1. INVERSE ROOTS

Suppose that Q(z) = az? + bx + c¢ satisfies ac # 0 and has roots (i.e. solutions of

Q(z) =0) o and p.
Show that the quadratic Q(z) = ca® + bz + a has roots L and %

Hint Let z = 1 in the definition of Q(z).

Extensions

(1) Show that if o, ..., a, are the roots of the polynomial P, where
P(z) = apx" + ...+ ap_12 + a, with apa, # 0,
then the roots of P given by
P(z) = apz™ + ... + ag

are —. ... L.
aq

(2) Show that the roots of
P,(z) = apr® +a 1 2®" . Aan 12" a0 a, 10" a0 Aag (ag # 0)

are of the form ocl,...,ocn,ail,... L

at can you say about the roots o
3) What Vi y about th ts of
Py (2) = apr® ™ + a1z + ..+ apd" T+ apa” a2 4L+ ag

and the roots of

P_(z) = ape® ™ 4 ay2® + ...+ @zt — a2 — ap 120"t — L — ag?

2. TRIGONOMETRIC POLYNOMIALS

The angle sum formula tells us that
cos 20 = cos® f — sin®H = 2cos* 6 — 1.

Find a similar expression involving powers of cos for cos 36.
Hint Write 3z = 2x + «!
Extensions
(1) Find the roots of 4v/22% — 32z = 1.
Hint Set x = cos . What is cos %T’T?

(2) What is cos 757



