Fokker—Plank (p.34). Proof of dft

We have
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Dirichlet form: definition (p.35).

E(f.9) = {f,—Lg) = (f.(Id =T)g)
= w(@) f(@)g(x) = Y 7(@) f(@)T(x,y)g(y)

=Y w(@)T(z,y)f()(9(x) - 9(y))- (1)

Dirichlet form: symmetrised version for T reversible (p.35). Note that
in the sum (1), the diagonal terms & = y vanish. Fix distinct  and y. Then,
using detailed balance,

m(2)T (2, y) f(x)(g(x) — g9(y)) + 7(¥)T(y, 2) f(y)(9(y) — g(x))
)g(x) — g(v)) + m(2)T'(z,y) f(y)(9(y) — g(x))
= f(y)(g(x) — g(v))-

By symmetry, we also get

()T (2, y) f(x)(g(x) — 9(y)) + m(y)T(y,z) f(y)(9(y) — g(z))
=n(y)T(y,z)(f(y) — f())(g9(y) — g(x)),

SO

()T (z,y) f(@)(9(z) — 9(y)) + 1Y) T (y,2) f(y)(9(y) — g(x))
= sm(x)T(x,y)(f(z) — f()(9(z) — g(y))
+in() Ty, =) (fly) — F(@)(g(y) — g(2)),



so it easily follows that

£(4,9) = 5 32w T () (@) ~ ) o(x) - 9(u).
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Dirichlet form: symmetrised version for f =g (p.35).

E(f, ) = m(@)T(w,9) f(@)(f(x) = f(y))

~(5+3) r@TE@fe? - T @ ni@io. @)
Note that
3w ()T (o) f(2)? = 3 () )
=> 7T (y,2)f(2)* =) w(@)T(z,y)f(y)*.

Hence, the expression in (2) equals
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Computation of VEnt(f) (p.38).

0 0
8fZEnt(f) =37 (%: m(2) f(z) logf(x)>

- ((Z (@) f@)) g <Z w(z)f(ac)))

— m(2)(log f(2) + 1) — (w(2) log E[f] + (2))

= 7(z) log )

[f1

To get VEnt(f), we need to divide each entry %Ent(f) by m(z), because the
inner product in the expression

O(f) = ®(fo) + (VO(fo), f = fo) + o(llf = foll2)

is not the canonical inner product of R%, but rather, (f,g) =Y., n(z)f(2)g(z).
This shows that

VEnt(f) = log {f}’



or, if f is a density,
VEnt(f) = log f.

Computation of lim A() (p.41).
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Computation of A’'(9) (p. 41)

N'(9) = <1ogE[Fe1>’
0
1 E[Fy]) E[Fy]) - 0 — E[Fp] - log E[F|
:92.<<E[U;£>_9_10gE[F9}> _ (E[F) 92&1% BEIF]) o)

We also compute

(E[Fy])" -6 =6 (Z W(@Jf(z)—@i)
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= 7(a)- (9f<x> - 20a> P
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92
= E[Fg log Fg] — %E[Fg]
Plugging this back in (3) gives the desired expression.

Computation of % (p-43) We will use the differentiation rule

a'(t)b(t) a(£)P®)
a(h) ) i

d

&(a(t)b(t)) — (b’(t) loga(t) +

Let At = ||ff| g: = E[ ;11] Then,
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(1l ) = (45 = ( (=) “log A+ -4,
tqt

qt

g 1 _
_ <; Tog A Aot % a ~Az) A ()
t



We also compute

@Ay = q Z (@) (fe(2)™)
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Using this, the expression in parentheses in (4) equals

—5 log Ay - Ay + pes Z ) log(fi(x) )"+ Z o(x)2

q; \ 1
= q%Ent( ¢) = E(fe 7).
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Proof of inequality (u—v)(ud~t—v?71) > %(uq/2 —v9/2) (p.43). There
is no loss in assuming v > v. Dividing both sides of the desired inequality by v,

it becomes
G-0(67 ) =472 ()"

Letting t := (%)q/2 >1, == and Y= qq ) , this becomes
(£ — ) — 1) = (e — 1)°.

To prove this, we note that ¢ + 1 = 2, and write

P —1D(tY —1) = go/s“”lds 1/)/ sl ds

(/ st ds) = pip(t —1)2.

Equality (f(x) — f(1)log 45} = (v/F@) = VF(5)*6 (log 43 ) (p- 46).
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Computation of &(v/f,/f*) (p.45).
EWFNT) = 5 X rw)T(w,2) (VI - VFE)

w,z

In the double sum above, the terms where x ¢ {w, z} vanish, as well as the term
where w = z = x. By reversibility, for any y # x, the term where w = z,z =y
equals the term where w = y, z = x. This gives

EVFANF) = ¥ 2@y (V@ - VD)
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Verification that ¢ is increasing on (0,00) (p. 46). We compute
r/2 r/2 !
by e+ e +1
¢(T) - er/2 — 1 +r (er/2 -1

_ 67-/24‘1 . %er/2(6r/2_1)_%67"/2(67“/2_'_1)
(er/2 _ 1)2
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_eT/Q—i—l - er/? _er—l—reT/2
er/2 — 1 (er/Z _ 1)2 - (er/2 _ 1)2

Hence, we need to check that e” > 14 re”/2 for > 0. This comes from writing
the power series

2 3
r/2 _ f r r _
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Since 2"n! > (n 4 1)! for n > 2, the above is smaller than e”.



