
1. Expanding Base I

Recall that the number of ways n distinct objects can be put in order is n! = 1⇥ 2⇥
. . . n.

Let

ak =
1

2!
+

2

3!
+ . . .+

k � 1

k!
.

What is ak as a simple fraction?

Extensions

(1) Find Nk, the number of sequences x2, . . . xk with x2 = 0 or 1, x3 = 0 or 1 or
2, . . . , xk = 0, 1, . . . or k � 1.

(2) Deduce that every fraction in the interval [0, 1) of the form x = m
n! can be

written as

(1.1)
x2

2!
+ . . .

xn

n!
,

with x2 = 0 or 1, x3 = 0 or 1 or 2, . . . , xn = 0, 1, . . . or n� 1.

(3) Remember that a number x is said to rational if it can be written as a (possibly
improper) fraction m

n for some pair of integers m and n.

Show that every rational, x, in [0, 1) can be written
x2

2!
+ . . .

xn

n!
,

with x2 = 0 or 1, x3 = 0 or 1 or 2, . . . , xn = 0, 1, . . . or n � 1 for some value
of n.

2. Expanding Base II

What is

cn =
1X

k=n+1

k � 1

k!
?

Extensions

(1) Show that every rational x in (0,1) can be written as
1X

k=2

yk
k!
,

with yk 2 {0, 1, . . . , k�1} for each k in exactly two ways: one in which all but
finitely many of the yk’s are 0 and the other in which all but finitely many of
the yk’s take the value k � 1.

(2) Show that e� 2 is not a rational number (and hence e is not rational).
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(with n and m integers)
<latexit sha1_base64="xVYXLNGfm+MjuXmf7oCHwFYLGtU=">AAACBHicbVC7TsMwFHV4lvIKMHaxaJDKUiVlgLESC2OR6ENqo8px3Naq40T2DaiKOrDwKywMIMTKR7DxN7htBmg5kqWjc+7R9T1BIrgG1/221tY3Nre2CzvF3b39g0P76Lil41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxhfz/z2PVOax/IOJgnzIzKUfMApASP17VLlgcMIO9LBRIbYiRzMJbChiZz37bJbdefAq8TLSRnlaPTtr14Y0zRiEqggWnc9NwE/Iwo4FWxa7KWaJYSOyZB1DZUkYtrP5kdM8ZlRQjyIlXkS8Fz9nchIpPUkCsxkRGCkl72Z+J/XTWFw5WdcJikwSReLBqnAEONZIzjkilEQE0MIVdz8FdMRUYSCKaFoSvCWT14lrVrVu6jWbmvleiWvo4BK6BRVkIcuUR3doAZqIooe0TN6RW/Wk/VivVsfi9E1K8+coD+wPn8AxAKWLQ==</latexit>


