
1. Expanding Base I

Recall that the number of ways n distinct objects can be put in order is n! = 1⇥ 2⇥
. . . n.

Let

ak =
1

2!
+

2

3!
+ . . .+

k � 1

k!
.

What is ak as a simple fraction?

Hint Consider bk = ak+
1
k! =

1
2! +

2
3! + . . .+ k�2

(k�1)! +
k
k! and cancel the obvious common

factor in the last fraction.

Extensions

(1) Find Nk, the number of sequences x2, . . . xk with x2 = 0 or 1, x3 = 0 or 1 or

2, . . . , xk = 0, 1, . . . or k � 1.

Hint How many values can x2 take? For each of these, how many values can x3

take?

(2) Deduce that every fraction in the interval [0, 1) of the form x =
m
n! (with m

and n integers) can be written as

(1.1)
x2

2!
+ . . .

xn

n!
,

with x2 = 0 or 1, x3 = 0 or 1 or 2, . . . , xn = 0, 1, . . . or n� 1.

Hint Use (1).

(3) Remember that a number x is said to be rational if it can be written as a

(possibly improper) fraction
m
n for some pair of integers m and n.

Show that every rational, x, in [0, 1) can be written

x2

2!
+ . . .+

xn

n!
,

with x2 = 0 or 1, x3 = 0 or 1 or 2, . . . , xn = 0, 1, . . . or n � 1 for some value

of n.

Hint Use the previous part!

2. Expanding Base II

What is

cn =

1X

k=n+1

k � 1

k!
?

Hint What is c1 =
P1

k=2
k�1
k! ?

Extensions

1

2

(1) Show that every rational x in (0,1) can be written as

1X

k=2

yk
k!
,

with yk 2 {0, 1, . . . , k � 1} for each k, in exactly two ways: one in which all

but finitely many of the yk’s are 0 and the other in which all but finitely many

of the yk’s take the value k � 1.

Hint Prove this by contradiction: so suppose that x =
m
n! =

P1
k=2

yk
k! , with infinitely

many of the yk’s not being zero and infinitely many not being k�1 and deduce

that x cannot be of the form
m
n!

(2) Show that e� 2 is not a rational number (and hence e is not rational).

Hint What is the power series for ex?


