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Chapter 1

Non-Gaussian and Nonparametric

Models for Continuous Spatial Data

Statistical modelling of continuous spatial data is often based on Gaussian processes. This

typically facilitates prediction, but Normality is not necessarily an adequate modelling as-

sumption for the data at hand. This has lead some authors to propose data transformations

before using a Gaussian model: in particular, [1] propose to use the Box-Cox family of

power transformations. An approach based on generalized linear models for spatial data

is presented in [2]. In this chapter we present some flexible ways of modelling that allow

the data to inform us on an appropriate distributional assumption. There are two broad

classes of approaches we consider: firstly, we present a purely parametric modelling frame-

work, which is wider than the Gaussian family, with the latter being a limiting case. This

is achieved by scale mixing a Gaussian process with another process, and is particularly

aimed at accommodating heavy tails. In fact, this approach allows us to identify spatial

heteroscedasticity, and leads to relatively simple inference and prediction procedures. A sec-

ond class of models is based on Bayesian nonparametric procedures. Most of the approaches

discussed fall within the family of stick-breaking priors, which we will discuss briefly. These

models are very flexible, in that they do not assume a single parametric family, but allow

for highly non-Gaussian behaviour. A perhaps even more important property of the models

1



2CHAPTER 1. NON-GAUSSIAN AND NONPARAMETRIC MODELS FOR CONTINUOUS SPATIAL DATA

discussed in this chapter is that they accommodate nonstationary behaviour.

We will adopt a Bayesian framework throughout this chapter. In order to focus on the

non-Gaussian properties in space, we shall only consider spatial processes. Extensions to

spatio-temporal settings are, in principle, straightforward. Throughout, we denote a k-

variate Normal distribution on a random vector y with mean µ and variance-covariance

matrix Σ as y ∼ Nk(µ,Σ) with density function fk
N(y|µ,Σ).

1.1 Non-Gaussian Parametric Modelling

There are a number of parametric approaches leading to non-Gaussian models for continuous

data that will not be discussed in detail in this section. In particular, we shall not deal

with models that use a transformation of the data (as in [1]) to induce Gaussian behaviour.

Another approach which is not discussed here is the use of Gaussian processes as a component

within a nonlinear model for the observations, such as a generalized linear model (see [2]

and further discussed in Chapter 2.3, Section 8) or a frailty model for survival data, such as

used in [3] and [4]. In addition, we shall omit discussion of some application-specific ways of

modelling non-Gaussian data, such as the approach of [5] to model the opacity of flocculated

paper.

Let Y (s) be a random process defined for locations s in some spatial region D ⊂ <d. We

assume the model

Y (s) = x(s)T β + η(s) + ε(s), (1.1)

where the mean surface is assumed to be a linear function of x(s)T = (x1(s), . . . , xk(s)),

a vector of k variables, which typically include known functions of the spatial coordinates,

with unknown coefficient vector β ∈ <k. Further, η(s) is a second-order stationary error

process with zero mean and variance σ2 and with an isotropic correlation function (depending

only on the distance between points) corr [η(si), η(sj)] = Cθ(‖si − sj‖), where Cθ(d) is a

valid correlation function of distance d, parameterized by a vector θ. Finally, ε(s) denotes

an uncorrelated Gaussian process with mean zero and variance τ 2, modelling the so-called
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“nugget effect” (or “pure error”, allowing for measurement error and small scale variation).

The ratio ω2 = τ 2/σ2 indicates the relative importance of the nugget effect.

We assume that we have observed a single realization from this random process at n

different locations s1, . . . , sn and we denote the vector observation by y = (y1, . . . , yn)T ,

where we use the notation yi = Y (si). As mentioned above, the most commonly made

distributional assumption is that η(s) is a Gaussian process, which implies that y follows

an n-variate Normal distribution with E[y] = XT β, where X = (x(s1), . . . ,x(sn)), and

var[y] = σ2Cθ + τ 2In, where Cθ is the n × n correlation matrix with Cθ(‖si − sj‖) as its

(i, j)th element. Note that even though we only have one observation per location, we are

still able to criticize the normality assumption: in particular, the n elements of B(y−XT β)

where B−1(B−1)T = σ2Cθ + τ 2In are assumed to be independent draws from a standard

Normal given all model parameters.

1.1.1 The Gaussian-log-Gaussian mixture model

In [6] an alternative stochastic specification based on scale mixing the Gaussian process

η(s) is proposed. In particular, a mixing variable λi ∈ <+ is assigned to each observation

i = 1, . . . , n, and the sampling model for the ith location, i = 1, . . . , n, is now changed to

yi = x(si)
T β +

ηi√
λi

+ εi, (1.2)

where we have used the notation ηi = η(si) and εi = ε(si), and εi ∼ N1(0, τ
2), i.i.d. and

independent of η = (η1, . . . , ηn)′ ∼ Nn(0, σ2Cθ). The mixing variables λi are independent

of εi and η. In order to verify that the sampling model described above is consistent with

a well-defined stochastic process, we can check that the Kolmogorov consistency conditions

are satisfied. In [6] it is shown that (1.2) does support a stochastic process provided that

the distribution of the mixing variables satisfies a very weak symmetry condition under

permutation.

In this spatial model, scale mixing introduces a potential problem with the continuity

of the resulting random field Y . Let us, therefore, consider a stationary process λ(s) for
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the mixing variables, so that λi = λ(si). The representation in (1.2) makes clear that we

are now replacing the Gaussian stochastic process η(s) by a ratio of independent stochastic

processes η(s)/
√

λ(s). Mean square continuity of the spatial process η(s)/
√

λ(s) is defined

by E[{η(si)/
√

λ(si) − η(sj)/
√

λ(sj)}2] tending to zero as si → sj. Assuming that E[λ−1
i ]

exists, we obtain

E








ηi√
λi

− ηj√
λj





2

 = 2σ2

{
E[λ−1

i ]− Cθ(‖si − sj‖)E[λ
−1/2
i λ

−1/2
j ]

}
,

which in the limit as ‖si − sj‖ → 0 tends to 2σ2
{
E[λ−1

i ]− lim‖si−sj‖→0 E[λ
−1/2
i λ

−1/2
j ]

}
. If

λi and λj are independent, then lim‖si−sj‖→0 E[λ
−1/2
i λ

−1/2
j ] = {E[λ

−1/2
i ]}2 ≤ E[λ−1] from

Jensen’s inequality and, thus, η(s)/
√

λ(s) is not mean square continuous. This can also be

seen immediately by considering the logarithm of the process log{η(s)/
√

λ(s)} = log{η(s)}−
(1/2) log{λ(s)}. This discontinuity essentially arises from the fact that two separate loca-

tions, no matter how close, are assigned independent mixing variables. Thus, in order to

induce mean square continuity of the process (in the version without the nugget effect),

we need to correlate the mixing variables in λ, so that locations that are close will have

very similar values of λi. In particular, if λ−1/2(s) is itself mean square continuous, then

η(s)/
√

λ(s) is a mean square continuous process.

Therefore, [6] consider the following mixing distribution:

ln(λ) = (ln(λ1), . . . , ln(λn))T ∼ Nn

(
−ν

2
1, νCθ

)
, (1.3)

where 1 is a vector of ones, and we correlate the elements of ln(λ) through the same corre-

lation matrix as η. Equivalently, we assume a Gaussian process for ln(λ(s)) with constant

mean surface at −ν/2 and covariance function νCθ(‖si−sj‖). One scalar parameter ν ∈ <+

is introduced in (1.3), which implies a log-Normal distribution for λi with E[λi] = 1 and

var[λi] = exp(ν) − 1. Thus, the marginal distribution of λi is tight around unity for very

small ν (of the order ν = 0.01) and as ν increases, the distribution becomes more spread

out and more right skewed, while the mode shifts towards zero. For example, for ν = 3,

the variance is 19.1 and there is a lot of mass close to zero. It is exactly values of λi close
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to zero that will lead to an inflation of the scale in (1.2) and will allow us to accommodate

heavy tails. On the other hand, as ν → 0, we retrieve the Gaussian model as a limiting case.

Figure 1.1 illustrates this behaviour.

1 2 3 4
lambda

1

2

3

4

pdf

Figure 1.1: Marginal probability density function of mixing variables λi for various values of
ν. Solid line ν = 0.01; short dashes: ν = 0.1; long dashes: ν = 1.

In [6] the mixture model defined by (1.2) and (1.3) is called the Gaussian-log-Gaussian

(GLG) model. This approach is similar to that of [7] and [8], where an additional space

deformation as in [9] is used to introduce non-stationarity. Note that the latter complication

requires repeated observations for reliable inference.

1.1.2 Properties and interpretation

The correlation structure induced by the GLG model is given by

corr [yi, yj] = Cθ(‖si − sj‖)
exp

(
ν

{
1 + 1

4
[Cθ(‖si − sj‖)− 1]

})

exp(ν) + ω2
. (1.4)

Thus, in the case without nugget effect (ω2 = 0) we see that if the distance between si and

sj tends to zero, the correlation between yi and yj tends to one, so that the mixing does

not induce a discontinuity at zero. It can also be shown (see [6]) that the smoothness of the

process is not affected by the mixing, in the sense that without the nugget effect the process

Y (s) has exactly the same smoothness properties as η(s).
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The tail behaviour of the finite-dimensional distributions induced by the GLG process

is determined by the extra parameter ν. In particular, [6] derive that the kurtosis of the

marginal distributions is given by kurt[yi] = 3 exp(ν), again indicating that large ν corre-

sponds to heavy tails, and Gaussian tails are the limiting case as ν → 0.

Our chosen specification for mixing the spatially dependent process as in (1.2) requires a

smooth λ(s) process which means that observations with particularly small values of λi will

tend to cluster together. Thus, what we are identifying through small values of λi are regions

of the space where the observations tend to be relatively far away from the estimated mean

surface. Therefore, we can interpret the presence of relatively small values of λi in terms of

spatial heteroskedasticity, rather than the usual concept of outlying observations. However,

for convenience we will continue to call observations with small λi “outliers”.

It may be useful to have an indication of which areas of the space require an inflated

variance. Indicating regions of the space where the Gaussian model fails to fit the data well

might suggest extensions to the underlying trend surface (such as missing covariates) that

could make a Gaussian model a better option. The distribution of λi is informative about

the outlying nature of observation i. Thus, [6] propose to compute the ratio between the

posterior and the prior density functions for λi evaluated at λi = 1, i.e.

Ri =
p(λi|y)

p(λi)
|λi=1 . (1.5)

In fact, this ratio Ri is the so-called Savage-Dickey density ratio, which would be the Bayes

factor in favour of the model with λi = 1 (and all other elements of λ free) versus the

model with free λi (i.e. the full mixture model proposed here) if Cθ(‖si − sj‖) = 0 for

all j 6= i. In this case, the Savage-Dickey density ratio is not the exact Bayes factor, but

has to be adjusted as in [10]. The precise adjustment in this case is explained in [6]. Bayes

factors convey the relative support of the data for one model versus another and immediately

translate into posterior probabilities of rival models since the posterior odds (the ratio of

two posterior model probabilities) equals the Bayes factor times the prior odds (the ratio of

the prior model probabilities).
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1.1.3 Prediction

An important reason for geostatistical modelling is prediction at unsampled sites. We wish

to fully incorporate all uncertainty in the problem, including the covariance function.

Let y = (yT
o ,yT

p )T where yo correspond to the n−f observed locations and yp is a vector

of values to predict at f given sites. We are interested in the posterior predictive distribution

of yp, i.e.

p(yp|yo) =
∫

p(yp|yo, λ, ζ)p(λp|λo, ζ,yo)p(λo, ζ|yo)dλdζ, (1.6)

where we have partitioned λ = (λT
o , λT

p )T conformably with y and ζ = (β, σ, τ, θ, ν).

The integral in (1.6) will be approximated by Monte Carlo simulation, where the draws

for (λo, ζ) are obtained directly from the Markov chain Monte Carlo (MCMC) inference

algorithm (which is described in some detail in [6]), and, since p(λp|λo, ζ,yo) = p(λp|λo, ν)

we can evaluate (1.6) by using drawings for λp from

p(ln λp|λo, ν) = f f
N

(
ln λp | ν

2
[CpoC

−1
oo 1n − 1f ] + CpoC

−1
oo ln λo, ν[Cpp −CpoC

−1
oo Cop]

)
,

(1.7)

where we have partitioned

Cθ =




Coo Cop

Cpo Cpp




conformably with y. Thus, for each posterior drawing of (λo, ζ), we will generate a drawing

from (1.7) and evaluate

p(yp|yo, λ, ζ) = f f
N

(
yp|(Xp −AXo)β + Ayo, σ

2
(
Λ
− 1

2
p CppΛ

− 1
2

p + ω2If −AΛ
− 1

2
o CopΛ

− 1
2

p

))
,

(1.8)

where If is the f -dimensional identity matrix, A = Λ
− 1

2
p CpoΛ

− 1
2

o

[
Λ
− 1

2
o CooΛ

− 1
2

o + ω2In

]−1

and X and Λ = Diag(λ1, . . . , λn) are partitioned conformably to y. Averaging the densities

in (1.8) will give us the required posterior predictive density function.
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1.1.4 Correlation function and prior distribution

For the correlation function Cθ(d), where d is the Euclidean distance, we use the flexible

Matérn class:

Cθ(d) =
1

2θ2−1Γ(θ2)

(
d

θ1

)θ2

Kθ2

(
d

θ1

)
, (1.9)

where θ = (θ1, θ2)
T with θ1 > 0 the range parameter and θ2 > 0 the smoothness param-

eter and where Kθ2(·) is the modified Bessel function of the third kind of order θ2. As a

consequence η(s) and thus Y (s) are q times mean square differentiable if and only if θ2 > q.

In order to complete the Bayesian model, we now need to specify a prior distribution

for the parameters (β, σ−2, ω2, ν, θ). The prior distribution used in [6] is a carefully elicited

proper prior. They argue against the use of reference priors as used in [11] for a simpler

Gaussian model with fixed smoothness parameter θ2 and without the nugget effect. In

addition, such a reference prior would be extremely hard to derive for the more general GLG

model discussed here. The prior used has a product structure with a Normal prior for β, a

Gamma prior for σ−2, and a generalised inverse Gaussian (GIG) prior for both ω2 and ν. The

prior on θ either imposes prior independence between θ1 and θ2 or between the alternative

range parameter ρ = 2θ1

√
θ2 (see [12], p.51) and θ2. In both cases, the prior on the Matérn

parameters consists of the product of two judiciously chosen Exponential distributions.

An extensive sensitivity analysis in [6] suggests that a data set of small (but typical) size

is not that informative on certain parameters. In particular, the parameters (ν, θ, ω2) are not

that easily determined by the data and thus require very careful prior elicitation. In general,

spatial models do suffer from weak identification issues and, thus, prior specification is

critical. Chapter 2.3 (Section 4) discusses the fact that some parameters are not consistently

estimated by classical maximum likelihood methods under infill asymptotics.

1.1.5 An application to Spanish temperature data

We analyse the maximum temperatures recorded in an unusually hot week in May 2001 in

63 locations within the Spanish Basque country. So D ⊂ <2 and for the trend function x(s)
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we use a quadratic form in the coordinates (with linear terms and the cross-product). As

this region is quite mountainous (with the altitude of the monitoring stations in between

16 and 1188 meters), altitude is added as an extra explanatory variable (corresponding to

regression coefficient β7). Table 1.1 presents some posterior results for β, using both the

Gaussian and the GLG model. The Gaussian model tends to higher absolute values for β2 and

Model β1 β2 β3 β4 β5 β6 β7

Gaussian 3.19(0.22) -0.20(0.23) 0.19(0.31) -0.20(0.23) 0.37(0.45) -0.24(0.28) -0.40(0.18)
GLG 3.23(0.06) -0.08(0.11) 0.12(0.13) -0.19(0.09) 0.09(0.24) -0.17(0.14) -0.42(0.07)

Table 1.1: Temperature data: Posterior means (standard deviation) of the trend parameters.

β5 and the inference on β is generally a lot less concentrated for this model. In both models

higher altitude tends to reduce the mean temperature, as expected. Posterior inference

Gaussian GLG
σ 0.32 (0.11) 0.09 (0.03)
ω2 1.22 (0.79) 1.27 (1.12)
τ 0.31 (0.06) 0.08 (0.02)
θ1 5.71 (10.33) 4.02 (12.70)
θ2 1.87 (2.03) 0.61 (0.98)
ρ 8.64 (8.20) 2.35 (2.97)
ν 0 (0) 2.51 (0.76)
σ2 exp(ν) 0.11 (0.09) 0.12 (0.15)
τ/[σ exp(ν/2)] 1.05 (0.35) 0.30 (0.12)

Table 1.2: Temperature data: Posterior means (standard deviation) for some non-trend
parameters.

on the other parameters in the models is presented in Table 1.2. Clearly, the Gaussian

model assigns a larger importance to the nugget effect (see the difference in τ/[σ exp(ν/2)],

which is the ratio of standard deviations between the process inducing the nugget effect

and the spatial process), while making the surface a lot smoother than the GLG model. In

order to accommodate the outlying observations (see later), the Gaussian model needs to

dramatically increase the values of both σ and τ . Since most of the posterior mass for ν is

well away from zero, it is not surprising that the evidence in favour of the GLG model is

very strong indeed. In particular, the Bayes factor in favour of the GLG model is 3.4 ·1020, a

lot of which is attributable to three very extreme observations: observations 20, 36 and 40,

which are all close together. Table 1.3 presents the Bayes factors in favour of λi = 1 for the



10CHAPTER 1. NON-GAUSSIAN AND NONPARAMETRIC MODELS FOR CONTINUOUS SPATIAL DATA

four observations with smallest mean λi. The column labelled “corr” is the multiplicative

correction factor to the Savage-Dickey density ratio mentioned in Subsection 1.1.2. Clearly,

obs.# E[λi|z] S.Dev.[λi|z] (1.5) corr BF for λi = 1
20 0.020 0.024 0.000 0.74 0.000
36 0.015 0.020 0.000 0.79 0.000
40 0.016 0.020 0.000 0.62 0.000
41 0.059 0.085 0.006 0.57 0.004

Table 1.3: Temperature data: Bayes factors in favour of λi = 1 for selected observations.
The entries 0.000 indicate values less than 0.0005.

all observations listed in Table 1.3 are outliers, indicating two regions with inflated variance.
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Figure 1.2: Temperature data: Predictive densities at five unobserved locations. The ob-
servables are measured in degrees centigrade, and the elevations at the predicted sites range
from 53 (point 2) to 556 (point 3) meters. Dashed line: Gaussian; solid line: GLG. The
lower right panel indicates the locations of the observed sites by dots and the five unobserved
sites by their respective numbers.
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Figure 1.2 displays the predictive densities, computed as in Subsection 1.1.3 for five

unobserved locations, ranging in altitude from 53 to 556 meters. The GLG model leads

to heavier extreme tails than the Gaussian model as a consequence of the scale mixing.

Nevertheless, in the (relevant) central mass of the distribution, the GLG predictives clearly

are more concentrated than the Gaussian ones, illustrating that the added uncertainty due

to the scale mixing is more than offset by changes in the inference on other aspects of the

model. In particular, the nugget effect is much less important for the non-Gaussian model.

From (1.8) it is clear that the predictive standard deviation is bounded from below by τ

(in order to interpret the numbers in Table 1.2 in terms of observables measured in degrees

centigrade, we need to multiply τ by a factor 10, due to scaling of the data). Clearly, a lot

of the predictive uncertainty in the Gaussian case is due to the nugget effect.

1.2 Bayesian Nonparametric Approaches

In the next section we will use nonparametric models for the spatial components, which can

accommodate much more flexible forms and can also easily deal with skewness, multimodality

etc. In addition, even though the prior predictive distributions induced by these models are

stationary, the posterior predictives can accommodate very nonstationary behaviour. As the

Bayesian nonparametric methods presented are all based on the broad class of stick-breaking

priors, we will first briefly explain this class of priors. See [13] for an excellent overview of

nonparametric Bayesian inference procedures, while [14] provides an insightful and very up-

to-date discussion of nonparametric Bayesian methods, specifically aimed at applications in

biostatistics. One approach which we will not discuss here is that of transforming the space

corresponding to a Gaussian parametric model, as introduced in [9] and developed in [15] in

a Bayesian framework.

1.2.1 Stick-breaking priors

Bayesian nonparametric methods avoid dependence on parametric assumptions by working

with probability models on function spaces, in other words, by using (in principle) infinitely
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many parameters. A useful and broad class of such random probability measures is the class

of stick-breaking priors. This class was discussed in some detail by [16] and is at the basis

of many recent studies.

A random probability distribution, F , has a stick-breaking prior if

F
d
=

N∑

i=1

piδθi
, (1.10)

where δz denotes a Dirac measure at z, pi = Vi
∏

j<i(1−Vj) where V1, . . . , VN−1 are indepen-

dent with Vi ∼ Beta(ai, bi) and θ1, . . . , θN are independent draws from a centring (or base)

distribution H.

The definition in (1.10) allows for either finite or infinite N (with the latter corresponding

to the conventional definition of nonparametrics). For N = ∞ several interesting and well-

known processes fall into this class:

1. The Dirichlet process prior (see [17]) characterised by MH, where M is a positive scalar

(often called the mass parameter), arises when Vi follows a Beta(1,M) for all i. This

representation was first given by [18].

2. The Pitman-Yor (or two-parameter Poisson-Dirichlet) process occurs if Vi follows a

Beta(1 − a, b + ai) with 0 ≤ a < 1 and b > −a. As special cases we can identify the

Dirichlet process for a = 0 and the stable law when b = 0.

Stick-breaking priors such as the Dirichlet process almost surely lead to discrete proba-

bility distributions. This is often not desirable for directly modelling observables that are

considered realizations of some continuous process. To avoid this problem, the mixture of

Dirichlet process model (introduced in [19]) is now the most commonly used specification

in practice. Such models assume a continuous model for the observables, given some un-

known parameters, and then use a stick-breaking prior as in (1.10) to model these parameters

nonparametrically.

An important aspect of these models is that they tend to cluster the observations by

assigning several observations to the same parameter values (or atoms of the nonparametric
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distribution).

Conducting inference with such models relies on MCMC computational methods. One ap-

proach corresponds to marginalising out F and using a Polya urn representation to conduct

a Gibbs sampling scheme. See [20] for a detailed description of such methods. Another ap-

proach (see [16]) directly uses the stick-breaking representation in (1.10) and either truncates

the sum or avoids truncation through slice sampling or the retrospective sampler proposed

in [21]. An accessible and more detailed discussion of computational issues can be found in

e.g. [14].

In order to make this wide class of nonparametric priors useful for our spatial context, we

need to somehow index it by space. More generally, we can attempt to introduce dependen-

cies on time or other covariates (leading to nonparametric regression models). Most of the

(rather recent) literature in this area follows the ideas in [22], who considered allowing the

masses, V = (V1, V2, . . .), or the locations, θ = (θ1, θ2, . . .), of the atoms to follow a stochas-

tic process defined over the domain. This leads to so-called Dependent Dirichlet (DDP)

processes and a lot of this work concentrates on the “single-p” DDP model where only the

locations, θ, follow stochastic processes. An application to spatial modelling is developed in

[23] by allowing the locations θ to be drawn from a random field (a Gaussian process). A

generalization of this idea is briefly explained in the next subsection.

1.2.2 Generalized Spatial Dirichlet process

The idea in [23] is to introduce a spatial dependence through the locations, by indexing θ

with the location s and making θ(s) a realization of a random field, with H being a stationary

Gaussian process. Continuity properties of these realizations will then follow from the choice

of covariance function. In the simple model Y (s) = η(s) + ε(s) where η(s) has this spatial

Dirichlet prior and ε(s) ∼ N(0, τ 2) is a nugget effect, the joint density of the observables

y = [Y (s1), . . . , Y (sn)]T is almost surely a location mixture of Normals with density function

of the form
∑N

i=1 pif
n
N(y|ηi, τ

2In), using (1.10). This allows for a large amount of flexibility

and is used in [23] to analyze a data set of precipitation data consisting of 75 replications at
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39 observed sites in the South of France.

However, the joint distribution over any set of locations uses the same set of weights

{pi}, so the choice between the random surfaces in the location mixture is not dependent on

location. In [24] and [25] this framework is extended to allow for the surface selection to vary

with the location, while still preserving the property that the marginal distribution at each

location is generated from the usual Dirichlet process. This extension, called the generalized

spatial Dirichlet process model, assumes that the random probability measure on the space

of distribution functions for η(s1), . . . , η(sn) is

F (n) d
=

∞∑

i1=1

. . .
∞∑

in=1

pi1,...,inδθi1
. . . δθin

, (1.11)

where ij = i(sj), j = 1, . . . , n, the locations θij are drawn from the centering random field H

and the weights pi1,...,in are distributed independently from the locations on the infinite unit

simplex. These weights allow for the site-specific selection of surfaces and are constrained

to be consistent (to define a proper random process) and continuous (in the sense that

they assign similar weights for sites that are close together). This will induce a smooth

(mean-square continuous) random probability measure.

¿From (1.11) it is clear that we can think of this generalization in terms of a multivariate

stick-breaking representation. In [24] a particular specification for pi1,...,in is proposed, based

on thresholding of auxiliary Gaussian random fields. This leads to processes that are non-

Gaussian and nonstationary, with non-homogeneous variance.

As the locations associated with the sampled sites effectively constitute one single obser-

vation from the random field, we need replications in order to conduct inference using this

approach. However, replications over time do not need to be independent and a dynamic

model can be used.
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1.2.3 Hybrid Dirichlet mixture models

The idea of the previous subsection is further developed in [26] in the context of functional

data analysis. Here, we have observations of curves (e.g. in space or in time) and often it

is important to represent the n observed curves by a smaller set of canonical curves. The

curves yi = [Yi(x1), . . . , Yi(xm)]T , i = 1, . . . , n are assumed to be observed at a common set

of coordinates x1, . . . ,xm.

[26] start from a more general class than stick-breaking priors, namely the species sampling

prior which can be represented as (1.10) with a general specification on the weights. This

leads them to a different way of selecting the multivariate weights in (1.11). In [26] these

weights are interpreted as the distribution of a random vector of labels, assigning curves to

locations. They use mixture modelling where the observations are normally distributed with

a nonparametric distribution on the locations, i.e.

yi | θi
ind∼ Nm(θi, σ

2Im), (1.12)

θi | Fx1,...,xm

i.i.d.∼ Fx1,...,xm ,

where

Fx1,...,xm

d
=

k∑

j1=1

· · ·
k∑

jm=1

p(j1, . . . , jm) δθj1,1,...,θjm,m
, (1.13)

where p(j1, . . . , jm) represents the proportion of (hybrid) species (θj1,1, . . . , θjm,m) in the pop-

ulation, p(j1, . . . , jm) ≥ 0,
∑k

j1=1 · · ·
∑k

jm=1 p(j1, . . . , jm) = 1, and θj = (θj,1, . . . , θj,m)
i.i.d.∼ H

(again typically chosen to be an m-dimensional distribution of a Gaussian process), inde-

pendently of the p(j1, . . . , jm)’s.

This generates a location mixture of normals with local random effects. Hybrid DP

mixtures are obtained as limits of the finite mixture framework above for k →∞. Functional

dependence in the (hidden) label process is modelled through an auxiliary Gaussian copula,

which contributes to the simplicity and the flexibility of the approach.

An application to MRI brain images in [26] illustrates the modeling of the species re-

combination (hybridization) through the labeling prior and the improvement over simple
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mixtures of Dirichlet processes.

1.2.4 Order-Based Dependent Dirichlet process

An alternative approach to extending the framework in (1.10) is followed by [27], who define

the ranking of the elements in the vectors V and θ through an ordering π(s), which changes

with the spatial index (or other covariates). Since weights associated with atoms that appear

earlier in the stick-breaking representation tend to be larger (i.e. E[pi(s)] < E[pi−1(s)]), this

induces similarities between distributions corresponding to similar orderings. The similar-

ity between π(s1) and π(s2) will control the correlation between Fs1 and Fs2 , the random

distributions at these spatial locations. The induced class of models is called order-based

dependent Dirichlet processes (πDDP).

This specification also preserves the usual Dirichlet process for the marginal distribution

at each location, but, in contrast with the single-p approaches, leads to local updating, where

the influence of observations decreases as they are further away.

The main challenge is to define stochastic processes π(s), and [27] use a point process

Φ and a sequence of sets U(s), which define the region in which points are relevant for

determining the ordering at s. The ordering, π(s), then satisfies the condition

‖s− zπ1(s)‖ < ‖s− zπ2(s)‖ < ‖s− zπ3(s)‖ < . . . ,

where ‖ · ‖ is a distance measure and zπi(s) ∈ Φ ∩ U(s). We assume there are no ties, which

is a.s. the case for e.g. Poisson point processes. Associating each atom (Vi, θi) with the

element of the point process zi defines a marked point process from which we can define the

distribution Fs for any s ∈ D. Using a stationary Poisson process for Φ, the autocorrelation

function between random probability measures at different locations can be expressed in the

form of deterministic integrals, as explained in [27]. More specific constructions can even

lead to analytical expressions for the autocorrelation structure.

In particular, [27] define a practical proposal for spatial models through the so-called
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permutation construction. This is obtained through defining D ⊂ <d and U(s) = D for all

values of s. In one dimension (d = 1), we can derive an analytic form for the autocorrelation

function. Let Φ be Poisson with intensity λ, D ⊂ < and U(s) = D for all s. Then we obtain

corr(Fs1 , Fs2) =

(
1 +

2λh

M + 2

)
exp

{ −2λh

M + 1

}
,

where h = |s1 − s2| is the distance between s1 and s2, and M is the mass parameter of the

marginal Dirichlet process.

Note the unusual form of the correlation structure above. It is the weighted sum of a

Matérn correlation function with smoothness parameter 3/2 (with weight (M +1)/(M +2))

and an exponential correlation function (with weight 1/(M + 2)), which is a less smooth

member of the Matérn class, with smoothness parameter 1/2. So for M → 0 the correlation

function will tend to the arithmetic average of both and for large M the correlation structure

will behave like a Matérn with smoothness parameter 3/2. In higher dimensions, for d ≥ 2,

the autocorrelation function can be expressed as a two-dimensional integral, as detailed in

[27].

[27] suggest prior distributions for (M,λ) and use the order-based dependent Dirichlet

process with the permutation construction to analyse the Spanish temperature data as de-

scribed in Subsection 1.1.5. In particular, the model used is (1.1) with the sum of η(s) and

the intercept (β1) modelled through a πDDP process, using as centring distribution H a

N(ȳ, τ 2/κ), where ȳ is the observation mean and an inverted Gamma prior is adopted for

κ. In Figure 1.3 we display the posterior predictive distributions at the same unsampled

locations as in Figure 1.2. The lower right panel indicates the location of these unobserved

locations (with numbers), as well as the observed ones (with dots). While some of the pre-

dictives are similar to those obtained with the parametric GLG model, there is now clearly

a much larger variety of predictive shapes, with multimodality and skewness illustrating the

large flexibility of such nonparametric approaches. Of course, the πDDP part of the model

does not only allow for departures from Gaussianity, but also serves to introduce the spatial

correlation.

Finally, note that we do not require replication of observations at each site for inference
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Figure 1.3: Temperature data: The posterior predictive distribution at five unobserved
locations. The latter are indicated by numbers in the lower right-hand panel, where the
observed locations are denoted by dots.

with πDDP models. In principle, extensions to spatiotemporal models can be formulated

easily by treating time as a third dimension in defining the ordering, but it is not obvious

that this would be the most promising approach.

1.2.5 Spatial kernel stick-breaking prior

An extension of the stick-breaking prior of [18] to the multivariate spatial setting is pro-

posed in [28]. The stick-breaking prior can be extended to the univariate spatial setting by

incorporating spatial information into either the model for the locations θi or the model

for the weights pi. As explained in Subsection 1.2.2, [23] models the locations as vectors

drawn from a spatial distribution. This approach is generalized by [24] to allow both the

weights and locations to vary spatially. However, we have seen that these models require

replication of the spatial process. As discussed in the previous subsection, [27] proposes a

spatial Dirichlet model that does not require replication. The latter model permutes the Vi
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based on spatial location, allowing the occurrence of θi to be more or less likely in different

regions of the spatial domain. The nonparametric multivariate spatial model introduced by

[28] has multivariate normal priors for the locations θi. We call this prior process a spatial

kernel stick-breaking (SSB) prior. Similar to [27], the weights pi vary spatially. However,

rather than random permutation of Vi, [28] introduces a series of kernel functions to allow

the masses to change with space. This results in a flexible spatial model, as different kernel

functions lead to different relationships between the distributions at nearby locations. This

model is similar to that of [29], who use kernels to smooth the weights in the non-spatial

setting. This model is also computationally convenient because it avoids reversible jump

MCMC steps and the inversion of large matrices.

In this section, first, we introduce the SSB prior in the univariate setting, and then we

extend it to the multivariate case. Let Y (s), the observable value at site s = (s1, s2), be

modelled as

Y (s) = η(s) + x(s)T β + ε(s), (1.14)

where η(s) is a spatial random effect, x(s) is a vector of covariates for site s, β are the

regression parameters, and ε(s)
iid∼ N(0, τ 2).

The spatial effects are assigned a random prior distribution, i.e., η(s) ∼ Fs(η). This

SSB modelling framework introduces models marginally, i.e., Fs(η) and Fs′(η), rather than

jointly, i.e. Fs,s′(η) as in the referenced work of Gelfand and colleagues. The distributions

Fs(η) are smoothed spatially. Extending (1.10) to depend on s, the prior for Fs(η) is the

potentially infinite mixture

Fs(η)
d
=

N∑

i=1

pi(s)δθi
, (1.15)

where pi(s) = Vi(s)
∏i−1

j=1(1−Vj(s)), and Vi(s) = wi(s)Vi. The distributions Fs(η) are related

through their dependence on the Vi and θi, which are given the priors Vi ∼ Beta(a, b) and

θi ∼ H, each independent across i. However, the distributions vary spatially according to

the functions wi(s), which are restricted to the interval [0, 1]. wi(s) is modelled using a kernel

function, but alternatively log(wi(s)/(1 − wi(s))) could be modelled as a spatial Gaussian

process. Other transformations could be considered, but we use kernels for simplicity. There

are many possible kernel functions and Table 1.4 gives three examples. In each case, the func-
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Table 1.4: Examples of kernel functions and the induced functions γ(s, s′), where s = (s1, s2),

h1 = |s1 − s′1| + |s2 − s′2|, h2 =
√

(s1 − s′1)2 + (s2 − s′2)2, I(·) is the indicator function, and

x+ = max(x, 0).

Name wi(s) Model for κ1i and κ2i γ(s, s′)

Uniform
∏2

j=1 I(|sj − ψji| < κji

2
) κ1i, κ2i ≡ λ

∏2
j=1

(
1− |sj−s′j |

λ

)+

Uniform
∏2

j=1 I(|sj − ψji|<κji

2
) κ1i, κ2i ∼Exp(λ) exp(−h1/λ)

Exponential
∏2

j=1 exp(− |sj−ψji|
κji

) κ1i, κ2i ≡ λ 0.25
[∏2

j=1

(
1 +

|sj−s′j |
λ

)
)
]
exp

(
−h1

λ

)

Squared exp.
∏2

j=1 exp(− (sj−ψji)
2

κ2
ji

) κ1i, κ2i ≡ λ2/2 0.5 exp
(
−h2

2

λ2

)

Squared exp.
∏2

j=1 exp(− (sj−ψji)
2

κ2
ji

) κ1i, κ2i ∼InvGa(3
2
, λ2

2
) 0.5/

(
1 + (h2

λ
)2

)

tion wi(s) is centered at knot ψi = (ψ1i, ψ2i) and the spread is controlled by the bandwidth

parameter κi = (κ1i, κ2i). Both the knots and the bandwidths are modelled as unknown

parameters. The knots ψi are given independent uniform priors over the spatial domain.

The bandwidths can be modelled as equal for each kernel function or varying independently

following distributions given in the third column of Table 1.4.

To ensure that the stick-breaking prior is proper, we must choose priors for κi and Vi so

that
∑N

i=i pi(s) = 1 almost surely for all s. [28] show that the SSB prior with infinite N is

proper if E(Vi) = a/(a + b) and E [wi(s)] (where the expectation is taken over (ψi, κi)) are

both positive. For finite N , we can ensure that
∑N

i=i pi(s) = 1 for all s by setting VN(s) ≡ 1

for all s. This is equivalent to truncating the infinite mixture by attributing all of the mass

from the terms with i ≥ N to pN(s).

In practice, allowing N to be infinite is often unnecessary and computationally infeasi-

ble. Choosing the number of components in a mixture model is notoriously problematic.

Fortunately, in this setting the truncation error can easily be assessed by inspecting the

distribution of pN(s), the mass of the final component of the mixture. The number of com-

ponents N can be chosen by generating samples from the prior distribution of pN(s). We

increase N until pN(s) is satisfactorily small for each site s. Also, the truncation error is

monitored by inspecting the posterior distribution of pN(s), which is readily available from
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the MCMC samples.

Assuming a finite mixture, the spatial stick-breaking model can be written as a finite

mixture model where g(s) ∈ {1, ..., N} indicates the particular location allocated to site s,

i.e,

Y (s) = θg(s) + x(s)T β + ε(s), where ε(s)
iid∼ N(0, τ 2) (1.16)

θj
iid∼ N(0, σ2), j = 1, ..., N

g(s) ∼ Categorical(p1(s), ..., pN(s))

pj(s) = wj(s)Vj

∏

k<j

[1− wk(s)Vk] , where Vj
iid∼ Beta(a, b)

where η(s) = θg(s). The regression parameters β are given vague normal priors. This model

can also easily be fitted if we have an infinite mixture model with N = ∞, using retrospective

sampling ideas from [21].

Understanding the spatial correlation function is crucial for analyzing spatial data. Al-

though the SSB prior foregoes the Gaussian assumption for the spatial random effects, we

can still compute and investigate the covariance function. Conditional on the probabilities

pj(s) (but not the locations θj), the covariance between two observations is

cov(Y (s), Y (s′)) = σ2P (η(s) = η(s′)) = σ2
N∑

j=1

pj(s)pj(s
′). (1.17)

For a one-dimensional spatial domain, integrating over (Vi, ψi, κi) and letting N →∞ gives

Var (Y (s)) = σ2 + τ 2 (1.18)

Cov(Y (s), Y (s′)) = σ2γ(s, s′)

[
2
a + b + 1

a + 1
− γ(s, s′)

]−1

, (1.19)

where

γ(s, s′) =

∫ ∫
wi(s)wi(s

′)p(ψi, κi)dψidκi∫ ∫
wi(s)p(ψi, κi)dψidκi

∈ [0, 1]. (1.20)

Since (Vi, ψi, κi) have independent priors that are uniform over the spatial domain, inte-

grating over these parameters gives a stationary prior covariance. However, the conditional
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covariance can be non-stationary. More importantly, the posterior predictive distribution

can accommodate non-stationarity. Therefore, we conjecture the SSB model is more robust

to non-stationarity than traditional stationary Kriging methods.

If b/(a+1) is large, i.e., the Vi are generally small and there are many terms in the mixture

with significant mass, the correlation between Y (s) and Y (s′) is approximately proportional

to γ(s, s′). Table 1.4 from [28] gives the function γ(s, s′) for several examples of kernel

functions and shows that different kernels can produce very different correlation functions.

To introduce a multivariate extension of the SBB prior, let η(s) = (η1(s), . . . , ηp(s))
T be

a p−dimensional spatial process. The prior for η(s) is

η(s) ∼ Fs(η), where Fs(η)
d
=

N∑

i=1

pi(s)δθi
. (1.21)

The weights pi(s) are shared across components, the p-dimensional locations θi
iid∼ N(0, Σ),

and Σ is a p × p covariance matrix that controls the association between the p spatial

processes. The covariance Σ could have an Inverse-Wishart prior.

1.2.6 A case study: Hurricane Ivan

In [28] the multivariate SSB prior is used to model the complex spatial patterns of hurricane

wind vectors, with data from Hurricane Ivan as it passes through the Gulf of Mexico at 12 pm

on September 15, 2004. Three sources of information are used in the analysis and are plotted

in Figure 1.4. The first source is gridded satellite data (Figure 1.4a) available from NASA’s

SeaWinds database (http://podaac.jpl.nasa.gov/products/product109.html). These

data are available twice daily on a 0.25 x 0.25 degree, global grid. Due to the satellite data’s

potential bias, measurement error, and coarse temporal resolution, the wind fields analysis

is supplemented with data from the National Data Buoy Center of the National Oceanic

and Atmospheric Administration (NOAA). Buoy data are collected every ten minutes at a

relatively small number of marine locations (Figure 1.4b). These measurements are adjusted

to a common height of 10 meters above sea level using the algorithm of [34].
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In addition to satellite and buoy data, the deterministic Holland model [30] is incorporated

in the analysis. The NOAA currently uses this model alone to produce wind fields for their

numerical ocean models. The Holland model predicts that the wind velocity at location s is

H(s) =

(
B

ρ

(
Rmax

r

)B

(Pn − Pc) exp

[
−

(
Rmax

r

)B
])1/2

, (1.22)

where r is the radius from the storm center to site s, Pn is the ambient pressure, Pc is the

hurricane central pressure, ρ is the air density, Rmax is the radius of maximum sustained

winds and B controls the shape of the pressure profile.

We decompose the wind vectors into their orthogonal west/east (u) and north/south (v)

vectors. The Holland model for the u and v components is

Hu(s) = H(s)sin(φ) and Hv(s) = H(s)cos(φ), (1.23)

where φ is the inflow angle at site s, across circular isobars toward the storm center, rotated

to adjust for the storm’s direction. We fix the parameters Pn = 1010mb, Pc = 939mb,

ρ = 1.2 kg m−3, and Rmax = 49, and B = 1.9 using the meteorological data from the

national hurricane center (http://www.nhc.noaa.gov) and recommendations of [31]. The

output from this model for Hurricane Ivan is plotted in Figure 1.4c. By construction, Holland

model output is symmetric with respect to the storm’s center, which does not agree with

the satellite observations in Figure 1.4a.

Let u(s) and v(s) be the underlying wind speed in the west/east and north/south direc-

tions, respectively, for spatial location s. We distinguish the different sources of wind data:

uT (s) and vT (s) are satellite measurements and uB(s) and vB(s) are buoy measurements.

The model used by [28] for these data is

uT (s) = au + u(s) + euT (s) vT (s) = av + v(s) + evT (s) (1.24)

uB(s) = u(s) + euB(s) vB(s) = v(s) + evB(s),

where {euT , evT , euB, evB} are independent (from each other and from the underlying winds),

zero mean, Gaussian errors, each with its own variance, and {au, av} account for additive
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bias in the satellite and aircraft data. Of course, the buoy data may also have bias, but it

is impossible to identify bias from both sources, so all the bias is attributed to the satellite

measurements.

The underlying orthogonal wind components u(s) and v(s) are modelled as a mixture of

a deterministic wind model and a semiparametric multivariate spatial process

u(s) = Hu(s) + Ru(s) (1.25)

v(s) = Hv(s) + Rv(s), (1.26)

where Hu(s) and Hv(s) are the orthogonal components of the deterministic Holland model

in (1.23) and R(s) = (Ru(s), Rv(s))
′ follows a multivariate extension of the SSB prior as in

(1.21). The prior for R(s) is

R(s) ∼ Fs(η), where Fs(η)
d
=

N∑

i=1

pi(s)δθi
. (1.27)

The masses pi(s) are shared across components, the two-dimensional locations θi
iid∼ N(0, Σ),

and Σ is a 2 × 2 covariance matrix that controls the association between the two wind

components. The inverse covariance Σ−1 has a Wishart prior with 3.1 degrees of freedom

and inverse scale matrix 0.1 I2. After transforming the spatial grid to be contained in the

unit square, the spatial knots ψ1i and ψ2i have independent Beta(1.5,1.5) priors to encourage

knots to lie near the center of the hurricane where the wind is most volatile.

In [28], this multivariate SSB model is fitted to 182 satellite observations and 7 buoy

observations for Hurricane Ivan. To illustrate the effect of relaxing the normality assumption,

[28] also fits a fully-Gaussian model that replaces the stick-breaking prior for R(s) in (1.27)

with a zero-mean Gaussian prior

Var(R(s)) = Σ and Cov(R(s),R(s′)) = Σ× exp (−||s− s′||/λ) , (1.28)

where Σ controls the dependency between the wind components at a given location and λ is

a spatial range parameter. The covariance parameters Σ and λ have the same priors as the
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covariance parameters in the SSB model.

Since the primary objective is to predict wind vectors at unmeasured locations to use

as inputs for numerical ocean models, statistical models are compared in terms of expected

mean squared prediction error ([32]; [33]). The EMSPE is smaller for the semiparametric

model with uniform kernels (EMSPE=3.46) than for the semiparametric model using squared

exponential kernels (EMSPE=4.19) and the fully Gaussian model (EMSPE=5.17).

Figure 1.5 summarizes the posterior from the SSB prior with uniform kernel functions.

The fitted values in Figures 1.5a and 1.5b vary rapidly near the center of the storm and

are fairly smooth in the periphery. After accounting for the Holland model, the correlation

between the residual u and v components Ru(s) and Rv(s) (Σ12/
√

Σ11Σ22, where Σkl is the

(k, l) element of Σ) is generally negative, confirming the need for a multivariate analysis.

To show that the multivariate SSB model with uniform kernel functions fits the data well,

10% of the observations are randomly set aside (across u and v components and buoy and

satellite data) throughout the model fitting and the 95% predictive intervals for the missing

observations are obtained. The prediction intervals contain 94.7% (18/19) of the deleted u

components and 95.2% (20/21) of the deleted v components. These statistics suggest that

the model is well-calibrated.
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Figure 1.4: Plot of various types of wind field data/output for Hurricane Ivan on September
15, 2004.
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Figure 1.5: Summary of the posterior of the spatial stick-breaking model with uniform
kernels. Panels (a) and (b) give the posterior mean surface for the u and v components.
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