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Staged tree models generalise discrete Bayesian networks
(BNs). They are particularly useful where
BNs unnecessarily assume an underlying
state space to have a product structure.
Centrally, staged trees do not rely on an a
priori set of problem variables and are particularly strong when a model is specified
in terms of relationships between a collection of events. This poster gives an overview
about recent developments in the algebraic
analysis of these models.
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S TATISTICAL EQUIVALENCE

C AUSALITY

• Can we characterise which different
staged trees represent the same model?

• Causal manipulations can be performed
as operations on the polynomial of a
staged tree: in form of projections and differentiations.

• Can we find operators to move around
this class?
Probability trees are closely linked to an associated polynomial:
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G EOMETRY

S TAGED TREE MODELS
A probability tree is an event tree graph
T = (V, E) with edge labels θ(e) ∈ (0, 1),
P
e ∈ E. If e∈E(v) θ(e) = 1 for all v ∈ V ,
the product
Y
πθ (λ) =
θ(e)
e∈E(λ)

of labels along root-to-leaf paths λ defines a
probability distribution on T .
A staged tree is a probability tree where the
emanating labels of certain vertices can be
identified.
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The sum of all atomic probabilities
cT = θ0 + θ1 τ1 + θ1 τ2

tails

can be written in a bracketed form based on
the graph
= θ0 + θ1 (τ1 + τ2 )
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cS = θ0 + τ1 (θ1 + θ2 (σ1 + σ2 + σ3 ))
+ τ2 (θ1 + θ2 )

T HE RESIZE OPERATOR
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• Staged tree models include all discrete
(and context-specific) BNs as a special
case.
• They are always faithful and all atomic
probabilities are strictly positive.
• (Staged) Tree graphs are efficient in modelling asymmetric problems.

Reparametrisations (algebraic and graphical) are based on the laws of probability.
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In the coin-toss model, with atomic probabil
2
ities (π1 , π2 , π3 ) = θ , θ(1 − θ), 1 − θ ,

The model is thus a variety

PT = V π1 π3 − (π1 + π2 )π1 , π1 + π2 + π3 − 1
intersected with the positive cone R3>0 .

C ONCLUSIONS
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So local independence statements can be
reversed in order. The trees T and S
are polynomially and statistically equivalent,
cT = cS .
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π1 π3 = (π1 + π2 )π1 .

and vice versa a bracketed polynomial as
above always belongs to a probability tree.
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for some πt = πθ (λt ).

+ θ2 (τ1 (σ1 + σ2 + σ3 ) + τ2 )

which can be parametrised based on its tree
graph.
1

j∈J

+ θ2 τ1 σ1 + θ2 τ1 σ2 + θ2 τ1 σ3 + θ2 τ2

After projection, we may find factorisations
(θ1 + θ2 )(τ1 + τ2 ) in the polynomial.

Every (staged) probability tree represents a
discrete statistical model
o
n

PT = θ2 , θ(1 − θ), 1 − θ | θ ∈ (0, 1)
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Staged tree models are solution sets of
polynomial equations of the form
X X  X X 
πj
πk =
πl
πi

T HE SWAP OPERATOR

heads

• Causal discovery is closely linked with the
swap operator. We can classify all orders of events depicted within a statistical equivalence class and infer putative
causal hypotheses.
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Here, φ1 = σ1 + σ2 , φ2 = σ3 , φ3 =
2
and φ4 = σ1σ+σ
.
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Algebraic methods for staged trees provide
the tools to traverse the class of all statistically equivalent model representations.
They further provide the key to a causal and
geometric analysis of these models.
Our results can be generalised to discrete
models which have a monomial parametrisation but no tree representation.
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