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Abstract. We study Monte Carlo power iteration algorithms in the context of reactor criticality
simulations. Under mild conditions on the underlying physical system and the algorithmic structure,
we derive explicit error bounds, which are to the best of our knowledge the first rigorous results for
such methods which are ubiquitous in nuclear engineering. This is done by exploiting connections
to Sequential Monte Carlo algorithms, and extending recent developments about stochastic neutron
transport. We demonstrate the applicability of our results by considering a concrete version of the
Monte Carlo power iteration algorithm as well as variance reduction schemes.
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1. Introduction. A fundamental task in nuclear engineering is to compute the
kers-eigenvalue. Roughly speaking, kess € (0,00) describes the neutron gain/loss
between fission generations, with kess < 1 corresponding to a decreasing kees = 1 to
a stable and kesr > 1 to a growing number of particles. These settings are called
sub-critical (kegs < 1), critical (kegs = 1) and super-critical (kegs > 1), respectively.

Neutron transport is modelled via the Neutron Transport Equation (NTE), see
[21, 19, 12]. Let D C R3 be a non-empty, smooth, open, bounded convex domain such
that 9D has zero Lebesgue measure, and V = {v € R? : vgin < || < Upax}. Then,
the NTE is given by

0[g]
ot

where, for sufficiently regular f: D x V — R, we define

Tf(r,v) =v-Vf(r,v)—o(r,v)f(r,v)

(1.1) = (T + 8+ F)ulgl,

(1.2) Sf(r,v) =os(r,v) [y, fr,0")ms(r,v,0")dv

Ff(r,v) :=o¢(r,v) fv f(r, v )me (ryv,0")do'.

Let us explain the terms occurring in (1.1) and (1.2). The functions og(r,v")
and o¢(r,v’") provide the rates at which scattering and fission! happens. We set
0 = 0¢ + 05. If a scattering happened at position r with incoming velocity v’, then
v+ ms(r, v, v) is the distribution of the (new) outgoing velocity. Finally, the average
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fission production at r with incoming velocity v is v +— m¢(r,v’,v). The solution to
the NTE, i.e. ¢¢[g](r,v), is called the neutron density. It is time dependent and has
to satisfy the initial condition ¥y[g](r,v) = g(r,v).

Using (1.2), the kess-eigenvalue problem is as follows (see [25, Section 1.5] or [20,
Chapter 7] for details): Find kegsr > 0 and w: D x V — R such that

(1.3) (T+S+ ! ]-')w:o.

keff
The number kess describes the criticality of the system. However, it is typically not
possible to solve (1.3) exactly. In nuclear engineering, Monte Carlo power iteration
algorithms provide estimators for kess, see [26, 1, 3, 5], and are the basis of popular
tools, like Tripoli [22], SCONE [29], MCNP [24, Section 2.8.1.4], or OpenMC [30].
The Monte Carlo power iteration method exploits the fact that 7,5 and F,
have a probabilistic representation. By using the cross sections og, 0s, ms and ¢ it is
possible to model neutrons as stochastic process, see [21, 19, 10] and the book [20].
To estimate kegs one mimics (1.3) via a fixed point iteration?: We start with N € N
neutrons, stored in MVy. Then, starting from ¢ = 1, we repeat the following:

1. Evolve particles in N;_1 until they either undergo fission or leave the system.
2. Collect all the offspring resulting from step one in N;.

A proxy for kess is the ratio N;/N;_1, however, if the system is not critical,
the number of neutrons in (NV;)ien, either decreases exponentially (for kess < 1) or
increases exponentially (for kegs > 1). To overcome this instability issue, an additional
population control step is used. That is, after evolving particles from N;_; exactly N
offspring are selected to form A; (allowing for iid copies). Then, we estimate kegs by

) number of offspring resulting from N
t = .
N

Convergence of Monte Carlo power iteration was discussed e.g. in [4, 26] see also
[27, 17, 16] and the references therein for more recent developments. These works
(among others) provide a practical understanding of Monte Carlo power iteration.
However, a rigorous mathematical/theoretical error analysis, with precisely formu-
lated assumptions and error bounds, is to the best of our knowledge still missing from
the literature. The present paper closes this gap: Under suitable assumptions, with
k based on arithmetic or geometric means of k¢, we prove in Section 6:

N pyl/p 1 T
(1.4) E Hk — Kets ] <Gy <\/N - % +(T+E+ 1)1/pecN/p>

for arbitrary p € [1,00), with constants Cp,c¢ > 0 and 7 < 1, where N € N is the
population size, T € N is a burn in period?, and T'+k is the total number of iterations.
Let us briefly discuss this bound:
1) The first part, N —1/2 is the typical Monte Carlo rate using N particles.
2) The second part, 77 /k, gets small if we have a large burn in period T (bringing
the system closer to stationarity); or if we use many generations k in k.
3) The third part, (T +k +1)/Pe=°N/P arises by the fact that at every iteration
all particles might die (with probability e~Y) leading to a degenerate k.

2We refer e.g. to [28, Section 2.1] for an explanation regarding the fixed point argument.
3That is, only the iterations T+ 1,...,T + k are used within k.



79

84
85
86
87
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We also prove a version of (1.4) where only ‘surviving genealogies’ are considered. In
this case the estimate simplifies to ép(\/% + %)

Let us emphasise that the assumptions required to deduce (1.4) are met for a
large class of applications. Extending the results of [10] we give sufficient conditions
in terms of the cross sections appearing in the NTE (1.1). This allows us to formulate
simple conditions directly for the physical system (reactor), see Section 2.2. The
requirements on the generation of (NV;)ien, are not restrictive either and are met by a
standard variant of the power iteration algorithm (cf. Section 6.1) as well as different
variance reduction techniques (cf. Section 6.2).

To prove (1.4) we exploit the fact that a Monte Carlo power iteration algorithm
can be regarded as Sequential Monte Carlo (SMC) method. This builds upon the fact
that the underlying stochastic process is described via an operator @, given by

Qlf1(x) = G(z)M[f](x),

for bounded functions f: D x V' — R, where G: D x V — [0,00) is called potential
function, M is a Markov operator and « € D x V. Here G(z) is expected number of
offspring for a fission event happening in configuration x € D x V, and M describes
the behaviour of a neutron between fission events. In this setting the kess problem is
related to a eigenmeasure 7 and eigenfunction w such that

NQ = KegtN and Quw = Kessw,

and kess is the leading eigenvalue satisfying n(G) = kess, cf. Proposition 3.2. The
simulation of (population controlled) particles (M;):en, can then be described via Q
and fits naturally into the SMC framework. Hence, to establish (1.4), we first show
general SMC bounds in Section 5 and consider power iteration algorithms in Section 6.

Let us compare our results to the existing literature. As alluded to above, the
power iteration method is a standard algorithm in the nuclear engineering literature.
However, a rigorous mathematical analysis, including error bounds such as in (1.4),
is to the best of our knowledge not available. The work [11] investigates basic Monte
Carlo methods in the context of criticality calculations. Here basic refers to algo-
rithms simulating independent copies of whole neutron paths, rather than population
controlled approaches. Let us mention that also deterministic methods can be consid-
ered in the context of the kers problem. The interested reader may consult e.g. [31]
and the references therein.

Finally, let us comment on how our results fit into the existing SMC literature.
There is significant literature dealing with stability of SMC or particle methods, cf.
for example the books [13, 9]. Our general SMC results of Section 5 serve as tool for
establishing (1.4). Thus, emphasis is on a formulation that allows for easily verifiable
conditions in terms of the physical system (such as the description in Section 2.2), as
well as the population control step (such as in Algorithm 6.1).

Eigenvalue problems for operators ), as defined above, have been studied in
[33] where an algorithm to approximate the eigenquantities and also error bounds
are given. There it is required that G is uniformly bounded away from 0, which
is typically not the case in the NTE setting. The general eigenvalue problem (in
the SMC context) was studied e.g. in [15, 23, 32]. In contrast to those works, we
formulate our assumptions more directly in terms of the NTE; in particular, our results
allow for vanishing G. The work [6] establishes stability results under appropriate
conditions on G and the mixing of M. Stability of particle systems under drift and
small-set conditions were also studied in [34]. Finally, we note that in the paper
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[14] error bounds similar to those in (1.4) (stated in SMC/particle system notation)
are presented. The setting there (assumptions and results) are somewhat similar,
however, our technique allows for more control over the constant. For instance, [14,
Theorem 3] would lead to a modified upper bound in (1.4) of the form C,,/v/N, with
m =T + k being the total number of steps in the algorithm.

An outline of the paper is as follows. In Section 2 we discuss the stochastic model
for the NTE; and then formulate the eigenvalue problem in terms of @) in Section 3.
Background on SMC algorithms and definitions of kess estimators are in Section 4. We
prove general SMC LP error bounds in Section 5 and apply those to power iteration
algorithms in Section 6.

2. Stochastic Neutron Transport. To describe how Monte Carlo methods
are related to the kege-problem we link the NTE (1.1) to probability theory. In this
section we review the probabilistic model for (1.3). Additionally, we state assumptions
on the underlying system which incorporate physical quantities, e.g. the geometry of
a reactor, into the probabilistic framework.

In this and all later sections, we assume that all random variables, if not explic-
itly stated otherwise, are defined on a common probability space (2, F,P) which is
sufficiently regular.

2.1. The probabilistic model. Note that (1.1) is understood on some appro-
priate L?(D x V') space. In addition to the initial conditions there are also boundary
conditions. This can be used to model the setting that neutron leaving a reactor core
is considered lost to the system.

The basic elements for determining the NTE (1.1) are the rates os, o and the
densities 7, m¢. It is possible to use these objects to model neutron transport from
a probabilistic perspective, see [21, 19, 10, 20]. Namely, os, o¢, 75, m¢ induce a (not
uniquely defined) branching Markov process describing the neutrons. More precisely,
this branching Markov process is described by finite counting measures on D x V| say

Ny
Yi(-) = Zé(ri(t),vi(t))('>7 t>0,
=1

where N; is the number of alive particles at time ¢, and ((r;(¢), v;(t)),s = 1, , N¢)
represents their configuration.

For a finite counting measure u on D x V, say u, we write P, for the underlying
probability measure of (Y;);>¢. For measurable and bounded f : D x V — [0, 00), we
define Yi[f] = Zfi‘l (r;(t),v;(t)). The mean semigroup is defined as U[f](r,v) =
Es,. ., [Yi[f]], for 7 € D,v € V and t > 0, with Wo[f] = f. We have

(f:tulgl) = (Welfl, ), t20,

where (-,-) is the inner product on L?(D x V), i.e. space on which (1.1) is defined.
Furthermore, the semigroup (¥4,t > 0) solves

v, [f]
ot

with 7, S and F defined as in (1.2). We refer to the works [21, 12] for more details
about stochastic neutron transport.

Although (Y3):>0 and (U;);>¢ directly connect the NTE to probability theory we
cannot use these objects directly within the kess-problem. However, there is a closely

= (T + S+ F)Wlfl,
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related process that can be used instead. Namely, think of each line of descent in
(Y2)¢>0 as a genealogy. We define the process (Z,,)nen,, for n > 0, by

N

Z”() = Z 5(7‘5"),1)5”))(.)’
=1

where N(™ € Ny is the number of particles in the n-th generation of their genealogical
lines of descent, and {(rgn),vl(n)),i = 1,---,N™} are the corresponding position-
velocity configurations. Here ‘n-th generation’ is the collection of neutrons produced
at the n-th fission event in each genealogical line of descent form the initial ancestor at

time zero. We follow [20] and call (Z,,)nen, the neutron generational process (NGP).

(m) n n
For measurable and bounded g: D x V. — R, set Z,[g] = Z@IL g(rl( ),v§ )).
Furthermore, we define the expectation semigroup corresponding to (Z,)nen, by

(2.1) Qnlgl(r,v) = Es, ,, [Znlgll,  n=>0,reD,veV,

with Qo[g] := g. We note that indeed Qp4m = Qn(Qm) for n,m € Ny.

As is shown below, the semigroup (Qn)nen, allows to connect the kege-problem to
the theory of SMC methods. However, before explaining this, we provide assumptions
on the physical system (reactor), i.e. conditions on the cross sections oy, og, ¢, 7s.

2.2. Assumptions on the physical model. In this section we discuss assump-
tions about the generic nuclear reactor we impose. Our conditions are sufficiently mild
as to be relevant for most if not all systems which are modelled in practical situations.

Recall, that the domain where neutrons evolve is D, while V' C R? describes their
velocity. From this point we simply call (r,v) € D X V a configuration of a neutron.

We assume that D C R3 is a bounded, open and convex set with A\(9D) = 0. The
boundary 9D corresponds to the boundary of the reactor, and particles reaching this
boundary will be considered as ‘having left the system’.

The fissile material is modelled as follows. There exists a subset Dy, referred to
as the fissile region. For example, this might correspond to the uranium used within
a reactor. Additionally, there is a non-fissile region Dy = D \ Dy.

Assumption F. Neutrons can undergo fissions only if they are in Dy. Conversely,
in Dg no fission is possible. We assume that Dy is surrounded by Dy, i.e.

dist(Dy,0D) > 0.
Furthermore, we assume that there exists an open ball B C D of positive
radius such that

(ry v’)ienlngxvaf (r,v)me (r,v,0") > 0.

Next we state our conditions regarding scattering events:

Assumption S. The probability of scattering is uniformly bounded away from 0 for
any configuration. That is, inf(, ,ye pxv os(r,v) > 0.

Our second condition addresses neutrons that have just undergone scattering.
Recall that this is modelled via the density 7, (r, v,v’) (where the neutron is at position
(r,v) when the scatter occurs and v’ is the outgoing direction). Hence in total we
obtain

(T,Uﬂ}/)ienngxv os(r,v)ms(r,v,0") > 0.

Finally, we assume that all rates and particle production are bounded above:
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Assumption B All cross-sections os, 0g, s, 75 and the maximum number of parti-
cles that can be released at single fission events are uniformly upper bounded.

3. Mathematical setting. In this section, we develop in more (mathematical)
detail the tools that we require to formulate abstract power iteration algorithms.
Let (E, &) be a measurable space and By, (E) the set of all measurable and bounded
f: E — R. We write ||-|| for the supremum norm on E. Typically, E = (D,V),
however, for the sake of a general theory we keep the space (F,E) abstract.

3.1. The abstract kesr setting. We slightly overload notation and consider a
non-negative and bounded linear operator Q : B, (E) — By (E), such that f — Q[f] €
By (E), for f € By, (E). In the context of nuclear applications, where E = (D, V), Q
corresponds to the expectation semigroup of the NGP (Z,)nen,- That is, Q@ = Q1
with @1 as in Section 2.1.

Note that (z, A) — Q[La](x) =: Q(x, A) is a generalised Markov transition kernel.
Indeed, for A € £ the mapping = — Q(z, A) is measurable, however, Q(x, E) # 1 in
general. Let P (E) be the set of probability measures on (E,£). For u € P (E), we
define

nQ(4) = [ Q. i@, AcB.

We assume that @ satisfies the following Perron-Frobenius type condition:

Assumption 3.1. There exist kees € (0,00), w € By (E), and n € P (E) such that:
(i) Q[w] = kegsw pointwise on F;

(i) nQ(A) = keesn(A) for each A € &;

(iii) If o € C is any other eigenvalue of @, then |a| < Kess.

We call (kegs,w,n) in Assumption 3.1 the leading eigentriple of Q. Note, that here
we again overload the notation, since for general linear operators ) the eigenvalue
kegs in Assumption 3.1 may not have a physical interpretation. In the nuclear context,
where ) corresponds to the semigroup of the NGB, Assumption 3.1 exactly refers to
the physical quantities which are considered in (1.3), see [10] or [20, Chapter 7].

In order to fit well into the SMC literature, we assume that @ is the product of
a potential function G: F — [0,00] and a Markov kernel M: E x € — [0,1]. To be
more precise, we assume that the potential function G is measurable and bounded,
and that

Q. A) = G(a)M(x, A),

for any x € E and A € £. Note that alternatively we can write G(z) = Q(z, F).
Using this together with Assumption 3.1 we immediately obtain:

PROPOSITION 3.2. If Assumption 3.1 is true, then n(G) = Kets-

Recall that in the context of the NTE, G(x) stands for the average number of
offspring a neutron produces if it is about to undergo fission at configuration x =
(r,v) € D x V. To incorporate the fact that there are non-fissile regions we have to
work in the setting where Ey = {x € E: G(x) = 0} is non-empty. To exclude the
situation that any un-absorbed particle is always killed within one step we assume
the following;:

Assumption 3.3. For each x € E'\ Ey we have M (z, E \ Ey) > 0.

This assumption is standard in the interacting particle system literature, compare
e.g. with [13, Equation (2.16) on p. 67]. In the setting of Section 2.2 this assumption
is satisfied due to the uniform lower bounds on the cross-sections.
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3.2. Interacting particle systems notation. In this section we introduce
the required notation and some standard facts from the interacting particle systems
literature. For further details and proofs we refer e.g. to [13].

Fix some ng € P (F) such that no(E \ Ep) = 1. Let X = (X,)nen, be a time-
homogeneous Markov chain on (F, £) with transition kernel M. Let P, be the law of
this process when initialised from X ~ 79 and E,, be the corresponding expectation.
For each n € N we define v, and n,, respectively a finite measure and a probability
measure on (E, &), as follows:

(3.1) Yo (f) = Ey, [f (Xn) 1:[ G (Xk)‘| and () = In (f),
k=1 Tn (1)

for f € By (E). By Assumption 3.3, v, (1) > 0 for every n € N. Furthermore, we have

n—1
(3:2) Yo (£) =m0 () [ e (G).
k=0
Setting Q°(f) = f, and Q™ = Q(Q" 1) for n € N, then

Tn (f) = WoQ"(f) and Tn+1 (f) = Tn (Q(f))a

forn e Nand f € By, (F).

It is well understood that the flow of probability measures (7, )nen has a similar
dynamical structure: Define P (E) = {u € P (E) : u(Eo) < 1}, so that u(G) > 0 for
each p € P (E). Let the non-linear operator ® : P (E) — P (E) be defined by

_1Q(f)
w(G)

By Proposition 2.5.2 of [13], for each n € Ny,

@(u)(f) (1. f) € P(E) x By (E).

M1 =®(n,)  and = @"(no),

for n € Ny, where ®°(n) = n and ®"(n) = ®(®"1(n)).
In order to prove our results, we make use of the following assumption.

Assumption 3.4. Additionally to Assumption 3.1, there exist C' € (0,00) and
7 € [0,1) such that for x € E'\ Ey and measurable g: E — R with ||g|| ; < 1, we have

kaes N
for any n € N. Furthermore, we have 0 < inf, e p\ g, w(2) < SUp,c g\ g, w(T) < 0.

Let us comment on this assumption. Existence of the eigen-quantities (kegs,w,n)
and exponential convergence as in Assumption 3.4 can be deduced from [7] or [8]. To
apply these results it is required to show that the Neutron Branching Process Y, see
Section 2.1, returns with sufficiently high probability to certain regions conditioned on
survival. Finally, the ‘largest eigenvalue’ property is a consequence of the exponential
convergence (as stated in Assumption 3.4 but only assuming existence of the eigen-
quantities rather than Assumption 3.1 directly).

The results of [7] have been used in [10] to verify Assumption 3.4. However,
the physical systems considered in [10] allow for fission to happen everywhere in the
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reactor. This is not possible in the setting of the present paper. Yet, by slightly
adapting the proof it is still possible to proceed as in [10, Section 5]. We highlight
the main ideas/differences (fitting into the set up of Section 2.2), but omit technical
details:
1. Choose the ‘minorising measure’ v to be the uniform distribution on B x V,
rather than the uniform distribution on the whole space D x V.
2. Considering paths which have two scatters, the first one pointing towards
some ball B’ C B and the second one in B’, and using the lower bounds on
fission and scattering cross-sections, shows [7, Al] with ng = 1.
3. Using a similar ‘seven jump’ argument as in [10, Chapter 5] verifies [7, A2].
We note that from [7] it does not follow directly that w is uniformly bounded
away from 0 on the set E \ Ey. However, we claim that in the setting of Section
2.2 this is true: To this end, note that M(x, A) > cv(A) for any © € E \ Ey and
measurable A C E, with v being the same minorising measure as above, and where
¢ > 0 is independent of z, A. Using this, the fact that w is positive on E \ Ey (which
indeed does follow from [7]) and the eigenfunction property we obtain

L G(I)/Ew(x’)M(x,dz’)z

w(x) =

- Quix) =

keff keff

/ w(z' )M (xz,dz") > 0,
eff E\Eo
for any « € E'\ Ey, where the lower bound does not depend on z. In particular, this
argument gives:

LEMMA 3.5. Under Assumptions S, F, and B of Section 2.2, Assumptions 3.1
and 3.4 hold.

We now give a consequence of these assumptions.
PROPOSITION 3.6. Let Assumption 3.4 be satisfied. Then there exists C <
such that for any x € E '\ Ey and any measurable g: E — R with ||g||; <1 we have

Q" [1](x)
for any n € N, where 7 is as in Assumption 3.4. Consequently, for any x € E\ Ey,
we also have ||®"(0,) —1l|,, < CT™ for any n € N.

Proof. Let ng € N be large enough such that C7™ < w(z) for any x € E \ Ep.
Set Tn[g](2) = kegzw(2)Q"[g](2).
Multiplying numerator and denominator by k_ fw(z) we obtain

Q"[g)(x) Talgl(z) _ 77(9)’ _ | Tuldl(@) —n(9)Tu[1](z) |

Q@) ’7(”‘ = Tl Tl (2)

By Assumption 3.4, we get that the denominator in the above expression is lower
bounded by inf,¢ g\ g, w(x) —C7" > 0 for any n > ng, while the numerator decreases
as 7". Finally, the statement for the total variation distance follows by well known
duality formulas. 0

The following result shows that in the notation of this section there are several
different quantities which are converging to kess. These insights can later be used to
define different estimators in the Monte Carlo context.

PROPOSITION 3.7. Under Assumption 3.4, for ng = 6., with x € E\ Ey, we have

e — i 1y 1y 1' & a
(3:3) ore = Jim 3 (1)7 = lin 0@n(1)7 = lin 55 ne(©):
=0
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Proof. Assumption 3.4, and the fact that 77%(622"((%) =1, (G) = D" (no)(G) yield
limy, 00 M (G) = kegs. Thus, by positivity also the arithmetic and geometric mean

converges,

1
n

n—1 n—1
.1 .
Jim 5 2 (G) = Jim, (H o <G>> = besr

Finally, we recall from (3.2) that Hz_l Mk (G) = vn (1) = noQn(1). |

4. Sequential Monte Carlo Algorithms. Sequential Monte Carlo (SMC) al-
gorithms are a popular tool in applications to generate samples from a given target
distribution, we refer to [9] for an introduction. In this section we review the required
ingredients which are used later to analyse Monte Carlo power iteration algorithms
from an SMC perspective.

4.1. SMC and power iteration for neutron transport. In this section, we
describe the SMC scheme that is of relevance later to analyse Monte Carlo power
iteration methods. We recall the setting of Section 2: The linear operator @, acting
on By (E), has the form

Q(:Z}, A) = G(I)M(l‘, A>7

for x € E and A € &, where G is a (measurable and bounded) potential function
and M a Markov kernel. Now, we evolve N € N weighted particles as follows: The

initial particles, say &7, ...,&%,, are sampled iid according to some initial distribution
o, where for simplicity we assume po(E \ Eg) = 1. Then, iteratively we repeat the
following to compute &1, ... ¢! given &, ... ¢, assuming G(&) # 0 for at least
one j: ~ ~
1. Resampling: Select* N particles, say &1, ... €4 from &, ..., &4 so that
the expected number of copies of & in &f, ..., & is W} given by
Wi = Lfff)
J N )
>im1 G(&)

t+1 t+1
1SN

2. Evolution: Compute &7, ... by sampling independently

€§'+1 ~ M( §7 )

Let us discuss this generic scheme in the nuclear context. In this setting, G(z),
for x € E, corresponds to the average number of offspring. The Markov kernel M (z, -)
is related to evolving a particle that was generated in z € F (through fission) to its
next fission event.

In the SMC literature this scheme is called the bootstrap particle filter, cf. [9] and
also [33] in the context of eigenvalue estimation.

4.2. Estimators for kess. In this section we explain how we can estimate kess.
The main idea is to use the relations of Proposition 3.7. To this end, we have to
estimate for n € N, respectively,

Yn (1), and/or M (Q),

4Here repetition is allowed, and if a particle is selected more than once, this refers to generating
iid copies that can evolve independently afterwards.
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by using the sequence of particles (&f,...,&4 )ien from the bootstrap particle filter
discussed in the previous subsection. This can be done by

N
(11) THOEE= SOk

where §,(-) denotes the Dirac delta distribution with mass at x € E. The above
discussion suggests that estimating kefs, can be done via arithmetic or geometric
means, that is

) 1 T+k T+k k
(42) k=7 Y 0@ and k%f;z=< 11 m’V(G)) .

t=T+1

5. LP error bounds. In this section we present our theoretical results about the
stability of the estimators k§'} and ki) of (4.2). Here and for the rest of this section
we fix some initial distribution pg satisfying po(E \ Eo) = 1 for the initial particles
€9, ..., €%, Implicitly, the probability space (2, F,P), and hence also E, depend on
this. However, we omit this dependence to increase the readability.

5.1. Extinction probabilities. Since we work in a setting where G(x) = 0 for
certain x € FE, it is possible that in the whole particle system in the generic particle
algorithm of Section 4 dies out. More precisely, this means that from generation ¢ to
t+ 1, after the resampling step, all new particles fi“, . ,55\,“ are in Fy, where they
are considered as killed. We define the first time that this happens as 7(N), i.e.,

(5.1) 7(N) = inf{t EN: (&, e4) e (EO)N}.

Note that equivalently, 7(N) = inf {¢ € N: G(E5)=0forall 1 <j < N}. Hence,

(5.2) (V) 2 n) = () (@) > 0}
k=0

By (5.2) it follows that 7(IV) is a predictable stopping time w.r.t. the natural filtration
of the particles, denoted by (Ft)ten, -

For the sake of obtaining good estimates for the probability of surviving, we work
with the following ‘quantitative’ version of Assumption 3.3.

Assumption 5.1. There exists x € (0, 1) such that for any = € E '\ Ey we have
M(z,E\ Ep) > k and G(zx) > k.

Note that Assumption 5.1 is true in the setting of Section 2.2 due to the uniform
bounds on all involved cross-sections.

The next result is a version of [13, Theorem 7.4.1] in the setting of Assumption 5.1.
In order to obtain explicit constants we include the short proof.

PROPOSITION 5.2. If Assumption 5.1 is satisfied, then for any t € N we have
P[r(N) <t] <te N,

with a = —log(1l — k) € (0,00), where log refers to the natural logarithm.
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Proof. First, observe that by Assumption 5.1, P[7(N) > i] > 0 for i € N.
Note that if the system has survived until time 7, then §; € E \ Ey for at
least one index j € {1,...,N}. In this case, by definition of the Bootstrap par-

ticle filter, §~;+1 € E\ Ep for any j € {1,...,N}. Hence, by Assumption 5.1 we
obtain P [é;“ eEy|7(N)> z] < 1 — k. Since particles evolve independently given
E{', - ,E}'v, the probability of ‘dying out from iteration 7 to 7 4+ 1’ is bounded by

N
Plr(N)=i+1|7(N)>i]=P|({& € Eo} | 7(N) >i| < (1-r)".

j=1

Hence, P[r(N) =i+ 1] =P[r(N) =i+ 1|7(N) > i] P[r(N) > i] < (1—x)". Finally,

i=1 a . |

5.2. Error bounds. In this section we present the error bounds for the esti-
mators k7'; and k%fz. First, we study how well we can approximate the measures
(nt)ten. Then we move to our actual error bounds.

5.2.1. Stability of the particle measures 7;'. The estimators k§'; and 7}

both make use of the particle measures n{¥, which serve as approximation for the flow
(nt)ten. It is therefore useful to understand how well we recover this flow in order to
prove bounds for estimating kegs.

Assumption 5.3. Let p € [1,00). There exists a constant C, € (0,00), such that
for any measurable and bounded f: F — R and any ¢ € N we have

Cpllfll
N

1/p
E |:]1{T(N)>t} I (f) — e ()] ]:t—l} <L (vy>t)

The main result of this section is the following.

THEOREM 5.4. Suppose Assumptions 3.4, 5.1 and 5.8 (for some p € [1,00)) are
true. Then, there exists some constant K, € (0,00) such that for any t € N and
bounded measurable f: E — R we have

1/ Kp
E []I{T(N)>t} \m(f) - 77tN(f)|p} ’ < \/Ué”

We split the proof into several parts. The main idea is to use following error
decomposition: set fr = f —n.(f) and Ay = {7(N) > ¢}. Under the assumptions and
using the same notation as in Theorem 5.4 we have

(5.3)
E [t [m(f) =0 ()] g (L, [0 (F) = @) (1) 1
+ i]E [ﬂAt |(I)t7k(771]¢,v)(ft) - (I)tik+1(77!1cv_1)(ft)|p} 1/p
k=1

VE[1, o' l] "

To prove Theorem 5.4 we now estimate all terms appearing in (5.3). We do so
first show several auxiliary results.
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LEMMA 5.5. With the assumptions and notations as in Theorem 5.4, there exists
a constant C' € (0,00) such that for any t,k € N with k < t and any bounded and
measurable f we have

Q" (f) (@) < CT £l QTH(1)(2),

for any x € E.

Proof. Let x € E\ Ey and P_pg(x) = g: :ﬂ( L for sufficiently regular g. Then,

Q" H(f) () = Por(f)(@)Q' (1) a).
Note that Pr—y(f1)(@) = Pri(£)(x) = ni(f) = B'(8,)(f) — ' (10) (f), such that

|Peik(fo) (@) < 19°7F(8:)(f) = n(f)] + 19 (1o) (f) = n(f) < 2C | fll77F,

by Proposition 3.6. This implies the statement for z € E \ Ejy.
For the case € Ey we observe that Q'~*(1)(z) = Q' *(f)(x) = 0, which
completes the proof. ]

LEMMA 5.6. With the assumptions and notations as in Theorem 5.4, there exists
a constant B € (0,00) such that for any t,k € N with k < t and any bounded and
measurable f we have

U;iv - k(ft) 771?’ i k(ft)

B SRR T Bl )@t (@)

14,

pq1/p
_ B
- VN

Proof. For the sake of brevity write a = n)Q'~*(1) and b = ®(n)_,)Q'*(1).
Using Lemma 5.5 we deduce that on the event {7(N) > k} we have

b

1 1 1 1
b

Q|5 - | <crr| g miVQt"“(Il) -

P ey e~ k.
eff

Additionally, since b and 14, (n)>x} are Fj_1-measurable, Assumption 5.3 implies

1/p
|k AL t+kb|>p ‘]_-k_l} < Lir(ny>ky Cp llwe—k|l

E {%(ka} ( ott it ,
efthrkb keftf+kb \/N

where wy_p = ko5 Q! F(1).
On the event {7(N) > k} we have

1 1 _ X LGE)
ket 0 O k) S, GE) Muwy_(€l)

Note that w, — w uniformly on E \ Ey, cf. Assumption 3.4, so that

Muw;_x(z) > / wi—k (@ )M (z,dz’) > ¢ inf w(y)=:¢>0,
E\Eo yEE\Eo
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for some constant ¢ > 0 independent of £, k, N. Hence,

Lgrvy>ky o 1
kege "0 T

13

By the uniform convergence of w;_, it follows that ||wi—g|| is uniformly bounded (in

t,k, N), and the claimed bound is a consequence of the estimates above.

|

LEMMA 5.7. With the assumptions and notations as in Theorem 5.4, there exists
a constant B € (0,00) such that for any t,k € N with k < t and any bounded and

measurable f we have

e QU FT(fy) ey Q' ()

BT ) T Y )@ (1)

14,

py1/p
_ B R
VN

with some constant B € (0, 00).

Proof. On the event {7(NN) > k}, from the definition of ®, we have

n;&@“’““(ﬂ) U;int_k(ft)

()R () Q" (fr)

n L QURI(M) oY )QR(1)
1
(I)(nljcvf1)Qt_k

(il )QRM) @l )QIH(T)

= —m |‘I’(771]cv—1)Qt7k(ft) -y tik(ft)| .

Using Fj—1-measurability of 1, (ny>k} and ®(np)Q"*(f;), as well as Assump-

tion 5.3 and Lemma 5.5 we deduce that

QM) QTR

M QFH(M) @, )QH(T)

;U‘| 1/p
p} 1/p

E []l{ruv»k}

1

_ Gl
- O (ngl)Q'*(1)

i E []1{7<N>>k}

_ _ p1/p
_GCrrlTEFM)| |1 1
- VN O e )QH(I)
_ CPCthk ||ke—ftf+th7k(]l)|| 1 1
VN OB @ ) (ke FQUk (1))

p] 1/p

Again, we write w;_j = k;ft;'th*k(]l). Using the uniform convergence of w;_, see

Assumption 3.4, it follows that ||w;_g]|| is bounded uniformly in ¢, k, N.

Using the same steps as in the proof of Lemma 5.6 (see the bound for 1/(k!;b)

there), it follows that

1

8 S ) (e QR (L))

Lir(vy>ky

pq1/p
1
| <

for a constant ¢ > 0 independent of ¢, k, N. This implies the desired result.

d
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Proof of Theorem 5.4. We estimate all terms appearing in the error decomposi-
tion (5.3). By Assumption 5.3 we obtain

Ve Cy 20,
B [ta, i () — o ()] < Sl < 26171,

1/p

<E

T4,

and Lemma 5.7 it follows
E[ta, [ ) () — @ ) (1)
pq1/p
QI @(nmm—k(ﬂ)]
ihaQ ) QRS

VN = VN
Next we bound 325} E [1a, [ () (f,) — @ () (f2)] ]1/”. By Lemma 5.6
Q' *(f) _ ny Q' (fr)

M QUF(I) (Y ,)Q (1)

+E |1

p] 1/p

_ Bl

VN
with B € (0, 00) being some constant independent of ¢, k, N. Hence
t—1

t— t— 1/p B |l
kz_lxa[ukb Yo () = P < o

Finally, we turn to the third term in (5.3). Note that
o Q'(fr)  m' Q' (fr)

p11/p N At
. my Q°(ft)
QL) Q1) } *E{ 1@ (1)

By Lemma 5.5, and since 7’ is an iid approximation of pg, we have

p} 1/p

p:| 1/p

[11,4,|‘I> g’ (ftM pSE[

1 1

Q'(fr)  n'Q"(fr) _
ny QL) poQ'(1)

E [ ny
QU L)  poQi(1)

corune -390

pq1/p
] < o7 |fIE [néVQ%n)

p11/p t 1/p
| =St e - mawl]”
S ORI _ Ot IIFI| kere 1Q4 (D)
\/> ﬂOQt( ) \/N eff:u’OQt(]l).

As in the proof of Lemma 5.6 we can use the uniform convergence of w; to deduce

alQtm]
that 7&5 o' )

Finally, since Q" (f;) = ®*(10)(f)—n¢(f) = 0 we have by Lemma 5.5 and similar
arguments as above,

|| - cr ) _ ot
1oQ'(1) Ko Qt VN Qi (1) ~ f

Hence, the right hand side in (5.3) is bounded by %, for some constant B < oo
independent of £, N and f, which shows the claimed result. 0

is uniformly bounded in ¢, N.

T [170°Q () — 1m0 ()] 7 <
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Remark 5.8. Theorem 5.4 can also be used to derive robust estimates for the
fluence . The fluence is the positive eigenmeasure of the kess equation (1.3). That

is,
1
cp((T—!—S—F F)g)zO
keff

for any bounded and measurable g: E — R. The physical interpretation of ¢ is
that it quantifies the (relative) expected number of particles moving through different
regions between fission events. The closely related measure n(dx) = énp]—" (dx) then
describes where particles are born, and is exactly the n given above. Furthermore, if
for an arbitrary bounded and measurable g: E — R we set § = —(7 + S)g, then

n(=(T +8)7'9) = ¢(3)-

By standard results (see e.g. the discussion in Section 2.4 of [10]) we have

(T +8)Y(z) =E, [ / " (s), v())ds]

where (r(s),v(s)) is the stochastic representation of the underlying particles with
(r(0),v(0)) = z, and 7 is the first time a particle either undergoes fission, or leaves
the system. It is therefore possible to use the particle measures n,lcv to compute esti-
mates for the fluence ¢(g) and therefore ¢ by incorporating g as above. In particular,
this is the process commonly referred to as tallying in the nuclear engineering litera-
ture.

5.2.2. Arithmetic mean estimators. In this section we study kaTr}c

THEOREM 5.9. Let Assumptions 3.4, 5.1 and 5.8 (for some p € [1,00)) be true.
Then, there exists a constant K, € (0,00) such that for any T, k, N € N we have

y 1/p G| 7T _
E [ Kari — kg p} <K, “E 4 ——— 4 (TH+k+1)/re(@N)/p])
|k§7h — kee| <K, 5N+k(1_T)+( +k+1)7e
with a = —log(1 — k) € (0,00), where K is as in Assumption 5.1.

Proof. Using Proposition 3.6, and integrating over E'\ Ey, we obtain that
[76(G) = ketz| = |@(100)(G) — n(G)| < CT",
for any t € N. Hence, by Theorem 5.4 it follows that for any ¢ € N we have

Ur _ KLlIGI -~
E []l{T(N)>t} |T}£V(G) - keff’pi| < pW + C’Tt

Recall, that if the system has died out, we estimate kess with 0. Thus, by the above
estimates and Proposition 5.2 it follows

1/ 1/
E U??iV(G) — keff|p} ’ <E |:]1{T(N)>t} ’UiN(G) - keff’p:| ' + kgt P[T(N) < ﬂl/p
K, |G|

VN

< + éTt + keff (te_aN)l/p.
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Using the triangle inequality we obtain that

K/ Hf” T+k T+Ek
[|ka” — kett|P] < Z Crt + - Z Kess (¢ l/p
t T+1 t T+1
_ K;\|f|| TTOT Kepee™@N/P Ti A/
VN k(1—1) k '

t=T+1

By the mean value theorem (in integral form) there exists some z¢ € [T,T + k + 1]
such that

T+k T+k+1 k41 1
k >t < / HPdr = — P<AT 4 k4 1)YP.
t=T+1
Combining the above inequalities shows the claimed result. ]

From the proof of Theorem 5.9 we immediately obtain the following.

COROLLARY 5.10. Let Assumptions 3.4, 5.1 and 5.8 (for some p € [1,00)) be
true. Then, there exists a constant K, € (0,00) such that for any T.k,N € N we

have ) icl r
art p T
E |:1{T(N)>t} ‘kT,k - keff‘ } <K, (\/N + 7/@(1 — T)> .

Finally, we observe that in practice, a typical use case would be to run a Monte
Carlo simulation to estimate kess, which chooses the parameters T, k, N, which aims
to trade off two sources of loss: first, we want to ensure that with high probability our
simulation does not go extinct by the time T+k. Second, that our computation returns
an estimate k%’"}C which has small enough tolerance, conditional on the calculation
terminating. We formulate this in the following result.

THEOREM 5.11. Suppose Assumptions 3.4, 5.1 and 5.8 (for some p € [1,00)) are
true. Then, there exists some constant K, € (0,00) such that for any T,k € N there
exists Ny € N such that for all N > Ny we have

ari p p 2% ||G|| "
E [ [Ki — kete|” [7(N) > T+ k] SKP<W+]€(1—7) ,

and
P(r(N) < T+k) < (T +k)e ¥

with a = —log(1l — k) € (0,00), where k is as in Assumption 5.1.
Moreover, given £,0 > 0, we can find T, k, N sufficiently large that

“ka” keff|p|7—(N) >T+k 1/p<5 and P(T(N) < T+ k) <.

Proof. By Theorem 5.9, for fixed T', k, it is clear that we can choose Ny sufficiently
large that P (7(N) < T + k) < min{4, 3}. Taking K, = K,2"/?, we have the first
claim. Moreover, given € > 0, it is now immediate that by fixing T" and taking k and
N sufficiently large, the rest of the statement follows. 0

Remark 5.12. We expect that under suitable mixing assumptions on the particles
(€4,. .. &4 )ten, it is possible to obtain (kN)~1/2, rather than N~/2 in the results
above. This improved bound would also take into account that we use a arithmetic
mean, however, we leave a further investigation open for future research.
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Remark 5.13. It is natural to ask: for a given error tolerance ¢ > 0 and failure
probability §, what is the minimal computational requirement?

We suppose that the cost of the calculation scales with the number of particles
per generation, and the number of generations simulated, so that the total numerical
cost is proportional to N(T + k). We can formulate this as an optimisation problem::

minimise N (7' + k) subject to: (G” + TT) <e
VN k(l-7)) ~
(T + k)e™ "N <4,

Tk, N > 0.

Here we relax the practical assumption that T, k, N are integers for formal analysis,
and note that in addition we have some constants, independent of N, T\ k, |G|, T,a
which we absorb into ,d. To simplify notation, we write 7 = e~?, where 8 > 0 and
e

In this regime, we normally expect the pertinent constraint to come from the first
term, and in this case, ignoring the second constraint, we compute that the optimum
occurs when:

x _ n—1, *__l _e’y(l_e_ﬁ)>)
S e ﬂ<W1< 26N )

1
N = e ) w =@ +21) " e (0.

where W_;(z) for z € [~e!,0) is the negative lower branch of the Lambert-W
function®. We leave the details of the calculation to the interested reader.

We observe that, up to a constant, (ignoring the multiplicative constants inde-
pendent of «, 8 which we have suppressed in writing the above inequalities), we have:
2,2

,_)/2672 SN* S ’Y

=)

and we have total cost:
(T*+ k*)N* = 72572(1 — w”‘)*QB*1 (1n(s*1) + o(ln(sfl))) .

In particular, for a given problem, the error behaves like e~2In(e~!) for ¢ small. In
addition, for problems where the spectral gap is small, so > 0 is small, then the
cost grows like S~1. Moreover we note that the optimal number of steps to average
over (k*) is determined by the spectral gap: when g is smaller, the optimal number
of generations to average over increases.

5.2.3. Geometric mean estimators. In this section we study k¥,

LEMMA 5.14. Suppose Assumptions 3.4, 5.1 be true. Then, for any q € [1,00)
there exists a constant Cy such that for any t,N € N we have

1 q
E |1, _ <(C,.
[ {T(N)>t} (ng\](G)> :| = Ygq

5Specifically the unique solution y to the equation ye¥ = z with y < —1.
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Proof. Fix t € N and N € N. Define the sets B, = By n as the events that ex-
actly £ € {1,..., N} particles survive from iteration ¢ to t+1 in the particle algorithm.
Then we can rewrite {7(N) > t} as the disjoint union

N
{r(n) >t} = U By.

=1
Since G is uniformly lower bounded by & on E'\ Ey and ‘survivors’ have to be in this
region while particles that die are in Ej, it follows ¥ (G) > % on the event By. Thus

oo )]s el (2] e

Note that particles survive with a minimal probability of x > 0, and each particle
does so independent of all other particles. Hence,

P[B] <P[Y =],

where Y ~ Binomial(N, ). Define the function hy: {0,..., N} — [0, 00] via hy(n) =0
if n =0 and h(n) = - else. Then we have

by using standard estimates for binomially distributed random variables. 0
LEMMA 5.15. Under Assumption 3.4 and 5.1 we have L := inf,enn, (G) > 0.

Proof. By Assumption 3.4, lim, 0 7 (G) = limy, o0 @™ () (G) = kegs > 0.
Hence, the result follows by well known properties of converging sequences of positive
real numbers.

THEOREM 5.16. Let Assumptions 8.4, 5.1 and 5.8 (for some p’ € (1,00)) be true.

Then, for any p € [1,p), there exists some constant K, ,» € (0,00) such that for any
T,k, N € N we have

py1/p G
E Hk%ez — Kest ] < Kpp <”\/N +— : +(T+k+ 1)1/1’6(‘”\’)/1’) ,
with a = —log(1 — k) € (0,00), where k is as in Assumption 5.1.

1/k
Proof. Define vy = (HeT:IIfH 7)4(G)> and A = {kgTeZ > 'yT,k} € F. On the
event {7(N) > T + k} N A, we have

kgeo T+k N G
T,k =741 !

Tk N T+k
() Do

=11
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642  where third line follows from Lemma 5.15.
643 Similarly, since {r(N) > T +k} C {5} (G) > 0} for £ € {0,...,T + k}, the fol-
644 lowing holds on the event {7(N) > T + k} N A

T+k k
645 ‘k%eo vr, k‘ _ kgeo YT,k 1 kgeo 775 1
‘ geo
KT & G

(= T+1
k T+k
G & (m (G) ) IG| 1
646 < -1 < — ne (G) —ne (G)] .
647 k ZZET;-I ' (G) k é:;—ﬁ-l n' (G) K |

648 Using these estimates, and abbreviating C = {7(N) > T + k}, we obtain

F el "’
. eo P N
649 {]lc ’kg '}’T,k‘ } <Elle\ o7 Z [’ (G) — e (G)]
(=T+1
T ok
650 +E |1 Z NG )|77 — M (G)‘
651 =711t

652 As a consequence of Jensen’s inequality (for sums), Minkowski’s inequality and The-
653 orem 5.4 (note that if Assumption 5.3 is true for p’, then also for p < p’) it follows

1
T+k P1e 2
IGll N Ky 1G]
654 E |1, G)—n (G < ——.
[ {r(N)>T+k} | ZXT;HW (G) —ne (@) RLUN
655 Next, let ¢ = p’/p > 1 and denote by ¢’ the Holder conjugate of ¢q. Again using
656 Jensen and Minkowski inequalities, followed by Hélder’s inequality and Theorem 5.4

657 together with Lemma 5.14 and C = {7(N) > T + k}, it follows that

el §= 1 P
658 E (1c Z |77éV (G) =m0 (G)] ]
& L=T+1 né\f (G)
k A )
s [ ( @t )] IGI* Cr
659 < I E e (=X 1 (@) —m(c IO G
660 k Z:;H ¢ ny (G)| P (G) = ne (G)] i

661 with a constant C), , only depending on p,p’. Hence,

}% HG” Cpp
— L\/ﬁ b

662 (5.4) E [L(N)>T+k ‘k%ez — Tk

663 where ép,p/ only depends on p, p’.
664 Next we estimate |y — Kege|. If y7 1 > kess then

T+k 1/k Tk
. _ 7e(G) Kegs 1e(G)
s bl k(T (WD) ) ke (7 )y

(=T+1 eff I=T+1 keff
| T+
666 < z Z 10(G) — Kesz]-

667 {=T+1
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Analogously, if y7 , < kess, then

Thk 1/k | Ttk
Yk = kege| = V1K < H = ) -1]= k Z [76(G) — Kess|

=741 (@) =T+1

Hence, by combining these estimates with Assumption 3.4 (compare to the proof of
Theorem 5.9) we obtain

T+k

1 CcrT

|’YT,lc - keff| < E E |77£(G) - keff| < 7]{: ,
0=T+1

for a constant that is independent of T, k, N. Plugging into (5.4) and using Minkow-
ski’s inequality, we deduce

p};<||a||2c;,p, or"
STUN TRI-o

Finally, we recall that for a system that has died out, we estimate kegs with 0. Thus,
by (5.5) and using Proposition 5.2 as in the proof of Theorem 5.9, we arrive at

(5.5) E []I{T(N)>T+k} ‘k%eZ — Kets

1
p} " b kettP[F(N) < T + K]/

1
E[|k — kel |? = E[1 kI _ K
T,k eff {T(N)>T+k} |*T K eff

2
<" M+i+(T+k+1)1/Pe—(“N)/P
—= Y'p,p’ /N k ’

for a constant C}/ , that only depends on p, p. O
Note that (5.5) in the above proof also gives the corollary below.

COROLLARY 5.17. L Assumptions 3.4, 5.1 and 5.3 (for some p’ € (1,00)) be true.
Then, for any p € [1,p") there exists some constant K,y € (0,00) such that for any

T,k, N € N we have
p/e [tlls "
< R ’ .
] - PP («/N +k(1—r)

We also observe that, with essentially identical arguments and conclusions, the
above result can be modified to give a version of Theorem 5.11 and Remark 5.13 in
the geometric estimator context.

E T (ny>T+k} ‘k%ez — Kess

6. Power iteration algorithms. In this section we apply our results to Monte
Carlo power iteration algorithms. First, we study the explicit fission method in Sec-
tion 6.1. After that we study variations of the algorithm that are used in practice for
variance reduction purposes.

6.1. Explicit Fission. We remind ourselves about the roles of the potential
function G and the Markov kernel M. Namely, G(z) is the number of expected
offspring for a particle that is about to undergo fission in configuration z, while M
models the evolution between fission events.

Throughout the section, we consider physical systems which fit into the setting
of Section 2.2. Thus, Assumptions 3.1 and 5.1 are satisfied.

The explicit fission algorithm, see Algorithm 6.1, is used to implement (a popu-
lation controlled) system of N € N neutrons.
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Algorithm 6.1 ‘Explicit fission’ power iteration algorithm

1: Input:

2: T: number of generations for burn in

3: k: number of generation to use for kess estimation

4: po: initial law of particles _ _

5: Initialise particle population: Sample X7 ~ g and X ~ M(X?,-) indepen-
dently for 1 < j < N

6: fort=1toT + k do

7: if N*=! = () then Error: “System died out”

8: end if N

9: Resample: Sample X} uniformly from A*~! independently for 1 <j < N

10: Evolve system: Sample th- ~ M()Z'jt, -) independently for 1 < j < N

11: Generate new particle bank: Add n§ € N copies of th- to particle bank
Nt with E[nﬁ\Xf] = G(X;) for 1<j <N

12: end for

Remark 6.1. Note that Algorithm 6.1 is indeed a version of the simple generic
‘resampling and evolution’ procedure described in Section 4.1.

Remark 6.2. In the nuclear engineering sometimes a slight variation of Algorithm
6.1 is performed. Namely, instead of copying X;7 i.e. the particle that is about to
undergo fission, one adds already the offspring (after fission) to N'*. However, this is
essentially still Algorithm 6.1 up to one extra iteration.

Next, we proceed to the theoretical analysis of Algorithm 6.1. To this end, for the
rest of the section, let (X?,..., X& )ien, be the particles corresponding to Algorithm
6.1. Additionally, in this section 7(N) denotes the corresponding survival time, which
equivalently to (5.1), can be written as

T(N)<inf{teN: G(X{) = =G(X}) =0}.

It follows that for ¢t < 7(N), we will always have Zjv:l G(X}) > 0. As before, for
t € N, we denote the particle approximation of 7; by V. That is,

N 1 = t
i (F) = 5 D F(X)),
Jj=1

for any bounded and measurable f: E — R. The filtration generated by the particles
is denoted by (Ft)ten, -

PROPOSITION 6.3. For any p € [1,00), there exists a constant Cp, € (0,00) such
that for any t, N € N we have
Gl

fl

3

1/p
E |1 rni%f)—cb(nﬁl)(f)\p‘ft_l] <

=

for any measurable and bounded f: E — R.
Proof. Note that on the set {7(N) > ¢} we have

N N GXIYMf (X!
e(n)(f) = nfjijt(é) EpR Z(Nj G&yg; )
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Thus, by specification of Algorithm 6.1 we have that, again on the set {r(N) > ¢}
and given F;_1, ni¥ (f) is an unbiased estimator for ®(n¥ ;)(f). Since particles evolve

independently, the result follows by the Marcinkiewicz-Zygmund inequality, compare
g. [18, Chapter 8]. 0

Note that Proposition 6.3 verifies that Assumption 5.3 is true, for any p € [1, c0),
for Algorithm 6.1. Hence, by using what was proven in Section 5, we immediately
obtain the following two results.

COROLLARY 6.4. For any p € [1,00) there exists a constant C, € (0,00) such
that for any T,k, N € N and k = k%f,i ork= k%r,l€ we have

; 1/ 1 T
E [1{T(N)>T+k} ’k(ql“flzc - keff’p} 3 <G, <\/N + Tk) ,

and y .
~ P p 1 T
EHk—ke } <O =+ T (T4 kg 1)/ 2e@N)/2)
£f <Cp ( ~ + A +(T+Ek+1)7%
with a = —log(1 — k) € (0,00), where k is as in Assumption 5.1.

Again, with essentially identical arguments and conclusions, the above result can
be modified to give a version of Theorem 5.11 and Remark 5.13 in this context.

2. Variance reduction techniques. In this section we analyse possible mod-
ifications of Algorithm 6.1, which in the nuclear engineering literature are broadly re-
ferred to as variance reduction, compare e.g. to [2]. Typically, those changes concern
the evolution and resampling steps and result in an unbiased version of Algorithm
6.1. In practice, this helps to better ‘spread out’ the particles. Examples are:

1) Implicit fission: Instead of evolving X Jt via M to its next fission event, a
whole path of possible fission and scattering events is simulated. After each
event, the remaining path is weighted by the probability of survival, such that
the whole path remains unbiased.

2) Splitting techniques: Particles my be ‘split’ into two (suitably weighted)
ones if the original is in a particularly fissile region. Splitting is a tool to have
more possible fission sites, whence helps to stabilise the simulation.

Now, we turn to the error bounds for the variance reduction techniques. For the
remainder of this section suppose that Assumptions 3.4 and 5.1 are true. Due to
the possible changes in Algorithm 6.1, e.g. through implicit ﬁbSlOIl or spitting, we
consider a more general sequence of partlcles Namely, given X Xy t71 each
particle may give rise to a Whole family of new (weighted) partlcles (ﬁssmn events).

For 1 < 5 < N, denote by ( )l 1 the offspring of Xt 1 where Et € N is the number

of possible fission events correbpondlng to th L Addltlonally7 let 92’1 [0,1], be a
(random) weight associated to X;»’i. We define

4 | X
= Zl 95715)(;1 () and t N Z
= j=1

For the rest of the section we assume that the weights are chosen such that each 1";,
and hence also 7}, are probability measures. The objects 7(N); (F¢)ieng; k§'h and
k7, are defined similarly as in the previous section.

Investigating the proof of Proposition 6.3, we immediately obtain the following.
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LEMMA 6.5. Assume that for any t, N € N and any bounded and measurable
f: E =R, given Fy_1, the random variables Ti(f),...,T%(f) are independent unbi-
ased estimators of ® (55(%71) (f). Then, for any p € [1,00), there exists C), € (0,00)
J
such that for any t, N € N we have

p1/ Cp
E[1sn [0 () — 200l < \/”Nf

for any measurable and bounded f: E — R.

Now, we observe that all the proofs of Section 5 are still true for the particle
approximation 7 as defined in this section. Thus, we obtain the following error
bounds for the variance reduction techniques of this section.

COROLLARY 6.6. Assume that for any t, N € N and any bounded and measurable
[+ E = R, given Fi_1, the random variables T (f),..., T (f) are independent un-
biased estimators of ®(n) 1)(f). Then, for any p € [1,00) there exists C), € (0,00)
such that for any T, N,k € N and k= k“TT,i ork= EF}C we have

. py1/p 1 T
E []l{T(N)>T+k} k — kegs } <y 7 + =)
and
o pl/p 1 7T »
E[kikeff } SCp<\/ﬁ+k+(T+k+1)1/23(1\f)/2>7
with a = —log(1l — k) € (0,00), where K is as in Assumption 5.1.

Remark 6.7. It is possible to consider even more general version for Fz- in Corol-
laries 6.6 as long as the independence and unbiasedness properties are satisfied.
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