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Fundamental solution

When the strongly continuous semigroup {T;; t > 0} has an
integral kernel py(t, x, y) with respect to some measure m(dx),
then there is a kernel p(t, x, y) so that

u(t, X) = BTy, f(x)] = /X ot x. y)F(y)m(dy);
in other words,
p(t.x.y) = E[po(Le. X, y)] = /0 " po(s.%, Y)deB(L; < )

is the fundamental solution to the time fractional equation
(Ot +0{)u = Lu.
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Estimates of fundamental solution

In [C.-Kim-Kumagai-Wang, Forum Math. *18], two-sided
estimates on p(t, x, y) are obtained when xk =0 and {T;;t > 0}
is the transition semigroup of a diffusion process that satisfies
two-sided Gaussian-type estimates or of a stable-like process
on metric measure spaces.

When x = 0, S is the §-stable subordinator with 0 < 8 < 1, and
X is Brownian motion, estimates of p(t, x) were obtained (e.g.
Eidelman-Kochubei, 2004) via

Es(z) = 14 r(ﬂszH): Mittag-Leffler function

p(t, x) = F1(Es(|¢[2t?)) and using Fourier analysis.

Zhen-Qing Chen Anomalous sub-diffusions



Diffusions having HK(d,,) with d> > 2

HK(dy): df is the Hausdorff dimension of A’:

d(XJ)"W)M)

Polt. X, y) = cat /% exp (— & (=

Examples:

@ X =RYand L = div(A(x)V), where
A Myeg < A(X) < Mgyg- (Aronson’s estimate)

© BM on manifolds with non-negative Ricci curvature
satisfying VD and PI(2).

© (sub-diffusive) BM on some fractals, e.g., on unbounded
Sierpinski gasket (Barlow-Perkins ‘88, where
df = log3/log?2 and dy = log 5/ log3 > 0), and unbounded
Sierpinski carpet (Barlow-Bass 1992/1999,
ds = log 8/ log 3, where d,, > 2 (between 2.008 and
2.012)).
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Sierpinski gasket

G: Sierpinski gasket graph, RHS extended to infinity

{Sh:n=0,1,2,.--}: simple RWon G
In each step, S, moves to one of the nearest neighbors with
equal probability.
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Brownian motion on Sierpinski gasket

5 o

What is the average time for 215, to reach o from ?
Answer: 5

For scaled RW 2= S5my, the average time to reach {—1,1}
from O is 1.

Goldstein, Kusuoka '87: {27 ™"S;gm;} = {Bt} (BM on G.
The corresponding Laplacian on G (Kigami '89):

ST () - £(x) - LX)

V(X) ye2—mG:y~y
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Stable-like processes

Let X be a symmetric jump processes on X that has jointly
continuous transition density function py(t, x, y):

t

~ =0/
pO(tvxay)At A d(X,y)dera‘

Examples:

Q@ X =R%and Lf(x) = p.v. [pa(f(y) — f(x))‘y e dy for
0 < a < 2. (C.-Kumagai 2003)

© Same holds on Ahlfors d-regular set in R".

© [-stable subordination of diffusions having HK(dy )
estimates. In this case, « = gdy € (0, dy). So a can be
larger than 2 on fractals such as Sierpinski gasket or
carpet.

© Analytic characterization of stable-like HKE on metric

measure space is obtained in C.-Kumagai-Wang
2016/2021. (MAMS)
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Estimates of fundamental solution

Theorem (C.-Kim-Kumagai-Wang 2018)

(Special case when S is a 3-stable subordinator)
(i) When X is a diffusion having HK («) with o > 2,

p(t,x,y) =~ Heq(t,d(x,y)) ifd(x,y) < t?/«,

p(t,x,y) = HO(t,d(x.y)) ifd(x,y) > t°/°.

(iiy When X is an a-stable-like process with0 < a < 2,

p(t,x,y) ~ Hey(t,d(x,y)) ifd(x,y) <7/,
p(t.x,y) = H\(t.d(x.y)) ifd(x,y) >t P/,

=B/, d<a,

g 2t8

H. t, d(x, =gt 71 , d=aq,

<1(t, d(x, ¥)) og ) a
=t Bdx, )", d>a,

HE (t, dx, ) =779 exp (= (dx, 1) /82)1/@=P0) WD (8, dlx, vy £/, 1)
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When x # y, lim¢_o p(t, X, y) = 0 but lim;_q p(¢, x, X) = < if
d < aand

p(t,x,x) =00 foreveryt>0 ifd> a.

p(t, x,y) is sub-exponential decay in d(x, y) at infinity in the
local case and polynomial decay in non-local case.
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Key proposition

We in fact have estimates for p(t, x, y) with more general
subordinators in terms of their Laplace exponent ¢.

Proposition (C.-Kim-Kumagai-Wang 2018)

P(L; <r)=P(S, >t)=<re(t™") ifro(t™!) <« 1,
P(L; <r)=P(S, < t) < exp(—t(¢))"(t/r)) ifro(t™1) > 1.

Remark: Roughly speaking, L¢ ~ 1/¢(t~") with large
probability so the estimates on p(t, x, y) = E[po(Lt, X, y)] is
obtained from py(t, x, y) by taking t — 1/¢(t=1).
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Poisson equation

We now turn to equations with a source term. Under suitable
conditions, the solution to

% = Lu+ f(t,x) with u(0, x) = ¢(x)
is given by
u(t,x) = Tib(x / Ti—sf(s,-)(x)ds

= Eyo(X) + Ex /O £t — s, Xs)ds.
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Poisson equation

We now turn to equations with a source term. Under suitable
conditions, the solution to

% = Lu+ f(t,x) with u(0, x) = ¢(x)
is given by
u(t,x) = Tib(x / Ti—sf(s,-)(x)ds

— Eyg(X,) + By / f(t — 5, Xs)ds.
0
Why? Formally,
ou d Lo

= a7}¢(x)+Tof(z‘,')(x)+ a7 1t-sf(s.)(x)ds

= Lthb(x)Jrf(t,x)+/Ot£Tt_sf(s,‘)(x)ds
= Lu(t,-)(x)+ f(t, x).
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Time fractional Poisson equation

The goal of the remaining part of this talk is to study
of'v=Lv+ 1t x),
where

t
oralt) = g [ wit—s)(als) ~ o(0))os.

Here w € L,OC([O, o0)) is an unbounded decreasing function
with w(0) =
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Fractional time Poisson equation

Let 0 < 5 < 1. How to solve
8fu(t, x) = Au(t, x) + f(t, x)
with u(0, x) = 07
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Fractional time Poisson equation

Let 0 < 5 < 1. How to solve
8fu(t, x) = Au(t, x) + f(t, x)
with u(0, x) = 07

We know from above p(t, x, y) = Epo(L, x, y) is the
fundamental solution of afu(t, x) = Au(t, x), where

po(t,x,y) = (4nt)= 92 exp (—%). Define

Q(t,X,y) = 8; _ﬁp('a va)(t)

It is known in literature (Eidelman, Ivasyshen, Kouchubei,
Umarov, Saydamatoy, ...) that

t
u(t,x):/0 /Rd a(t — s, x, y)i(s, y)dyds

solves the Poisson equation. (Duhamel’s formula)

Zhen-Qing Chen Anomalous sub-diffusions



Questions

e Solution in which sense?
e Positivity: If f(t,x,y) > 0, is the solution u(t, x) > 0?

e What happens for general spatial generator £ and for general
time fractional derivatives 0/ ?

Caution: p(t, x, y)(t) is singular at t = 0 and at x = y.

Zhen-Qing Chen Anomalous sub-diffusions



Assume that {S;,IP; t > 0} is a driftless subordinator with
infinite Lévy measure v and having bounded density p(r, -) for
each r > 0. A sufficient condition for the latter is

. ¢(5) o 1 > —sx _
SILEQOMU—FS)_SII—QOMU—FS)/O (1 —e ) v(dx) = oo.

(Hartman and Wintner’s condition.)
Suppose that {P?; t > 0} is a strongly continuous semigroup in
some Banach space (B, || - ||) and (£, D(£)) is its infinitesimal

generator.

o {PY; t >0} is not required to be uniformly bounded.
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Poisson equation

Theorem (C.-Kim-Kumagai-Wang, JFA '20; C. '24)

Letg € D(L) and f(t, x) on (0, To] x X so that for a.e. t € (0, Ty,

f(t,-) € D(L) and esssup;c(o 71lIf(t, )]l + fo |lCA(t,-)||dt < oc.
The function

U(t, X) = E [ng(X)] +E |:/0:>O 1{Sr<[}P9f(t -5, )(x)dr
= E[PLg(x)] + /s 10 1 POf(t —s,-)(x)p(r,s) dr ds

is the unique (strong) solution of 0'u = Lu + f(t, x) on (0, To] x X
with u(0, x) = g(x). in the following sense.
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Poisson equation

Theorem (C.-Kim-Kumagai-Wang, JFA '20; C. '24)

Letg € D(L) and f(t, x) on (0, To] x X so that for a.e. t € (0, Ty,

f(t,-) € D(L) and esssup;c(o 71lIf(t, )]l + fo |lCA(t,-)||dt < oc.
The function

U(t, X) = E [ng(X)] +E |:/0:>O 1{Sr<[}P9f(t -5, )(x)dr

= E[Plg(x)] +/:0 P2f(t —s,-)(x)p(r, s) drds

r=0

is the unique (strong) solution of 0'u = Lu + f(t, x) on (0, To] x X
with u(0, x) = g(x). in the following sense.

Classical case: u(t, x) = PYp(x) + [~ 1(s<ry Pof(t — s,-)(x)ds solves
9 — Lu+ f(t, x) with u(0, x) = ¢(x).
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Poisson equation

Theorem (C.-Kim-Kumagai-Wang, 2018+)

Q@ u(t,) is well defined as an element in B for each t € (0, T]
such that supyc (o, 1) [|U(t, )|l < oo, t— u(t, x) is continuous
in (B, || - ||) andlim¢o [lu(t, ) — g = 0.

@ Forae te(0,To], u(t,-) € D(L) and Lu(t,-) exists in the
Banach space B with fOTO |Lu(t,-)|dt < cc.

© Forevery T € (0, Ty,

T T
/ W(T—t)(u(t,')—g)dt:/ (f(t,) + Cu(t,-)) ot inB,
0 0
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Poisson equation

Theorem (C.-Kim-Kumagai-Wang, 2018+)

Q@ u(t,) is well defined as an element in B for each t € (0, T]
such that supyc (o, 1) [|U(t, )|l < oo, t— u(t, x) is continuous
in (B, || - ||) andlim¢o [lu(t, ) — g = 0.

@ Forae te(0,To], u(t,-) € D(L) and Lu(t,-) exists in the
Banach space B with fOTO |Lu(t,-)|dt < cc.

© Forevery T € (0, Ty,

T T
/ W(T—t)(u(t,')—g)dt:/ (f(t,) + Cu(t,-)) ot inB,
0 0

We also have corresponding result for weak solutions.
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Another fundamental solution

Suppose that (B, || - ||) = LP(X; v) or Cx(X), and the
semigroup {P?; t > 0} has an integrable kernel py(t, x, y) with
respect to some measure u(dx) on X. Define

Q(t,X,y) - /OOOPO(rvxvy)p(rf t)dr

Then the unique solution in above theorem can be expressed
as

t
u(t, x) = /X p(t %, ¥)g(y)u(dy) + /O /X o(s. x. y)f(t—s, y)u(dy)ds.

(Recall p(t, x, y) = E [po(Lt, X, ¥)].)
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e Positivity of g(t, x, y).
¢ Two-sided estimates of q(t, x, y).
e Stability of p(t, x, y) and q(t, x, y).

¢ An analogous probabilistic representation for solutions of
Poisson equation has been obtained recently by M. E.
Hernandez-Hernandez, V. N. Kolokoltsov and L. Toniazzi
(2017) and L. Toniazzi (2018) using a different approach and in
restrictive settings (Feller generator £ in space RY, using
Mittag-Leffer functions).
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Potential measure

S: driftless subordinator having infinite Lévy measure v and
Laplace exponent ¢. Its potential measure U.:

U(A) = E/OOO 14(S,)dr = /Ooo P(S, € A)dr.

Facts:
(i) U is diffusive: U({x}) = 0 for every x > 0;
. Cq Co

W = =S
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Potential measure

S: driftless subordinator having infinite Lévy measure v and
Laplace exponent ¢. Its potential measure U.:

U(A) = E/OOO 14(S,)dr = /Ooo P(S, € A)dr.

Facts:
(iy U is diffusive: U({x}) = 0 for every x > 0;
. Co

0 Sgizp < Y00 < 57y

Lemma (C. CJAPS ’24)

Foreveryt >0, wx U(t) == i w U(ds) = 1.
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A connection

Theorem (C.-Kim-Kumagai-Wang JFA '20, C. CJAPS '24)

Suppose S; has density function p(r, t). Then for every t > 0 and
X,y € X,

t t
/ 4(s, %, y) ds = / p(t = 5, %, y)U(dS).
0 0

For m-a.e. x e X and m-a.e. y € X \ {x}, the above integrals are
finite for all t > 0. For those x # y, for all t > 0,

. d [!
o p(, x, y)(t) == E/o p(t — s, x,y)U(ds)
exists for a.e. t > 0 and

q(t,x,y) = 97" p(, x, y)(1).

e When ¢(r) = rf, 97" = 9] ",
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Where these formula come from?

Observations: Suppose g is locally Lipschitz on [0, o).
(i) 9{ g(t) exists for a.e. t > 0 and

t
Mo(t) = /O w(t - s)g/(s)ds.

(i) Extending g(s) = g(0) for s < 0, then

Mg(t) = - /0 T (g(t— 2)— g(t)v(dz) = —A"g(t).

Here A* is the infinitesimal generator of the Lévy process — ;.
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Space-time process

Key observation: -9/ + L is the infinitesimal generator of
(=St Xt).-
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Space-time process

Key observation: -9/ + L is the infinitesimal generator of
(=St Xt).-

Suppose that u(t, x) is a solution to 8)u = Lu + f(t, x) on
(0, To] x X with u(0, x) = g(x). For each fixed T € (0, To],
consider u(T — St, X;). Then
t
My = u(T—SiX)-— / (—0% + £)u(T — S, X))t
0
t
— U(T—5.X) +/ F(T — Sy, Xy)at
0
is a martingale. So ExMy = ExM, .. That s,

Lt
u(T,x) = Exg(XLT)+IEX/O F(T — S, X,)dt

— EP,g(x) +E /0 15,7 PA(T — 1, )(x)at.
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Approach

However, there is a problem!

We do not know a prior if u(T — t, x) is in the domain of the
generator -9/ + L.

To rigorously prove these formulas, we use a different approach
by studying the properties of subordinator and inverse
subordinator.
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Thank you!
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