)dυ′

Ff(r, υ) := σf(r, υ)
∫
V
f(r, υ′)πf(r, υ, υ

′)dυ′.

27

Let us explain the terms occurring in (1.1) and (1.2). The functions σs(r, υ
′)28

and σf(r, υ
′) provide the rates at which scattering and fission1 happens. We set29

σ = σf + σs. If a scattering happened at position r with incoming velocity υ′, then30

υ 7→ πs(r, υ
′, υ) is the distribution of the (new) outgoing velocity. Finally, the average31
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fission production at r with incoming velocity υ is υ 7→ πf(r, υ
′, υ). The solution to32

the NTE, i.e. ψt[g](r, υ), is called the neutron density. It is time dependent and has33

to satisfy the initial condition ψ0[g](r, υ) = g(r, υ).34

Using (1.2), the keff-eigenvalue problem is as follows (see [25, Section 1.5] or [20,35

Chapter 7] for details): Find keff > 0 and ω : D × V → R such that36

(1.3)

(
T + S +

1

keff
F
)
ω = 0.37

The number keff describes the criticality of the system. However, it is typically not38

possible to solve (1.3) exactly. In nuclear engineering, Monte Carlo power iteration39

algorithms provide estimators for keff, see [26, 1, 3, 5], and are the basis of popular40

tools, like Tripoli [22], SCONE [29], MCNP [24, Section 2.8.1.4], or OpenMC [30].41

The Monte Carlo power iteration method exploits the fact that T ,S and F ,42

have a probabilistic representation. By using the cross sections σs, σf, πs and πf it is43

possible to model neutrons as stochastic process, see [21, 19, 10] and the book [20].44

To estimate keff one mimics (1.3) via a fixed point iteration2: We start with N ∈ N45

neutrons, stored in N0. Then, starting from t = 1, we repeat the following:46

1. Evolve particles in Nt−1 until they either undergo fission or leave the system.47

2. Collect all the offspring resulting from step one in Nt.48

A proxy for keff is the ratio Nt/Nt−1, however, if the system is not critical,49

the number of neutrons in (Nt)t∈N0
either decreases exponentially (for keff < 1) or50

increases exponentially (for keff > 1). To overcome this instability issue, an additional51

population control step is used. That is, after evolving particles from Nt−1 exactly N52

offspring are selected to form Nt (allowing for iid copies). Then, we estimate keff by53

k̂t =
number of offspring resulting from Nt

N
.54

Convergence of Monte Carlo power iteration was discussed e.g. in [4, 26] see also55

[27, 17, 16] and the references therein for more recent developments. These works56

(among others) provide a practical understanding of Monte Carlo power iteration.57

However, a rigorous mathematical/theoretical error analysis, with precisely formu-58

lated assumptions and error bounds, is to the best of our knowledge still missing from59

the literature. The present paper closes this gap: Under suitable assumptions, with60

k̂ based on arithmetic or geometric means of k̂t, we prove in Section 6:61

(1.4) E
[∣∣∣k̂− keff

∣∣∣p]1/p ≤ Cp( 1√
N

+
τT

k
+ (T + k + 1)1/pe−cN/p

)
62

for arbitrary p ∈ [1,∞), with constants Cp, c > 0 and τ < 1, where N ∈ N is the63

population size, T ∈ N is a burn in period3, and T+k is the total number of iterations.64

Let us briefly discuss this bound:65

1) The first part, N−1/2, is the typical Monte Carlo rate using N particles.66

2) The second part, τT /k, gets small if we have a large burn in period T (bringing67

the system closer to stationarity); or if we use many generations k in k̂.68

3) The third part, (T +k+ 1)1/pe−cN/p arises by the fact that at every iteration69

all particles might die (with probability e−cN ) leading to a degenerate k̂t.70

2We refer e.g. to [28, Section 2.1] for an explanation regarding the fixed point argument.
3That is, only the iterations T + 1, . . . , T + k are used within k̂.
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MONTE CARLO POWER ITERATION CONVERGENCE 3

We also prove a version of (1.4) where only ‘surviving genealogies’ are considered. In71

this case the estimate simplifies to C̃p(
1√
N

+ τT

k ).72

Let us emphasise that the assumptions required to deduce (1.4) are met for a73

large class of applications. Extending the results of [10] we give sufficient conditions74

in terms of the cross sections appearing in the NTE (1.1). This allows us to formulate75

simple conditions directly for the physical system (reactor), see Section 2.2. The76

requirements on the generation of (Nt)t∈N0 are not restrictive either and are met by a77

standard variant of the power iteration algorithm (cf. Section 6.1) as well as different78

variance reduction techniques (cf. Section 6.2).79

To prove (1.4) we exploit the fact that a Monte Carlo power iteration algorithm80

can be regarded as Sequential Monte Carlo (SMC) method. This builds upon the fact81

that the underlying stochastic process is described via an operator Q, given by82

Q[f ](x) = G(x)M [f ](x),83

for bounded functions f : D × V → R, where G : D × V → [0,∞) is called potential84

function, M is a Markov operator and x ∈ D × V . Here G(x) is expected number of85

offspring for a fission event happening in configuration x ∈ D × V , and M describes86

the behaviour of a neutron between fission events. In this setting the keff problem is87

related to a eigenmeasure η and eigenfunction ω such that88

ηQ = keffη and Qω = keffω,89

and keff is the leading eigenvalue satisfying η(G) = keff, cf. Proposition 3.2. The90

simulation of (population controlled) particles (Nt)t∈N0
can then be described via Q91

and fits naturally into the SMC framework. Hence, to establish (1.4), we first show92

general SMC bounds in Section 5 and consider power iteration algorithms in Section 6.93

Let us compare our results to the existing literature. As alluded to above, the94

power iteration method is a standard algorithm in the nuclear engineering literature.95

However, a rigorous mathematical analysis, including error bounds such as in (1.4),96

is to the best of our knowledge not available. The work [11] investigates basic Monte97

Carlo methods in the context of criticality calculations. Here basic refers to algo-98

rithms simulating independent copies of whole neutron paths, rather than population99

controlled approaches. Let us mention that also deterministic methods can be consid-100

ered in the context of the keff problem. The interested reader may consult e.g. [31]101

and the references therein.102

Finally, let us comment on how our results fit into the existing SMC literature.103

There is significant literature dealing with stability of SMC or particle methods, cf.104

for example the books [13, 9]. Our general SMC results of Section 5 serve as tool for105

establishing (1.4). Thus, emphasis is on a formulation that allows for easily verifiable106

conditions in terms of the physical system (such as the description in Section 2.2), as107

well as the population control step (such as in Algorithm 6.1).108

Eigenvalue problems for operators Q, as defined above, have been studied in109

[33] where an algorithm to approximate the eigenquantities and also error bounds110

are given. There it is required that G is uniformly bounded away from 0, which111

is typically not the case in the NTE setting. The general eigenvalue problem (in112

the SMC context) was studied e.g. in [15, 23, 32]. In contrast to those works, we113

formulate our assumptions more directly in terms of the NTE; in particular, our results114

allow for vanishing G. The work [6] establishes stability results under appropriate115

conditions on G and the mixing of M . Stability of particle systems under drift and116

small-set conditions were also studied in [34]. Finally, we note that in the paper117
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4 A. M. G. COX, T. DAVIS, J. HOFSTADLER, AND A. E. KYPRIANOU

[14] error bounds similar to those in (1.4) (stated in SMC/particle system notation)118

are presented. The setting there (assumptions and results) are somewhat similar,119

however, our technique allows for more control over the constant. For instance, [14,120

Theorem 3] would lead to a modified upper bound in (1.4) of the form Cm/
√
N , with121

m = T + k being the total number of steps in the algorithm.122

An outline of the paper is as follows. In Section 2 we discuss the stochastic model123

for the NTE; and then formulate the eigenvalue problem in terms of Q in Section 3.124

Background on SMC algorithms and definitions of keff estimators are in Section 4. We125

prove general SMC Lp error bounds in Section 5 and apply those to power iteration126

algorithms in Section 6.127

2. Stochastic Neutron Transport. To describe how Monte Carlo methods128

are related to the keff-problem we link the NTE (1.1) to probability theory. In this129

section we review the probabilistic model for (1.3). Additionally, we state assumptions130

on the underlying system which incorporate physical quantities, e.g. the geometry of131

a reactor, into the probabilistic framework.132

In this and all later sections, we assume that all random variables, if not explic-133

itly stated otherwise, are defined on a common probability space (Ω,F ,P) which is134

sufficiently regular.135

2.1. The probabilistic model. Note that (1.1) is understood on some appro-136

priate L2(D× V ) space. In addition to the initial conditions there are also boundary137

conditions. This can be used to model the setting that neutron leaving a reactor core138

is considered lost to the system.139

The basic elements for determining the NTE (1.1) are the rates σs, σf and the140

densities πs, πf. It is possible to use these objects to model neutron transport from141

a probabilistic perspective, see [21, 19, 10, 20]. Namely, σs, σf, πs, πf induce a (not142

uniquely defined) branching Markov process describing the neutrons. More precisely,143

this branching Markov process is described by finite counting measures on D×V , say144

Yt(·) =

Nt∑
i=1

δ(ri(t),υi(t))(·), t ≥ 0,145

where Nt is the number of alive particles at time t, and ((ri(t), υi(t)), i = 1, · · · , Nt)146

represents their configuration.147

For a finite counting measure µ on D × V , say µ, we write Pµ for the underlying148

probability measure of (Yt)t≥0. For measurable and bounded f : D× V → [0,∞), we149

define Yt[f ] =
∑Nt
i=1 f(ri(t), υi(t)). The mean semigroup is defined as Ψt[f ](r, υ) =150

Eδ(r,υ) [Yt[f ]], for r ∈ D, υ ∈ V and t ≥ 0, with Ψ0[f ] = f . We have151

〈f, ψt[g]〉 = 〈Ψt[f ], g〉, t ≥ 0,152

where 〈·, ·〉 is the inner product on L2(D × V ), i.e. space on which (1.1) is defined.153

Furthermore, the semigroup (Ψt, t ≥ 0) solves154

∂Ψt[f ]

∂t
= (T + S + F)Ψt[f ],155

with T , S and F defined as in (1.2). We refer to the works [21, 12] for more details156

about stochastic neutron transport.157

Although (Yt)t≥0 and (Ψt)t≥0 directly connect the NTE to probability theory we158

cannot use these objects directly within the keff-problem. However, there is a closely159

This manuscript is for review purposes only.



MONTE CARLO POWER ITERATION CONVERGENCE 5

related process that can be used instead. Namely, think of each line of descent in160

(Yt)t≥0 as a genealogy. We define the process (Zn)n∈N0
, for n ≥ 0, by161

Zn(·) =

N(n)∑
i=1

δ
(r

(n)
i ,υ

(n)
i )

(·),162

where N (n) ∈ N0 is the number of particles in the n-th generation of their genealogical163

lines of descent, and {(r(n)i , υ
(n)
i ), i = 1, · · · , N (n)} are the corresponding position-164

velocity configurations. Here ‘n-th generation’ is the collection of neutrons produced165

at the n-th fission event in each genealogical line of descent form the initial ancestor at166

time zero. We follow [20] and call (Zn)n∈N0 the neutron generational process (NGP).167

For measurable and bounded g : D × V → R, set Zn[g] =
∑N(n)

i=1 g(r
(n)
i , υ

(n)
i ).168

Furthermore, we define the expectation semigroup corresponding to (Zn)n∈N0
by169

(2.1) Qn[g](r, υ) = Eδ(r,υ) [Zn[g]] , n ≥ 0, r ∈ D, υ ∈ V,170

with Q0[g] := g. We note that indeed Qn+m = Qn(Qm) for n,m ∈ N0.171

As is shown below, the semigroup (Qn)n∈N0
allows to connect the keff-problem to172

the theory of SMC methods. However, before explaining this, we provide assumptions173

on the physical system (reactor), i.e. conditions on the cross sections σf, σs, πf, πs.174

2.2. Assumptions on the physical model. In this section we discuss assump-175

tions about the generic nuclear reactor we impose. Our conditions are sufficiently mild176

as to be relevant for most if not all systems which are modelled in practical situations.177

Recall, that the domain where neutrons evolve is D, while V ⊆ R3 describes their178

velocity. From this point we simply call (r, v) ∈ D × V a configuration of a neutron.179

We assume that D ⊆ R3 is a bounded, open and convex set with λ(∂D) = 0. The180

boundary ∂D corresponds to the boundary of the reactor, and particles reaching this181

boundary will be considered as ‘having left the system’.182

The fissile material is modelled as follows. There exists a subset Df , referred to183

as the fissile region. For example, this might correspond to the uranium used within184

a reactor. Additionally, there is a non-fissile region D0 = D \Df .185

Assumption F. Neutrons can undergo fissions only if they are in Df . Conversely,186

in D0 no fission is possible. We assume that Df is surrounded by D0, i.e.187

dist(Df , ∂D) > 0.188

Furthermore, we assume that there exists an open ball B ⊆ D of positive189

radius such that190

inf
(r,v,v′)∈B×V×V

σf(r, v)πf(r, v, v
′) > 0.191

Next we state our conditions regarding scattering events:192

Assumption S. The probability of scattering is uniformly bounded away from 0 for193

any configuration. That is, inf(r,v)∈D×V σs(r, v) > 0.194

Our second condition addresses neutrons that have just undergone scattering.195

Recall that this is modelled via the density πs(r, v, v
′) (where the neutron is at position196

(r, v) when the scatter occurs and v′ is the outgoing direction). Hence in total we197

obtain198

inf
(r,v,v′)∈D×V×V

σs(r, v)πs(r, v, v
′) > 0.199

Finally, we assume that all rates and particle production are bounded above:200
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Assumption B All cross-sections σf, σs, πf, πs and the maximum number of parti-201

cles that can be released at single fission events are uniformly upper bounded.202

3. Mathematical setting. In this section, we develop in more (mathematical)203

detail the tools that we require to formulate abstract power iteration algorithms.204

Let (E, E) be a measurable space and Bb (E) the set of all measurable and bounded205

f : E → R. We write ||·||E for the supremum norm on E. Typically, E = (D,V ),206

however, for the sake of a general theory we keep the space (E, E) abstract.207

3.1. The abstract keff setting. We slightly overload notation and consider a208

non-negative and bounded linear operator Q : Bb (E)→ Bb (E), such that f 7→ Q[f ] ∈209

Bb (E), for f ∈ Bb (E). In the context of nuclear applications, where E = (D,V ), Q210

corresponds to the expectation semigroup of the NGP (Zn)n∈N0
. That is, Q = Q1211

with Q1 as in Section 2.1.212

Note that (x,A) 7→ Q[1A](x) =: Q(x,A) is a generalised Markov transition kernel.213

Indeed, for A ∈ E the mapping x 7→ Q(x,A) is measurable, however, Q(x,E) 6= 1 in214

general. Let P (E) be the set of probability measures on (E, E). For µ ∈ P (E), we215

define216

µQ(A) =

∫
E

Q(x,A)µ(dx), A ∈ B.217

We assume that Q satisfies the following Perron-Frobenius type condition:218

Assumption 3.1. There exist keff ∈ (0,∞), ω ∈ Bb (E), and η ∈ P (E) such that:219

(i) Q[ω] = keffω pointwise on E;220

(ii) ηQ(A) = keffη(A) for each A ∈ E ;221

(iii) If α ∈ C is any other eigenvalue of Q, then |α| < keff.222

We call (keff, ω, η) in Assumption 3.1 the leading eigentriple of Q. Note, that here223

we again overload the notation, since for general linear operators Q the eigenvalue224

keff in Assumption 3.1 may not have a physical interpretation. In the nuclear context,225

where Q corresponds to the semigroup of the NGB, Assumption 3.1 exactly refers to226

the physical quantities which are considered in (1.3), see [10] or [20, Chapter 7].227

In order to fit well into the SMC literature, we assume that Q is the product of228

a potential function G : E → [0,∞] and a Markov kernel M : E × E → [0, 1]. To be229

more precise, we assume that the potential function G is measurable and bounded,230

and that231

Q(x,A) = G(x)M(x,A),232

for any x ∈ E and A ∈ E . Note that alternatively we can write G(x) = Q(x,E).233

Using this together with Assumption 3.1 we immediately obtain:234

Proposition 3.2. If Assumption 3.1 is true, then η(G) = keff.235

Recall that in the context of the NTE, G(x) stands for the average number of236

offspring a neutron produces if it is about to undergo fission at configuration x =237

(r, v) ∈ D × V . To incorporate the fact that there are non-fissile regions we have to238

work in the setting where E0 = {x ∈ E : G(x) = 0} is non-empty. To exclude the239

situation that any un-absorbed particle is always killed within one step we assume240

the following:241

Assumption 3.3. For each x ∈ E \ E0 we have M(x,E \ E0) > 0.242

This assumption is standard in the interacting particle system literature, compare243

e.g. with [13, Equation (2.16) on p. 67]. In the setting of Section 2.2 this assumption244

is satisfied due to the uniform lower bounds on the cross-sections.245
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3.2. Interacting particle systems notation. In this section we introduce246

the required notation and some standard facts from the interacting particle systems247

literature. For further details and proofs we refer e.g. to [13].248

Fix some η0 ∈ P (E) such that η0(E \ E0) = 1. Let X = (Xn)n∈N0 be a time-249

homogeneous Markov chain on (E, E) with transition kernel M . Let Pη0 be the law of250

this process when initialised from X0 ∼ η0 and Eη0 be the corresponding expectation.251

For each n ∈ N we define γn and ηn, respectively a finite measure and a probability252

measure on (E, E), as follows:253

γn (f) = Eη0

[
f (Xn)

n−1∏
k=1

G (Xk)

]
and ηn (f) =

γn (f)

γn (1)
,(3.1)254

255

for f ∈ Bb (E). By Assumption 3.3, γn (1) > 0 for every n ∈ N. Furthermore, we have256

(3.2) γn (f) = ηn (f)

n−1∏
k=0

ηk (G) .257

Setting Q0(f) = f , and Qn = Q(Qn−1) for n ∈ N, then258

γn (f) = η0Q
n(f) and γn+1 (f) = γn (Q(f)) ,259

for n ∈ N and f ∈ Bb (E).260

It is well understood that the flow of probability measures (ηn)n∈N has a similar261

dynamical structure: Define P̂ (E) = {µ ∈ P (E) : µ(E0) < 1}, so that µ(G) > 0 for262

each µ ∈ P̂ (E). Let the non-linear operator Φ : P̂ (E)→ P̂ (E) be defined by263

Φ(µ)(f) =
µQ(f)

µ(G)
, (µ, f) ∈ P̂ (E)× Bb (E) .264

By Proposition 2.5.2 of [13], for each n ∈ N0,265

ηn+1 = Φ(ηn) and ηn = Φn(η0),266

for n ∈ N0, where Φ0(η) = η and Φn(η) = Φ(Φn−1(η)).267

In order to prove our results, we make use of the following assumption.268

Assumption 3.4. Additionally to Assumption 3.1, there exist C ∈ (0,∞) and269

τ ∈ [0, 1) such that for x ∈ E \E0 and measurable g : E → R with ‖g‖E ≤ 1, we have270 ∣∣∣∣Qn[g](x)

kneff
− ω(x)η(g)

∣∣∣∣ ≤ Cτn271

for any n ∈ N. Furthermore, we have 0 < infx∈E\E0
ω(x) ≤ supx∈E\E0

ω(x) <∞.272

Let us comment on this assumption. Existence of the eigen-quantities (keff, ω, η)273

and exponential convergence as in Assumption 3.4 can be deduced from [7] or [8]. To274

apply these results it is required to show that the Neutron Branching Process Y , see275

Section 2.1, returns with sufficiently high probability to certain regions conditioned on276

survival. Finally, the ‘largest eigenvalue’ property is a consequence of the exponential277

convergence (as stated in Assumption 3.4 but only assuming existence of the eigen-278

quantities rather than Assumption 3.1 directly).279

The results of [7] have been used in [10] to verify Assumption 3.4. However,280

the physical systems considered in [10] allow for fission to happen everywhere in the281
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reactor. This is not possible in the setting of the present paper. Yet, by slightly282

adapting the proof it is still possible to proceed as in [10, Section 5]. We highlight283

the main ideas/differences (fitting into the set up of Section 2.2), but omit technical284

details:285

1. Choose the ‘minorising measure’ ν to be the uniform distribution on B × V ,286

rather than the uniform distribution on the whole space D × V .287

2. Considering paths which have two scatters, the first one pointing towards288

some ball B′ ⊆ B and the second one in B′, and using the lower bounds on289

fission and scattering cross-sections, shows [7, A1] with n0 = 1.290

3. Using a similar ‘seven jump’ argument as in [10, Chapter 5] verifies [7, A2].291

We note that from [7] it does not follow directly that ω is uniformly bounded292

away from 0 on the set E \ E0. However, we claim that in the setting of Section293

2.2 this is true: To this end, note that M(x,A) ≥ cν(A) for any x ∈ E \ E0 and294

measurable A ⊂ E, with ν being the same minorising measure as above, and where295

c > 0 is independent of x,A. Using this, the fact that ω is positive on E \E0 (which296

indeed does follow from [7]) and the eigenfunction property we obtain297

ω(x) =
1

keff
Qω(x) =

G(x)

keff

∫
E

ω(x′)M(x,dx′) ≥ κ

keff

∫
E\E0

ω(x′)M(x,dx′) > 0,298

299

for any x ∈ E \ E0, where the lower bound does not depend on x. In particular, this300

argument gives:301

Lemma 3.5. Under Assumptions S, F, and B of Section 2.2, Assumptions 3.1302

and 3.4 hold.303

We now give a consequence of these assumptions.304

Proposition 3.6. Let Assumption 3.4 be satisfied. Then there exists C̃ < ∞305

such that for any x ∈ E \ E0 and any measurable g : E → R with ‖g‖E ≤ 1 we have306 ∣∣∣∣Qn[g](x)

Qn[1](x)
− η(g)

∣∣∣∣ ≤ C̃τn,307

for any n ∈ N, where τ is as in Assumption 3.4. Consequently, for any x ∈ E \ E0,308

we also have ‖Φn(δx)− η‖tv ≤ C̃τn for any n ∈ N.309

Proof. Let n0 ∈ N be large enough such that Cτn0 < ω(x) for any x ∈ E \ E0.310

Set Tn[g](x) = k−neffω(x)Qn[g](x).311

Multiplying numerator and denominator by k−neffω(x) we obtain312 ∣∣∣∣Qn[g](x)

Qn[1](x)
− η(g)

∣∣∣∣ =

∣∣∣∣Tn[g](x)

Tn[g](x)
− η(g)

∣∣∣∣ =

∣∣∣∣Tn[g](x)− η(g)Tn[1](x)

Tn[1](x)

∣∣∣∣ .313

By Assumption 3.4, we get that the denominator in the above expression is lower314

bounded by infx∈E\E0
ω(x)−Cτn0 > 0 for any n ≥ n0, while the numerator decreases315

as τn. Finally, the statement for the total variation distance follows by well known316

duality formulas.317

The following result shows that in the notation of this section there are several318

different quantities which are converging to keff. These insights can later be used to319

define different estimators in the Monte Carlo context.320

Proposition 3.7. Under Assumption 3.4, for η0 = δx, with x ∈ E \E0, we have321

(3.3) keff = lim
n→∞

γn(1)
1
n = lim

n→∞
η0Qn(1)

1
n = lim

n→∞

1

n

n−1∑
k=0

ηk(G).322
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Proof. Assumption 3.4, and the fact that η0Q
n(G)

η0Qn(1)
= ηn (G) = Φn(η0)(G) yield323

limn→∞ ηn (G) = keff. Thus, by positivity also the arithmetic and geometric mean324

converges,325

lim
n→∞

1

n

n−1∑
k=0

ηk (G) = lim
n→∞

(
n−1∏
k=0

ηk (G)

) 1
n

= keff.326

Finally, we recall from (3.2) that
∏n−1
k=0 ηk (G) = γn (1) = η0Qn(1).327

4. Sequential Monte Carlo Algorithms. Sequential Monte Carlo (SMC) al-328

gorithms are a popular tool in applications to generate samples from a given target329

distribution, we refer to [9] for an introduction. In this section we review the required330

ingredients which are used later to analyse Monte Carlo power iteration algorithms331

from an SMC perspective.332

4.1. SMC and power iteration for neutron transport. In this section, we333

describe the SMC scheme that is of relevance later to analyse Monte Carlo power334

iteration methods. We recall the setting of Section 2: The linear operator Q, acting335

on Bb (E), has the form336

Q(x,A) = G(x)M(x,A),337

for x ∈ E and A ∈ E , where G is a (measurable and bounded) potential function338

and M a Markov kernel. Now, we evolve N ∈ N weighted particles as follows: The339

initial particles, say ξ01 , . . . , ξ
0
N , are sampled iid according to some initial distribution340

µ0, where for simplicity we assume µ0(E \ E0) = 1. Then, iteratively we repeat the341

following to compute ξt+1
1 , . . . , ξt+1

N given ξt1, . . . , ξ
t
N , assuming G(ξtj) 6= 0 for at least342

one j:343

1. Resampling: Select4 N particles, say ξ̃t+1
1 , . . . , ξ̃t+1

N from ξt1, . . . , ξ
t
N so that344

the expected number of copies of ξtj in ξ̃t1, . . . , ξ̃
t
N is W t

j given by345

W t
j =

G(ξtj)∑N
i=1G(ξti)

,346

2. Evolution: Compute ξt+1
1 , . . . , ξt+1

N by sampling independently347

ξt+1
j ∼M(ξ̃tj , ·).348

Let us discuss this generic scheme in the nuclear context. In this setting, G(x),349

for x ∈ E, corresponds to the average number of offspring. The Markov kernel M(x, ·)350

is related to evolving a particle that was generated in x ∈ E (through fission) to its351

next fission event.352

In the SMC literature this scheme is called the bootstrap particle filter, cf. [9] and353

also [33] in the context of eigenvalue estimation.354

4.2. Estimators for keff. In this section we explain how we can estimate keff.355

The main idea is to use the relations of Proposition 3.7. To this end, we have to356

estimate for n ∈ N, respectively,357

γn(1), and/or ηn(G),358

4Here repetition is allowed, and if a particle is selected more than once, this refers to generating
iid copies that can evolve independently afterwards.
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by using the sequence of particles (ξt1, . . . , ξ
t
N )t∈N from the bootstrap particle filter359

discussed in the previous subsection. This can be done by360

(4.1) ηNt (·) =
1

N

N∑
j=1

δξtj (·),361

where δx(·) denotes the Dirac delta distribution with mass at x ∈ E. The above362

discussion suggests that estimating keff, can be done via arithmetic or geometric363

means, that is364

(4.2) kariT,k =
1

k

T+k∑
t=T+1

ηNt (G) and kgeoT,k =

(
T+k∏
t=T+1

ηNt (G)

) 1
k

.365

5. Lp error bounds. In this section we present our theoretical results about the366

stability of the estimators kariT,k and kgeoT,k of (4.2). Here and for the rest of this section367

we fix some initial distribution µ0 satisfying µ0(E \ E0) = 1 for the initial particles368

ξ01 , . . . , ξ
0
N . Implicitly, the probability space (Ω,F ,P), and hence also E, depend on369

this. However, we omit this dependence to increase the readability.370

5.1. Extinction probabilities. Since we work in a setting where G(x) = 0 for371

certain x ∈ E, it is possible that in the whole particle system in the generic particle372

algorithm of Section 4 dies out. More precisely, this means that from generation t to373

t+ 1, after the resampling step, all new particles ξt+1
1 , . . . , ξt+1

N are in E0, where they374

are considered as killed. We define the first time that this happens as τ(N), i.e.,375

(5.1) τ(N) = inf
{
t ∈ N : (ξt1, . . . , ξ

t
N ) ∈ (E0)

N
}
.376

Note that equivalently, τ(N) = inf
{
t ∈ N : G(ξtj) = 0 for all 1 ≤ j ≤ N

}
. Hence,377

(5.2) {τ(N) ≥ n} =

n−1⋂
k=0

{
ηNt (G) > 0

}
.378

By (5.2) it follows that τ(N) is a predictable stopping time w.r.t. the natural filtration379

of the particles, denoted by (Ft)t∈N0
.380

For the sake of obtaining good estimates for the probability of surviving, we work381

with the following ‘quantitative’ version of Assumption 3.3.382

Assumption 5.1. There exists κ ∈ (0, 1) such that for any x ∈ E \ E0 we have383

M(x,E \ E0) ≥ κ and G(x) ≥ κ.384

Note that Assumption 5.1 is true in the setting of Section 2.2 due to the uniform385

bounds on all involved cross-sections.386

The next result is a version of [13, Theorem 7.4.1] in the setting of Assumption 5.1.387

In order to obtain explicit constants we include the short proof.388

Proposition 5.2. If Assumption 5.1 is satisfied, then for any t ∈ N we have389

P [τ(N) ≤ t] ≤ te−aN ,390

with a = − log(1− κ) ∈ (0,∞), where log refers to the natural logarithm.391
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Proof. First, observe that by Assumption 5.1, P[τ(N) > i] > 0 for i ∈ N.392

Note that if the system has survived until time i, then ξij ∈ E \ E0 for at393

least one index j ∈ {1, . . . , N}. In this case, by definition of the Bootstrap par-394

ticle filter, ξ̃i+1
j ∈ E \ E0 for any j ∈ {1, . . . , N}. Hence, by Assumption 5.1 we395

obtain P
[
ξi+1
j ∈ E0 | τ(N) > i

]
≤ 1 − κ. Since particles evolve independently given396

ξ̃i1, . . . , ξ̃
i
N , the probability of ‘dying out from iteration i to i+ 1’ is bounded by397

P [τ(N) = i+ 1 | τ(N) > i] = P

 N⋂
j=1

{ξi+1
j ∈ E0}

∣∣∣∣ τ(N) > i

 ≤ (1− κ)N .398

Hence, P [τ(N) = i+ 1] = P [τ(N) = i+ 1 | τ(N) > i]·P[τ(N) > i] ≤ (1−κ)N . Finally,399

P[τ(N) ≤ t] =

t∑
i=1

P[τ(N) = i] ≤ t(1− κ)N .
400

5.2. Error bounds. In this section we present the error bounds for the esti-401

mators kariT,k and kgeoT,k. First, we study how well we can approximate the measures402

(ηt)t∈N. Then we move to our actual error bounds.403

5.2.1. Stability of the particle measures ηNt . The estimators kariT,k and kgeoT,k404

both make use of the particle measures ηNt , which serve as approximation for the flow405

(ηt)t∈N. It is therefore useful to understand how well we recover this flow in order to406

prove bounds for estimating keff.407

Assumption 5.3. Let p ∈ [1,∞). There exists a constant Cp ∈ (0,∞), such that408

for any measurable and bounded f : E → R and any t ∈ N we have409

E
[
1{τ(N)>t}

∣∣ηNt (f)− Φ(ηNt−1)(f)
∣∣p ∣∣∣∣Ft−1]1/p ≤ 1{τ(N)>t}

Cp ‖f‖√
N

.410

The main result of this section is the following.411

Theorem 5.4. Suppose Assumptions 3.4, 5.1 and 5.3 (for some p ∈ [1,∞)) are412

true. Then, there exists some constant Kp ∈ (0,∞) such that for any t ∈ N and413

bounded measurable f : E → R we have414

E
[
1{τ(N)>t}

∣∣ηt(f)− ηNt (f)
∣∣p]1/p ≤ Kp ‖f‖√

N
.415

We split the proof into several parts. The main idea is to use following error416

decomposition: set ft = f − ηt(f) and At = {τ(N) > t}. Under the assumptions and417

using the same notation as in Theorem 5.4 we have418

E
[
1At

∣∣ηt(f)− ηNt (f)
∣∣p]1/p ≤ E

[
1At

∣∣ηNt (ft)− Φ(ηNt−1)(ft)
∣∣p]1/p

(5.3)

419

+

t−1∑
k=1

E
[
1At

∣∣Φt−k(ηNk )(ft)− Φt−k+1(ηNk−1)(ft)
∣∣p]1/p420

+ E
[
1At

∣∣Φt(ηN0 )(ft)
∣∣p]1/p .421

422

To prove Theorem 5.4 we now estimate all terms appearing in (5.3). We do so423

first show several auxiliary results.424
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Lemma 5.5. With the assumptions and notations as in Theorem 5.4, there exists425

a constant C ∈ (0,∞) such that for any t, k ∈ N with k ≤ t and any bounded and426

measurable f we have427

|Qt−k(ft)(x)| ≤ Cτ t−k ‖f‖Qt−k(1)(x),428

for any x ∈ E.429

Proof. Let x ∈ E \ E0 and Pt−kg(x) = Qt−kg(x)
Qt−k1(x)

, for sufficiently regular g. Then,430

Qt−k(ft)(x) = Pt−k(ft)(x)Qt−k(1)(x).431

Note that Pt−k(ft)(x) = Pt−k(f)(x)− ηt(f) = Φt−k(δx)(f)− Φt(µ0)(f), such that432

|Pt−k(ft)(x)| ≤ |Φt−k(δx)(f)− η(f)|+ |Φt(µ0)(f)− η(f)| ≤ 2C̃ ‖f‖ τ t−k,433

by Proposition 3.6. This implies the statement for x ∈ E \ E0.434

For the case x ∈ E0 we observe that Qt−k(1)(x) = Qt−k(f)(x) = 0, which435

completes the proof.436

Lemma 5.6. With the assumptions and notations as in Theorem 5.4, there exists437

a constant B ∈ (0,∞) such that for any t, k ∈ N with k ≤ t and any bounded and438

measurable f we have439

E

[
1At

∣∣∣∣∣ηNk Qt−k(ft)

ηNk Q
t−k(1)

− ηNk Q
t−k(ft)

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣
p]1/p

≤ Bτ t−k ‖f‖√
N

.440

Proof. For the sake of brevity write a = ηNk Q
t−k(1) and b = Φ(ηNk−1)Qt−k(1).441

Using Lemma 5.5 we deduce that on the event {τ(N) > k} we have442

|ηNk Qt−k(ft)|
∣∣∣∣1a − 1

b

∣∣∣∣ ≤ Cτ t−k ‖f‖ ηNk Qt−k(1)

∣∣∣∣1a − 1

b

∣∣∣∣443

= Cτ t−k ‖f‖ 1

k−t+keff b

∣∣k−t+keff a− k−t+keff b
∣∣ .444

445

Additionally, since b and 1{τ(N)>k} are Fk−1-measurable, Assumption 5.3 implies446

E
[
1{τ(N)>k}

(
1

k−t+keff b

∣∣k−t+keff a− k−t+keff b
∣∣)p ∣∣∣∣Fk−1]1/p ≤ 1{τ(N)>k}

k−t+keff b

Cp ‖ωt−k‖√
N

,447

where ωt−k = k−t+keff Qt−k(1).448

On the event {τ(N) > k} we have449

1

k−t+keff b
=

1

Φ(ηNk−1)(ωt−k)
=

∑N
j=1G(ξtj)∑N

j=1G(ξtj)Mωt−k(ξtj)
.450

Note that ωn → ω uniformly on E \ E0, cf. Assumption 3.4, so that451

Mωt−k(x) ≥
∫
E\E0

ωt−k(x′)M(x,dx′) ≥ c inf
y∈E\E0

ω(y) =: c̃ > 0,452
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for some constant c > 0 independent of t, k,N . Hence,453

1{τ(N)>k}

k−t+keff b
≤ 1

c̃
.454

By the uniform convergence of ωt−k, it follows that ‖ωt−k‖ is uniformly bounded (in455

t, k,N), and the claimed bound is a consequence of the estimates above.456

Lemma 5.7. With the assumptions and notations as in Theorem 5.4, there exists457

a constant B ∈ (0,∞) such that for any t, k ∈ N with k ≤ t and any bounded and458

measurable f we have459

E

[
1At

∣∣∣∣∣ηNk−1Qt−k+1(ft)

ηNk−1Q
t−k+1(1)

− ηNk Q
t−k(ft)

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣
p]1/p

≤ Bτ t−k ‖f‖√
N

460

with some constant B ∈ (0,∞).461

Proof. On the event {τ(N) > k}, from the definition of Φ, we have462 ∣∣∣∣∣ηNk−1Qt−k+1(ft)

ηNk−1Q
t−k+1(1)

− ηNk Q
t−k(ft)

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣ =

∣∣∣∣∣Φ(ηNk−1)Qt−k(ft)

Φ(ηNk−1)Qt−k(1)
− ηNk Q

t−k(ft)

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣463

=
1

Φ(ηNk−1)Qt−k(1)

∣∣Φ(ηNk−1)Qt−k(ft)− ηNk Qt−k(ft)
∣∣ .464

465

Using Fk−1-measurability of 1{τ(N)>k} and Φ(ηNk−1)Qn−k(ft), as well as Assump-466

tion 5.3 and Lemma 5.5 we deduce that467

E

[
1{τ(N)>k}

∣∣∣∣∣ηNk−1Qt−k+1(ft)

ηNk−1Q
t−k+1(1)

− ηNk Q
t−k(ft)

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣
p]1/p

468

≤
Cp
∥∥Qt−k(ft)

∥∥
√
N

E

[
1{τ(N)>k}

∣∣∣∣∣ 1

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣
p]1/p

469

≤
CpCτ

t−k
∥∥Qt−k(1)

∥∥
√
N

E

[
1{τ(N)>k}

∣∣∣∣∣ 1

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣
p]1/p

470

=
CpCτ

t−k
∥∥k−t+keff Qt−k(1)

∥∥
√
N

E

[
1{τ(N)>k}

∣∣∣∣∣ 1

Φ(ηNk−1)(k−t+keff Qt−k(1))

∣∣∣∣∣
p]1/p

.471

472

Again, we write ωt−k = k−t+keff Qt−k(1). Using the uniform convergence of ωt−k, see473

Assumption 3.4, it follows that ‖ωt−k‖ is bounded uniformly in t, k,N .474

Using the same steps as in the proof of Lemma 5.6 (see the bound for 1/(kt−keff b)475

there), it follows that476

E

[
1{τ(N)>k}

∣∣∣∣∣ 1

Φ(ηNk−1)(k−t+keff Qt−k(1))

∣∣∣∣∣
p]1/p

≤ 1

c̃
477

for a constant c̃ > 0 independent of t, k,N . This implies the desired result.478
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Proof of Theorem 5.4. We estimate all terms appearing in the error decomposi-479

tion (5.3). By Assumption 5.3 we obtain480

E
[
1At

∣∣ηNt (ft)− Φ(ηNt−1)(ft)
∣∣p]1/p ≤ Cp ‖ft‖√

N
≤ 2Cp ‖f‖√

N
.481

Next we bound
∑t−1
k=1 E

[
1At

∣∣Φt−k(ηNk )(ft)− Φt−k+1(ηNk−1)(ft)
∣∣p]1/p. By Lemma 5.6482

and Lemma 5.7 it follows483

E
[
1At

∣∣Φt−k(ηNk )(ft)− Φt−k+1(ηNk−1)(ft)
∣∣p]1/p484

≤ E

[
1At

∣∣∣∣∣ηNk Qt−k(ft)

ηNk Q
t−k(1)

− ηNk Q
t−k(ft)

Φ(ηNk−1)Qn−k(1)

∣∣∣∣∣
p]1/p

485

+ E

[
1At

∣∣∣∣∣ηNk−1Qt−k+1(ft)

ηNk−1Q
t−k+1(1)

− ηNk Q
t−k(ft)

Φ(ηNk−1)Qt−k(1)

∣∣∣∣∣
p]1/p

486

≤ B̃ ‖f‖ τ t−k√
N

,487
488

with B̃ ∈ (0,∞) being some constant independent of t, k,N . Hence489

t−1∑
k=1

E
[
1At

∣∣Φt−k(ηNk )(ft)− Φt−k+1(ηNk−1)(ft)
∣∣p]1/p ≤ B̃

1− τ
‖f‖√
N
.490

Finally, we turn to the third term in (5.3). Note that491

E
[
1At

∣∣Φt(ηN0 )(ft)
∣∣p]1/p ≤ E

[∣∣∣∣ηN0 Qt(ft)ηN0 Q
t(1)

− ηN0 Q
t(ft)

µ0Qt(1)

∣∣∣∣p]1/p + E
[∣∣∣∣ηN0 Qt(ft)µ0Qt(1)

∣∣∣∣p]1/p .492

By Lemma 5.5, and since ηN0 is an iid approximation of µ0, we have493

E
[∣∣∣∣ηN0 Qt(ft)ηN0 Q

t(1)
− ηN0 Q

t(ft)

µ0Qt(1)

∣∣∣∣p]1/p ≤ Cτ t ‖f‖E [ηN0 Qt(1)

∣∣∣∣ 1

ηN0 Q
t(1)

− 1

µ0Qt(1)

∣∣∣∣p]1/p494

≤ Cτ t ‖f‖E
[∣∣∣∣1− ηN0 Q

t(1)

µ0Qt(1)

∣∣∣∣p]1/p =
Cτ t ‖f‖
µ0Qt(1)

E
[∣∣ηN0 Qt(1)− µ0Q

t(1)
∣∣p]1/p495

≤ C ′τ t ‖f‖√
N

‖Qt(1)‖
µ0Qt(1)

=
C ′τ t ‖f‖√

N

k−teff ‖Qt(1)‖
k−teffµ0Qt(1)

.496

497

As in the proof of Lemma 5.6 we can use the uniform convergence of ωt to deduce498

that
k−teff‖Qt(1)‖
k−teffµ0Qt(1)

is uniformly bounded in t,N .499

Finally, since µ0Q
t(ft) = Φt(µ0)(f)−ηt(f) = 0 we have by Lemma 5.5 and similar500

arguments as above,501

E
[∣∣∣∣ηN0 Qt(ft)µ0Qt(1)

∣∣∣∣p]
1
p

=
1

µ0Qt(1)
E
[∣∣ηN0 Qt(ft)− µ0Q

t(ft)
∣∣p] 1

p ≤ C ′τ t√
N

‖Qt(1)‖
µ0Qt(1)

≤ Ĉτ t√
N
.502

503

Hence, the right hand side in (5.3) is bounded by ‖f‖B√
N

, for some constant B < ∞504

independent of t,N and f , which shows the claimed result.505
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Remark 5.8. Theorem 5.4 can also be used to derive robust estimates for the506

fluence ϕ. The fluence is the positive eigenmeasure of the keff equation (1.3). That507

is,508

ϕ

((
T + S +

1

keff
F
)
g

)
= 0509

for any bounded and measurable g : E → R. The physical interpretation of ϕ is510

that it quantifies the (relative) expected number of particles moving through different511

regions between fission events. The closely related measure η(dx) = 1
keff

ϕF(dx) then512

describes where particles are born, and is exactly the η given above. Furthermore, if513

for an arbitrary bounded and measurable g : E → R we set g̃ = −(T + S)g, then514

η(−(T + S)−1g̃) = ϕ(g̃).515

By standard results (see e.g. the discussion in Section 2.4 of [10]) we have516

−(T + S)−1g̃(x) = Ex
[∫ τF

0

g̃((r(s), υ(s)))ds

]
,517

where (r(s), υ(s)) is the stochastic representation of the underlying particles with518

(r(0), υ(0)) = x, and τF is the first time a particle either undergoes fission, or leaves519

the system. It is therefore possible to use the particle measures ηNk to compute esti-520

mates for the fluence ϕ(g) and therefore ϕ by incorporating g̃ as above. In particular,521

this is the process commonly referred to as tallying in the nuclear engineering litera-522

ture.523

5.2.2. Arithmetic mean estimators. In this section we study kariT,k.524

Theorem 5.9. Let Assumptions 3.4, 5.1 and 5.3 (for some p ∈ [1,∞)) be true.525

Then, there exists a constant Kp ∈ (0,∞) such that for any T, k,N ∈ N we have526

E
[∣∣kariT,k − keff

∣∣p]1/p ≤ Kp

(
‖G‖√
N

+
τT

k(1− τ)
+ (T + k + 1)1/pe−(aN)/p

)
,527

with a = − log(1− κ) ∈ (0,∞), where κ is as in Assumption 5.1.528

Proof. Using Proposition 3.6, and integrating over E \ E0, we obtain that529

|ηt(G)− keff| =
∣∣Φt(η0)(G)− η(G)

∣∣ ≤ C̃τ t,530

for any t ∈ N. Hence, by Theorem 5.4 it follows that for any t ∈ N we have531

E
[
1{τ(N)>t}

∣∣ηNt (G)− keff
∣∣p]1/p ≤ K ′p ‖G‖√

N
+ C̃τ t.532

Recall, that if the system has died out, we estimate keff with 0. Thus, by the above533

estimates and Proposition 5.2 it follows534

E
[∣∣ηNt (G)− keff

∣∣p]1/p ≤ E
[
1{τ(N)>t}

∣∣ηNt (G)− keff
∣∣p]1/p + keffP[τ(N) ≤ t]1/p535

≤
K ′p ‖G‖√

N
+ C̃τ t + keff(te

−aN )1/p.536
537
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Using the triangle inequality we obtain that538

E[|kariT,k − keff|p] ≤
K ′p ‖f‖√

N
+

1

k

T+k∑
t=T+1

C̃τ t +
1

k

T+k∑
t=T+1

keff(te
−aN )1/p539

≤
K ′p ‖f‖√

N
+

τT C̃τ t

k(1− τ)
+

keffe
−aN/p

k

T+k∑
t=T+1

t1/p.540

541

By the mean value theorem (in integral form) there exists some x0 ∈ [T, T + k + 1]542

such that543

1

k

T+k∑
t=T+1

t1/p ≤ 1

k

∫ T+k+1

T

x1/pdx =
k + 1

k
x
1/p
0 ≤ 2(T + k + 1)1/p.544

545

Combining the above inequalities shows the claimed result.546

From the proof of Theorem 5.9 we immediately obtain the following.547

Corollary 5.10. Let Assumptions 3.4, 5.1 and 5.3 (for some p ∈ [1,∞)) be548

true. Then, there exists a constant Kp ∈ (0,∞) such that for any T, k,N ∈ N we549

have550

E
[
1{τ(N)>t}

∣∣kariT,k − keff
∣∣p]1/p ≤ Kp

(
‖G‖√
N

+
τT

k(1− τ)

)
.551

Finally, we observe that in practice, a typical use case would be to run a Monte552

Carlo simulation to estimate keff, which chooses the parameters T, k,N , which aims553

to trade off two sources of loss: first, we want to ensure that with high probability our554

simulation does not go extinct by the time T+k. Second, that our computation returns555

an estimate kariT,k which has small enough tolerance, conditional on the calculation556

terminating. We formulate this in the following result.557

Theorem 5.11. Suppose Assumptions 3.4, 5.1 and 5.3 (for some p ∈ [1,∞)) are558

true. Then, there exists some constant K̃p ∈ (0,∞) such that for any T, k ∈ N there559

exists N0 ∈ N such that for all N ≥ N0 we have560

E
[∣∣kariT,k − keff

∣∣p ∣∣τ(N) > T + k
]1/p

≤ K̃p

(
‖G‖√
N

+
τT

k(1− τ)

)
,561

and562

P (τ(N) < T + k) ≤ (T + k)e−aN ,563

with a = − log(1− κ) ∈ (0,∞), where κ is as in Assumption 5.1.564

Moreover, given ε, δ > 0, we can find T, k,N sufficiently large that565

E
[∣∣kariT,k − keff

∣∣p ∣∣τ(N) > T + k
]1/p

< ε and P (τ(N) < T + k) ≤ δ.566

Proof. By Theorem 5.9, for fixed T, k, it is clear that we can choose N0 sufficiently567

large that P (τ(N) < T + k) ≤ min{δ, 12}. Taking K̃p = Kp2
1/p, we have the first568

claim. Moreover, given ε > 0, it is now immediate that by fixing T and taking k and569

N sufficiently large, the rest of the statement follows.570

Remark 5.12. We expect that under suitable mixing assumptions on the particles571

(ξt1, . . . , ξ
t
N )t∈N0

it is possible to obtain (kN)−1/2, rather than N−1/2 in the results572

above. This improved bound would also take into account that we use a arithmetic573

mean, however, we leave a further investigation open for future research.574
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Remark 5.13. It is natural to ask: for a given error tolerance ε > 0 and failure575

probability δ, what is the minimal computational requirement?576

We suppose that the cost of the calculation scales with the number of particles577

per generation, and the number of generations simulated, so that the total numerical578

cost is proportional to N(T + k). We can formulate this as an optimisation problem::579

minimise N(T + k) subject to:

(
‖G‖√
N

+
τT

k(1− τ)

)
≤ ε580

(T + k)e−aN ≤ δ,581

T, k,N ≥ 0.582583

Here we relax the practical assumption that T, k,N are integers for formal analysis,584

and note that in addition we have some constants, independent of N,T, k, ‖G‖ , τ, a585

which we absorb into ε, δ. To simplify notation, we write τ = e−β , where β > 0 and586

γ := ‖G‖2.587

In this regime, we normally expect the pertinent constraint to come from the first588

term, and in this case, ignoring the second constraint, we compute that the optimum589

occurs when:590

k∗ = β−1; T ∗ = − 1

β

(
W−1

(
−eγ(1− e−β)

2β
√
N∗

))
;591

N∗ = ε−2γ2(1− w∗)−2; w∗ = (3 + 2βT ∗)−1 ∈
(

0,
1

3

]
;592

593

where W−1(x) for x ∈ [−e−1, 0) is the negative lower branch of the Lambert-W594

function5. We leave the details of the calculation to the interested reader.595

We observe that, up to a constant, (ignoring the multiplicative constants inde-596

pendent of γ, β which we have suppressed in writing the above inequalities), we have:597

γ2ε−2 ≤ N∗ ≤ 9

4
γ2ε−2598

599

and we have total cost:600

(T ∗ + k∗)N∗ = γ2ε−2(1− w∗)−2β−1
(
ln(ε−1) + o(ln(ε−1))

)
.601602

In particular, for a given problem, the error behaves like ε−2 ln(ε−1) for ε small. In603

addition, for problems where the spectral gap is small, so β > 0 is small, then the604

cost grows like β−1. Moreover we note that the optimal number of steps to average605

over (k∗) is determined by the spectral gap: when β is smaller, the optimal number606

of generations to average over increases.607

5.2.3. Geometric mean estimators. In this section we study kgeoT,k.608

Lemma 5.14. Suppose Assumptions 3.4, 5.1 be true. Then, for any q ∈ [1,∞)609

there exists a constant Cq such that for any t,N ∈ N we have610

E
[
1{τ(N)>t}

(
1

ηNt (G)

)q]
≤ Cq.611

5Specifically the unique solution y to the equation yey = x with y ≤ −1.
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Proof. Fix t ∈ N and N ∈ N. Define the sets B` = B`,t,N as the events that ex-612

actly ` ∈ {1, . . . , N} particles survive from iteration t to t+1 in the particle algorithm.613

Then we can rewrite {τ(N) > t} as the disjoint union614

{τ(n) > t} =

N⋃
`=1

B`.615

Since G is uniformly lower bounded by κ on E \E0 and ‘survivors’ have to be in this616

region while particles that die are in E0, it follows ηNt (G) ≥ `
N on the event B`. Thus617

E
[
1{τ(N)>t}

(
1

ηNt (G)

)q]
≤

N∑
`=1

E
[
1B`

(
N

κ`

)q]
=
Nq

κq

N∑
`=1

1

`q
P [B`] .618

619

Note that particles survive with a minimal probability of κ > 0, and each particle620

does so independent of all other particles. Hence,621

P[B`] ≤ P[Y = `],622

where Y ∼ Binomial(N,κ). Define the function hq : {0, . . . , N} → [0,∞] via hq(n) = 0623

if n = 0 and h(n) = 1
nq else. Then we have624

N∑
`=1

1

`q
P [B`] ≤ E[hq(Y )] ≤ Cq

Nq
,625

by using standard estimates for binomially distributed random variables.626

Lemma 5.15. Under Assumption 3.4 and 5.1 we have L := infn∈N ηn (G) > 0.627

Proof. By Assumption 3.4, limn→∞ ηn (G) = limn→∞Φn (ηn) (G) = keff > 0.628

Hence, the result follows by well known properties of converging sequences of positive629

real numbers.630

Theorem 5.16. Let Assumptions 3.4, 5.1 and 5.3 (for some p′ ∈ (1,∞)) be true.631

Then, for any p ∈ [1, p′), there exists some constant Kp,p′ ∈ (0,∞) such that for any632

T, k,N ∈ N we have633

E
[∣∣∣kgeoT,k − keff

∣∣∣p]1/p ≤ Kp,p′

(
‖G‖2√
N

+
τT

k
+ (T + k + 1)1/pe−(aN)/p

)
,634

with a = − log(1− κ) ∈ (0,∞), where κ is as in Assumption 5.1.635

Proof. Define γT,k =
(∏T+k

`=T+1 η`(G)
)1/k

and A =
{
kgeoT,k ≥ γT,k

}
∈ F . On the636

event {τ(N) > T + k} ∩A, we have637

∣∣∣kgeoT,k − γT,k
∣∣∣ = γT,k

(
kgeoT,k

γT,k
− 1

)
≤ ‖G‖

( T+k∏
`=T+1

ηN` (G)

η` (G)

) 1
k

− 1

638

≤ ‖G‖
k

T+k∑
`=T+1

(
ηN` (G)

η` (G)
− 1

)
=
‖G‖
k

T+k∑
`=T+1

1

η` (G)

(
ηN` (G)− η` (G)

)
639

≤ ‖G‖
kL

T+k∑
`=T+1

∣∣ηN` (G)− η` (G)
∣∣ ,640

641
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where third line follows from Lemma 5.15.642

Similarly, since {τ(N) > T + k} ⊆
{
ηN` (G) > 0

}
for ` ∈ {0, . . . , T + k}, the fol-643

lowing holds on the event {τ(N) ≥ T + k} ∩Ac:644

∣∣∣kgeoT,k − γT,k
∣∣∣ = kgeoT,k

(
γT,k
kgeoT,k

− 1

)
= kgeoT,k

( T+k∏
`=T+1

η` (G)

ηN` (G)

) 1
k

− 1

645

≤ ‖G‖
k

T+k∑
`=T+1

(
η` (G)

ηN` (G)
− 1

)
≤ ‖G‖

k

T+k∑
`=T+1

1

ηN` (G)

∣∣ηN` (G)− η` (G)
∣∣ .646

647

Using these estimates, and abbreviating C = {τ(N) > T + k}, we obtain648

E
[
1C

∣∣∣kgeoT,k − γT,k
∣∣∣p] 1

p

≤ E

[
1C

∣∣∣∣∣‖G‖kL
T+k∑
`=T+1

∣∣ηN` (G)− η` (G)
∣∣∣∣∣∣∣
p] 1

p

649

+E

[
1C

∣∣∣∣∣‖G‖k
T+k∑
`=T+1

1

ηN` (G)

∣∣ηN` (G)− η` (G)
∣∣∣∣∣∣∣
p] 1

p

.650

651

As a consequence of Jensen’s inequality (for sums), Minkowski’s inequality and The-652

orem 5.4 (note that if Assumption 5.3 is true for p′, then also for p < p′) it follows653

E

[
1{τ(N)>T+k}

∣∣∣∣∣‖G‖kL
T+k∑
`=T+1

∣∣ηN` (G)− η` (G)
∣∣∣∣∣∣∣
p] 1

p

≤ Kp ‖G‖2

kL
√
N

.654

Next, let q = p′/p > 1 and denote by q′ the Hölder conjugate of q. Again using655

Jensen and Minkowski inequalities, followed by Hölder’s inequality and Theorem 5.4656

together with Lemma 5.14 and C = {τ(N) > T + k}, it follows that657

E

[
1C

∣∣∣∣∣‖G‖k
T+k∑
`=T+1

1

ηN` (G)

∣∣ηN` (G)− η` (G)
∣∣∣∣∣∣∣
p] 1

p

658

≤ ‖G‖
k

T+k∑
`=T+1

E
[
1C

(
1

ηN` (G)

∣∣ηN` (G)− η` (G)
∣∣)p] 1

p

≤ ‖G‖
2
Cp,p′√
N

,659

660

with a constant Cp,p′ only depending on p, p′. Hence,661

(5.4) E
[
1τ(N)>T+k

∣∣∣kgeoT,k − γT,k
∣∣∣p] 1

p

≤ ‖G‖
2
C̃p,p′

L
√
N

,662

where C̃p,p′ only depends on p, p′.663

Next we estimate |γT,k − keff|. If γT,k ≥ keff then664

|γT,k − keff| = keff

(
T+k∏
`=T+1

(
η`(G)

keff

)1/k

− 1

)
≤ keff

k

(
T+k∑
`=T+1

η`(G)

keff
− 1

)
665

≤ 1

k

T+k∑
`=T+1

|η`(G)− keff|.666

667
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Analogously, if γT,k < keff, then668

|γT,k − keff| = γT,k

( T+k∏
`=T+1

keff
η`(G)

)1/k

− 1

 ≤ 1

k

T+k∑
`=T+1

|η`(G)− keff|669

Hence, by combining these estimates with Assumption 3.4 (compare to the proof of670

Theorem 5.9) we obtain671

|γT,k − keff| ≤
1

k

T+k∑
`=T+1

|η`(G)− keff| ≤
CτT

k
,672

for a constant that is independent of T, k,N . Plugging into (5.4) and using Minkow-673

ski’s inequality, we deduce674

(5.5) E
[
1{τ(N)>T+k}

∣∣∣kgeoT,k − keff

∣∣∣p] 1
p

≤
‖G‖2 C ′p,p′√

N
+

CτT

k(1− τ)
.675

Finally, we recall that for a system that has died out, we estimate keff with 0. Thus,676

by (5.5) and using Proposition 5.2 as in the proof of Theorem 5.9, we arrive at677

E
[∣∣∣kgeoT,k − keff

∣∣∣p] 1
p

= E
[
1{τ(N)>T+k}

∣∣∣kgeoT,k − keff

∣∣∣p] 1
p

+ keffP[τ(N) ≤ T + k]1/p678

≤ C ′′p,p′

(
‖G‖2√
N

+
τT

k
+ (T + k + 1)1/pe−(aN)/p

)
,679

680

for a constant C ′′p,p′ that only depends on p, p′.681

Note that (5.5) in the above proof also gives the corollary below.682

Corollary 5.17. L Assumptions 3.4, 5.1 and 5.3 (for some p′ ∈ (1,∞)) be true.683

Then, for any p ∈ [1, p′) there exists some constant Kp,p′ ∈ (0,∞) such that for any684

T, k,N ∈ N we have685

E
[
1{τ(N)>T+k}

∣∣∣kgeoT,k − keff

∣∣∣p]1/p ≤ Kp,p′

(
‖G‖2√
N

+
τT

k(1− τ)

)
.686

We also observe that, with essentially identical arguments and conclusions, the687

above result can be modified to give a version of Theorem 5.11 and Remark 5.13 in688

the geometric estimator context.689

6. Power iteration algorithms. In this section we apply our results to Monte690

Carlo power iteration algorithms. First, we study the explicit fission method in Sec-691

tion 6.1. After that we study variations of the algorithm that are used in practice for692

variance reduction purposes.693

6.1. Explicit Fission. We remind ourselves about the roles of the potential694

function G and the Markov kernel M . Namely, G(x) is the number of expected695

offspring for a particle that is about to undergo fission in configuration x, while M696

models the evolution between fission events.697

Throughout the section, we consider physical systems which fit into the setting698

of Section 2.2. Thus, Assumptions 3.1 and 5.1 are satisfied.699

The explicit fission algorithm, see Algorithm 6.1, is used to implement (a popu-700

lation controlled) system of N ∈ N neutrons.701
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Algorithm 6.1 ‘Explicit fission’ power iteration algorithm

1: Input:
2: T : number of generations for burn in
3: k: number of generation to use for keff estimation
4: µ0: initial law of particles
5: Initialise particle population: Sample X̃0

j ∼ µ0 and X0
j ∼M(X̃0

j , ·) indepen-
dently for 1 ≤ j ≤ N

6: for t = 1 to T + k do
7: if N t−1 = ∅ then Error: “System died out”
8: end if
9: Resample: Sample X̃t

j uniformly from N t−1 independently for 1 ≤ j ≤ N
10: Evolve system: Sample Xt

j ∼M(X̃t
j , ·) independently for 1 ≤ j ≤ N

11: Generate new particle bank: Add ntj ∈ N copies of Xt
j to particle bank

N t, with E[ntj |X0
j ] = G(Xt

j) for 1 ≤ j ≤ N
12: end for

Remark 6.1. Note that Algorithm 6.1 is indeed a version of the simple generic702

‘resampling and evolution’ procedure described in Section 4.1.703

Remark 6.2. In the nuclear engineering sometimes a slight variation of Algorithm704

6.1 is performed. Namely, instead of copying Xt
j , i.e. the particle that is about to705

undergo fission, one adds already the offspring (after fission) to N t. However, this is706

essentially still Algorithm 6.1 up to one extra iteration.707

Next, we proceed to the theoretical analysis of Algorithm 6.1. To this end, for the708

rest of the section, let (Xt
1, . . . , X

t
N )t∈N0

be the particles corresponding to Algorithm709

6.1. Additionally, in this section τ(N) denotes the corresponding survival time, which710

equivalently to (5.1), can be written as711

τ(N) ≤ inf
{
t ∈ N : G(Xt

1) = · · · = G(Xt
N ) = 0

}
.712

It follows that for t < τ(N), we will always have
∑N
j=1G(Xt

j) > 0. As before, for713

t ∈ N, we denote the particle approximation of ηt by ηNt . That is,714

ηNt (f) =
1

N

N∑
j=1

f(Xt
j),715

for any bounded and measurable f : E → R. The filtration generated by the particles716

is denoted by (Ft)t∈N0
.717

Proposition 6.3. For any p ∈ [1,∞), there exists a constant Cp ∈ (0,∞) such718

that for any t,N ∈ N we have719

E
[
1{τ(N)>t}

∣∣ηNt (f)− Φ(ηNt−1)(f)
∣∣p ∣∣∣∣Ft−1]1/p ≤ Cp ‖f‖√

N
,720

for any measurable and bounded f : E → R.721

Proof. Note that on the set {τ(N) > t} we have722

Φ(ηNt−1)(f) =
QηNt−1
ηNt−1(G)

=

∑N
j=1G(Xt−1

j )M [f ](Xt−1
j )∑N

j=1G(Xt−1
j )

.723
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Thus, by specification of Algorithm 6.1 we have that, again on the set {τ(N) > t}724

and given Ft−1, ηNt (f) is an unbiased estimator for Φ(ηNt−1)(f). Since particles evolve725

independently, the result follows by the Marcinkiewicz-Zygmund inequality, compare726

e.g. [18, Chapter 8].727

Note that Proposition 6.3 verifies that Assumption 5.3 is true, for any p ∈ [1,∞),728

for Algorithm 6.1. Hence, by using what was proven in Section 5, we immediately729

obtain the following two results.730

Corollary 6.4. For any p ∈ [1,∞) there exists a constant Cp ∈ (0,∞) such731

that for any T, k,N ∈ N and k̂ = kariT,k or k̂ = kariT,k we have732

E
[
1{τ(N)>T+k}

∣∣kariT,k − keff
∣∣p]1/p ≤ Cp( 1√

N
+
τT

k

)
,733

and734

E
[∣∣∣k̂− keff

∣∣∣p]1/p ≤ Cp( 1√
N

+
τT

k
+ (T + k + 1)1/2e−(aN)/2

)
,735

with a = − log(1− κ) ∈ (0,∞), where κ is as in Assumption 5.1.736

Again, with essentially identical arguments and conclusions, the above result can737

be modified to give a version of Theorem 5.11 and Remark 5.13 in this context.738

6.2. Variance reduction techniques. In this section we analyse possible mod-739

ifications of Algorithm 6.1, which in the nuclear engineering literature are broadly re-740

ferred to as variance reduction, compare e.g. to [2]. Typically, those changes concern741

the evolution and resampling steps and result in an unbiased version of Algorithm742

6.1. In practice, this helps to better ‘spread out’ the particles. Examples are:743

1) Implicit fission: Instead of evolving X̃t
j via M to its next fission event, a744

whole path of possible fission and scattering events is simulated. After each745

event, the remaining path is weighted by the probability of survival, such that746

the whole path remains unbiased.747

2) Splitting techniques: Particles my be ‘split’ into two (suitably weighted)748

ones if the original is in a particularly fissile region. Splitting is a tool to have749

more possible fission sites, whence helps to stabilise the simulation.750

Now, we turn to the error bounds for the variance reduction techniques. For the751

remainder of this section suppose that Assumptions 3.4 and 5.1 are true. Due to752

the possible changes in Algorithm 6.1, e.g. through implicit fission or spitting, we753

consider a more general sequence of particles. Namely, given X̃t−1
1 , . . . , X̃t−1

N , each754

particle may give rise to a whole family of new (weighted) particles (fission events).755

For 1 ≤ j ≤ N , denote by (Xt
j,i)

`tj
i=1 the offspring of X̃t−1

j , where `tj ∈ N is the number756

of possible fission events corresponding to Xt−1
j . Additionally, let θtj,i ∈ [0, 1], be a757

(random) weight associated to Xt
j,i. We define758

Γtj(·) =

`tj∑
i=1

θtj,iδXtj,i(·) and ηNt =
1

N

N∑
j=1

Γtj(·).759

For the rest of the section we assume that the weights are chosen such that each Γtj ,760

and hence also ηNt , are probability measures. The objects τ(N); (Ft)t∈N0
; kariT,k and761

kgeoT,k are defined similarly as in the previous section.762

Investigating the proof of Proposition 6.3, we immediately obtain the following.763
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Lemma 6.5. Assume that for any t,N ∈ N and any bounded and measurable764

f : E → R, given Ft−1, the random variables Γt1(f), . . . ,ΓtN (f) are independent unbi-765

ased estimators of Φ
(
δX̃t−1

j

)
(f). Then, for any p ∈ [1,∞), there exists Cp ∈ (0,∞)766

such that for any t,N ∈ N we have767

E
[
1{τ(N)>t}

∣∣ηNt (f)− Φ(ηNt−1)(f)
∣∣p]1/p ≤ Cp ‖f‖√

N
,768

for any measurable and bounded f : E → R.769

Now, we observe that all the proofs of Section 5 are still true for the particle770

approximation ηNt as defined in this section. Thus, we obtain the following error771

bounds for the variance reduction techniques of this section.772

Corollary 6.6. Assume that for any t,N ∈ N and any bounded and measurable773

f : E → R, given Ft−1, the random variables Γt1(f), . . . ,ΓtN (f) are independent un-774

biased estimators of Φ(ηNt−1)(f). Then, for any p ∈ [1,∞) there exists Cp ∈ (0,∞)775

such that for any T,N, k ∈ N and k̂ = kariT,k or k̂ = kariT,k we have776

E
[
1{τ(N)>T+k}

∣∣∣k̂− keff

∣∣∣p]1/p ≤ Cp( 1√
N

+
τT

k

)
,777

and778

E
[∣∣∣k̂− keff

∣∣∣p]1/p ≤ Cp( 1√
N

+
τT

k
+ (T + k + 1)1/2e−(aN)/2

)
,779

with a = − log(1− κ) ∈ (0,∞), where κ is as in Assumption 5.1.780

Remark 6.7. It is possible to consider even more general version for Γtj in Corol-781

laries 6.6 as long as the independence and unbiasedness properties are satisfied.782
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