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Survival model
T : event time; C : censoring time.
Y =min{T,C}; 0 =1{T < C}.
Independent right censoring.
We observe n independent pairs (Y1,d1),...,(Yn,0n).

Survival function: P(T > t)

1/38



Survival objects

Hazard function Cumulative hazard Survival

[

Pt<T<t+At| T>1
At—0 At '
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Goal

Pointwise intervals Credible band
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Bayesian survival analysis

» Kim and Lee (2004), Kim (2006), BvM for survival objects
using neutral to the right processes.

» De Blasi, Peccati, Priinster (2009), CLTs for linear and
quadratic functionals of the hazard, using kernel mixtures
with respect to a completely random measure.

» De Blasi and Hjort (2009), BvM in competing risks setting,
using a beta process prior.

» Castillo (2012), semiparametric BvM for the Cox model,
using a Riemann-Liouville type process.

» Donnet, Rivoirard, Rousseau, Scricciolo (2017),
L'-concentration for priors where the normalized hazard
and its integral are specified independently.
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Our approach

Our setting is non-conjugate and the techniques potentially
apply to many priors.

Key result: establish convergence at the minimax rate in
I|-||co-nOrm.

Using tools from Castillo (2012), Castillo (2014), Castillo &
Rousseau (2015).

Next, obtain nonparametric BvM in appropriately weighted
multiscale space, and use continuous mapping and the
functional delta method.

As in Castillo & Nickl (2014), Gill (1989).

5/38



The piecewise exponential model

Hazard function

E.g. Gamerman (1991, 1994), Ibrahim, Chen and Sinha
(2013), Kalbfleisch (1978), Arjas and Gasbarra (1994),
Nieto-Barajas and Walker (2002).
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Rough hazard, smooth survival

Hazard function Cumulative hazard Survival

Hazard function Cumulative hazard Survival
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Haar wavelets
Y(t) = 212p2't — k), 0 < k < 2.
Y(t) =1{t € (0,1/2]} —1{t € (1/2,1]};

Woo

Y10 Y11

-| W20 |—| W21

8/38



Haar-histogram priors
Defined on r = log A, with given cut-off L,:

Lp 2/—1
r=> Y Zxyk, Zxindependentr.v.
I=—1 k=0
Prior on log of hazard Prior on log of hazard Prior on log of hazard
Prior on hazard Prior on hazard Prior on hazard

L L
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Assumptions

Hazard function Cumulative hazard Survival

[

» There exists 7 > 0 such that Sp(7) > 0 and
Py, (C > 7) > 0. We take 7 = 1.

» There exists p > 0 such that \o(#) > pforall t € [0, 7].
» There exist ¢, c; > 0 such that Ag(7) < ¢1, |[Aollee < Co.

» C admits a continuous density g with respect to the
Lebesgue measure on [0, 7).

» There exists p’ > 0 such that g(t) > p/ forall t € [0, 7).
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Smoothness

For 8 > 0,M > 0 and a set ) = {{y}:

CyPM = {A € C([0,1]) : sup_max 21F+1/2)|(y \g| < M}.

/>0 0<k<2

For the standard Hélder class (3, M) and any B > 0:

> H(B, M) c C,»Mfor B <1 when {¢} are the Haar
wavelets.

> H(3, M) cc,*Mforall B < Bif {1} is smooth enough.

11/38



||| ~-rate result for Haar-histogram priors

Theorem. Let X(") = (Y;,64),...,(Yn, 0,) be the observations.
Suppose \g € C{Z’M with 8 > 1/2, some M > 0, and v the Haar
wavelets. Set o = min{$3, 1}. Let the prior on the hazard be the
Gaussian Haar-histogram:

L, 2/

r=>"3 Zkw, Zx~N(0,07),

I=—1 k=0

where o; = 27/(1/2+2) and L, = |log,{(n/ log n)!/(2e+1} |,

Then, with <}, , = (1°27)*/(22+1) there exists M > 0 such that:

52, 1A= olledr | XO) < M,
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Major steps in the proof

» Prove Ls-concentration;

» Establish a BvM result for linear functionals
(b, A\)2 = [y b(u)\(u)du;
where b is a bounded function.

> Relate |||« to {(¢k, A2} and use tightness at rate n—/2
(from previous step) on this collection.

13/38



From Hellinger to Ly concentration

Lemma
On a set where h?(py, py,) < €2, we have: ||\ — X2 < €2

The squared Hellinger distance h?(py, pa,) = h?(Px.g: Prg.g) IS
given by

H2(Px. P, / {\ﬁ \/ﬁr(}’)dy
+ [ 6 [VAS - VieSi] (1
16 [VE - @}2 (7).
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BvM for linear functionals of the hazard

Write 1(\) = (b, A2 = [T b(u)A(u)du.

We intend to show for all t € R,
» Pxo 20012
E [etﬁtwu)—w] | X", An} 20 g5 lIdol?

for some ‘efficient estimator’ zZ with g = b/ My, and
Mo(U) = P()(Y > U) .

Then a BvM result follows from the results in Section 1 of
Castillo and Rousseau (2015), Supplement.
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Introducing an efficient centering

IA = Aolloo <A = AL, lloo + 1AL, = Ao.L,lloo + 1A0,L, = Aolloos

where
> ] is an ‘efficient centering’;

> o, is the L2-projection of Ao on Vect{wy, ! < La}.
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|||~ and wavelet coefficients [Castillo (2014)]

A=A, lle < ngkaxz, =l X |
0<k<2!

//2@ max (X = AL Vi) -

M.~

1=0

For any t > 0:

Ex\E™ max tv/n|(\ — AL Vik)2]
0<k<2!

2/—1
S |0g (Z ]E)\OEnn [et\/ﬁ<)\_)\tn’wlk>2 + etﬁ(AAzn’w/k>2:|)
k=0
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BvM for functionals

Onsets Ay = {\: ||A — Xoll1 < en}, there existsa C > 0
independent of /, k such that, for any t > 0:

* 2
E [etﬁ(/\—/\Lnﬂluk)z | Xn,An] < e%C(-I +0,(1)).
We intend to show for all t € R,

P 2
[ gVl —4] | xn n} 20 g5 lIdol?

for some ‘efficient estimator’ z' with g = b/My, and
Mo(u) = Po(Y > u) .
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Nonparametric BvM [Castillo and Nickl (2013, 2014)]

A ‘nonparametric’ Bernstein-von Mises can be stated as, for
some centering Tp:

L(/n(A — Ta) | Xy B (D)

Ingredients:
» limiting distribution ((J) and ‘efficient estimator’ T;
» rate of convergence /1;

7
» sense of the convergence —.

Multiscale approach: encode X by its coefficients onto a
wavelet basis

{V} ren o<k<ar-
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Nonparametric multiscale BvM for histogram priors

Theorem. Let )y € C?[0, 1], for 8 > 1/2 and work under the
same conditions as the sup-norm result for M. For such I,

Browy(N(-1 X) 0 771, Gpy) = 0,

where 3s denotes the bounded-Lipschitz metric for weak
convergence on metric space S.

Let w; be a sequence such that W,/\/7 1 0.
Mo = Mo(w) = {f = {(F, )}, limys o0 mag [0l — 0}

For the centering, with My(y) = IS Y =y

2/—1
To= > Aktw, Ak = Z 5 wlk ):
I<Lp k=0 i—1

with cut-off L, as before. The limiting distribution G/\O is a white
noise process defined as E[Ga,(f)Ga,(9)] = [ fg
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Using continuous mapping [Castillo and Nickl (2014)]

» We obtain a BvM result for the hazard in the multiscale
space M.

» By the continuous mapping theorem, from the BvM in Mg
one can deduce limiting shape results for continuous
functionals.

» It turns out that ‘integration’ is a continuous map.

21/38



Nonparametric BvM for cumulative hazard A

Let A, be an efficient estimator of A.

Let Ga,(t) = W(Uy(t)) with W Brownian motion and
Un(t) = fy 3 (u)du, where My(u) = Ex, 1{Y > u}.
Cf. Kim and Lee (2004).

Theorem. Let )\ € C?[0, 1], for 3 > 1/2 and work under the
same conditions as the sup-norm result for 1.

Brego ) (LN = Aa) XY, £(Gay)) =P 0,
as well as

B (LOV/AIA = Anllool XT) , £(|Grollsc) ) =P 0.
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Credible bands

Consequence of previous theorem: credible bands for A are
asymptotically optimal confidence bands.

Hazard function Cumulative hazard Survival
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Dyadic histogram priors

With I} = [k2=7 (k + 1)27Y), k =1,...,2%:
2J
r=> Zdl!, Zindependentr.y.
k=1
Prior on log of hazard Prior on log of hazard Prior on log of hazard
‘ N 'I =11

A

Prior on hazard Prior on hazard

| L

Prlor on hazard

T

g
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”"Autoregressive” priors

Independent Dependent
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Autoregressive histogram priors

Building on the autoregressive idea in Arjas and Gasbarra
(1994), we construct dependent histograms such that, with X
the value on interval [/ on the hazard-scale:
E[Xk | Ak—1,- -5 M) = A1
Var(Ax | Ak—1, -, M) = 0% (Ak_1)?.

Prior on hazard Prior on hazard Prior on hazard
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Data example: dependent Gamma prior
Assume K intervals. Augment the data {(y;, 6;)}/.;:

> Vi — Vais Yeir - -+ YKi)
where yy; is the total time individual / was observed in
interval k.

> i — (047, 02is - - - OKi)
where dy; is equal to 1 if individual i has the event in
interval k, and 0 otherwise.

X = (M, A2, ..., Ak), Where \g is the hazard in interval k.

Then the likelihood can be written as [Holford (1980), Laird and
Olivier (1981)]:

K

5\’ _ H ﬁ )\6;« — MYk — H /\Zke_)\ktka

i=1 k=1 k=1

where dx = 1L 0 and te = D74 Vi
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Data example: dependent Gamma prior

Following Arjas and Gasbarra (1994):

Ay ~ Gamma(aog, fo)

)\k’)\1,...,)\k_1 NGamma(a,a/)\k_1), k=2,...

Then

Bk | Aoy Ak—1] = Aot
Var()\k | Ayens 7)\k—1) = )\i_1/a.
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Data example: dependent Gamma prior

NCCTG Lung Cancer data, available in the R survival package.
165 deaths, 63 censored observations.

K=10,a0=1,80=1,a =2,

Kaplan—Meier with pointwise Cl's Nelson—-Aalen with pointwise Cl's
1.0 4 30
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2.0
T 0.6 ©
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0.2 05 —
0.0 0.0 + =~
T T T T T T T T T T T T
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time time
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Data example: hazard
Hazard: posterior mean

Mueller & Wang (1994)

00084~ ~ Cao & Lopez—de-Ullibarri (2007)

0.006 - -
0.004 - — -
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0.0021 __= —
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Data example: cumulative hazard and survival

Cumulative hazard Survival
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Data example: cumulative hazard and survival

Cumulative hazard Survival
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Data example: credible band for the hazard

Hazard: posterior mean with credible band
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Data example: credible band for the survival

Kaplan—-Meier
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Data example: credible band for the survival

Dependent Gamma credible band
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Data example: credible band for the survival
Hall-Wellner band
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Data example: credible band for the survival

Log-transformed Equal Precision band
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Data example: dependent lognormal prior

Write r, = log Ax.

Prior:

g NN(N07U(2))
M| Foeos et ~ N (-1 — Slog(1 + 02),log(1 + 02))
k=2 . K

In the data analysis, we set ¢ = 1, g = 0,05 = log(1 + 2).
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Gamma (grey/black) vs Lognormal (green)

Hazard: posterior mean with credible band
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Gamma (grey/black) vs Lognormal (green)

Hazard: posterior mean with credible band
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Gamma (grey/black) vs Lognormal (green)

Hazard: posterior mean with credible band
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Gamma (grey/black) vs Lognormal (green)

Survival: credible bands
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Gamma (grey/black) vs Lognormal (green)

Survival; credible bands
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Gamma (grey/black) vs Lognormal (green)

Survival:; credible bands
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Outlook: non-proportional hazards

E.g. Laird and Olivier (1981).

Hazard function Survival
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